
HAL Id: hal-04098416
https://hal.science/hal-04098416v1

Submitted on 24 May 2023

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Copyright

Beam-Based Lattice Topology Transition With Function
Representation

Nikita Letov, Yaoyao Fiona Zhao

To cite this version:
Nikita Letov, Yaoyao Fiona Zhao. Beam-Based Lattice Topology Transition With Function Repre-
sentation. Journal of Mechanical Design, 2023, 145 (1), �10.1115/1.4055950�. �hal-04098416�

https://hal.science/hal-04098416v1
https://hal.archives-ouvertes.fr


Beam-based lattice topology transition with
function representation

Nikita Letov
Department of Mechanical Engineering

McGill University
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A lattice structure is a porous periodic structure with
unit cells organized according to a pattern. Lattice struc-
tures are lightweight parts that are commonly produced
by additive manufacturing techniques. Lattice structures
require their topology defined which effectively defines
the connectivity of their unit cell. Many of these topolo-
gies are beam-based, i.e. their unit cell is represented
by a network of nodes connected with beams. Such lat-
tice structures require a geometric modeling tool capa-
ble of generating their solid model. This paper presents a
method to support the topology transition for beam-based
lattice structures by controlling the geometric parameters
of topologies. This control is made possible with the func-
tion representation of the geometry. The work also an-
alyzes how suitable different beam-based lattice topolo-
gies are to support the transition. A few case studies are
carried out to demonstrate the feasibility of the proposed
method.

NOMENCLATURE
3D three-dimensional
AM additive manufacturing
ASCII American Standard Code for Information Inter-

change
B-rep boundary representation
BCC body-centered cubic
BCCz body-centered cubic with additional 4 z-

direction oriented beams
CAD computer-aided design
CPU central processing unit
DFAM design for additive manufacturing
F-rep function representation

∗Corresponding author.

FBCC face- and body-centered cubic
FCC face-centered cubic
FCCz face-centered cubic with additional 4 z-direction

oriented beams
FOSS free and open-source software
GMK geometric modeling kernel
GPU graphics processing unit
OCCT Open CASCADE Technology
RAM random-access memory
S-FBCCz self-supporting face-centered cubic with-

out horizontal beams with additional 4 z-
direction oriented beams

S-FCC self-supporting face- and body-centered cubic
without horizontal beams

S-FCCz self-supporting face-centered cubic without
horizontal beams with additional 4 z-direction
oriented beams

STL stereolithography
SSD solid-state drive
TPMS triply periodic minimal surface

1 INTRODUCTION
Ever since its introduction, additive manufacturing

(AM) has been able to push the manufacturing freedom
to the new frontiers. AM has found its application in
part consolidation, rapid prototyping, and manufacturing
of geometrically complex and hollow structures [1, 2, 3].

Lattice structures are an example of a complex geo-
metric object that can be produced with AM. Some lattice
structures can be manufactured with subtractive manufac-
turing techniques [4]. However, more geometrically com-
plex lattice structures, such as heterogeneous and multi-
scale lattice structures, often require AM for their man-
ufacturing. Lattice structures provide increased strength-



Fig. 1: An example of a lattice structure with multiple
topologies that are inspired by topology optimization [12]

to-weight ratio without a significant decrease of strength
properties [5]. Moreover, other physical and mechanical
properties which are different from their parent material
can emerge in a lattice structure [6, 7]. Lattice structures
can be classified to be either homogeneous or heteroge-
neous. Homogeneous lattice structures have their topol-
ogy and geometric parameters constant across the struc-
ture, while heterogeneous lattice structures have varying
topologies or geometric parameters. Geometric and me-
chanical properties of lattice structures have secured their
place in such industries as aerospace [7], automotive [8],
prosthetics [9], and more [10].

A lattice structure with multiple homogeneous re-
gions is an example of a heterogeneous lattice structure.
Different topologies have different mechanical properties
in different directions [11]. Assigning various topologies
to different regions of the same structure ensures the vari-
ation of mechanical properties within that structure. This
effect is often utilized in design for additive manufactur-
ing (DFAM) [12]. For example, topology optimization
can often be used to identify the optimal topology for
each unit cell of a lattice depending on the loading condi-
tions [13, 14]. Figure 1 illustrates an example of a lattice
structure with topologies selected based on a topology op-
timization algorithm.

Geometric modeling of lattice structures has been a
challenge in AM due to the inability of conventional tools
to model periodic structures [15]. Even more challeng-
ing is geometric modeling of heterogeneous lattice struc-
tures [16].

While AM continuously allows manufacturing of an
ever-increasing variety of lattice structures [17], the de-
sign freedom is still limited for the design of lattice struc-

tures. Such limitation is often associated with the geomet-
ric modeling functionality of the existing computer-aided
design (CAD) tools for lattice structures [15]. Conven-
tional CAD tools which are based on features are well-
suited for subtractive manufacturing but fail to provide
sufficient design flexibility when modeling complex peri-
odic structures [16].

There is a research gap between manufacturing free-
dom and design freedom that is yet to be crossed from
both sides. First, not all designed parts can be manufac-
tured and the manufacturing freedom is thus limited [18].
Second, not everything that is manufactured can be easily
modeled, which is a gap that can be crossed by future de-
velopments in geometric modeling for AM and that has
been identified in the literature [15]. This gap can be
crossed by providing an appropriate geometric modeling
approach that would allow efficient and convenient con-
trol over the geometric parameters and the topology of a
lattice structure.

The topic of topology transition in lattice structures
is not a new one [19]. Geometric modeling of transition
between areas with different topologies within the same
lattice structure is of particular interest in research on this
topic. A smooth transition between topologies that are ar-
bitrarily oriented between each other finds its application
in, for example, the design of bone implants [20]. Tra-
becular bone has multiple porous microstructures which
are oriented depending on the direction the load which is
commonly applied to the bone. The regions of the bone
which are subject to the same type of load possess similar
mechanical properties which are achieved by a seemingly
randomized natural lattice structure with arbitrarily ori-
ented beams.

