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RENORMALIZED BOGOLIUBOV THEORY FOR THE
NELSON MODEL

MARCO FALCONI, JONAS LAMPART, NIKOLAI LEOPOLD,
AND DAVID MITROUSKAS

ABSTRACT. We consider the time evolution of the renormalized Nel-
son model, which describes N bosons linearly coupled to a quantized
scalar field, in the mean-field limit of many particles N > 1 with
coupling constant proportional to N—1/2, First, we show that initial
states exhibiting Bose—Einstein condensation for the particles and ap-
proximating a coherent state for the quantum field retain their structure
under the many-body time evolution. Concretely, the dynamics of the
reduced densities are approximated by solutions of two coupled PDEs,
the Schrodinger—Klein—Gordon equations. Second, we construct a renor-
malized Bogoliubov evolution that describes the quantum fluctuations
around the Schrédinger—Klein—Gordon equations. This evolution is used
to extend the approximation of the evolved many-body state to the full
norm topology. In summary, we provide a comprehensive analysis of the
Nelson model that reveals the role of renormalization in the mean-field
Bogoliubov theory.
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1. INTRODUCTION AND MAIN RESULTS

We study the effective behavior of a large number of bosonic particles in
weak interaction with a quantized scalar field. Microscopically, such a system
is described by the Nelson Hamiltonian. This was first introduced in 1964 in
the mathematical physics literature by E. Nelson [80], and provides an exam-
ple of rigorous renormalization in quantum field theory: The formal Hamil-
tonian needs to be corrected by the divergent self-energy of the particles
to obtain a self-adjoint operator and associated unitary dynamics. Renor-
malization plays a crucial role not only in (mathematical) physics, it also
led, perhaps unexpectedly, to groundbreaking advances in pure and applied
mathematics, from stochastic and nonlinear partial differential equations to
dynamical systems and geometry (see [13, 17, 53, 69| for some celebrated
examples). A deeper understanding of renormalization is thus of great rele-
vance for both mathematics and physics. In this paper, we clarify the role
played by renormalization in the mean-field Bogoliubov theory for the Nelson
model.

What came to be known as Bogoliubov theory was introduced in the 1940s
as a heuristic approach to the analysis of excitations in the condensed Bose
gas [10]. After the successful creation of Bose-Einstein condensates in lab-
oratory experiments during the 1990s, these ideas have regained significant
interest from the mathematical physics community. This led to the develop-
ment of a larger research endeavor aimed at providing a rigorous justification
of Bogoliubov’s approach, starting from the many-body Schrédinger theory.
For the low-energy excitation spectrum of large bosonic systems, Bogoliubov
theory was first justified by Seiringer [88] and Grech and Seiringer [44]. Re-
garding the time evolution of excitations in many-particle systems, pioneer-
ing results were obtained by Ginibre and Velo [39, 40| and Grillakis, Mache-
don and Margetis [49, 50]. Over the past decade, there has been substantial
progress in developing refined methods for the derivation of Bogoliubov’s
theory and in extending the analysis to cover more singular interactions, e.g.
[7, 14, 66, 67] and we refer to Section 1.3 for a detailed overview. In the
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present paper, we continue this effort by establishing Bogoliubov’s approxi-
mation for the time evolution in the Nelson model. What sets this problem
qualitatively apart from previous works is the need for renormalization of the
underlying many-body Hamiltonian at finite particle number and the corre-
sponding Bogoliubov evolution. Our results shed new light on the behavior
of such systems and we hope that they pave the way for further investigation
of the interplay between many-body effects and singular particle-field inter-
actions. It is worth mentioning that such systems are of continued relevance
in physics. To cite a recent example from condensed matter theory, the inter-
play of many-body effects and singular particle-field interactions is crucial in
quantum fluids of light [18, 34, 37|. There, a renormalized Bogoliubov theory
of the condensate-phonon interaction is necessary to explain the properties
of concrete polariton-exciton condensates [37].

Now in more detail, we investigate the dynamical evolution of the Nelson
model in a mean-field limit in which the number of particles, denoted by IV,
becomes large while the coupling to the scalar field is proportional to 1/ V'N.
Our first result concerns the dynamics of the one-particle and one-field-mode
reduced density matrices. We assume that, at the initial time, the particles
exhibit Bose—FEinstein condensation and the quantum field is approximately
in a coherent state. We prove that the time evolution of the reduced density
matrices of such initial states can be described by a condensate wave func-
tion and a classical scalar field that solve a system of two coupled PDEs,
the Schrodinger—Klein—-Gordon equations, with errors that tend to zero as
N — oo. The renormalization on the microscopic level, interestingly, does
not appear in the mean-field equations. This was observed earlier by Z. Am-
mari and one of the authors in [2], who proved a similar statement using
semiclassical techniques and without quantitative bounds. In this article we
employ different techniques that yield an explicit rate of convergence for
initial states satisfying an energy condition.

Our second result provides an approximation in norm of the time evolved
many-body state, by a state obtained from the Schrédinger—Klein—Gordon
equations and a quadratic Bogoliubov type evolution modeling the quantum
fluctuations around the mean-field dynamics. On the level of the quantum
fluctuations, it is important to take the renormalization into account and
construct a renormalized Bogoliubov evolution, whose construction may be
of interest on its own.

1.1. The Nelson Hamiltonian. We consider the massive Nelson model in
the mean-field regime. It describes a system of N non-relativistic bosonic
particles that are linearly coupled to a scalar quantum field, whose states
are elements of the Hilbert space

N
Hy=Q LR @ F (1.1)
sym
where 7 = CQ & ,~; Qym L?(R3) is the bosonic Fock space over L?(R3)

with vacuum state ). The state of the system evolves according to the
Schrédinger equation

0, n(t) = HyT (). (1.2)
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Formally, the Nelson Hamiltonian Hpy is given by the expression

i [—Aj + N‘1/2/

dkw™Y2 (k) <e_ik’3ja,’; + eik%k)] dl,(w), (1.3)

j=1 R
where xl, ...,z denote the variables of the particles, w(k) = VA% 4+ 1 and
dl o ( fR3 dkw(k)ajay is the second quantization of the multiplication

operator w, describing the energy of the quantum field. The annihilation and
creation operators are defined by the distribution-valued expressions

(T N) ™ (Xn, Kp) = Vo + 100 (Xy b, K,

14

(af V)™ (Xn, Kp) =n"2 Za (k— k) O (Xn, K, \ k) (14

with T € N LA(R?) @ QL LA(R3) and Xy = (21,...,2n), Ky =
(k1,..., k‘ ) They satisfy the canonical commutation relations

[ak,a;] = 6(k = 1), [ag, ] = [ag,a]] = 0. (1.5)

This definition of Hy is only formal, since no domain has been specified.
The quadratic form associated to the expression is ill defined on the form-
domain of the non-interacting Hamiltonian, and while it may be defined on
more regular states, this makes it unbounded from below and not closable.
However, this problem can be remedied by renormalization [80]: Denote by
HY the version of (1.3) with w2 replaced by w_1/2]l|k‘§A in the interac-
tion, then there exists a diverging family of numbers E* and a self-adjoint
operator Hy, D(Hy) so that

— . _iHA _gEA
e MHN — o Jim e N T ET (1.6)
A—oo

We take this as the definition of the Nelson Hamiltonian Hpy, and remark
that, due to the coupling constant N —1/2 the numbers E® can be chosen
independent of N. The operator Hy can be characterized further by applying
a dressing transformation, see [46, 80| and Lemma 3.1, or by an alternative
approach related to boundary conditions [58]. It is important to note the
effect of the renormalization on the domain of Hpy. While the operators
HY all share the domain of the free Hamiltonian, it holds that D(H}V/Q) N
H'(R3N)® F = {0}, i.e., even the form domain of Hy is completely different
from that of the free Hamiltonian [46, 58|.

An important role in our analysis is played by a unitary transformation,
usually called the dressing transformation, that relates the renormalized Nel-
son Hamiltonian to an operator whose quadratic form is more explicit and,
importantly, comparable to the one of the free Hamiltonian. Although our
main results below can be stated without any reference to this transforma-
tion, it is crucial in their proofs.

1.2. Main results. In this section we state our results on the approxima-
tion for the Nelson time evolution, first on the level of reduced densities by
the mean-field equations, and then in norm by a renormalized Bogoliubov
evolution.
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Mean-field approximation. We are interested in the evolution of many-
body states in which the particles form a Bose—Einstein condensate and the
field is approximately in a coherent state. To be more precise, let us define
the unitary Weyl operator

W(f) = ([ db (700 - Fa) ). (1.7
The initial states we have in mind are of the form
Uy =~ u®N @ W(VNa) (1.8)

with € being the vacuum in F and u,a € L?(R3). We will show that this
product-like structure is preserved during the time evolution and that

e HING v~ uBN @ W(VNa,)Q, (1.9)

where (ug, op) € L*(R3)®L?(R3) solve the Schrodinger—Klein-Gordon (SKG)
equations

i@tut 1’ ( A+ ¢at ) %<uta ¢o¢tut>L2)ut(m) 1.10
i0iou (k) = w(k)oy(k) + <ut’G(-)(k)ut>L2 (110

where
G (k) = ﬁeikx and ¢ (z) = 2Re<Gm,a>L2(R3). (1.11)

These equations are the Hamiltonian equations of the energy
E(u,a) = < y(—A+ ) u >L2 R3) + <a WO‘>L2(R3) (1.12)

We denote the flow of solutions to the SKG equations by s[t](u,a) =
(ug, o), that is (ug, o) solves (1.10) with initial conditions (uy, ay)li—g =
(u, ). In our main results, we will use that s is well defined on H3(R3)® bs5/2
where H? denotes the L2-Sobolev space and b5 /2 1s the weighted space with

norm [lally, , = [/

ol r2(r3)- Moreover, the SKG flow conserves the energy
£ and the L?norm of u;. These statements follow from the more general
well-posedness result summarized in Proposition 2.2.

Our first result states that the one-particle reduced density matrices of a
state e "N Wy are close to those of the product state (1.9) if this holds at
the initial time and if the energy expectation per particle of Wy is close to
the initial mean-field energy. A convenient measure for the convergence of

reduced densities is given by the functional
BN, (u, )] = (Un, (919N )y, + NN 2W(VNa) U n|f3,,, (1.13)

where (g,)1 denotes the orthogonal projection ¢, = 1 — |u)(u| on L?(R3)
acting on the first particle’s variable x1, and N, = ng dk ajay, is the number
operator on F. The functional S8 counts the number of particles in states
orthogonal to v and the number of field modes outside of the coherent state
W(\/N a)S), both relative to the total number N of particles. In particular,
Bl¥ N, (u,a)] = 0 for states of the product form (1.8).
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Theorem 1.1. Let (u,a) € H*(R?) & bs/p with lullz2@sy = 1 and let
s[t](u, ) = (ug, ) denote the solution of (1.10) with initial data (u,c).
Then, there exists a constant C' > 0 such that for all N > 1, t € R and
Uy € D(HY?) with [|x |3y = 1,

3 [e_itHN\I’N,E[t](u,Oé)] < BCR(t) (‘N—1<\I;N’HN\I’N>HN — E(U, Oé)‘

+jH=IE%,)§ (ﬁ [P, (u, )] —i—N*l)l/j)

with R(t) =1+ o1 ([us][}s s, + 0180, )ds, and € defined by (1.12).

5/2

The proof of the theorem is given in Section 3.4. We note that R(t) does
not grow faster than polynomially in time by Proposition 2.2. Initial states
of interest are of course those for which the right-hand side is small. It is
important to mention that this is not the case if ¥y is exactly of the product
form (1.8). Indeed, due to the singular nature of the Nelson Hamiltonian such
states are not in the form domain of Hy, see [46, 58]. Next, we provide an
example of initial states in the form domain of the Nelson Hamiltonian that
are close to product states. To this end, we modify the large momenta by
means of a dressing transformation.

Proposition 1.2. For (u,a) € L?(R3) @ L*(R3), K > 0, let Bg, = (k* +
w)*lGK,x]IWZK and define

N
Uy o= [[W (N ?Bga,) (u® @ W(VNa)Q).
j=1
There exists a constant C' > 0 such that for all (u,a) € HY(R?) @ by with
||uHL2(R3) =1, K>0and N > 1
5[\I/N7K7 (u7a)] < CK_l (1 + HO‘HL2(R3))
INTH N, HyUn ) — E(u,a)] < C (K1 + 295 (fullF sy + lel,)-
The proof is given in Appendix A. Note that the dressing transformation
used above converges strongly to the identity as K — oo, and thus ¥y g

for large K is close to a product state also in the norm topology. For initial
states U n with K = N, Theorem 1.1 simplifies to the following form.

Corollary 1.3. Let (u,a) € H*(R?) @b/ with lullL2@s) =1 and let Yy N
be the state defined in Proposition 1.2 for K = N. Then, there exist constants
C>0,0>0 so that

B [e_itHN\IINW,s[t](u,aﬂ < eCUHIH") N—1/2,

Proof. The corollary is a direct consequence of Theorem 1.1, Proposition 1.2
and the bound on the solutions to the SKG equations of Proposition 2.2. [J

Remark 1.1 (Convergence of reduced densities). We briefly explain how The-
orem 1.1 relates to the approximation of reduced densities. To this end, recall
the definition of the reduced one-particle density matrix for the bosons,

1 = N'Try_n ® Trr(|Un)(Py]) (1.14)
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where Try  n is the partial trace w.r.t. (x2,...,2y), and the definition of
the reduced density of the field, given in terms of its integral kernel

7\(1?16)(&1) = <‘I]Naa7ak‘I’N>HN- (1.15)

Their distance, measured in trace norm, to the density operators obtained
from the solutions of the SKG equations can be controlled by § from (1.13)
via the inequalities [63, Lem. VII.2|

Tep§y) = Nlu)(ul| < N /8(0n, ()1 ), (1.16a)
Tl — Nlay(al| <IN W (VNQ) i3, (1.16b)

+ 6|l 2 ms) ING W (VNQ) U 30

For Uy (t) = e ™NWy and (us, ay), we consequently get a bound on the
difference of reduced densities in terms of the right-hand side of the bound
in Theorem 1.1. That is, for suitable initial states (such as those of Corol-
lary 1.3) the average boson behaves like u; and there are on average N field
modes behaving like ay.

Bogoliubov approximation. In the following we define the renormalized
Nelson—Bogoliubov evolution and explain its role in approximating the fluc-
tuations in the Nelson dynamics. We gather the quantum fluctuations around
the condensate with wave function v € L?(R3) and the coherent state as-
sociated with the field v Na € L?(R3) in an element x € F ® F that is

orthogonal to u in every variable x1,...,xy. That is,
o~ k
xePRQutreF=FL,eF (1.17)
k=0 sym

For any ¥ € Hy one obtains such a x := X, ¥y using a variant of the
excitation map introduced in [67], see Section 2.1 for details. To describe the
inverse of this map, let x*) denote the component of y in the k-th summand
of (1.17). If x®) = 0 for k > N, we can reconstruct ¥y as

N
Uy =W (VNa) Y u®VF e y® =Xz (1.18)
k=0

where the symmetric tensor product has to be understood as the tensor
product of the subspaces of L?(R?), span(u) and {u}, so that each summand

yields an element of ®é\;m L*(R*)®F, on which the Weyl operator W (v/Na)

acts in the second tensor factor.! Note that the product state (1.8) would
correspond to x = Q2 ® Q.

Now let Uy (t) and (ut, o) be solutions of (1.2) and (1.10) with suitable
initial conditions ¥y and (u,«), and consider the fluctuation vector x(t)

More precisely, we set u&N ¥ ®Sx(k) = Ps])\,’m(u®N7k (X)X(k))7 where the tensor product
is taken w.r.t. the spaces Span(u)®" % and ({u}*)®*®F and where PJ,, is the orthogonal
projection onto the symmetric subspace of @” L?(R?), while it acts as the identity on F.
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u
we can naturally identify with a subspace of the double Fock space

satisfying Wy (t) = X, 4, Xx(t). This vector is an element of F,,, @ F, which

F®F éé)(L%R?’)@L%Rf*)). (1.19)

n=0 sym

We will denote the creation and annihilation operator on the first factor in
F ® F, associated with excitations of the bosons, by b* and b.

The dynamics of the fluctuations x(¢) will be approximated by a time
dependent Bogoliubov transformation. Roughly speaking, Bogoliubov trans-
formations on F ® F are unitary maps that are determined (up to a phase)
by a map on L?(R3) @ L?(R3). This property makes Bogoliubov transforma-
tions much simpler in terms of complexity. To be more precise, define the
joint creation operator of the excitations and the field by

c(f@g)=b"(f)+a*(9), (1.20)

and the annihilation operator as its adjoint. A Bogoliubov transformation
on F ® F is a unitary map U with the property that

Uc"(f @ g)U = c"(u(f @ g)) + c(o(f @ g)) (1.21)

for some bounded linear maps u, v : L*(R3) ® L*(R3) — L?(R?)® L?(R?). In
other words, conjugation of a*, b* by U maps these to linear combinations
of a,a*,b,b" with modified arguments. For a more detailed introduction of
Bogoliubov transformations and related concepts, we refer to [89] and [12,
Sec. 4.

The generators of Bogoliubov transformations are (formally) Hamiltoni-
ans quadratic in the creation and annihilation operators, a,a*, b, b*. For the
Nelson model with ultraviolet cutoff, such a quadratic generator can be ob-
tained from the full Hamiltonian [33] following the approximation ideas of
Bogoliubov [10]. The Nelson-Bogoliubov Hamiltonian with cutoff A € (0, c0)
is defined by

Hga(t):/ d:cb;hatbxqt/ dk w(k)ajay, (1.22)
’ R3 R3

+ /R *dudk((4u, Gy (F)) (@) 0705 + (0 G (B)ue) () b ) + e,

where G2 (k) = Go (k)L jg<p and ha, = —A+ ¢a, — 5 (us, o, ur) with Go (k)
and ¢q, given by (1.11), and where h.c. denotes the hermitian conjugate of
the preceding term. Let U (¢) be the unique unitary propagator (with initial
time ¢ = 0) on the double Fock space F ® F associated with Hﬁ7a(t). For a
discussion of its existence, we refer to [33, Thm. 4.1] or Proposition 5.2 below
with § = 0. Our next result states the existence of a renormalized Nelson—
Bogoliubov time evolution in the limit A — co. We note that the numbers
E below, as given explicitly in Proposition 5.3, have the same asymptotic
behavior as those in the renormalization of the Nelson Hamiltonian (1.6).

Theorem 1.4. Let (u,a) € H® ® bsjo with |ull p2rsy = 1 and let (ug, o)
denote the solution of (1.10) with initial datum (u, ). There exists a family
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EA (with EM — 00 as A — o) such that
U(t) := s-lim TUA(t)e_itEA
A—o0

exists for all t € R. Moreover, U(t) has the following properties:
(1) U(¢) is unitary and strongly continuous in t,
(i) Ut)(FLu ®F) C Fly, QF,
(iii) U(t) is a Bogoliubov transformation on F & F.

Our second main result is a norm approximation of the dynamics gener-
ated by the Nelson Hamiltonian. It states that the fluctuations around the
condensate wave function u; € L?(R3) and the coherent state associated with
the field mode vV Nay; € L%(R3) are effectively described by the renormalized
Nelson—Bogoliubov evolution introduced in Theorem 1.4. Together with the
fact that U(¢) is a Bogoliubov transformation, this implies an approximation
of the Nelson evolution in terms of a transformation of the form (1.21).

Theorem 1.5. Let (u,a) € H3(R3)69b5/2 with ||ul|p2rsy = 1 and let (ug, o)
denote the solution to (1.10) for initial data (u,c). There exists a quadratic
form 6 > 1 whose domain is dense in F, @ F and a constant C > 0 so
that for allt € R, N > 1 and x € Fi, ® F with |x||rer = 1, we have for
Uy = X5 X given by (1.18)

< eCR(t)d(X)1/2 vin N

HeiitHN\I’N W(VNay) Zu@w k@, [U(t)X)(k)H

¢
where R(t) =1+ fl | ||usHH3(R3 + HOésH%/Q)
This theorem is proved in Section 4.3.

Remark 1.2. The quadratic form § is constructed explicitly using a unitary
Bogoliubov transformation W that implements a dressing on the level of
the fluctuation vector y. With this transformation, which is introduced in
Proposition 4.3 as Wi©, (1), d is given by

3(x) = IxlFer + (Wx, W? + dTp(=A) + dTe(w))WX) £ 7

e., it measures the expectation of the third moment of the number of
excitations and the energy of the excitations and the field after dressing
with W. In Proposition 4.3, we also show that W preserves the domain
of N2 This is relevant, as it implies that the norm of the initial state
Uy in (1.5) approaches one as N — oo. More precisely, it implies that
1Xa aXll#y > Xl FoF — CN—3§(x) for some C' > 0. On the other hand, let
us note that we do not expect that W preserves the norm of dI'y(—A).

(1.23)

The following corollary extends the norm approximation of Theorem 1.5 to
all initial states with finite number of excitations, in the sense that X, oV y
has a well-defined limit as N — oo.

Corollary 1.6. Let (u,a) € H3(R*)@bs o with [|ul| 2gs) = 1 and let (uq, o)
denote the solution to (1.10) for initial data (u, ). Let X;: . be the adjoint

ut,0

of the excitation map, given by (1.18). Let x € F1, ® F with ||x|lrer =1
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and let Wy, N > 1, be such that limy o |[¥ N — X;; o X2y = 0. Then, for
alT >0
lim |le” N0y — X7 Ut) x|y =0

Ut o
N—oo et

uniformly for |t| < T.

