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Strong approximations for a class of dependent random variables
with semi exponential tails
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Abstract

We give rates of convergence in the almost sure invariance principle for sums of dependent
random variables with semi exponential tails, whose coupling coefficients decrease at a sub-
exponential rate. We show that the rates in the strong invariance principle are in powers of
logn. We apply our results to iid products of random matrices.
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1 Introduction

Let (2,.A,P) be a probability space, and let (¢;);>1 be independent and identically distributed
(iid) random variables defined on €2, with values in a measurable space G and with common
distribution u. Let Wy be a random variable defined on €2 with values in a measurable space X,
independent of (g;);>1, and let F' be a measurable function from G x X to X. For any n > 1,
define

Wn = F(En, anl) ;

and assume that (W,,n > 1) has a stationary distribution v. Let now h be a measurable
function from G x X to R and define, for any n > 1,
Xn = h(en, Wn-1). (1)

Then (X,)n>1 forms a stationary sequence with stationary distribution, say m. Let (G;)icz be
the non-decreasing filtration defined as follows: for any i < 0, G; = {0,Q}, Go = o(Wp) and for
any i > 1, G, = o(ei,...,e1, Wp). It follows that for any n > 1, X, is G,-measurable.

We can also consider the following model

Xn =h(en,en-1,...), (2)
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which is in fact included in the preceding situation, by taking Wy = (gg,e-1, . ..).
In what follows we assume that h is such that E(X,) = 0. For any n > 0, let us define the
sequence (0(n))p>0 by

5(0) = E(1X1]) and 6(n) = | X, — X;l1.n>1,

where X is defined as follows : let W and W be random variables with law v, and such that
Wi is independent of (W, (g;)i>1). For any n > 1, let

X* = h(en, Wr_y) with W = F(e,, Wr_,). (3)

Note that the coefficients §(n) are well defined if 7 has a moment of order 1.

In the paper [9], we assumed that the coupling coefficients d,, decrease at a polynomial rate,
and we used a variant of the Berkes-Liu-Wu method (see [3]) to establish strong approximation
results for partial sums. Another more restrictive coefficient is also considered in [9] (see also [10]
for variants of these coefficients and the resulting conditions). In [9] we applied our results to
various classes of (possibly non irreducible) Markov chains; in particular, we obtained optimal
rates in the almost sure invariance principle (ASIP) for some functions of the left random
walk on GLg4(R) under polynomial moment conditions. In [6] and [7] we adapted the proofs
of these results to Birkhoff sums of Hoélder observables of non-uniformly expanding dynamical
systems, using a representation as functions of the trajectory of a particular Markov Chain
due to Korepanov [18]. In the paper [7], we consider dynamical systems with exponential or
sub-exponential decay of correlations, and we show that the rates in the ASIP are in powers of
log n.

In the present paper, we consider the context of [9], assuming that the coefficients ¢,, decrease
at an exponential, sub-exponential or super-exponential rate (described by an index ~i, see
(4)), and that the variables have an exponential, sub-exponential or super-exponential moments
(described by an index 72, see (5)). Using arguments from [7], we show that the rates in the
ASIP are in powers of logn (the exponent of the logarithm depending on v; and ~2). We apply
our results to the left random walk on GL4(R), to iid products of positive matrices, and to a
class of non-uniformly contracting auto-regressive processes.

2 Main results
We assume that there exist two positive constants v, and ¢ such that
d(n) < exp(—cn) for any positive integer n, (4)
and there are constant b €]0, oo[ and 72 €]0, oo] such that
P(|X1]| > t) < exp(l — (¢/b)7?) for any positive ¢, (5)

Note that when v = 0o (5) means that || X, |lcc < b a.s. for any integer n. When X satisfies (5)
we say either that it has a semi exponential tail of order 5 or that it admits a sub-exponential
or super-exponential moment of order ~,.

