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REGULARITY OF MATRIX COEFFICIENTS OF A COMPACT

SYMMETRIC PAIR OF LIE GROUPS

GUILLAUME DUMAS

Abstract. We consider symmetric Gelfand pairs (G,K) where G is a compact

Lie group and K a subgroup of fixed point of an involutive automorphism. We
study the regularity of K-bi-invariant matrix coefficients of G. The results rely

on the analysis of the spherical functions of the Gelfand pair (G,K). When
the symmetric space G/K is of rank 1 or isomorphic to a Lie group, we find the

optimal regularity of K-bi-invariant matrix coefficients. Furthermore, in rank

1 we also find the optimal regularity of K-bi-invariant Herz-Schur multipliers
of Sp(L2(G)). We also give a lower bound for the optimal regularity in some

families of higher rank symmetric spaces. From these results, we make a

conjecture in the general case involving the root system of the symmetric
space. Finally, we prove that if all K-bi-invariant matrix coefficients of G have

the same regularity, then so do all K-finite matrix coefficients.

1. Introduction

In this article, we investigate the regularity and local behaviour of K-bi-invariant
and K-finite matrix coefficients of some Lie groups G with K compact subgroup.
Since continuous group morphisms of Lie groups are smooth, if π is a finite dimen-
sional unitary representation of G, then its coefficients are smooth. In particular,
by the Peter-Weyl theorem, every matrix coefficient of an irreducible representa-
tion of a compact Lie group G is smooth. In the non-compact setting, if G is
semisimple and K is a maximal compact subgroup of G, it is known by the work
of Harish-Chandra ([HC53]) that matrix coefficients associated to K-finite vectors
of irreducible unitary representations of G (and more generally admissible repre-
sentations) are C∞. Unitary representations of G decompose as direct integrals of
irreducible representations, but since estimates depend on the representations, it
does not provide any estimates for arbitrary representations.

If the subgroup K is such that (G,K) is a Gelfand pair, there is a 1-1 corre-
spondence between positive-definite spherical functions of (G,K), which arise as
characters of the (abelian) convolution algebra of K-bi-invariant functions and ir-
reducible representations with non-zero K-invariant vectors. In this setting, any
K-bi-invariant matrix coefficient of G will decompose as a direct integral of positive-
definite spherical functions. Then, proving estimates of positive-definite spherical
functions that are uniform in the spectral parameter will produce estimates on any
K-bi-invariant matrix coefficient of G.

This idea was used by Lafforgue to show that SO(2)-bi-invariant coefficients
of SO(3) are 1

2 -Hölder outside of singular points, which was a key ingredient in
the proof of his strengthening of property (T) for SL(3,R) ([Laf08]). With this
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result, he showed asymptotic estimates of coefficients of representations on Banach
spaces, far more general than unitary representations on Hilbert spaces. Various
problems in operator algebra were solved using this idea, applied to different pairs
([LdlS11],[HdL13]).

In this article, we want to study more systematically this local regularity for
symmetric Gelfand pairs, that is when G/K is a symmetric space. In this frame-
work, a lot is known on the spherical functions of the pair ([Hel79],[Hel00]). The
asymptotics of spherical functions in the group variable has been studied a lot, in
particular in the work of Harish-Chandra, but much less is known for local be-
haviour. To get information on local behaviour, the main tool is to study the
asymptotic behaviour in the spectral parameter, while the group variable remains
in a compact subset. An important remark is that the estimates we want to show
fail at e, and in fact at all other singular points. Thus, we will only obtain regularity
of matrix coefficient on the dense open subset of regular points.

In [Cle88], Clerc showed estimates on spherical functions of compact pairs, but
that are uniform only in a cone with compact basis in the Weyl chamber, and do
not apply to the differentials of the spherical functions. Cowling and Nevo showed
precise estimates, uniform in the spectral parameter for the directional derivatives
of the spherical function of any (G,K) where G is a complex semisimple Lie group
and K a maximal compact subgroup ([CN01]).

Main results.

Definition 1.1. Let (X, d) be a metric space and U open subset of X, (E, ∥.∥) a
normed vector space, α ∈]0, 1]. A function f : U → E is α-Hölder if for any compact
subset K of U , there is CK > 0 such that ∀x, y ∈ K, ∥f(x)− f(y)∥ ≤ CKd(x, y)

α.
If (X, d) is a furthermore a Riemannian manifold, and r ∈ N we say that f ∈

C(r,α)(U,E) if f ∈ Cr(U,E) and the r-th differential Drf is α-Hölder. We extend
to α = 0 by C(r,0)(U,E) = Cr(U,E).

For K a compact subset of U and f ∈ C(r,α)(U), define

∥f∥C(r,α)(K) = max

{
max
k≤r

sup
x∈K

∥Dkf(x)∥, sup
x,y∈K,x̸=y

∥Drf(x)−Drf(y)∥
d(x, y)α

}
.

The family of semi-norms ∥.∥C(r,α)(K) forK a compact subset of U makes C(r,α)(U,E)
into a Fréchet space.

Let G be a Lie group andK a compact subgroup, we want to find (r, α) such that
for any K-finite unitary matrix coefficient φ of G, φ ∈ C(r,α)(G1), where G1 will be
the dense open subset of regular point. If we assume that (G,K) is a Gelfand pair,
the main tool for this will be to study the boundedness of the family of spherical
functions in Hölder spaces. If furthermore (G,K) is a symmetric pair, then G/K
is a symmetric space and we have results on the spherical functions.

Our first results involve symmetric pairs of rank 1.

Theorem A. Let (G,K) be a compact symmetric pair of rank 1 and G1 the dense
open subset of regular points. Let

α =
dimG/K − 1

2
.
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Then any K-finite matrix coefficients φ of G is in C(⌊α⌋,α−⌊α⌋)(G1). Furthermore,
this regularity is optimal in the sense that for any (r, δ) > (⌊α⌋, α−⌊α⌋), there exists
a K-finite (and even K-bi-invariant) matrix coefficient of G not in C(r,α)(G1).

We also show in Corollary 3.13 the optimal regularity of Herz-Schur multipliers
of Sp(L

2(G)) for any p.
When considering higher rank symmetric pair, a simple class is given by the

pairs (G×G,G), for which the symmetric space is isomorphic to the Lie group G.
Given Φ a root system for G, Φ+ a choice of positive roots and ∆ = {α1, · · · , αℓ}
a basis, we can write α =

∑ℓ
i=1 ni(α)αi for α ∈ Φ+. Then our second result gives

the regularity for these pairs.

Theorem B. Let γ = min
1≤i≤ℓ

|{α ∈ Φ+|ni(α) ≥ 1}| and G1 the subset of regular

points of G×G. Then any G-finite matrix coefficients φ of G×G is in C(γ,0)(G1)
and this regularity is optimal.

Given these two results as well as lower bounds on the optimal for some families
of higher rank pairs, we make a conjecture on the optimal regularity in the general
case. Given (G,K) a compact symmetric pair, there is a decomposition g = k⊕m
of the Lie algebra. Let a be a maximal abelian subspace of m and Σ the root system

pair. Let Λ = {µ ∈ ia∗|∀α ∈ Σ+, ⟨µ,α⟩⟨α,α⟩ ∈ N}. For α ∈ Σ, let mα be the multiplicity

of the root.

Conjecture 1.2. Let G1 be the subset of regular points of G. Let

α = inf
µ∈Λ\{0}

∑
α∈Σ+,<α,µ≯=0

mα

2
.

Then any K-finite matrix coefficients φ of G is in C(⌊α⌋,α−⌊α⌋)(G1) and this regu-
larity is optimal.

Organisation of the paper. In the first section, we recall some results that will be
used throughout the paper. Until Section 5, we restrict ourselves to K-bi-invariant
matrix coefficients.

In Section 3, we give a complete answer in the case of a symmetric pair of rank 1.
There are well-known descriptions of the spherical functions in this case involving
Jacobi polynomials (Section 3.1). The main result is Theorem 3.5, where we use
analysis of these polynomials to show that the spherical functions are bounded in
some Hölder space. From this, we deduce Theorem A in the case of K-bi-invariant
matrix coefficients. This generalizes results in [Laf08] and [HdL13] for some specific
pairs. In Section 3.3, using the aforementioned results, we prove in Corollary 3.13
regularity results for any K-bi-invariant Herz-Schur multipliers of Sp(L

2(G)). We
then show in Section 3.4 that our results are optimal (Theorem 3.14).

In Section 4, we try to extend the results to higher rank. For the case (G×G,G),
we can give the optimal regularity (Theorems 4.3 and Theorem 4.5), which proves
Theorem B for K-bi-invariant coefficients. For this, we rely on the description of
spherical functions of these pairs with characters of G and use the Weyl character
formula. The techniques involved in the optimality are very similar to the rank
1 case, but require the study of the root system associated to G. We then show,
for some of the remaining pairs, results of regularity (that may not be optimal)
in Section 4.2. We study these specific pairs because once again their spherical



4 GUILLAUME DUMAS

functions can be described with Jacobi polynomials. These different cases allow us
to formulate the above conjecture.

Finally, in Section 5, we show that knowing the regularity of any K-bi-invariant
matrix coefficient is sufficient to get a regularity result on any K-finite matrix
coefficient. The crucial result is Lemma 5.10, which was already used in [dLMdlS16]
but only to get Hölder continuity result. Given the previous results, it completes
the proof of Theorem A and B for K-finite matrix coefficients.

Acknowledgement. I would like to thank my Ph.D supervisor Mikael de la Salle
for his involvement and support.

2. Preliminaries

2.1. Hölder spaces. We recall here standard results on Hölder spaces. The fol-
lowing lemma can be found in [PRdlS22, Proposition 4.1].

Lemma 2.1. Let α > 0 and X,Y be two Riemannian manifolds. Let φ : X → Y a
function of class Cr. Then f 7→ f ◦ φ maps C(r,α)(Y ) to C(r,α)(X). Furthermore,
if (fn) is bounded in C(r,α)(Y ), then (fn ◦ φ) is bounded in C(r,α)(X).

Using Leibniz rule, we can prove the following lemma.

Lemma 2.2. If g is a smooth function, and if (fi)i∈I is bounded in C(r,α)(Q), then
(gfi) is bounded in C(r,α)(Q).

Given a family of functions which are eigenvalues of a map T into B(H), the
regularity of T can be linked to the boundedness of the eigenvalues in Hölder spaces.

Lemma 2.3. Let U be an open subset of Rd and H an Hilbert space. Consider a
map T : U 7→ B(H) such that there is an orthonormal basis (en) of H and a family
of maps fn : U 7→ R, such that for any X ∈ U , T (X) is diagonal in the basis (en)
with eigenvalues (fn(X)). If (fn) is bounded in C(r,α)(U) for some α > 0, then T
is C(r,α)(U).

Proof. If T is Ck, then for any X ∈ U , H1, · · · , Hk ∈ Rd, we must have fn ∈ Ck

for any n ∈ N and

DkT (X)(H1, · · · , Hk)en = Dkfn(X)(H1, · · · , Hk)en.

We prove the result by induction on r. If r = 0, we have for X,Y ∈ L compact
subset of U ,

∥T (X)− T (Y )∥∞ = sup
n

|fn(X)− fn(Y )| ≤ CL∥X − Y ∥α

so T is α-Hölder.
Assume the result is true for r− 1. Since C(r,α)(U) ⊂ C(r−1,1)(U), by induction

we have T ∈ Cr−1(U). Let A be the r-linear map such that

A(H1, · · · , Hr)en = Drfn(X)(H1, · · · , Hr)en.

