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Couplings of Brownian motions on SU(2,C) and SL(2,R)

Magalie Bénéfice
Univ. Bordeaux, CNRS, Bordeaux INP, IMB, UMR 5251, F-33400 Talence, France

Abstract

In the subRiemannian manifolds SU(2, C) (resp. SL(2,R)), the choice of cylindrical coordinates gives
an interesting interpretation of the Brownian motion as a Brownian motion on the sphere (resp. the
hyperbolic plane) together with its swept area. After a detailed account of this geometrical interpretation,
we use It6 depiction of processes in a moving frame to present models of co-adapted couplings of these
Brownian motions. In particular we propose a successful co-adapted coupling on SU(2,C) inspiring
ourselves with previous works on the Heisenberg group.

1 Introduction

The notion of coupling has been quite developed these last decades, first for Markov chains, then for Markov
processes (see [13] for a general introduction). We begin with reminding the definition of coupling.

Definition 1.1. Let us consider p and v two probability laws on M x M. We call coupling of u and v any
measure ™ such that w is its first marginal distribution and v its second one.

In particular, coupling two Brownian motions (B;); and (B} ) consists in coupling their laws. The coupling
of Brownian motions has been studied on R™ [II] and also on Riemannian manifolds (see [14]). In the
two previous citations, the authors focus in particular on co-adapted couplings, which are couplings where
Brownian motions are adapted to the same filtration and which are often quite easy to construct. Couplings
can lead to some analysis results involving the heat semi-group just like Poincaré or Sobolev inequalities [12]
9]. In particular, there is a big interest in constructing successful couplings, that is couplings defined such
that the first meeting time (or "coupling time") 7 :=inf{t > 0|B; = B} of the Brownian motions is almost
surely finite. A first motivation in the study of successful couplings is the study of the total variation distance
between the laws of the Brownian motions:

drv (L(By), L(B})) := ) sup y {P(B; € A) — P(B} € A)}.

We can obtain good estimates of this distance studying the rate of convergence of the coupling P(r > t) and
the following inequality:

Proposition 1.1 (Aldous’ Inequality). Let ¢t > 0. Considering (Bs,B.)s a coupling of Brownian motions,
we get:

P(r > t) > drv(L(By), L(B})).

An other motivation is the study of harmonic functions. As an example, classical Liouville theorem says
that every harmonic bounded function on R? is constant. Wang proved in [I5], the following result:

Theorem 1.2. Let M be a Riemannian manifold with Ricci curvature bounded below. There exists a
successful coupling if and only if all harmonic bounded function on M are constant.



Our goal is to focus on the coupling of Brownian motions on subRiemannian manifolds. We first recall
quickly the meaning of this structure.

Let M be a smooth connected Riemannian manifold of dimension N and n < N an integer. For each
x € M, we define a vector subspace H, of dimension n of T, M, the tangent space in x . This way we define
a subspace of the tangent space T'M denoted by H and called horizontal space. We can then define the
horizontal curves, that is the smooth curves v : I C R — M such that 4(t) € H,): the horizontal curves
are "moving" only with directions in H. Defining a scalar product (-,-)3, on H, for all x € M, we obtain
the length L() of the horizontal curve ~:

L(y) = / SO A e d.

The Carnot-Caratheodory distance between x and y € M is finally defined by:
dec(z,y) = inf{L(7) | v horizontal curve between x and y}.

Let us suppose that the horizontal space satisfies Hormander condition, that is, provided (Xi,...,X,) a
local basis of vector fields in H, the tangent space T'M is spanned by the vectors along with all their
commutators (obtained by operation with Lie brackets). Then the Carnot Caratheodory distance is finite
and the subRiemannian structure is well defined. In the case of stratified Lie groups, we can choose some
globally defined and left-invariant vector fields that we will denote X1, ..., X,,. Then we can introduce the

subLaplacian operator:
1< = 2
L:.=— Xi .
22

Given this operator, we can define the Brownian motion on these Lie groups as the Markov process B; with
infinitesimal generator L. This is the case for the Heisenberg group H. In that particular case, the Brownian
motion is usually described as a Brownian motion on R? together with its Levy area, that is the area swept
by the path of the Brownian motion on R?. Thanks to this description, the problem is reduced to a study
of couplings on the Euclidean case. Kendall [9] have constructed some successful co-adapted coupling on H.
Banerjee, Gordina and Mariano [I] proposed an other successful coupling on H but not co-adapted. More
generally, Bonnefont and Juillet [5] proved that co-adapted couplings do not stay at bounded distance on H.
In this paper we deal with couplings in two other Lie groups with subRiemannian structure: SU(2,C) and
SL(2,R).

In the case of SU(2,C), we can define a submersion IT; induced by the Hopf fibration from SU(2, C) to the
sphere S2. Similarly, we can define a submersion Iy from SL(2,R) to the hyperbolic plane H2. Using some
good coordinate system called cylindrical coordinates, we can bring back the study of Brownian motions on
these subRiemannian manifold to the study of processes on Riemannian manifolds:

Theorem 1.3. The Brownian motion By on SU(2,C) (resp. SL(2,R)) can be described by II;(B;) (resp.
[2(B;)) a Brownian motion on the sphere S? (resp. on the hyperbolic plane H?) together with its swept area
up to a sign and modulo 4.

While this is explained in [3], we give a different way to prove this result in the second section of this
article. We also add a geometric interpretation of the distance between two Brownian motions as it is useful
in the study of couplings:

Proposition 1.4. Let us take Bf and B two Brownian motions on SU(2,C) (resp. SL(2,R)) starting
from x and y respectively. We define Ay the signed swept area, up to a constant, between the two paths
(11 (B)) o<y and (IT;(BY))s<; (resp. (I2(B?))e<: and (I12(BY))s<:). We denote A, €] — 2m,2x] such that
A, = A, mod (4r). We also denote by R; the distance between T1;(BF) and T1;(BY) (resp. Ty(B¥) and
I5(BY)). Then we have the following equivalence:



In the third section, we describe (X;,Y;), a coupling of Brownian motions on S? (respectively on H?),
using It6 depiction of diffusion processes in some good frames (ef, e5 ) and (e}, e)’) along X and Y respec-
tively:

d¥ X, = dU,(t)es (t) + dUs(t)ey (t) and dVY; = dVi(t)e} (t) 4+ dVa(t)ed (1) (1)

with (Up(t),Us(t)) and (Vi(t), Va(t)) some Brownian motions in R? adapted to a common filtration. This
description can be generalised to every Riemannian manifold M of constant curvature k with dimension
2. With this description and using calculation involving covariant derivatives we obtain general stochastic
equations for R; and A;:

Proposition 1.5. Let (X:,Y:) be a coupling of Brownian motion defined by {d) on I, a closed interval of
RT. We suppose that 0 < Ry < i(M) for all t except maybe at the ends of I, i(M) being the injectivity radius

of M. We get
VEk

dR; = dVi(t) — dUy (t) + Vk cot(VER;)dt — o

dUs(t) - dVa(t)

and

VER,
dA; = M(dU2 (t) + dVa(t)) + !

vk 26082(@)

(dUy - dVi (t) — dVa(t) - dU4 (1))

with dU;(t) - dV;(t) denoting the derivative of the joint quadratic variation of U; and V;. Moreover we have:
1 ta. \/ERt

— tan

vk 2

AR, - dA; = ) (dVA(t) - dUs(t) — dUL(t) - dVa(t)) .

Using these formula, we describe a general way to define co-adapted couplings. We give some examples
and, in particular, we describe a reflection coupling as well as a coupling keeping the Brownian motions at
constant distance.

In the last section we study successful couplings. In fact, it is evident that there is no such coupling in
the case of SL(2,R): because there exists some non constant but bounded harmonic functions on H?, using
Theorem ([2)) we can say that there is no successful coupling of Brownian motions on the hyperbolic plane,
and so neither on SL(2,R). In the case of SU(2,C), using the couplings of section 3, we prove that we can
generalise to SU(2,C) the co-adapted coupling found on the Heisenberg group by Kendall in [9] to obtain a
successful coupling:

Theorem 1.6. There exists a co-adapted successful coupling in SU(2).

2 A definition of the Brownian motion in SU(2,C) and SL(2,R)

Here, the first subsection deals with the definition and basic properties of the considered Lie groups along
with the definitions of the cylindrical coordinates. The second and third subsection contain the calculus of
the subLaplacian in the cylindrical coordinates. Finally the last subsections deal with the proofs of Theorem

([3) and Proposition (L4).

2.1 Definition of SU(2,C) and SL(2,R)
Let us recall the definition of the two Lie groups we are studying and present the cylindrical coordinates.
e The SU(2,C) group, that we will below simply denote SU(2), is the group of the unitary two dimen-

sional matrices with complex coefficients and with determinant 1. Its group law is the one induced by
the multiplication of matrices. Considering the manifold structure induced by the usual topology on



SU@2) x SU(2) — SU(2)
1

(4, B) s A-1.B is smooth, SU(2) is a Lie

the matrices group and, as the application {

group. Note that we have:

SU(2) = { ( “1 2_2) , 21, 2 €C, |21 + [2)* = 1}

—2_2 Z1
(( cos)e®  sin()e .
o { (— sin(n)e~2  cos(n)e~ | ne [O, 2} , 01, 62 €0, 27T]}.

The associated Lie algebra is su(2) = {M € Ms(C), exp(tM) € SU(2) V¢t > 0} constituted by the
skew-adjoint two dimensional matrices with complex coefficients and trace 0. It is also the tangent
space of SU(2) at point I. A basis of this algebra can be constituted by the Pauli matrices. We will
use these Pauli matrices up to the multiplicative coefficient %, we denote:

170 1 1/0 4 1/i 0

Then (X,Y, Z) is a basis of su(2) and, thanks to the multiplicative coefficient, it also satisfies:

X,Y]=2,[Y,Z]=X and [Z,X] =Y. (2)

)
(this result is trivial taking ¢ = 27, z = 26; and 6 = 6 — 6; mod (27)). Thus, we have described a
system of coordinates (¢, 6, z) of SU(2) with ¢ € [0, 7], z €] — 27, 27] and 0 € [0, 27| called cylindrical
coordinates. We can also consider the coordinate system induced by exp(zX + yY)exp(zZ) with
(z,y) € R?, z €] — 2m, 27].

Let us remark that the cylindrical coordinates are a good way to observe the link between the sphere 52

and SU(2). Indeed, as there is a trivial diffeormophism between SU(2) and S, using the Hopf fibration,
we can define a submersion from SU(2) to S2. For example, we can define it using quaternions.

This last property will be useful in the following sections.
It is important to notice that all matrices in SU(2) can be written on the form:
i(0—

coS (%) el's e %)sin(

—e~ =% sin (£)  cos(£)e?

v NS

exp(p(cos(8)X + sin(0)Y)) exp(2Z) = <

For ( Z; 2_2) € SU(2), with 23 = 21 + iy1 and z2 = 23 + iy2, we define a unique quarternion
—Z2 Z1

g =11 + 221 + y27 + 11 k. Denoting p = k the north pole in S3, we define:

o, :SU©2) — S?
q —oqpgt = 2(z1ye + Doy )i + 2(y1ye — w122)5 + (23 — 23—y +y)k

We can show (|3]) that II; define a submersion. Using the cylindrical coordinates (¢, 6, z) for g, we
obtain:

T (q) = sin(y) sin(#)i — sin(¢) cos(0)j + cos(p)k.