This paper presents the research work that is a di-
rect continuation of a previously published work that was
focused on providing a framework for functional control
over the geometric parameters of a lattice structure [21].
The purpose of this paper is to analyze the possible com-
binations of beam-based topologies within a single lattice
and extend the previously developed framework to enable
functional control over the topology in it. Figure 2 illus-
trates various ways of enabling heterogeneity of lattice
structures with the main topic of this paper highlighted
in bold. To summarize, this paper attempts to provide a
methodology that can be applied in the geometric model-
ing of beam-based lattice structures with multiple topolo-
gies. Note that even though material heterogeneity is a
noticeable topic of interest in the research on lattice struc-
tures [22], this paper focuses only on the geometric aspect
of modeling.

The proposed paper does not focus on topology op-
timization itself However, the proposed method can be



Fig. 2: Various ways to parametrize heterogeneous lattice
structures with the direction chosen for this paper encir-
cled with bold lines

eventually applied to topology optimization. For exam-
ple, it has been shown that if a solid body is defined as
with function representation, then the optimization of the
arguments of the underlying function results in a topolog-
ically optimized structure [23].

Even though surface-based topologies such as the
topologies based on the triply periodic minimal surfaces
(TPMS) are a topic of interest in the research on topol-
ogy transition [24, 25]. This paper only focuses on the
beam-based lattice topologies.

The rest of this paper is organized as follows. Sec-
tion 2 reviews the literature on the existing geometric
modeling methods that support AM of lattice structures
with multiple topologies. Section 3 describes the method
that is proposed to be used as a support for the geometric
modeling of lattice structures with multiple topologies.
Section 4 documents the technical aspects of the imple-
mentation, as well as provides several use cases of lattice
structures modeled with the proposed approach. The con-
clusions and directions of future research are provided in
section 5.

2 GEOMETRIC MODELING OF MULTI-
TOPOLOGY BEAM-BASED LATTICE STRUC-
TURES
Normally, the unit cells in lattice structures are

aligned in a three-dimensional (3D) pattern in which ev-
ery two neighboring unit cells share a side. This work,
however, focuses on the geometric modeling of more un-
conventional methods of aligning the unit cells. This
includes the modeling of lattice structures in which the
topologies are aligned at an angle to each other, as well as
the variation of topologies that is ensured by the variation
of geometric parameters.

The rest of this section is organized as follows. Con-

cepts that are relevant to the geometric modeling of lattice
structures are reviewed in section 2.1. Section 2.2 reviews
the function representation (F-rep) methods that are appli-
cable to the geometric modeling of lattice structures. One
of the main challenges that were identified in the litera-
ture corresponds to the so-called connectivity issue which
is introduced in detail in section 2.3.

2.1 Geometric modeling concepts
The geometric modeling of lattice structures has been

extensively reviewed in the literature [15, 16, 26]. Simi-
larly to every CAD tool, any lattice modeling tool has a
geometric modeling kernel (GMK) at its core. A GMK is
a software representation of a set of geometric theorems
and axioms that is crucial to defining the shape of a solid
body.

While multi-topology beam-based lattice structures
have been a topic of interest in AM research, the geo-
metric modeling methods used to generate their respec-
tive solid models are limited [27]. The literature review
performed in the preceding works has revealed that not
many tools allow variation of geometric parameters other
than the thickness of the lattice beams [15, 21].

In this work, the solid model S ⊂ R3 is defined in
the 3D design space X ⊂ R3 as a set of points bounded
by its boundary surface ∂S which is defined as

∂S := S ∩ (X− S) (1)

and is a 2-manifold M2
g of a finite genus g. The design

space X is considered to be defined by the design and
environment constraints.

Consider that the boundary surface is defined by a
function F (X) such that all X satisfying F (X) ≥ 0 lie
inside the solid body. Then,

S := {X|F (X) ≥ 0} (2)

and Eqn. (1) converges to

∂S = {X|F (X) = 0}. (3)

Geometric modeling in general can be classified into
surface and volumetric modeling. Surface modeling rep-
resents a solid body solely by its surface boundary. The
most common way of surface modeling is based on
boundary representation (B-rep) in which only ∂S is re-
quired to be defined, i.e. all points satisfying F (X) = 0



are required to be modeled. Similarly, volumetric mod-
eling requires finding a solution for F (X) ≥ 0. The key
differences and advantages of both approaches are cov-
ered in the preceding works [15, 28].

2.2 Function representation applicability for geo-
metric modeling of beam-based lattice structures

Geometric modeling approaches that define the ge-
ometric shape of the target solid body by providing ei-
ther an explicit or an implicit form of F (X) are called
the F-rep methods [29]. F-rep is a powerful approach that
allows direct control over the shape of the desired solid
body given that its shape can be described by a mathe-
matical equation. In F-rep, a solid body is defined by the
inequality

F (X) ≥ 0, (4)

where X = (x, y, z) ⊂ R3 is the design space and F (X)
is defined in such a way, that F (X) ≥ 0 is the solid itself,
F (X) = 0 corresponds to the surface of the solid, and
F (X) < 0 is the rest of the design space [29].

Moreover, F-rep has proved itself applicable for
the geometric modeling of heterogeneous lattice struc-
tures [21]. This is achieved by expanding the classical
F-rep definition of geometry defined by Eqn. 4 by com-
posing it of a function P (X) that defines the geometric
parameters of the lattice unit cells and a function that de-
fines the topology T (X) of the lattice, i.e.