Proof. This follows from the density of the domain of the quadratic form ¢ by
an approximation argument, using that e~ U(t) and Xu,o are isometries.
To be precise, let € > 0 and choose N large enough so that ¥ — X7 ,x has
norm less than . Then choose x. € F,®F in the domain of the form § with
Ix—XellFer < & The difference of e~ X* . and X, , U(t)xe converges
to zero by Theorem 1.5, so its norm is smaller than ¢ for N sufficiently large.

Using unitarity of e *#~ U(t), and | X} | = 1, this implies that
le™ ey — X5 U)Xy < 4e, (1.24)
which proves the claim. O

1.3. Comparison with the literature. The broader subject of this work,
the justification of the time-dependent mean-field and Bogoliubov approx-
imations, has been addressed extensively in the literature, mainly in the
context of the Bose gas with two-body pair interaction. The situation of par-
ticles coupled to a quantum field has been explored to a much lesser extent.
Below we give a brief overview of the literature on this topic and other works
related to this study.

The first works on the mean-field approximation of reduced densities for
the many-body Bose gas with two-body interaction date back to the 1970s
and 1980s by Hepp, Ginibre, Velo, and Spohn [39, 40, 54, 90]. The ques-
tion was revived in the early 2000s [4, 31] and within the next years, new
techniques were developed to obtain explicit rates of convergence [19, 84, 87|
and to cover more singular two-body potentials, in particular those con-
verging to a Dirac-delta potential [5, 29, 30, 56, 85]. Since then, this topic
continues to be actively studied and we recommend [6, 43, 79| for a com-
prehensive survey of recent works. Fluctuations around the time-dependent
mean-field equations were considered first in [39, 40, 49, 50|. Since [66, 67,
this subject has gained increased interest which led to further extensions
and refinements in the derivation of the Bogoliubov approximation, see e.g.
[9, 14, 20, 27, 48, 57, 71-76, 83|. Higher-order corrections to Bogoliubov the-
ory have been obtained in [11, 12, 41, 42|. Let us note that Bogoliubov theory
plays a crucial role also in the description of the excitation spectrum of large
bosonic systems. While this has been extensively studied for bosons with
two-body potentials [7, 8, 28, 44, 52, 67, 77, 78, 86, 88|, we are not aware of
any results concerning the spectral properties of many bosons coupled to a
quantum field.

The derivation of the SKG equations starting from the renormalized Nel-
son model, in the same limit as considered in this work, has been addressed
previously by [2]. Using techniques from semiclassical theory, the authors
demonstrate that the Wigner measure associated with the many-body dy-
namics evolves in the limit N — oo in accordance with the push-forward of a
Wigner measure under the SKG flow. Since convergence of the Wigner mea-
sure implies weak-* convergence for the reduced densities, this statement is
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comparable to Theorem 1.1 of the present work. Unlike the approach taken
in [2|, which provides a limit result without explicit error estimates, our
method allows us to determine an explicit rate of convergence for the re-
duced densities. On the other hand, the results in [2] apply to a wider class
of initial states. Regarding our second result, the construction of the renor-
malized Nelson—Bogoliubov Hamiltonian and the norm approximation, we
are not aware of any prior work that has addressed this problem.

More results have been obtained for models with regular particle-field
interactions (i.e., without need for renormalization): For the regularized Nel-
son model with ultraviolet cutoff, derivations of the corresponding mean-field
dynamics were obtained in [1, 32, 63| and the validity of the Bogoliubov ap-
proximation as well as higher-order corrections was established in [33]. In
addition, the regularized Nelson model was studied also in a many-fermion
limit that is closely linked to a semiclassical limit [62]. Other particle-field
systems, such as the Frohlich model and the Pauli-Fierz Hamiltonian, have
been studied in the scaling regime of the present article too, see |61, 64] for
the mean-field approximation and [59] for an approximation of the Frohlich
dynamics in norm. The dressed Nelson Hamiltonan, which will play a cru-
cial role in our analysis (see Section 1.4), has similar regularity properties
to the Frohlich Hamiltonian, as both are given in terms of perturbations of
the non-interacting quadratic form. However, the dressed Nelson Hamilton-
ian has a more complicated structure than the Frohlich Hamiltonian since
it is not linear in creation and annihilation operators. This makes the anal-
ysis of the time evolution more involved already on the level of the dressed
Hamiltonian.

Within the broader scope of deriving effective equations from particle-field
models, it is worth noting the following works. The subject of [22-24, 38|
is a partially classical limit of a class of models (covering the regularized
Nelson, and the Frohlich and Pauli-Fierz models), where a fixed number of
particles is weakly coupled to a quantum scalar field with high occupation
number. For the Frohlich Hamiltonian specifically, the time evolution has
been actively studied also in the strong coupling regime [35, 36, 45, 60, 65,
70]. While the resulting effective equations are of similar form as the SKG
equations, the strong coupling limit is accompanied by a separation of time
scales between the particle and the field, a feature that is absent in the
mean-field limit. The papers [25, 55, 91| focus on the derivation of effective
pair particle potentials arising from the particle-field interaction, in suitable
weak-coupling and adiabatic limits.

Finally, for an overview of results on the renormalized Nelson model not
directly linked to the derivation of effective equations, we refer to the dis-
cussion of [68].

1.4. Outline of the proofs. General idea. The Hamiltonian expressed
formally in (1.3) can be represented in terms of an operator HB with more
regular and explicitly given quadratic form, conjugated with a unitary dress-
ing transformation WP, see Lemma 3.1. By unitarity of WP, this allows us
to relate the Nelson dynamics to the dynamics generated by the dressed
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Hamiltonian via
e~ HN = (WPyre P, (1.25)

The general strategy of the proof is to analyze the mean-field and norm
approximations of the dressed time evolution e~itHY , and then connect the
corresponding dressed mean-field and Bogoliubov evolutions to the original
(undressed) ones. To accomplish this, we will introduce approximations of
the dressing transformation that relate the dressed and undressed effective
evolutions, in analogy to the relation shown in (1.25). Denoting the dressed
mean-field flow and the dressed Bogoliubov evolution as sP[t] and UP(¢),
respectively, and the approximations of the dressing transformation by 2
and W, then the connection between the effective evolutions can be expressed
as

st =D tosPt]o®,  U®t) = WUPEH)W. (1.26)

To determine ® and W, we view WP = WP(1) as the special case of a quan-
tum evolution operator WP (6) with “time”  and examine its mean-field and
Bogoliubov approximations. The motivation for this stems from the obser-
vation that WP (6) is a unitary group that is generated by a field operator
resembling the interaction term in (1.3), but with a square-integrable form
factor replacing w~ /2. While the mean-field flow approximation D[0] has
been proposed and studied previously in [2], we extend this idea to the
level of the Bogoliubov approximation. One of the difficulties that arises
in this context is that the effective dressing W(6) will be generated by a
non-autonomous equation.

In the proof of Theorem 1.4, we establish an identity similar to (1.26) but
for UM (t)e™ P2 and with A-dependent versions of W and UP(t), and then
use that the cutoff can be removed for the conjugated dressed evolution.

Mean-field approximation. In order to derive Theorem 1.1, we consider
the dressed dynamics e—itHy applied to the dressed initial state WP v, and
compare it with the corresponding mean-field equations introduced in (5.2),
whose flow is denoted by sP[t]. This is the content of Theorem 3.2, which
gives an analogous statement to Theorem 1.1 but for the dressed evolu-
tions. The proof of Theorem 3.2 relies on the use of the excitation map and
estimates on the generator of the fluctuation dynamics. To relate the two
theorems, i.e., to pass from the approximation of e~ HYN to that of e HN
we then expand on the idea that the dressing WP itself can be approxi-
mated by the mean-field dressing transformation ®. This is the subject of
Lemmas 3.5 and 3.6, with the latter providing the reason for the required
energy condition in Theorem 1.1. Since ® interpolates between the dressed
and the undressed mean-field evolutions, i.e. s[t] = D! 0 sP[t] 0 D, this al-
lows us to translate the approximation result of the dressed dynamics to the
desired result on the undressed ones. The explained strategy is summarized
in the commutative diagram of Figure 1.
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D(u, ) y sP[t] o D(u, )

N—oo N—oo

WD\IJN e—itH}?,wD\I]N
J (WD)*
(u, ) rsft)(u, q)
Aoo /N—WO
vy f > e_itHN\I’N

Figure 1. Diagram schematizing Theorem 1.1 and its relation with the dressed
counterpart, Theorem 3.2. Each microscopic state on the front face is close to the
associated mean-field state in the limit N — oo (lying on the face beyond), as
measured by the functional 3. The arrows are kept unlabeled if the associated map
is obvious.

Since the proof of Theorem 1.1 is based on Theorem 3.2 for the dressed
Hamiltonian and this diagram, the natural initial condition would be a many-
body state of the form

Uy = (WD) (wP)®N @ W(VNaP)Q. (1.27)

However, such states are not close to product states of the form (1.8) when
measured by the full Hilbert space norm (by Lemma 3.5, they are close to
such states when measured by ). In Corollary 1.3 we show that Theorem 1.1
also applies to states that are close to product states. These are obtained
from Proposition 1.2, which shows that it is sufficient to apply the dressing
to momenta larger than K = N to solve the problem that exact product
states (1.8) are not in the form domain of the Nelson Hamiltonian.

Bogoliubov approximation. The general strategy of the norm approxi-
mation resembles the one of the mean-field approximation. That is, we start
again from the analysis of the dressed dynamics, where in analogy to the
discussion preceding Theorem 1.5, we now examine the fluctuation vector
XP(t) = Xp 1 (u,a)e_itHl?fX;7aX associated with the dressed mean-field flow
and compare it with the effective evolution UP(¢)x. Here, UP(t) is obtained
from the Bogoliubov approximation of the dressed dynamics. The statement
analogous to Theorem 1.5 for the dressed dynamics is given in Theorem 4.2,
whose proof is based on estimates on the difference of the generator of the
dressed fluctuations and the quadratic generator of UP(¢). To establish a con-
nection of this result to the one for the undressed dynamics, we use (1.25)
together with a norm approximation for the dressing transformation WP.
To this end, we elevate the mean-field approximation © to the level of the
fluctuations by implementing a Bogoliubov transformation W. For the def-
inition of W, we need to introduce a non-autonomous flow of Bogoliubov
transformations on F ® F, which is the content of Proposition 4.3. Lemma
4.5 then demonstrates that W indeed offers a norm approximation of WP in
the sense that X@(u7a)WDX;7aX ~ Wy as N — oo for suitable y € F ® F.
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As a final step, we argue that W interpolates between the dressed and the un-
dressed Bogoliubov evolutions, i.e. that U(t) = W*UP (+)W, with the precise
version of this identity given in (5.15).

Altogether, the argument for the norm approximation is based on the
following sequence of identities and approximations (which amount to the
arrows in a diagram similar to Figure 1)

emithn xx o U2 Dy tHR DX

~ (WD)*B_itHBXE(u7a)WX

~ (W)Y Xbon(um U () Wx
(1.26) S
= (WP X oo (e U ()W

1.26)

* * ( *
X X WUPOWY =" XJyuaUbx. (1.28)

u,r)
Renormalization. For the purpose of the norm approximation, we could
take (1.26) as the definition of U(¢) in Theorem 1.5. However, we also want to
elucidate the relation of this evolution to the one that can be formally derived
by applying the quadratic Bogoliubov approximation to (1.3). This relation
is given by Theorem 1.4. To this end, one needs to introduce an ultraviolet
cutoff A, since it is not clear that the Nelson-Bogoliubov Hamiltonian (1.22)
defines a self-adjoint operator for A = co. With a cutoff A, one might expect
that the Bogoliubov approximation of the Nelson dynamics is given exactly
by the Bogoliubov approximation of the dressed Hamiltonian, conjugated
with the approximation of the dressing. However, the Bogoliubov evolution
is fixed only up to a phase, so the identity may only hold for an appropriate
choice of such a phase. This is the content of Proposition 5.3, where we show
that the correct choice of phase e~ "E" i such that EA — 0o as A — 0o. The
phase serves to renormalize the Bogoliubov evolution, which is in complete
analogy to the renormalization of Hy, as stated in (1.6).

2. PRELIMINARIES

2.1. Fock spaces and excitation map. We recall the Fock space F =
Dy ®§ym L?(R?) and define the (truncated) Fock spaces for the excita-
tions of the particles,

k N o)
FO=Qluyt, FEN=PFY, F.=PF" @1
sym k=0 k=0

for {u}t = {¢ € L*(R3) : {p,u) = 0}. The relevant double Fock spaces for
the Nelson model are

FNoF,  FlL.®F and FoF, (2.2)

where the first factor always refers to the excitations of the N bosonic parti-
cles, while the second factor describes the excitations of the quantum field.
If the context is not unambiguous, we shall write F = JF; for the particles
and F = F, for the quantum field. In the order of (2.2), we refer to the
Fock spaces as truncated excitation Fock space, excitation Fock space and
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double Fock space. Moreover, we denote by b, b3, N, and ag, ai, N the
annihilation, creation and number operators on F;, and JF,, respectively. For

f € L%(R3) let
alf) = [ 6T B, o) = [ dbftai, (230
R3 R3
W) = [ e T@be b0 = [ do st (230)
R3 R3
denote the bosonic annihilation and creation operators. For self-adjoint T,
D(T) on L3(R3) we denote by dI'(T) the self-adjoint second quantization of

T on F. Depending on which factor of F ® F this acts, we write

dFa(T):/ dxdy T (k,l)aja; and de(T):/ dedy T (x,y)byby,
R6

R6
(2.4)
where T'(-, ) is the Schwarz kernel of 7'. With this, we introduce the notation
N =M+ N, T =dl, (—A) +dl,(w). (2.5)

We define the field operator by
o(f) = a(f) +a* (f). (26)

Using this definition, the Weyl operator introduced in (1.7) can be expressed
as

W(f) = e 200, (2.7)
It satisfies
W = W), WHW(g) =W (f+gle ™09 (28)
as well as the shift property

W*(£)axW (f) = ar + f(k). (2.9)

As an important tool in our analysis, we introduce a variant of the exci-
tation map introduced in |66, 67]. In the context of the Nelson model, the
excitation map factors out a condensate with wave function v and a coherent
state with field mode v Na. For u, o € L*(R3) with |ul|;2 = 1, it is defined

as the map

Xua:HN = FlLu®@F (2.10)
with Uy — (X(k))é\fzo given by

N\ /2 k) o
) = <k> [T(au)i(u®™=H) W (\/Na)\I/N>L2(R3<N_k)) e Fl e F,
=1

(2.11)

where (g, ); is the orthogonal projection ¢, = 1 — |u)(u| acting on the ith
particle coordinate x;. Here, the partial inner product is taken w.r.t. the
particle coordinates Zj41,...,zn. The adjoint of X, , is given by (1.18),
and it holds

XZ,aXu,a = ]1'HN7 Xu,ozXZ,a =1 (212)

FeNer
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in particular X, o : Hy — ffiv ® F is unitary. Written in terms of creation
and annihilation operators, the excitation map acts as

T ok b)) :

Xua¥n = (kEBOqu m) @ W*(VNa)Uy. (2.13)

This leads to the following useful relations [66, 67].

Lemma 2.1. As identities on F 1, ® F, we have for all f,g € {u}*

Xuab" (w)b(u) Xy, o = [N — Nyl

Xuab" ()X 0 =V (F) N = M2,

Xuab® (Whb(£) X7 0 = [N = NI 0()).

Xu,ab”™ (f)b(9) Xy 0 = " ()b(9),

where [a]y = max{a,0}. Moreover, for all h € L*(R3),

Xuaa(h) X} o = a(h) + VN{h,a).

To measure the distance between reduced densities, we introduced the
functional 8 in (1.13). In Section 3, we need a second functional given by

YN, (u,0)] = V1 (@)1 Unl? + N 7D (@) 2 (VNa) U |7 (2.14)

Using Lemma 2.1, they can be expressed in terms of the excitation map as

BN, (u,0)] = J(Xu,a N N XuaUN)y, s (2.15a)
YN (0, 0)] = 3 (XU, TXuaUN)yy - (2.15b)
2.2. Notation. We recall the Hilbert space
N
Hy=Q LR o F c R*™) o F, (2.16)
sym
and the definitions w(k) = vk? + 1 and
1 A
Go(k) = e ke (2.17)
w(k)

and introduce the function
B Gm(k?) B e—ikx
B o) b (2 +wh)

Moreover, we adopt the following notation conventions.

B (k) (2.18)

e For a normed space X we denote its topological dual by X".

e For normed spaces X,Y we denote the norm of a linear map A :
X 5 Y by [ Allx oy

H*(R3) with s € R denotes the non-homogeneous L2-Sobolev space.
For the norms on L?(R?) and H*(R3) we write |lu 2 and |lu|gs.
hs with s € R is the weighted L?-space with norm ||a|s, = [|w®c|| 2.
|| -|| denotes the norms of Hy and F ® F, depending on the context.
u; denotes the time-derivative of a function t — u;.

We do not specify the domain of integration if it is equal to R3".



RENORMALIZED BOGOLIUBOV THEORY FOR THE NELSON MODEL 17

e For the Fourier transform of u € L?(R?), we use the convention that
(k) = (2m) 32 / do k(). (2.19)

e For a quadratic form with domain Q(A) associated with A : Q(A) —
Q(A)', we write A 4 h.c. for the quadratic form

(1, (A 4+ h.c.)y) = 2Re(y, AY), P e Q(A). (2.20)

e The letter C denotes a generic constant, whose value may change
within a sequence of inequalities. For example, in X < CY < CZ
the two occurrences of C may represent different numbers.

2.3. The SKG equations. The next statement recaps the well-posedness
theory of the non-linear SKG equations,

i0pug(z) = ( — A+ ¢, (z) — %(ut, ¢atut>)ut(:ﬂ)
(ug, ) t=0 = (u, @).

Proposition 2.2. For any s > 0 the Cauchy problem (2.21) is globally well-
posed in H¥(R3) @ b_q/2. The solutions satisfy |lu¢llz2 = |lullzz and, for
s> 1, E(ug, o) = E(u, ) with € defined by (1.12).

In addition, for any integer s > 1, there exists § such that for any M >0
there exists C so that for allt € R and ||(u, &)||msep,_,,, < M, the solution

(ug, ) satisfies

C ifs=1,

U s + || <
laellzze + llewlly, ., < {C(l + |t])? otherwise .

Proof. The well-posedness together with the conservation properties is a spe-
cial case of [82, Thm.1.4]; see also |3, 21|. The estimate on the norms for
s = 1 follows from the conservation properties and an application of the
bound (6.4e). The polynomial-in-time bounds for s > 1 can be proved by
an iterative argument, adapting the approach of [35] for the Landau—Pekar
equations, see also [51] for a different approach. U

3. THE MEAN-FIELD APPROXIMATION

In this section we study the approximation of e ®#~ on the level of re-
duced densities and prove Theorem 1.1. We first consider the evolution gen-
erated by the Nelson Hamiltonian after dressing it with a suitable unitary
transformation. Even though the dressed Hamiltonian H]I\), has a more com-
plicated structure than the original Hamiltonian, it contains less singular
interaction terms and is thus better suited for our analysis. In fact, H]I\), is
a perturbation of the non-interacting Hamiltonian in the sense of quadratic
forms.

In order to approximate the evolution e~ HY , 1t is necessary to replace the

mean-field equations by their dressed variant, as already observed in [2]. The
—itHY

it

approximation result for the reduced densities of e Wy using the dressed
mean-field equations, with a statement analogous to that of Theorem 1.1,
is given in Theorem 3.2. We then study the dressing transformations, and
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state in Lemma 3.5 that they can be approximated by a mean-field dressing
flow in a similar way. The proof of Theorem 1.1 is given by combining these
results in Section 3.4.

3.1. Dressed dynamics on the microscopic level. With B, (k) given by
(2.18) and the field operator ® from (2.6), we consider the family of unitary
dressing transformations

ﬂexp (l% ZBZJ)> (3.1)

and set WP := WP(1). This transformation goes back to Gross and Nel-
son [80], and the following lemma recalls a well-known relation between the
renormalized Nelson Hamiltonian and the dressed Nelson Hamiltonian.

Lemma 3.1. Consider the symmetric quadratic form defined on the form
domain of AT ,(w) + N (—=A,),

ﬁ Ly v

1§i<j§N

N
HY =dl,(w) + > (-A
i=1

ﬂ\

N
++ Z (a(kBy,)? + 20" (kBy,)a(kBy,) + a* (kBy,)?)

where

Ay = =2(iVy - a(kBy) + a* (kBy) - iVy), (3.2a)
V(z) = —4Re(Gy, Bo) + 2Re(wB;, By). (3.2b)

There exists a unique self-adjoint operator H]]\D,, D(H]]\D,) whose quadratic form
coincides with the above, and we have

Hy = (WPy*HRWP.

Proof. Formally, this follows from the definition of the Weyl operators and
a direct computation. The precise statement is a corollary to the original
construction of the renormalized Nelson Hamiltonian [80], refined in [46].
There, one considers the operator H]]\D,’ i related to a dressing transformation
with an infrared cutoff K (as in Proposition 1.2). This is used to bound the
interaction terms relative to the form of the non-interacting operator with
bound less than one, for K sufficiently large (see [46, Thm. 3.3]). Trans-
forming HR x With the dressing transformation on momenta below K gives
the formula above. This does not change the form domain by [46, Thm. 4.1,
Lem. C4|. O

3.2. Mean-field approximation of the dressed dynamics. Given the
dressed Nelson Hamiltonian H]]\D,7 one can derive an associated mean-field
energy by projecting onto states of the product-like form (1.8) with given one-
particle functions u, . The dressed mean-field equations, the Hamiltonian
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equations associated with this energy, take the form

104U () = oy, ue ()
i0r (k) = w(k)oy + 2{ug, kB (k) (—iV + Fo, )ut) (3.3)

(u07 040) = (u7 a)

where
Puo = =D+ Ao + (Fo)? + V5 [u]? = ftua, (3.4a
Az = 2(=iV){kBy, o) + 2(kBy, a)(—iV,), (3.4b
F,(z) = 2Re(kBy, a), (3.