Thus II; sends every element of SU(2) described by the cylindrical coordinates (g, 6, z) on the point
of S? described by the spherical coordinates (¢, ). Moreover the fiber over (i, ) of this projection is
described by {(¢,0,2), z €] — 2w, 27]}.

We now deal with the SL(2,R) group, simply denoted SL(2) afterward. That is the group of two
dimensional matrices with real coeflicients and with determinant 1, for the group law induced by the
multiplication. As for SU(2) this is a Lie group with the topology on the matrices groups. The asso-
ciated Lie algebra, denoted sl(2), is constituted by the two dimensional matrices with real coefficients
and trace 0. It is also the tangent space of SL(2) at point I5. The following matrices, using the same



notation as for SU(2), form a basis of s[(2): X = <(1) _01>, Y =3 ( 01 _01) and Z = § ((1) _01>

This time, the relation induced by the Lie brackets are:

X,Y]=2, [V,Z] = —X and [Z,X] = - Y. (3)
As before, we can proove that every element of SL(2) can be written on the form :
exp(p(cos(0)X +sin(0)Y)) exp(zZ) =

cosh (£) cos (£) + sinh (£) cos (0 + 2) —cosh (%) sin (£) — sinh (£) sin (6 + %)

cosh (£)sin (£) —sinh (£)sin (0 + %)  cosh (£) cos (£) — sinh (£) cos (6 + 2)
with (z,9) € R?, 2 € — 2, 27], ¢ > 0 and 6 € [0, 27 as seen in [6] for example. We can thus define as
well a system of cylindrical coordinates on SL(2).
Similarly to SU(2), we can define a submersion from SL(2) to H?, the Poincaré upper half-plane,

defining:
I, :SL(2) — H?

a b at+b -
M_<C d) ~ ci+d

As before I define a submersion and, using the cylindrical coordinates (p, 6, z) for M, we get:

i — sinh(¢p) sin(6)
cosh(p) — sinh(p)cos()

My(M) =

With the help of the Cartesian formula of the hyperbolic metric and trigonometric relations, we obtain
that IT; (M) is described by the polar coordinates (¢, 8) relative to the pole ¢. Thus the fiber over (¢, )
of this projection is given by {(¢, 0, z), z €] — 2, 27]}.

For the two cases we denote X, Y and Z the left-invariant vector fields associated to X, Y, Z, that is the
vector fields induced by:

e e (exp (p(cos(0) X + sin(0)Y)) exp(2Z) exp(eM)) for M = X,Y, Z.

We can then provide a subRiemannian structure to SU(2) (respectively SL(2)) considering H = Vect(X,Y)
as the horizontal plane and the associated Carnot-Caratheodory distance d... The subLaplacian operator
is then given by L = X2 + Y2. Note that, as the considered vector fields are chosen left invariant, the
subRiemannian structure is in fact only determined by the horizontal plane at point I, Hi, = Vect(X,Y).
It has been proven by Baudoin and Bonnefont in [2} 4 [3], that d2.(0, (¢, 6, )) is equivalent to ¢? +|z| noting
(p,0, z) an element of SU(2) (respectively SL(2)) in cylindrical coordinates.

2.2 Calculation of the subLaplacian on SU(2)
To obtain the left invariant vectors X and Y, we have to express in cylindrical coordinates:
exp (p(cos(0)X +sin(0)Y)) exp(2Z) exp(eX) and exp (¢(cos(0)X + sin(A)Y')) exp(zZ) exp(eY).

We will then study the derivation of these coordinates in e = 0. We first deal with SU(2). In [3], calculations
are made directly using matrices. Here we propose another way only using the Lie brackets relations (2) and
easy to adapt to SL(2).

The triplet (X,Y, Z) is a basis of the Lie Algebra su(2) satisfying (2). Thus it can be seen as a sort of
direct orthonormal basis for the action of rotation [-,-] which we will denote - A - as the tensor operator, in



order to simplify the calculations. In the following lemmas we will deal with some basis (u,v,w) of the Lie
algebra satisfying (2)) that is, such that u Av = w, v Aw = u and w A u = v. We will focus on expressions of
the type

exp (au + Bv + yw) exp (e ('u + f'v + v'w))

for a, 8,7v,a’, 3,+' real numbers and e real near 0.

Lemma 2.1. Let (u,v,w) be a basis satisfying (@). Then we get:

B Ba ! 9
exp (au) exp (efv) = exp (au + €5 (cot (5) v+ w) +0 (). (4)
More generally we have:
exp(au) exp(Bv) = exp (B(cos (a) v + sin () w)) exp (cu) . (5)
Proof. Let us deal with (). Using the Campbell Hausdorff formula we have

exp(au) exp(efv) = exp (au + ef)(—aday)(v)) + O(?)

with ¥(2) = 25 = > %z”, B,, denoting the Bernoulli coefficients.
n>0

We have: ad(qy)(v) = au Av = aw and adgi)u) (v) = a?u Aw = —a?v.

So we obtain:
() = (—1)"a2ry  ifk=2n, n>0;
1 (=)« Q"H ifk=2n+1, n>0.

Thus:

(o) = 3 (1t~ > G (1) = Re(p(ia) v = m (0(ia)

To obtain the announced equality, we just need to note that:

<
—~
.
Q
S~—

Il

Il

\

DIR| wie

3 (3)-)

Notice that exp(A)exp(B)exp(—A) = exp (Ad (exp(A)) (B)) = exp (eadA (B)) for any matrix A, B with
real or complex coefficients. Thus:

- ;o Ny ] - .
el —1 ez —e72  2sin(

exp(au) exp(Bv) = exp(au) exp(Bv) exp(—au) exp(au)
= exp (ead"‘“ (Bv)) exp(au).
We finally obtain (B) as:
1
Qv (Bo) = 3 fyad =58> &
k>0

= B (cos(@)v +sin(a)w) .

O

Lemma 2.2. Let (u,v,w) be a basis of our Lie algebra satisfying (@) and t such that w ANt = pw; p # 0.
Then we get:

exp(au) exp(et) = exp (au +e (t +p (—’U + %cot (%) v+ %w))) + O(?). (6)



Proof. We use exactly the same strategy as for the previous case using the Campbell Hausdorff formula.
This time we have: ad(q.)(t) = au At = apw; adgi)u) (t) = —a?pu; adgi)u) (v) = —a3puw.
So we obtain:
t ifk=0
(t) =< (=1)"a®pv ifk=2nn>1
(- lpw ifk=2n+1, n>0

(k)
ad(au)

and

¥ (—aday) () = £+ p (Re ($(ia)) — 1) v — plm ((icr)) w

t+o(goot(3) 1) v+
= —cot (=) — —w.
p ) vt pgw

Remark. Note that the two lemmas stay true if the coefficients o and B are complex.

Now we can find the expressions of the invariant vectors on SU(2) in cylindrical coordinates. We take
(p,0, z) some cylindrical coordinates of an element of SU(2). We will denote x = ¢ cos(f) and y = ¢sin(d).
We look for the cylindrical coordinates of exp(zX + yY) exp(2Z) exp(e(aX + bY)), with a,b € R and € small.

e First, we use Lemma 2.1 with u = Z, v = M, a =z f =rand r = Va? +b2. Note that

—bX+aY
T

w = . we get:

exp(zZ) exp(e(aX + bY)) = exp(er(cos(z)v + sin(z)w)) exp(zZ)
xp(e(cos(z)(aX 4+ bY) + sin(z)(—bX + aY"))) exp(22)
= exp(e(A(2)X + B(2)Y)) exp(22)

with A(z) = acos(z) — bsin(z) and B(z) = asin(z) + bcos(z).

If x = y = 0, we obtain the wanted expression in cylindrical coordinates. For what will follow, we will
suppose that (x,y) # (0,0). We recall that ¢ = /22 + y2.

e To obtain the expression of exp(xX + yY) exp(e(A(2)X + B(2)Y)) in cylindrical coordinates, we use
Lemma 22l with u = %, a=ypandt=A(z)X + B(2)Y. We have u At = MZ thus we

take w = Z and p = 7’”3(2);?/‘4(2) ;yXS:»xY

@). We get:

. Taking v =wAu = , we obtain a basis (u,v,w) satisfying

exp (xX + yY)exp (e (A(2) X + B(2)Y)) = exp (:EX +yY +e <A(Z)X + B(z)Y+

—yX Y —yX Y
o - LY 8 o (2) YL 22))) o)
%) 2 2 %) 2

=exp((x+eC)X +(y+eD)Y +€eE - Z)

with C = A(z) + py (% — 3 cot (%)), D = B(z) +zp (—% + 3 cot (%)), E =p%.

e In cylindrical coordinates we can write:

exp((z+eC) X+ (y+eD)Y +eEZ) = exp (x(e) X + y(e)Y) exp (ey(e)Z) .



We use the first equality of lemma 2] with u = z(e));«(kéjg(e)Yv a = () = Jx(e)? +y(e)?, v = Z and

B =(€e). We also have w = W Then we obtain:

exp (2()X + y(O)Y) exp (e1(6)Z) = exp ( (OX +y(OY

(1)) o
(s
< (6) — ”’; >Y+e cot<<pé€>>Z> +O(e).

Thus we take z(€), y(e) and 7(e) such that:

7(€)

x+eC = x(e) + eTy(e) (7a)
v+ D=0~ e (1)
Eo s0(6)2 (e )Cot(wée)) (7)

Note that z(0) = z, y(0) = y and ¢(0) = ¢. Finally we get:
exp (zX +yY)exp (2Z) exp (e(aX + bY)) = exp (z(€) X + y(e)Y) exp (ey(€) Z) exp (2Z) + O(€?)
= exp (2(e) X +y(e)Y) exp (2(€)Z) + O(e?)
with z(e) = z + ey(e)
= exp (p(€) (cos(0(€) X + sin(0(e))Y) exp (2(€) Z) + O(e?).
e To obtain the values of the left invariant vector, we now have to study ¢’(0), ¢’(0) and 2’(0).

— Using (Zd), we directly have z/(0) = v(0) = %tan (£) E =p x tan (%) with

= M = cos(0)B(z) —sin(0) A(z)
= cos(0) (asin(z) 4+ bcos(z)) — sin(f) (a cos(z) — bsin(z))
= a (cos(f) sin(z) — sin(f) cos(z)) + b (cos(6) cos(z) + sin(f) sin(z))
= asin(z — 0) + beos(z — 0).
Thus 2'(0) = tan (£) (asin(z — 0) + bcos(z — 0)).
— Then, summing the squares of (Ta) and (TH), we get p(€)? = z(e)? + y(e)? = 2% + y* +
2¢ (zC + yD) + O(e?), hence 2¢(0)¢’(0) = 2 (xC + yD) and
ron  2C +yD
0 =—7—

= cos(6) (A(z) + py <é — %cot (%))) + sin(6) (B(z) +zp <—é + %cot (g)))

0s(0)A(2) + sin(0)B(z) + p (é — = cot (%)) (y cos(6) — zsin(0))
= cos(8) A(z) + sin(0)B(z)
= cos(f) (acos(z) — bsin(z)) + sin(f) (asin(z) + bcos(z))
=acos(f — z) + bsin(f — 2).