F (X) = (P ◦ T )(X) ≥ 0. (5)

Figure 3 illustrates the sequential mapping described by
Eqn. (5). Note that the order of the composition mat-
ters. First, the topology of the whole multi-topology lat-
tice is defined by the mapping t = T (X), where t ∈ Z3

is a scalar integer space that describes the distribution of
topologies in the design space X. t is discrete because the
set of unit cells is a countable set, i.e. each unit set can be
assigned a finite number. No topology at a certain x ∈ X
is a case of 0-topology where no geometry exists. These
points x, however, lie outside the solid where F (X) < 0
and are thus redundant to be defined. Then, the geometric
parameters of every region of the lattice are applied to the
topology by the mapping p = P (t). If p is a geometric
parameter and F = p− T (X), then P (T (X)) is a trivial
function, and the resulting lattice structure is equivalent to
its skeletal graph with the 0-thickness, or T . In general,
p ∈ Rg where g is the number of geometric parameters
required to define a solid model of a lattice unit cell. For

Fig. 3: The mapping of the function T that defines the
topology and the function P that defines the geometric
parameters of a single heterogeneous lattice structure

example, the lattice thickness and the unit cell size can be
parameters that are needed to fully define the solid model
of a unit cell. Functions P and T define two different as-
pects of the heterogeneous geometry of a lattice structure
as shown in Fig. 2. The mathematical foundations of this
approach are described in more details in the preceding
work [21].

This approach allows setting a constant topology T
and a custom set of geometric parameters P . Topology in
this approach is defined by its skeletal graph which is a
set of straight line segments which are defined by mathe-
matical equations and intersect at nodes. In other words,
a skeletal graph is a single unit cell with the 0 thickness
of beams. For example, a topology defined by

T (X) :


x ∈ {0, u}, z ∈ {y,−y + u},
y ∈ {0, u}, z ∈ {x,−x+ u},
z ∈ {0, u}, y ∈ {x,−x+ u};

x, y, z ∈ [0, u],

(6)

where u is the side of the cubic unit cell, describes
12 straight line segments bounded by the cubic region
x, y, z ∈ [0, u] with each segment being from one ver-
tex to the opposite one within the same face of the cube.
In this notation, α ∈ {β, γ} means a union of α = β and
α = γ. So, x ∈ {0, u} means x = 0 and x = u. Eqn. (6)
describes the skeletal graph of the FCC topology which is
sketched in Fig. 4.

The definition of the geometric parameter function
P allows adding thickness and other geometric parame-
ters to the skeletal graph, thus enabling the modeling of
solid bodies. Figure 5 shows some of the topologies in-
spired by the metal crystal structure and which are sup-
ported by default in this approach. All the illustrated unit
cells have the unit cell size u = 10 mm, the beam diame-
ter d = 1 mm, and the node diameter D = 1.1 mm. Note



Fig. 4: An FCC unit cell described by Eqn. (6). The
thicker lines correspond to the beams that are located in
visible faces of the arbitrary cube with the side u. The
edges of the arbitrary cube are represented as dotted lines.
The nodes are represented as circles.

that the FCC topology observed in Fig. 5a is obtained by
adding the thickness parameter to the skeletal graph de-
fined by Eqn. (6) and illustrated in Fig. 4. Figure 6 illus-
trates other beam-based topologies that are supported by
the approach. Note that the rhombicuboctahedron and the
truncated cube topologies can optionally require the trun-
cation size parameter as they are based on truncated poly-
hedrons. These unit cells have the unit cell size u = 10
mm, the beam diameter d = 1 mm, and the node diameter
D = 1.1 mm.

F-rep is a powerful geometric modeling technique
that greatly expands the complexity of the solid models it
can produce [30]. This method, however, introduces addi-
tional complexity to the design process itself by providing
more complex tools to model solid bodies. The advantage
of the method that is proposed to be used in this work lies
in its simplification of the F-rep for the modeling of lattice
structures. The software implementation of the approach
that has been released as a free and open-source (FOSS)
software [31] has a list of predefined topology functions
T with the ability to extend them at will. For instance,
Eqn. (6) is essentially simplified to T (X) : FCC(X).

While providing a powerful tool for the modeling of
heterogeneous lattice structures with custom geometric
parameters P , this approach is still limited to supporting

only the constant values of T within each certain region
of the structure. Note that this approach does not yet sup-
port stochastic lattices structures, and thus this work does
not focus on the connectivity of stochastic topologies.

2.3 Connectivity issue
In beam-based topologies, the connectivity issue

arises when there is no well-defined physical connection
between the beams of two neighboring topologies. The
connectivity issue affects the quality of the solid model of
the lattice structure, as well as its manufacturability. Fig-
ure 7 sketches a scheme of a lattice structure with multiple
topologies that have the connectivity issue.

This work focuses only on the connectivity of the
beam-based topologies. To address this issue appropri-
ately, a list of such topologies should be made. A sub-
stantial number of the beam-based topologies is inspired
by the cubic crystal system in crystallography due to
their ability to reinforce the structure in specific direc-
tions [33]. These topologies include simple cubic, body-
centered cubic (BCC), face-centered cubic (FCC), as well
as variations of these topologies such as self-supporting
FCC without horizontal beams (S-FCC), BCC with ad-
ditional 4 z-direction oriented beams (BCCz), FCC with
additional 4 z-direction oriented beams (FCCz), S-FCCz,
face- and body-centered cubic (FBCC), S-FBCC, and S-
FBCCz [21]. Any of these topologies can be combined
within a lattice structure without connectivity issues given
the parallel translation of unit cells within it.

All the topologies inspired by the metal crystal struc-
ture which are listed above share the same cubic shape
of their unit cell, as well as at least 4 common nodes.
Thus, the connectivity of these topologies can be effi-
ciently achieved.

