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Criteria of measure-preserving for p k -lipschitz mappings

In this paper we would like to present the criteria of measure-preserving (Haar) for p k -lipschitz maps on the cartesian power of the ring of p-adic integers, where k is any natural or zero and p is an arbitrary prime. We also give two sufficient conditions for ergodicity of such mappings.

Introduction

The p-adic numbers, which appeared more than a century ago in Kurt Hensels works as a pure mathematical construction at the end of the 20th century were recognized as a base for adequate descriptions of physical, biological, cognitive and information processing phenomena. Now the p-adic theory, and wider, ultrametric analysis and ultrametric dynamics, is a rapidly developing area that finds applications to various sciences (physics, biology, genetics, cognitive sciences, information sciences, computer science, cryptology, numerical methods and etc). On the contemporary state-of-the art, the interested reader is referred to the monograph [START_REF] Anashin | Applied algebraic dynamics[END_REF] and references therein.

The study of the general behavior of the iterates measure-preserving maps on a measure space is called ergodic theory.

V. Anashin studied differentiable functions on the ring of p-adic integers and gave criteria for measure-preservation and ergodicity of 1-lipschitz transformations on the ring of p-adic integers [START_REF] Anashin | Applied algebraic dynamics[END_REF][START_REF] Anashin | Uniformly distributed sequences of p-adic integers[END_REF][START_REF] Anashin | T-Funtions Revisited: New Criteria for Bijectivity/Transitivity, Designs[END_REF]. Most recently V. Anashin et al [START_REF] Anashin | T-Funtions Revisited: New Criteria for Bijectivity/Transitivity, Designs[END_REF] have used the Van der Put basis to describe the ergodic 1-lipschitz functions on the ring of 2-adic integers.

A µ-preserving map F : S → S on a measurable space S with a measure µ is called mixing, see [START_REF] Kuipers | Uniform Distribution of Sequences[END_REF], whenever given two measurable subsets A, B ⊂ S:

lim n→∞ µ(F -n (A) ∩ B) = µ(A)µ(B).
A mixing map is necessarily ergodic. None of the 1-lipschitz ergodic maps on the ring of p-adic integers are mixing; moreover, their entropy is always 0, as they are conjugate to a translation x → x + 1, see Theorem 4.25 from [START_REF] Anashin | Applied algebraic dynamics[END_REF].

Transformations, which satisfy the lipschitz condition with a coefficient greater 1, will probably already mixing, and certainly with positive entropy, i.e. in the full sense of the word chaotic. And to be able to build a controlled chaos is the main task of cryptography.

Among p-lipschitz maps mixing ones clearly exist; e.g., the Bernoulli shift, see [START_REF] Kingsbery | On measure-preserving C1 transformations of compact-open subsets of non-Archimedean local fields[END_REF].

In this paper we would like to present the criteria of measure-preserving (Haar) for p k -lipschitz maps on the cartesian power of the ring of p-adic integers, where k is any natural or zero and p is an arbitrary prime.

P-adics

Let p be an arbitrary prime. The p-adic valuation is denoted by | * | p . We remind that this valuation satisfies the strong triangle inequality:

|x + y| p ≤ max(|x| p , |y| p ).
This is the main distinguishing property of the p-adic valuation inducing essential departure from the real or complex analysis (and hence essential difference of p-adic dynamical systems from real and complex dynamical systems).

The ring of p-adic integers is denoted by the symbol Z p . We remind that any p-adic integer (an element of the ring Z p ) can be expanded into the series

∞ i=0 α i p i ,
where α i ∈ {0, . . . , p -1}, i ∈ N.

Z s p , s ∈ N, is the cartesian power of the ring of p-adic integers. Metric on s-th cartesian power Z s p can be defined in a similar way:

|(a 1 , . . . , a s ) -(b 1 , . . . , b s )| p = max{|a i -b i | p : i = 1, 2, . . . , s}
for every (a 1 , . . . , a s ), (b 1 , . . . , b s ) ∈ Z s p . The space Z s p is equipped by the natural probability measure, namely, the Haar measure µ p,s normalized so that µ p,s (Z s p ) = 1. It is completely determined by its value on balls, the measure of each ball being its radius.