= cos(0)C +sin(8)D



— Now note that tan (6(¢)) = zgz;

Thus 6’ (¢) y'(E)I(E)Z)ﬂg(ﬁ)y(ﬁ) and 0'(0) = COSQ(Q) y' (0)z—

cos2(0(e)) z(
Using (7a)) and then (7h), we get:

2 2
y'(0) =D+ 70 (0)=D+ L tan(f):v
2 2 2
We obtain:
9/(0)_ (D—l—%tan(%)x)x—(C—gtan(%)y)y Dx—Cy

= = >

_ Dcos(9) —Csin(0) p ®
We have:

D cos(f) — C'sin(0) = cos(0) (B(z) +ap (—é + %Cot (%)))

=p+ ! + 1cot (f
=ptep |~ +geot (3
., cot (E)
2 2
Hence: 6(0) = £ (cot (£) +tan (%)) = asm(z*e);rbcos(zfe)

e Finally, taking (a,b) = (1,0), we get X = | 3sin(z —6) (cot (

0y _ y'(0)z—z'(0)y
I R

cot (%)) (x cos(#) + ysin(h))

(cot (£) + tan (£)) .

cos(f — z)

%)

2

) + tan (%))

tan (£) sin(z — 0)

sin(6 — z)
(0,1), we get Y = (% cos(f — z) (cot (%) + tan (%))) .

tan (£) cos(z — 6)

) and, taking (a,b) =

We can now calculate the subLaplacian operator L = 3 (X? + Y?) (also made in [3]).

X2 = cos(0 — 2)0, [cos(ﬁ —2)0, + %sin(z —0) (cot (g) + tan (g)) 0p + tan (%) sin(z — 9)84

+ %sin(z —0) (cot (%) + tan (%)) Dy [cos(@ —2)0,

+ %sin(z —0) (cot (%) + tan (%)) Op + tan (%) sin(z — 9)3,2}

+ tan (g) sin(z — 0)0, |:COS(6‘ —2)0, + %sin(z —0) (cot (%) + tan (g)) Jp + tan (g) sin(z — 9)84



and

+ %cos(@ —2) (cot (%) + tan (

hd
2
+ %cos(@ —2) (cot (%) + tan (% ) Oy + tan (%) cos(z — 9)@}

+ tan (%) cos(z — 6)0, [sin(ﬁ —2)0, + % cos(f — z) (cot (%) + tan (%)) Jp + tan (%) cos(z — 9)82] .

We obtain:

XP4V2 =02, + i (cot (g) + tan (g))z 03 g+ (1 + tan? (%)) .,

Ho(5)on(5)) w1 ()1

1 %) 1
=02 4+ —5—02%, + tan? (—) O, + ————02 . + cot(p)d,.
©,p sinz(gp) 6,0 2 2,2 co 6,z (‘P) ®

2.3 Calculation of the subLaplacian for SL(2)

We now consider the case of SL(2). In this case, (X,Y, Z) are satisfying (3). In order to use our previous
results, we define (X,Y,7) := (iX,iY,—Z). This way we get (X,Y,Z) a basis of su(2) satisfying (2)). We
have to study

exp (zX + yY)exp (2Z)exp (e (aX + bY)) = exp (—wcf( - zyf/) exp (—ZZ) exp (e (—iaX - zb}})) .

In the previous part, as said in the note concerning the two lemmas, the calculation can be made using
complex coefficients. Then we obtain:

exp(xX + yY)exp(zZ) exp(e(aX + bY)) = exp (go(e) (cos (0(e)) X + sin (A(e)) 37)) exp (Z(E)Z) + O(e?)
= exp (iw(e) (cos (0(e)) X + sin (8(e)) }7)) exp (—z(e)Z) + O(e?),
with ¢(0) = —i¢, 0(0) = 0 and z(0) = —=z.

We get:

d

o (i0(€)))ezo = i¢'(0) = i (—iacos(§ — (—z)) —ibsin(0 — (—z))) = acos(f + z) + bsin(d + z);

% (_Z(E))|e:0 = —2/(0) = —tan (_Tw) (—iasin(—z — ) — ibcos(—z — 0))

= —tanh (%) (asin(z 4+ 0) —bcos(f + 2));

(0) — iz = 0) —ibeos(h — (~=) (Cot (—Tw) . (—Tw»

2
_ —asin(z + 9);— beos(f + z) (z coth (g) el (g))
= —asin(z + 9)2+ beos(d + z) (coth (%) — tanh (%)) .
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cos(6 + z) sin(f + z)
Thus we obtain X = (2629 (cot (£) — tauh (£)) | and ¥ = (S corh (£)  tanh ()
— tanh (%) sin(z + ) tanh (£) cos(z + 6)

As before, we can calculate the subLaplacian operator

L= %(5@ +V2) =02, + % (coth (g) — tanh (g))2 00+ (1 ~ tanh? (g)) a2,

+ % (coth (%) -+ tanh (g)) d, + tanh? (%) az2,z
1 1

2 (¥
= 82 + .72(()0)6379 + tanh (5) (ﬁz + ma‘gﬁz + COth((p)asa.
2

#% " ginh

2.4 Geometrical interpretation of the Brownian motion in SU(2)

Using the subLaplacian operator, we can now define the Brownian motion B; in SU(2). Using cylindrical
coordinates, there exists ¢y, 6; and z; three real diffusion processes, such that:

(dpy, dpy) = dt
(6, dby) = s
(dz,dz) = tan? (5t) dt
X <d9t, d2t> = %dt

B: = exp(pi(cos(0;)X + sin(6,)Y)) exp(zZ) and 2c0s?(5)
<dg0t, d9t> = <d(pt, d2t> = 0
Drift(dp:) = cot(pr)dt
Drift(dz) = 0.

Then, taking B} and B? two real Brownian motions, we get:

doy = dB} + cot(py)dt
| 2

Ay = o dB;

dz; = tan (%) dB?

Using the first two equations, we get the infinitesimal generator of the diffusion (¢, 0:):

1 1

— (0% + ——03 5+ cot(p)d, | .
92 ( 6 sin2(gp) 6,6 ()0,

That is exactly the Laplace Beltrami operator on the sphere S? in spherical coordinates (¢,6). Then, (y;, ;)

are the polar coordinates of the Brownian motion IT; (B;) on S2.

If we denote by A; the area swept by the path of (¢, 6;) on S? with respect with the north pole defined by

the polar coordinates, that is the quantity A; = fot(l — cos(yps))dOs, we get:

1—
da, = L2 05ed) ypo oy (%) dB? = dz.

sin(epy)

Remark. Note that this swept area is a signed value. For example, if 0, is decreasing for all t, then we get

A, <0.

This prove Theorem ([3)) for SU(2). Let us now deal with the distance between two Brownian motions
on SU(2) by proving Proposition (4.
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Proof of Proposition ({I4]) for SU(2). We first need a geometric estimation of d..(x,y) for x,y € SU(2). We
denote (¢*,0%,2%) (resp. (¥,6Y,2Y)) the cylindrical coordinates of x (resp. y). As said before, we have
estimations for d..(0, (¢, 0, 2)), with (¢, 0, ) the cylindrical coordinates of z~1y. Thus, we need to compute
(p,0,z). We have:

7'y = (exp (¢"(cos(6")X +sin(6")Y)) exp(z“”Z))_1 exp (Y (cos(0Y)X + sin(6)Y)) exp(zYZ).

Considering the matrix form of X and Y, we get:

@ 0 gin (L)) 1 cos (£ —esin (£
exp(p(cos(0) X + sin(0)Y)) ™! = (_ef?gsg)(%) ej;;(é§)> = <e—i0 siEaQ()%) czs (5()2)>

= exp(—p(cos(0)X + sin(0)Y)).
Then, using lemma 2] as in the first part, we get for ¢ € [0, 7], § € [0, 27 and 2z €] — 27, 27]
exp(zZ) exp(p(cos(0)X +sin(6)Y)) = exp (cp((cos(@) cos(z) — sin(f) sin(z)) X
+ (cos(#) sin(z) + sin(#) cos(z))Y)) exp(z2)
= exp (p(cos(z + 0) X + sin(f + 2)Y)) exp(22).
Thus:

27y = (exp (¢"(cos(6*) X +sin(60")Y)) exp(z°Z)) "exp (¢¥(cos(8¥)X + sin(6Y)Y)) exp(2¥Z)
= exp(—2"Z) exp (— ¢ (cos(07) X + sin(67)Y)) exp (¢¥(cos(8?) X + sin(6¥)Y)) exp(z¥Z)
=exp(— gp””(cos(@”” —2")X +sin(0” — 2°)Y)) exp(—2"Z) exp (¢¥ (cos(0Y) X +sin(6Y)Y)) exp(2¥2)
= exp ((— ¢”(cos(§” — 2") X +sin(6” — 2")Y))

X exp (cpy (cos(0Y — 2") X +sin(0Y — 2")Y)) exp ((z¥ — 27)2)

= exp (p(cos(0) X +sin(0)Y)) exp(z22) exp ((z¥ — 27)Z)

with exp (¢(cos()X +sin(0)Y)) exp(2Z) equal to the matricial product:

- P T = y Sy my . y
cos (—%) 0" =) gin (—%) cos (%) ei0¥—=2%) gin (%)

_p—i(07=2%) gin [ &~ e’ _ (0¥ =2") gin (&Y [
€ Sin ( 3 ) COS ( 3 ) € S1n 3 COS 3

. z Y aw Y x y
cos (%) €' = cos <%) cos (%) + 0" =) gin (%) sin (%) (8a)
(%) sin (£) = 7 PUY giter—=) g (2 P gitor =)
eV sin (5 cos { %5 sin 5 )€ sin { - Jcos | - e . (8b)

We can now try to get a geometric interpretation on the values ¢ and z.

e We begin with (: we are going to prove that ¢ is the usual distance on S? between II; (z) and II; (y).
Let us denote p this distance.
Indeed, we note that:

cos(p(Iy (z), 111 (y))) =< I (z), Iy (y) >gs
= sin(0%) sin(0Y) sin(p”) sin(p¥) + cos(67) cos(0Y) sin(p®) sin(p?) + cos(¢®) cos(¢?)
= cos(¢”) cos(p¥) + sin(p®) sin(¢?) cos(6” — 6Y).
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From (Ral), we get
cos? (f) = cos L + cos (0” — 6Y) sin Ll sin Ll :
2 2 2 2
@ y
+ sin?(#* — 6¥) sin? (sp ) sin? (Qp_
2 2
T Y Zz Y
= cos? <%> cos” <%) + sin? (%) sin? <%)
+ 2cos Ll cos L cos(0” — 0Y) sin Ll sin s
2 2 2 2

_ (L cos(p?)(L+ cos()) (1= cos(¢"))(L — cos()) | sin(?) sin(”) cos(8” — 67)

4 4 2
_ 1+ cos(p®) cos(¢Y) n sin(p®) sin(p¥) cos(#* — 6Y)
2 2
_ 1+ cos(p(Ili(2), IL(y) _ o (P(Hl(x)vﬂz(y)))
2 2 '

We obtain the announced result as ¢ and p(II; (x),IT; (y)) live in [0, 7].
Moreover, we get that

cos(p) = cos(p®) cos(p?) + sin(p”) sin(p?) cos(8* — 0Y). (9)

e We will now deal with z. Let us denote A the area of the spherical triangle with vertices II; (x), II1 (y)
and N, the north pole. The lengths of the opposite sides are respectively ¥, ©* and R . Using an
equivalent of the Heron formula for spherical triangle (see[8]), we have:

1

cos <§) ~ dcos (2) cos () cos ()

Because of (Ba)) and (@), we get:
x y
+ cos (6% — 6Y) sin <%> sin <<é >)

()~ gy (o~ (5) ()
1 % (s&y) . cos(p) — cos(e?) cos(e?) <<P_> ¢in (w_y»
4

(1 4 cos(¢®) + cos(¢?) + cos(¢)) -

sin(p®) sin(p¥) 2 2

X

oy (4 <‘%> cos? <%y) + cos(p) — cos(<px)cos(gay)>

(1 + cos(p")) (1 + cos(¢")) + cos(ip) — cos(ip") cos(i2"))

Thus we get |z] =. A4 mod (47).

sin( €2 sin( &2
Moreover, still using , we get that sin (Z) = sin(* — 6Y M, and so z < 0 if and only
2 (%)
COS 5
if 6% < 6Y.

