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Abstract We study the problem of crack front segmentation into facets under mixed mode I+II1I loading.
Discrete facet network nucleation is determined based on the match asymptotic expansion approach of the
coupled criterion considering both the influence of T-stress (parallel to the initial crack front) and mode-
dependent fracture properties. We show that considering exclusively either T-stress or mode dependent
properties, facet nucleation may be more favorable than straight crack propagation but in conditions
that are incompatible with experimental observations. It is only by coupling mode-dependent fracture
properties with T-stress that we are able to determine configurations compatible with experimental
observations for which facet nucleation is more likely to occur than straight crack propagation. These
configurations depend on the T-stress magnitude and critical shear energy release rate. We thus highlight
that crack front segmentation into facets is material and loading dependent phenomenon that is not
related to a sole mode mixity threshold but also to T-stress magnitude and shear critical energy release

rate.
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1 Introduction

In the context of Linear Elastic Fracture Mechanics (LEFM), the propagation of a crack loaded in mode
I+1T is nowadays generally well predicted [14\44] using symmetry arguments [I7] or Griffith’s energy
minimization principles [I5]. It is less straightforward when some amount of mode III is present mainly
because of the intrinsic three-dimensional character of the problem and the complexity of the propagation
path topology. Fracture under mixed mode I+III loading has been studied since the first experimental
works of Sommer [48] who highlighted lance-like fracture facets in glass and Knauss [2339] who evidenced
the formation of penny-shaped fractures surfaces straddling the original straight crack front in a crossed
linked polymer. The complex fracture pattern induced by such a loading has since then been evidenced

in other materials and configurations such as for instance fault formation [6l[45], cracks in rocks [52],

polymers [2lAL211241[35], metals [49[50], gels [47] or even cheese [16].

A commonly used test is 3- or 4-points single edge notched bending performed on rectangular beams
containing a crack inclined with respect to mode I (Fig. [Th) [25l35]. In this setup, a rotation of the
original straight crack toward a pure mode I propagation configuration is observed at the macroscale,
but closer look at the crack surface indicates that it rather has the shape of a saw-tooth factory roof.
This particular profile actually originates from the formation of small aligned facets along the initial
crack front (Fig. ) The macroscopic rotation results from the presence of mode II that changes sign on
either side of the front [24] since the crack opens onto free edges [8]. Hence it is usually well captured by
fracture propagation simulations based on LEFM and the Principle Local Symmetry [I7] or equivalently
Griffith’s based energy minimization principle [I], using for instance extended finite element method [18],
virtual crack closure integral method [2/8/24], dual boundary element modeling [5], eigen erosion [40]

or phase-field approach to fracture [3843]. The facets originate from the presence of a dominant mode

Fig. 1: a) Macroscale illustration of straight inclined crack rotation towards pure mode I propagation
configuration under three point bending. b) Experimental observation of saw-tooth factory roof crack.
The length of the initial crack front before segmentation is about 12 mm.



Revisiting crack front segmentation under mode I and III loading 3

IIT over mode II contribution at the center of the crack front [24]. Some of these facets then grow and
finally coalesce (Fig. ) due to the shielding interaction between facets [41]. In spite of their complexity,
this crack topology can be obtained accurately by propagating already existing facets following classical

LEFM rules, as has been evidenced by continuum phase field simulations [4120143].

Although generally occurring in presence of mode III, crack front segmentation into facets does not
develop systematically [I3L47]. Several authors related the occurrence of facets to a certain threshold in
terms of mode III (K7y1) to mode I (K7) stress intensity factor (SIF) ratio. For instance, Eberlein et al. [13]
showed experimentally that in some configurations, below Kiyy1/K1=0.57 threshold, no facet formation is
observed and the crack grows continuously. Facets observed by Sommer [48] were obtained for Kyy/ K =
0.06. Cambonie and Lazarus evidenced the presence of facets for K1/ K ratios between 0.1 and 0.6. Pham
and Ravi-Chandar observed facets for Kyj/K; = 0.58 [42], but also for a very small Ky;/K; = 0.001
threshold in another configuration [4I]. Finally, it seems that there is no clear experimental consensus
regarding the existence of a K/ K7 threshold for facet nucleation. At least if this threshold is a condition

for the facet appearance, it is obviously not the only one.

Toughening induced by the presence of mode III has been reported in several experiments [7[13l19]
35,36]. Using a two-scale cohesive zone (CZ) model [261[30], this increasing resistance to fracture has been
shown to be due to the presence of facets at the microscale, whose further propagation requires a higher
load than the one promoting a smooth propagation [I9]. The toughness increase can be determined by the
CZ model provided the existence of facets whose geometry can be described by profilometry measurements
[3]. Nevertheless, a self-sufficient prediction requires a better understanding of why and how crack front

segmentation into facets occurs from the initial crack.

The formation of facets was tackled from two different points of view. The first one considers that
facets develop by continuous propagation of all the points of the initial crack following stability and
bifurcation arguments. The second one considers that the facet segmentation results from the nucleation
of new cracks that are connected to the initial crack front along a discontinuous set of points. In presence
of mode III, straight crack propagation may be unstable and the development of a segmented crack
front may be favored. It has been evidenced numerically by phase-field simulations [46] and confirmed
by a thorough closed-form linear stability analysis of the problem [28]. This analysis evidenced the
existence of a theoretical threshold Kiij/Kj depending on the material’s Poisson’s ratio below which
straight propagation is expected to occur. It is however generally too large compared to that measured
experimentally [41]. The instability has been shown to be subcritical [4], meaning that even below the
linear stability threshold, out-of-plane propagation may occur in line with experimental observations, if
the number of defects is high enough. The number of required defects needed to trigger the instability