Note that since (Drfn) is bounded in n on compacts, A(H1, · · · , Hr) ∈ B(H).
We must show that

lim
Hr→0

∥Dr−1T (X +Hr)(H1, · · · , Hr−1)−Dr−1T (X)(H1, · · · , Hr−1)−A(H1, · · · , Hr)∥∞
∥Hr∥1

= 0
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uniformly for H1, · · · , Hr−1 in bounded sets. We have

∥Dr−1T (X +Hr)(H1, · · · , Hr−1)−Dr−1T (X)(H1, · · · , Hr−1)−A(H1, · · · , Hr)∥∞ =

sup
n
|Dr−1fn(X +Hr)(H1, · · · , Hr−1)−Dr−1fn(X)(H1, · · · , Hr−1)−Drfn(X)(H1, · · · , Hr)|.

Assume that Hr is small enough, so that B(X, ∥H∥∞) ⊂ U . Let

gn :
[0, 1] → R
t 7−→ Dr−1fn(X + tHr)(H1, · · · , Hr−1)

,

then

gn(1)− gn(0) = g′n(t) = Drfn(X + tHr)(H1, · · · , Hr)

for some t ∈]0, 1[.

Then

|Dr−1fn(X +Hr)(H1, · · · , Hr−1)−Dr−1fn(X)(H1, · · · , Hr−1)−Drfn(X)(H1, · · · , Hr)|
= |Drfn(X + tHr)(H1, · · · , Hr)−Drfn(X)(H1, · · · , Hr)|
≤ ∥Drfn(X + tHr)−Drfn(X)∥

∏r
i=1 ∥Hi∥

≤ ∥X + tHr −X∥α
∏r

i=1 ∥Hi∥
≤ ∥Hr∥α

∏r
i=1 ∥Hi∥

so since α > 0, we get what we want.
So we have that DrT (X) exists for any X ∈ U , and thus for X,Y ∈ L compact

subset of U ,

∥DrT (X)−DrT (Y )∥ = sup
n
∥Drf(X)−Drf(Y )∥ ≤ CL∥X − Y ∥α

because Drfn are uniformly α-Hölder on L. □

2.2. Gelfand pairs.

Definition 2.4. Let G be a locally compact topological group with a left Haar
measure dg and K a compact subgroup with normalized Haar measure dk. The
pair (G,K) is a Gelfand pair if the algebra of continuous K-bi-invariant functions
on G with compact support is commutative for the convolution.

A spherical function of (G,K) is a continuous K-bi-invariant non zero function
on G such that for all x, y ∈ G,∫

K

φ(xky) dk = φ(x)φ(y).

A standard result (see [vD09, Coro. 6.3.3]) gives a link between spherical func-
tions of (G,K) and unitary representations of G.

Proposition 2.5. If (G,K) is a Gelfand pair, then for any π irreducible unitary
representation of G on an Hilbert space H, the subspace of K-invariant vectors HK

is of dimension at most 1.
The positive-definite spherical functions of G are exactly the function g 7→ ⟨π(g)v, v⟩

with π an irreducible unitary representation and v a K-invariant unit vector.
If G is compact, any spherical function is positive definite.

Remark 2.6. If we assume that G,K are Lie groups, positive definite spherical
functions have a geometric interpretation. LetD(G/K) be the algebra of differential
operators on G/K invariant by the action of G by translation on G/K. Then
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φ : G/K → C is a positive definite spherical function if and only if φ(K) = 1, φ is
invariant by the action of K and φ is an eigenvalue of all operators of D(G/K).

When G/K is a compact symmetric space of rank 1 (a sphere or a projective
space, see Section 3), then D(G/K) is generated by the Laplacian. Hence in that
case, positive definite spherical functions are normalized K-invariant eigenvalues of
the Laplacian.

More details on Gelfand pairs can be found in [vD09, Ch. 5,6,7].
Given a Gelfand pair (G,K), it is natural to study spherical functions in order

to get results on K-bi-invariant matrix coefficients. Indeed, any matrix coefficient
of a unitary representation decomposes into an integral of spherical functions - an
infinite sum if G is compact.

Lemma 2.7. Let (G,K) be a Gelfand pair with G second countable. Let φ be a
K-bi-invariant matrix coefficient of a unitary representation π on an Hilbert space
H. Then, there exists a standard Borel space X and a σ-finite measure µ on X
such that

φ =

∫
X

cxφxdµ(x)

where φx is a positive definite spherical function of (G,K) for any x ∈ X and
cx ∈ L1(X,µ).

Proof. If φ(g) = ⟨π(g)u, v⟩, we can replace H by span(π(G)u, π(G)v) which is a
G-invariant separable subspace, since G is second-countable hence separable. Thus,
we can assume that H is separable.

Then, by [Kir76, Section 8.4], there exists (X,µ) and an isometry U : HX → H
where HX is the direct integral of the collection of Hilbert spaces (Hx)x∈X , such
that ∀g ∈ G, π(g) = U ◦ π̃(g) ◦ U−1, where (π̃(g)ξ)x = πx(g)ξx and (πx,Hx) is an
irreducible unitary representation of G.

Let P denote the projection on the space of K-invariant vectors in H. Since φ
is K-bi-invariant, we have

φ(g) =

∫
K

∫
K

φ(kgk′) dk dk′ = ⟨π(g)Pu, Pv⟩.

Thus, we can assume that u, v are K-invariant, so ξ = U−1u, η = U−1v are K-
invariant.

So for µ almost every x, ξx, ηx are K-invariant. Now, if πx is such that 0
is the only K-invariant vector, ⟨πx(g)ξx, ηx⟩Hx = 0 for every g ∈ G. On the
other hand, assume πx has non-zero K-invariant vectors. Then we know that the
space of K-invariant vector is one-dimensional and that there is cx ∈ C such that
⟨πx(g)ξx, ηx⟩Hx

= cxφx, where φx is the spherical function associated to πx (and
so is positive definite).

Setting cx = 0 if πx has no non-zero K-invariant vectors and φx the constant
spherical function, we have

φ(g) = ⟨π̃(g)ξ, η⟩HX
=

∫
X

⟨πx(g)ξx, ηx⟩Hx dµ(x) =

∫
X

cxφx(g) dµ(x).

Since |cx| ≤ ∥ξx∥Hx
∥ηx∥Hx

, the function x 7→ cx is in L1(X,µ).
□
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Lemma 2.8. Let (G,K) be a Gelfand pair with G a Lie group endowed with a
Riemannian metric d and U any open subset of G. Then the family of positive
definite spherical functions (φx)x∈X is bounded in C(r,δ)(U) if and only if any K-
bi-invariant matrix coefficient of a unitary representation of G is in C(r,δ)(U).

Proof. Assume that (φx)x is bounded in C(r,δ)(U). Let φ be a K-bi-invariant
matrix coefficient of G. Since G is a Lie group, G is second countable, thus by the
above lemma, there exists a σ-finite measure µ such that

φ(g) =

∫
X

cxφxdµ(x)

with cx ∈ L1(X,µ).
Let g0 ∈ U , L be a compact neighborhood of g0, then there exists CL > 0 such

that ∥Dkφx(g)∥ ≤ CL for any x ∈ X, g ∈ L, k ≤ r. Thus, (x, g) 7→ Dk(cxφx)(g) is
bounded by x 7→ CLcx integrable, hence φ is r times differentiable in a neighborhood
of g0, and

Dkφ(g) =

∫
X

cxD
kφx(g)dµ(x)

for any k ≤ r. Since this hold for any g0 ∈ U , φ ∈ Cr(U). Finally, let L be any
compact subset of U , there exists DL > 0 such that for any g, h ∈ L and x ∈ X,

∥Drφx(g)−Drφx(h)∥ ≤ DLd(g, h)
δ.

Thus,

∥Drφ(g)−Drφ(h)∥ ≤
∫
x

|cx|∥Drφx(g)−Drφx(h)∥dµ(x) ≤ DL∥c∥1d(g, h)δ.

Hence, we showed that φ ∈ C(r,δ)(U).
For the other direction, assume that any K-bi-invariant matrix coefficient of G

is in C(r,δ)(U). Let E be the space of K-bi-invariant matrix coefficient, endowed
with the norm

∥φ∥ = inf {∥ξ∥∥η∥ | ∃π such that ∀g ∈ G,φ(g) = ⟨π(g)ξη⟩}

Then E is a Banach space, and ∥φ∥ ≥ ∥φ∥∞. Consider f : E 7→ C(r,δ)(U) the
linear map sending φ to its restriction to U . By the assumption on regularity,
f is well-defined. Let Gf be the graph of f in E × C(r,δ)(U). We claim that it is
closed. Indeed, if (φn, φn) → (φ,ψ), then in particular, φn converges to φ uniformly
on compact subsets of G, since ∥φn − φ∥∞ ≤ ∥φn − φ∥. On the other hand, by
definition of the seminorms on C(r,δ)(U), φn converges uniformly on compact subset
of U to ψ. Thus ψ = φ|U . Now, since E is a Banach space and C(r,δ)(U) a Fréchet
space, by the closed graph theorem, f is continuous. Finally, since the family of
positive definite spherical functions is in the unit ball of E, its image in C(r,δ)(U)
is bounded. □

This result shows that studying boundedness of (positive definite) spherical func-
tions is enough to obtain regularity for all K-bi-invariant matrix coefficients, and
even that the optimal regularity of such coefficients is exactly the optimal uniform
regularity of spherical functions.
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2.3. Symmetric spaces. Let G be a connected Lie group G and σ an involutive
automorphism of G. Let Gσ denote the subgroup of fixed point of σ and (Gσ)0
its identity component. For a subgroup K of G such that (Gσ)0 ⊂ K ⊂ Gσ, the
quotient space X = G/K can be given a structure of symmetric space. Using a
characterization of Gelfand pairs ([vD09, Prop. 6.1.3]), we see that (G,K) is a
Gelfand pair if and only if K is compact. We call such pairs symmetric Gelfand
pairs.

It turns out that all symmetric spaces arises in this way (see [Loo69a, Ch. II,
Thm. 3.1]). GivenM a connected symmetric space and o ∈M , there is a canonical
connected Lie group G(M) called the group of displacement, which is a subgroup of
Aut(M) the group of automorphisms of symmetric space of M , such that if K(M)
is the isotropy subgroup of o, we have M ≃ G(M)/K(M). Furthermore, K(M) is
compact if and only if the symmetric space is Riemannian ([Loo69a, Ch. IV, Prop.
1.7]).

Since there is a classification of Riemannian symmetric spaces ([Loo69b, Ch.
VII]), it seems natural to study symmetric spaces. We say that a Riemannian
symmetric space M is

• euclidean if its sectional curvature is identically zero
• of compact type if its sectional curvature is non-positive and not identically
zero

• of non-compact type if its sectional curvature is non-negative and not iden-
tically zero

If M is a simply connected symmetric space, then there are M0 euclidean, M+

of non-compact type and M− of compact type such that M = M0 ×M+ ×M−
([Loo69a, Ch. IV, Coro. 1]). In this paper, we will study symmetric Gelfand pairs,
and more precisely those where M is of compact type. However, a question arises:
if two pairs represent the same symmetric space, are their spherical functions the
same ?

We say that a symmetric space M is semisimple if G(M) is a semisimple Lie
group.

Lemma 2.9. Let (G,K) be a symmetric pair and M = G/K the associated sym-
metric space. If M is semisimple, then there is a bijection between spherical func-
tions of (G,K) and spherical functions of (G(M),K(M)), such that the image of
φ induces the same function as φ on M .

Proof. Let τ : G → Aut(M) the morphism defined by τ(g) : xK 7→ gxK. Then
ker τ =

⋂
g∈G gKg

−1. Let Gσ = {xσ−1(x)|x ∈ G}, then by [Loo69a, Ch. II, Thm.