Finally, d2.(z,y) ~ p*>(Il1(z), ;1 (y)) + |A], with A = 2, — 2, + sign(6, — 6,).A mod (4r), A €] — 27, 2n].
Now, considering our Brownian motions, we get de.(B?, BY) ~ p(IT;(B¥),I1;(BY)) + | A;| with A, = z¢ —
2¥ + sign(67 — 0Y)A; mod (47), A, €] — 2,27 and with A; the area of the spherical triangle of vertices
11, (BY), 13 (BY) and N. We can also give a geometrlc interpretation of the quantity z¢ — z¥ +sign(67 —6Y).A;.
In fact 2z} +sign(07 —607)A, — 2F —sign(6F — 63).Ao is the signed swept area of a loop starting from vy, following:
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e the path s+ I3 (BY), s < ¢ from Iy (y) to 11 (BY);
e the geodesic joining IT; (BY) to IT;(BY);
e the path s +— II; (B?), s < ¢ joining IT; (BY) to Iy (z);

e finally the geodesic joining IT; (z) to Iy (y).
Thus, up to a constant, the quantity zy — 2¥ + sign(6F — 67).A; is this signed area with sign changing when
the paths of 11 (BY); and II; (BY); are crossing. O
2.5 Geometrical interpretation of the Brownian motion in SL(2,R)

As for SU(2), the Brownian motion B; in SL(2,R) can been characterized by three real diffusion processes
wt, 0 and z; satisfying:

<d90t7 d@t> =dt

<d9t, d9t> — Wl(wdt

(dz¢,dz) = tanh? (%) dt

. ) ) 49, dz) = —L—_dt

B, = exp(e(cos(6,) X + sin(6;)Y)) exp(zZ) and (b, d2) = o)

<dg0t, d9t> = <d(pt, d2t> = 0

Drift(dp:) = coth(p)dt

Drift(dz) = 0.

dpy = dBj + coth(p;)dt
As before, taking B} and B? two real independent Brownian motions, we get: ¢ df; = Wl(%)dBt2

dz; = tanh (£t) dB?
We obtain an analogous interpretation as for SU(2). We remark that the diffusion (¢, 6;) admits the Laplace
Beltrami operator on the hyperbolic plane H? in the polar coordinates (p,0) as infinitesimal generator, that

1S:

1 1
5 (83,#, + m&ig + COth(gD)(?w) .

We also use the fact that the area A; swept by the path of (¢4, 6;) on H? with respect of the pole defined
by the polar coordinates, is A; = fg(cosh(gos) — 1)dfs. We have indeed:

cosh(py) —

1 Pt
dA; = dB? =tanh (=) dB? =d
i sinh(¢¢) ¢ = el ( 2 ) t “t

As before this swept area is a signed value depending of the sign of df;. This prove Theorem (3] for SL(2).

We can now prove the geometric interpretation for the distance between two Brownian motions on SL(2)
contained in Proposition (L4).

Proof of proposition (1)) for SL(2). We proceed as for SU(2). We denote (¢, 0%, 2%) (resp. (¢¥,0Y,2Y))
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the cylindrical coordinates of x (resp. y). This time we get

cosh (£) + sinh (£) cos(# — sinh (£) sin(6 -
exp(p(cos(0) X +sin(0)Y)) ! = < (_2) b (%) (2()9) b (%) (.2])[1(:) (9))
sin sin cosh () — sinh (%) cos
_ <cosh (£) —sinh (£ ) cos(f sinh (£) sin(6) )
sinh (£) sin(¢ cosh (£) + sinh (£) cos(6)

= exp(—p(cos(0) X + sm(0) ).
Using again Lemma 21 but with X, Y and Z, we get:

exp(zZ) exp(p(cos(0)X + sin(A)Y)) = exp (—ZZ) exp (—igp (cos(@)f( + sin(@)}}))

= exp (—icp (cos(6‘ —2)X +sin(f — z)f’)) exp (—ZZ)
= exp (¢(cos(f — 2)X +sin(f — 2)Y)) exp(22).

Thus:

7y = (exp (¢"(cos(6*) X +sin(0")Y)) exp(z°Z)) "exp (¢¥ ( (Gy)X +sin(6¥)Y)) exp(z¥ Z)
= exp(—2z"Z) exp (— ¢ (cos(6") X + sin(6”)Y’ )exp( $(0Y)X +sin(6Y)Y)) exp(zY2)
= exp ((— ¢ (cos(0” + 2") X +sin(6” + 2*)Y)) exp(— exp (Y (cos(0Y)X + sin(6Y)Y)) exp(zYZ)
= exp ((— " (cos(0” + 2%) X + sin(6” + z%) Y)

x exp (¥ (cos(? + 2") X +sin(6Y + 2*)Y)) exp ((2¥ — 27)2)

= exp (p(cos(0) X + sin(9)Y)) exp(z22) exp ((z¥ — 27)Z)

If we denote M = exp (p(cos(0)X + sin(9)Y)) exp(2Z), we have:

(cosh(%) cos ( )—i—smh( )cos(6‘+ ) — cosh

The matrix M is also equal to the product:

exp (— " (cos(0” + 2%) X + sin(6” 4 2”)Y)) exp (¥ (cos(0Y + 2*) X +sin(6Y + 2*)Y)).
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In particular we get:

2 2 2
x Yy x Y
My 2 = — cosh (%) sinh (%) sin(#? 4 z*) — sinh <%> cosh (%) cos(0” + z%)
Y

2
T Yy z Y
My 1 = — cosh (%) sinh (%) sin(#? 4 z%) — sinh (%) cosh (%) cos(0” + 2%)

Y
— sinh <‘P— sinh <%) sin(6Y — 6%)

2
¢ N N o (P @
M3 5 = cosh 5 cosh o) cosh 5 sinh 53 cos(6Y + z%)
y x @ y
+cosh [ £ ) sinh ( £ cos(0” 4+ z%) — sinh ?_ ) sinh ( 2 cos(6Y — 6%)
2 2 2 2
Thus
® 2y _ M+ Mo o Y _ginn (25 sinn (2 v _ g
cosh (2) oS (2) = 5 = cosh ( 5 ) cosh ( 5 sinh 5 sinh 5 cos(0Y — 0*) (10a)
PN (2 Moa+ My o SPTN SYN
cosh (2) sin (2) =—5 = sinh ( 5 ) sinh ( 5 sin(0Y — 6%). (10b)

e This time, the distance between Il(z) and Iz (y) is characterized by
cosh(p(Tlz(z), Ma(y))) = cosh(p®) cosh(pY) + sinh(p®) sinh(?) cos(6* — 6Y).
Using the identity cosh?(£) = H%Sh(‘p) we obtain
cosh(p) = cosh(p®) cosh(p?) + sinh(®) sinh(¢?) cos(6” — 6Y) (11)

and so: ¢ = p(Ilx(z), M2 (y))

e We now deal with z. Using the same notations as before (this time M is the pole used to de-
fine polar coordinates on H) and the equivalent of the Heron formula for hyperbolic triangles, we

. A 1 —
have: cos (%) = Tooh () cosh (2 ) cosn(ZY) (1 + cosh(®) + cosh(¢¥) 4 cosh(g)) = cos (%) and thus
sinh(%) sinh(%)

cosh(%)

z = sign(z).A. Moreover, we have sin (
67 < 6v.

%) = sin(9* — 0Y) , and so z < 0 if and only if

Finally, d?,(z,y) ~ p?(Ia(z),a(y)) + +/|A| with A = 2, — z, + sign(d, — 6,)A mod (47) and A €

] — 2m,27]. And, for Brownian motions on SL(2), we get de.(B¥,BY) ~ p(Ily(B?), a(BY)) + 1/|A;| with

Ay = 2/ — 27 +sign(0 —6Y).A; mod (47) and A; the area of the hyperbolic triangle of vertices Ip(B?), Iy (BY)
and N. As before the quantity z{ — z¥ +sign(67 —6Y).A, is equal up to a constant to the signed area delimited
by the paths s+ p(BZ),s <t, s — I12(BY),s < ¢ and the geodesics joining Ils(z) to Il2(y) and IIa(BY) to
15 (BY) respectively. O
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3 Couplings on manifolds of constant curvature k&

Our aim, now, is to use these results to find a good way to define couplings of Brownian motions on SU (2)
and SL(2). As the Brownian motion on SU(2) (resp. SL(2)) is entirely determined by a Brownian motion
on S? (resp. H?), to define a coupling on this Lie group, we only need to define a coupling on S? (resp. H?).
Note that, in the case of the Heisenberg group we have the same remark but considering a Brownian motion
on R%. Thus we are going to describe a coupling model on manifolds of dimension 2 with constant curvature
k, having, for k = 1, coupling on S2, for k = —1, coupling on H? and even, for k = 0, coupling on R2.

3.1 Description of a coupling model

Let M be a manifold of dimension 2 with constant curvature k. Let us start with a way to describe Brownian
motions using It6 depiction in a frame in the sense of Emery (see [7] for a basic introduction).

Proposition 3.1. We consider X; a semi-martingale on M and (e1(t), e2(t)) a T M -valued continuous semi-
martingale forming an orthonormal basis of vector fields along (X;):. We suppose that all the processes are
in the same filtration. If X; is a Brownian motion on M, there exists (U1,Us) a Brownian motion on R?
such that:

d¥ X, = dU; (t)e1(t) + dUs(t)ea(t). (12)
Conversely, if Xy satisfies ({I2) with (U1,Us) a Brownian motion on R?, then X; is a Brownian motion on
M.

Proof. Let us begin with the direct implication. For i € {1,2}, taking U; such that dU;(t) = (e} (t),dV X¢),
with (e}, e5) the dual basis of (e1,e2) in T*M, we directly get that U; are martingales. Moreover as X; is a
Brownian motion and (eq, e2)(¢) forms an orthonormal basis of T'x, M, for i,j € {1,2}:

dU;(t) - dU;(t) = (ej @ e})(t)(dXy,dXy) = Tr(ej @ ef)(t)dt = J; jdt.

We obtain the expected result.

For the converse implication, as [j(¢(X;),d¥ Xy) = [;(é( t))dUy (t) + [, (&( 5(t))dUs(t) is a
martingale for all ¢ € T' (T*M), we obtain that Xiis a martlngale Then for f a smooth functlon on M, by
Ito’s formula, we get:

d(f(X,)) = df (X,)-d¥ X, + % Hess(f)(X,)(dY X, dV X;)

with:
Hess( ) (Xo)(dY X1, d¥ X) = D (Hess(f)(X0). (¢} @ ) (1) (€] @ ) (1)(d" X1, d7 X))
= iZJ}Hess(f)(Xt), (e @ e5) () {er (), dY Xy) - (e5(), d¥ X)
= i:<HeSS(f)(Xt), (er ® €5)(1))dU;(t) - dU; (1)
= Cll“.’;(I*Iess(f))(Xt)dt = Af(X,)dt
Thus, X, is a Brownian motion on M. -

We can now define couplings (X¢, Y;) of Brownian motions on M using two dimensional Brownian motions
(U1(t),Uz(t)) and (V4 (t), Va(t)) adapted to a common filtration such that we have relation (I):

d¥ X, = dUy(t)es (t) + dUs(t)ey (t) and dVY; = dVi(t)e} (t) + dVa(t)el (1)
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with eX () and e} (t) defined as follow. We consider the continuous stochastic process R; = p(X;,Y;) with
p the Riemannian distance. We suppose that 0 < R; < ¢(M) for all ¢t € I, with (M) the injectivity radius
of M and I an open interval on R*. Then for all ¢+ € I we can define:

iy, '
o e (t) = GXP’;%Z(') a unitary vector on T'x, M;

e ¢5 (t) such that (ef(t),ex (t)) is a direct orthonormal basis on T'x ;) M:;
o (eX (t),ed (t)) parallel transport of (ey (t), e (t)) along the geodesic joining X; and Y;. This define a
direct orthonormal basis on Ty, M.