Hu,o = %<U, V x |u|2u> + Re<a, fu> + Re<a’gu7a>, (3.4d
Fuk) = 2{u, kB (k)(—iV)u),
Gua(k) = 2(u, kB(y (k) Fou).

We denote the associated flow by sP[t](u, @) = (uy, ay), that is (ug, o) solves
(3.3) with initial conditions (u, a¢)|t—o = (u, «) (existence of this flow is the
special case § = 1 of Lemma 5.1).

In the next statement we compare the evolution generated by H ]]3, with the
dressed mean-field flow sP[t]. To this end, we recall (1.13) for the definition
of the functional 8 and

YN, ()] = [ Vi@ On | + N7H[dE @)W (VNa) Uy (3.5)
Essentially, v is the mean kinetic energy of particles outside the conden-
sate state u and field modes outside of the coherent state W (v/Na)Q. Also
note that by Lemma 3.1 we have e 80y = (WP)*¢~#HR WPy which

explains why we now consider initial states of the form WPW y.
The following statement is the main result of this section.

Theorem 3.2. Let (u,a) € H> @ bs/2 with ||ullz2 =1 and let sP[t](u, o) =
(ut, o) denote the solution to (5.2) for initial conditions (u, ). There exists

a constant C' > 0 such that for all YV € D(H}V/z) with [¥n|| =1, N > 1,
and t € R, we have

B R WO, P[] 1, )]
< (CRP() (BWPEN, (u, )] +y[WPUN, (u,a)] + N71)
where RP(t) =1+ fow s 15 (1 + ”O‘S”h3/2)2d8'

To prepare the proof of the theorem, we introduce the fluctuation gener-
ator associated with e H~ and sP[t]. Recalling the definition of the excita-
tion map (2.11), and fixing ¥ € Hy, (u,a) € H> @ b5/2, we consider the
fluctuation vector

XD(t) = XSD[t}(u@)eiitHII\)’ WD\I/N. (36)
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A simple computation shows that xP(t) satisfies the equation i9;xP(t) =
Hyi=N (H)XP(t) with

HQIL),;J{SN( ) =iX sD[t](u, oz)( sD [t](u oz)) + X,p [t](u, a)H]I\)/(XsD [t](u, oz))*' (37)

Note that Hy aSN( t) maps f T ® F into FSN ® F, but for convenience, we

will write it as the restrlctlon of a symmetric operator H, D7 t): FOF —
F ® F, that is

HYSN(t) = HD(t) | FTN ® F. (3.8)

The explicit expression for HB o(t) is given in Section 6.4. The fluctuation
vector xP(t) then satisfies the Schrédinger type equation

0L(0) = HEo(0X° (1) 59
xP(0) = X, o WP . '
In Lemma 6.11 we shall prove the following bounds
F(HD o) = T) < 4T+ CWN + 1)(1 + £N3)?, (3.10a)
HiN,HY (6] < 3T+ OV + 1)(1 + £N)?, (3.10b)
G Hoa(t) < 5T+ Cpt) WV + 1)(1 + FNG)?, (3.10¢)

where A" and T are defined as in (2.5), p(t) = |lug||3s (1 + ||04tHh3/2) and

(ug, o) = sP[t](u, ). Equipped with these estimates we can now come to
the proof of Theorem 3.2, whose strategy is inspired by [15, 59, 76].

Proof of Theorem 3.2. Consider (us,c;) = sP[t](u,a) and the fluctuation
vector xP(t) given by (3.6) for initial states (u,a) and ¥y as stated in the
hypothesis. Note that by definition, xP(t) € ffﬁ ® F. Relations (2.15a) and
(2.15b) imply that

Ble TR WP Wy, sP ] (u, )] = L (P (1), NXP (1)) (3.11a)
u, )] = & (XP(1), TXP (1)) (3.11b)
From (3.10a) and T, <nxP () = xP(t) it follows that

NBle R WP W, 5Pl (1, 0)] < (XP(8), (T + MNP (0))

<2(xP(t), HL . X" () + C(xXP (), (N + DxXP (1)) = £(2).
(3.12)

We proceed by estimating the time-derivative of f(¢) in order to conclude
via Gronwall’s inequality. Using (3.9) and with the aid of (3.10a)-(3.10c),
one computes

1F@®)] = [200° (1), (F Hy o )XP (1)) + CXP (1), i[Hyy o (), NxXP (1))
< C(x(), XD()>+CP()< P(t), (N +1)x t)>
< O (), Hyo X (1)) + Cpt) (X (1), W + DX (1))
< Cp(t) f(1), (3.13)

,Y[efitHII\), WD\I/N, 5D [t]
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where we used that p(f) > 1. Gronwall’s inequality thus implies f(t) <
ecfomp(s)dsf(O) and using again (3.10a) together with (3.11a), (3.11b), we
arrive at

Ble R WPy, sP[f] (u,a)] < CeC o’ P9 L (P (0) (T + A +1)xP(0))

= RO (BIWP W, (u,0)] + /WPy, (u,0)] + N71).  (3.14)
This completes the proof of Theorem 3.2. U

3.3. Mean-field approximation of the dressing transformation. The
dressing transformation WP is generated by an operator that looks like the
interaction term of the Nelson Hamiltonian, but has the regular form factor
iB,. There are thus mean-field equations associated to the dynamics 6 —
WP(6), (3.1), as in the case of the (dressed) Nelson Hamiltonian. The mean-
field equations corresponding to the dressing transformation are given by

i@gue(az) = Tub of (x)ue(x)

dpa? (k) = Bo(k)|u?|2(k) (3.15)

(u97 ae)‘9=0 = (u7 a)

where we introduced

~ 1, ~ ~
Tu,a(T) = ¢o(z) — §<u, pau), Ga(x) = 2Re(iBy, a). (3.16)
We denote by D[0] the flow corresponding to this equation, i.e.
D[0)(u, a) = (u?, ), (3.17)

where (u?,a?) is the solution to (3.15) with initial condition (u, ). Being

the flow of an autonomous system of equations, we have D[] o D[—6] = 1.
For 6 = 1 we use the shorthand © := D[1].

In fact, ©[0] can be determined explicitly following [2, Lem. III.11]. Since
Tu0 o0 18 real, the solution satisfies |u’[* = |u|?, and then the equation for «
can be solved for -

o’ (k) = a(k) + 0B (k)|u|? (k). (3.18)

Since By is an even function,
Re(iB, Bolul?) =l [ dyBY(y — o)) 0. (3.19)

Hence, we have ane = &a, and one can simplify the equations using 7,0 40 =
Tu,o- The system of ordinary differential equations (3.15) for each (x,k) is
then solved explicitly by

(u,a’) i= D[], @) = (7 ou,a+ 0Bo(NuP?).  (3.20)

The flow D[] preserves the relevant spaces of Cauchy data for the SKG
equations (cf. Proposition 2.2).

Lemma 3.3. Let n > 1 be an integer and n — 1 < s < n + 1. There
exists C' so that for all (u,a) € H™(R3) @ by and 0] < 1 the functions
(u?,a?) = D[0)(u, @) satisfy

0
[6” ][ g (rsy < Cllullzm ey,
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0
lo”llg, < CCllulizm + llally.)-

Proof. We use the explicit form (3.17) of ©[f] and some straightforward
estimates (some of which will be proved in Section 6.2). We have for m < n

e = (V + iV 7y0) 0. (3.21)
With V7, o(z) = —2Re(kB,, a) we thus have

LIPS Sy H(ﬁukrﬁBo,raw)vaﬁu

L2
0=0 ji+-+je<m =0
< Cllullam|lelg, (3.22)

by Lemma 6.3 (where we used that s > n — 1). For o we have

la?llo. < llexlly, + 10111 Bo(k)lul [, < lledlg, + O1l[ul*llz7s-5/2-  (3.23)

For n = 1 we simply bound the last term by ||u||?, < C||ul|3,:, and for n > 2
we use that

12l gga-sr2 < [l < Cllulifpn. (3.24)

This proves the claim. O

To connect the statements of Theorems 3.2 and 1.1, we make use of the
fact that the dressing flow © interpolates between the SKG flow (2.21) and
the dressed mean-field flow (3.3). This is a direct consequence of Lemma 5.1
for 6 = 1.

Lemma 3.4. For allt € R, we have
sP[t] oD = D oslt].

The next lemma is an analogue to Theorem 3.2 for the dynamics WP (6)
in “time” 6.

Lemma 3.5. There exists a constant C > 0 such that for all (u,a) €
HI(R3) @ ho with |jullpz = 1, Yy € Hy with |[¥y] =1, N > 1, and
10| <1, we have

BWPO)wn, D[0)(u, )] < U H1lho) (5w, (u, 0)] + N 1),

To prove the lemma, we introduce, in close analogy to the discussion after
Theorem 3.2, the fluctuation generator associated with WP (6) and D1[6]. For
Uy € Hy and (u,a) € HY(R3) @ hg, we consider the fluctuation vector

(0) = Xp0)(ua) W (0)Ux. (3.25)

A short computation shows that i9p((0) = D%g(ﬂ)@v(ﬁ) with

N
Dig(e) = X’D[O}(u,a) (\/_lﬁ Z q)(ZBm])> (X'D[@](u,a))*
j=1

+1 (O Xo0)(ua)) (Xop0)(ua))-  (3.26)
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As before, it is convenient to write D;g(@) = Dya(0) 1 ffiv ® F as the
restriction of a symmetric operator D, o(6) : F @ F — F ® F. After calcu-
lating Dég (0) by a straightforward application of Lemma 2.1, we make the
choice

Dy a(8) = dTy(Tu,a) + </dmd/<: Koo (ky 2)aibs [1 — Nb]l/Z + he )
_ (/dxdkliue(—kj,x)akb;[ Nb]1/2+ hc )

+N1/2/dm b (que‘f(in)que - <u9,<i>(iB(_))u9>>bx, (3.27)
where 7, o is defined by (3.16) and
ku(k, 2) = (quiB(y(k)u) (z). (3.28)
Proof of Lemma 3.5. Consider the fluctuation vector ((#) given by (3.25).
Using (2.15a), we can express the relevant 8 functional as
BIWPO)Ux, D) (u, a)] = 5(C(6), N C(0)). (3.29)
We use i0gC(0) = Dy o (0)((0), with D, () given by (3.27), in combination

with the commutator bound (which is stated precisely and proved in Lemma

6.13)
HilN, Dua(0)] < Cllullfp + lalls) V + D1+ (FA)?). (3.30)
Together with ¢(6 ) = 1, <n¢(0), this implies

|5 (C(0), NC(9))] < Clllullz + llallg (¢ (B), (N +1)¢(6)) (3.31)
and by applymg Gronwall’s inequality, we obtain for |9 < 1

(C(O), (N +1)C(0)) < L0112 Hledlyg) (¢(0), (N + 1)C(0)). (3.32)

In combination with (3.29) and the fact that ||((0)|| = 1, we can derive the
desired bound. U

As a final preparation for the proof of Theorem 1.1, the following lemma
gives an upper bound for the functional -y, defined in (2.14), when evaluated
for the dressed states WP Wy and D (u, ) in terms of the energy difference
of the microscopic and mean-field models evaluated in the states ¥y and
(u, ), without dressing,.

Lemma 3.6. Let (u,o) € H*(R?) @ bso with |[ul|2 =1 and £ be given by

(1.12). There ezists a constant C > 0 such that for all ¥y € D(HJIV/2) with
|Un| =1, N > 1, we have

y[WPT N, D(u, )] < C< IN“H( Wy, HyUy) — E(u, )]

+ max (8 (U, (u,)] + N71Y72).
]: b

For the proof of Lemma 3.6, which is given in Section 6.5, it is important

to note that the strategy used to prove Theorem 3.2 does not work. The

reason for this is that the operator T is not dominated by the generator

Dy, (8), and hence we do not have analogous estimates to (3.10a)—(3.10c)
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at our disposal. Therefore we rely on a different type of energy estimates,

motivated by ideas from [56].

3.4. Proof of Theorem 1.1. Combining the results of the previous two
sections, we can prove our first main theorem.

Proof of Theorem 1.1. For (u,c) € H*(R?) & bjo, denote by
(ug, 00) = s[t)(u, @), (uP,aP) =D(u,a), (v, ap) = s [t] o D(u, )

the solutions of the SKG equations (2.21), and the dressed SKG equations
(3.3) with initial data transformed by the mean-field dressing transforma-
tion (3.17). Also recall that by Lemma 3.4

D (ug, ) = s [t](uP, aP). (3.33)
Since WP(=1)WP(1) = 1 and ®[-1] oD = 1, we can use Lemma 3.5 for
0 = —1 and with ¥y — WPe #ANT \ and (u,a) — D(u,a), to get
B[eiitHN\II]\H (uta th)]
< LRI +la? lng) (8 [WDefitHN\I}N’Q(u“at)] I Nfl) . (3.34)

The exponential factor is uniformly bounded in ¢, since by Lemma 3.3 and
Proposition 2.2

luf 171 < ClluelFn llewlly, , < € (3.35a)
o llgo < ClluellFp + llewlly,,,) < C. (3.35b)

In view of Hy = (WP)*HYWP (see Lemma 3.1) and (3.33), we can proceed
using Theorem 3.2 to estimate

Ble M RWP Wy, sP [ (P, )]
< R0 (BWPEN, (WP, a)] +4[WPy, (WP, o) + N71), (3.36)

where RP(t) = 1 + fo‘tl [uD]25(1 + ||ostHh3/2)2ds. The S functional on the
right side is estimated with the aid of Lemma 3.5,

BIWPU N, D(u,a)] < C(B[TN, (u,a)] + N71). (3.37)
The ~ functional is bounded by Lemma 3.6, which yields altogether

B[efitHN\I,N, (Ut, Oét)] S eCRD(t) < ‘N*1<\I[N,HN\IIN> — g(u, CV)‘

+ mas (B[, (w0)] + N7 ). (3.39)

It remains to relate the time-dependent pre-factor to the solution of the SKG
equation. Using Lemma 3.3 and the fact that (u?, o) = D (us, o) we have

Wz (1 + 10l ) < Cliuslzs s, ., (1 + el + llusliZ)- (3.39)

By Proposition 2.2 we have Hus||fq1 < C. Young’s inequality then yields

[¢]
RP(0) <140 [ (ol + ol s, (3.40)

and this proves the claim. O
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4. BOGOLIUBOV THEORY AND THE NORM APPROXIMATION

In this section we study the Bogoliubov approximation of e *H~ and prove
Theorem 1.5. Our strategy is similar to the case of the mean-field approxima-
tion discussed in Section 3. We start by introducing the dressed Bogoliubov
Hamiltonian Hga(t) and the associated Fock space evolution [Uaa(t), which
describe the fluctuations around the mean-field solution for the dressed dy-
namics. In Theorem 4.2 we provide a statement analogous to Theorem 1.5
for the dressed case. In Section 4.2 we then study the norm approximation
of the dressing transformation, which is given again in terms of a suitable
Bogoliubov type evolution. This evolution describes the fluctuations with re-
spect to the mean-field dressing ©[f]. We use the norm approximation of the
dressing to relate the statements of Theorem 1.5 and 4.2. For that purpose,
it is crucial to observe that the Bogoliubov approximation of WP (6) in fact
interpolates between the dressed and undressed Bogoliubov evolutions. This
is stated in Proposition 4.6, whose proof is given in Section 5.

4.1. Norm approximation of the dressed dynamics. We introduce the
Bogoliubov evolution describing the fluctuations associated with the dressed
Nelson Hamiltonian HY and the dressed mean-field equations (5.2). To this
end, we consider the quadratic approximation of the fluctuation generator
H?,(t) introduced in (3.7) (see Lemma 6.10 for the explicit form of Hp ,(t)).

For (u,a) € H*(R®) @ bs/o and (ug, ) = sP[t](u, ), we introduce the
quadratic operator acting on F ® F given by

HY () = dTp(he) + KO + (K + h.c.) + dTy(w) (4.1)
[ (g Lo (5)00) )03 + (g0 Loy ()" 0) (2)an) + e
+ /dkdl< —OM,, (k, —)akay + My, (k, Datal + My, (—k, —l)akal)

with hy = hy, q, as defined in (3.4a),

(La(k)u)(z) = 2kBy (k) ((—iV + Fo(z))u) (z), (4.2a)
My (k,1) = (u, kB(y (k) - 1By (Du), (4.2b)
with F,, given by (3.4c), and

x u

1
K = /dmdyK&l)(x,y)b*by, K2 = §/d:cdyK£2)(:U,y)b;bZ (4.2¢)

where
Kél) = QUKS)QM I}qgl)(x, y) = u(x)V(x - y)u(y), (4'2d)
KD = (u®a)K?,  EP@y) =u@V(e-yul) (420

with ¢, = 1 — |u)(u| and V(x) defined in (3.2b).
The next proposition on the evolution generated by the operator Hga(t)
is the special case # = 1, A = oo of Proposition 5.2 below.

Proposition 4.1. Let (u,e) € H*(R?) @ by with |ul2 = 1 and let
(ug, o) = sP[t](u, o) be given by (3.3). For every ¥ € D((N + T)Y/2) there
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exists a unique solution to the Cauchy problem

0, (t) = Hy, (1) U(t)
W(0) = T,

such that ¥ € C(R,F @ F) N L (R, D((N + T)Y/2)). The solution map

Uy — (L) extends to a unitary Uaa(t) on F® F satisfying [Ullt),a(t)(]:Lu ®
F) C Fiy, ®F. Moreover, for every £ € N there is a constant C'(¢) such that
forallt € R,
UL o () (T + N + UL, (1) < eCORO(T 4 A 4 1),
UR, () WV + 1) UR (1) < CORPO (V1)

in the sense of quadratic forms on F @ F, with RP(t) =1+ fo‘t' [lus]s (1 +
|’a8”h3/2)2d8'

The next theorem is our main statement of this section, making precise
that the evolution Ug,a(t) describes the fluctuations of the dressed Nelson
dynamics around the dressed mean-field solutions.

Theorem 4.2. Let (u, ) € H3(R®) @ b5 o with |Jul|rz =1, and UY ,(t) the
unitary defined in Proposition 4.1. There exists a constant C > 0 such that
forall x € Fi, @ F with ||x|| =1, N >1 and t € R,

Vlog N
N1/4 2

where RO(t) = 1+ [} Jusll%s (1 + llavslly, ,)?ds with (u, a5) = sP[s)(u, @)
and

—itHD % * D
€ tHNXu,aX_ 5D[t}(u,a)UB,a(t)XH SBCR (t)(SD(X)l/2

6P (x) = [[(1 4+ N? + dTy(=A) + dTa(w))*x*.

The proof of the theorem relies on a technical bound on the difference of
HBa(t) and its quadratic approximation Hga(t) in terms of the operators
N and T. In details, there exists a constant C' > 0, such that for all y €
FNQF, ¢ FRF,

D D
‘<X7 (Hu,a(t) - Hu,a(t)) ¢>{
In N
N1/2
with p(t) = [Jug]|%s (1 + ||04tHh3/2)2- The precise statement and its proof are
given in Lemma 6.12. Note that we choose to distribute the higher moments
of N unequally in (4.3) because below we will rely on the estimates provided
by Theorem 3.2 and Proposition 4.1 that control the higher moments of

N during the Bogoliubov dynamics but only its first moment during the
many-body evolution.

< COpt) =z || N+ T+ )2 x| WB+T+1) g (4.3)

Proof of Theorem 4.2. Using that the excitation map is isometric, we can
write the norm difference as

7N X5 X = X ey Una O] = [IX° (1) = T snURa ()X

L (44

_itHD s
where \P(t) = D [1] (u,) € ZtHNXu@X and by (2.12), xP(0) = Ty, <nX-
Since 1, <nXP () = xP(¢) we can omit the projection on the right-hand side
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by increasing the value of the norm. Recalling (3.9), we now use i9;xP(t) =
H?,(t)xP(t) and Proposition 4.1 to obtain

X (1) = U ax[? = 2Im(xP (2), (H,)o(t) — Hy o (1)U e (t)x).  (4.5)

Using again 1y, <nxP () = xP(¢), we can apply (4.3) to bound the right-
hand side, so that

FIxP @) = UL )x]

< CopOI W+ T+ D2 XL | (V® + T+ 1) V202, ()| 2

XHW-

By Proposition 4.1, we have
W2+ T+ DY20R , (x < B O + T+ 1) 2y (4.7)
and by the same argument as in the proof of Theorem 3.2,
OP@), (N + T+ P (1)) < PO RP0), (W + T+ DxP(0)).  (4.8)
Since || xP(0) — x| < N~1|N/2x||?, this implies the desired bound
() = URa(xIP < e“F QN+ T+ D)2 PN TN, (4.9)

which concludes the proof of Theorem 4.2. O

4.2. Norm approximation of the dressing transformation. We now
consider the dressing transformation on the level of the fluctuations. The ef-
fective dressing transformation is used for two purposes. First, it allows for a
norm approximation of WP (#) and, second, it provides an interpolation be-
tween the undressed and dressed Bogoliubov evolutions. Since the undressed
and the dressed Bogoliubov Hamiltonians are both quadratic operators on
F ® F, see (1.22) and (4.1), it is natural to choose the dressing transforma-
tion that interpolates between the two itself as an evolution generated by
a quadratic operator. The right candidate for this is the Bogoliubov type
approximation of the microscopic dressing WP (#) associated with the mean-
field flow ©[A] (more precisely, the evolution generated by the quadratic
approximation of the fluctuation generator (3.27)).