However, countless other beam-based topologies that
are not inspired by crystallography exist. Among the
topologies that are extensively used in AM, there are
the diamond, rhombicuboctahedron, truncated cube, and
truncated cuboctahedron topologies. All of these except
for the diamond topology are normally able to parallel
transition from one to another without significant connec-
tivity issues. The diamond topology is not plane symmet-
rical, i.e. it cannot be obtained by mirroring a subset of
that topology about a plane. This effect limits the appli-
cation of the diamond topology in lattice structures with
multiple topologies.

The transition of unit cells with different topologies
is not limited to parallel. For example, assigning BCC
and FCC topologies oriented in different directions in dif-
ferent regions of the same lattice has proven mimicking
of the crystal structure damage-resisting properties [34].



(a) FCC (b) FCCz (c) S-FBCC

Fig. 5: Various beam-based topologies inspired by the cubic crystal system supported by the F-rep approach [21]

(a) Rhombicuboctahedron (b) Truncated cube

Fig. 6: Additional beam-based topologies supported by the F-rep approach [21] that are based on truncated polyhe-
drons

The connectivity issue, in this case, is often mitigated
by introducing additional beams between the unmatched
nodes in the transition plane for support [35]. However,
these additional beams in the transition region can affect
the mechanical properties that arise in it, thus making the
outcome of the design process less predictable. In par-
ticular, it has been found that the mechanical properties
in homogeneous lattice structures are easily predictable
by various techniques such as the homogenization tech-
nique [36]. On the contrary, the connectivity region be-
tween various topologies is greatly affected by the geo-
metric properties of the transition region which is more
difficult to predict if stochastic [37].

3 THE PROPOSED FUNCTION REPRESENTA-
TION APPROACH

Multiple commercial software packages that can
model heterogeneous lattice structures exist. Many of
those have been extensively reviewed in the literature [15,
16]. One of the most notable examples of such a tool
is nTopology [38], which allows the modeling of highly
complex lattice structures with heterogeneous parame-
ters. However, the only geometric parameter that is al-
lowed to be controlled in the majority of such tools is the
thickness of the lattice. Moreover, there are not many
open-source geometric modeling tools that would be able
to model such complex shapes, while the ability to ex-
tend the software with additional functionality is of the
essence. Thus, it is proposed to extend the F-rep approach
described in section 2.2 to implement the connectivity of
multiple topologies within the same lattice structure. The



Fig. 7: A schematic of a lattice structure with multiple
topologies [32] (Permission to reprint from Elsevier ©
2020)

advantages of this approach include:

- Its ability to model a large amount of beam-based
topologies.

- Its ability to extend the number of supported topolo-
gies by defining a custom function T that defines its
skeletal graphs.

- Its support for defining a custom distribution of geo-
metric parameters by providing control over the func-
tion P that defines them.

- Its ability to control geometric modeling parameters
other than the thickness of the beam such as, for ex-
ample, the shape of the beam cross-section. This is
one of the key differences between this approach and
other alternative approaches.

- Its release as a software prototype in the form of a
free and open-source tool [31], which allows further
improvements of the software.

3.1 Connectivity of beam-based topologies by the
transition plane

A special case of topology transition at certain an-
gles can be supported by the proposed approach. It is
proposed to define the transition between the beam-based
topologies by a transition plane. Since it is proposed to
utilize the F-rep framework described in section 2.2, this
transition plane is ought to be defined as a function.

Consider two topologies the skeletal graphs T1 and
T2 for which are known. The transition plane P between
them is a plane of the scalar form

P(X) : at(x−x0t)+bt(y−y0t)+ct(z−z0t) = 0, (7)

where at, bt, and ct are the components of the normal
vector −→nt = (at, bt, ct) of the transition plane, x0t, y0t,

and z0t are the coordinates of an arbitrary point on P . In
this case, the skeletal graph of the lattice structure with
the two topologies that are separated by a transition plane
P can be described as

T (X) =

 {T1(X)|P < 0},
{T2(X)|P > 0},

{(T1 ∪ T2)(X)|P = 0},
(8)

or, in a general case,

T (X) =

 {Ti(X)|Pij < 0}
{Tj(X)|Pij > 0}

{(Ti ∪ Tj)(X)|Pij = 0}
∀i, j ∈ [1, ..., N ],

(9)

where Pij is the transition plane between topologies Ti

and Tj , N is the total number of regions with different
topologies. Note that Pij = −Pji is assumed to account
for the change of the direction of a normal vector for each
corresponding transition plane.

As an example, consider a lattice structure consist-
ing of two topologies T1 and T2 which are oriented as
sketched in Fig. 8. Let T1 be a beam-based topology with
a cubic unit cell with the side u1. Let the transition plane
P between them be defined as follows:

P(X) : x+ z − pu1 = 0, (10)

where u1 is the side of the cubic unit cell with the T1

topology and p is the number of unit cells between the ori-
gin and the transition plane along the x-axis. In this case,
the normal vector −→nt of the transition plane P forms 45◦

with the positive direction of the x-axis. The T2 topology
has a cuboid shape of its unit cell with the dimensions
of u2, u1, and u2 in the x2, y2, and z2 directions, re-
spectively, where u2 = u1/

√
2. X2 = (x2, y2, z2)

⊺ is
obtained by the Euclidean plane transformation of rota-
tion as X2 = RX1 = RX where R is the rotation matrix
defined as

R =

√
2

2

 1 0 1

0
√
2 0

−1 0 1

 . (11)

Note that the additional translation matrix is optional
since T2 is not defined for P < 0.



Fig. 8: A diagram of two topologies transitioning in a
plane

Fig. 9: A skeletal graph of the truncated cube topology
with the unit cell size u and the truncation τ

3.2 Controllable truncation as a means to achieve
topology transition

Some topologies have an optional truncation param-
eter required to fully define their skeletal graph T . For
example, the rhombicuboctahedron (Fig. 6a) and the trun-
cated cube (Fig. 6b) can have an additional truncation pa-
rameter τ that can be defined by the function P that de-
fines geometric parameters.