We can use the following lemma to prove the first part of Proposition (L3):

—1
Lemma 3.2. Letx, y € M, r = p(z,y) withO<r <7, uw € T,M andv € T,M. We define e] = wp+@ €
T, M, e} € T,M the parallel transport of ef along the geodesic joining x and y, and €3 (resp. e3) such that
(e7,e%) (resp. (ef,€l) ) is a basis of TuyM (resp TyM ). Then, we have:

dp(z,y) (uu U) =v1 —w

and
VE(u3 + v3) cot(VEr) — 2\/Eugvgm, if k>0
Hess(p) (z,y) (1, ), (u,v)) = ¢ /=k(u3 + v3) coth(v/—kr) — 2«/—kuzv2m, ifk <0
2uzvy if k=0.

with u; = (u,ef) and v; = (v,e!) fori e {1,2}.

Note that, below, we will use the expression of the case k > 0 as the general expression of the Hessian
as it induced the two other cases by direct computation in the case k < 0 and taking the limit in the case
k=0.

Proof of Proposition (I3), first part. Using this lemma and applying Ito’s formula, we directly get:

1
dR; = dp(x, v,)(d¥ X¢,dVY;) + 5 Hess(p)(Xy, Vi) ((dY Xy, dVY;), (dY X¢,dVYz))

2Vk

— dVi(t) — dUL () + %(\/E (dU () - dUS(t) + dVat) - dVa(t)) cot(VER,) — ey

dU(t) - dVa(h))

1 2k
1
= dVi(t) — dUy(t) +VE (cot(\/ERt)dt - md@(t} : dVQ(t)). (13)

O

Remark. In fact, by describing the covariant derivative of (X (t)): (resp. (e¥ (t)):) along X; (resp. Yi) we
can define our orthonormal basis as the solution of a system of stochastic differential equations depending
on Uy,Us, V1, Vo and R;. In the case where no singularities appear in this system, our coupling keeps sense
even if Ry € {0,i(M)}. Then we can consider R as a signed distance and the results of Proposition (I.7)
are still true.

Let us now prove Lemma (B.2]).
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Proof of Lemma (32). Let x, y € M, r = p(x,y), u € T, M and v € T,M. We are going to study the first
and second derivatives of functions E(t) := 3p(exp, (tu), exp, (tv))?.
We define (s,t) € [0,1] x [0, +o0[— ¢(s,t) € M such that:

e 5+ c(s,t) is a geodesic starting at exp, (tu) and ending at exp, (tv) for all £ > 0;
o ¢t — ¢(0,t) is a geodesic starting at = and ending at exp,, (tu);
e ¢+ c(1,1) is a geodesic starting at y and ending at exp, (tv).

In particular, s — J(s,t) := d:c(s,t) is a Jacobi field for all ¢ > 0. We define e;(s,t) := T ?tigsei)p )
x ’ y

and ez (s, t) such that (e (s, 1), e2(s,t)) is an orthonormal basis of T,(s ;) M for each s, t. In particular e;(0,0) =
e? and eq(1,0) = €Y. For the covariant derivative calculus, we will use the notation V, for Vo.c(s,t) and Vi
for Vg, c(s,¢)- Note that, for ¢ constant, e;(s,t) are defined by parallel transport along ¢ and so Vse;(s,t) = 0.
We will denote 7(t) = p(exp, (tu), exp, (tv)) = [|0sc(s, )|, ui(s) := (J(0,1),€:(0,t)), u; := u;(0) and v;(s) :=
(J(1,1),e;(1,1)), v; := v;(0) for i € {1,2}.

Since s — c(s,t) is a geodesic connecting exp,(tu) and exp,(tv), it has constant speed and E(t) =
1110sc(s, t)||? for all s € [0,1]. Thus, E(t) = %fol (0sc(s,1), 0sc(s, t))ds. We derive this function:

1 1
E'(t) = / (Vi0sc(s,t), 0sc(s, t))ds = / (Vs0c(s,t),dsc(s,t))ds since V is torsionfree
0 0

1 1
:/ &(@c(s,t),@w(s,t))ds—/ (Orc(s, t), Vs0sc(s, t))ds
0 0

1
= / 0s(0rc(s,t), 0sc(s, t))ds since s — ¢(s,t) is a geodesic;
0
= [(Bsc(s, 1), Dsc(s,1)]g-
We obtain:

E'(0) = (0sc(1, ) jt=0, 9s¢(s,0)js=1) — (0¢¢(0,t)j1=0, Dsc(s, 0)s=0)
= (v,re1(1,0)) — (u,re1(0,0)) = r(vy — uq).

We can now calculate the second derivative. We only deal with the case k > 0 as the two other cases use
similar calculations.

1 1
E"(t) :/0 0¢(Vs0c(s,t), 0sc(s, t))ds :/0 (ViV0ic(s,t), 0sc(s, b)) + (Vs0e(s, t), Vidsc(s, t))ds.

By definition of the curvature tensor R and since [0;¢c, 0s¢] = 0, we have
R(Oyc(s,t), 0sc(s,1))0c(s, t) = ViVsdic(s, t) — VsVi0ic(s, t).
Then:

1
E"(t) = /0 (VsVi0ie(s, t), 0sc(s,t)) + (R(Drc(s, t), 0sc(s, t))0rc(s, t), 0sc(s,t)) + (Vsdie(s, t), VsOpe(s, t))ds

= /0 (VsVi0sc(s,t), 05¢(s, 1)) — (R(J(s,1), 05¢(5,1))Dsc(s, 1), J(s,1)) + ||V J (s, 1)||*dL.

The same way as previously we get :
1

1
/ (VsVi0e(s, t), 0sc(s, t))ds = [ (VsVi0pe(s, t), 0sc(s, b)) + (Vi0ic(s, t), VsOsc(s,t))ds
0 0

— [(Vidhe(s, £), Dsc(s, £)]3.
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Fort = 0,1, t — c(s,t) is a geodesic and so have constant variations, then f01<VSVt8tc(s, t),0s¢(s,t))ds = 0.
For ¢ fixed, let us study our Jacobi field along s — ¢(s,t). Using the basis (e;1(s,t), ea(s,t)), we can write:

J(s,t) = ji(s,t)er(s,t) + ja(s,t)ea(s,t).
Since Ve;(s,t) =0, we have:

VSJ(S,t) = asjl(sat)el (Su t) + asj2(8 t)e2(s t) and
V:Vsd(s,t) = 8825j1(s,t)61(s,t) + 8525j2(5 t)ea(s,t).

Thus:
(o= [ R (5,1), Dnels, 1)) Bucl5,1), T (5, 1)) + VT, 1)
-/ (R, Den(5,8) + (5, Dea(s, ), r(Bhen(s, ) e (s, ), T(s, s
+ (0o (5,107 + (Dol 1))
-/ 02205, 1) + (s (5,1))? + (Ol 1))

By property of Jacobi fields, we have

VsVsJ(s,t) = —R(J(s,t),0sc(s,1))0s¢(s, t)
—r(t)*(ji(s, ) R(ex(s, 1), ex(s, ) )er(s, ) + g2 (s, t) Rlea(s, ), ex(s, t)er (s, 1))
—kr(t)j2(s, t)ex(s,1).

0%.1(s,t) =0 0%.2(s,t) = —kr(t)?ja(s,1)

We obtain { 71(0,%) = u1(t) and { J2(0,t) = ua(t) and so j1(s,t) = ui(t)(1 —s)+wvi(t)s and
J1(1,t) = v (t) J2(1,t) = va(t)

ja(s,t) = acos(VEkr(t)s) + bsin(vVEkr(t)s). We have, a = j2(0,t) = us(t) and b = L2d:0—v2(t) cos(VEr (1) ,

sin(vVEr(t))

va(t) — us(t) cos(Vr(t))

ol 1) = ualt)con(VRr(t)s) + EE—E T

sin(VEr(t)s).

Moreover, Osja(s,t) = Vkr(t) (—ug(t) sin(Vkr(t)s) + 20 b?i((zf}_c:(sf)\)/_r(t)) cos(\/Er(t)s)) and 041 (s,t) =
U1 (t) — U (t)
Then, for t = 0, we have:

' — Uy CO 2

vy — ug cos(Vkr) cos(Vkrs) sin(Vkrs))ds

sin(vVEr)
2 of cos(VEr) sin(vVEr) 2 (vy — ug cos(Vkr))?
= (’Ul Ul) + kr ( \/Er ( 2 sjn2(\/Er) )

2 vg — ug cos(Vkr) 2
— \/ET’U,Q n(VEr) sin (\/Er))

— 411,2
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ey _ . B v3 + u3 cos?(VEr) — 2upvy cos(vVkr)
E"(0) = (v1 —u1)? + \/ET< cos(Vkr) sin(Vkr) (u% (Vo) )

_ \/2Er (uzvg —u3 COS(\/ET)) sin(\/%rt))

= (v —u1)? + Vkr <u§(_ cos(VEr) sin(Vkr) + 2 cos(VEr) sin(Vkr) +

cos?(Vkr) )
— Ugy <2m +2 sm(\/Er)) )

cos® (VEr)
sin(VEr)

5 cos(VEr)
2 sin(vVEr)

)+

Finally E”(0) = (v1 — u1)? + Vkr ((u% + v3) cot(Vkr) — 21@1}2%) and we obtain, for u € T, M, v €
T,M:

1
d (§p2> (u,v) =r(vy —uy)
(z,y)
and

Hess <%p2> () = (o w)? + VEr ((ug + 02) cot(vEr) — 2u202m) .

Finally we get:

(VZE®) = 2O _ () )

d
dp(e,y) (U, v) = =  plexpy(su), exp,(sv)) =

ds|s=0 d8|s =0 2E(0)
and
d? d E'(s) _ E"(0) E'(0)2
Hoss () (0),(0,00) = 57 plospu o) exmy(o0) = o —ie = s = o O

o —w)? u1) +VE <(u§ +02) cot(VEr) — 2upvs <@)> _ M

= \/_(u2 + v2) cot(Vkr) — 2Vkugug———— sm(\/_r)

3.2 Swept area

We now focus on the signed swept area A; between X; and Y; as described before. This way we will be
able to compare the last coordinates of the two Brownian motions on SU(2) (resp. SL(2)). Note that this
signed area stays with constant sign while the two paths of the Brownian motions don’t cross. We are first
going to find an expression of the area in terms of a function of the covariant derivative of the paths. Let
Yoy Yy |0, 00— M be two continuous curves on M starting at x and y respectively. We can consider
(s,t) € [0,1] x [0,400[— ¢(s,t) € M such that s — c(s,t) is a geodesic starting at 7, (¢) and ending at ~,(¢)
for all ¢ > 0. Providing that the distance between v, (t) and v, (¢) is non null for each ¢ but small enough,
we can also define as before the basis (ef(t), €3 (t)).