1.3], G(M) = ⟨τ(Gσ)⟩ is a subgroup of τ(G) ≃ G/ ker τ .
By [Loo69a, Ch. IV, Prop. 1.4], since M is semisimple, we have G(M) =

(Aut(M))0. So we have G(M) = (Aut(M))0 < τ(G) < Aut(M) and τ(G) is
connected because G is, so G(M) ≃ G/ ker τ , and K(M) ≃ K/ ker τ .

Let π be an irreducible unitary representation of G(M) with a K(M)-invariant
vector ξ, then by composition with the isomorphism and projection, it induces an
irreducible representation of G, with ξ which is a K-invariant vector.

Conversely, let π be an irreducible unitary representation of G on V with a K-
invariant vector ξ. By irreducibility, span(π(G)ξ) = V . Let x ∈ ker τ . If g ∈ G,
there is k ∈ K such that x = gkg−1. Hence,

π(x)π(g)ξ = π(g)π(k)ξ = π(g)ξ.
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So for any g ∈ G, π(g)ξ is π(x)-invariant. By density of the vector space generated
by these vectors, π(x) = IdV . So ker τ ⊂ kerπ, thus π induces an irreducible
representation of the quotient G(M), with a K(M)-invariant vector ξ. □

This results says that in the case of a semisimple space, the spherical functions
depend essentially only on the symmetric space. But the assumption that M is
semisimple is crucial, as the following example illustrates. Let M be the euclidean
space Rn, then the canonical pair associated is (Rn, {0}). But Rn ̸= (Aut(M))0.
For example, (Rn ⋊ SO(n), SO(n)) is a symmetric Gelfand pair and Rn is the
associated symmetric space. In that case, spherical functions of the two pairs are
not related.

If M is of compact type or non-compact type, then M is semisimple. In fact
([Loo69a, Ch. IV, Thm. 3.5]), M is of compact type if and only if M is compact
and semisimple, if and only if its universal cover is compact.

Thus, as we restrict ourselves to symmetric pairs associated to symmetric spaces
of compact type, by the previous discussion, we can study only one pair for each
symmetric space (for example, the canonical pair).

2.4. Spherical functions of compact symmetric pairs. In this section, let M
be a compact connected simply connected symmetric space and (G,K) the associ-
ated canonical compact symmetric Gelfand pair. Since G is compact, any spherical
functions is positive definite and thus corresponds to an irreducible representation
of G with a nonzero K-invariant vector.

We know that the finite dimensional irreducible representations ofG are classified
by the highest weights µ. Let g be the Lie algebra of G and k the Lie algebra of K.
Then we have g = k ⊕ m where k (resp. m) is the eigenspace of +1 (resp. −1) of
σ. The space m is also the Lie triple system of M (see [Loo69a], Ch. II, Prop 2.3).
Let a be a maximal abelian subspace of m, and Σ+

a a choice of positive root system
of aC in gC. Let ka = {x ∈ k|[x, a] = 0} and t a Cartan subalgebra of ka. Then
h = t+ a is a Cartan subalgebra of g. Consider Σ+ a choice of positive root system
of hC, such that Σ+

a = {ϕ|a|ϕ ∈ Σ+, ϕ|a ̸= 0}. Also, recall that dim h = rankG and
dim a = rankM .

Let µ be a dominant integral element in h∗C and (πµ, Vµ) a representative of the
associated class of finite dimensional irreducible representation of G. Let

ρ =
1

2

∑
α∈Σ+

α.

We know by the Weyl formula ([Hal03, Thm. 10.18]) that

dµ = dimVµ =

∏
α∈Σ+⟨α, µ+ ρ⟩∏

α∈Σ+⟨α, ρ⟩
.

The first question we want to ask is, given µ a dominant integral element, what
are the conditions for πµ to have a non-zero K-invariant vector. In this context, the
answer is given by the Cartan-Helgason theorem ([Hel00, Ch. V, Thm. 4.1]). Let

ĜK denote the set of classes of irreducible finite dimensional representation with a
non-zero K-invariant vector.

Theorem 2.10 (Cartan-Helgason). Let Λ = {µ ∈ ia∗|∀α ∈ Σ+
a ,

⟨µ,α⟩
⟨α,α⟩ ∈ N}. Then

the map which sends a representation to its highest weight is a bijection from ĜK

to Λ.
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Remark 2.11. In [Hel00], the result is stated forG simply connected. However, let G̃

be the universal cover of G and p : G̃↠ G the covering map. Then ker(p) ⊂ Z(G̃).

Let K̃ = p−1(K), we have that G̃/K̃ ≃ M . Since G̃ is connected and M is simply

connected, K̃ is connected by the long exact sequence of homotopy groups. K̃
contains G̃σ which is connected (by [Bor98, Ch.V, Thm 3.3]) and has the same Lie

algebra, thus K̃ = G̃σ.
This means that (G̃, K̃) is another symmetric pair for the symmetric space G/K,

so by Lemma 2.9, there is a bijection between ĜK and ̂̃GK̃ . Finally, Λ depends only

on the Lie algebra, and so by the theorem and the previous bijection, ĜK → Λ is
a bijection too.

Also, note that ker p ⊂ G̃σ since its elements act trivially on M . Hence,

ker p ⊂ Z(G̃)σ = {g ∈ Z(G̃)|σ(g) = g} = K̃ ∩ Z(G̃).

For example, if rankM = rankG, a = h so Λ is twice the set of dominant
integral elements. In general, let ℓ be the rank ofM . Then the choice of Σ+

a gives a
choice of a basis of the root system {α1, · · · , αℓ}. By [Vre76, Thm. 2.1], there are
fundamental weights µi, 1 ≤ i ≤ ℓ such that Λ = {

∑
miµi,mi ∈ N} ≃ Nℓ. These

fundamental weights verify ⟨µi, αj⟩ = 0 if i ̸= j.
Let ar = {H ∈ a|∀λ ∈ Σa, λ(H) ̸∈ iπZ} and Q the connected component of ar

contained in the positive Weyl chamber C = {H ∈ a|∀λ ∈ Σ+
a ,−iλ(H) > 0} and

such that 0 ∈ Q. Then in [Cle88, Prop. 3.2], we have the following result:

Proposition 2.12. For any g ∈ G, there exists k1, k2 ∈ K and a unique H ∈ Q
such that g = k1 exp(H)k−1

2 .

Remark 2.13. Again, this result is given for G simply connected. If G is not simply
connected, note first that Q depends only on the Lie algebra. With the notation
of Remark 2.11, for g ∈ G, there is g̃ ∈ G̃ such that g = p(g̃). The decomposition

gives k1, k2 ∈ K̃ and H ∈ Q such that

g̃ = k1 expG̃(H)k−1
2 ,

so

g = p(k1)p(expG̃(H))p(k2)
−1 = p(k1) expG(H)p(k2)

−1

gives the decomposition forG. Furthermore, if there areH,H ′ such that expG(H) =

expG(H
′), then expG̃(H) = expG̃(H

′)k, k ∈ ker p ⊂ K̃. By uniqueness for simply
connected groups, H = H ′.

Now, let (φµ)µ∈Λ be the family of spherical functions of (G,K). Let p : G →
K\G/K. The functions φµ are K-bi-invariant, thus the value of φµ(g) depends
only on p(g). Let ψµ = φµ ◦exp |Q. The family (ψµ) is a family of functions defined
on a open subset of Rℓ. We are interested in the regularity of these functions.
Let ropt(M) = sup

{
(r, α)|(φµ) bounded in C(r,α)(Q)

}
. By Lemma 2.8, this is also

the supremum of (r, α) such that all K-bi-invariant matrix coefficients of G are in
C(r,α)(Q).

Remark 2.14. Since the spherical functions can be defined on K\G/K, we can see
them as functions on Q by the previous proposition without losing information
on the function. However, we restrict to Q because on the singular points, the
behaviour cannot be controlled. Furthermore, Proposition 2.12 will be refined in
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Proposition 5.8, which will allow to recover the regularity obtained on the Lie
algebra at the level of the group itself.

Let M1,M2 be two simply connected symmetric spaces of compact type and
(G1,K1), (G2,K2) the associated canonical Gelfand pair. Then M = M1 × M2

is a simply connected symmetric space of compact type, whose canonical Gelfand
pair is (G,K) with G = G1 × G2 and K = K1 × K2. Let π be an irreducible
representation of G. The irreducible representations of G are π = π1 ⊗ π2 where
πi is an irreducible representation of Gi, and π has a non-zero K-invariant vector
if and only if πi has a non-zero Ki-invariant vector, i = 1, 2. In that case, we know
that the space of Ki-invariant vectors is one-dimensional and let eKi

be a unitary
generator. Then, eK = eK1

⊗ eK2
is non-zero, unitary, K-invariant and generates

the one-dimensional space of K-invariant vectors of π. Thus, if φi is the spherical
function associated to πi, and φ associated to π, we get

φ(g1, g2) = φ1(g1)φ2(g2).

Similarly, at the level of the Lie algebra, we have Q = Q1 ×Q2 so

ψ(H1, H2) = ψ1(H1)ψ2(H2).

Denote Ei vector space such that Qi ⊂ Ei, and on E1 × E2, we consider the
norm ∥(x, y)∥ = max(∥x∥, ∥y∥). We write Λ,Λ1,Λ2 the set of highest weights of
representations with invariant vectors for M,M1,M2. Since the constant function
1 is a spherical function of any pair, we can take ψ2 = 1 and we get that for any
µ ∈ Λ1, the function (g1, g2) 7→ ψµ(g1) is a spherical function of (G,K).

Let (r, α) < ropt(M), then (ψµ)µ∈Λ1 ⊂ (ψµ)µ∈Λ is bounded in C(r,α)(Q1), thus
we get ropt(M1) ≥ ropt(M). Symmetrically, ropt(M2) ≥ ropt(M).

Conversely, let (r, α) < min(ropt(M1), ropt(M2)). Let L be a compact subset of
Q, there are L1, L2 compact subsets of Q1, Q2 such that L ⊂ L1 × L2. For k ≤ r,
let

CLi,k = sup
µ∈Λi

sup
x∈Li

∥Dkψµ(x)∥

and let

CLi
= sup

µ∈Λi

sup
x∈Li

∥Drf(x)−Drf(y)∥
∥x− y∥α

.

These are finite numbers because by assumptions, (ψµ)µ∈Λi is bounded in C(r,α)(Qi),
i = 1, 2. We have Λ ≃ Λ1 × Λ2. Consider (µ1, µ2) ∈ Λ, and

ψ(µ1,µ2) : (x1, x2) 7→ ψµ1
(x1)ψµ2

(x2).

Then clearly, ψ(µ1,µ2) is r times differentiable and we have

Drψ(µ1,µ2)(x1, x2)((H1,K1), · · · , (Hr,Kr)) =∑
i∈I

Dkiψµ1
(x1)(Hj1(i), · · · , Hjki

(i))D
r−kiψµ2

(x2)(Kjki+1(i), · · · ,Kjr(i))

where ki ≤ r for each i ∈ I and I finite.
Thus, for all (x1, x2), (y1, y2) ∈ L, we have

∥Drψ(µ1,µ2)(x1, x2)−Drψ(µ1,µ2)(y1, y2)∥ ≤∑
i∈I

∥Dkiψµ1(x1)D
r−kiψµ2(x2)−Dkiψµ1(y1)D

r−kiψµ2(y2)∥.
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So we have

∥Dkψµ1
(x1)D

r−kψµ2
(x2)−Dkψµ1

(y1)D
r−kψµ2

(y2)∥
≤ ∥Dkψµ1

(x1)D
r−kψµ2

(x2)−Dkψµ1
(y1)D

r−kψµ2
(x2)

+Dkψµ1
(y1)D

r−kψµ2
(x2)−Dkψµ1

(y1)D
r−kψµ2

(y2)∥
≤ ∥Dkψµ1

(x1)−Dkψµ1
(y1)∥∥Dr−kψµ2

(x2)∥
+∥Dkψµ1

(y1)∥∥Dr−kψµ1
(x2)−Dr−kψµ1

(y2)∥

If k ̸= 0, r, this gives

∥Dkψµ1
(x1)D

r−kψµ2
(x2)−Dkψµ1

(y1)D
r−kψµ2

(y2)∥ ≤ CL1,k+1CL2,r−k∥x1−y1∥
+ CL1,kCL2,r−k+1∥x2 − y2∥,

if k = 0,

∥Dkψµ1
(x1)D

r−kψµ2
(x2)−Dkψµ1

(y1)D
r−kψµ2

(y2)∥ ≤ CL1,1CL2,r∥x1 − y1∥
+ CL1,0CL2

∥x2 − y2∥α

and if k = r,

∥Dkψµ1
(x1)D

r−kψµ2
(x2)−Dkψµ1

(y1)D
r−kψµ2

(y2)∥ ≤ CL1
CL2,0∥x1 − y1∥α

+ CL1,rCL2,1∥x2 − y2∥.