Theorem 1 Let (X,)n>1 be defined by (1) or (2). Let Sy, =Y p_y Xi. Assume that (4) and (5)
are satisfied. Then n_lE(SfL) — 02 asn — oo and one can redefine (X,,)n>1 without changing



its distribution on a (richer) probability space on which there exist iid random variables (N;)i>1
with common distribution N'(0,0?%), such that, as n — oo,

- 11
Sn — N; = O((logn HANY Pog.s. where A= — + —. 6
> = Ol(logm)) = )

Proof of Theorem 1. Let a = 14+ \. The proof uses similar arguments as those developed in the
proof of Theorem 1.6 in [7] with the main difference that the random variables X}, are no longer
bounded. we then have to truncate them. With this aim, let us first define for any positive
integer k,

My, = c1k'7? where ¢; = b(2log 3)'/72 | (7)

(recall that b is the constant appearing in condition (5)) and

or(x) = (m/\Mk) V (—Mk)

Then we set
¢43F-1
Xpj = or(X)) —Epp(X;) and Wiy = > X,
1=143k—1
Forn > 2, let h,, = [(logn)/(log3)] (so that h, is the unique integer such that 3"»~1 < n < 3/»),
Note that

hn—1 3k n
Sp = X+ Y, X,
k=1 j=143k-1 i=143hn—1
and set
hpn—1
Z Wkgk 3k—1 + Z th, .
i=143hn—1

Let also SI = 0. We first prove that

T — ay
lrg%w S| = O((logn)®) P-a.s. (8)

With this aim, it suffices to prove via the Kronecker lemma and stationarity that

> ETU3ME(|1X | — M)y < 0. (9)
k>1

Obviously this holds when 75 = co. Assume now that 72 < oo and note that since 3F =

exp (3(2)™),

o) 00 b21/'72
kIE(|X1|—Mk)+ = k/ P(|X1| > t)dt < / exp(1—271(t/b)7?)dt < I'((1—=v2)/72) < o0
Mj, M, Y2

Since a > 1, (9) is proved and so (8) also.
Now, for any k > 1, let

mp = [c2kY"] + 1 where ¢y = (2¢7(log 3))1/71 (10)



(recall that ¢ is the constant appearing in condition (4)). We then define

£438—1
Xk,j :E((pk(Xj)’Ej,Ej_l,...,Ej_mk) —E(gok(Xj)) for anyj ka and Wk,g: Z Xk,i'
i=14-3k—1
Finally, set S; = 0 and for n > 1,
Sn == Z Wk73k73k—1 + Whn,nf?)h’ﬂ*l .
k=1

Note that by Lemma 24 in [9], for any j > my,

X5 = sl < [ [ X1 = XomgryDoldo(ay) < 3. (1)

Hence, for k > ko where kq is such that for any £ > kg, my, < 3/~!, the upper bound (11) implies
that

3k
H 1<£<I?:())13X3k71 ‘Wk,g — Wkl’ Hl < Z | Xk — Xk il < 3k5(mk) < 3F exp(—c x c3'k) .
== i=143k—1

Hence, since ¢ x ¢)' > log 3,

—Q _N
S W il < o

which entails by the Kronecker lemma that

T_a| a _
oax |ST = Si| = o((logn)®) P-a.s. (12)
From (8) and (12), the theorem will follow if one can prove that there exists a standard Brownian
motion B such that such that, as n — oo,

max ‘S’Z - B(io’Q)’ = O((logn)®) P-a.s. (13)
1<i<n
To prove (13), we do exactly as in Steps 3 and 4 of the proof of [7, Theorem 1.6] by replacing the
upper bound ||¢||s by 2M}, (which a bound of the sup norm of the truncated random variables
X}.;), and by noticing that Mymy, < k'/7. This leads to (3.20) in [7] which combined with
(3.9) in [7] gives the following strong approximation: there exists a standard Brownian motion
B such that such that, as n — oo,

max ‘5’2 — B(a?)‘ = O((logn)*) P-a.s. (14)

1<i<n

where o2 is defined by (3.21) in [7]. It remains to identify the variance of the Brownian motion
and to show that
max }B(Uf) - B(iaQ)’ = O((logn)*) P-a.s. (15)

1<i<n



With this aim, we shall proceed as in step 3.4 in [3] (see also Step 5 in [7]). We set

mg
ve=0"42 > (Gri—%)—2 Y. % (16)
I=—my i>my+1

where . .
ki = COV( Xk my s Xk itmy,) » Vei = cov(Xg 0, Xk,i) and v; = cov(Xo, X;).