For the case s = 1 we omit 1 and write µ p . A map F :

Z s p → Z s p is measure-preserving, if µ p,s (F -1 (S)) = µ p,s ( 
S) for any measurable set S ⊆ Z s p . Let F : Z s p → Z s p be a measure-preserving transformation. We say that F is ergodic with respect to µ p,s , if for every measurable set S with F -1 (S) = S either µ p,s (S) = 0 or µ p,s (S) = 1 is true.

(Z/p n Z) s is the cartesian power of the residue ring modulo p n . Reduction modulo p n (it's denoted by the symbol mod p n ), n ∈ N, is an epimorphism of Z s p onto (Z/p n Z) s :

( ∞ i=0 α 1 i p i , ∞ i=0 α 2 i p i , . . . , ∞ i=0 α s i p i ) mod p n = ( n-1 i=0 α 1 i p i , n-1 i=0 α 2 i p i , . . . , n-1 i=0 α s i p i ).
A function F : Z s p → Z s p is said to satisfy the p k -lipschitz condition, where k is any natural or zero, if

|F (x) -F (y)| p ≤ p k |x -y| p
for every x, y ∈ Z s p .

If B = {b + p r Z p }, b is some element from Z/p r Z, is a ball of a positive radius p -r , then, for the reasons stated above, f -1 (B) contains finite number (q) of balls C j of a positive radii, that

µ p ( q j=1 C j ) > µ p (B).
But it leads to contradiction with property of the graph of f modulo p m , where p -m is the minimum radius of all radii of the balls C j , as some vertex (some point from B) would have more p k arcs in this graph by the pigeonhole principle.

If B is a point, it means that there is a ball C of a positive radius p -l , that f (C) = B. But it also leads to contradiction, as point B mod p k+l in the graph of f modulo p k+l would have more p k arcs. Theorem 2. A p k -lipschitz measure-preserving map f : Z p → Z p is ergodic if there exists T ∈ Z/p n that for every x ∈ Z/p n Z there is a directed path from x to T in the graph of f modulo p n for any natural n.

Proof. Let the mapping f satisfies the condition of Theorem, yet let f be not ergodic. That is, let there exists a measurable non-empty A ⊂ Z p such that 0 < µ p (A) < 1 and f -1 (A) = A. Then there is a ball B 1 ⊂ A of a positive radius p -r 1 , see Proposition 4.35 from [START_REF] Anashin | Applied algebraic dynamics[END_REF]. By the same argument there is a ball

B 2 ⊂ Z p \ A of positive radius p -r 2 .
Consider the graph of f modulo p r 1 +r 2 . By the condition of Theorem there exists T ∈ Z/p r 1 +r 2 Z that for every x ∈ Z/p r 1 +r 2 Z there is oriented path from x to T . But it leads to contradiction with invariance with respect to f of sets A and Z p \ A, as there are b 1 ∈ B 1 , b 2 ∈ B 2 and b 1 , b 2 ∈ Z/p r 1 +r 2 Z, that bj ≡ b j mod p r 1 +r 2 , where f -d 1 (T ) = b1 , f -d 2 (T ) = b2 (the inverse image) for some d 1 , d 2 ∈ N ∪ {0}. From here, we get that bj ∈ B j , but T can only belong to A or Z p \ A.

Example. If we apply the p-Bernoulli shift: x → x p , x ∈ Z p , see [START_REF] Kingsbery | On measure-preserving C1 transformations of compact-open subsets of non-Archimedean local fields[END_REF], to an element from a finite residue ring Z/p n Z, the corresponding trajectory becomes 0 after at most n iterations. 0 is T from Theorem 2 for any natural n. Theorem 3. A p k -lipschitz measure-preserving map f : Z p → Z p is ergodic if for every x ∈ Z/p n Z and every y ∈ Z/p n Z there exists a undirected path from x to y in the graph of f modulo p n , or in the graph of f modulo p n+1 , or . . . , or in the graph of f modulo p n+k for any natural n.