But since α ∈ [0, 1], there is Ci > 0 such that for all x, y ∈ Li,

∥x− y∥ ≤ Ci∥x− y∥α

and so there is a constant CL > 0 which does not depend on (µ1, µ2) ∈ Λ, such
that

∥Drψ(µ1,µ2)(x1, x2)−Drψ(µ1,µ2)(y1, y2)∥ ≤ CL max(∥x1 − y1∥α, ∥x2 − y2∥α)
= CL∥(x1, x2)− (y1, y2)∥α.

And thus, we showed that (ψµ)µ∈Λ is bounded in C(r,α), so that

ropt(M) ≥ min(ropt(M1), ropt(M2)).

By induction, we get the following :

Proposition 2.15. Let Mi, 1 ≤ i ≤ n be a simply connected symmetric space of
compact type, and M =

∏n
i=1Mi. Then

ropt(M) = min(ropt(Mi)).

This result tells us that we can study only the irreducible simply connected
symmetric spaces of compact type. By the classification in [Loo69b, Ch. VII], such
a space M is either

(1) one of the spaces in [Loo69b, Ch. VII, Table 4 and Table 8],
(2) (G × G)/∆(G), where G is a simply connected simple compact Lie group

and ∆(G) the diagonal subgroup of G×G.

The first case contains the symmetric spaces of rank 1 for which we will solve
the question in Section 3. In Section 4.1, we will study (G × G)/∆(G) (even for
reducible and not simply connected). Finally, we give some partial results for some
other higher rank symmetric spaces in Section 4.2.
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3. Symmetric spaces of rank 1

3.1. Spherical functions of symmetric spaces of rank 1. A classification of
symmetric spaces of compact type can be found in [Loo69b, Ch. VII] and from this
classification, we extract the canonical compact Gelfand pairs associated to compact
symmetric spaces of rank 1. Table 1 lists these symmetric spaces with (G,K) the
canonical pair associated to M , the dimension of M and two real parameters α, β
used later.

M G K dimM α β

Sk−1 SO(k) SO(k − 1) k − 1 k−3
2

k−3
2

RP k−1 SO(k) S(O(1)×O(k − 1)) k − 1 k−3
2 − 1

2

CP k−1 SU(k) S(U(1)× U(k − 1)) 2(k − 1) k − 2 0

HP k−1 Sp(k) Sp(1)× Sp(k − 1) 4(k − 1) 2k − 3 1

Sk−1 F4 Spin(9) 16 7 3

Table 1. Compact symmetric pairs of rank 1

Remark 3.1. We can see that α = dimG/K
2 − 1.

The spherical functions of these pairs are well-known and can be found in [Hel00,
Ch. V, Theorem 4.5], while the dimension of the associated representation are found
in [CW75, Theorem 2.4, 3.2, 4.2, 5.2 and 6.2]. They can be expressed in terms of
Jacobi polynomials.

Definition 3.2 (Jacobi polynomials). Let α > −1, β > −1, set P
(α,β)
n the polyno-

mial of degree n such that for all m ̸= n,∫ 1

−1

P (α,β)
m (x)P (α,β)

n (x)(1− x)α(1 + x)β dx = 0

and

P (α,β)
n (1) =

(
n+ α

n

)
.

Since G/K is of rank 1, we have either Σ+
a = {α} or Σ+

a = {α, 2α}. In both
cases, a ≃ R by H 7→ −iα(H). By this identification, we have Q ≃]0, π[. If φ is a
spherical function of (G,K), denote ψ = φ ◦ exp |Q.

Theorem 3.3. If (G,K) is a compact symmetric pair of rank 1, then its spherical
functions are the functions φn defined at the level of the Lie algebra by

ψn : θ ∈ Q 7→ Γ(α+ 1)Γ(n+ 1)

Γ(n+ α+ 1)
P (α,β)
n (cos θ).

Furthermore, the dimension mn of the representation associated to φn is a poly-
nomial in n of degree (dimG/K)− 1.

Remark 3.4. To get the function φn itself, we need to understand the projection
H : G 7→ Q since φn = ψn ◦H by K-bi-invariance.

For (SO(n), SO(n − 1)), we have H(g) = arccos(g1,1). For the other non-
exceptional rank 1 pairs, we have H(g) = arccos(2|g1,1|2 − 1).
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We delay this study at the level of the group until Section 5. By convention,
”the family of spherical functions” will refer to the functions (ψn)n∈N.

3.2. Regularity of matrix coefficients.

Theorem 3.5. Let (G,K) be one of the symmetric pairs of rank 1. Let

α∞ =
dimG/K − 1

2
.

Then the family of spherical functions of the Gelfand pair (G,K) is bounded in
C(⌊α∞⌋,α∞−⌊α∞⌋)(Q).

Given that the spherical functions of the Gelfand pairs we are interested in are
all Jacobi polynomials, of parameters (α, β) fixed by the pair, we can derive the
theorem from the following result:

Theorem 3.6. Let α ≥ 0, β > −1 be two reals. Then the family
(

Γ(α+1)Γ(n+1)
Γ(n+α+1) P

(α,β)
n

)
n∈N

is bounded in C(⌊α+
1
2 ⌋,α+

1
2−⌊α+ 1

2 ⌋)(]− 1, 1[).

Proof of Theorem 3.5 using Theorem 3.6. According to Section 3.1 and up to a
reparametrization by Lemma 2.1, the spherical functions of (G,K) are normalized
Jacobi polynomials of parameters (α, β) with

α =
dimG/K

2
− 1.

Since

α+
1

2
=

dimG/K − 1

2
= α∞,

we get the result by Theorem 3.6. □

The proof of Theorem 3.6 relies on two ingredients that can be found in [Sze39,
(4.21.7) and (8.21.10)].

Proposition 3.7. For all α, β ≥ 0, and for all n ≥ k, we have

d

dxk
P (α,β)
n (x) =

Γ(α+ β + n+ 1 + k)

2kΓ(α+ β + n+ 1)
P

(α+k,β+k)
n−k (x).

Proposition 3.8 (Darboux’s formula). We have

P (α,β)
n (cos θ) = n−

1
2 k(θ) cos(Nθ + γ) +O(n−

3
2 )

where 
k(θ) = π− 1

2 sin−α− 1
2 θ

2 cos
−β− 1

2 θ
2 ,

N = n+ 1
2 (α+ β + 1),

γ = −π
2

(
α+ 1

2

)
,

and O(n−
3
2 ) is uniform for θ in the compact [ε, π − ε], for any ε > 0.

Proof of Theorem 3.6. Let φn(x) =
Γ(α+1)Γ(n+1)

Γ(n+α+1) P
(α,β)
n (x). Set L a compact subset

of ]−1, 1[, up to replacing L by its convex hull we can assume that L is an interval.
There exists ε > 0 such that if cos θ ∈ L with θ ∈ [0, π], then θ ∈ [ε, π−ε]. Thus by
Proposition 3.8, because the function θ 7→ k(θ) of Darboux’s formula is bounded
on compacts in ]0, π[, there exists CL,α,β such that for all x ∈ L and n ∈ N∗,

(3.1) |P (α,β)
n (x)| ≤ CL,α,βn

− 1
2 .
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Thus, by Proposition 3.7, we have for all x ∈ L and n > k,

(3.2)

∣∣∣∣ ddxkP (α,β)
n (x)

∣∣∣∣ ≤ Γ(α+ β + n+ 1 + k)

2kΓ(α+ β + n+ 1)
CL,α+k,β+k(n− k)−

1
2 .

For any k ∈ N, and n > k, we have n− k ≥ n
k+1 . Using that Γ(x+ 1) = xΓ(x) for

x > 0, we get that

(3.3)

∣∣∣∣ ddxkP (α,β)
n (x)

∣∣∣∣ ≤
√
k + 1

∏k
j=1(α+ β + n+ j)

2k
CL,α+k,β+kn

− 1
2 ,

so

(3.4)
|φ(k)

n (x)| = Γ(α+1)Γ(n+1)
Γ(n+α+1)

∣∣∣ d
dxkP

(α,β)
n (x)

∣∣∣
≤ CL,α+k,β+k

√
k+1Γ(α+1)

2k
Γ(n+1)

∏k
j=1(α+β+n+j)

Γ(n+α+1) n−
1
2 .

Now, there is C1, C2 such that if f(x) =
√
2πxx+

1
2 e−x, then for x > 0,

C1f(x) ≤ Γ(x+ 1) ≤ C2f(x).

Thus for all n > 0,

(3.5)
Γ(n+ 1)

Γ(n+ α+ 1)
≤ C2

C1

nn+
1
2 e−n

(n+ α)n+α+ 1
2 e−(n+α)

≤ C2e
α

C1
(n+ α)−α ≤ C2e

α

C1
n−α

since α > 0. Furthermore, for each j ∈ J1, kK and n > 0, we have

(α+ β + n+ j) ≤ (α+ β + k + n) ≤ (α+ β + k + 1)n

thus

(3.6)

k∏
j=1

(α+ β + n+ j) ≤ (α+ β + k + 1)knk.

Setting

C̃L,α,β,k =
CL,α+k,β+k

√
k + 1Γ(α+ 1)

2k
C2e

α

C1
(α+ β + k + 1)k

and inserting (3.5) and (3.6) into (3.4), we finally get that for all n > k and x ∈ L,

(3.7) |φ(k)
n (x)| ≤ C̃L,α,β,kn

k−α− 1
2 .

From this inequality, we see that the derivatives of the family of spherical func-
tions are bounded in n up to order ⌊α+ 1

2⌋. If α+ 1
2 ∈ Z, this shows that (φn)n∈N

is bounded in C(α+ 1
2 ,0). If α+ 1

2 ̸∈ Z, we must now verify the Hölder part.
There are now two cases to consider.
Case 1: assume that α− ⌊α⌋ < 1

2 , which is equivalent to ⌊α+ 1
2⌋ = ⌊α⌋. Set

λ = α− ⌊α⌋+ 1

2
= α+

1

2
− ⌊α+

1

2
⌋,

we have λ ∈ [ 12 , 1[. Then by (3.7) applied to k = ⌊α⌋, we get for x ∈ L that

|φ(⌊α⌋)
n (x)| ≤M1n

−λ,

so that for x, y ∈ L,

(3.8) |φ(⌊α⌋)
n (x)− φ(⌊α⌋)

n (y)| ≤ |φ(⌊α⌋)
n (x)|+ |φ(⌊α⌋)

n (y)| ≤ 2M1n
−λ.

Applying (3.7) to k = ⌊α⌋+ 1, we get for x ∈ L that

|φ(⌊α⌋+1)
n (x)| ≤M2n

1−λ,
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so that for x, y ∈ L,

(3.9) |φ(⌊α⌋)
n (x)− φ(⌊α⌋)

n (y)| ≤ sup
t∈K

|φ(⌊α⌋+1)
n (t)||x− y| ≤M2n

1−λ|x− y|.