For (u,a) € L*(R?) @ L2(R?), (u?,a?) = D[](u,a), A € Ry U {o0},

consider the quadratic operator
D} o (0) = dTy(Tue) + ( / dzdk (ko (k, x)afbs — k5 (—k, z)agbl) + h.c.
(4.10)
with 7,  defined in (3.16) and
Rk, 2) = (quiB (R)u) (@), BAK) = 1enBa(k). (4.11)

Since the unitary generated by D{L\,a will play an important role in the renor-
malization of the Nelson—-Bogoliubov Hamiltonian in Section 5, we introduce
the kernel s with a cutoff A € Ry U {co}. The next proposition states the
existence and some important properties of this unitary evolution.
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Proposition 4.3. Let (u,a) € HY(R3) @ L2(R3) with |lul|;2 = 1 and let
(u?,a?) = D[0)(u, @) denote the solution to (3.15) with initial datum (u,c).
For every A € Ry U {oo} and ¥y € D(N'Y?) there exists a unique solution
to the Cauchy problem

10,0 (0) = DA, (0) V()
U(0) = ¥

such that ¥ € C(R, FRF)NLYL,(R, D(N'/2)). The solution map ¥o — ¥ (0)

defines a unitary W{ia(@) on F @ F with the following properties
(i) W (0)(Fru®F)=Flp@F.

(i) (u a,\) — WA o(0) is strongly continuous.
(iii) WA _(0) is a Bogoliubov transformation.
(iv) For every { € N there exists a constant C(£) > 0 such that for all
(u, ) € HY(R}@SL?(R3) with ||u||2 =1, A € Ry U{oo} and |0] < 1,
WA ()" W + )P W2 () < POtz (a7 4 )8 (4.12a)
WA (O)N + 1) WA (6) < OOl Flell) (A7 4 ¢ (4.12b)

in the sense of quadratic forms on F ® F.

Proof. Existence and uniqueness of the solution follow from [66, Theorem
8] in combination with the bounds from Lemma 6.13. As a consequence,
there exists a two-parameter flow W ,(6,6') that for 6,6',6” € R satisfies
W2 ,(0,6"YWh (0”,6') = W2 ,(6,6'). Indeed, define W2 ,(6'+13,6')¥(6') to
be the solution of idyx () = Dﬁa(@/ + 9)x () with x(0) = ¥(#’). Then the
flow property follows from uniqueness of the solution, since W{j’a(e, 0w (6
and W(#) are both solutions that agree at § = ¢’. Since Dﬁa(ﬁ) defines a
symmetric quadratic form on D(N/2), the flow maps W2 ,(6,6') are unitary.

To show the mapping property, consider the orthogonal projection I'(g,0)
defined by T'(gue) | F™M@F = (gu0)®" ®1. Since ['(quo ) (FRF) = F | 0 QF,
proving that for all ¥ € D(N/?)

i4g |0 (qu0) T (0)* = —(¥(8), D0 (8) — AT (Tua), T(gu0)¥(8)) =0 (4.13)

will imply W4 ,(0)(FL, ® F) C Fp,e0 ® F. This holds, since 5, (k,-) €
Ran(g,s) and thus

[/dkdx mﬁe(k,x)a;;b;,r(que)] - /dk al {b*(/ﬁg@(k,.)),l‘(qug)} (4.14)
= /dk apb* ((1 — quo)kl (k,))T(gque) = 0,

with similar calculations for the other terms in the commutator. Applying the
same argument to Wﬁ’a(ﬂ)* = Wﬁva(H’, 0)|¢'—o shows that W37a(9)*(]:lu0 ®
F) C Fiyu ® F, which gives the equality.

We now prove continuity of (u,a, A) — W’;a(a)\ll for every ¥ € F ® F,
6 € R. Let v/, € L?*(R?), A’ € Ry U {oo}. By uniqueness of the solution,
Duhamel’s formula

(@, (1= W2, (0)WE ,(0)F)
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0
= —i /0 dn{®, W ()" (D5 o (n) — DA () WA (0)) ) (4.15)

holds for all ¥, & € D(N'Y/2). As (v, a’, ') = (u,c, A), Ty o tends to 7, o
in L°(R3) and % tends to «% in L2(R3 x R3), as one easily verifies. Thus,
D{L\,a(n) — ID){L\,/,Q/ (7) tends to zero as quadratic form on D(N/?) and since
W{L\ﬂ(n) preserves D(N/2) the difference in (4.15) tends to zero. Since 1 —
Wﬁa(Q)*Wi}: o (0) is uniformly bounded, we can extend the convergence to
arbitrary ®,¥ € F ® F, so Wﬁ,: u(0) — W’;a(é’) in the weak operator
topology. Since this is a family of unitary operators, this implies convergence

in the strong operator topology.

The fact that W{ia(@) is a Bogoliubov transformation can be deduced
from the property that 7, € L*(R?) and 2 € L?(R? x R?), which holds
for all A € Ry U{oo}. A proof of this well-known implication is provided in
Appendix B (for a different proof see e.g. [12, Lem 4.8]).

To demonstrate the final statement, we rely on the fact that Wﬁa(ﬁ) is
a Bogoliubov transformation. This implies the existence of bounded linear
maps u,v: L2 @ L? — L?> ® L?, v € G?(L? ® L?), such that

Wia(0) ¢ (f @ W3 o (0) = c*(u(f @ g)) + c(o(f @ g)) (4.16)

for all f,g € L?, where ¢*(f @ g) = b*(f) + a*(g). Using this relation, one
can deduce (see [12, Lem. 4.4|) that for all / € N

Wi o(0) WV + 1) W3 () < (1 +2]ofle, + ul)* W +1)° (4.17)
as quadratic forms on F® F. To bound the norms on the right-hand side, we
rely on the fact that ||o||g, = ||./\/’1/2V\V£’a(9)9||2 < eC(||u||Zl+||a||L2)’ where
the estimate for HJ\/'UQVVQOC(H)QH2 is obtained by estimating the derivative
w.r.t. 6, using the bounds from Lemma 6.13 and then applying Gronwall’s
inequality. Together, this proves (4.12a). Now using the fact that the inverse

of a Bogoliubov transformation is again a Bogoliubov transformation, the
proof of (4.12b) can be carried out in a similar fashion. In fact, it is easy to

show that W4 ., (0)c*(f @ g)Wh ,(0)* = ¢*(u*(f @ g)) —c(v*(f @ 7)) and thus
we can follow the same steps as in the proof of (4.12a). O
Lemma 4.4. Let (u,a) € H?(R?)® L2(R3) with ||ul|2 = 1, and A € (0, 00).
Then for all 8 € R and r € [0,1] we have

W3 o (6)D(T") € D(T)
where T = dTy(—A) + dly (w).

Proof. For u € H%(R?) and finite A, the coefficients of the generator, 7, (z)
and /ﬁﬁg(k,x), are elements of H?(R3) in z and compactly supported in k.
The commutator [T, ]Dﬁa(@)] is thus T-bounded. From this the claim follows
from Gronwall’s inequality and interpolation. O

The next lemma shows that the dressing transformation WP () intro-
duced in (3.1) is effectively described by the evolution W<, (¢) introduced
in Proposition 4.3. The proof of the lemma follows a similar strategy as the
proof of Theorem 4.2.
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Lemma 4.5. There exists a constant C' > 0 such that for all (u,a) €
HY(R3) @ L2(R3) with |jull;2 = 1, x € Fru ® F with ||| =1, N > 1
and 0| <1,

* * 00 ul|? a 3 _1
[WP0) X 0x — X100y Waca(@)x]] < U tlole)q 4 a2y N2,

Proof. Let ((0) = Xp[g(
norm difference as

HWD(G)X:;,O(X - X%[G}(u,a)wzfa(a)xu = HC(G) - ]leSNchfa(e)XH' (418)
Observe that dropping the projection 1, <y from the norm increases its
value, as Lp,<n((0) = ((0). Using i0pC(0) = Dy (0)C(9), with D, o(0)
given by (3.27), and Proposition 4.3, we obtain

wlC0) — Wi (0)x1?

= 2Im<<(9) - ch,)a(e)Xa (Du,a(e) - ]DZ?Q(H)) ch,)a(a)x> (419)

To bound the right-side, we employ Lemma 6.13, which states the existence
of a constant C, such that for all (u,a) € H'(R?) @ L?(R?) with ||ul|;2 = 1,
ox € FOF,

(&, (Du,a(0) = D (0)x)] < Cllg| [V + 1)* x| N2, (4.20)
With this at hand, the proof is readily finished, as
wl1C(0) = Wi (0)x1?
< CJ¢(0) = Wt (OXI IV + )Y PWee, (0)xIN T2, (4.21)

so using that ||¢(0) —x|| = [|[Ta,>nx|| < N73|N3/2x||? and integrating leads
to

)WD(H)X;@X with ((0) = Ty, <nx and write the

U,

16(8) = Wika ()x]| < CIN + 1P 2Wee, (0)x | N~2. (4.22)
The desired result now follows from (4.12a). O

In the next proposition we make precise how the dressing Wi°, (1) in-
terpolates between the dressed and undressed Bogoliubov evolutions. This
is the analogous statement to Lemma 3.4 for the mean-field flows on the
level of the fluctuations. The proof of the proposition, along with the proof
of the existence of Uy o(t) (Theorem 1.4), is the subject of Section 5 (see
Proposition 5.3).

Proposition 4.6. Let (u,a) € H3(R?) & b5 /5 with ||lul|;2 =1, and U, UP,
W the evolutions introduced in Theorem 1.4 and Propositions 4.1, 4.3. For
every t € R, we have

Ug(u,a) (t) ch,)a(l) = :[C;f}(u,a)(l) Uu,a(t)'

Observe that the actions of the mean-field flows, with respect to which we
are considering fluctuations, on both sides of the identity agree. Indeed, on
the left (u,«) is first evolved to D (u, ), by the definition of the generator
D, (0), which is taken as the initial reference state in the dressed Bogoliubov

transformation Ug( ) whose generator includes the evolution s®. On the

right side, the reference states evolve according to (u,a) — s[t](u,a) —
DI[1] o 5[t](u, @), which equals s°[t] o D(u, ) by Lemma 3.4.
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The next statement is the last step in the preparation for the proof of The-
orem 1.5. It is an immediate consequence of Proposition 4.6 and Propositions
4.1, 4.3.

Corollary 4.7. Let Uy, (t) be the unitary of Theorem 1.4 for (us, o) =
s[t](u, ) and (u,«) as stated in the hypothesis. For every £ € N there exists
a constant C(€) so that for all |t| > 0

Ui (1) (N + 1) Uy o (t) < eOFO (A 4 1)

as quadratic forms on F @ F, where R(t) =1+ f0|t‘(|]u5H}?3 + HasHégm)ds.

Proof. Starting from the identity of Proposition 4.6 and acting on both sides

with W;’E’t] (wa)(l)*, we can express Uy o(t) in terms of three Bogoliubov evo-

lutions, for each of which the corresponding bounds on number operators
have been established in (4.12a), (4.12b) and Proposition 4.1. Collecting the

right constant, this gives

Uyo ()N + 1) Uy alt)
< 6€(€)(R%)+||u?||§,1+||ozP||Lz+||u||§,1+||oe||Lz>(NJr 1) (4.23)

with RP(t) = 1+ [ [uP||2(1 + [[aP |y, ,)2ds where (uP,aP) = sP[1] o
D(u, ). That the exponential factor is bounded by e“@F®) follows from
(3.35a) and (3.40). O

4.3. Proof of Theorem 1.5. We are now ready to prove our second main
result.

Proof of Theorem 1.5. Let (u,a) € Hg(Rg)EBhg,/z with |lul|2 =1, x € FL.®
F, as given by the hypothesis. Let WS, (1) be the Bogoliubov approximation
of the dressing transformation of Proposition 4.3 and U, 4(t) be the Nelson—
Bogoliubov dynamics given by Theorem 1.4, and Ug(wa) (t) be the dressed
Bogoliubov dynamics of Proposition 4.1.

Using (1.25), we can write the norm difference that we want to estimate
in terms of the dressed dynamics,

P = [l N WP X5 X — WP X oy Una (D] (4.24)

We split this into the difference of the dressed dynamics and its Bogoliubov
approximation, and the corresponding approximation of the dressing trans-
formation, i.e., we estimate Z < 9%, + %5 + %3 with

Dy = HefitHB WDXZ,QX _ efitHBXE(u,a)WZ?a(l)XH (4.252)
—itHR % 00 * 00
Z e He tHNX'D(Uya)W“’C“(l)X o XSD[t}OQ(u,a)U%(u,a) (t)wu,a(l)XH (425b)

* D 00 D y*
I3 = HXsD [t]o@(u,a)UQ(u,a) (t)Wu,a(l)X -W ﬁ[t}(u,a)mu,a(t)xu. (4.25¢)
Recalling ® = D[1] and applying Lemma 4.5 with § = 1 immediately gives
‘@1 - HWDX;,QX - X’;S(u,a)wzc,)a(l)XH < C”(N + 1)3/2XHN71/2' (426)
By Proposition 4.6 and Lemma 3.4, we have

D3 = || X st w0 We ey (DU ()X = WP X0y Una (x|, (4:27)
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and applying Lemma 4.5 together with Proposition 2.2 then yields (here
(ut, ou) = st](u, )

@3 < eC(“Ut”iIlJr”at“LﬂH(N + 1)3/2[Uu a(t)XHN—l/Z
< O\ +1)*2Uy )| N7V (4.28)

Using Corollary 4.7 we arrive at the desired bound 25 < RO (N +
1)3/2x||[N—1/2. To estimate %, we apply Theorem 4.2 (note that @ (u, ) €
H? & b5/, by Lemma 3.3 and (u,a) € H* @ b55) so that

Ty < CTPOD (WS (1)) 2VIn NN~V (4.29)

with R (t) = 1+ [/ [uD (|25 (1+]|aP ||y, ,)2ds and (uP, aP) = sP[]D(u, a) =
D(s[t](u, @)). In view of the bound on RP(t) stated in (3.40), this yields the
claimed bound with

3(x) = 8V (Wia(1)x). (4.30)

The domain of § is dense in F ® F since it is the image under the con-
tinuous map W2, (1)* of the dense set D((N? + T)'/2). The set D((N? +

T)/2)N F ,p ® F is also dense in F, ,p @ F, as I'(g,p) is continuous and
leaves D((N? +T)1/ 2) invariant for u® € H'. By the mapping property from
Proposition 4.3, we have W, (1)*F 0 ® F = F1, ® F, so the image of
D((N3 +T)Y?) is also dense in F,, ® F. This completes the proof. O

5. RENORMALIZATION OF THE NELSON-BOGOLIUBOV EVOLUTION

This section is dedicated to proving the existence of the renormalized
Nelson—Bogoliubov evolution, which is stated in Theorem 1.4. To accomplish
this, we consider a family of Bogoliubov Hamiltonians Hﬁ o that interpolate

between Hf},a and HB@ with “dressing parameter” 6 € [0,1] and UV cutoff
A < oo. The key point is that for § = 1 we can remove the cutoff, i.e.,
Hyn1 = Hga, and that the Bogoliubov transformations Wﬁa(ﬁ) associated
with the dressing interpolate between the different members of (Hi\, aﬁ)ge[O’l].
We exploit this property to prove Theorem 1.4 in Section 5.2 by defining
Uy,q(t) as the Bogoliubov transformation generated by HB », and transformed
by the Bogoliubov approximation of the dressing. Along with the existence
of Uy «(t), this also proves Proposition 4.6.

Even though the general strategy in this section is motivated by Nelson’s
original approach for renormalizing the Nelson Hamiltonian, the argument
is more involved on the level of the fluctuations. This is because the dress-
ing transformation and the different Nelson—Bogoliubov evolutions are all

generated by non-autonomous equations.

5.1. Bogoliubov Hamiltonians with 6§ € [0,1]. In order to define the
Bogoliubov Hamiltonians Hﬁa(t), we first introduce the partially dressed
mean-field flow

sg[t] = D[0] o s[t] o D[-0], (5.1)
where s is the flow of the Schrédinger—Klein-Gordon system (2.21). For the
next statement recall the definitions below (3.3) and ¢ (z) = 2Re(G,, ).
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Lemma 5.1. For (u,o) € HY(R?) @ by o, the function (us, o) = sglt](u, o)
1s the unique solution to the Hamiltonian equations
10pur () = Ry 000Ut ()
10y (k) = w(k)oy + (1 — 0){ug, Gy (k)ur) (5.2)
+ 20(us, kB(y (k) (—iV + 0F,, Juy)
with conserved enerqgy
Eo(u, @) (5.3)
= {u, (= A+ (1= 0)pa + 0As + 02 (Fp)? + 3Vo * [u]* )u) + (@, wa),
where
huoo = =D+ (1= 0)¢a + 0Aq + 02 (Fo)* + Vo * |ul® — fiyap  (5.4a)
P60 = 12;9<u, ¢au> + %<u, Vi * |u|2u> + 9Re<a, fut ng,a> (5.4b)
Vyg(z) = —40Re(G,, By) + 20°Re( By, wBy). (5.4c)

Remark 5.1. Since, for § = 1, Eqgs. (5.2) coincide with the dressed mean-field
equations (3.3), we have s1[t] = sP[t]. Lemma 5.1 thus provides a proof of
Lemma 3.4.

Proof of Lemma 5.1. One checks by direct calculation |2, Prop.I11.12| that
&y = E o D[-10]. (5.5)
Since s is a Hamiltonian flow of & with respect to the symplectic form
o((u, ), (o, ') = 2m({u, ') 2 + {a,0') 12), (5.6)

and the equations (5.2) are the Hamiltonian equations for &, the claim
should follow by showing that ® acts by symplectic transformations. How-
ever, since the involved spaces are infinite-dimensional, we need to take care
of some domain issues. These are addressed by [26, Lem.6.9], so we will check
the hypothesis of this Lemma (the reader might find it helpful to consult the
examples given in [26, Sect.6.5]).

(1) (u,) — D[0](u, «) must be differentiable with derivative continuous
on B =H (R @b, /2, and symplectic. The derivative of the flow is

Do) D6) (1, ) = (e*wTu7av—z’9(¢3n—2Re<u, Pav))ul 7+9B02@;>. (5.7)

As a linear function of (v,7), this is continuous on H*(R*) & by /5, for
all (u, ) € H'(R?) @ B1/2, as follows from the bounds of Lemma 6.3.
Using the formula (5.7), one also checks that

(0o, D, O y®) = o ((v,m), (v, 7'), (5.8)

by using that By is an even function and observing that the mixed
terms in v, 7 cancel each other (see also [2, Prop. IV.1]), i.e., D is
symplectic in the sense of |26, Def.6.5].

(2) The domain Z on which the Hamiltonian vector field (given by Equa-
tion (5.2)) is defined must be invariant under the flow ©. We take
9 =H}R3 @ B5/2, so this follows from Lemma 3.3.
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(3) The derivative of & on Z should be compatible with the symplectic
structure as in [26, Def. 6.5]. Since in our case the symplectic map is
simply _# = 2i with range H!(R3) @ b1/2 C E', we must check that
for (u, ) € 2, the right hand side of Equation (5.2) is an element of
H'(R?) @by /2. This follows from the bounds of Lemmas 6.3 and 6.4.

Thus the hypothesis of [26, Lem. 6.9] are satisfied and this implies the claim.
O

Next, we introduce a family of 6- and t-dependent quadratic operators
HA (9) on F® F that is associated with the mean-field flow sg[t](u, a)) and

u,,0

defined such that
HYy o o(t) =Hp ,(t)  and () =Hy (1) (5.9)

u,a, 1

for the Nelson—Bogoliubov Hamiltonian (1.22) and the dressed Bogoliubov
Hamiltonian (4.1). These are essentially the Bogoliubov Hamiltonians as-
sociated with the partially dressed Hamiltonians WP (0)HyWP(6)*. Tt is
important to note that for € [0,1) the operator needs to be defined with a
UV cutoff A < oo, while for 8 = 1 the definition makes sense also for A = co.

Now more concretely, for (u,a) and 0 € [0,1], let (us, ap) = sp[t](u, @)
denote the solution to (5.2), and define

Hu e 9( ) = drb(hut,at 9) + K(l) (K(Q) A + h.c. ) + dFa(w) (5.10)

0 sUt
+ / Ak ( (u, L8, (R)ue) (@)aibis + (qu Lo, () ue) (@)arb; ) + hec,
+ 62 / dkdl ( — M2 (k, —l)ajay + M2 (k, Dajaj + M2 (—k, —l)akal)

with hy, o, ¢ defined in (5.4a),
(L o (k) (x) = (1 — 0)GA (k) + 2B (k)k((—i0V + 62 Fa(2))u) (z) (5.11a)

M (k, 1) = (u, kB (k) - 1B (Du), (5.11b)
and
% 1 k 7%
Kyt = / dudy Kg )" (e, y)b3b, Ky = 2 / dady K52 (@, )by
(5.11c)
with
Kt = qu K0 KM@, y) = w@)Vi (@ — yuly), (5.11d)
KON = (o a)KED", KON, y) = u@)Vi e - yuy), (5.11e)

where Vp is defined in (5.4c). For # = 1 and A = oo these definitions coincide
with those from Section 4.1. For 6§ # 1, the cutoff A < oo is necessary,
since the term involving G2 (k) in (5.11a) does not yield a quadratic form on
D(T'/?) for A = co. All other terms are in fact unproblematic for A = oo also
if @ # 1. For the purpose of the proof of Proposition 5.3, where cancellations
between different terms are important, we work with the definition given
above.