To prove (15), we need to prove that

(log ) max (myv) /2 = O((log n)®) (17)

and
3¢ (/% — 6)% = O(K**(log k) ™). (18)

By using the upper bound (11), we have, for any ¢ > 0,

Vi — Ani| = ’COV(Xk,mk — Xpmp> Xitmy,) + €OV( Xk s Xbitm, — Xjitmy)|
< 2Ml| Xmy, — Ximy 1t + 2Mil| X iy, — Xivm, 1 < kY72 exp(—e x J'k). (19)

Next, by using inequality (1.11a) in [21], note that
ki — il = |cov(Xi0 — Xo, Xpi) + cov(Xo, Xpi — Xi)|
1/2 1/2

1
<2 ; Qe () (W) Qg (x| (w)du+2 ; Q|X1|(U)ng(X)|(u)du§4/0 Q(u)(Q(u)—My) +du,

where gi(x) = (|z| — My)+ = v — i (z). But, for any positive t, P(| X;1| > t) < exp(1—(t/b)??) :=
G(t). Therefore, for any u €]0, 1],

Qu) <G (u) :==b(1- logu)l/w .

But
G Hu) > My, <= ul > loed~1,
So, overall,
A , 2 ! 2/72 _ o [ 2/v2 -2
Ak — | < 4b (log(e/u)) 115 e2kt0as-13du = 4eb (logz)” P2 *dx
0 e2klog3

oo
= 4eb2/ 2?2 dx < k0% (1 4 k2/72) e 21083
2klog 3

where k., is a positive constant depending only on 3.
Next, by using Proposition 1 in [13], we derive

(6(2))
Z|COVXO, \<2Z/ QoH™! )duﬁZZ/H(; QQ(u)du,
0

i>my >my i>my



where H is the function defined on [0,1] by H(v) := [; Q(u)du and H~! is its inverse. Since

Qu) < b(l — log u) 1/72, we infer that there exists a positive constant x depending on ¢, b, 1
and ~s, such that, for any ¢ > 1,

H(5(3))
/ Q*(u)du < ki®"/72 exp(—ci) .
0

Therefore, since my, = [cok/7] 4 1,

o241 9
il <Rk m Texp(—cxec ,
> il < Rk ( 5 k)

1>Mmy,

where £ is a positive constant depending only on ¢, b, v1, 72 and co. So, overall, for any positive
integer k,
2 1
v, — 0| < K x k@JrW{e_leog?’ + exp(—c x c}lk‘)} . (20)
where K is a positive constant depending only on ¢, b, 71, 72 and c¢. This shows that v, — o2,
as k — co. Hence (17) is satisfied since (logn) maxg<p, (my)'/? < (logn)' /1) = O((logn)®)

(indeed & = 1+ 1/ + 1/72). Note now that since |1/,1/2 —o]? < |vp — 02|, (20) implies (18)
since we have selected ¢z such that ¢ x ¢3! = 2log 3. The proof is complete. ©

3 Applications

3.1 Products of iid invertible matrices

Let (e5)n>1 be independent random matrices taking values in G = GLg(R), d > 2, with common
distribution p. Let Ag = Id and for every n > 1, A, = ¢, - - - €1.

Let || - || be the euclidean norm on R% and for any g € G, let N(g) := max(||g||,|lg~||) where
lgll = sup,=1 lgz[l. Recall that u has a moment of order p > 1 if [.(log N(g))Pu(dg) < oo
and a sub-exponential moment of order vy €]0, 1] if there exists ¢ > 0 such that

/Gec(logN(g))v,u(dg) < 00. (21)

Recall also that if p admits a moment of order 1 then

.1
nh_)rgo - log |An]| = Ay P-ass., (22)
where )\, := lim, 0o n E(log|len - £1])) is the so-called first Lyapunov exponent (see for

instance [16]).
Let X := P;_1(R?) be the projective space of R? — {0} and write Z as the projection of
r € R? — {0} to X. G is acting on X as follows: g-Z = g for every (g,z) € G x R — {0}.

We assume that p is strongly irreducible (i.e. that no proper finite union of subspaces of
R? are invariant by 'y, the closed semi-group generated by the support of x) and proximal
(i.e. that there exists a matrix in I', admitting a unique (with multiplicity one) eigenvalue with
maximum modulus). Under those assumptions (see e.g. Bougerol-Lacroix [4] or Benoist-Quint



[1]) it is well-known that there exists a unique invariant measure v on B(X), meaning that for
any continuous and bounded function f from X to R,

[ t@wtan) = [ [ sta- autdgiao).

The left random walk of law p on X is the process defined as follows. Let Wy be an X-valued
random variable independent of (&,,)n>1, and let W), = &, - W,,_; for n > 1. Note that, if W)y
has distribution v, then (W,,)n>0 is a strictly stationary Markov chain.