The strict definition of many truncated polyhedrons
assumes that every edge in them has equal length. Thus,
the truncation in the truncated polyhedrons is considered
to be defined. This work, however, steps back from the

strict definitions of truncated polyhedrons. Consider a
skeletal graph T of the truncated cube topology with the
unit cell size u sketched in Fig. 9. The skeletal graph is
defined according to the F-rep principles [21] as follows:

T (X) :



x ∈ {0, u},


−y + τ = z,

y − u+ τ = z,

y = z − u+ τ,

−y + u = z − u+ τ ;

y ∈ {0, u},


−x+ τ = z,

x− u+ τ = z,

x = z − u+ τ,

x− u+ τ = −z + u;

z ∈ {0, u},


−x+ τ = y,

x− u+ τ = y,

x = y − u+ τ,

−x+ u = y − u+ τ ;

x ∈ [τ, u− τ ],

[
x ∈ {0, u},
z ∈ {0, u};

y ∈ [τ, u− τ ],

[
x ∈ {0, u},
z ∈ {0, u};

z ∈ [τ, u− τ ],

[
x ∈ {0, u},
y ∈ {0, u}.

(12)

Here, the first 3 subsystems of equations correspond to
the line segments that define the truncated faces and the
other 3 subsystems of equations correspond to the edges
of the cube.

The truncated cube, if defined as an Archimedean
solid, assumes that τ is defined in such a way that every
edge has an equal length. Thus

u = 2τ +
√
2τ (13)

or

τ =
u

2 +
√
2
. (14)

This work assumes that the truncation can take any real
value in range τ ∈ [0, u/2], or for simplicity, between 0%
and 100%.

Observe that in the two extreme cases when the value
of τ takes 0 or u/2, Eqn. (12) that defines the truncated



cube illustrated in Fig. 6b, it converges to the simple cubic
topology that is defined as

T (X) :

x ∈ {0, u}, y ∈ {0, u},
y ∈ {0, u}, z ∈ {0, u},
x ∈ {0, u}, z ∈ {0, u}

(15)

and to the cuboctahedron topology, respectively. This
effect is known as the complete quasitruncation. Equa-
tion (12) and Eqn. (15) are defined on x, y, z ∈ [0, u].

The approach is similarly applied to the rhom-
bicuboctahedron topology. In the two extreme complete
quasitruncation cases when the value of τ takes 0 or u/2,
the rhombicuboctahedron topology converges to the sim-
ple cubic topology and the octahedron topology, respec-
tively.

By considering the truncation τ as a variable instead
of a constant, the proposed approach can achieve the tran-
sition of one topology T1 into another topology T2 by
defining the function P that defines the geometric param-
eters. Note that the skeletal graph is different for any two
different values of truncation τ ∈ [0, u/2]. This effect
blurs the differences between defining the geometric pa-
rameters with the function P and defining the topology
with the function T .

4 IMPLEMENTATION
It was decided to extend the functionality of a pre-

viously developed implementation of the described F-rep
approach [21, 31]. This approach is discussed in detail
in section 2.2 and its framework is described by Eqn. (5).
However, the implementation has only supported the vari-
ation of geometric parameters P and not the variation of
topologies T . Thus, adjustments to the developed tool
needed to be made.

The developed tool is based on Cadquery [39] with
the Open CASCADE Technology (OCCT) [40] GMK.
This allows the implementation of the same software de-
velopment practices as in the previous work. Moreover,
the software prototype developed this way remains cross-
platform, thus enhancing the flexibility and applicability
of the software.

4.1 Connectivity of beam-based topologies by the
transition plane

As described in section 3.1, it is possible to achieve
the transition of topology T1 into topology T2 by defin-
ing the transition plane P with an arbitrary position and
orientation. This also enables support for non-cubic unit

cells as one of the topologies may have the form of a
cuboid.

As an example of such topology transition, consider
a heterogeneous lattice structure with a total size of 37.5×
37.5× 37.5 mm3 which consists of topologies T1 and T2.
Let T1 and T2 transition in the transition plane P defined
as

P(X) : x+ z − 37.5 = 0, (16)

so that the normal vector of P forms 45◦ with the positive
direction of the x-axis. Let the topology T1 correspond to
the cubic FCC with the unit cell size of u1 = 3.75 mm
and the topology T2 correspond to the cuboid BCC with
the transition plane. Figure 10 illustrates the transition
in detail. In this case, u2 = u1/

√
2 ∼= 2.66 mm. The

connectivity issue in this case is resolved as the nodes
of the two topologies are continuously connected in the
transition plane.

According to the framework, after the definition of
the topology T , the geometric parameters P are needed
to be defined. The beams of the topologies in Fig. 10
are set to have the diameter d = 0.7 mm and the node
diameter is set to D = 0.75 mm.

4.2 Controllable truncation as a means to achieve
topology transition

As described in section 3.2, it is possible to achieve
the transition of topology T by controlling other geomet-
ric parameters P such as the truncation τ of topologies
that are based on the truncated polyhedrons. This can be
done by defining P (X) : τ(X).

As an example of such topology transition, consider
a 10 × 10 × 10 lattice structure with the truncated cube
topology with the unit cell size u = 10 mm. Let the trun-
cation τ of the truncated cube topology linearly change
from τmin = 0 (0%) to τmax = u/2 = 5 mm (100%), i.e.