The next proposition states the existence and suitable properties of the
unitary time evolution generated by Hu o e(t)
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Proposition 5.2. Let (u,o) € H*(R®) @ bsp with ||ul2 = 1 and let
(ug, ) = sg[t](u, ) be given by (5.1). Moreover, let 6 = 1 and A =
or@ #1 and A € (0,00). For every W € D((N +T)Y2) there exists a unique
solution to the Cauchy problem

?@() HE (1) (t)

¥(0) = Yo
such that ¥ € C(R, FRF)NLE, (R, D((N+T)Y2)). The solution map Uy >
U(t) extends to a unitary UA o(t) on FRF satisfying UA 0o FLu®F) C
Flu, ® F. Moreover, for 6 = 1 we have the following propertzes.

(i) There is a constant C > 0 such that for all A € Ry U{oco} andt € R
Uua 1( ) (T +N)[Uua1( ) < eCRD(t)(T+N+ 1)

in the sense of quadratic forms on F ® F, where RP(t) = 1 +

t
JoM a2 (1 + Nl ) ?ds.
(ii) For everyt € R

" ()_Sthual()

u,a,1

(iii) Uﬁ,a@(t) is a Bogoliubov transformation for allt € R, A € Ry U{oo}.
(iv) For every £ € N there is a constant C({) such that for allt € R and
A S RJr U {OO}

Uual()(N+1) ual(t)<e (N+1)
in the sense of quadratic forms on F @ F, with RP(t) as in (i).

Proof. Existence and uniqueness of the dynamics and Property (i) follow
from [66, Thm. 8] and the bounds of Lemma 6.8. Note that the existence
of the unitary TUU o 9( ) follows by the same reasoning as in the proof of
Proposition 4.3 and that the mapping property is obtained by a similar
argument as in (4.13).

To prove (ii) use Duhamel’s formula for ¥, = € D((N + T)Y?) together
with Lemma 6.9 to obtain

(2, (1= U1 () Ug 01 (D) V)] (5.12)
It

S/ ds [(2, Vg1 (8)" (Hio1 (5) — Hy 01 (8))U 0,1 (5)0)]
0

|t]
SM/“@e M(T+N + DIV, ()2 1T+ + DIV, (s)0]
0

where RP(s) = |Jus|%s (14 Hosthg/Q)2 and ey — 0 as A — 0. The right hand
side thus converges to zero by Property (i). This implies strong convergence
of [UA a1 to Ug, 1 by unitarity of UA A € Ry U {0}, as argued in the
proof of Proposmon 4.3.

In Appendix B, we provide a proof that [Uu a 1(t) is a Bogoliubov transfor-
mation. For ﬁmte A, this is essentially due to the square-integrability of the
kernels in (5.10) appearing in the terms with b*b*, b*a* and a*a*. For A = oo,
however, the kernel corresponding to a*b* fails to meet the Hilbert—Schmidt

u,o, 19
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criterion. In this case, we establish the statement by proving a suitable ap-
proximation argument and utilizing the fact that U{L\,ml(t) — U5, 1(t) con-
verges strongly.

The final statement can be derived using the same logic as in the proof of
Proposition 4.3, in combination with Proposition 5.2(i). O

5.2. Dressing identity and proof of Theorem 1.4. We can now pre-
pare for the proof of Theorem 1.4. We will start by making precise how the

unitaries W{L\,a(ﬂ) interpolate between the Bogoliubov dynamics U2  ,(¢) for
different #. For § = 1 we can then take the limit A — oo of U3704,1(t) to
obtain information on the behavior of Uf},ap(t) as A — oo.

Let (u, ) € H3(R3) ® b5/2 with [[ul|z2 = 1, and consider the evolutions
A A
Usi)uayo(t)  and W 0 (6), (5.13)

with generators H%[@](u,a)ﬂ(t) and Dé\o[t
tions 5.2 and 4.3). It is important to keep in mind that the subscripts refer
to the initial condition of the mean-field flow, which is used to define the
generator of each evolution.

The next result shows that the two flows in (5.13) commute, up to a global
phase. The additional phase is due to the fact that we wrote H%[e} (u’a)ﬂ(t) in
normal order, which is not preserved by the transformations. As discussed be-
low, this identity is the key ingredient for the renormalization of the Nelson—

Bogoliubov Hamiltonian.

o (0), respectively (see Proposi-

Proposition 5.3. Let (u,o) € H3(R?) & b o with |Jul|p2 = 1. If we denote
Ey = (20— 0°)(Gy, B) + 3(u, Vg * [ul*u)
then for allt,0 € R and A € (0,00) we have the identity

—itEA *
Ul aoe™ ™0 = W2 100y (0) U010 (t) Wi o (6).

This proposition follows from the uniqueness of both sides by comparing
their derivatives. The lengthy calculation is given in Section 5.3. Assuming
this for now, we can prove Theorem 1.4 and Proposition 4.6.

Proofs of Theorem 1.4 and Proposition 4.6. By strong continuity of Wﬁa(ﬁ)
in A (Lemma 4.3) and of U2 | (¢) (Proposition 5.2), we have

u,a,1
?C_l)lgol Wé\o [t](u,c) (1)* [U%(u,a),l (t) W{:’a(o)
= gg[t} (u,0) (1)* U%O(u,a),l (t) ch,)a(o) (514)
By Proposition 5.3 with § = 1 and [U{L\,a(t) = U7 ,(t) this shows that

u,a,0
. —q A 00 * (o'e] o0
Uy.alt) :sfthﬁ,a’O(t)e e — e (D) U 0.1 () Woo, 0).

A— soft
(5.15)
Strong continuity of ¢t — U, o(t) follows since the right hand side is strongly
continuous, as for ¥ € F ® F the maps

o W (D70, 6 U (D0 £ WX, (000, (5.16)

50

are continuous.
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To show the mapping property for U, o(t), consider I'(¢y, ) as in the proof
of Proposition 4.3 for (u, o) = s[t](u,«). By the same argument as in
(4.13) one shows that HI’(qut)UuaO( )\I/H = 0 for every ¥ € F ® F and all
A e Ry, t € R. The desired result then follows from HI‘(qut)Uua oY —
IT(qu, ) Uu,a(t)W]* as A — oc.

The property that U, (t) is a Bogoliubov transformation is a direct con-
sequence of the result that it is a composition of three Bogoliubov transfor-
mations. U

Remark 5.2 (On the renormalized Nelson-Bogoliubov Hamiltonian). If the
evolution U, ,(t) was a semi-group, we could deduce from Theorem 1.4 the
existence of a generator H, , that would represent the renormalization of
the Nelson-Bogoliubov Hamiltonian (1.22). But U, () is associated with
a non-autonomous evolution equation and H, o should depend on the time
t. In this setting, only the following, weaker theory is available (see [81]
for details). Consider the extension of U, o(t) to a two-parameter family
Uy,a(t,s) with Uy o(t,0) = Uy o(t). On the Banach space Coo(R, F @ F) of
continuous F ® F-valued functions tending to zero at infinity, we can define
the corresponding evolution semi-group of isometries by

(T(t)X)(s) - [Uu,oz(sa s = t)X(S - t)' (517)

Then T has a generator A, D(A) C C(R,F ® F), which corresponds for-
mally to

(AX)(5) = FT(B)],_gx(5) = (— iHuals) — £5)X(5)- (5.18)

However, we do not have any information concerning the domain or self-
adjointness of Hl, o(t) (one could consider using [81, Thm. 2.9|, but this
does not apply since the solutions provided by Proposition 5.2 need not be
differentiable in the norm of F @ F).

5.3. Proof of the dressing identity. In this section, we derive the dressing
identity for the Nelson—Bogoliubov evolution, that is, we prove Proposition
5.3. To enhance the clarity of the presentation, we will use the shorthand
notation

U3 (1) = U g (u.a) () W (6) = so[t () (0)
Hg (£) := H g (.0 0 () D} (0) :=

Proof of Proposition 5.3. Adopting (5.19), the identity we aim to prove be-
comes Uf)\(t)e_itE{\ = W2(0)* UL (t) WA (). The idea is to prove a differential
version of this identity after taking derivatives in ¢ and 6. To make this pre-
cise, first note that the coefficients of D2 (@) given in (4.10) depend on u, o
in a differentiable way. Since for (u,a) € H2(R?) @ by the flow sg[t](u, a) is
differentiable in ¢ in the L2-sense, this implies that for any ¥ € D(N) the
mapping ¢t — D)V is differentiable in F®F. Since W (8) preserves D(N),
we deduce from Duhamel’s formula (4.15) that W2 (0)¥ is differentiable in ¢
for ¥ € D(N) and

t](u o) (9) (519)

(1WA (0) ) WA (9) ¥ /O dn WA () (DY) (WA Y. (5.20)
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Denote by V4 (t) := W2(0)*U4 ()W () the right hand side of the identity
we want to prove. It follows from our previous considerations and Lemma 4.4

that for ¥ € D((NV 4 T)/2) we have
10V (1) = (i0, W7 (6)")Ug ()W (0) ¥ + Wi () Hy (1)Ug ()W (6) ¥
= By(t) VL (t)T (5.21)

in D((N +T)~'/2). By uniqueness of the solutions proved in Proposition 5.2

our claim will follow if we can show that the generators of [Ué\(t)e_iEé\ ! and

Vé\(t) are equal, that is for every ¢t € R,
HA (1) + Ej = By(t) (5.22)

7]
__ /O dn W () (DY) (1YW (n) + W2 (0) HE (1) W2 (6).

Equality holds for # = 0 since E{ = 0 and WA(0) = 1, so it is sufficient to
prove that for all ¥,Z € D((N + T)'/?)

0= i69<E, (Hg@) +E) - Bg(f)) x1f> (5.23)

= (WO)Z, (100} +i0iDN6) — i0pH} (1) — [H (£), DY (9)) ) W1 (0)¥ ).
where we anticipated differentiability of Hé\ which follows easily from the
explicit calculation of its derivative below.

The remainder of the proof is an explicit calculation of this quadratic
form. For ease of presentation, we set, using that the flows commute,

(u?,a?) = sglt] 0 D[B](u, @) = D[B] 0 50[t] (u, ). (5.24)

Moreover, we do not make the dependence of the different objects on ¢,0, A
explicit everywhere and adopt the following shorthand notation

ho = Pyo 0t 9 (5.25a)

Tt = Tut,at (525b)

¢ =q,9 =1~ |up)(uf| (5.25¢)

ki (k) = (qiBY)(k)uf) (x) (5.25d)

Ly (k) = (1= 0)G{y + 2B (k)k(—i0V + 07 F,0(-)) (5.25¢)

Mk, 1) = (g, kB (R)IBY (D) (5.25f)
2),A 2),A

K@ = Kg(gg (5.25h)

Vit (z) = —46Re(G2, By ) + 20°Re( BY,wBy) (5.251)

Note that M*(k,1) is independent of # as the flow ® preserves the modulus
of u.
After commuting Hy and Dy, the expression from (5.23) takes the form

— 10D} (6) + i0pHy (1) + [Hg (t), D7 (6)]
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= /d;c b (— i0¢me + i0ghg + [ho, 7¢)) by (5.26a)
+/dxdyD(x,y)b;by+z’Eb+ (/dxdy D(z,y) byb; —h.c.> (5.26h)
+ /dkdm (X(k:,x) albt + X (k,x) akb;;) “he. (5.26¢)
+/dkdl A(k,aja; + iEq + (/dk:dl Ak, l)aja} —h.c.), (5.26d)

in the sense of sesquilinear forms on D((A + T)'/2). We will now show that
all the coefficients of creation and annihilation operators vanish, and that
E, + E, = 9yE}.

Mean-field part (5.26a): By (3.15), Lemma 5.1 and (5.24) we have dyuf =
—iruf and Ouf = —ihguf, and since the derivatives commute

0= (00 — agat)u? = ( — (i0y1t) + i(Ophg) + [hg,Tt])u?. (5.27)
Since (5.24) is a bijection, this implies that (5.26a) vanishes.

Terms quadratic in b, b* and Ej, (5.26b): In the commutator [HJ (¢), D (9)]
a quadratic term in b, b* can arise either by commuting two terms with b#a#
or terms with b#b#. In the first case, the coefficients are combinations of
Ly (k) and s (k,-) integrated over k. In the latter case, some terms have
already been taken into account in (5.26a) and only the commutators of

Ke(l)’A, K9(2)’A with 7: remain. Combining these with the derivatives of Ke(l)’A,

K(gz),/\ and putting them in normal order yields
D(w,y) = i0p K, (2, y) = (rlw) = 7u(y)) Ky ()
— [k @L3 ) + L3Ry ) @ )

+ [kt 0) (T30 + LEER D)), (5:250)

Ey=i / dzdk ) (k, ) (q(Lg (k) + Ly (—k)*))uf (z), (5.28b)
B(a.y) = 50K (@) = 5(1(e) + mu) K ,9)

+/dk (a(Ly (k)" + Lo (—k))ud ) (x) ki (K, y). (5.28¢)

We now show that D(z,y) = 0. First, we may observe that i9pu = ruf and
q=1—|ud){uf| imply for any operator Ty the identity

i0p(qTou?) = TeqTyul + [Ty, m]ul + q(idgTp)ul. (5.29)
Since [V}, 7] = 0, this gives us

i@gKg(l),A(;,;,y) — (r(x) — Tt(y))Ke(l),A(

= [ dxaate p 0V~ N al ) (530)

z,y)



40 M. FALCONI, J. LAMPART, N. LEOPOLD, AND D. MITROUSKAS

To evaluate the terms involving L4 (k) + Lj(—k)*, we first calculate using
B (~k) = B (k)
(Ly (k) + Ly (=k)")uf () = (1 - 0)2G3 (k) + 20k* B3 (k))uf (x).  (5.31)
This gives
= [ ar (a0 + 3 -0)u) ()R] (5.3

= /dzdz'q(x, 2)ud (2) <2i(1 — 0)(B5,GY 4 2i0(k2 B2, B?>)ﬂf(z’)q(z/, Y).

Adding this and minus its complex conjugate with z,y exchanged (which
leads to an exchange of z, 2’) gives with (k? + w(k))B.(k) = G, (k)

/zzdz'q@, 2)uf (2)(4i(1 — 6)Re(BY, G2) + 4i6Re(k* B, BY) )al (+')q(<,y).

=4iRe(BY, ,G2)—40iRe(wBY BN )=—idp V*

(5.33)

Combined with (5.30), this shows that D = 0.
For D this follows from the same calculation, using that (B:{},G;\> =

BAGA (z — y) is real-valued since G, B are even functions. By the same rea-
soning, the value of the constant is

E, = —i/dwdzdz'q(w, 2)ud (2) <2i(1 —0)(BY, G
+2i0(k* B, BY) )l (<))ol @)
— —% /dzdz’q(z/, 2)(—idp Vi (z — 2l (2)ad (7))

= 2Re(G}, BY) — 20Re(wBy, BY) + 99k (u, V§* * Ju|u), (5.34)

where we used that |u?|? is independent of # and integrates to one.

Mixed terms in a,a*, b,b* (5.26¢c). Mixed terms with, say, a; b} arise from
the derivatives of the respective terms in Hg\, ID)?, and from the commutator
[HQ,D?] if one commutes a term with one a? and one b# with terms with
two as or two b#s. The commutator

[/dk:dl (QMA(k, ~latal + MMk, Datal + h.c.),
/dxdm (ﬂ?(m,x)afnb; — né\(—m,x)amb;> + h.c} (5.35)
vanishes identically, as one easily checks.

We group the remaining terms into two parts, X = X1 4+ X®) which
vanish separately. Spelling things out, we set

X (k) = (105 — () (L} ()] (@) + (=i + ho +w (k) (k. ),
XO(h,a) = [ dy(K§ o) ko) + K )i (o))

XW(k,z) = (109 — m())(aLg (k) uf ) (x) + (10, — ho + w(k))r} (~k, @),
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X (k,z) = =X (—k, z).
To see that X (k,z) = 0, we use (5.29) with Ty = L} (k) and the identity
V7i(x) = V2Re(iB,, o) = 2Re(kB,, al) = Foo (x) (5.36)
to obtain
(i0p — () (aLj) (k)uf) = q[Lg (k), e]uf + (i Ly (k))uf
- q<293(A_)(/<;)k[—z'v, 7] —iG (k) + 2B (k)k(—iV + 20Fa§))uf
- q< —iGP\ (k) + 2B} (k)kV + 2ieB(,)(k)kFag)uf. (5.37)
Using
[—A, BMk)] = 2B (k) + 2kB2 (k)iv
[A, BMN(k)] = [2(=iV)(kBy, @) + h.c, BM(k)] = —2kB2 (k) 2Re(kB,, )
T

we find in the same way
(—i8y + hy + w(k))kd (k, ) = q(z’w(k)B(,) +[~A +04,,iBY (k)] ) uf
- q(iGé\_) — 2B (k)kV — 208 (k)kF,o )ul.
This equals the negative of (5.37), so X(1) = 0.
The equality X@ = 0 follows simply by expanding the expressions:

/dyKéz)’A(w,y)H?(—hy)

= / dydzdz'dz" q(x, 2)q(y, 2')uf (2)uf (")Vg* (2 = 2)i BB, (=k)ud (=" )q(y, 2")
= [ dadds" oo, a2l (Il (Ve — ek ) i )
== [t gt 2l Il PNz — )iBR)

+i [ deaen ) [ ) o, B Wy

= —/dyKél)’A(w,y)ﬁtA(k,y), (5.39)

where the last equality is obtained by performing the same calculation for
KWk, which just changes the location of some complex conjugates. This
implies vanishing of X® and the argument for X g completely analogous
to that for X,

Terms quadratic in a,a* (5.26d). The only way to obtain a term with two
a™s from the commutator [Hé\, DA] is to commute two terms with an a# and
one b# each. Since the coefficient M (k,1) (5.11b) of the terms with two a*s
in HJ (¢) is independent of 6, we obtain for the coefficients in (5.26d)

Ak, 1) = —4i0M™ (k, —1) (5.40a)
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- [ d (a2 ) ) ,a) + (LB ) (w1 2))
+ / da ((aL Oud) (@)t (k@) + (gL () u)(@)r (k. )

By = —i [ dvdo((LF ) () (h,2) + (0L ()" o)l ()
(5.40D)

Ak, 1) = 2i0MM (&, 1) + / dz ((qLA(k:) W) (@)K (1, z) (5.40¢)
+ (aLf (k)uf) (@)l (=1, 2) ).

To see that A(k,1) = 0, we first calculate using that ¢®> = ¢ = 1 — |uf)(uf|
and

[ e (a2 00 ) 2) + LR e (1, )
= [z ot 2) (LS O ) (i (-l ()

+ (LR ) )iBE (-0 (=)
= (uf, i[L§ (k), B{) (=D]uf)
= 2if(uf, B\ (— l)lkB(A)(k:) 0y = —2i0 M (k, —1). (5.41)
The second line in (5.40a) is the complex conjugate of this with k,[ ex-

changed, so it equals 2i@M*(k, —1). This implies that A = 0. The argument

for A = 0 is essentially the same.
It remains to evaluate E,. We have by the calculation of A(k,!)

E,=20 / dkM™ (k, —k) = —20(k*BY, BY). (5.42)

Consequently with (5.34)

Eu+ Ey = 2Re(G2, BY) — 20Re((k? + w) B, BY) + 8y (u, Vit » [uf?u)
= (2 —20)Re(G%, BY) + D3 (u, VA s |ul?u)
— QEL. (5.43)

This completes the proof of the proposition. O

6. ESTIMATES FOR THE GENERATORS

In this section we establish the inequalities on the different generators of
the dynamics considered in the prev1ous sections. This includes the genera-
tors of the fluctuation dynamics for e —itHy and its Bogoliubov approximation
used in the proofs of Theorems 3.2 and 4.2, given in Sections 6.4, 6.3, respec-
tively. Similar bounds for the generators associated with the dressing flow

and its Bogoliubov approximation are given in Section 6.5.
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6.1. Fock space operator bounds. We start by proving a general bound
for operators on Fock space that will prove very useful.