Finally combining (3.8) and (3.9) we have

|φ(⌊α⌋)
n (x)− φ(⌊α⌋)

n (y)| ≤ (2M1n
−λ)1−λ(M2n

1−λ|x− y|)λ =M |x− y|λ,
which is the result we wanted.

Case 2: assume that α−⌊α⌋ ≥ 1
2 , which is equivalent to ⌊α+ 1

2⌋ = ⌊α⌋+1. Set

λ = α− ⌊α⌋ − 1

2
= α+

1

2
− ⌊α+

1

2
⌋,

we have λ ∈ [0, 12 ]. Similarly to the first case, we apply (3.7) to k = ⌊α⌋ + 1 and
k = ⌊α⌋+ 2 to get that for all x, y ∈ L,

(3.10) |φ(⌊α⌋+1)
n (x)− φ(⌊α⌋+1)

n (y)| ≤M ′
1n

−λ

and

(3.11) |φ(⌊α⌋+1)
n (x)− φ(⌊α⌋+1)

n (y)| ≤M ′
2n

1−λ|x− y|,
which combines as in the first case, giving

|φ(⌊α⌋)
n (x)− φ(⌊α⌋)

n (y)| ≤ (M ′
1n

−λ)1−λ(M ′
2n

1−λ|x− y|)λ ≤M ′|x− y|λ,
which is the result we wanted.

□

Corollary 3.9. Let (G,K) be a compact symmetric Gelfand pair of rank one. Let
φ be a K-bi-invariant matrix coefficient of a unitary representation of G, then
φ ◦ exp ∈ C(⌊α∞⌋,α∞−⌊α∞⌋)(Q).

Proof. It follows directly from Lemma 2.8. □

3.3. Schatten norm. Given H a Hilbert space, 1 ≤ p ≤ +∞ and T an operator
on H, the Schatten p-norm of T is

∥T∥Sp
= Tr(|T |p)1/p

defined by functional calculus. If p = +∞, this is the operator norm. Then Sp(H)
is the space of operators T such that ∥T∥Sp

< +∞.

Let (G,K) be a pair as in Section 3.1. Define T̃g =
∫
K×K

λ(kgk′) dk dk′ where
dk is the normalized Haar measure on K and λ the regular representation of G on
L2(G). Since the map T̃ isK-bi-invariant, the function T = T̃ ◦exp : Q 7→ B(L2(G))

determines T̃ . We want to investigate the regularity of T as map into Sp(L
2(G)).

Let p > 2 + 2
dimG/K−1 and set

αp = α∞ − dimG/K

p
=

dimG/K − 1

2
− dimG/K

p

(so αp > 0).

Proposition 3.10. The map δ 7→ Tδ belongs to C
(⌈α∞⌉−1,α∞−⌈α∞⌉+1)

(
Q,S∞(L2(G))

)
.

Proof. There is an orthonormal basis of L2(G) such that for any δ ∈ Q, Tδ is diag-
onal with eigenvalues ψn(δ) of multiplicity mn the dimension of the representation
associated to ψn.

By Theorem 3.5, we know that φn is bounded in C(⌊α∞⌋,α∞−⌊α∞⌋)(Q), thus by
Lemma 2.3, we get the result. □
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Remark 3.11. If α = 0 in Lemma 2.3, we cannot show that T is Cr. The derivative
will exist in a weak sense, but we cannot show convergence in norm.

In particular, if α∞ ∈ Z, we do not get that ∂α∞T exists. In fact, we will see in
the next subsection that the result in Proposition 3.10 is optimal.

The following theorem is a generalisation of a result from [PRdlS22] on the group
SO(n).

Theorem 3.12. Let 2 + 2
dimG/K−1 < p < +∞. The map δ 7→ Tδ belongs to

C(⌊α⌋,α−⌊α⌋)(Q,Sp(L
2(G))) where

α =

{
αp if αp ̸∈ Z

αp − ε if αp ∈ Z

with ε > 0 arbitrarily small.

Proof. Let

(3.12) φn(x) =
Γ(u+ 1)Γ(n+ 1)

Γ(n+ u+ 1)
P (u,v)
n (x),

be the spherical functions of (G,K) seen on cos(Q) =]−1, 1[ with u = dimG/K
2 −1.

By Lemma 2.1, we can assume that T is defined on ]−1, 1[ and is such that there is
an orthogonal basis such that Tδ is diagonal with eigenvalues φn(δ) of multiplicity
mn, the dimension of the associated representation (see Section 3.1). Notice that
there is a constant C which depends only on G such that for all n ∈ N,

(3.13) mn ≤ C(n+ 1)dimG/K−1.

Let r < α∞ and δ ∈]− 1, 1[. By Lemma 2.3, we have that ∂rT exists and

∥∂rTδ∥Sp =

∑
n≥0

mn|φ(r)
n (δ)|p

1/p

.

Thus, using the inequality (3.7) from the proof of Theorem 3.6, we have that there
is a constant C(G, r, δ) such that

mn|φ(r)
n (x)|p ≤ C(G, r, δ)(n+ 1)dimG/K−1+p(r− dimG/K−1

2 )

= C(G, r, δ)(n+ 1)p(r−(
dimG/K−1

2 − dimG/K
p ))−1.

Thus the sum converges as soon as r < dimG/K−1
2 − dimG/K

p = αp, and so ∂rTδ ∈
Sp(L

2(G))) for these r. This happens when r = ⌊α⌋.
In that case, for δ, δ′ in some compact I of ]− 1, 1[, which we can assume to be

an interval up to taking its convex hull, we have

∥∂⌊α⌋Tδ − ∂⌊α⌋Tδ′∥pSp
=

∞∑
n=0

mn|φ(⌊α⌋)
n (δ)− φ(⌊α⌋)

n (δ′)|p.

We bound again mn by C(n + 1)dimG/K−1. For the term |φ(⌊α⌋)
n (δ) − φ

(⌊α⌋)
n (δ′)|,

we have two different bounds. By the expression of φn in (3.12) and using (3.7),
on the one hand, we have

|φ(⌊α⌋)
n (δ)−φ(⌊α⌋)

n (δ′)| ≤ |φ(⌊α⌋)
n (δ)|+|φ(⌊α⌋)

n (δ′)| ≤ C1(n+1)⌊α⌋−u− 1
2 ≤ C1(n+1)⌊α⌋−

dimG/K−1
2 ,
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which we use as soon a n|δ − δ′| > 1 and on the other hand,

|φ(⌊α⌋)
n (δ)−φ(⌊α⌋)

n (δ′)| ≤ sup
t∈I

|φ(⌊α⌋+1)
n (t)||δ− δ′| ≤ C2(n+1)⌊α⌋+1− dimG/K−1

2 |δ− δ′|,

which we use a soon as n|δ − δ′| ≤ 1. So we have, since

dimG/K − 1 + p(⌊α⌋ − dimG/K − 1

2
) = p(⌊α⌋ − αp)− 1,

that

∥∂⌊α⌋Tδ−∂⌊α⌋Tδ′∥pSp
≤ CCp

1

∑
n> 1

|δ−δ′|

(n+1)p(⌊α⌋−αp)−1+CCp
2

∑
n≤ 1

|δ−δ′|

(n+1)p(⌊α⌋+1−αp)−1|δ−δ′|p

There are now two cases to consider.
Case 1: if αp ̸∈ Z, we have α = αp. Let n0 = ⌊ 1

|δ−δ′|⌋+ 1, we get

∥∂⌊α⌋Tδ−∂⌊α⌋Tδ′∥pSp
≤ CCp

1

+∞∑
n=n0

1

(n+ 1)1+p(α−⌊α⌋)+CC
p
2 |δ−δ′|p

n0−1∑
n=0

1

(n+ 1)1+p(α−⌊α⌋−1)

There are again two subcases to consider. First, assume that 1+p(α−⌊α⌋−1) ≥ 0,
then

∥∂⌊α⌋Tδ − ∂⌊α⌋Tδ′∥pSp
≤ CCp

1

+∞∑
n=n0

1

(n+ 1)1+p(α−⌊α⌋) + CCp
2 |δ − δ′|p

n0−1∑
n=0

1

(n+ 1)1+p(α−⌊α⌋−1)

≤ CCp
1

∫ ∞

n0

1

x1+p(α−⌊α⌋) dx+ CCp
2 |δ − δ′|p

∫ n0

0

1

x1+p(α−⌊α⌋−1)
dx

≤ CCp
1

p(α−⌊α⌋)np(α−⌊α⌋)
0

+ CC2|δ−δ′|p
−p(α−⌊α⌋−1)n

p(⌊α⌋+1−α)
0

≤ CCp
1

p(α−⌊α⌋) |δ − δ′|p(α−⌊α⌋) +
CCp

2 |δ−δ′|p
p(⌊α⌋+1−α)

(
1+|δ−δ′|
|δ−δ′|

)p(⌊α⌋+1−α)

≤ CCp
1

p(α−⌊α⌋) |δ − δ′|p(α−⌊α⌋) +
CCp

2 (1+π)p(⌊α⌋+1−α)

p(⌊α⌋+1−α) (|δ − δ′|)p(α−⌊α⌋)

≤ Cp|δ − δ′|p(α−⌊α⌋).

Thus, we finally have

∥∂⌊α⌋Tδ − ∂⌊α⌋Tδ′∥Sp ≤ C|δ − δ′|α−⌊α⌋.

In the other subcase, we have 1 + p(α− ⌊α⌋ − 1) ≤ 0, then

∥∂⌊α⌋Tδ − ∂⌊α⌋Tδ′∥pSp
≤ CCp

1

+∞∑
n=n0

1

(n+ 1)1+p(α−⌊α⌋) + CCp
2 |δ − δ′|p

n0−1∑
n=0

(n+ 1)−1+p(⌊α⌋+1−α)

≤ CCp
1

∫ ∞

n0

1

x1+p(α−⌊α⌋) dx+ CCp
2 |δ − δ′|p

∫ n0+1

1

x−1+p(⌊α⌋+1−α)dx

≤ CCp
1

p(α−⌊α⌋)np(α−⌊α⌋)
0

+ CC2|δ−δ′|p
−p(α−⌊α⌋−1)

(
(n0 + 1)p(⌊α⌋+1−α) − 1

)
≤ CCp

1

p(α−⌊α⌋) |δ − δ′|p(α−⌊α⌋) +
CCp

2 |δ−δ′|p
p(⌊α⌋+1−α)

(
1+2|δ−δ′|

|δ−δ′|

)p(⌊α⌋+1−α)

≤ CCp
1

p(α−⌊α⌋) |δ − δ′|p(α−⌊α⌋) +
CCp

2 (1+2π)p(⌊α⌋+1−α)

p(⌊α⌋+1−α) (|δ − δ′|)p(α−⌊α⌋)

≤ Cp|δ − δ′|p(α−⌊α⌋).

Again, we finally get

∥∂⌊α⌋Tδ − ∂⌊α⌋Tδ′∥Sp
≤ C|δ − δ′|α−⌊α⌋.
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Case 2: if αp ∈ Z, let 0 < ε < 1, we have ⌊α⌋ = ⌊αp − ε⌋ = αp − 1. Let
n0 = ⌊ 1

|δ−δ′|⌋+ 1, we get

∥∂⌊α⌋Tδ − ∂⌊α⌋Tδ′∥pSp
≤ CCp

1

+∞∑
n=n0

1

(n+ 1)1+p
+ CCp

2 |δ − δ′|p
n0−1∑
n=0

1

n+ 1

≤ CCp
1

∫ ∞

n0

1

x1+p
dx+ CCp

2 |δ − δ′|p + CCp
2 |δ − δ′|p

∫ n0−1

1

1

x
dx

≤ CCp
1

pnp
0
+ CCp

2 |δ − δ′|p + CCp
2 |δ − δ′|p ln(n0 − 1)

≤ CCp
1

p |δ − δ′|p + CCp
2 |δ − δ′|p + CCp

2 |δ − δ′|p ln
(

1
|δ−δ′|

)
≤ Cp|δ − δ′|p| ln |δ − δ′||.