P (X) : τ(z) = z, (17)

where z ∈ [0, 1] is the variable corresponding to the z-
axis. In this approach, z ∈ [0, 1] is mapped to the actual
coordinate za ∈ [1, Nz] with za ∈ N+. The beam diame-
ter is set to 1 mm and the node diameter is set to 1.05 mm.
The resulting heterogeneous lattice structure is illustrated
in Fig. 11. Note that at z = 0 the topology T that is de-
scribed by Eqn. (12) converges to the simple cubic topol-
ogy defined by Eqn. (15), and at z = 1 it converges to the
cuboctahedron topology. The approach allows simultane-
ous control over different geometric parameters in differ-
ent directions. In this example, the beam thickness is an



Fig. 10: The transition between the FCC topology with the cubic unit cell to the BCC topology with the cuboid unit
cell along the transition plane P . Note that the BCC topology is rotated 45◦.

additional parameter that linearly increases from 0.5 mm
on the left and 5.0 mm on the right similarly to the trun-
cation. Note that the lattice nodes have a diameter larger
that the diameter of the beams and is set to linearly in-
crease from 0.55 mm to 5.5 mm.

The truncation can be one of the potential output pa-
rameters of a topology optimization algorithm. For ex-
ample, different regions of the lattice can be assigned a
different truncation depending on whether the region is
subject to bending-, compression-, or tension loads [41].
Additionally, since the control over the truncation allows
a smooth and continuous transition between topologies,
this approach can find its application in lattice embed-
ding [42].

The estimation of mechanical properties in the lattice
transition region can be more accurate due to the lack of
stochastic geometric parameters.

Another example of a topology that can support the
truncation-based topology transition is the rhombicuboc-
tahedron topology. Consider a 10× 10× 10 lattice struc-
ture with the rhombicuboctahedron topology with the unit
cell size u = 10 mm. Let the truncation τ of the rhom-
bicuboctahedron topology linearly change similarly to the
previous example according to Eqn. (17). Similarly, the
beam diameter is set to linearly increase from left to right.
The resulting heterogeneous lattice structure is illustrated
in Fig. 12. Note that at z = 0 the topology T described
converges to the simple cubic topology defined, and at

z = 1 it converges to the octahedron topology.

4.3 Performance analysis
The performance testing of the implemented ap-

proach was performed on a machine equipped with the
AMD Ryzen™ 7 3700X central processing unit (CPU)
with a 3.20 GHz of clock rate, the NVIDIA® GeForce®
RTX 2070 Super graphics processing unit (GPU) with
8 GB of memory, 16 GB of random-access memory
(RAM), a solid-state drive (SSD) and the Linux operat-
ing system. The modeling precision is customizable and
can be set from the software settings. In this work, the
modeling precision was set to be 0.1 mm. The perfor-
mance of the developed approach when applied to some
of the covered examples is listed in Table 1.

The previously developed software prototype sup-
ports the export of the resulting solid models into a stere-
olithography (STL) file encoded with the American Stan-
dard Code for Information Interchange (ASCII), and a
STEP file defined by the ISO 10303-21 standard [43].

The manufacturability of the lattice is also an im-
portant aspect to consider when analyzing the resulting
models [44]. The manufacturability check is run on the
resulting STL models using the Preform 3D printing soft-
ware [45].

It was decided to run the manufacturability checks
for the transition plane connectivity similar to the exam-
ple shown in Fig. 10 with all combinations of topologies



Fig. 11: A heterogeneous lattice structure with the topology based on a truncated cube with the truncation parameter
τ varying along the z-axis. The topology converges to the simple cubic at the bottom and the cuboctahedron topology
shifted to half of the unit cell size at the top. The thickness of the beams is linearly varying along the x-axis.

Lattice CPU usage range, % Generation time, min
Figure 10 40.9–101.3 19.76
Figure 11 43.5–102.1 34.97
Figure 12 45.7–106.8 37.62

Table 1: The performance metrics of the geometric modeling with the proposed approach

that are inspired by the crystal metal structure and that are
listed in Fig. 5. Also, the same manufacturability checks
have been performed for the truncation-based topology
transition. The basic manufacturability checks within the
software have been successfully passed.

Moreover, a case with multiple transitions of topolo-
gies was decided to be manufactured with the Formlabs
Form 2 stereolithography 3D printer [46]. Stereolithogra-
phy 3D printers allow highly accurate AM with a smooth
finish [47]. The material was chosen to be Formlabs Elas-
tic 50A [48]. It was decided to have 5 layers of FCC and
5 layers of BCC each with an equal layer thickness and
oriented at 45◦ to the horizontal plane as illustrated in

Fig. 13a. The FCC unit cell is cubic, and its size is set to
u1 = 3.75 mm. The BCC unit cell is cuboid and accord-
ing to the framework described in section 3.1 and Fig. 8,
its smaller side is u2 = u1/

√
2 ≈ 2.65 mm. The beam

diameter for both topologies is set to d = 0.7 mm and the
node diameter is set to D = 0.75 mm. Additional 3.75
mm thick plates were added at the bottom and at the top of
the lattice structure to support it during the AM process.
The resulting print is illustrated in Fig. 13b. Note that
one of the plates is bent in an arc which can be explained
by its shrinkage due to the residual stress occurring in it
during the print, as this plate was the one attached to the
printing platform [49].



Fig. 12: A heterogeneous lattice structure with the topology based on a rhombicuboctahedron with the truncation
parameter τ varying along the z-axis. The topology converges to the simple cubic at the bottom and the octahedron
topology at the top. The thickness of the beams is linearly varying along the x-axis.

(a) The orientation of topologies for the man-
ufacturability performance test

(b) The resulting print with a zoomed-in view on the topology transition region.
In the zoomed-in view, the transition planes are marked with dotted lines and
the instances of the FCC and BCC unit cells are marked with the dashed lines.