Lemma 6.1. Let ng, ny, mg,mp € Ng, M =ng+np+mg+my, s,t € R and
T: L*(R*)®™ @ hi™e — L*(R®)®™ @ h¥7e
be a bounded operator of norm T with an integral kernel T((K,X),(L,Y)) €

S (R3M), Set
= Haki and B, (X) = bei.
i=1 i=1

Then for all 0 < ry, < np+myp, 0 <1y < ng + mg,

<><, / T(X,K,Y,L)B, (X)A% (K)Ap, (L) By, (Y)dXdeYdL£> ‘
R3M

< T“(Nb+M)nb+ b="b (N + M+ 1)radra( 23) 5 XH
X [[(NG + M) % (N +1)7dTa (w0*) 5 ¢

Proof. To keep the notation manageable we give the proof in the case ny =

myp = 0, the generalization is straightforward. Set n = n,, m = mg, and let
x € D(AT(w?¥)™?), then

/HHw i)ak, XH dK = /(Hw%(/ﬁ)) <X7al’;1 ---a};nakn---aklx>dK
=1

= [l dLa(w?)" x|, (6.1)

SO
(ki sk (Hw dax, ) x € LR, F @ F),

and analogously for £. Hence

<x, /T(K, L)A* (K)Ap(L)dKdL §>‘

_ ' / AR AL{ (N, + 1) (ﬁw(zﬁ-)aki)x,
i=1

< JldCa (W) % (N + 1+ 1)

xH/(f[Mki)) T(K, L) A (L) (N +m + 1) "€dE|
=1

L2 RSn ]:®]:)

< T llgem _ypenldTa(w®) 2 (N + M + 1) x|[|[dTa(w?) = (N +1)7"¢]).
(6.2)
This proves the claim. O

Two special cases of the previous lemma we use frequently are given sep-
arately below.
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Lemma 6.2. For any s € R and x,¢ € F ® F, we have
(X dTa(w*/?)€)] < [ldTa (w*) x| NG 2], (6.3a)

ldCa (w*?)xI| < NG/2dTa(w®) 2. (6.3b)

Proof. The first inequality is a special case of Lemma 6.1 (t = 0, Ta = w'a,
Mg = ng = 1, 7, = 0). The second inequality follows from the first by taking
the supremum over [[£]| = 1. O

6.2. Preliminary estimates. Here we provide some bounds on the terms
appearing in the mean-field Hamiltonians as well as the kernels of the Bogoli-
ubov Hamiltonians. These will later be combined with the operator bounds
from the previous section to prove the estimates for the generators.

Lemma 6.3. Let G, B and V be defined as in (2.17), (2.18) and (3.2b).
For every s > 0 there exists a constant C > 0 such that

Vg <C, (6.4a)

[k Bolly_, < C, (6.4b)

Vn € No (|k["Bo,|al) < Cllally, .. (6.4c)

vn € {1,2,3} [[(K"B(),a)ull2 < Cllally, ) o [l g (6.4d)

for all w € H*(R?) and o € b,_145. Moreover, for every € > 0 there exists
C > 0 so that for u € H'(R?), a € b1/2

1(G ey, aulzs < e(uldn + lali, ) + Clul?. (6.4¢)

Proof of Lemma 6.3. In view of the formula for V, we have (2m)%2V (k) =
—4Go(k)Bo(k) + 2w(k)B2(k), and the first three inequalities then follow
immediately from the integrability properties of Go(k) = w(k)~*/? and
Bo(k) = (K + w(k)) ™ w(k)~1/2.

For (6.4d), we use the Fourier representation in x together with Parseval
to write

10" Byl = s | [ ak i BoEya) [ v o= 65

2
- H /dkk"BO(k:)a(k;)a(- - /g)(
k" Bo(k)a(k) £"Bo(£)a (€
— | dpivae BT 0t
w(p = k)" w(p— O
Since k + |k|"Bo(k)?w(k)?>2 and k + w(k)™" are radial and decreasing
functions for s > 0 and n € {1, 2,3}, it follows by symmetric rearrangement
that

L2

|3

w(p —k)2a(p — k)w(p — 0)2a(p — ).

|k|™ Bo(k)*w(k)*—>* 2 2-2s
pSéle/de w(p — )" < /dk:BO(k) w(k) <C. (6.6)

With Cauchy—Schwarz we thus find
1k By, a2 (6.7)
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n 2('u 2—2s
< [ aparar "R e () Putp - £l - OF

<C / dlw(0)" > 2|a(0)? / dp (Ip]* +1)21a@(p)[* < Cllali, .. [l

The final inequality (6.4e) is proved in a similar way, but to obtain the
small constant in front of the energy norm we start by introducing a cutoff
A < 0o. We then bound

1(G iy edullze < I0115aGy, adullze + §lal, , + £ 11<aGolle, , lullze.

(6.8)
Now the first term is treated exactly as for (6.4d), which yields
2 2 2 |Go (k)2

Ity aGosuls < ol ol [ ks 69)

Choosing A so that the final integral is less or equal to €2 proves the claim.

O

The next lemma collects bounds for the different potentials that appear
in the mean-field equations introduced in Section 3.2.

Lemma 6.4. Let V be defined by (3.2b) and f, by (3.4e). There exists a
constant C > 0 such that for all uw € H*(R3) with ||lu||2 =1

IV s [l oo + [V 5 ul? o + [V 5 [ul) e < Cllull3f?,  (6.108)

1fullzee + I fulley o < Cllull- (6.10b)

Moreover, for every s > 0 there exists a constant C > 0 such that for all
u € HYR3), |lullz2 =1 and a € b1, the objects Fu, Gua, Hua defined in
(3.4¢c)—(3.41) satisfy

[Fallze < Cllally, (6.11a)

IVEu|re < Cllally,,, (6.11b)
Igu,allzo + gually, . < Cllwllmllals, (6.11c)
|l < Cllullfpllal,. (6.11d)

Proof. For the first term in (6.10a), applying Young’s inequality and Parse-
val,

~ (6.4a)
IV s [l < IV I2lllulPllee = IVIig2llulze < Cllullfa,  (6.12)
and then the Cauchy-Schwarz and Sobolev inequalities yield
el < llull 2*ull 6" < Cllullyf?. (6.13)

For the convolution involving V2, we proceed similarly, and obtain
3 2
V2 Juf o < V2 zelllulllze = 1V (3slulfs < CIVIZluly. (6.14)

By Hausdorff-Young, the Fourier transform is bounded from L*3 to L*, so
by (6.4a)

IVIlgs < CIV] s < C. (6.15)
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For the convolution involving the gradient, we use the same inequalities to
estimate

VOV ul) e < 20V pall@Vull s < Cllaval| pas. (6.16)
With Holder and (6.13) we conclude that
[@Vull s < Cllull | Vull 2 < Clluly? (6.17)

and thus obtain (6.10a).
In view of fy(k) = (u, kB(.)(k)(—iV)u), the bound on || f, ||z~ is obvious.
To bound the b /o-norm of f,, we use that
I fuv/wlirz < 2|lkBovwl| || Z[@Vull| s (6.18)

This implies the bound by Hausdorff-Young inequality and (6.17).

The bounds on F,(z) = 2Re(kB,,«) and VF, follow directly from the
from the fact that |k|B(k) € h_s. The bound on F, implies that on the
L>®-norm of gy = 2<u, k‘B(_)(k:)Fau>. For the by o-norm, writing gy,a =
2kBg - F[Fy|ul|?] gives

gu,avVellz2 < 2(|kBovwl| Ll F [Falul?]|| s
< Ol Falul?|[pas < Ol Fallzoo|lful?]| pass- (6.19)

The claimed bound then follows from (6.13) by Hoélder’s inequality, since
ull s > 1.

The estimate for 1, o = %(u, V % |u|2u> + Re<a, fu> + Re<a, gu7a> follows
from the previous bounds. O

We have similar bounds on the mean-field Hamiltonian.

Lemma 6.5. Let h, o be defined by (3.4a). For every s > 0 there is a
constant C > 0 such that for all (u,a) € H3 @ 145 with ||lul|z =1
|huaullz < C(llullgz + [lullfn) (1+ llel,),
5/2
IV huaullze < C(llullgs + ull37) (1 4+ el loll,)-

Proof of Lemma 6.5. The proof follows from Lemmas 6.3 and 6.4 in combi-
nation with (we use || - ||gs > 1 and || - ||p, > || - ||y, for s >r)

1huull 2 < | Aull 2 + 2[[k* Bey, eyull 2 + 4|kl Bo, [a]) [ Vul| .2
{1 FallZoe + IV [l oo + |tru,al
< O(llull gz + lullF) (1 + ez, ) (6.20)
and
IVhyaulze < IVAuU| g2 + 2[[(k* By, a)ull 2 + 6[|{(k* By, &) Vul| 2
+4(|k[Bo, la) [|Aul 2 + 2[| Fallzee |V Fall e + | FallZoo |Vl 2
HIVV s [l o + 1V [ul?[[ e [[Vull 22 + ol | Vull 2

5/2
< C(llullas + lullfy?) (1 + lally,..llol,)- (6.21)

O
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Next, we state suitable bounds for the time-derivatives of u;, a; and fiy, q, -
Note that the constant C' in the bound is uniform in ¢ but not in (u, a), as
it depends on the energy of the initial condition.

Lemma 6.6. Let (u,a) € H3(R3) @ bs/2 with [Jullpz = 1 and (u, o) =

sP[t](u, ) denote the solution to (3.3). Let fiy, o, be defined as in (3.4d).
There exists a constant C > 0 such that for all |t| >0

el 2+ Nicello, o + sl < Clluellzs (1+ el ).

Proof. We use that [[i]|%, = [[il[2s + [[Vi]|2, and ity = hy, 0wz - Since
[ul[ 1+ [leelly, , < C (by Proposition 2.2 and Lemma 3.3), we obtain from

Lemma 6.5 for s = %
1P e titll 2 < Cllul g2, (6.22a)
19 R cwtellz2 < Clluallzs (1 + el ). (6.22D)
With the aid of Lemma 6.4, one easily verifies
lételly o < Nlevellng s + lluellFrllelln, .- (6.23)

Recall that fi, o = %(u, Vo« |u|2u> + Re<a, fu> + Re(a,gu,a>. Since V is an
even function,

[,V o JulPu)| = 4IRe(ie, V ¢ fugPu)|
<AV s fug? | poo el 2 < Cllie| 2. (6.24)

We further estimate

[ fuillo_y o < 20KBollg_ o (il 2 lluell g + [l o lluel 2) < Cllta g,
”gumOétHf)fl/g < 4”<ut7 kB() ' Fatut>Hf)71/2 + 2”<ut7 kB() : thut>Hf)71/2
< (2l el Fa,llzoe + [F, llzoe) [k Bolly - (6.25)
With (6.4c) we have |[Fg, ||z < Clclly, ,, and hence
|Prar el < Cllillpz + 116l L2 1 fur + Guesaellnz + leelly, ol fur + Guesaclly_y s
< C(llaelln, o + lltel[re)- (6.26)
This completes the proof of the lemma. O

The next lemma summarizes estimates for the different kernels (and their
time-derivatives) that appear in the (dressed) Bogoliubov Hamiltonian (4.1)
and the fluctuation Hamiltonian introduced in (3.8), given explicitly by

(6.68).
We introduce the integral kernels
Ny(w, k,1) = (quk By (k) - 1By (Du) (), (6.27a)

where we note that kB,(k) - IB,(l) acts as a multiplication operator in
z. Recalling the definition (Lqa(k)f)(z) = 2kBy(k)((—iV + Fa(2))f) ()

from (4.2a), we set

6 (@ k) = (qu Loy (B)ug) (@), 67 (2, k) = (queLay (k) u)(z).  (6.28)
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Moreover, for u € L*(R?) and {u}* C L?(R3), we consider the operators
EY :{u}t = {u}t @ {u}*
P (KPW) (21, 22) = (qu)1(qu)2 W21, zo)u(m1 ) (qui) (z2),  (6.29a)
Dofult o {ult = {ubt @ {u}t
b= (KOY) (@1, 22) = (u)1(qu)2Wa(21, 22)(qu ® quid) (1, 72). (6.29)
with, for V' defined in (3.2b),

Wz, 22) = V(zy — 22) = V= [u(z1) = V = [ul*(z2) + (u, V * [ul*u).
(6.30)

Lemma 6.7. Let (u,a) € H3(R*)®bj; o with ||ull 2 = 1, denote by (ug, ap) =
sP[t](u, ) the solution to (3.3), and p(t) = |ul|%s (1 + ”Oét”h3/2)2- There
exists a constant C' > 0 such that for all [t| > 0

1K 2ey < C 1K | 2ey < CVp(t)  (6.31a)

IKW | p2ype < C IED |22 < CVp()  (6.31b)
1 (1

16 M ey, <C 10 2y, < CVp(D) (6:31c)
2 (2

16?12 e <C 1P e <CVR (631d)

| My, ||(z2)e2 <C HMut ll(L2)e2 < Cy/p(t) (6.31e)

1K 2512002 < C 1K oy rowre <CVp(t)  (6.31F)

||Nut||L2®h<§>§/8 <C HNutHL2®h§?/8 < Cy/p(t) (6.31g)

||Qut||L2®h(1®/28—>L2 <C HQutHL2®hi®/28—>L2 < Cy/p(t) (6.31h)

where L? stands for L*(R3).

Let us note the evident fact that the bounds (6.31a) — (6.31e) hold uni-
formly also for the A-dependent kernels introduced in (5.10). For instance,
||K£23;A||L2(Re) < C for all A € Ry U {oo} with ng;A defined by (5.11e).
While we do not state them explicitly here, such uniform bounds will be used

in the proofs of Lemmas 6.8 and 6.9.

Proof. Recall that [lug|z2 = 1 and [Jue|[m, + [ll[y, , < C for all [t] > 0 by
Proposition 2.2 and Lemma 3.3. We go through the claimed bounds line-by-
line.

Line (6.31a). We use that ||qy, || = 1, so HK&?H%Q < HI?&%)HLQ(RG) and

(RY)

IR sy = [ dedy eV = )
<[V fug? || oo w72 < C (6.32)
by Lemma 6.4. Invoking
E? = Gy, ® 0, K2 + qu, © 40, K + qu, © u, SK? (6.33)
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. . . . . (2
together with du, = —pus, [Pucllizore < 2iellze and [FED | r2ee) <
C' ||| 2 as in (6.32), we obtain
IE 2@y < Clill 2 < CV/plD), (6.:34)

where we employed Lemma 6.6 in the last step.

Line (6.31b). Since |K1(Lp(x,y)| = |K1(3) (x,y)| we can use that the operator

norm is bounded by the Hilbert-Schmidt norm, HKQ(LP lr2_r2 < HKQ(L%) 22 (rs),
so that we can apply the previous bounds. The time-derivative is bounded
analogously.

Line (6.31c). We recall Egl)(x,k) = (qukB(y(k) - (=iV + Fu,)ug)(z) and

estimate
1 .
168 | 2, < 2k Bolly_y, 1(=iV + Fa,)uell 2
< C|lugll g + || Fae|l2) < C, (6.35)

and similarly for
160N 2, < 2k Bolly_y | qu e O (=i + Fu, uel 2 (6.36)

< O(liell g + 1Fs, ) < Cllieln + licelly, ) < CV/p(d),
where we used ||y, || 2 z2 < 2[liell 2 < 2llie] i and |[Fa,llzee < Clldlly, .

Line (6.31d). We have

(2 (@, k) = 69 (2, k) + 2(qu, KBy (k)ur) (), (6.37)
and thus
2
167, on < 160N, e +2 s || [ db k2B G
|77||h1/4*1
< 0O 2gy,, + Cluel s (6.38)

by (6.4d) (with @ = 7, u = w, n = 2 and s = 1/4). Similarly, for the
time-derivative

161y, 522 < 16D |2, + Clinllm < CV/p(2). (6.39)
Line (6.31e). The estimate
kBo (k) - 1Bo(1)(2m)3/2(k + 1) - F[iV |ue|*](k + 1)

| My, (K, 1)] = |k:+l|2
< ClluyVu s B°|f)+”l‘|B°(” (6.40)
and the Hardy—Littlewood—Sobolev inequality imply
1M, || 2oy < ClluelFall | Boll7a < Clluelz. (6.41)
For Mut we obtain by the same argument
1M, |2 gy < Clluel g el (6.42)

which implies the claim by Lemma 6.6.
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Line (6.31f). Recall the definition of W, in (6.30), and denote ¢; = (qu,)i-
Using |lut||gr < C we get

1K 2 12002 = Sup 19192 Wh, (21, 22)ue (1) (que ) (22) || L2 2
¥ll=1

1/2
< Ollgu 3212 (V2 % [ue 2|2 + |V # gl ) < C
(6.43)

by Lemma 6.4. For the norm of the time-derivative, one computes
(KD9) (w1, 22) = q1a2Wo, (@1, 22)ur (1) (q9) (22)
+ q12Wa, (71, 22)ue(21)(q) (22) + q1G2 W, (21, 2)ur (1) (q9)) (72)

+ q12Wa, (1, 22) 0 (21) (q¥0) (22) + q1g2 W, (21, 22)us (1) (42)) (22)
(6.44)

where each term can be estimated similarly as in (6.43). Using Lemma 6.4
in

. 1/2 .
14V % [l oo < 2liall g2 [V 5 Jue2] 2 < Clliell e, (6.45)
one obtains HWutHLoo(RG) < Clli| 2. Together with ||qu, ||r2—r2 < 2|2,
this leads to \|K1(3)HL2_,L2®L2 < Cy/p(t).

Lines (6.31g) and (6.31h). Recalling the definitions of Ny, Q; in (6.27a),
(6.27Db) it follows readily that

HNuﬁHL?@h‘%?/B + ||QUt||L2®h<1g>/28*>L2 < CHkBng_l/g <C (6.46a)
HNut”L2®h§’f/8 + ”Qut”L2®h<1g)/28~)L2 < CHkBo”g,l/SHﬁt”LQ < C\/ P(t)-

(6.46b)

This completes the proof of the lemma. O

6.3. Estimates for the Bogoliubov Hamiltonians. The first Lemma
provides bounds on the dressed Bogoliubov Hamiltonian (4.1) and its time-
derivative, its difference to the operator T = dI',(—A) 4+ dI'y(w), and its
commutator with the total number operator N' = N} + N,. These imply
existence and uniqueness of the associated dynamics, as explained in Propo-
sition 5.2. Similar bounds also hold for the family of interpolating Bogoliubov
Hamiltonians (5.10) (recall that Hy, () = HS2, 1(t)). Note that for § = 1

u,o, 1
the bounds in part (b) are uniform in A.
Lemma 6.8. (a) Let (u,o) € H*(R®) @ b5 with |Jull2 = 1 and (ug, o) =

sP[t](u, ) denote the solution to (3.3). There exists a constant C > 0 such
that for all t € R

+(HY () —T) < 3T+ CWN +1) (6.47a)
N H, , (8)] < 3T+ CWN +1) (6.47D)
+4H, () < AT+ Cp(t)(N + 1) (6.47¢)

as quadratic forms on F @ F, where p(t) = |Jug||35 (1 + Hat|]h3/2)2.
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(b) Let (u,o) € H*(R?) @ b0 with ||lullr2 = 1 and (ug, ) = s9[t](u, cv)
as defined in (5.1). There exists a constant C' > 0 such that for all t € R,
0] <1 and A € Ry

£(H) (1) = T) < AT+ C(1+ |1 —0|A)(N + 1) (6.48a)
LN HY L (8] < 3T+ C(1+ 1= 0|A) N +1) (6.48b)
ELHN L o(6) < AT+ C(L+ |1 - 0|A)p(t)(N +1) (6.48c)

as quadratic forms on F @ F, where p(t) = |Jug||%5(1 + Hat||h3/2)2,

Proof. The proof follows essentially by combining the operator bounds of
Lemma 6.1 with the kernel bounds of Lemma 6.7. We give the details below.

Proof of (6.47a). Recall that
HP ,(#) = T = dTy(Aa, + F2, — truga;) + K + (KQ + h.c.)

+ ( / dkdm<e,§”(x,k)b;az +£§2)(x,/<:)b;;ak) +h.c.>
+ / dkdl My, (k,1) Ag. (6.49)

Since Ao, = 2(—iV,) - <ka,at> + h.c. the first term in the first line is
bounded, using the Cauchy—Schwarz inequality, by
£ dTy (Aa, + F2, — busar)
4 2
< dly(=A) + (<(Ik1Bos aal)” + |1 Fa oo + pturan ) N5
< edly(—A) + gj\/b, (6.50)

where the last bound follows from Lemmas 6.3 and 6.4, and |lu||z1 +
lelly, ., < C-

For the second and third term in the first line, we apply Lemmas 6.1 and
6.7 to get

KO < [|KD|| 22 (N + 1) < CNG + 1), (6.51a)
£(KP + hec) < 2[KP | 2oy (N +1) < CNG +1). (6.51b)

For the mixed quadratic terms, we use the Lemma 6.1 choosing m, =
my=0,n, =np =1, s =1/2 and r, = 0, 7, = 1 for the term involving
bray, and mg =1 =mnp, ng =mp =0, t =1/2 and r, = r, = 0 for the term
involving b}ay. Thus gives

+ ( / dkdz (£§1)(x,k)b;a’,; +£,§2)(x,/<:)b;§ak) +h.c.>
_ 1 2
< edo(w) + O (16 e, + 16715, o2 ) Mo+ 1)

< edly(w) + Ce YN, + 1), (6.52)

where we used again Lemma 6.7 and monotonicity of the hs-norms.
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In the last term in (6.49) we have Ay = —2aja_; + aja] + a_ja_y, so
using that the operator norm is bounded by the Hilbert-Schmidt norm, we
have with Lemma 6.1 and (6.31e)

4 / dkdl My, (k, 1) Ay < C(N; + 1). (6.53)

Proof of (6.47b). The commutator is easily found to be
VL HD (1) = 2( / dkdz 0 (z, k)bal — h.c.)

+ 2/dkdl M,, (k1) (apaf —a_ga—y), (6.54)

which can be estimated exactly as in (6.52) and (6.53).