But xε| lnx|1/p →
x→0

0 so there is Cε such that | ln |δ − δ′||1/p ≤ Cε|δ − δ′|−ε and

thus,
∥∂⌊α⌋Tδ − ∂⌊α⌋Tδ′∥Sp

≤ CCε|δ − δ′|1−ε = CCε|δ − δ′|α−⌊α⌋.

□

For 2 + 2
dimG/K−1 < p ≤ +∞, we now denote (rp, δp) the regularity of δ 7→ Tδ

as a map with values in Sp(L
2(G)) obtained in Corollary 3.10 and Theorem 3.12.

We can use these two results to study the regularity of Sp-multipliers and give a
generalisation of [PRdlS22, Prop. 4.2]. Given a bounded measurable map φ : G→
C, we can consider the map

Sφ :
S2(L

2(G)) → S2(L
2(G))

(ag,h)g,h∈G 7−→ (φ(gh−1))g,h∈G
.

If Sφ : Sp(L
2(G)) ∩ S2(L

2(G)) 7→ Sp(L
2(G)) is bounded, by density we can extend

it to Sp(L
2(G)) and if it remains bounded, we say that φ is an Sp-multiplier.

Corollary 3.13. Let 1 < p ≤ +∞. Let φ be a K-bi-invariant Sp-multiplier of G

and ψ = φ ◦ exp. Then ψ ∈ C(rp,δp)(Q).

Proof. If δ ∈ Q, we have Sφ(Tδ) = ψ(δ)Tδ by [PRdlS22, Remark 4.5]. Thus, if 1
denote the constant function, which belongs to L2(G), we have

ψ(δ) = ⟨Sφ(Tδ)1,1⟩.
So ψ is at least as regular as T is. □

3.4. Optimality of the results. In this section, we will show that the results
obtained before are optimal. We keep the notations of Theorem 3.12, where we see
the functions on ]− 1, 1[ instead of Q (using Lemma 2.1).

Theorem 3.14. Let 1 < p < +∞. For δ ∈] − 1, 1[, the operator ∂rTδ does not
belong to Sp(L

2(G)) as soon as r ≥ αp. Furthermore, if

r =

{
⌊αp⌋ if αp ̸∈ Z

⌊αp⌋ − 1 if αp ∈ Z

then for each I compact intervall of ]− 1, 1[, there exists a constant CI,p such that
for all x, y ∈ I,

∥∂rTx − ∂rTy∥Sp
≥ CI,p|x− y|αp−r.

To I compact of ]− 1, 1[ we associate J = arccos(I) compact of ]0, π[.
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Lemma 3.15. Let α, β ≥ 0 two fixed reals. For any θ ∈]0, π[, there exists C > 0
and an integer N0 such that for N ≥ N0, we have(

2N∑
n=N+1

n|P (α,β)
n (cos θ)|2

)1/2

≥ C
√
N.

Proof. Denote

S =

(
2N∑

n=N+1

n|P (α,β)
n (cos θ)|2

)1/2

.

By Darboux’s formula (Proposition 3.8), there is a constant MJ such that for all
θ ∈ J and n ∈ N∗,

|P (α,β)
n (cos θ)− n−

1
2 k(θ) cos(Nθ + γ)| ≤MJn

− 3
2 .

By triangular inequality, we thus have

|k(θ) cos(Nθ + γ)| ≤
√
n|P (α,β)

n (cos θ)|+MJn
−1

so
1

2
|k(θ) cos(Nθ + γ)|2 ≤ n|P (α,β)

n (cos θ)|2 +M2
Jn

−2.

Thus, we get∑2N
n=N+1

1
2 |k(θ) cos(Nθ + γ)|2 ≤ S2 +M2

J

∑2N
n=N+1 n

−2

≤ S2 +M2
J

∑+∞
n=N+1 n

−2

≤ S2 +M2
JN

−1.

Taking square root, since
√
a+ b ≤

√
a+

√
b, we get

S ≥

(
2N∑

n=N+1

1

2
|k(θ) cos(Nθ + γ)|2

)1/2

−MJN
−1/2.

Denote u = (N + 1 + 1
2 (α+ β + 1))θ + γ. Then

2N∑
n=N+1

1

2
|k(θ) cos(Nθ+γ)|2 =

k(θ)2

2

N−1∑
n=0

| cos(u+nθ)|2 =
Nk(θ)2

4
+
k(θ)2

2

N−1∑
n=0

cos(2u+2nθ).

But we have that |
∑N−1

n=0 cos(x+ ny)| = |Re
∑
ei(x+ny)| ≤ 1

| sin y/2| , thus

2N∑
n=N+1

1

2
|k(θ) cos(Nθ + γ)|2 ≥ Nk(θ)2

4
− k(θ)2

2| sin θ|
≥ C ′N

for some C ′ > 0 and N large enough.
Finally, S ≥

√
C ′N −MJN

−1/2 ≥ C
√
N for N large enough. □

Lemma 3.16. Let α, β ≥ 0 two fixed reals. There exists a real C > 0 and an
integer m0 ≥ 1 such that for all θ, ϕ ∈ J , m ≥ m0 and N ≥ m0

|θ−ϕ| , we have(
m+N∑

n=m+1

n|P (α,β)
n (cos θ)− Pn(cosϕ)|2

)1/2

≥ C
√
N.
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Proof. Denote

S =

(
m+N∑

n=m+1

n|P (α,β)
n (cos θ)− Pn(cosϕ)|2

)1/2

.

By Darboux’s formula (Proposition 3.8), there is a constant MJ such that for all
θ ∈ J and n ∈ N∗,

|P (α,β)
n (cos θ)− n−

1
2 k(θ) cos(Nθ + γ)| ≤MJn

− 3
2 .

By triangular inequality, we thus have

|k(θ) cos(Nθ+γ)−k(ϕ) cos(Nϕ+γ)| ≤
√
n|P (α,β)

n (cos θ)−P (α,β)
n (cosϕ)|+2MJn

−1

so

1

2
|k(θ) cos(Nθ+γ)−k(ϕ) cos(Nϕ+γ)|2 ≤ n|P (α,β)

n (cos θ)−P (α,β)
n (cosϕ)|2+4M2

Jn
−2.

Thus, we get∑m+N
n=m+1

1
2 |k(θ) cos(Nθ + γ)− k(ϕ) cos(Nϕ+ γ)|2 ≤ S2 + 4M2

J

∑m+N
n=m+1 n

−2

≤ S2 + 4M2
J

∑+∞
n=m+1 n

−2

≤ S2 + 4M2
Jm

−1.

Taking square root, since
√
a+ b ≤

√
a+

√
b, we get

S ≥

(
m+N∑

n=m+1

1

2
|k(θ) cos(Nθ + γ)− k(ϕ) cos(Nϕ+ γ)|2

)1/2

− 2MJm
−1/2.

Denote a = k(θ)√
2
, b = k(ϕ)√

2
, u = (m + 1

2 (α + β + 1) + 1)θ + γ and v = (m + 1
2 (α +

β + 1) + 1)ϕ+ γ. Then

m+N∑
n=m+1

1

2
|k(θ) cos(Nθ+γ)−k(ϕ) cos(Nϕ+γ)|2 =

N−1∑
n=0

|a cos(u+nθ)−b cos(v+nϕ)|2.

Making use of the formula 2 cos(x) cos(y) = cos(x+ y) + cos(x− y), we have

|a cos(u+ nθ)− b cos(v + nϕ)|2 = a2 cos2(u+ nθ) + b2 cos2(v + nϕ)− 2ab cos(u+ nθ) cos(v + nϕ)
= 1

2 [a
2 + b2 − 2ab cos(u− v + n(θ − ϕ)) + a2 cos(2u+ 2nθ)

+b2 cos(2v + 2nϕ)− 2ab cos(u+ v + n(θ + ϕ))].

Again using |
∑N−1

n=0 cos(x+ ny)| = |Re
∑
ei(x+ny)| ≤ 1

| sin y/2| , we get

2

N

N−1∑
n=0

|a cos(u+nθ)−b cos(v+nϕ)|2 ≥ a2+b2− 2ab

N | sin θ−ϕ
2 |

− a2

N | sin θ|
− b2

N | sinϕ|
− 2ab

N | sin θ+ϕ
2 |

.

Now if N ≥ m0

|θ−ϕ| for some m0 depending on J , we get that

2

N

N−1∑
n=0

|a cos(u+ nθ)− b cos(v + nϕ)|2 ≥ a2 + b2

2
≥ C ′

where C ′ is a constant depending on α, β, J .

Finally, S ≥
√

C′N
2 − 2MJm

−1/2 ≥ C
√
N for m large enough. □
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Proof of Theorem 3.14. Let (φn)n∈N be the family of spherical functions of the pair
(G,K) andmn the dimension of the associated representation of G. Then for r ∈ N,
x ∈]− 1, 1[, we have

∥∂rTx∥pSp
=
∑
n≥0

mn|φ(r)
n (x)|p.

As in (3.13), there is C0 > 0 depending only on the pair (G,K) such that

mn ≥ C0n
dimG/K−1

for all n ∈ N. Furthermore, recall that there is θ ∈]0, π[ such that

|φ(r)
n (x)| = Γ(α+ 1)

2r
Γ(n+ 1)

Γ(n+ α+ 1)

Γ(α++β + n+ 1 + r)

Γ(α+ β + n+ 1)
|P (α+r,β+r)

n−r (cos θ)|.

But
Γ(α++β + n+ 1 + r)

Γ(α+ β + n+ 1)
=

r∏
j=1

(α+ β + n+ j) ≥ nr

and as in (3.5), if we define f(x) =
√
2πxx+

1
2 e−x, then for x ≥ 0,

C1f(x) ≤ Γ(x+ 1) ≤ C2f(x).

Thus for all n ∈ N,
Γ(n+1)

Γ(n+α+1) ≥ C1

C2

nn+1
2

(n+α)n+α+1
2

e−n

e−n−α

≥ C1e
α

C2
n−α

√
n

n+α

(
1− α

n+α

)n+α

≥ C3n
−α

where C3 > 0 is a constant depending only on α thus on the pair (G,K).
Combining these estimates, reindexing the sum and using n− k ≥ C4n for some

C4 and for all n > k, we get that there is a constant C > 0 which depends only on
(G,K) such that

(3.14) ∥∂rTx∥pSp
≥ C

∑
n≥1

np(r−α)+dimG/K−1|P (α+r,β+r)
n (cos θ)|p.

Recall (Section 3.1) that α = α(G,K) = dimG/K
2 − 1 so that

p(r−α)+dimG/K−1 = p

(
r −

(
dimG/K − 1

2
− dimG/K

p

)
+

1

2

)
−1 = p(r−αp+

1

2
)−1.

To simplify notations, denote κ = p(r−αp +
1
2 )− 1. Note that for now, we did not

make assumptions on r so we do not know if the right-hand side converges.
For any N ∈ N, we have by Hölder’s inequality that

(3.15)

2N∑
n=N+1

nκ|P (α+r,β+r)
n (cos θ)|p ≥

(∑2N
n=N n|P (α+r,β+r)

n (cos θ)|2
)p/2

(∑2N
n=N+1 n

p−2κ
p−2

)p/2−1
.