Our aim is to study the partial sums associated with the random sequence (X,,),>1 given by

Xn = h(5n7Wn—1)7 n > ]-7

where for every g € G’ and every = € X,
. lg|
h(g,z) = log (*) :
]

As usual, we shall denote by X, z the random variable for which Wy = . We then define
Spz=>r_y Xnz Note that, for any z € S91,

n
Sniz = ZXk,i = log || Anz| .
k=1

Then, when we keep the notation (X,,)n>1, we have in mind that we are in stationary regime,
i.e. that Wy has law v. In this case we also define

Sn =Y Xn =log |4, V0|,
k=1

where Vp is such that ||[Vp|| = 1 and Wy = V4.

We denote by p(g) the spectral radius of a matrix g. Applying Theorem 1, the following
strong approximation with rate holds.

Corollary 2 Let p be a proxzimal and strongly irreducible probability measure on B(G). Assume
that p has a sub-ezponential moment of order v €]0,1]. Then n 'E,((Sn, — nA,)?) — o2 as
n — oo and for every (fivzed) T € X, one can redefine (Sy, z)n>1 without changing its distribution
on a (richer) probability space on which there exist iid random variables (N;)i>1 with common
distribution N'(0,0?%), such that,

Sng — NAy — Z N; = O((logn)'*2/7) a.s.
i=1

Moreover, the result remains true if we replace the sequence (Sy, z)n>1 with (Sp)n>1, (log || Anl)n>1,
(log p(An))nz1 or (log [(An@, y)|)nz1, for some z,y € S

Remark 3 It follows from item c) of Theorem 4.11 of Benoist-Quint [1] that o > 0 if p is
strongly irreducible and the image of '), in PGL4(R) is unbounded.
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Remark 4 If u has a super-exponential moment meaning that (21) holds with v > 1, we infer
from the proof of Corollary 2 that for every (fixed) T € X, one can redefine (Sy z)n>1 without
changing its distribution on a (richer) probability space on which there exist iid random variables
(N;)i>1 with common distribution N'(0,0?), such that,

n
Snz —nAy — ZNZ- = O((logn)*>*/7) a.s.
i=1
In particular if p has compact support, the rate in the almost sure invariance principle is of
order O((logn)?). Again, this extension holds with (Sp)n>1, (log||An|)n>1, (log p(An))n>1 or
(log [(Anz, y)|)n>1, for some x,y € SI71.

Proof of Corollary 2. It follows from Theorem 2 (ii) in [5] that n™'E, ((S, — nA,)?) — o2 as
n — oo. Then, the strong invariance principle in stationary regime, i.e. for (S,)n>1, is a direct
application of Theorem 1 by taking into account the estimate given in Proposition 5 below. The
proof of Proposition 5 is given in appendix.

Proposition 5 Assume that p satisfies (21) with v > 0. Then, there exists B > 0 such that,
for any positive integer k,

sup B(|Xpz — Xpgl) < e P00 (23)
T,yeX

As in [5] we obtain the result for the matrix norms (log(||Ax||)n>1 from the stationary regime,
using an argument from [4]. Indeed, it suffices to apply the estimate given just after equation
(66) of [5] to get the ASIP in that case. Similarly, we get the ASIP for (Sy z)n>1, for any
re Sl

It remains to handle the case of the matrix coefficients and of the spectral radius. The proof
follows a well-known scheme that has been used in [2] under exponential moments and in [1]
and [12] under polynomial moments. Those proofs rely on large deviations inequalities. In the
case of sub-exponential moments, the needed large deviations estimates were obtained in [8].

We start with an auxiliary result of independent interest, see Theorem 2.6 of [17], for a
related result.

Proposition 6 Under the condition of Corollary 2, there exists n > 0 such that

sup/ eMogd@0l" qu(7) < oo,
zeX JX

where §(z,9) = |(z,y)|/(l=[llyl])-

We can now prove the result for the matrix coeflicients.

Let n be as in Proposition 6. Let n € N and z € X. Using that v is g-invariant and Markov’s
inequality, we have

P (—log(S(Wn,E) > (210gn/77)1/7> =v ({gj € X : eMogd@al” > nz}) < K/n?.