Assuming that the map (s,() — ¢(s,() is a local chart of M, the volume form is given by y/det(G)d({ds
where G is the positive definite symmetric matrix representing the metric in these local coordinates. In
particular, we have:

det(G) = ||0sc(s, O)*1oce(s, O)I* = (9sc(s, ©)), ee(s, 0)))* = | det (dse(s, ¢), Dec(s, €)) -

21



Then, the signed swept area can be formally defined by A(t) := fol fg det(9sc(s, ), Occ(s,€))d¢ds where the
determinant is calculated in the basis (e1(s, (), e2(s,()) of Ty(s )M for each ¢,t. We get the following lemma:

Lemma 3.3. Let u € T, M and v € T,,M, we have:

1 Vkr
dA () (u,v) = ﬁ tan (T) (ug + v2),

UV — VU1 9 Vkr
Hess A(; ) ((u,v), (u,v) = ——F—=— + tan” | —— | (v2v1 — uguq).
() cos%@) 2

Note that, as in Lemma (32), the above results are given as a general formula for the three cases k > 0,
k< 0and k=0.

Proof. Let A(t) := t = Ay y(exp,(tu),exp,(tv)) the swept area following the trajectories of ¢ — exp, (tu)
and t +— exp,(tv) evaluated at time ¢. As for the proof of the previous lemma, we will study .A’(0) and

.A”(O).

First, using the same notations as the previous proof, we have:
A'(t) = /0 det(0sc(s,t), Ope(s, t))ds = /0 det(r(t)es(s,t), J(s,t))ds = r(t)/o Ja(s,t)ds
— () ( /O un(t) cos(VEr(t)s) + 228 = ta(t) cos(VEr(t)) sm(\/Er(t)s)ds>

sin(vVEr(t))
_ % (m(t) sin(VEr(t)s)]s + 220 _S?If(%zi()\)/%r(”) - cos(ﬂr(t)s)]é)
- % (ug(t) sin(Vkr(t)) + it _S?If((f/)g:(st();/gr(t)) (1 — cos(ﬁr(t))))
_ ug(t) sin (VEr(t)) — ua(t) cos(VEr(t)) (1 — cos(VEr(t))) + va(t)(1 — cos(VEr(t)))
VEsin(vVEr(t))
B 1—cos(Vkr(t)) 1 VEr(t)
= (ua(t) + Uz(t))m = (uz(t) + Ug(t))\/Etan < 5 ) :

So we get the covariant derivative and also:

VEr(t)
2

()

2 cos?( \/E;(t) )

A () = (u (1) + 0 (1)) —= tam (

7 ) + (u2(t) + v2(t))

Note that 7/(0) has been calculated previously for the covariant derivative of the distance, so:

Vr

A”(0) = (uz(0) + vé(()))% tan <T)> + (ug + 02)%.
cos? (Y-

We now just have to compute u(0) and v5(0). As ua(s) = (9:c(0,t),e2(0,¢)) and t — ¢(s,t) is a geodesic,
we have:

’U,/2(8> = <vtatc(07 t)5 €2 (07 t>> + <atc(07 t)a Vies (Oa t)> = <atc(07 t)a Vies (07 t>>
Thus, u5(0) = (v, Viea(0,t)4—o) and, in the same way, we have v5(0) = (v, Viea(1,t)—0) -
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Note that:

(Viea(s,t),ea(s, t)) = %8t<62(57t),62(8,t)> = 0 since (ea(s,t), ea(s,t)) =1,
(Viea(s,t),e1(s,t)) = 0i({ea(s,t),e1(s,t))) — (ea(s,t), Vier(s,t)) = —(ea(s,t), Vier(s,t))

since (ea(s,t),e1(s,t)) = 0.

Then, Viea(s,t) = —(Vie1(s,t), ea(s,t))ei(s,t). We have:

Viea (o) = Vi (Ouclos0) x 1) = =0 0hcls,0) + Vil 0) x i
L, V()
RO

Thus:

(Viei(s,t),ea(s, b)) =

Lstg(s, t)=Vk <—u2(t) sin(Vkr(t)s) + oa(t) — us(t) cos(Vhr(t)) cos(ﬁr(f)s)) .

r(t) sin(vVEr(t))
We obtain:
) —w@eos(VRI ) () cos(VEr(H) — uaft)
Vies(0,t) = —VEk (o)) e1(0,t) and Vyeo(1,t) = —VEk S (Rr) 1(1,1)
and so:
voon . ugcos(Vkr) — V2 (0) = VR cos(\/Er)v
ua(0) = Vk sin(vVEr) 1 and v3(0) = Vk sin(VEr) b
Finally:
v [ U2 cos(VEr) — vg ug — vy cos(vVkr) @ v — U
o= < sn(E) T s ) tan( 2 ) o)
1 Vkr U1 — vouy — (UgUy — Vav1)
= ((ugul — vav1) cot(\/_r) + (ugvq _U2U1)s1n(\/Er)) tan( 5 ) + 26082(\/?)
. 1 tan(‘/_r) 1
= (uguy — vou1 <C0t kr) tan ( ) — 2COS2(\/2ET)> + (ugv1 — vauy) (sm(\/Er) + ot 2’“))
= (uguj — vou cos(Vr) ! UV — VauU ! !
I <2cos2 20052(\/QET)> + lugvn = vaur) (20052( br) " 2 cos?( 2’“))
= — (uguy — v201)tan (Q) + (ugv1 — vour) 1\/Er :
cos?(¥57)
O

For the coupling (X3, Y;) defined by (LB we can now use 1td’s formula to end the proof of Proposition
(I3, finding an equation for the signed swept area, up to a constant, A; :
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Proof of Proposition (I3), second part.

1 (ﬂRt dUs(t) - dVA (t) — dVa(t) - dUL (1)

VER: )
2

dAt = —tan
2

1
T ) (dUs(t) + dVa(t)) + 3 <

cos?(

2
1 ) <\/ERt

+ tan? (ﬂRt> (dVa(t) - dVi(t) — dUs(t) - dUy (t)))

= ——= tan
N 2

We also directly obtain

)(dUz(t)-i-dVQ(t))_'_% <dU2(t)-dVl(t)—dVQ(t).dUl(t)>'

cos?( —\/EQRt )

dR; - dA, = L <‘/ER’5

—rtan (5 )(dVl(t)-dUg(t)—dUl(t)-dVQ(t)).

3.3 Co-adapted coupling

In this subsection, we will deal with the special case of co-adaptive Brownian motions on M. We first recall
the general definition of a co-adapted coupling and then adapt it to our model:

Definition 3.1. Let ji; and vy the laws in time t of two continuous Markov processes (X¢); and (Y;); on M.
The process (X, Y:): is said a co-adapted coupling of (X¢)r and (Yi): if:

e the processes X and Y lay in a same filtered probability space (Fi)¢ and follow in each time t the
probability laws py and vy respectively;

e for all bounded measurable function f, = € M, s, t > 0, the functions z E[f(Xtrs) | Foy Xs = 2]
and z — E[f(Xiys) | Xs = 2] (resp. 2z E[f(Yiqs) | Fs, Ys = 2] and z — E[f(Yiqs) | Y5 = 2]) are
equals Px_-a.s. (resp. Py, -a.s.).

Proposition 3.4. We consider a coupling (Xt,Y:): of Brownian motions on M satisfying () in a filtered
probability space (2, (Fi)e,P). The following assertions are equivalent:

(i) (X, Y:): is a co-adapted coupling;

(ii) U := <gl> andV = <¥1> form a co-adapted coupling of Brownian motions in R?;
2 2

(#ii) Enriching the filtration if needed, there ezists a two dimensional Brownian motion W adapted to the
filtration and independent of U, and K, K; € M3(R) with K,K! + K;K}' = I, K;, K; € F; such
that :

dV (t) = K dU (t) + K dW (t). (14)

Proof. The equivalence of (ii) and (iii) is a well known fact about couplings in R? that can be found in [10]
for example.

Let us show that (ii) implies (i). The converse implication may be dealt with the same method, also used
in [14]. We denote G the filtration induced by U and V. As said in a previous remark, our basis are solutions
of equations depending of R, U and V. Then, X;,Y;, (e5X(t),ex(t)) and (e (¢),ed (¢)) are adapted to the
filtration G. Moreover, X; and Y; are Markov processes for this same filtration. Then, this is also true for
the filtration F induced by X; and Y; as it is included in G. Thus, for s,¢ > 0, z € M, we have

ELf (Xeqs) | Fs, Xs = 2] = E[E[f (Xo46)Gs, X = 2]|Fs, X5 = 2] = E[Py,e f (2)|Fs, Xs = 2] = P f(2)
with Py, the transition function of X. Thus we obtain a co-adaptive coupling for (X,Y). O
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Using (4], we can rewrite our relations for R; and A;:

Proposition 3.5. For a co-adapted coupling satisfying (@) and Proposition (5.4), we have:

th . th = 2(1 - Klyl)dt;

m k kR;) — K
dR, "™ Vk cot(VER,)dt — LKz,zdt _ Jpeos(VER) 22 it
sin(vVER;) sin(vVER;)
t 2 \/ERt
dA; -dA; =2 an ( 2 )(1 —i—Kz)g)dt;
(m) 1
dA;, = ———— (K12 — K21);
2C082(—\/E2R“)
1 VER
th . dAt = ﬁ tan(Tt)(KLQ — KQJ)dt.

Proof. Let us recall that dR, = dVi(t) — dUy (t) + %(cos(\/ﬂﬁ)dt — dUs(t) - dVi(t). Thus:

dRy - dRy = (dVi(t) — dU1(t)) - (dVA(t) — dUL (1))
— 2dt — 24U (t) - dVA (1)
= 2dt — 2dU, () - (K1,1dU1(t) + K3 2dUz(t)) since W is independant with U

= 2(1 — Klﬂl)dt;

DT‘ift(th) = %(COS(%R”(% — dUQ(t) . (Kl)gdUl (t) + Kz)gdUg(t)))
= _ i ~ reos(VER;) — Ka o
= Vkcot(VERy)dt - \/ERt)Kg,th =k T dt

tan(@)

Then, using dA; = T(dUg(t) +dVa(t)) + m(dUQ(t) -dVy(t) — dVa(t) - dU1(¢)):
STl

dA; - dA, = ww%(ﬂ +dVa(t)) - (dUs(t) + dVa(t))
- W(m 1 2dUs(1) - dVa(1))
= 2% (dt + dUs(t) - (K2,1dU1 (t) + Ka,2dUs(t)))
_ 2tan2(lj’“2R’)(1  Koo)dt:
Drift(dA,) = 26082(1 @Rt)(dUz(t) CAVA(E) — dVa(t) - dUL (1))
= = (1\/E2Rt) (dU5(t) - (K1,1dUL(t) + K1,2dUs(t)) — (K2,1dU1 (t) 4 K2,2dUs(t)) - dU1(t))
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Finally

dR, - dA; = 2T (i) — dU (1) - (dU () + dVa ()

(R )
= ———2 = (dVi(t) - dUs(t) — dUy (t) - dVa(t))

= 72)((K171dU1(t) + K1,2dUs(t)) - dUa(t) — dU4(t) - (K2,1dU4(t) + KQ_’QdUQ(t)))

(\/ERt)
= 72 (KLQ - K271)dt.

Example. e Synchronous coupling: We take Ky = I, K; = 0, dV (t) = dU(t). We get:

th . th = 0;

) _ cos(VEkR)) —1 B n VER,
Drift(dR;) = \/E—sm(\/mt) dt = —Vk x tan( 5t

_ kt
2

Thus Ry is deterministic and Ry = % arcsin(e sin(@)). We also have:

B

tan?( i )

2

dA; - dAy =4 B

dt and Drift(dA;) = 0.