Proof of (6.47c). We compute

LD (1) = ylluger) + KD + (KD +hc)

+ ( / dkdz (éﬁ”(x,k)b;;az + é?)(x,k:)b;;ak) + h.c.>

+ / dkdl My, (k1) A, (6.55)
with
hugar = Ady +2Fa, - Fay + SV % [ug|® — fiuy - (6.56)

Since A4, = 2(—iVy) - </<:B$, dt> + h.c. we can use Cauchy—Schwarz and
Lemma 6.3 to obtain

ATy (Aa,) < 2ATy(=2) + TR, , M (6.57)
Recalling Fj, (z) = 2Re(kB;, cy) we estimate
AUy (Fa, - Fi,) < | Fogllzee | Fa, | Ny < Clldelly, , No- (6.58)
The time-derivative of the convolution is estimated in (6.45), and thus
AT (£ V s [ug|*) < Cllise| 12 N (6.59)

Combining the above estimates, we arrive at

Coro. .
£dDy (hugar) < 2dTy(=A) + = <||at\|§l/2 + ||utHL2)./\/'b. (6.60)

Similarly as in (6.51a) and (6.51b) we bound the remaining terms in the
first line in (6.55)

=KG) < IKG 22 Vo +1) S CVR(H) (W +1), (6.61a)
£(KP +h.c.) <2KP|| rorsy (No +1) < Cy/p(t) Ny +1).  (6.61b)
By the reasoning of (6.52) we obtain

+ ( / dkdz (ég”(x, k)biap + 62 (a:,k:)b;ak) + h.c.)

< edlg(w) + C'OT@) Ny +1), (6.62)
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and analogously to (6.53) one also verifies that
+ / dkdl My, (k,1) A < Cp(t) (Ng+1). (6.63)

The above estimates prove (6.47c) and thus complete the proof of part (a)
of the lemma.

Turning to part (b), first note that for § = 1 the proof is verbatim the
same as the one for part (a). To see this, recall that all kernels that appear in
Hﬁa 1(t) satisfy the same bounds as in Lemma 6.7, as explained thereafter
(in partlcular, they are uniformly bounded in A).

The crucial difference for 6 # 1, apart from the trivial 8-dependence of

the kernels, is the appearance of the term
(1- 9)/dkdm <(qutG£(k)ut)a2b; + (qutGé\(k)ut)aZbJC) +h.c.  (6.64)

in Hf} a0 which is not present when # = 1 (hence this term did not appear
in the proof of part (a)). Since HQUtGA u|r2ere < |GYlz2 < CA, we can
bound the above term by CA(N +1). All other contributions in HA ap(t) are
estimated as for §# = 1, i.e. they are uniformly bounded in A. ThlS explams

the A-dependent upper bound in (6.47a). The bounds for the commutator
and the time-derivative are obtained in the same way. (]

The next lemma was used in the proof of Proposition 5.2 to show that
UlMt) — U(t) strongly as A — oo.

Lemma 6.9. Let (u,) € H*(R®)®bs5o with ||ul| 2 =1, (ug, o) = s1[t](u, @)
as defined in (5.1) and p(t) = HutH%{B(l‘FHQtth/g)z' There is a family epn > 0

with ep ﬁﬁi‘# 0 such that

‘<X? (Hz‘ja,l( ) Hua 1( ))¢>‘
< eneCdo P | (T 4 A D)Y24 (T + N + 1)29)
for allt € R and x,¢ € D((T +N)V/2).

Proof. The difference HgS, 1 (t) — H37a,1(t) is up to the term dI'y(hy,.q,) +
dI's(w) precisely of the same form as (5. 10) with all kernels replaced by ker-

nels of the form K(l) - l(i)iA and Mgy (k,1)— M, A (k,1), and analogously
for the other terms The claimed bound is now obtained following the same
steps as in the proof of (6.47a) and taking into account that, by Lemma
6.7 and continuity in A, the norms of the kernel differences all vanish as

A — oc. O

6.4. Fluctuation generator for the dressed dynamics. We start by
stating the precise form of the fluctuation generator Hga(t) introduced

n (3.8). For [a]; = max{0,a} and s"[t](u, o) set

Hy(t) = dTq(w) + dTy(huy a0) + [1 — 5] K

N (ngt) VIV _Nb)(]]\\; - Ny — 1)+ +h.c.>
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+ / dkd(qu, Lo, (K)u) () biaiy/[1 — A2 4 + hee.
+ / Akd(qu, Lo (k) ) (2)bkary/[1 — 2], +hec.

+ /dkdl My, (k,1)[1 - %]+ (—2apa_; +apa +a_ga_;) (6.65)

with Lq, (k), My, (k,1) and Kl(i) defined in (4.2a), (3.4a) and (4.2c), respec-
tively. Note that up to the N-dependent factors Hy(t) coincides with H, ().
We further introduce the operators

K{) = /d$1d$2d$3 K (21, w0, 23)b%, b3, by (6.66a)
1
Kl(li) = 5 /d$1d$2d$3d$4 Kz(;:)(xl,$2,$3,$4)b;1b;2bx3b$4, (666b)

where for v € L?(R?) and {u}* C L?(R?) we used the kernels of the op-
erators K3, K introduced in (6.29a), (6.29b). Lastly, recall (6.27a) and
(6.27b) and let
Ju,o(®,kyy) = 2(quk By (k) - (=Y + Fo)qu) (2, y)- (6.67)

The proof of the next lemma follows from a straightforward computation,
which is postponed to Appendix C.
Lemma 6.10. For (u,o) € H*(R?) & b50 with ||ull2 = 1 let (uy, ) =
sP[t](u, @) be the solution to (3.3). The operator HB;J,SN(t) : ]:ii\t[ ®F —
F®@F defined by (3.7) satisfies the identity Hon (t) = HD, (1) [}—fﬁ ®F
where HBa(t) FQF = FQ®F is given by

5
HY () =Y Hj(t) (6.68)
=0
with Hy(t) defined by (6.65), and
1
Hi(t) = — dT(V+ [ut]? = fhug.on) (6.69a)
(3 VIN = Nol+ 1 @
+ (KP4 he ) + KD,
1 .
HZ(t) = _\/—Nqu)(fut + gut,%)? (6'69b)
1
Hs(t) = I /dkdmdy Jus,a0 (T, k,y) Uyby aj, + hec., (6.69¢)
1
Hy(t) = Wi / dkdldx (Nut(a:,k,l) bi[1 - 4e)/? (6.69d)
+ Nut (CE, ka l) [1 - %] i/zbm>-/4kla
1
Hs(t) = N /dkdldxdy Qu,(x,y, k1) bby Ag, (6.69¢)

where Ay = —2aja_; + aja] +a_pa_;.
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The next lemma provides estimates for the fluctuation Hamiltonian that
are an important ingredient of the proof of Theorem 3.2.

Lemma 6.11. Let (u,a) € H3*(R3) & bsjo with |jullpz = 1, (u,0n) =
sP[t](u, ) denote the solution to (3.3). There exists a constant C > 0 such
that for allt € R

F(HY o) = T) < 3T+ CNV +1)(1+ +N;)? (6.70a)
LN, HY (6] < 3T+ CWV + 1)(1 + +A;)? (6.70b)
L HD,(8) < AT+ Cp(t) (N + 1)(1 + +AG)° (6.70c)

as quadratic forms on F ®@ F, where p(t) = |Jug||35(1 + Hat||h3/2)2,

Proof of (6.70a). Comparing (6.65) with (6.49) we see that Hy(t) differs
from HY ,(t) only by the factors

0<[1-%], <1, o< VIEAMINNCDE (6.71)

and is thus estimated in analogy to the proof of Lemma 6.8.
For later purpose we consider <X, H, (t)gz5> for x, ¢ € F ® F. The first two
terms in Hj(t) are estimated by

1 C
|06 0 (V[ = ) @) < < ING X ING P60l (6.72)
where we used Lemma 6.4, and

[N— N
‘<X,( 3)v b]++h >¢>‘
< \ﬁHK@ 225 2oz [N + DY 23X (NG + 1|

< LN + 12X IV + Dl (6.73)

by Lemmas 6.1 and 6.7.

To estimate the term involving KSLA;) we recall (3.2b) and write Wy, (z,y) =
WP (z,y) — 4Re(Gy, By), where WP (z,y) is point-wise bounded. Using the
symmetry of Y™, ™ e F) @ F in the n particle coordinates, we find

< K(4)q§>
- Z n — 1 <QIq2X ( ('Ily 1E2 4Re<GI1 ) Bmg>)€71ﬂ.72¢(n)> (674)
with

—-1) 1 3
12 D fara™ Wi (an, e2)1026) | < CINEING 0l (675)

We use the Cauchy—Schwarz inequality and the fact that
e*T = (1 4 (—iVy — k)?)"V2ehz(1 — Ap)1/2 (6.76)

to bound the remaining term by

. —1
> %wlm("’, Re(Gay, Bry)a1a26™)| (6.77)
n=2
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< C’< Zn3\|¢(n)\|2>1/2<ZnHRe(Gm,Bx2>Q1Q2X(n)H2>1/2
n=0 n=0
< 0||N3/2¢u
1 2\ 3
H/dk: 1+ (=iVy — k)?)"2Gy, (k) By g(k)(l—Al)quqQX(n)H ) '

The last factor is bounded by

0 1/2
2 GO(k)Bo(kj) / .
o {0 ) (Z”” (1= 80)" e >||2>

peRS n=0

< O|ldry(1 - A)2x], (6.78)

where the supremum over p € R3 is finite by the same argument as in (6.6),
and where we further used

11 =AY qux™ O < Clluela || (1 = A2 X @) (6.79)
Adding up the relevant terms, we arrive at the desired estimate
|[(x: Hi(t)9)]
< IV +T+ D)2 (VG + Dol + F I + DN, %6]). (6.80)
The bound for Hs(t) is straightforward,
(6 Ha(8))| < OV + DY2X IV + D, (6.81)

where we used that || fu, + Gus,allz2 < C by Lemma 6.7.
With the definition of the kernel of H3(t) in (6.67), we write

(x: Hs(t)x) (6.82)

= nzl j—”ﬁ dk kBo(k) - 2Re{qix ™, e~ %1 (—iV + Fu, (1))q1 ajx™)

with x™ € F" @ F. With ||F,, ||z~ < C and |[kBolly_,,, < C, we obtain
by Cauchy—Schwarz

[, Hst)x \<§j fu =191+ Py )and™ | [ dk BBk ™|
61 5 )12y () 172 (n)
< cz fn XL (V) V2x ™|
< L &) AT ()
(6:32) C 1/2 1/2.011/2 | Ar1/2 1/2
< AT = )T ) X NG PN, (683)

which implies the desired bound.
To bound Hy(t), we apply Lemma 6.1 (for instance for the term involving
braja_; we choose my = 0,np = myg = ng =1, s =t =1/4 and r, =
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rp, = 0) and use from Lemma 6.7 that HNtHh1/4—>L2®h_1/4 + HNtHLQ@h?AHC <

2HNtHL2ah§’f/4 < 2”NtHL2®b(§’f/g < C. This implies
(G HA0X)] < I + 1) M2d0a (Vo) T 2y (68)
1 1 _1
11+ M) 2 (1 + Na)2x([1(1 + Na) ™ 2dTa (V)|

+ [N+ DY WG + DIV + 1)72dE (V|

The desired bound now follows easily from (6.3a). For Hj(t), we use that
||QtHL2®hl/4—>L2®h_1/4+||Qt||L2®h<lg>/24*>L2 < CHQtHL?@h?/QBaL? < C' by Lemma
6.7, and Lemma 6.1 imply

[ H(00)] < 2 1V +1)M2a0 (V) 2 (6.55)

+ (Vo + D (Na + D2 (Vo + 1)’1/2dFa(\@)xll]-

The desired bound now follows from Lemma 6.2.

Proof of (6.70b). The commutation relations imply, e.g., [N, ar] = —ay, so
the non-zero terms in the commutator [NV, H?,(t)] have the same kernels,
up to signs, as those in HBa(t) — T. They can thus be estimated as in the
proof of (6.70a), and we omit the details.

Proof of (6.70c). This inequality is obtained following similar steps as in the
proof of (6.70a) with some obvious modifications, like the use of the bounds
for the time-derivatives in Lemma 6.7 and the use of ||Gy, ||g1 < C/p(t), cf.
Lemma. 6.6. (|

The next lemma shows that the fluctuation generator can be approximated
by the Bogoliubov Hamiltonian Haa(t) for large N, when tested on suitable
states.

Lemma 6.12. Let (u,a) € H3(R?) @ bs/2 with |lullp2 = 1 and (ug, on) =
sP[t](u, ) denote the solution to (3.3). There exists a constant C > 0 such
that

(X (Hia () = H o (D) 6)]
< CpONTI NI W+ T+ D)2 x| (VP +T+1) g
forall x € F<N @ F and ¢ € F @ F, where p(t) = |Jug||%s(1 + ||ozt||h3/2)2.

1/2

Proof. Recalling the definitions of the fluctuation generator (6.68) and the
Bogoliubov Hamiltonian (6.49), we write

<X7 (Hz]?,a(t) - Hg,a(t))¢>
= (xR (D -5, -1)9) (6:562)

+ (0 (KO (VI = NN = A — D — 1) +he.) ¢)  (6.86D)




58 M. FALCONI, J. LAMPART, N. LEOPOLD, AND D. MITROUSKAS
([ ok aue o By @)ais (1 - 475 1) +he)o) (6860
+(x, (/dazdk (Gus L (k) 10) () (1~ 2 1) +he.)) (6.86d)
+ <x,/dkdl Mut(k:,l)Akl([l — M) - 1) &) (6.86e)

+ (X, (H1(t) + Ha(t) + Hs(t) + Hy(t) + Hs(t)) ¢) (6.86f)

When bounding these terms, we have to take care to put any powers of the
number operator exceeding one-half to the right, i.e., on ¢. At the same time,
the power of N+ T acting on ¢ cannot exceed one-half, either. For the terms
n (6.86a)—(6.86e) the estimates are rather straightforward and given at the
end of the proof. The most difficult estimate is that for the term coming
from Hjs(t), which is also responsible for the presence of the factor In N in
the statement.

Term H3(t). Recall the expression for the kernel J,, o = 2(qukB()(k)-(—iV +
F.)qu), which multiplies b3byay in H3(t). This term is problematic, for when
the gradient acts on ¢ we cannot put further powers of A on ¢ while keeping

control by || (N? + T) 1/2 ¢||. We deal with this problem by using the identity

k- By, (k) (—iVyi + Fy,(x1)) a} = (=iVy + Fa, (1)) - kBy, (k) + a}k* By, (k)
(6.87)

and splitting the momentum integration into |k| < A and |k| > A. Together
with the adjoint expression, which is less of a problem, this gives

l<><,H3(t)qz5>

Zn( —iV1 4 Fy, (1)) gix ™ /dkkal( Jarq o™ > (6.88a)

e .
T Z n<X(n), 1 / dk kB, (k)ay, (—iV1 + Fu, (21)) QI¢(n)> (6.88b)
VNS k[>A

1 > . n * n
+ N Z n{ (—iVi + Fo,(21)) ax™, / dk kBy, (k)alq16' )> (6.88¢)
n=0
k<A

dkkBm kaqx ,ng
\/_ Ik|<A Bey(Raay 19").

In the first line, the gradient acts on , so we can simply bound it as in
(6.83),

(6.88d)

(6.88a)] < CN~V2||dTy(1 — &) 2x[|dTa (@) 2 ]2 (N + 1)3/2¢H(1/2- )
6.89

In the second line, we can use that x(™ = 0 for n > N to remove a factor of
(n/N)Y/2, since the lower cutoff A will give us a small pre-factor. With the
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Cauchy-Schwarz inequality and Lemma 6.1 this gives

(6.88b)] < gn” oo /sz
<e(3|

k|=A

dk k By, (k)aj, (—iV1 + Fa, (71)) q1¢("’>(

PN 1 1
Ak KB, Barar x| )7 (3 nll (1= AapEo)2)°
n=0
< Ot saw™ 2k Bol| 2 [dTa(w) [ dTu(1 — A)/20)

< CATY2TY x| (W +T) 2 4 (6.90)

where we used H]l|_‘2Aw’1/2k:Bo||Lz < /4w /A in the last step. Lemma 6.1
together with [1),<rkBoll2 < V4rIn A yields for the third line

(6.88¢)| < CN"Y2CNY2VIn A||dTy(1 — A)Y2x|[|| (N + 1) ¢||.  (6.91)

It remains to bound the last line, (6.88d). Here, we will need to use the
regularity of x in x to improve the integrability of k2B, (k). Using the iden-
tity (6.76) to this end, we obtain

[ 2 .
H / dk:k:QBm(k:)akXH - / dk:/dlk:QBo(k)lzBo(l)(emla eia,x)
|k|<A [k|<A  II<A
/dk: / dlszo(k:)lQBo(l)<((—z'V1—l)2+1)*%e”m(1—A1)
|k|<A [T|I<A ((—Zv1 _k)2_|_1)—%ell$1(1 _Al)

=

aEX,

o)

< / dk / Lk Bo(k)2I|((—=iV1 — k)% +1) 7126 (1 — Ay 2apy?
k|<A I|<A

k* By (k)? 1/2 172 )2
< sup / dk ——22 _ L INV2 (1 - A 2. 6.92
{ R e (RO (692

N

By symmetric rearrangement (similarly as in (6.6)) the supremum over p €
R3 is bounded by a constant times In A. With this inequality, we can estimate
the remaining term by

(o580 = =S nl( [ @k kB TN a4 1))
VN S
vinA > 1 (n))|2 % > 1 (n))12 %
<0 (Znu (11— A1)7 gix™|?) (gnnwﬁlw 1?)
\/ln
|V +T)2 x| (V + 1) ¢ (6.93)
\/_
If we choose the cutoff parameter A = N we thus arrive at
|(x Hs(t)9) ]

<ONTH[ W 4T+ D3 x| (| (V8 +T+1)% x| + VIV (V + 1) ).
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The terms H;(t) for j # 3 are somewhat easier to treat, since if there are
any gradients (as in Hs(t), via f,) they act on u; and not y, ¢. The powers
of w needed to render the kernels integrable are strictly less than one, so the
possibility of distributing factors of ' given by Lemma 6.1 is sufficient to
treat theses terms, as we now show.

Term Hi(t)+ Ha(t). For this contribution we can use the already established
bounds from the proof of Lemma 6.11, that is, (6.80) and (6.81), respectively.

Term Hy(t). We use |[Nelly, o r2ap_, s + HNtHh?fgﬁLQ < HNtHLQ@h??/B <C

(see Lemma 6.7) and Lemma 6.1 to get

C
|(x Ha(t)o)| < i

1V + 1)% x|l dTa (w8 (6.94)
+ |V +1)72 AT (Vx| (V +1) ¢
+ AT (V) 2 X dTa(vi) E (N + 1)% 4.
By means of (6.3b) we then obtain
|6 Ha(8)0)| < CNTV2 (W + T+ D)2 x| W3+ T+1)"? ). (6.95)

Term Hg(t). Recalling that |k|By(k) € h_s for s > 0, Lemma 6.1 gives
[0 Hs()0)] < OV [0 2aa (V&) 2 AT (V) V25 )

+ VY (N + 1) 72 AT, (V) x|l (N +1) 6|

+ IV lATa (e | (6.96)

Since x = Ln;,<nX, Equation (6.3b) leads to

[ Hs ()| < N7V (W + T+ D)Y2 I (WP + T+ 1) gl|. (6.97)

We conclude by estimating the terms from (6.86a)-(6.86e) by using that
+([1-4], —1) < NN, (6.98a)
(NN = M)V =N, — )]s — 1) <ON'N,. (6.98b)

Terms (6.86a) and (6.86b). Using (6.72), (6.73) and 1y,<nyx = X, we can
estimate the first two lines by

|(6.862)| +](6.86b)| < CN 2N + D)Xl W+ D¢l (6.99)

Term (6.86¢). Using Lemmas 6.7 and 6.1 we arrive at
|(6.86¢)| = 2‘Re<x,/dxdk: (W (z, k)a,’@bi([l - %]1/2 - 1) ¢>‘
1/2
< O llzgn_y , I4Ta() A N+ D2 (1= R = 19l
1/2 1/2
+ 116D 2, I = 52112 = D llda(ve) /2N, 26|

(6.98a) 3 -~ 1,2
< ON7YdTo ()2 x| (N +1)2 ¢l + CN T Nox[||dTa (V) N2 ¢
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(6.3b) _1 1 _1 3/2 1
< ON7:Z([|dla(w)2 x| + [N T2 Npx (I (N + 1) 7 8| + [ T2 ).
(6.100)

This implies the claimed bound since T, <nX = X.

Term (6.86d). This term is treated in close analogy to the previous one,
leading to

1(6.86d)| < N™V2| (N + T+ D)2 x| W3 +T+1)"?¢|.  (6.101)
Term (6.86e). By means of Lemmas 6.7 and 6.1, and (6.98a) we get

1(6.86¢)] < CN![(NV + 1)V x[[| (W +1)*2 ¢ (6.102)

This completes the proof of the lemma. O

6.5. Estimates for the dressing transformation. In this section, we will
derive estimates for the fluctuation generator associated with the dressing
transformation D, , defined in (3.27), and its quadratic approximation Dﬁa
defined in (4.10). We also give the proof of Lemma 3.6.

Lemma 6.13. Let Dﬁa(ﬁ) and D, o(8) be defined by (4.10) and (3.27).
There exists a constant C > 0, such that for all (u,a) € H*(R3) ® by with
lullrz2 =1, 10| <1 and A € Ry U {0}
£y, 0 (0) < Clllullf + lledllgy) N +1)
+ilN, D50 (0)] < C(llulfp + llallp )N + 1)
3/2
+iDia(0) < Ol + ol )WV +1)

+ilN, Dy (0)] < C(lull3n + lladln) (N + 1)(L+ (F:N6)/?)

in the sense of quadratic forms on F @ F and
[ (@, (Du,a(8) = DA(0))X)] < Cllg] IV + 1) 2x|IN 12

forall g, x € FQ F.