remains however unknown, and the linear stability threshold may express below this level. Dependance
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of the fracture energy on the mode mixity ratio has been shown to reduce the threshold [29]. However
non-physical fracture energy values had to be used to retrieve thresholds measured experimentally. This
limitation was recently improved by considering the influence of non-singular stresses (T-stresses) on the
stability threshold [27]. It was observed, in some experiments allowing observation at small scales, that
the propagation does apparently not occur by propagation of all the point of the crack front but rather
by spontaneous nucleation of new cracks from isolated points [42]. These facet nucleations may be at
the origin of the instability development, in other words they may form the required defects to trigger
the subcritical instability. Why and how facets nucleate still remains unclear. Facet nucleation under
mixed mode I+11T loading was studied numerically by Mittelman and Yosibash [37[51] and Doitrand and
Leguillon [9]. These works made it possible to predict the initiation loading level of one facet [51] or of a
periodic array of facets [J] based on the coupled criterion (CC) [31], assuming that the crack orientation
is defined by the direction maximizing the stress normal to the crack plane. The crack shape was either
idealized [3751I] or defined by stress isocontours [9], which yielded crack shapes close to the shapes
observed experimentally by Pham and Ravi-Chandar [42]. Nevertheless, in these studies, the predicted
loading level at facet initiation was actually larger than the one obtained for straight propagation of the
initial crack front predicted by LEFM. In our previous work [9], both non-singular stresses and mode-
dependent fracture parameters were disregarded in the analysis. But they may both have an influence
on the facet initiation loading level as well as facet geometrical features. The objective of this work is
thus to revisit the problem of facet nucleation using the CC by investigating the influence of T-stress as
well as of mode-dependent fracture properties. We present the matched asymptotic expansion approach
of the CC to predict facet nucleation and its numerical implementation in Section then we study the

influence of T-stress and mode-dependent fracture properties on facet nucleation in Sections [}{f]

2 Determination of the incremental energy release rate
2.1 Matched asymptotic approach

We study the problem of sharp rectilinear crack front loaded in combined mode I4+III+T-stress. We only
focus on the T-stress component T3 parallel to the crack front direction (Ozs) (Fig. . We consider two
possible scenarii, namely either crack propagation in the initial crack direction (Fig. ) or crack front
segmentation into an array of small facets that are inclined with respect to the initial crack direction,
as depicted in Fig. . Experimental observations show that the facet network is almost periodic [42].
Therefore, it can be modeled by periodically repeating a representative volume element containing a
single facet (Fig. ) Straight crack propagation or facet nucleation is assessed based on the matched

asymptotic (MA) approach of the CC [9T0,ITA2/B1]. It consists in considering a two-scale 3D problem
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Fig. 2: a) Ilustration of crack front segmentation into a periodic array of inclined facets, b) illustration
of the initial crack front configuration under mode I+II1+T-stress and representative volume element of
crack propagation configuration c) along the initial front direction or d) by crack front segmentation into
a facet network.

to solve under linear elasticity and small deformations assumption. The first problem is written at the
specimen scale. The displacement field U ¢ (the superscript ¢ refers to the presence of a crack extension

£ along (Ox1) direction) is solution of the following set of equations:

-V o Ué) =0,
o(UY=C: VU, (1)

of UZ) -n = 0 along the crack faces, n is the normal to the crack face,

where ¢ and (' respectively are the stress and stiffness tensors. It is assumed that the unknown crack
extension £ at initiation is relatively small compared to the specimen dimensions, this assumption has to
be checked afterwards to ensure the validity of the MA approach. Therefore, the actual solution can be
approximated by:

Ul(xl, Ty, x3) = U%(x1, 29, 23) + small correction, (2)

where U°(x1, x4, x3) is the solution to a problem without crack extension (¢ = 0) and the small correction
is actually determined by solving the second problem, close to the crack tip. This approximation is
valid except near the initial crack tip, it is called the outer field. The asymptotic displacement field

corresponding to an initial sharp crack under mode I4I11+T-stress loading can be written as:
U°(x1,22,23) = U°(0,0,0) + Kiv/rui(0) + Kinv/rum(9) + Tsrt(0) + ..., (3)

where K7 and Kpyr are mode I and III stress intensity factors, T3 is the T-stress magnitude, uy, upy and

t are the corresponding angular functions, r and 6 are spherical coordinates. For the sake of simplicity,



6 Aurélien Doitrand et al.

we will omit the dependency to the second angle in spherical coordinates since mode II is not considered

in this work. The previous equation can be rewritten:
Uo(l‘l, To, 56’3) = lj()(()7 0, 0) + KI\/’F(’U,I(G) + mum(é’) + mT(r)t(G) + ), (4)

where the mode mixities m and mr are defined so that m = Kyi/Ki, and mp(r) = /rT5/K1. The

corresponding expansion of the stress field is obtained using Hooke’s law:

o%(z1, T2, 23) = 5;(51(9) +ms"™(0) + mp(r)z(0) + ...). (5)
To have a detailed form of the actual solution Uz, the initial domain is rescaled by 1/¢. We define the
new dimensionless space variables as y; = x;/¢. As ¢ tends towards 0, the corresponding domain becomes
unbounded. The crack extension along (Oz;) direction is thus 1 in the dilated domain, which is called
the inner domain. The inner domains in the two possible initiation configurations (crack extension in
the initial direction of crack front segmentation) are depicted in Fig. [2 The actual solution (with crack

extension) is assumed to expand in the following way:

Uz, 0, 23) = U (y, ys, lys) = Fo(0) VO (y1,yo, y3)
+ F (O Vi (y1, y2,43)
+ B (0) V2 (y1,y2,y3)
+ ..