Fig. 13: A use-case showing the lattice transition with the proposed approach

5 CONCLUSION AND FUTURE RESEARCH

This work provides a novel geometric modeling ap-
proach that allows the generation of lattice structures with
multiple topologies. The topology transition based on
the transition plane has been shown to enable cuboid unit

cells. A novel approach for transforming a topology from
one to another which is based on the variation of geo-
metric parameters has been proposed and implemented
in a software prototype. Several use cases of transition
of topology by the variation of the truncation parameter



have been covered. These topology transformations have
been implemented with a novel F-rep approach.

The integration in the design loop is proposed to be
achieved by providing access and guidance to the design
community and to a list of manufacturers utilizing which
utilize lattice structures. The aerospace sector is of the
sectors of industry that heavily relies on lightweight struc-
tures with unique thermophysical properties, and is thus
proposed as a potential venue for exploration. The tool
is released as a documented FOSS which should enhance
the user experience and foster further agile development
of the tool.

It is proposed to investigate the topology transition
between TPMS-based topologies and the applicability of
F-rep to this transition. While this topic has been of in-
terest with several of successful implementations, there
may be ways to improve the existing methods with the F-
rep approaches. It is also important to find industrial use
cases of extreme heterogeneity of lattice structures that
could benefit from the proposed approach.

The diamond beam-based lattice structure is an ex-
ample of a beam-based topology that does not have con-
ventional nodes at the edges of its cubic unit cell. More-
over, the properties of such lattice depend on the orienta-
tion of the unit cells. It is proposed to investigate the ap-
plication of the proposed approach to this topology. The
software prototype that embeds the proposed approach
has been developed according to the object-oriented pro-
gramming principles, which enables further extension of
the framework.

There is evidence that lattice structures with multi-
ple topologies can possess unique properties. It is pro-
posed to model geometrically complex lattice structures
that would be challenging to manufacture with other ex-
isting means.

The future work is also proposed to focus on sup-
porting multi-scale hierarchical lattice structures with the
F-rep approach.

ACKNOWLEDGEMENTS
This research work is supported by National Sciences

and Engineering Research Council of Canada Discovery
Grant RGPIN-2018-05971.

REFERENCES
[1] Yang, S., Tang, Y., and Zhao, Y. F., 2015, “A

new part consolidation method to embrace the de-
sign freedom of additive manufacturing,” Journal
of Manufacturing Processes, 20, pp. 444–449.

[2] Lam, H. K., Ding, L., Cheng, T., and Zhou, H.,
2019, “The impact of 3D printing implementation
on stock returns: a contingent dynamic capabilities
perspective,” International Journal of Operations &
Production Management.

[3] Noronha, J., Qian, M., Leary, M., Kyriakou, E., and
Brandt, M., 2021, “Hollow-walled lattice materi-
als by additive manufacturing: Design, manufac-
ture, properties, applications and challenges,” Cur-
rent Opinion in Solid State and Materials Science,
25(5), p. 100940.

[4] Queheillalt, D. T., and Wadley, H. N., 2005, “Cellu-
lar metal lattices with hollow trusses,” Acta Materi-
alia, 53(2), pp. 303–313.

[5] Yazdi, M. S., Latifi Rostami, S., and Kolahdooz, A.,
2016, “Optimization of geometrical parameters in a
specific composite lattice structure using neural net-
works and abc algorithm,” Journal of Mechanical
Science and Technology, 30(4), pp. 1763–1771.

[6] Chen, D., and Zheng, X., 2018, “Multi-material
additive manufacturing of metamaterials with giant,
tailorable negative poisson’s ratios,” Scientific re-
ports, 8(1), pp. 1–8.

[7] Maconachie, T., Leary, M., Lozanovski, B., Zhang,
X., Qian, M., Faruque, O., and Brandt, M., 2019,
“SLM lattice structures: Properties, performance,
applications and challenges,” Materials & Design,
183, p. 108137.

[8] Aslan, B., and Yıldız, A. R., 2020, “Optimum de-
sign of automobile components using lattice struc-
tures for additive manufacturing,” Materials testing,
62(6), pp. 633–639.

[9] Kandil, K., Kaoua, S. A., Mesbah, A., Voznyak,
Y., Zaı̈ri, F., and Zaı̈ri, F., 2021, “A novel bio-
inspired hydrogel-based lattice structure to mechan-
ically mimic human annulus fibrosus: A finite ele-
ment study,” International Journal of Mechanical
Sciences, 211, p. 106775.

[10] Dong, G., Tang, Y., and Zhao, Y. F., 2017, “A survey
of modeling of lattice structures fabricated by addi-
tive manufacturing,” Journal of Mechanical Design,
139(10), p. 100906.

[11] Li, C., Lei, H., Zhang, Z., Zhang, X., Zhou, H.,
Wang, P., and Fang, D., 2020, “Architecture design
of periodic truss-lattice cells for additive manufac-
turing,” Additive Manufacturing, 34, p. 101172.

[12] Liu, Y., Zhuo, S., Xiao, Y., Zheng, G., Dong, G., and
Zhao, Y. F., 2020, “Rapid modeling and design op-
timization of multi-topology lattice structure based
on unit-cell library,” Journal of Mechanical Design,
142(9), p. 091705.

[13] Hu, J., Luo, Y., and Liu, S., 2021, “Two-scale con-



current topology optimization method of hierarchi-
cal structures with self-connected multiple lattice-
material domains,” Composite Structures, 272,
p. 114224.

[14] Wei, N., Ye, H., Zhang, X., Li, J., and Sui, Y., 2022,
“Topology optimization for design of hybrid lattice
structures with multiple microstructure configura-
tions,” Acta Mechanica Solida Sinica, pp. 1–17.

[15] Letov, N., Velivela, P. T., Sun, S., and Zhao,
Y. F., 2021, “Challenges and opportunities in ge-
ometric modeling of complex bio-inspired three-
dimensional objects designed for additive manufac-
turing,” Journal of Mechanical Design, 143(12).