Hence, by the Borel-Cantelli lemma we see that, P-a.s.
—log 6(Wy,7) < (2logn/n)'/7,

for all but finitely many n € N. Combining this with the computations after (67) (and page
1864) in [5], we infer that for every 7,y € X,

llog 6(A, - 2,7)| = O((logn)"/7)
and the desired result follows since

log [(Anz, y)| = log || Anz|| +log [[y]| +log 6(An - Z, 7).

It remains to prove the ASIP for the spectral radius. The result follows from the following
lemma, with £ > (2logn/c)'/7, combined with the Borel-Cantelli lemma.

Lemma 7 Under the assumption of Corollary 2, for every € > 0, there exists C,c > 0 and
Ly € N such that for every by < ¢ <mn,

P(log p(Ay) — || Anl| > —f) > 1 — Ce .

The lemma may be proved as Lemma 8 in [12] using our Lemma 12 from the Appendix
instead of Lemma 6 in [12].

3.2 Products of iid positive matrices

Let us assume now that G is the semi-group of d-dimensional positive allowable matrices: by
positive, we mean that all entries are greater than or equal to 0, by allowable, we mean that any
row and any column admits a strictly positive element.

In this case, G is acting on X = S9! N (RT)? as follows: g -z = ga/||gz|, and we define
N(g) by N(g) = max(||g||,1/v(g)), where v(g) := inf,ex ||gz|. Here, ||-|| stands for the /! norm
on R which is more convenient for the problem, see [11]. This change does not affect the final
results since all norms on R? are equivalent.

Then, similarly to the previous section, we define polynomial moments of order p > 1 for
as well as sub-exponential moments of order v €]0, 1].

We shall also say that p is strictly contracting if its support contains a matrix whose all
entries are strictly positive. When pu is stricty contracting there exists a unique p-invariant
probability v on B(X), see Section 3 of [11].

We have the following analogue to Corollary 2 with S, , = log ||Apz||, z € X, where A4, =
en - --€1 with (e5)n>1 a sequence of independent random matrices taking values in G, d > 2,
with common distribution p. Let also Wy be an X-valued random variable with law v and
independent of (g,),>1, and Sy, = log ||A,Ws||. The following corollary was announced in [11].

Corollary 8 Let u be a strictly contracting probability measure on B(G). Assume that u has a
sub-ezponential moment of order v €]0,1]. Then n™'E, ((Sn, — nA,)?) — 02 as n — oo and for
every (fixzed) x € X, one can redefine (Sy z)n>1 without changing its distribution on a (richer)



probability space on which there exist iid random wvariables (Nj)i>1 with common distribution
N(0,0?), such that,

Snz — Ny — Z N; = O((log n)*™/7) a.s.
i=1
Moreover,the result remains true if we replace the sequence (Sy, z)n>1 with (Sp)n>1, (log || An||)n>1.
(log p(An))n>1, (logv(An))n>1 or (log [(Anz, y)|)n>1, for some z,y € X.

Remark 9 When p is aperiodic, see Definition 5.1 of [11], then, by Proposition 5.2 of [11],
0% > 0. When pu admits super-exzponential moments, it is possible to improve the rate as in the
remark after Corollary 2.

Proof of Corollary 8. Again, we start with the stationary regime. The existence of the asymptotic
variance follows from Proposition 5.2 of [11].

By Proposition 3.2 of [11], when p is strictly contracting and admits a moment of order
greater than one, (23) holds. Then, the result (for (S, ),>1) follows from Theorem 1.

The ASIP for (log ||Anl|)n>1 and (logv(A,))n>1 follows from (4.3) in [11] and the fact that
for every x € X, v(4,) < ||[Apz| < ||Ap]|. Similary, we obtain the ASIP for (S, 4)n>1 for any
recX.

Then, the ASIP for (log p(Ay))n>1 follows from (4.3) in [11], combined with the inequalities,
for every n > 1, logv(A,,) < logp(Ay) < log | An].

The ASIP for the matrix coefficients is proved in [11], see Theorem 6.4.

3.3 Lipschitz autoregressive models

We consider the autoregressive Lipschitz model introduced by Dedecker and Rio [14]. Let
T€1[0,1), C € (0,1] and f : R — R a 1-Lipschitz function such that

B
(14 [¢)7

Let (¢;);>1 be iid real-valued random valued with common law £ and define for any n > 1

f(0)=0 and |[f(t)<1- for almost every ¢.