with

Fita1(6)
50 Fi(0)

—0. (7)

The V' form the inner field, they are solutions to problems with prescribed behavior at infinity. They
fulfil the usual balance equation, boundary conditions and the linear elastic constitutive law derived from
the original problem. They must match at infinity with the behavior of the far field. Therefore, there
exists an area, far from the free edge in the inner expansion and close to it in the outer expansion where

both expansions given in Eq. and Eq. @ hold true. Matching the terms in Eq. and Eq. @ leads

to :
Fo(l) =1,
VO(y1,y2,y3) = U°(0,0,0),
B (0) = K1Ve,
1 (8)
V(y1,92,938) = /p(ur(0) + mum(6)),
Fy(l) = Tst,
VQ(y17y27y3) ~ Pt(o),
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where p = r/¢. The symbol &~ means "behaves like at infinity”, the V' can thus be written as:

~ 1
VY1, y2,y3) = o(ur(0) + murir(0) + V (y1, 92, y3),

9)
A2
V2 (y1,y2,y3) = pt(0) + V" (y1,2,y3)-

We have to prove the existence of Vl(yl, y2,ys) and to verify the equilibrium equations. By combining

Eqgs. (EI) and into Eq. 1) V' is solution to the following problem:

G=C:V3V,
gt n = 7(%&(0) + J5smi(#)) - m along the crack faces, (10)
5% -n = —71(0) - n along the crack faces,

V' vanishes at infinity.

The system of equations has a unique solution with a finite energy [33] (extension of Lax-Milgram theorem
to unbounded domains). As a consequence of the finite energy, the solution decreases to 0 at infinity. The

expansion finally writes:

.1
U (1,2, 23) = U (byr, tys, tys) = U(0,0,0) + KivVe[y/pur(6) + my/pum(6) + V- (y1,2,y3)]
.3
+ Talpt(0) + V' (y1,92,3)] (11)

+ ..

The Incremental Energy Release Rate (IERR) is defined as Gi,e = —0W,,/S, where W, = % fv o:edV is
the elastic strain energy and S the crack surface. The elastic strain energy variation due to crack initiation

thus writes:

—5Wp(0) = a11(0) KT + a13(0) K1Kim + ass(0) Kiyy
+ by () K1 T3 VL + by () Kin T3 V¢ (12)
+e(p) T3,
where a;;,b; and c are coeflicients depending on the facet shape and angle. The crack surface can be

written as S = af?, with a a scaling coefficient depending on the facet shape. As a consequence, the

IERR writes:

1
Ginc(€) = —6Wp(0)/S = E(All(@KIQ + A13(9) K1 K + Ass () Ky
+ B1 (@) K1 T3Vl + By () K TsV/? (13)

+C(p)T31),
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involving the material Young’s modulus E and the dimensionless coefficients A;; = Ea;;/(al?), B; =
Eb;/(af?) and C = Ec/(af?). Introducing the mode mixities m and mr, the IERR also rewrites:

K2

ginc(é) = fl

+mr(€)Ba() + mmr(0)Ba(p) (14)

[A11(p) + mAis(p) + m* Ass(p)

+mr(0)*C(p)]-

We define the dimensionless IERR x = EGin./ K12 so that:

x(o,m,mrp(0)) = A11(p) + mAiz(p) + m*Ass(p)
+mz(€)Bi(p) + mmr(£) Ba(p) (15)

+mr(0)*Cp).

The dimensionless IERR only depends on the Poisson’s ratio of the material and on the facet shape.

2.2 Numerical determination of A;;, B; and C

The functions A;;, B; and C' can be computed in the inner domain as a function of the crack orientation ¢.
They are obtained by calculating the potential energy difference between configurations with or without
crack extensions. It is done by FE calculations (Abaqus quasi-static implicit solver) in the inner domain
that is artificially bounded at a distance large with respect to the crack extension (which is 1 in the
inner domain). FE calculations are performed under linear elasticity and assuming small deformation in
order to calculate the stress and the potential energy release due to crack initiation. The calculations are
made in the inner domain including a crack lying in a plane forming an angle ¢ with the initial crack
front. The domain faces in the z3-direction are inclined with an angle corresponding to the crack angle,
which enables modeling an overlap between cracks as proposed in [9]. Elliptical crack shapes forming unit
radius circular projections in (Oy;ys) are considered. Periodic boundary conditions along (Oys) direction
are imposed on the inner domain lateral faces to represent an infinite network of cracks. The inner
domain width thus corresponds to the distance between two facets along (Oys) direction. A methodology
allowing the determination of the initiation minimum crack spacing was previously proposed [9,[34]. Since
we mainly focus on the initiation SIF, the distance between facets is set to 200 times the facet extension
along (Oz1), which is verified to be large enough so that there is no interactions between two facets. If
the inter-distance facet is large enough, the IERR does not depends on the facet spacing. However, a
smaller IERR is obtained for a facet network with smaller inter-facet spacing so that facet nucleation
occurs for a larger imposed loading [9]. The inner domain is artificially bounded at a large distance (200

times the crack extension along (Oy;) direction) so that a larger domain size results in differences smaller
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Fig. 3: Variation of the normalized IERR coefficients as a function of the crack orientation obtained for
v = 0.36.

than 2 % on the IERR and thus on the loading at crack initiation. Dirichlet boundary conditions based
on mode I, mode IIT and T-stress asymptotic displacement fields corresponding to an initial crack are
imposed on the inner domain boundary. The mesh, consisting of linear 8-nodes elements, is refined near
the facet and typically contains around 1.3 M degrees of freedom. The minimum mesh size near the facet
is chosen so that differences in G;,. smaller than 1% are obtained for a finer mesh. For a given facet
angle, three calculations are performed, respectively with prescribed displacements fields corresponding
to mode I, mode III and T-stress loading. For each calculation, two steps are performed to obtain the
elastic strain energy with and without facet opening, and thus the elastic strain energy variation and
IERR. These three calculations enable determining the coefficients Ai1(¢), Ass(p) and C(p) (Eq. (15)).
Then, the IERR corresponding to a combination of several modes is obtained by linear combinations of
these three calculations, which enables determining the coefficients A13(¢), Bi(¢) and By (¢) (Eq. (15)).
The functions A;;, B;,C are finally computed for different values of ¢ (Fig. |3). They only depend on
the material Poisson’s ratio and facet geometry. In the sequel, a v = 0.36 Poisson’s ratio is used for the

calculations. The functions are given for other values of Poisson’s ratio in the Appendix.