Proof. Recall that ]nga(H) and D, o(0) are defined w.r.t. the mean-field flow
(u?, a?) = D[0)(u, ) and that |u’| = |u| by (3.20). One readily shows that
I17uallze < 3l Bollz2llellz2, and |5, || r2ws) < [|Boll2- By means of (3.20)
and (6.13) one further obtains

190m 2 12y = 17l z2qgs) < 3l Boll3a 2. (6.103)

Using this, the estimates involving ]nga(H) follow standard bounds for
creation and annihilation operators that are special cases of Lemma 6.1.

Since 0 < [1 — %]_}_ < 1 the commutator of N with the first two terms in
(3.27) can be bounded as before. Now let us denote the last term in (3.27),
which is cubic in the creation/annihilation operators, by Dz(j%[ (#). Using the
canonical commutation relations and again standard estimates for creation
and annihilation operators, one obtains

+i[N, DE)(0)] < 4| Bol| 2N~V 2N N2, (6.104)

This proves the bound on the commutator [N, Dﬂ]
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To show the last inequality, write

Dua(8) = D (9) (6.105)
= [ don(s - p(kron )i (- H 1)

+ /d:cdk: (/{Z%(k,:c)ak — /{Z%(—k,x)a};) bx([l — %]iﬂ — 1) + Du?a(ﬂ).

It is straightforward to show that
(&, DEL(0)x)| < 4] Boll L2 ISl Ns Na /x| N2 (6.106)

For the first two terms, the bounds [|r25 || L2(rey < || Bol| 2 and ([1—/\%]3_/2—
1)2 < ON"YMN;, +1) for j € {0,1} imply that

‘(qﬁ,/d:cdk: (/-;Z%(k:,x)az - nzog(—k,:c)ak>b;([1 — Mpgpl/2 1)X>‘

< Cll@llIl(Ns + D)V2NL PN 2 |INY2 (6.107)
where e € {&, x}. This completes the proof of the lemma. (]

We now turn to the proof of Lemma 3.6, which relates the energy of excita-
tions in WPW y to the difference of the energy of ¥ to its mean-field energy.
As explained below the statement of the lemma, it is not possible to apply
the strategy of the proof of Theorem 3.2 because T is not dominated by the
generator Dy () in (3.27). Instead, our proof relies on comparing X3T Xp
directly with the difference between the many-body energy per particle and
the dressed mean-field energy &1, evaluated at ©(u, ). Energy estimates of
this kind were previously used in a different context in [56].

Proof of Lemma 3.6. We recall Lemma 3.1 and the fact that £ = £ 0o ®
as shown by Equation (5.5) for & = £. With this at hand, we write the
difference between the many-body energy per particle and the mean-field
energy as

NN UN, HyUy) — E(u, ) = N"HWPUN, HiWP O ) — & 0 D(u, ).
(6.108)

Moreover, for { = X@(u,a)WD\I/ , we can use (2.15b) to write the relevant
functional as

Y [WPU N, D(u, )] = N1, TE). (6.109)
To relate the expressions on the right-hand side of (6.108) and (6.109),
we make use of the excitation map Xgp(y,q). To do so, we rewrite H]]\D, in
terms of the fluctuation generator H©D(u7oz)(0) from (6.68). This will allow us
to employ previously established estimates.
To ease up the notation, we set from now on (uP,aP) = D(u,a) and the
shorthand ¢ = ¢,p, h = hpa), f = fups § = gup o0 (see (3.4a)—(3.4f) for
the definitions of these objects). We can employ the results from Appendix

C to obtain
Xo(u,a)HN XS = Hg(u,a)(o) + (uP, huP) (N — N}) + N{aP,waP)

+ VN®(waP + f + g) — b* (uP)b(ghuP)

(u,q)
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+ /N — Nyb(qhuP) + b*(qhuP)\/N — Nj.  (6.110)
From the first inequality of Lemma 6.11, the fact that 1n,<ny( = ¢, and
(6.98a), we get

(¢ TC) < 2(C, Hyy(y,0) (0)C) + LG, NC). (6.111)
With the formula (5.3) for the dressed mean-field energy &1, we arrive at
NH¢,T¢) — [N \IIN,HN\IIN> E(u, )| (6.112)
< ONTHGNG) + | = N7HP, huP) (¢ NGC) = N7 (aP)b(ghu)C)

+N72(¢, ®(wal + f + g)¢) + 2N 2Re(c, mb(qh“D)o"

We bound the terms on the right hand side of in (6.112) by (using that
1K = ¥l =1)

1(6.112)] < C(C, NN (1 + [[huP]|2)
+ CNTY2(Jlwa® + £ + gll 2 NG/ + CING ¢l (6.113)

By Lemmas 6.4 and 6.5, the norms of f, g, huP are bounded in terms of
the H? @ B1/9-norm of (uP, aP), which by Lemma 3.3 is controlled by the
norm of (u,a) € H?> @ B3/2. Thus there exists a constant C, depending on
this norm, so that

1(6.112)] < C(N7H¢NC) + (NTHENC)Y?). (6.114)
Moreover by (2.15a) and Lemma 3.5 for § = 1, we have
NN NG = B[WPON,D(u, )] < C(B[¥n, (u,a)] + N1, (6.115)
Combined with (6.114) this proves the statement of the Lemma. O
APPENDIX A. INITIAL STATES

Proof of Proposition 1.2. Let WIZDK = W(N-/? Zjvzl B ;) and WIZDK o =
W(N -1/ 2BK%.). The first inequality of the Proposition can be obtained
similarly as [61, Prop. I1.2]. More explicitly, we use (2.8) and (2.9) to estimate

NN AW (VNQ) Uy k|| = N_l/d?’k lar (W) (u®N @ Q)|
< || Brol7: < CK 2 (A1)

By means of
W2k (qu)1(W2K)" = (qu)1 + lu){uls = Wk o, Ju)(ut (W 2,)" (A2)

and
(1= W2k ) (1= (W2, )*) < NT'9(iBx g, ) (A.3)
we get
(Un g (@)1 PN k)] <20 (1= Wk ,)") u®N @ W(VNa)Q||
< ONV2| Byl 2| (N + 1) 2u®N @ W(VNa)Q)
<CK Y N7V 4 |l 2), (A.4)
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and thus B[¥y i, u,a] < CK~1(1+ ||a|/z2). Since W]ZDK = vazl W]ZDKJJ_,
the transformation relations of the dressing transformation from [46, Section

I1] lead to

N
WO HN (W) = 3 [ = 85+ NTV20(1( < K)Gay)
=1

j
+ N~V (a(kBi.s,)? + hc. + 20" (kB o, )a(k B, )
_ 2N71/2 (ZVJE] . a(k:BK,:BJ’) + (Z*(kaK,g:j) . ZV:BJ)]

+ N7 V(i — 1) + dTq(w) + Ex (A.5)
1<j
with
Vi (#; — xj) = 2Re(Bk o, ,wBk ;) — 4Re(Gy,, Bk o) (A.6)
and

dk
Fre = /W (k) (2 + (k)

The shifting property of the Weyl operator (2.9) then lets write the expec-
tation value of the energy per particle as

(A7)

N_1<\I/N7K, HN\I/N,K> = N_lEKE(u, Ck)

1
+ <u, (2Re<G(_),Oz2K> + AaZK,(.) + 2 4 §VK * |u|2 )u> (A.8)

a>K

with a>gx = 1 ;>ga and A, F, as defined in (3.4b), (3.4c). Note that
|Ex| < C(1+1InK). By means of sup,cps ‘<kB:v,042K>{ < CK_lHOthl,
IVicll < CK~/% and JJul|z2 = 1 we get

[t A 0] < CK Ml il Fasic e < CK Mol (A9
and
Vi # Jul® ([0 < Vil [ul® |2 < CK32|ul 7. (A.10)
Inequality (6.9) with G,y = w_l/QG(_) and a — w'/?q leads to
IRe(Gyy, s Yullge < CE g, llulrr. (A11)
In total, we obtain
|N71<\IJN7K,HN\I/N7K> —5(u,a)|
<C(K '+ N '1+WnK)) ([ul?n +llal,) . (A12)

O

APPENDIX B. BOGOLIUBOV TRANSFORMATIONS

For a linear map 7 on a complex Hilbert space, we denote by T'f = T—f
its complex conjugate.



RENORMALIZED BOGOLIUBOV THEORY FOR THE NELSON MODEL 65

Lemma B.1. Let 7 be a Hilbert space and U,, with n € N be a family of
unitary Bogoliubov transformations on the Fock space over J€, that is, there
exist u, linear, bounded and v, Hilbert Schmidt, so that

Una™(f)Up = a*(unf) +alonf),  Upa(f)Up = a(linf) +a*(onf).

Assume that
Uy :=s-1im U,

n—oo
exists, and moreover there exists a self-adjoint A, D(A) with A > 1 and
C > 0 so that for alln € NU {oo} and ¥ € D(AT'(A)'/?) it holds
(U, ¥, NU,¥) < C(¥,(1+dI(A))D).

Then Uy is a Bogoliubov transformation and the corresponding maps u, v
satisfy |[ullr—e < C+ 1, [v]le,n) < C.

Proof. We start by showing that for U, ® € D(dI'(A)Y/?), f € A, and
e C {@, >|<}

nli_)II;O<CI),U;a.(f)Un\I/> = <¢7U;oa.(f)[Uoo\Il>' (B'l)
To see this, note that
<(I>,U,*1a’(f)IUn\IJ> - <(I>7 Uzoa.(f)Uoo\Il> (B'Q)

< CIf e (| (U = U@ 7| (1 + () /20

+ (U = Us) WL 2lI(1 + dD(A)) 2] ),

which tends to zero since U,, converges strongly to Ux..
Now let f € D(A), so a*(f)Q € D(dT'(A)/?). Then we have, using that

U, is a Bogoliubov transformation for n € N,

<a*(f)Q, [Uooa*(g)[[yk Q> = hm <a*(f)Q’ (a*(ung) + a(nng))Q>

hm <f Ung), (B.3a)
(" (f)Q, Usoa(g)U Q) = hm 0 (a"(f)<, (a(ttng) + a*(0,9))Q2)
hm <f 0,9). (B.3b)
Since moreover
<C+1

(@ ()2 Usea® (US| < I fllellgllor 11+ N U7, (B4)

the operators u,, v, converge weakly to operators u,v with norm less than
C + 1. Weak convergence of u,, v,, implies that for ® € D(N/?), ¥ € F,
and f € A
lim (@, a(u, f)¥) = (2,a(uf)¥),  lim (®,a(v,f)¥) = (2,a(vf)P),
n—oo —00
(B.5)
and thus for ®, ¥ € D(N'/?)
(@, Usa™(/)Usc¥) = (a(uf)®, T) + (2, a(vf)¥) = (P, (a*(uf) + a(v )() >,)
B.6

and similarly for a(f). Moreover, we have

lonllE, = IN2U,Q)% < C, (B.7)
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so the sequence v, is bounded in Gs, whence it has a subsequence that
converges weakly in Gg. Since (f, v,9) = Tr(|f)(g|vy), the limit must be v,
S0 v € G9 with norm less than C'. This proves the claim. U

Lemma B.2. The unitaries Wﬁ’a(ﬂ) and UA | (t) defined in Propositions
4.10 and 5.2 are Bogoliubov transformations under the hypothesis given there.
Proof. In view of the strong convergence of U37a,1(t) to Uge, 1(t) and the
bound from Proposition 5.2(i), it is sufficient it prove the claim on Uy q 1
for A < oo. For Wﬁ,a such a distinction is not necessary. Note that the
terms in the generators D", and Hﬁ,a,b A < oo of these unitaries with two
creation operators (b* and/or a*) have coefficients that are square integrable
functions of their arguments (compare Lemma 6.7). Since this is the only
relevant property, we give an exemplary proof in the case of Wy°,.

As a first step, consider the (tentative) equations for the operators u(t),
o(t) associated with a Bogoliubov transformation. These are usually ex-

pressed in terms of the matrix
u v
V= (5 ﬁ) (B.8)

where, in our case, u,v : L*(R3) ® L2(R3) — L?(R3) ® L*(R3) are linear and
bounded. For the case of W.°,, asking that

i0p (c* (u(0)(f@9))+c(0(0)(f©7))) = D7 (0), " (uw(0)(fDg))+c(o(0)( 6(9}39)9)]
yields the equations for V -
10pV(6) = A(0)V(0), (B.10)
with
A= (3 75, (B.11)
0 K25 (v, ) B Tu,a —£25(=(), )
Ao = </<;Z§(k, )0 ) Aa= (—Egg(—k, ) 0 )

where k acts as an integral operator by integrating in the variable denoted
by (). These equations admit a unique solution V(#) with V(0) =1 (A is a
bounded perturbation of the diagonal terms, which are generators).

Since k25 € L?(RY), the off-diagonal part A, is a Hilbert-Schmidt op-
erator, and consequently the off-diagonal part v(f) of V(0) is also Hilbert-
Schmidt [12, Lem.4.9]. By Shale-Stinespring criterion (see, e.g., [12, Lem.
4.2]) there thus exists a Bogoliubov transformation V(6) associated to u(6),
v(0), i.e. V(0). This transformation is determined up to a #-dependent phase.
We can fix this phase by asking that V(0)Q = Wg°(0)Q, as we now show.

The vacuum vector 2 spans the one-dimensional space on which ¢(f®g) =
b(f) + a(g) vanish for all f,g € L?(R3). Then V(6)Q2 spans the joint kernel
of V(0)e(f @ g)V(#)*. Using the equation satisfied by V()~!, we find (since
we do not know a priori that V is differentiable, i9pV(0) denotes the weak
derivative)

0 =19 (V(O)c(f & g)V(0)*)V(0)Q
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= (V(O)c(f ® 9)V(0)")i0pV(0)2 + [V(0)c(f @ g)V(0)", DG (0)]V ().

(B.12)

It follows that
10pV(0)2 — Dy (0)V(6)$2 (B.13)
is in the kernel of V(0)c(f @ ¢)V(0)*, and thus proportional to V(6)2.
The constant of proportionality must be real, since V(6) is unitary, and
thus we can set it to zero by adjusting the phase, i.e., setting %7(9) =
V()e! Iy v(s)ds , which is also a Bogoliubov transformation associated with
V(0). By uniqueness of the solution proved in Proposition 4.3, we thus have
V(6)Q = W5°(0)Q. Using the explicit action of V(@) on the creation and an-
nihilation operators, one shows by induction that V(§)¥ = W5°(0) for any
state W obtained by application of a finite number of creation and annihila-
tion operators (see the proof of [12, Lem.4.8]). Since the span of such ¥ is
dense, this proves equality and thus that W§°(6) is a Bogoliubov transfor-
mation. U

APPENDIX C. FLUCTUATION GENERATOR OF THE DRESSED DYNAMICS

In this section we provide the derivation of the fluctuation generator of
the dressed Nelson dynamics.
In order to disentangle the calculation, we write the excitation map as

Xuo =Xy @ W*(VNa), (C.1)
where X, : ®é\§[1m L2(R%) — F, acts as Uy = (X, Un)*)N_ with
k N2 N—k (k)
(Xaww)® = <k> I_Il(q“)i<u®( - )"I’N>L2(R3<N*’“>) €Fl, (C2)

We first calculate the result of applying only the Weyl operator.

Lemma C.1. For (u,a) € H*(R®) @ bsjo with |Jull2 = 1 let (ug,0n) =
sP[t](u, @) be the solution to (3.3). Let

HY <N (t) = iW (VNay) W (VNay) + W (VNay) " HRW (VNay)  (C.3)

then

N
HB,SN(t) — Z ( — Ay + Ay z; + Fa2t (xj) — Re(at, fur + gut,at>> (C.4a)
j=1
+ 5 ZV )+ dle(w) = VN®(fu, + Gupar)  (C.4b)
Z<j
N
Nic Z:: / dk kBy, (k) - (—iV; + Fa,(z;))a}, + he. (C.c)
1 N
+ 5 > (a(kBy;)? + hc. + 2a* (kB )a(kBy, ) (C.4d)

J=1
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Proof. We recall the form of HB given in Lemma 3.1. By the shift property
of the Weyl operator (2.9), we have

W (VNoy)*dlo (W)W (VNay) = AT, (w) + &(VNway) + Ny, way),
(C.5a)

W(VNay)* Ay, W(VNay) = Ay + VN Aa, ;.- (C.5b)
with Ag, » = —2iV, - <ka,at> + h.c., and
W(VNay)*(a(kBy,)* + h.c. + 2a*(kBy, )a(kBy, ) )W (VNay)
= (a(kBy,)* + h.c. + 2a* (kBy,)a(kBy,))
+ 2V NF,, (2;)®(kBy,) + NFZ (), (C.5c)
where we inserted Fy,(z) = 2Re(kBy, a¢) and used
2‘<O‘t’ kBl‘j>‘2 + <O‘t’ kB$j>2 + <kB$j’O‘t>2 = (2Re<kBl“j’O‘t>)2' (C.6)

The operators —A,; and V' (x; —z;) are left unchanged by W (v Na), so it re-

mains to the term with the time-derivative. We use the formula W (v Na;)* =
ea(VNaw) —a* (VNar) o 3 llal|? ¢ compute

4y (VNa)* = VN g(v/Nay)e @ (VNo gy lleell?
— ea(\/ﬁat)e_a*(\/ﬁat)e%||Q’t||2 (a*(\/ﬁat) — NRe<dt7 at>)
— W(/Nay)* <a(\/ﬁat) — a*(VNéy) — NIm(cy, at>>

(C.7)
where the last step follows from
e (VNe) o (/N )e @ (VNot) — o(v/Neéy) — N{cu, o). (C.8)
Inserting the equation of motion (5.2) for ay, we find
iAW (VNay)* = W(VNay)*(— VN®(idy) + NRe{ oy, i) (C.9)

= W(VNay)" (= VN®(Way + fu, + gurar) + NRe(ar, way + fu, + Gurar))s
and with the shift property of the Weyl operator (2.9), we get
(LW (VNay) )W (VNay)
= VN + fur + Guron) — NRe{ow,wo + fu, + Gusar ) (C.10)

Noting that the terms involving wa; in (C.10) and (C.5a) cancel gives the
claim. 0

The excitation map for the particles X, satisfies a general transformation
property.

Lemma C.2. For any densely defined operator B : D(B) C L*(R3) —
L*(R3) and u € D(B) we have

Xu < ivg Bj) Xy = (u, Bu)(N — \p)
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+ [ o <<tuu><x>bMN TN+ @B ()N - mex)

+ /dﬂ:dy b, Bb, (C.11)

)

as an operator identity on fiiN )

Proof. This follows by writing ;B as the restriction to L2(R®)®N of dI'(B)
and using the identities of Lemma 2.1. O

With this, we can now give the proof of the formula for the fluctuation
Hamiltonian.

Proof of Lemma 6.10. We first calculate
HYSN () = Xy HY SN (6 X5, + X0, X, (C.12)

and then add convenient terms that vanish on ffﬁ ® F to obtain the sym-
metric expression for H?,(t).
The terms in Hy ’SN(t) that are not either invariant under X, or of the

well-known form arising for many-boson systems are those of lines (C.4c)

and (C.4d). Using By, (k) = By, (—k) we write
(a(k‘ngj)2 +h.c. + 2a* (kBy, )a(kB,,))

= /dkdl kBy, (k) - 1By, (1) [ — 2aja_; + ajaf + a_ra—y] (C.13)
=t Ay

and by Lemma C.2

1 N
~Xu, ( / dkdl Zl (kBa, (k) - 1By, (1)) Akl) X,
J:

1
=% / dkdl (ug, kB (k) - 1By (Lue) (N — Np) A

=Mu (k)
1
+ 5 / dkdldm( (quek By (k) - 1By (D) (@) bin/[N — Npl5 + hic
=Ny, (z,k,l)
1
t /dkdldmdy (qukB(y(k) - 1By (Dau, ) (2, y) byby Ag- (C.14)
=Qui (@ ikl)

Recalling the formulas (3.4e), (3.4f), and (4.2a) for fy,(k), Gusa.(k), and
L. (k), we also find

N
%Xut (;/dk kBy, (k) - (—iV; + Fu,(z5))aj, + h.c.)X{jt (C.15)

N
2 / .
S deut<Zka,(k) (—iv; —{—Fat(:vj))>XZ al +h.c.
/N ]:1 J t
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1 *
— \/—N /dk:(fut(k) + gut,at(kz))(]\f — Np) a, + h.c.
2
+ ;i /dk:d:r:(qutLat(k)ut)(:v)b;a};\/ [N — Npl+ +hee.

+ % / dlda(qu Loy R u) () v/ [N — Nyl s beal + hoc.

2 . S
+ ﬁ /dkdwdy (QUth()(k) ’ (—ZV + Fat)QUt)(xa y) bmby a +h.c.

Jut et (ka;vy)

The term vV N @)( fus+9us,a,) from the first line cancels with the corresponding

term in Ho =" (¢), and the remaining term —N /2N, ®(f,, + Guy,ap) €quals

Hj(t) from the formula for HBa(t). We thus have
HB&SN(t) = iXutX;t
N 1 5
+ Xy, < Z hugow + 57 Z Vi(zi — %‘))XZL + Z H;(t). (C.16)
Jj=1 i<j j=2
From [66, Eq.(40)] and the equation satisfied by u, we deduce
iXutX;t = b*(ut)b(quthutﬂtut) - <ihut,at7ut>(N - Nb)
— /N — Npb(qu, by 0 ut) — hoc. (C.17)

This combines with the second term above to yield Hy(t) + Hi(t) as in
the analogous computations in [12, 66]. Taking into account the obvious

modifications from replacing v — N]; Ly, one can use for instance [12, Eq.
(2.20)]. . O
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