In particular, Ay is a martingale.

e Reflection coupling: For K; = (_01 (1)> L Ky =0, dVi(t) = —dUy () and dVa(t) = dUs(t), we get:
kR
dRy - dR; = Adt and Drift(dR;) = —Vk x tan(\/; Y.

As before, we have:

2(\/E2Rt)

tan

e Perverse coupling: For K; = <(1) _01) , Ky =0, dVi(t) = dU,(t) and dVa(t) = —dUs(t), we get:
dR, - dR, = 0;
k 1 k
Drift(dRy) = SRR 1, e cot(‘/—Rt).
sin(\/ERt) 2

_kt
2

Thus Ry is deterministic and Ry = % arccos(e cos(@)). We also have A; constant.

k
In all these examples, dR; - dA; = 0.

We also can add a noise to these couplings in order to remove the drift part. In particular, this will
permit to obtain a coupling with constant distance between the Brownian motions.
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e Synchronous coupling with noise/ fixed-distance coupling:

. 1 0 - 0 0
Taking K; = (O cos(\/ERt))’ K; = (O sin(\/ERt))’ we get R; constant. We also have:
tan? (VER: k 4 k
dA; - dA; = 2 — (k 2 )(1 + cos(VER,))dt = z sin2(\/—2Rt )dt = A sin2(\/_2R0 )dt;
Drift(dA;) =0
Note that A; is a Brownian motion up to a multiplicative constant.
We can do the same for the reflection coupling.
e Reflecti ling with noise: For K, = | . 0 t:
eflection coupling with noise: For K¢ = { cos(v/T sin( , we get:

dRy - dRy = 4dt and Drift(dR) =

Thus %Rt is a Brownian motion. We also have:

\/— R,

dAt . dAt - SlIl (

. )dt and Drift(dA:) =0

For these two couplings, dR; - dA; = 0 too.

Remark. o In [T, Pascu and Popescu proved on the sphere that there exists a co-adapted coupling of
Brownian motions of deterministic distance function Ry if and only if R is continuous and satisfy the
inequality

R R,
—tan(— 5 YYdt < dRy < cot(— 5 L))dt.

In particular the synchronous coupling and perverse coupling described above are the couplings realizing
the extrema of this inequality.

e In the case where k = 0 we find all the expected results we could have for the study of the Heisenberg
group. See for example [9, [5].

4 Successful couplings

We are now going to interest ourselves in the construction of a successful coupling. In a first time, we will
study successful coupling of Brownian motions on M, a Riemannian manifold with constant curvature, and
their swept areas for the areas liying in R. This will induce a first successful coupling on SU(2). Then,
considering that, in SU(2), the last coordinate z; lies in R/] — 7, 5], we will change some steps to obtain a
more efficient coupling.

Using the previous notations, let us suppose that & > 0. As said before our method is based on the idea of
Kendall for coupling two dimensional real Brownian motions and their swept areas ([9]). The original idea
is to switch between reflection and synchronous coupling, using reflection coupling to make R; decrease, and
synchronous coupling to keep the swept area comparable to R? and decreasing as well.

Here, in comparison to Kendall’s original proposition, we will add a noise during the "synchronous coupling
step" as in the previous example in order to keep R; constant. If not, we would have a strictly positive
probability to be trapped in a "synchronous coupling step" without returning in a reflection coupling step.
Note that, for & — 0, that is for real two dimensional Brownian motion, fixed-distance coupling (synchronous
coupling with noise) and synchronous coupling are the same.
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Let us choose k, € > 0 such that 0 < € < k. We denote 7 the first time of coupling of the two Brownian
motions AND their swept areas, that is:

T:=inf{t > 0|R, =0 and A, = 0}.

Using perverse or synchronous coupling if needed, we can suppose that 0 < Ry < i(M). Note that for k > 0,
we get i(M) = - Let us suppose that there exists n > 0 such that i(M)—mn> Ro > 0. We then define
another stopping time:

T, = inf{t > O|R; > i(M) — n}.

We are going to study first 7 A 7, instead of 7: this way we will have R; < i(M) —n for all ¢ < 7. Using
constant fixed-distance coupling if necessary, we can suppose that Ay = 0 without changing the value of Ry
(indeed, A; is a changed-time Brownian motion during the fixed-distance coupling). We will construct the
coupling as follow on [0, 7 A T,] :

[Ad]
RZ

1. We use reflection coupling until the process starting at 0 takes the value k;

2. While the process |2§‘, starting at k, satisfy |2§‘ > Kk — € we use fixed-distance coupling;
t t

3. While the process Ig;‘, starting at k — ¢, satisfy ‘g;‘ < k we use reflection coupling.
t t

We iterate 2 and Bluntil Ry = A; =0 or Ry = i(M) — .

Theorem 4.1. Under the hypothesis i(M) — 2n > Rg > 0, the co-adapted coupling described below satisfies
TAT,; <400 a.s. for k>0. Moreover, we get P(T > 7,) < 1.

Proof. We denote 7/ := 7 A 7,. We define N(©) : [0,7] — {0, 1} such that N(9)(t) = 0 during fixed-distance
coupling and N(©) (t) = 1 during reflection coupling. We get, for all ¢ > 0:

VER,
2

dR, = 2N9(t)dC; — Vk tan < ) N (#)dt

2 sin(YERy
dAt = — X
VE  cos(N@©(t) @)

with C; and C; two independent real Brownian motions. Note that, during reflection coupling, that is
when N (t) = 1, we have % < Kk whereas, during fixed-distance coupling, that is N(9)(t) = 0, we have
% > Kk —e. As R varies only during reflection couplings, if R; — 0, we have R? > %|At|, thus A; — 0. In
fact, with this strategy we have 7/ = inf{t | R, € {0,i(M) — n}}. Then we have to prove that R; hits 0 or
(M) —mn in an a.s. finite time. For the following calculation, we take ¢ < 7/ that is 0 < R; < (M) — 7.

Let us define o(t) := fg #zds and K, ;) = log(R;). By Ito’s formula, we get: dK, ) = dlgf — stz d(Ry, Ry).
Thus: © '
AN (t
Aoy - dKy ) = 7R2( )dt = N©O(t)do(t)
¢

N—

+ % do(t).

(6) VER, tan  YAE:
\}/f (@) N (t)dt — 2N gy —N©@) ( 2
t

DTth(dKo-(t)> = ———tan T? 2
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With this time change, excluding the times when N(9)(t) = 0 (fixed-distance coupling) in which K stays
constant, o — K, acts like a Brownian motion with negative drift.

Let us also define W, ;) = £5. With Itd’s formula, we get:
1 o At 1A 1 o At oAy
dWa(t) = R_%dA R3th+ 6R4d<Rt7Rt> R%dA R3th+3 ><4N( )th .

Thus we have:

DT‘ift(de(t)) = (2\/_ an (@

) NO(#)A; + 3 x 4N(6)(t)%> dt

R} h
kR kR
= NOHW, (\/_2 * tan (\/_2 f) +3> do(t),
2 (VER;
4sin’ ( 7 ) 16N(9) A2 .
dWo iy - dWo () = + - dt as (dCy,dCy) =0
kR}cos? (N(e) (t)@) Ry
. VEk .
kR? cos? (N(é) (t) ‘/EQRf ) Ry
VER,
1 ( 2 >2 sin ( 5 )
= | +ANO W2, | do(t).
4 \VER:) cos2 (N(e)@) (®)

21“3 X AN©(t)dt = —2N O ()W, do(t).

Finally, dK, ) - dWo ) = g-dR; - (—22—5611% )

Let S := o(7’). For the following part, in order to simplify the notations, we will denote o instead of o (t)
and N (o) instead of N(€)(t). We want to show that 7/ < 400 a.s. As fos eKodo = [ 4e2los(F) db — 47/,

this is the same as showing that fos e?Kodo < 400 as.

First of all let us note that the number of changes of type of coupling (reflection coupling/fixed-distance
coupling) is countable as it is finite on all closed and bounded interval of time [S1, S2] such that Sy < 7.
Actually if we have an infinite number of changes of type of coupling, we can define (considering the time

scale induced by o) two sequences (o7,), and (07,), such that o}, < o}, < oy, for all n > 0 and such that

N©(g) =0on [05,0"[ and N (o7) = 1. As Sy < 7/, we have R; non nul and W, well defined on [S, Ss]

n? n
such that [Wos | = k and |Wor| = k — €. As (0})n and (67)n converge to the same limit, this leads to a

contradiction concerning the two previous equalities as |W| is continuous.

Thus we have a countable number of changes of type of coupling. Using the previous notations, let us
denote [05, 0% [ the interval during which N(9)(¢) = 0 and [07,, 05 [ the interval during wich N(9) (o) = 1.
The same way we denote t2 and ¢ such that o(t3) = o and o(t]) = or.

As seen before, R is constant on intervals [t3,¢" [ and acting as a two times Brownian motion with negative

drift out of these intervals. As the time needed to exit a bounded open interval for a real Brownian motion

with negative drift is a.s. finite, we have ) (¢, —t],) < 400 a.s. Note that:
n>0

/ N (o QK”da*Z/ 2Kgdaiz/ 2d0_2/ 4dt_4z 1l

n>0 n>0 n>0 n>0
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Then, this quantity is a.s. finite and, in order to show that 7" < 400, it is enough to show that:

S
/ (1 - N©9)e*edo < 400,
0

As R; and K, are constant during fixed-distance coupling, we have:

S o,
/ (1- N(E))eQK" = Z/ Ko do = Z e*Kai (o7 — a?).
0 oS

n>0 n>0

Thus we want to show that Y €254 (07 — 03) < +00 a.s.
n>0

e We will first show the equality:

\/ERt;

[E — 2K“$,, T —of Ko's m = — KU% —T 2 2 . 15
exp Z e (o), —0a;) ’( s) exp Z e X . <\/ERts > X € (15)

n>0 n>0 sin 5
As our coupling is the fixed-distance one on [0, 0], there exists V,, a real Brownian motion, such

that:
1 k 1 kR;s
AW, = sin (VR gy, — ain [ YT dV.
\/ERt 2 \/ERtfl 2

In particular [W; | only depends on Rys for o], > 0 > o;, and so depends on K5 only.
Then, knowing (Kgfn)m, o, — 0y, is the first hitting time of k — e by the process [W|. As [Wo.
by continuity, W, keeps the same sign all along the interval [o7, 07 ]. Then we have:

:[{7

o, — 0, =inf{o >0 |[W, s =sign(Ws:)(k —€)}
=inf{o > 0 [(Wyios — Wos ) = sign(Woys )(k — € — )}

s
n

kRys kRys
= inf {0' >0 ’#(Wgﬁ_gs — Wa-s) = —Msign(Was )E .
: (mzn> " " : (mzn> "
sin 3 sin 3
VERs,

Moreover, on [0}, 07,] and conditional on K-,

n? n

Tﬁ(Wgﬁf% — Wos: )o is a real Brownian motion

sin

2
starting from 0. Thus, conditional on K,:, o}, — o, has the same law than 7T, the hitting time of

n
kRis . . . .
VERi, ) € by a real Brownian motion starting at 0. Then the Laplace transform gives:

Gn = . VER,s
sin 5

\/ERt;

. VER;s
Sin 3 =

ev/2u).