3 The coupled criterion
3.1 Mode-independent properties

The CC states that crack initiation occurs provided two conditions are fulfilled [31]:

— stress condition: the tensile stress must be larger than the material tensile strength o, along the crack
path before initiation: ony,(Xx) > 0, Vx € I' (where I' represents the new crack, i.e the facet). For
the sake of simplicity, in the sequel the stress criterion will be written as oy, (€) > ¢, where £ is the

facet extension along (Oyi).
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— energy condition: the potential energy released by crack opening must be larger than the energy

required for crack nucleation: G.S, where G, is the material’s critical energy release rate (ERR).

The second condition can be written using the IERR defined in Section Gine = —0W,,/S > G, which
can be calculated using Eq. . For a fixed facet orientation with respect to the initial crack ¢, applying
the CC, Gine > G and op, > o all along the crack path prior to initiation, reverts to determining the
facet nucleation SIF Kj(y) and the corresponding crack extension ¢.(p). They are obtained by solving
the following equation system:

ﬁ ) ) EC 2 Cy
Fx(p.m.mr (L)) > G 1)

T (shn(9) +msii () + mr(O)Tan(9) > oc.

For each value of ¢, combining both equations finally yields the equation that must be solved to determine

the initiation crack length £:

X((pamamT(Kc)) _ iEQG
(stn(0) +msin () + mr(le)Tan(0))? Lo 02

(17)

Introducing the material characteristic length £,.s = b;—%ﬁ it can be deduced from Eq. that the same
initiation length /. is obtained for different material properties resulting in a similar /,,t. Eq. can

be solved using Newton’s method to determine ¢.(p). The SIF to initiate a facet oriented with an angle

- EG.
Hle) = \/ G mr () (%)

© is then obtained as:

or equivalently by:
ocy/Le(p)
S () + msiii () + ma(Le(9))) Tan (#)

Ki(p) = (19)

In the sequel, we refer to Ki(y) as facet nucleation SIF. The first facet to initiate corresponds to the one
oriented with an angle p. that requires the smallest facet nucleation SIF, facet initiation thus occurs for

a facet nucleation apparent SIF KPP:

KPP = min(Ki(p)),
’ (20)

e = argmin(Ki(p)).
For a given mode mixity 5 = Kp1/(K1+|Kil), the corresponding mode III apparent SIF can be obtained
as Kiir = (8/(1 — 8))K1. In the case of pure mode III loading, 8 = 1 (K1 = 0) and the same reasoning

as previously can be employed by replacing K1 by K.
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3.2 Mode-dependent properties

We now consider opening and shear mixed mode crack initiation. It consists in introducing the material
shear strength (7.) and critical ERR (Giic) in the stress and energy conditions respectively. These param-
eters are generally not used for isotropic homogeneous material since even under shear loading, the crack
takes an orientation so that it is loaded under opening mode. They are more usually encountered when
dealing with interface failure, where they are defined as the strength and critical ERR corresponding to
straight crack propagation along the interface under remote pure antiplane shear. The same definition
can be kept in the case of isotropic homogeneous material. The parameters 7. and Gy are thus defined
as the theoretical strength and critical ERR that would correspond to a straight crack propagation under
remote pure antiplane shear. Of course, this configuration is not achieved in experiments. However, it
can be encountered numerically using models such as the CC in which the crack path is a priori defined,

thus possibly experiencing both opening and shear.

It is expected that if the loading is not pure opening, not only the tensile strength o. and critical
ERR Gi. are involved but also 7. and rate Gyye. It is thus possible to rewrite the stress and the energy
criteria in a very general way that accounts for the stress mixity in the fracture mechanism. The mixed
mode CC formulation was established in 2D to study crack initiation under mode I4+1I+T-stress loading
[32]. We extend this formulation to 3D for mode I4+IIT4T-stress loading. We start rewriting the stress

criterion to account for the stress mixity, which writes:

un(r,0) = TE(57,,(0) + msyly (0) + mea (1) (6) + ...,

(21)
o (r.0) = TL(s1,(6) + ms(6) +m (r)7ue (6) + ),

where oy, and oy respectively hold for the tensile and out-of-plane shear components of the stress tensor,
m and mr are the previously defined mixity parameters. The functions si_,s!, and ¢, are calculated
analytically and shown in Fig. [] for v = 0.36. We define a mixity parameter p based on the shear and
tensile stress components:

— Lm‘, (22)

Onn
which varies between 0 (pure opening mode) and oo (pure shear mode). The stress mixity 1 = tan™!(p)
may also be used, which thus varies between 0 (pure opening mode) and 7/2 (pure shear mode). The
energy criterion is written based on Hutchinson’s and Suo’s condition [22] so that the critical ERR is

defined as a function of opening (Gi.) and shear (Girc) critical ERR and stress mixity:

Ge(¥) = Gre(1 + tan® £y)),

Wlthg: %tanfl( %_1)

Ic

(23)
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Fig. 4: Variation of the normalized (a) tensile and (b) shear stress components as a function of the crack
orientation.