By Lemma 3.15, for N large enough, the numerator is greater than CpNp/2. For
the denominator, we have(

2N∑
n=N+1

n
p−2κ
p−2

)p/2−1

≤
(
N(2N)

p−2κ
p−2

) p−2
2 ≤ C ′Np−κ−1
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thus
2N∑

n=N+1

nκ|P (α+r,β+r)
n (cos θ)|p ≥ C̃Nκ+1− p

2 .

Then if r ≥ αp, we get κ+ 1− p
2 ≥ 0, thus by (3.15),

2N∑
n=N+1

nκ|P (α+r,β+r)
n (cos θ)|p ̸→

N→∞
0

so by (3.14), the p-norm of ∂rTx is not finite so ∂rTx ̸∈ Sp(L
2(G)).

Now set r < αp as in Theorem 3.12. Using what is above, for x, y ∈ I, we have

∥∂rTx − ∂rTy∥pSp
=
∑
n≥0

mn|φ(r)
n (x)− φ(r)

n (y)|p.

so using the same inequalities on mn and φn, we get that there is a constant C > 0
which depends only on (G,K) such that

(3.16) ∥∂rTx − ∂rTy∥pSp
≥ C

∑
n≥1

nκ|P (α+r,β+r)
n (cos θ)− P (α+r,β+r)

n (cosϕ)|p.

Set m0 as in Lemma 3.16 and mk = m0 + kN . Then we get
(3.17)

∥∂rTx − ∂rTy∥pSp
≥ C

∑
k≥0

mk+1∑
n=mk+1

nκ|P (α+r,β+r)
n (cos θ)− P (α+r,β+r)

n (cosϕ)|p.

By Hölder’s inequality, we have that

(3.18)

mk+1∑
n=mk+1

nκ|P (α+r,β+r)
n (cos θ)− P (α+r,β+r)

n (cosϕ)|p ≥

(∑mk+1

n=mk+1 n|P
(α+r,β+r)
n (cos θ)− P

(α+r,β+r)
n (cosϕ)|2

)p/2
(∑mk+1

n=mk+1 n
p−2κ
p−2

)p/2−1
.

By Lemma 3.16, for N ≥ m0

|θ−ϕ| , the numerator is greater than C ′pNp/2. For the

denominator, first notice that

mk+1 = m0 + (k + 1)N = N
(m0

N
+ k + 1

)
≤ (π + k + 1)N

so that (∑mk+1

n=mk+1 n
p−2κ
p−2

)p/2−1

≤
(
Nm

p−2κ
p−2

k+1

) p−2
2

≤
(
(π + k + 1)

p−2κ
p−2 N

p−2κ
p−2 +1

) p−2
2

≤ (π + k + 1)
p−2κ

2 Np−κ−1.

Using theses two inequalities in (3.18) and then in (3.17) we finally get

(3.19) ∥∂rTx − ∂rTy∥pSp
≥ CC ′pNκ+1− p

2

∑
k≥0

(1 + π + k)κ−
p
2 .



24 GUILLAUME DUMAS

Notice that this sum converges because κ− p
2 < −1. We get∑

k≥0

(1 + π + k)κ−
p
2 ≥

∫ ∞

0

(1 + π + x)κ−
p
2 =

(1 + π)
1+κ− p

2

p
2 − κ− 1

.

Now since we want N ≥ m0

|θ−ϕ| , we can chose N so that

N ≤ m0

|θ − ϕ|
+ 1 ≤ m0 + π

|θ − ϕ|
.

Thus taking the p-th root in (3.19) and using that κ+1
p − 1

2 = r − αp, we have

(3.20)
∥∂rTx − ∂rTy∥Sp

≥ C1/pC ′
(

m0+π
|θ−ϕ|

)κ+1
p − 1

2 (1+π)
1+κ
p

− 1
2

( p
2−κ−1)

1/p

≥ C1/pC ′ ((m0+π)(1+π))r−αp

( p
2−κ−1)

1/p |θ − ϕ|αp−r.

and finally, we conclude using that |θ − ϕ| ≥ C̃| cos θ − cosϕ| for some C̃ > 0. □

Corollary 3.17. We have the following results:

(1) If p ≤ 2 + 2
dimG/K−1 and δ ∈ Q, Tδ ̸∈ Sp(L

2G).

(2) If 2 + 2
dimG/K−1 < p < +∞, the regularity obtained in Theorem 3.12 is

optimal.
(3) If p = +∞, the regularity obtained in Proposition 3.10 is optimal.
(4) Theorem 3.5 is optimal: for any (r, α) > (⌊α∞⌋, α∞ − ⌊α∞⌋) in lexico-

graphic order, the family of spherical functions is not bounded in C(r,α)(Q).
(5) Corollary 3.9 is optimal: with the same notations as above, there are K-bi-

invariant matrix coefficients that are not in C(r,α)(Q).

Proof. For 1., in that case αp ≤ 0 so this is the first part of Theorem 3.14.
For 2., there are two cases to consider.
In the first case, if αp ∈ Z, we know that T ∈ C(αp−1,1−ε)(] − 1, 1[, Sp(L

2(G)))

for any ε ∈]0, 1[. By the first part of Theorem 3.14, T ̸∈ C(αp,0)(]−1, 1[, Sp(L
2(G)))

(because ∂αpTδ ̸∈ Sp). Then, assume ∂αp−1T is Lipschitz on a compact interval J
of ] − 1, 1[. Since 1 < p < +∞, Sp(L

2(G)) is reflexive, thus by [BL98, Corollary
5.12], ∂αp−1T : Int(J) → Sp(L

2(G)) is differentiable almost everywhere (for the
Lebesgue measure on J) which contradicts the fact that ∂αpTδ ̸∈ Sp(L

2(G)) for

any δ ∈]− 1, 1[. Thus, T ̸∈ C(αp−1,1)(]− 1, 1[, Sp(L
2(G))).

In the second case, we consider αp ̸∈ Z. Let r = ⌊αp⌋. Then we know that

T ∈ C(r,αp−r)(] − 1, 1[, Sp(L
2(G))). Let 1 − (αp − r) > ε > 0, and I compact

interval of ]− 1, 1[. Assume that there is CI > 0 such that for all x, y ∈ I,

∥∂rTx − ∂rTy∥ ≤ CI |x− y|αp−r+ε.

Then for x ̸= y ∈ I, by the second part of Theorem 3.14, we get

CI,p ≤ CI |x− y|ε,
which is impossible when x→ y.

Thus, for any ε > 0, T ̸∈ C(r,αp−r+ε)(]− 1, 1[, Sp(L
2(G))).

For 3., once again we distinguish two cases. First, if α∞ ̸∈ Z, let 1 < p < +∞
be large enough so that r = ⌊αp⌋ = ⌊α∞⌋. Then, by the second part of Theorem
3.14, we get for x, y ∈ I compact subset of ]− 1, 1[ that

∥∂rTx − ∂rTy∥Sp
≤ CI,p|x− y|αp−r.
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From the expression of CI,p, we see that lim
p→+∞

CI,p = CI exists and is finite. Then

we get with p→ +∞ that

∥∂rTx − ∂rTy∥S∞ ≤ CI |x− y|α∞−r.

Thus, by the same arguments as above, T ̸∈ C(r,α∞−r+ε)(]− 1, 1[, S∞(L2(G))) for
any ε > 0.

Next, if α∞ ∈ Z, we have T ∈ C(α∞−1,1)(] − 1, 1[, S∞(L2(G))). Let x = cos θ,
y = cosϕ, θ, ϕ ∈ [ε, π − ε]. We have

∥∂α∞Tx − ∂α∞Ty∥S∞ = sup
n
|φ(α∞)

n (cos θ)− φ
(α∞)
n (cosϕ)|

≥
(

1
N

∑m+N
n=m |φ(α∞)

n (cos θ)− φ
(α∞)
n (cosϕ)|2

)1/2
≥ C(G,K, ε)

by Lemma 3.16. Thus, we get that ∂α∞T is not continuous, so we showed that
T ̸∈ C(α∞,0)(]− 1, 1[, S∞(L2(G))).

Statement 4. follows from 3. and Lemma 2.3, and Statement 5. is a consequence
of 4. and Lemma 2.8. □

4. Higher rank symmetric spaces

4.1. The case of a Lie group seen as a symmetric space. We consider G
a compact semisimple Lie group and ∆(G) the diagonal subgroup of G × G. We
study the symmetric Gelfand pair (G×G,∆(G)). Note that unlike what we did in
Section 2, we do not need to assume that the symmetric space is simply connected
and we do not even need it to be irreducible (which means G does not need to be
simply connected nor simple).

In this case, spherical functions can be described in a more efficient way than
what the Cartan-Helgason theorem (Theorem 2.10) tells us. An irreducible repre-
sentation of G×G is (π ⊗ σ, V ⊗W ) where π, σ are irreducible representations of
G. We have that V ⊗W ≃ Hom(V ∗,W ), and the representation is given by

((π ⊗ σ)(g, g′)f) (v) = σ(g′) (f(π(g)∗v)) .

Assume that there is a ∆(G)-invariant vector ξ ∈ Hom(V ∗,W ). Then for all g ∈ G,
we have

σ(g)(ξ(π(g)∗v)) = ξ(v)

so ξ is G-equivariant from V ∗ → W , so by Schur’s lemma, V ∗ ≃ W . Thus, the
classes of irreducible representations of G×G with a ∆(G)-invariant vector are in
bijection with the classes of irreducible representations of G. On Hom(V, V ), the
scalar product is ⟨f, g⟩ = Tr(fg∗). For (π, V ) a (unitary) irreducible representation
of G, the associated spherical function of (G×G,∆(G)) is

φπ : (g, g′) 7→ ⟨(π ⊗ π∗)(g, g′)(Id), Id⟩
⟨Id, Id⟩

=
⟨π(g), π(g′)⟩

dimV
=
χπ(gg

′−1)

dimV
.

So the spherical functions of the pair (G×G,∆(G)) are just the normalized char-
acters of G.

Let g be the Lie algebra of G. The Lie algebra of G × G is g ⊕ g, and the Lie
algebra of ∆(G) is the subspace

k = {(H,H)|H ∈ g}.
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Then, we have g⊕ g = k⊕m where

m = {(H,−H)|H ∈ g}.

Let b be a maximal abelian subalgebra of g, Φ the root system associated to
(gC, bC), Φ+ a choice of positive roots and ∆ = {α1, · · · , αℓ} be the associated
basis, where ℓ = rankG. We have

gC = bC ⊕
⊕
α∈Φ

gα

with gα = {X ∈ gC|∀H ∈ bC, [H,X] = α(H)X} and dim gα = 1 for all α ∈ Φ.
Let ΛG be the set of dominant analytically integral element, we know that there

is a bijection between ΛG and the set of equivalence classes of finite dimensional
irreducible representations of G ([Kna02, Thm. 5.110]). For λ ∈ ΛG, denote πλ
be an associated representation, χλ its character and dλ its dimension. Then, the
previous result amount to the following :

Proposition 4.1. For λ ∈ ΛG, define φλ : (g, g′) 7→ χλ(gg
′−1)

dλ
. Then λ 7→ φλ is a

bijection from ΛG to the set of spherical functions of ((G×G),∆(G)).

Now consider a = {(H,−H)|H ∈ b}. We have that a is a maximal abelian
subspace of m. Thus, we can consider Σa root system of aC in (g × g)C, whose
roots are α̃ : (H,−H) 7→ α(H) for α ∈ Φ. We choose as a positive root system
Σ+

a = {α̃|α ∈ Φ+}. Let g̃α = {X ∈ (g × g)C|∀H ∈ aC, [H,X] = α̃(H)X}, then we
have

(g× g)C = aC ⊕ (ka)C ⊕
⊕
α∈Φ

g̃α

and we see that ka = {(H,H)|H ∈ b} and for all α ∈ Φ, dim g̃α = 2 - in fact,
g̃α = (gα × 0)⊕ (0× g−α).