Proof. Sufficiency can be proved in a similar way as in Theorem 2. Assume, there exists f : Z p → Z p , which satisfies the condition of Theorem, yet let f be not ergodic. It means that there exists a measurable non-empty A ⊂ Z p such that 0 < µ p (A) < 1 and f -1 (A) = A. Moreover, there exist balls B 1 ⊂ A of a positive radius p -r 1 and B 2 ⊂ Z p \ A of positive radius p -r 2 , see Theorem 2.

Consider graph of f modulo p r 1 +r 2 , in this graph there are b 1 ∈ B 1 , b 2 ∈ B 2 and b 1 , b 2 ∈ Z/p r 1 +r 2 Z. Thus, there exists a undirected path from b 1 to b 2 in the graph of f modulo p l , where r 1 + r 2 ≤ l ≤ r 1 + r 2 + k is some natural.

The latter implies the following chain of equalities β 1 = b 1 , β 2 = some point from f ± (β 1 ), . . . , β i = some point from f ± (β i-1 ), . . . , β m = some point from f ± (β m-1 ), where f ± ( * ) is the preimage or image of f in some point. Moreover, β m ≡ b 2 mod p r 1 +r 2 . From here, β m ∈ B 2 ⊂ Z p \ A. Remember, β 1 = b 1 ∈ B 1 ⊂ A. But it leads to the contradiction with invariance with respect to f of sets A and Z p \ A.

Example.

A striking example of 2-lipschitz measure-preserving ergodic mapping is the 2-adic extension of the Collatz function, see [START_REF] Lagarias | The 3x+1 problem and its generalizations[END_REF].

Main result

We consider the case s = 1 (Z s p ) just to simplify notation; the statements of Lemma as well as of Theorem 2 remain true for arbitrary natural s, the respective proofs are quite similar to those for the case s = 1. The last also applies to Theorem 1, but it is necessary to slightly modify the statement of Theorem 1: should be p sk arcs.

Proof. Necessity is obvious and follows from definition of p k -lipschitz map. Sufficiency is not more complicated: enough to assume the contrary.

Define the directed graph of a p k -lipschitz map f : Z p → Z p modulo p n for any n ∈ N. Vertices are elements of Z/p n+k Z. Two vertices x, y are connected by arc, if

Everywhere we consider normalized Haar measure-preserving maps. Theorem 1. A p k -lipschitz map f : Z p → Z p is measure-preserving if and only if for each vertex from Z/p n Z there are exactly p k incoming arcs in the graph of f modulo p n for any natural n.

Proof. Assume f is measure-preserving map and there exits m, that there are p k + 1 arcs from vertices x 1 , . . . , x p k +1 to z in the graph of f modulo p m , where z ∈ Z/p m Z.

As map is p k -lipschitz, see Lemma 1, it's true for balls

where x i ∈ Z/p m+k Z and z ∈ Z/p m Z, that f (X i ) ⊂ Z, i = 1, . . . , p k + 1. So, we get the contradiction with definition of measure-preserving map, as

Supposition that there are less p k arcs is treated similarly. Further, let f satisfies the condition of Theorem, yet let f be non-measure-preserving. It means that there exist a measurable non-empty A ⊂ Z p such that 0 < µ p (A) < 1 and µ p (f -1 (A)) = µ p (A). Onwards, there exists a ball (maybe, of zero radius, i.e. point)

Indeed, the last is true, as any open subset of Z p is a countable union of balls, and since a complement of a ball of a positive radius is a union of a finite number of balls of this radius, every closed subset of Z p is a countable union of balls, some of which are, maybe, of zero radius. Moreover, µ p is a regular measure, it means that for every measurable subset X: µ p (X) = {sup µ p (S) : S ⊂ X, S is closed in Z p }.

We will assume that µ p (f -1 (B)) > µ p (B), supposition µ p (f -1 (B)) < µ p (B) is treated similarly.