For pure opening mode, v = 0 and G. = Gj. whereas for pure shear mode, ¥ = 7/2 and G. = Gie.
The local shear and tensile stress components may not be uniform over the whole crack surface before
initiation, which results in varying stress mixity and thus varying G. over the whole crack surface before
initiation. As a consequence, we define G. as the average critical ERR over the crack surface before

initiation, which writes:

Gult) = 5 [ Gtwyis, (24)

where I" represents the crack and S represents the crack surface (area S = af?). The variable G, thus
depends on the crack extension along (Oxz1) direction, ¢. The energy condition of the CC considering

mode-dependent fracture properties writes:

The stress criterion, which must be fulfilled over I', is written as a power ellipse surface in the tensile-shear

stress space (in the following, we consider g = 2):

(52 (5"

which rewrites in the following form:

OcTc

(18 4 p(L)acd)1/a’ (27)

onn(f) =
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Combining both energy and stress conditions finally leads to the following system of equations to be

solved:

2 J—
FX(p.m,mr(0) > Gel0), 28)
%(ng(@) + mS'IrLI}z(()O) + mT(g)Tnn(‘p)) 2 Wa

which leads to the implicit equation that must be solved for a fixed ¢ to determine the initiation crack

extension £.(p) :

x(¢,m, mr (L)) 1 EG(L) (78 + (L) 108)?/ 1 )
(st () +msin () +mr(le)Tan(0))? L 0272 '

The facet nucleation SIF, i.e. the SIF corresponding to the initiation of a facet with angle ¢ finally writes:

- EG.(Lc())
Kile) = \/ oom mr (@) (30)

Finally, the initiation angle ¢, and facet nucleation apparent SIF K" are obtained by minimization of

Ki(p).

K" = min(K1(p)),
¢ (31)
Y. = arg m{pin(KI(@)).

4 Results for mode-independent properties

We recall that an objective of this work is to evaluate conditions for which facet nucleation may occur
instead of straight crack propagation for different values of the mode mixity 5. Facet nucleation is likely
to occur provided the facet nucleation apparent SIF is smaller than straight crack propagation apparent
SIF. In this section, we thus assess straight crack propagation and facet nucleation under mode I+III in

presence or not of T-stress, considering mode-independent fracture properties.

4.1 Straight crack propagation

In the case of straight crack propagation under mode I and III loading, the crack propagates when
G =K{(1-v?)/E+K3;(1+v)/E = G.. Therefore, the apparent SIF K[ at which the crack propagates

writes as a function of the mode mixity [:

EG.
KPP _ 2
! \/1u2+(1$)2(1+y) (52)

KPP is equal to the material’s critical SIF (Ki. = \/EGi./(1 — v?)) for a straight crack propagating

under pure mode I loading. Facet nucleation occurs provided the facet nucleation apparent SIF is smaller

than straight crack propagation apparent SIF.
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4.2 Mode I+I11

The CC is applied to study facet nucleation under mode I4+1II in absence of T-stress (T3/0. = 0). Fig.
shows normalized facet nucleation SIF (Eq. (I8)) variation as a function of the facet angle for different

mode mixities increasing from pure mode I (top) to pure mode IIT (bottom). Whatever the mode mixity,

4.0 -
35 | | 25 =
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;Q 2.5 = ;ig
S 20 SRCARE I
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1.5 = 10 4 L
1.0 -
—o®
0.5 %% - 57 i
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¢ (deg.) B

(a) (b)

Fig. 5: a) Normalized facet nucleation SIF as a function of the facet angle for several mode mixities
(circles represent the facet nucleation apparent SIF, i.e. the minimum SIF for a given mixity) and b)
Initiation facet angle (minimizing normalized facet nucleation SIF) as a function of the mode mixity.

x (and thus KPP, see Eq. does not depend on ¢ under mode I+I1I if T3/o. = 0 (Eq. (15)). As
a consequence, facet nucleation apparent SIF only depends on the energy criterion. Fig. shows facet
nucleation angle (Eq. as a function of the mode mixity. For sufficiently small (close to mode I, 8 < 0.1)
or sufficiently large (close to mode III, 3 > 0.8) mode mixities, the most favorable crack propagation
angle is zero, i.e. in the initial crack direction. This is due to A;; and Asz exhibiting a maximum for
@ = 0 deg. (Fig. [3]). For intermediate mixities (0.1 < 8 < 0.8), the most favorable facet angle lies between
0 deg. and 28 deg. (maximum attained for 8 ~ 0.6). Fig. |§| shows normalized facet extension along
(Oxy) direction obtained from Eq. and facet nucleation apparent SIF (Eq. (20)) as a function of
the mode mixity. Whatever the mode mixity, facet nucleation apparent SIF is larger than straight crack
propagation apparent SIF (Eq. ) It means that facet nucleation is less favorable than straight crack
propagation. Therefore, supplementary ingredients are needed to explain why crack front segmentation

is observed experimentally.