Elexp(—uT,, )] = exp(—an/2u) Y > 0 and Elexp (—pu(ol, — o2)) |Kos] = exp(—

Finally:
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Furthermore, conditional to (Kss )m, (0, — 05 )n are independent. Thus:

N \/ERtfl
2K s 2 Kos
ex e (o], — 0 K, =exp | — — 2 9ey/2eK0n
[ p( Z )>’( ”’")ml -2 . <¢ER>
n=0 gin Tn
Using the dominated convergence theorem we get the announced equality.
VERys

We will now deal with the quantity Z ——2 _¢%ei occurring in the previous result.

kRs

s n
Let us first notice that [ N©(o)do = ¥ (05,.1 — oh,). The quantities o3, — of, are the first
=0

m

m=
exit times of the open ] — &, k[ during reflection times ([o7},,,05,,1]) by the diffusion W, starting at

+(k —€) €] — K, k[. Note that, unlike the fixed-distance coupling case, here the sign of W; can change.

During these times we have:

1 tan (@)

AWo(t) - AWo(r) = 2\ 7 vEr, + 4W5(t) do(t)
2 (16)
k k
DT‘ift(de(t)) = Wg(t) (\/;Rt tan (\/;Rt> + 3) do(t).

We now take m some positive integer. We define a new time change: (,,(0) := fog AWsior - dWsior .
¢ VERy
As R; is upper-bounded by (M) — 7, there exists 0 < M a constant such that % < M and

fR' tan (IR') < M. Thus,

Drift(d(W2))
CiCm—@‘ <4k(M +3)

Then there exists a one dimensional Brownian motion B™, starting at 0 and independent of (,,, such
that for all o € [0,05, ., — o,

2
2 <Gnlo) < <MT +4n2) o and ‘

ml:
Bl (o) — 463+ M)Gn(0) < Woior —Wor < Bl o)+ 4k(3 + M) (o).
We now obtain
Cm (0 p1—0p,) > f{( > 0] B +4k(3+M)¢ = i =W,y }AINf{( > 0| B{'—4k(3+M)( = —k—Wor }.
As Wo,r can only take the two values k — € and —(k — €), we get G (05,1 — 0,) > Tpy with:
T :=inf{{ >0 | B +4k(3+ M) = e} ANinf{¢ >0 | B" —4r(3+ M)¢ = —¢}.

In particular, we have:
1

MTZ + 4k2 Tm

Y

(17)

s r
Om+1 — Om

For all m, (Ty,)m is a sequence of independent and equally distributed variables with nonnegative and
finite mean. Then, the strong law of large numbers yields:

M2 ON1'& 1=
R D DICATEL Zgz m i EIT)

m=0
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Thus, for n large enough, we get a.s.:

1

(Ufn+1 R
0

n

fogi N (o)do
n

E[To]
2(M2 4 4k2)

> 0. (18)

S|

3
]

Moreover, we obtain foa’s‘ N©(o)do % +00
n—-+oo

o o \/%Rt tan(@) 1
Let us now recall that K, = K0+f0 N (s)dC, — fo N ——— + 5 | ds. Thus K, — Ko+

o VER, tan( \/EgRt ) 1 . . . . o
Jg N© [ ———2-~ + 1] ds is a Brownian motion for the change of time [, N(©)(s)ds.

0 T
Note that:
ot VER; tan VERy
Jm N <—“‘4( ) + %) ds
1< _
2 Jo " N©)(s)ds

By the strong law of large number for Brownian motions, we also have:

s , tan VERy
Koo — Ko+ 7" N© (M + %) ds

3 a.s 0.
fOUn N(E)(S)ds n—-+oo
Finally, a.s. for n large enough, we obtain:
Kgs

Usin < _l' (19)

Jor N@(s)ds — 4
By combining the results (I8) and ([I9), we get a.s. for n large enough and noting ¢y = %.

I K
Ko o0 N(©)(s)d
lKG—S: — n XIO (S)SS_C_O<O
T NG (s)ds " 1
. . \/ERts
It remains to notice that a.s., for all n, we have 0 < ——= < 7. Thus:
\/ERt% \/ERt%
2 m 2 Kos T _0\p
< — d on < — 4 < .
. VER;s \ ~ 2 an Z . VER,s € -2 Z (e ) too
sin T" n>M sin Tn n>M
Finally we get:
VERs
Z 2 efoi < 400 aus. (20)

. kR s
n>0 sin (\/_2 'n )

Using (IA) and 20), we have Elexp(— Y. e™7i (07 — 03))| (Ko )m] > 0 ass.

n>0
Still conditional to (Kgs )m, since exp(— > eXoi (o7 —08)) > 0, the event exp(— 3. e®i (o7 —03)) >
n>0 n>0
0, equivalent to the event Y. e™% (07, — %) < 400, has a non-zero probability. As (e**74 (o7, — o)),

n>0
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are independent, using the Kolmogorov zero-one law, we get P( " €™ (07, — 03) < +00|(Kos )im) = 1

n>0
a.s.

Finally, > e*!i (07 —03) < 400 a.s. and so 7/ < 400 a.s.
m>0

To show that P(7 > 7,;,) < 1, we just need to remark that this event only depends on the evolution of R;.
As R; is acting as a time changed Brownian motion with negative drift omitting the times where it stays
constant, we directly obtain our result. o

We can now give the proof of Theorem ().

Proof of Theorem (I.4). To construct a successful coupling, we now just have to start the coupling described
in Theorem [£.11

(i) If 7 A7, =7, we obtain R, = A; = 0.

(i) If 7 A1, = 7,, we use a synchronous coupling until R; = Ry and then a fixed distance coupling until
Ay = 0 and we re-start the coupling of theorem 411

In step (ii), as Ry is deterministic and decreasing during synchronous coupling, each "synchronous step” will
take a constant finite time. It also takes an a.s. finite time to obtain A; = 0 with fixed distance coupling.
Thus we repeat the same experiment independently. As the probability that 7 < 7, is non-zero during the
coupling of theorem [.T] it will take a finite number of change of coupling to be in this event and then have
an a.s. finite time of success. Let us remind that, if Ry € {0,:(M)}, we need to use perverse or synchronous
coupling before our successful coupling to start with R; €]0,7(M)[. As R; is deterministic for perverse and
synchronous couplings, this won'’t change our result. O

Remark. As announced previously, we can improve this strategy in the case of SU(2): considering A
mod (27) instead of a value in R, we can suppose that A; stays in | — 27, 2x]. This time we can take k < 27.
This way, fized-distance coupling is stopped when W, € {—(k —€); k — €} with a non zero probability to reach
one or another of these bounds and there will be less time spent in fized-distance coupling than in theorem
(#1). In particular, for n >0, there exists (V,), a Brownian motion starting at 0 such that:

2

sin ( th%) A
oy — oy = inf {U ‘ sgn(Wes )k + WVG € {sgn(ng)(m —€);sgn(Wos ) (—;T — (kK — 6)) }}
t

) <\/ERts
Stn I

2

) 4m

——V,e{—¢
VERy; { Ry,

< inf{o | sgn(Wos )V = an} with a, defined as before.

=inf {o | sgn(Wo:) -2k +e€}}

This way, instead of (I3), we obtain:

VER;s
Elexp(— 3 €573 (07, — o3| (o ) > exp | = 3 e x — < x 2V
. ths
n20 n20 sin ( ">

2
In addition to decreasing the time spent in fixed-distance coupling, having bounded values for A; prevents

from using synchronous coupling when Ry is too close of i(M) = w. Let us explain this.
During reflection coupling, Wy stays continuous and still satisfies {I8). Supposing that Ry < ™ —n for
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all t in [t],,t5, 1], we still have (I7). Else, supposing that Ry > m —n for some t € [t ,t5 1], we get

m’ “m—+1
Wow| = ‘2—%‘ < (Wz_’;)Q. Choosing 1, k and € such that (TFQ_—’;)Q < Kk —€ < 2m, we obtain [Wyp| < k —e.
Thus reflection coupling won’t end while Ry stays up to m —n. More, there will exist tr Eltn toi1l such
that Wy y| =Kk — € and Ry < m —n for all t in [t} 15, 11]. As before, we obtain:
Opoi1 — O > 0, —U(t%)>¥
m—+1 m m+1 m) = MTz +4[{2 m

Thus the last inequality is always true and we get again [{I8). Following the rest of the proof of theorem
(41), we directly obtain T < 400 a.s.

References

[1] Sayan Banerjee, Maria Gordina, and Phanuel Mariano. Coupling in the Heisenberg group and its
applications to gradient estimates. Ann. Probab., 46(6):3275-3312, 2018.

[2] Fabrice Baudoin and Michel Bonnefont. The subelliptic heat kernel on SU(2): representations, asymp-
totics and gradient bounds. Math. Z., 263(3):647-672, 2009.

[3] Michel Bonnefont. Functional inequalities for subelliptic heat kernels. Theses, Université Paul Sabatier
- Toulouse III, November 2009.

—_~—

[4] Michel Bonnefont. The subelliptic heat kernels on SL(2,R) and on its universal covering SL(2, R):
integral representations and some functional inequalities. Potential Anal., 36(2):275-300, 2012.

[5] Michel Bonnefont and Nicolas Juillet. Couplings in LP distance of two Brownian motions and their
Lévy area. Ann. Inst. Henri Poincaré Probab. Stat., 56(1):543-565, 2020.

[6] Ugo Boscain and Francesco Rossi. Invariant Carnot-Caratheodory metrics on S3, SO(3), SL(2), and
lens spaces. SIAM J. Control Optim., 47(4):1851-1878, 2008.

[7] Michel Emery. Stochastic calculus in manifolds. Universitext. Springer-Verlag, Berlin, 1989. With an
appendix by P.-A. Meyer.

[8] Svante Janson. Euclidean, spherical and hyperbolic trigonometry. Notes, 2015.

[9] Wilfrid S. Kendall. Coupling all the Lévy stochastic areas of multidimensional Brownian motion. Ann.
Probab., 35(3):935-953, 2007.

[10] Wilfrid S. Kendall. Brownian couplings, convexity, and shy-ness. Electron. Commun. Probab., 14:66-80,
20009.

[11] Wilfrid S. Kendall. Coupling time distribution asymptotics for some couplings of the Lévy stochastic
area. In Probability and mathematical genetics, volume 378 of London Math. Soc. Lecture Note Ser.,
pages 446-463. Cambridge Univ. Press, Cambridge, 2010.

[12] Kazumasa Kuwada. Duality on gradient estimates and Wasserstein controls. J. Funct. Anal.,
258(11):3758-3774, 2010.

[13] Torgny Lindvall. Lectures on the coupling method. Wiley Series in Probability and Mathematical
Statistics: Probability and Mathematical Statistics. John Wiley & Sons, Inc., New York, 1992. A
Wiley-Interscience Publication.

[14] Mihai N. Pascu and Ionel Popescu. Couplings of Brownian motions of deterministic distance in model
spaces of constant curvature. J. Theoret. Probab., 31(4):2005-2031, 2018.

34



[15] Feng-Yu Wang. Liouville theorem and coupling on negatively curved Riemannian manifolds. Stochastic
Process. Appl., 100:27-39, 2002.

35



	Introduction
	A definition of the Brownian motion in SU(2,C) and SL(2,R)
	Definition of SU(2,C) and SL(2,R)
	Calculation of the subLaplacian on SU(2)
	Calculation of the subLaplacian for SL(2)
	Geometrical interpretation of the Brownian motion in SU(2)
	Geometrical interpretation of the Brownian motion in SL(2,R)

	Couplings on manifolds of constant curvature k
	Description of a coupling model
	Swept area
	Co-adapted coupling

	Successful couplings