[16] Liu, Y., Zheng, G., Letov, N., and Zhao, Y. F.,
2021, “A survey of modeling and optimization
methods for multi-scale heterogeneous lattice struc-
tures,” Journal of Mechanical Design, 143(4).

[17] Tao, W., and Leu, M. C., 2016, “Design of lat-
tice structure for additive manufacturing,” In 2016
International Symposium on Flexible Automation
(ISFA), IEEE, pp. 325–332.

[18] Velivela, P. T., Letov, N., Liu, Y., and Zhao, Y. F.,
2021, “Application of domain integrated design
methodology for bio-inspired design-a case study of
suture pin design,” Proceedings of the Design Soci-
ety, 1, pp. 487–496.

[19] Leonardi, F., Graziosi, S., Casati, R., Tamburrino,
F., and Bordegoni, M., 2019, “Additive manufac-
turing of heterogeneous lattice structures: an ex-
perimental exploration,” In Proceedings of the De-
sign Society: International Conference on Engineer-
ing Design, Vol. 1, Cambridge University Press,
pp. 669–678.

[20] Lu, Y., Cheng, L., Yang, Z., Li, J., and Zhu, H.,
2020, “Relationship between the morphological,
mechanical and permeability properties of porous
bone scaffolds and the underlying microstructure,”
PloS one, 15(9), p. e0238471.

[21] Letov, N., and Zhao, Y. F., 2022, “A geometric
modeling framework to support the design of het-
erogeneous lattice structures with non-linearly vary-
ing geometry,” Journal of Computational Design
and Engineering, p. qwac076.

[22] Liu, Y., Zhou, M., Tang, Y., Zhao, Y., and Zheng,
G., 2019, “Material-unit network for multi-material-
property and multiscale components,” Computer-
Aided Design and Applications, 17, pp. 547–560.

[23] Popov, D., Kuzminova, Y., Maltsev, E., Evlashin,
S., Safonov, A., Akhatov, I., and Pasko, A., 2021,
“Cad/cam system for additive manufacturing with a
robust and efficient topology optimization algorithm
based on the function representation,” Applied Sci-

ences, 11(16), p. 7409.
[24] Al-Ketan, O., Lee, D.-W., Rowshan, R., and Al-

Rub, R. K. A., 2020, “Functionally graded and
multi-morphology sheet tpms lattices: Design, man-
ufacturing, and mechanical properties,” Journal of
the mechanical behavior of biomedical materials,
102, p. 103520.

[25] Ren, F., Zhang, C., Liao, W., Liu, T., Li, D., Shi, X.,
Jiang, W., Wang, C., Qi, J., Chen, Y., et al., 2021,
“Transition boundaries and stiffness optimal design
for multi-tpms lattices,” Materials & Design, 210,
p. 110062.

[26] Savio, G., Meneghello, R., and Concheri, G., 2018,
“Geometric modeling of lattice structures for addi-
tive manufacturing,” Rapid Prototyping Journal.

[27] Lertthanasarn, J., 2021, “Hierarchical strength-
ening of polycrystal-inspired lattice materi-
als,” PhD Thesis, Imperial College Lon-
don, London, UK, accessed April 16, 2022
https://ethos.bl.uk/OrderDetails
.do?uin=uk.bl.ethos.849669.

[28] Letov, N., and Zhao, Y. F., 2020, “Volumetric
cells: A framework for a bio-inspired geometric
modelling method to support heterogeneous lattice
structures,” In Proceedings of the Design Society:
DESIGN Conference, Vol. 1, Cambridge University
Press, pp. 295–304.

[29] Pasko, A., Adzhiev, V., Sourin, A., and Savchenko,
V., 1995, “Function representation in geometric
modeling: concepts, implementation and applica-
tions,” The visual computer, 11(8), pp. 429–446.

[30] Kartasheva, E., Adzhiev, V., Comninos, P., Fryazi-
nov, O., and Pasko, A., 2008, “An implicit com-
plexes framework for heterogeneous objects mod-
elling,” In Heterogeneous Objects Modelling and
Applications. Springer, pp. 1–41.

[31] Letov, N., 2022, jalovisko/LatticeQuery
0.1LQ, accessed August 30, 2022,
https://zenodo.org/record/6959068.

[32] Liu, P., Kang, Z., and Luo, Y., 2020, “Two-scale
concurrent topology optimization of lattice struc-
tures with connectable microstructures,” Additive
Manufacturing, 36, p. 101427.

[33] Maskery, I., Hussey, A., Panesar, A., Aremu, A.,
Tuck, C., Ashcroft, I., and Hague, R., 2017, “An in-
vestigation into reinforced and functionally graded
lattice structures,” Journal of Cellular Plastics,
53(2), pp. 151–165.

[34] Pham, M.-S., Liu, C., Todd, I., and Lertthanasarn,
J., 2019, “Damage-tolerant architected materi-
als inspired by crystal microstructure,” Nature,
565(7739), pp. 305–311.



[35] Lertthanasarn, J., Liu, C., and Pham, M.-S., 2021,
“Influence of the base material on the mechan-
ical behaviors of polycrystal-like meta-crystals,”
Journal of Micromechanics and Molecular Physics,
p. 2150004.

[36] Somnic, J., and Jo, B. W., 2022, “Status and chal-
lenges in homogenization methods for lattice mate-
rials,” Materials, 15(2), p. 605.

[37] Wang, P., Casadei, F., Kang, S. H., and Bertoldi, K.,
2015, “Locally resonant band gaps in periodic beam
lattices by tuning connectivity,” Physical Review B,
91(2), p. 020103.

[38] nTopology, Inc. Next-Generation Engineering De-
sign Software Online, accessed September 1, 2022,
https://ntopology.com/.
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