4.3 Mode I+III1+T-stress

We now consider the influence of a T-stress component parallel to the initial crack front on facet nucleation

for several values of the mode mixity 3. Fig. |[7h shows the normalized facet nucleation SIF (Eq. ) as
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Fig. 6: Normalized a) initiation facet extension along (Ox;) direction and b) apparent SIF corresponding
either to facet nucleation (dashed line) or straight crack propagation (plain line) as a function of the
mode mixity.

a function of the facet angle for 8 = 0 mode mixity (i.e. mode I4T-stress loading) and different T-stress

magnitudes. For sufficiently small T-stress magnitudes, the facet nucleation apparent SIF (indicated as a

1.8 1 —O— facets L
30 4 L - - - straight crack
< 60 1 S -
Z * 40 3 i
20 F r
T T T T T 0 2
T T T T T T T T T T T T
0 20 40 60 80 0.000 0.025 0.050 0.075 0.100 0.125 0.000 0.025 0.050 0.075 0.100 0.125
¢ (deg.) Ts/o. Ts/o.
(2) (b) (c)

Fig. 7: Normalized a) facet nucleation SIF variation as a function of facet angle (circles correspond to
the minimum SIF for a given T-stress), b) initiation facet angle and ¢) facet nucleation apparent SIF as
a function of normalized T-stress for 8 = 0. Filled circles in b) and c) correspond to configurations for
which facet initiation is more favorable than straight crack propagation.

circle for a given T-stress magnitude on Fig. ) is obtained for ¢ = 0 deg. facet angle corresponding to
a propagation in the initial crack direction. However, for normalized T-stress magnitudes T3/0. > 0.02,
facets initiate with a ¢ = 90 deg. angle which actually corresponds to failure being induced by T-
stress (Fig. ) Fig [7c shows the normalized facet nucleation apparent SIF (Eq. ) as a function of
the normalized T-stress. It highlights that facet nucleation becomes more favorable than straight crack
propagation for sufficiently large T-stress magnitudes.

Fig.[8h shows the normalized facet nucleation SIF (Eq. ) as a function of the facet angle for 5 = 0.5

mode mixity and different T-stress magnitudes. Whatever the T-stress magnitude, the SIF variation as a
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Fig. 8: Normalized a) facet nucleation SIF variation as a function of facet angle (circles correspond to
the minimum SIF for a given T-stress), b) initiation facet angle and c¢) facet nucleation apparent SIF as
a function of normalized T-stress for 5 = 0.5. Filled circles in b) and c¢) correspond to configurations for
which facet initiation is more favorable than straight crack propagation.

function of the facet angle exhibits a minimum corresponding to the facet initiation angle varying between
26 deg. and 90 deg. when increasing the T-stress magnitude (Fig. [8b). For T3/o. larger than 0.1, facet
nucleation becomes more favorable than straight crack propagation since facet nucleation apparent SIF
becomes smaller than straight crack propagation apparent SIF.

Therefore, a first ingredient that has an influence on the facet nucleation apparent SIF and angle is the
non-singular T-stress acting parallel to the crack front direction. A sufficiently large T-stress magnitude
actually promotes facet initiation rather than straight crack propagation. Nevertheless, the resulting facet

angles are large compared to those measured experimentally [3,4L13[411/42].

5 Results for mode-dependent properties

In this section, we study the influence of considering mode-dependent fracture properties on both straight

crack propagation and facet nucleation in the absence of T-stress.

5.1 Straight crack propagation

The straight crack propagation apparent SIF considering mode-dependent properties is obtained by re-

placing G. by G, into Eq. :

EG.
-2+ (£5)2(1 +v)

KPP = (33)

Mode-dependent properties are thus considered by varying the critical ERR between the pure opening

(G1e) and shear (Grppe) values depending on the local stress mixity pu = Lowe| (Eq. ) In the case

Onn

of straight crack propagation, the stress mixity is p = % = % (or equivalently v = tan=!(u) =
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Ge = Gre{1 + tan*{¢ tan~ ! (125)}},
&= %tanfl(,/% —1).

Fig.|9a] shows the normalized average critical ERR (Eq. ) variations as a function of the mode mixity

(34)

for different Gy values (Eq. ) The stress mixity increases when increasing the mode mixity, which
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Fig. 9: Normalized a) average critical ERR as a function of the mode mixity and b) straight crack
propagation apparent SIF for several shear critical ERR.

also increases the average critical ERR. As a consequence, a larger straight crack propagation apparent
SIF (Eq. ) is obtained considering mode-dependent fracture properties (Fig. . Considering mode-
dependent fracture properties induces only a small increase in straight crack propagation apparent SIF
for small mode mixities since the stress mixity results in a moderate increase in G., not sufficient to
make facet nucleation favorable (Fig. . However, for larger mode mixities, the larger stress mixity
induces a larger increase in G, and thus in straight crack propagation apparent SIF. As a consequence,
facet nucleation may become possible provided the straight crack propagation apparent SIF overcomes

the facet nucleation apparent SIF, which is assessed in the sequel.

5.2 Mode I+I11

Fig. and show normalized facet nucleation SIF (Eq. ) as a function of facet angle under
mode I+IIT considering mode-dependent properties for Grie/Gre = 1.3 or 10. For each value of S, the
face nucleation apparent SIF, obtained for a facet angle minimizing the facet nucleation SIF (Eq. )
is depicted by a circle. For Gii./Gie smaller than 1.5 (Fig. , for sufficiently small (close to mode I,

B < 0.1) or sufficiently large mode mixities, the most favorable crack propagation angle is close to zero,
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Fig. 10: Normalized facet nucleation SIF as a function of facet angle for a) Giyi./Gi. = 1.3 and b)
Giite/Gie = 10 for several mode mixities.

i.e. in the initial crack direction. This is due to A;; and Ass exhibiting a maximum for ¢ = 0 deg. (Fig.
3). For intermediate mixities (0.1 < 8 < 0.8), the most favorable facet angle lies between 0 deg. and
a maximum value depending on Gii./Gic. For G /Gie larger than 1.5 (Fig. , the facet nucleation
angle varies monotonically with increasing mode mixity. The facet nucleation angle and apparent SIF are

shown in Fig. as a function of the mode mixity for several values of Giyre/Gic. For 8 < 0.2, increasing
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Fig. 11: a) Facet nucleation angle and b) normalized facet nucleation apparent SIF variation as a function
of the mode mixity for shear to opening critical ERR ratios between 0 and 15.