Wy = f(Wn_1) + e, with Wy independent of (&;);>1. (24)

Let Sn(g) = >, g(W;) for any measurable function g. Assume that p has a sub-exponential
moment of order 1 €]0,1] (hence E(e0l") < oo, for some ¢ > 0). For this model, there exists
an unique invariant probability measure v (see Proposition 2 of [14]) and the following result
holds:

Corollary 10 Assume that j1 has a sub-exponential moment of order n €]0,1]. Let (Wy)n>0
be defined by (24) with L(Wy) = v. Assume furthermore that g is Lipschitz and that, for
some ¢ € [0,1] and some positive constant k, |g(z)| < k(1 + |z|%). Suppose that T + ¢ > 0.
Then, n~'Var(S,(g)) — 0%(g9) as n — oo and one can redefine (W, )n>0 without changing its
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distribution on a (richer) probability space on which there exist iid random variables (N;)i>1
with common distribution N'(0,0%(g)), such that,

Sn(g) —nv(g) — ZNi = O((log n)l"'l/““/w) P-a.s.

i=1
where y1 = n(1 —7)(n(1 —7) + 7)1 and y2 = n(1 —7)/<¢.

Proof. The result comes from an application of Theorem 1 by taking into account Proposition
3 of [20] and its proof. More precisely, [20, (4.3)] and [20, Remark 5] ensure that g(W1) — v(g)
satisfies (5) with index v9 = (1 — 7)/¢. In addition, as it appears clearly in the proof of [20,
(4.4)], the control of the T-coefficients is done via a control of the coupling coefficients §(n) (see
[20, (4.6)]). O

4 Appendix

4.1 Proof of Proposition 5

The proof of the proposition is based on the following lemma whose statement needs the following
notation: For z,y € X, define
dog) Iz 0ol
[yl
where A stands for the exterior product, see e.g. [4, page 61] for the definition and some
properties. Then d is a metric on X.

Lemma 11 Assume that p satisfies (21) with v > 0. Then, for any positive integer k and any
Kk > 0, there exists £ > 0, not depending on k, such that

_ _ _ . min(~,1)
max  sup P(log(d(A;_1 %, Ai_1-§)) > —lk) < e *F .
k<i<2k z geX 34y ( ’ ’ )

Proof of Lemma 11. Without loss of generality, let us assume that ¢ > 4 in condition (21). The

general case can be deduced by normalizing suitably the quantities of interest. We proceed with

similar arguments as in the proof of Lemma 6 in [5]; namely, we use a martingale decomposition.
Since [, log N(g)u(dg) < oo, we can define the following bounded function Fj:

Fi(@.5) = [ loa(dlg-2.9-5)/d(a.0)ildg) V5.5 € X7 # 5.
Then we define the following centered cocycle:

Ul(gv (i’,ﬂ)) = log(d(g -, d(g ' g)/d(ivg)) - Fl(q_:ag) :

Setting

n n

Mn - Mn(f7g) = Zal(glw (Ak,l'.’i‘7Ak,1'g)) and Rn = Rn(i’,g) = ZFl(Akfl‘iaAkfl'g) )
k=1 k=1

11



we have
log(d(Ay, - 2, A - 9)/d(Z, 7)) = Mn + Ry, .

Hence, since d(Z,y) < 1, the lemma will be proved if one can show that for any x > 0, there
exists a £ > 0 such that

]P) (. ) > _2£k ,Kkmin(fy,l) 2
T (R;(z,9) = ) <e (25)

and

P(|M;(z,9)| > ) < e 26
(ax, swp  P(IM;(@,9)] > tF) < e (26)

The estimate (25) comes from the proof of (53) in [5]. Indeed from the last inequality in the
proof of [5, (53), page 1857], there exist p €]0,1[, ngp € N and a > 0 such that

max sup P(R;(z,y) > —ak) <C k/(2no)
Kk 5 e nty (R;(z,9) ) <Cp

Hence (25) follows by taking ¢ > ang/(|log p|).

We turn to the proof of (26). Let Dy = o1(ek, (Ak—1-T, Ag—1-79)) and Fr, = oc(Wp,e1,. .., k).
Note that (D, Fi)r>0 is a sequence of martingale differences. Moreover setting X = 41log(N(g)),
Lemma 4.2 page 56 in [4] (see also their Proposition 5.3 page 62) ensures that

IP(Dg = 2| Fp-1)lloc < P(X +E(X) > 2),
implying that
| S EDR exp D)) < nE(X +E(X)? exp{(X + E(X))"}) = nK .
k=1

Note that since p satisfies (21) with ¢ > 4, we have K < oo. It follows from [15, Theorem 2.1]
(in case v €]0,1]) or from [19, Theorem 1.1] (when v > 1) that there exist ¢; and ¢y such that,
for any £k > 1 and any £ > 0,

max sup ]P’(\Mj(j:,gﬂ > Ek) < eXp(—61€2k/K) + exp(_CQ(gk)min('y,l))’
k<j<2k z ye X z+ty

which proves (26) and ends the proof of the lemma. [
We turn now to the proof of Proposition 5.