Or1e does not influence facet nucleation apparent initiation angle. However, for larger 3, it tends to shift
the SIF minimum to larger facet angles so that for Gy /Gic larger than 1.5, facet nucleation angle varies

monotonously as a function of 8 between 0 deg. (pure mode I) and ~ 45 to 60 deg. (pure mode III).
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Nevertheless, the facet nucleation apparent SIF is only slightly modified by considering larger Gy except
for large mode mixity values (Fig. [11b)).

5.3 Comparison between straight crack propagation and facet nucleation

Facet nucleation (Eq. ) and straight crack propagation (Eq. ) apparent SIF are finally compared
as function of the mode mixity for several Gryr./Gre ratios, considering mode-dependent properties in ab-

sence of T-stress (T3/0. = 0), in Fig. Whatever Giiie/Gic, straight crack propagation remains more

2.0 100
Tl --- facets
N —— straight crack
1.5 807 i
o 60 Facet
< & 607 - -
S . Q nucleation
g = favorable
< S 40
0.5
20
0.0 0 \ \ \
0.0 0.7 0.8 0.9 1.0
B

Fig. 12: Normalized a) facet nucleation and straight propagation apparent SIF for several shear to opening
critical ERR ratios and b) shear to opening critical ERR ratio as a function of the mode mixity highlighting
configurations for which facet nucleation is more favorable than straight crack propagation.

favorable than facet nucleation for mode mixities smaller than 8 ~ 0.63 (or equivalently | K|/ K > 1.7).
For larger mode mixities, facet nucleation may become more favorable than straight crack propagation
provided Gryic/Gic is large enough. The configurations for which facet nucleation is more favorable are de-
picted in Fig. as a function of Girr./Gic and S. For a fixed Girie/Gie, it enables determining a | K|/ Ky
threshold above which facet nucleation becomes favorable. Therefore, considering mode-dependent prop-
erties provides an explanation for facet nucleation being more favorable than straight crack propagation.
However, it is not sufficient to explain all the experimental observations since it is limited to large enough

mode mixities (8 > 0.63 or equivalently Kj1/K1 > 1.7).

6 Results considering both T-stress and mode-dependent properties

We finally analyze the combined influence of both mode-dependent properties and T-stress on facet
nucleation. Fig. shows the normalized average critical ERR (Eq. ) as a function of facet angle

obtained for several T-stress magnitudes, mode mixities and G;rz.. The variable G, varies between G if
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Fig. 13: Normalized average critical ERR as a function of facet angle obtained for Gy /Gic ratios between
1 and 50, a-c) T3 /0. = 0.014, d-f) T5/0. = 0.028 and a-c) T3/0. = 0.069 normalized T-stress magnitudes
and a,d,g) 8 =0, b,e,h) 5 =04 or ¢,fi) § =0.8 mode mixities.

the crack is loaded under pure opening and Gryre if the crack is loaded under pure antiplane shear. For
instance, in absence of mode III contribution (Fig. e ,d,g), G. = Gi. for ¢ = 0 deg. or ¢ = 90 deg. and
slightly increases for intermediate angles, the maximum value depending on the magnitude of T-stress
inducing antiplane shear depending on the facet angle. Mode III contributes to increase antiplane shear
especially for facet angles close to 0 deg. and 90 deg, which thus increases the corresponding G. (Fig.
13p,e,h and c,f,i). Increasing the T-stress magnitude tends to shift the angle for which the facet is mainly

loaded under opening mode, i.e. for which G. is minimum.

Fig. [14| shows normalized facet nucleation SIF (Eq. ) variation as a function of facet angle consid-
ering different T-stress magnitudes, mode mixities and mode-dependent properties. For mode I loading
(Fig. ,d,g), facet nucleation SIF is almost not influenced by mode-dependent fracture properties. In-

creasing the T-stress magnitude induces a SIF minimum switch from 0 deg. to 90 deg., i.e. from crack
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Fig. 14: Normalized facet nucleation SIF variation as a function of facet angle obtained for Giyi./Gi. ratios
between 1 and 50, for a-c) T3/0. = 0.014, d-f) T3 /0. = 0.028 and a-c) T53/0. = 0.069 normalized T-stress
magnitudes and a,d,g) 8 =0, b,e,h) 5 =0.4 or ¢,f,i) 8 = 0.8 mode mixities.

propagation in the initial crack direction to facet nucleation perpendicularly to the initial crack front.
For mode I+III loading (Fig. ,e,h and c,f,i), mode-dependent properties induce a change in facet
nucleation SIF variation so that the facet nucleation SIF increases for facet angles for which the crack
experiences shear (corresponding to larger average critical ERR, see Fig. . The larger the mode mixity,
the larger the change in facet nucleation SIF due to mode-dependent fracture properties, which induces
a moderate change in the facet nucleation SIF minimum (i.e. the facet nucleation apparent SIF) and
corresponding angle for intermediate mode mixities (8 = 0.4, Fig. 7e,h) and significant changes for
larger mode mixities (8 = 0.8, Fig. ,f,i). Increasing the T-stress magnitudes tends to increase the facet

nucleation angle.