Proof of Proposition 5. Let z,y € X and x > 0. Let £ > 0 be as in Lemma 11. We start from
inequality (18) in [5], namely: setting

A={logN(er) > tk/2} and B = {log(d(Ax—1-Z,d(Ak_1-79)) > —Lk},

we write

| Xkz — Xigl <|o(er, Ak—1-T) — 0(eks Ak—1-9)|1a + |o(ek, Ap—1 - Z) — o(eg, Ap—1 - 9)|1B
+ |O'(€k, Ak—l . :f) — 0(6k,Ak_1 . g)|1{Acch} .

12



Recall the estimates (13) and (14) in [5]: there exists C' > 0 such that for every z,y € X,

lo(g,2) — o(g,9)| < CN(g9)d(z,7),

and
lo(g,z)| <logN(g).

We then infer that
E(|Xkz — Xkgl) < 2E((log N(ex))1a) + 2E((log N(ex))1B)
+ CE(N(€k>d(Ak,1 T, Ap_1 - g)‘l{Acch}) . (27)

Now
E((log N(ex))1a) < e H/2E(log N(g)eleN@)) . (28)

On another hand, by independence between €5 and B, and Lemma 11,
E((log N(ex))1p) = P(B)E(log N(g)) < e E(log N(g)) - (29)
Moreover,

E(N(er)d(Ap—1 - T, A1 9)Lacnpey) < e FE(N(9)Ljiog N(g)<en/zy) < e F/2. (30)

Starting from (27) and taking into account the upper bounds (28)-(30), the lemma follows. [

4.2 Proof of Proposition 6
It suffices to find 7 > 0 such that (notice that 6(-,-) < 1)

Zem supr({g € X : —logd(z,y) > nn}) < o0o.
1 TEX

Now, using that v is p-invariant, for every n € N and & € X,

v{z e X : —logé(z,y) >nn}) =v@pu™"({(y,9) € X xG : —logé(z,g-y) > nn})
< sup P(logd(z, A, -§) < —nn).
zZ,5eEX

The fact that one may find such a 7 > 0 may be proved as Lemma 4.8 (and more particularly
(4.13)) of [1], using the next lemma.

Lemma 12 Under the assumption of Corollary 2, for every € > 0, there exist C,c > 0, such
that

sup P < max |log ||Arx| — k.| > En> < Ce ", (31)
zesd-1  \lshksn
_ < —cn?
P <1r£ka£cn |log ||Ag|| — nAu| > 5n> < Ce ; (32)
P (108 1A%(A0)] ~ KOy 9] > ) < Ce (3)

13



Remark 13 Let us recall that, for any A € GL4(R), A?(A) is the matriz on A*>(R?) defined by
A%(A)(x Ay) = Az A Ay, where A is the exterior product. In addition, in (33) 7, is the second
Lyapunov exponent of p. With the notations of [2, Section 14], A, is denoted either A1, or i,
while v, 1is either denoted Ay, or Ao.

Proof of Lemma 12. (31) follows directly from Theorem 2.2 of [8]. Then (32) follows from (31)
and the fact that there exists C' > 0 such that for every g € G and every x € S¢ 1,

< < .
gzl < lgll < Clrgggd!!gez\!,

with {e; : 1 <i < d} the canonical basis of R?.

The proof of (33) may be done similarly as above. The group G acts on P(A?(R%)), the
projective space of A2(R%), by g- & := A2(g)¢/|[€]|, for every g € G and & € A?(RY), where &
is the projection of & on P(A%2(R?)). Then, (g,&) — || A2 (9)(&)|l/I€]l defines a cocycle and one
may prove, similarly to (31) that (see Section 6 of [8] where the situation of general cocycles is
considered)

. P(ma"logHA”Ak)(s)—k(Awm>an)scecm.
€En2(R): fl¢ll=1 \ISksn

Then, we deduce (33) as we deduced (32) from (31).
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