Fig. [15] shows the facet nucleation angle (Eq. (31])) and normalized facet extension along (Oz1) direc-

tion variations as a function of the mode mixity obtained for different T-stress magnitudes and Gy /Gic
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ratios. For small mode mixities, failure either occurs by crack propagation in the direction of the initial

Le/Umat

Fig. 15: a-b) Facet nucleation angle and c) normalized initiation length as a function of the mode mixity
for different T-stress magnitudes for a) Gr./Gi. = 1, and b-c) Giie/Gie = 10.

crack (p = 0 deg.) or by facet nucleation due to T-stress (¢ = 90 deg.). For increasing mode mixities, the
range of facet nucleation angles obtained for several T-stress magnitudes decreases (Fig. and .
Similarly, the normalized initiation crack length range decreases with increasing mode mixity and takes
different values depending on failure being triggered by crack propagation (£./¢mat =~ 0.55) in the initial

direction of facet nucleation due to T-stress ({¢/fmat =~ 1.5) (Fig. [L5d)).

Configurations for which facet nucleation occurs can be determined by comparing facet nucleation SIF
to straight crack propagation SIF for different mode mixities, T-stress magnitudes and Girr./Gie ratios,
see Fig. Straight crack propagation remains more favorable than facet nucleation whatever the mode
mixity provided both T-stress magnitude and shear to opening critical ERR ratio are sufficiently small
(Fig. 7b,d,e). On one hand, increasing the T-stress magnitude decreases facet nucleation apparent SIF
while not influencing straight crack propagation apparent SIF (see for instance Fig. ,d,g). Therefore,
facet nucleation becomes more likely for sufficiently large T-stress magnitudes for mode mixities up
to a certain value that increases with increasing T-stress magnitude. On the other hand, increasing
Giite/G1e increases the straight crack propagation apparent SIF while not influencing much facet nucleation
apparent SIF (see for instance Fig. 7e,f ). Therefore, facet nucleation becomes more likely for sufficiently
large Girre/Gie especially for mode mixities larger than a certain value that decreases with increasing

Griie/ Gte.

Configurations for which facet nucleation is more favorable than straight crack propagation are finally
summarized in Fig. Increasing Gy /G ratio mainly tends to increase straight crack propagation
SIF, this increase being more pronounced for larger mode mixities. As a consequence, it tends to make
facet nucleation more favorable than straight crack propagation for mode mixities larger than a given
value depending on Girie/Gic. The determination of the configurations for which facet nucleaction is more

favorable than straight crack propagation indicates that this phenomenon does not depend on a threshold
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Fig. 16: Normalized facet nucleation (dashed line) and straight crack propagation (plain line) apparent
SIF as a function of the mode mixity obtained for a-c) Ts3/o. = 0.014 d-f) T5/0. = 0.055 and g-i)
T3/0. = 0.111 and a,d,g) Gre/G1c = 2, b,e,h) Ginie/Gic = 10 and c.f,i) Gie/Giec = 50.
in terms of Kyi1/K; for Giie/Gie < 10 (Fig. [L7h,b) or normalized T-stress magnitude T3 /0. > 0.075 (Fig.
,d). It means that facet nucleation actually depends on the material through the ratio between shear
and opening critical ERR and on the loading, not only in terms of mode mixity but also in terms of
T-stress magnitude. The influence of the Poisson’s ratio is finally shown on Fig. [I7d] a similar influence

of the Poisson’s ratio being obtained for other Gii./Gi. ratios. The same reasoning as previously is

followed except that v varies, which results in a variation in the dimensionless IERR (see functions given

in the Appendix for several Poisson’s ratio) and stress fields. The Poisson’s ratio has an influence on

the boundary of the domain corresponding to facet nucleation being more favorable than straight crack

propagation. For 5 smaller than &~ 0.6, increasing the Poisson’s ratio results in a decrease in the required

T-stress magnitude for facet initiation. For T'/o. smaller than 0.05, increasing the Poisson’s ratio results

in increasing the minimum mode mixity for which facet nucleation occurs.
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Fig. 17: Domains in the normalized T-stress as a function of the mode mixity space corresponding to
facet nucleation or straight crack propagation for a) Grre/Gre = 2, b) Gt /Gic = 8 ,¢) Grre/G1e = 10 and
d) Girre/Giec = 50.

7 Conclusion

Considering that crack segmentation in mode I4III results from the nucleation and then propagation
of facets, it is essential to explain why the apparition of facets is favored energetically in comparison to

straight propagation. Using the CC, we show that:

i) in absence of T-stress and mode dependent fracture toughness Gy /e, straight propagation should
occur whatever the mode mixity K/ Kr;
ii) it is necessary to take into account jointly the contribution of T-stress and mode dependent fracture

properties to be in line with experimental observations.
More precise outputs of the CC are that facet nucleation:

i) cannot occur for too small T-stress magnitude and Gire/Gie levels;
ii) becomes more favorable than straight crack propagation either for sufficiently large T-stress magnitude

and small mode mixities or for sufficiently large Grrre/Gre and large mode mixities.
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The physical ingredients behind these results are twofold. First, increasing the T-stress magnitude de-
creases the load needed for facet nucleation that makes them more keen to appear. Second, a significant
amount of shear critical energy release rate Gy increases the load required for straight crack propagation
especially for sufficiently large mode mixities, tending to disadvantage straight propagation. A perspec-
tive of this work will be to design specific experiments to evaluate these results, as well as evidencing the
proposed theory and its possible limitations based on existing experiments in the literature. For instance,
the complex wedge and compressive loading proposed in [42] is expected to induce a local combined
mode I+I1T and T-stress ahead of the primary crack. Nevertheless, in other works, facet nucleation is also
observed under almost pure mode I configurations [35,[47], in which the T-stress level might be negligible.
In such configurations, it will be necessary to evaluate if the proposed scenario is sufficient to explain

facet nucleation.

8 Appendix

The functions A;j, B;, C are given in Fig. as a function of ¢ in complement of Fig. [3] for different

Poisson’s ratio between v = 0 and v = 0.48.
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