Now, recall that we defined Q as the connected component of {H ∈ a|∀α ∈
Σa, α(H)| ∈ iπZ} contained in the Weyl chamber associated to Σ+

a and containing
0 in its closure. We want to study the regularity of the functions ψλ = φλ ◦ exp |Q.

By definition, any positive root α ∈ Φ+ is a linear combination of the roots in

∆, with coefficients in N. We write α =
∑ℓ

i=1 ni(α)αi. We define

γ = min
1≤i≤ℓ

|{α ∈ Φ+|ni(α) ≥ 1}|.

Remark 4.2. The number γ was used by Cowling and Nevo in [CN01] in estimates
of spherical functions of the non-compact dual of (G×G)/∆(G), namely GC/G. A
table of the values of γ can be found in [CM89, Appendix].

Theorem 4.3. The family (ψλ)λ∈ΛG
is bounded in C(γ,0)(Q).

Proof. Let H̃ = (H,−H) ∈ Q, H ∈ b. Then

ψλ(H̃) = φλ(exp(H), exp(−H)) =
χλ(exp(2H))

dλ
.

Let q be the Weyl denominator, defined on b by q(H) =
∏

α∈Φ+(eα(H)/2−e−α(H)/2).
Note that the roots α are in ib∗, so α(H) ∈ iR. Thus, if α(H)/2 ̸∈ iπZ, we get that
eα(H)/2 − e−α(H)/2 = 2 sinh(α(H)/2) is non-zero. So for any H̃ = (H,−H) ∈ Q,
by definition of Q, 2H is such that q(2H) ̸= 0.
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Now, by the Weyl character formula ([Hal03, Thm. 10.14]), if q(2H) ̸= 0, we
have

χλ(e
2H) =

∑
w∈W det(w)e(w(λ+ρ))(2H)

q(2H)

where W denote the Weyl group and ρ = 1
2

∑
α∈Φ+ α.

Since the map (H,−H) 7→ q(2H) is smooth and non-zero on Q, by Lemma 2.2,

we can study the functions ψ̃λ : (H,−H) 7→ q(2H)ψλ(H,−H), that will have the
same regularity.

Let k ∈ N, (X̃1, · · · , X̃k) ∈ ak, then

Dkψ̃λ(H̃)(X̃1, · · · , X̃k) =
∑
w∈W

det(w)

dλ

 k∏
j=1

(w(λ+ ρ))(2Xj)

 e(w(λ+ρ))(2H).

Note that ∥w(λ + ρ)∥ = ∥λ + ρ∥ for all w ∈ W . Furthermore, (w(λ + ρ))(2H) is
pure imaginary, so that |e(w(λ+ρ))(2H)| = 1. So we have

(4.1) ∥Dkψ̃λ(H̃)∥ ≤ 2k|W |∥λ+ ρ∥k

dλ
.

So now, we have to study dλ. By the Weyl dimension formula ([Hal03, Thm.
10.18]), we have

dλ =
∏

α∈Φ+

⟨α, λ+ ρ⟩
⟨α, ρ⟩

.

Given that ∆ is a basis of the finite-dimensional vector space a∗C, there exists C > 0
such that for any λ ∈ a∗C, we have C∥λ∥ ≤ max

1≤j≤ℓ
|⟨αj , λ⟩|. For λ ∈ ΛG fixed, there

exists j(λ) such that ⟨αj(λ), λ + ρ⟩ = max
1≤j≤ℓ

⟨αj , λ + ρ⟩. Note that since λ + ρ is

a dominant integral element, all these scalar products are non-negative integers.
Now, for any α ∈ Φ+, we have

⟨α, λ+ ρ⟩ =
ℓ∑

j=1

nj(α)⟨αj , λ+ ρ⟩ ≥ nj(λ)(α)⟨αj(λ), λ+ ρ⟩ ≥ Cnj(λ)∥λ+ ρ∥.

By definition of γ, there are at least γ positive roots α such that nj(λ)(α) ≥ 1.

Choose exactly γ out of them. Let D = min
α

⟨α, ρ⟩ > 0. For the |Φ+| − γ remaining

roots, we have

⟨α, λ+ ρ⟩ ≥ ⟨α, ρ⟩ ≥ D.

Thus, we get that

(4.2) dλ ≥ CγD|Φ+|−γ∥λ+ ρ∥γ∏
α∈Φ+⟨α, ρ⟩

.

Let

Ck =
2k|W |

∏
α∈Φ+⟨α, ρ⟩

CγD|Φ+|−γ
,

we have combining (4.1) and (4.2) that for any λ ∈ ΛG, H̃ ∈ Q,

∥Dkψ̃λ(H̃)∥ ≤ Ck∥λ+ ρ∥k−γ .

Therefore, as soon as k ≤ γ, the family of differentials of order k are bounded in
λ. □
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Corollary 4.4. Any ∆(G)-bi-invariant matrix coefficient φ of a unitary represen-
tation of G×G is such that φ ◦ exp ∈ C(γ,0)(Q).

Proof. It follows from Lemma 2.8. □

Theorem 4.5. For any 0 < δ ≤ 1, the family (ψλ)λ∈ΛG
is not bounded in

C(γ,δ)(Q). Hence, there exists a K-bi-invariant matrix coefficient of G that is not
in C(γ,δ)(Q).

Proof. As before, we will prove this for the family (ψ̃)λ∈ΛG
. Assume that there is

δ > 0 such that for any compact L ⊂ Q, there is CL > 0 such that for all H̃, H̃ ′ ∈ L,
λ ∈ λG,

(4.3) ∥Dγψ̃λ(H̃)−Dγψ̃λ(H̃ ′)∥ ≤ CL∥H̃ − H̃ ′∥δ.

To produce a contradiction, we want to restrict to a subfamily of λ such that the
previous estimates were sharp. To give a bound on dλ, we used that there were at
least γ roots non-orthogonal to λ, but in general there might be more. So we will
take λ such that there are exactly γ such roots.

Let λ1, · · · , λℓ be the fundamental weights defined by

2⟨λi, αj⟩
⟨αj , αj⟩

= δi,j .

Let i0 be such that γ = |{α ∈ Φ+|ni0(α) ≥ 1}|. Up to relabeling, we assume that
i0 = 1. Denote also β1, · · · , βγ the roots α such that n1(α) ≥ 1, B+ = {β1, · · · , βγ}
and B = B+ ∪ (−B+). Then ⟨λ1, α⟩ ̸= 0 if and only if α ∈ B. We will study the

subfamily of functions associated to {nλ1}n∈N ⊂ ΛG. For any X̃1, · · · , X̃γ ∈ a unit
vectors, we have

∥Dγψ̃nλ1
(H̃)−Dγψ̃nλ1

(H̃ ′)∥ ≥ |Dγψ̃nλ1
(H̃)(X̃1, · · · , X̃γ)−Dγψ̃nλ1

(H̃ ′)(X̃1, · · · , X̃γ)|

≥

∣∣∣∣∣∣
∑
w∈W

det(w)

dnλ1

 γ∏
j=1

(w(nλ1 + ρ))(2Xj)

[
e(w(nλ1+ρ))(2H) − e(w(nλ1+ρ))(2H′)

]∣∣∣ .
A root α is an element of ib∗. There is Yα ∈ ib such that for any λ ∈ ib∗,

⟨α, λ⟩ = λ(Yα). Choose Xj = iYβj
, up to a normalisation constant. Thus,

∥Dγψ̃nλ1
(H̃)−Dγψ̃nλ1

(H̃ ′)∥ ≥

C

∣∣∣∣∣∣
∑
w∈W

det(w)

dnλ1

 γ∏
j=1

⟨w(nλ1 + ρ), βj⟩

[e(w(nλ1+ρ))(2H) − e(w(nλ1+ρ))(2H′)
]∣∣∣∣∣∣

for some constant C > 0 depending only on the root system.
Let W ′ = {w ∈W |w(B+) ⊂ B}. Then W ′ is a subgroup of W , and for w ∈W ′,

w(βi) = εi(w)βi(w), with i 7→ i(w) bijection of {1, · · · , γ} and εi(w) ∈ {±1}.
Denote also ε(w) =

∏
i εi(w).
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For w ∈W , we have∏γ
j=1⟨w(nλ1 + ρ), βj⟩

dnλ1

=

γ∏
j=1

⟨nλ1 + ρ, w−1(βj)⟩
∏

α∈Φ+⟨ρ, α⟩∏
α∈Φ+⟨nλ1 + ρ, α⟩

=

 γ∏
j=1

⟨ρ, βj⟩

 γ∏
j=1

⟨nλ1 + ρ, w−1(βj)⟩
⟨nλ1 + ρ, βj⟩

.

Now, if w ∈W ′, w−1 preserves B+ up to signs, so we have∏γ
j=1⟨w(nλ1 + ρ), βj⟩

dnλ1

= ε(w)

γ∏
j=1

⟨ρ, βj⟩.

Otherwise, if w ∈ W \ W ′, there is j such that w−1(βj) ̸∈ B and so
⟨nλ1 + ρ, w−1(βj)⟩ = ⟨ρ, w−1(βj)⟩ is independent of n, and so∏γ

j=1⟨w(nλ1 + ρ), βj⟩
dnλ1

= O

(
1

n

)
.

We also have w(nλ1 + ρ))(2H ′) ∈ iR so |e(w(nλ1+ρ))(2H) − e(w(nλ1+ρ))(2H′)| ≤ 2.
Thus, setting C ′ = C

∏γ
j=1⟨ρ, βj⟩, there is M > 0 such that we have for all n ∈ N∗,

H̃, H̃ ′ ∈ Q,

C ′

∣∣∣∣∣ ∑
w∈W ′

det(w)ϵ(w)
[
e(w(nλ1+ρ))(2H) − e(w(nλ1+ρ))(2H′)

]∣∣∣∣∣
≤ C

∣∣∣∑w∈W
det(w)
dnλ1

(∏γ
j=1⟨w(nλ1 + ρ), βj⟩

) [
e(w(nλ1+ρ))(2H) − e(w(nλ1+ρ))(2H′)

]∣∣∣
+C

∣∣∣∑w∈W\W ′
det(w)
dnλ1

(∏γ
j=1⟨w(nλ1 + ρ), βj⟩

) [
e(w(nλ1+ρ))(2H) − e(w(nλ1+ρ))(2H′)

]∣∣∣
≤ ∥Dγψ̃nλ1

(H̃)−Dγψ̃nλ1
(H̃ ′)∥+ M

n

We can further simplify the expression. Indeed, if j ̸= 1, w ∈ W ′, we have
w−1(αj) ̸∈ B since w(B) = B. Thus,

⟨w(λ1), αj⟩ = ⟨λ1, w−1(αj)⟩ = 0,

so w(λ1) ∈ {α2, · · · , αℓ}⊥ = Rλ1. Furthermore, w is unitary, so w(λ1) = s(w)λ1,
s(w) = ±1. Now denote

f(H) =
∑

w∈W ′

det(w)ε(w)ew(p)(2H)

and
g(H) = i

∑
w∈W ′

det(w)ε(w)s(w)ew(p)(2H).

Let ix = λ1(2H) and iy = λ1(2H
′), we have

C ′

∣∣∣∣∣ ∑
w∈W ′

det(w)ϵ(w)
[
e(w(nλ1+ρ))(2H) − e(w(nλ1+ρ))(2H′)

]∣∣∣∣∣
= C ′|f(H) cos(nx) + g(H) sin(nx)− f(H ′) cos(ny)− g(H ′) sin(ny)|

Thus, we get that

(4.4) C ′|f(H) cos(nx) + g(H) sin(nx)− f(H ′) cos(ny)− g(H ′) sin(ny)|

≤ ∥Dγψ̃nλ1
(H̃)−Dγψ̃nλ1

(H̃ ′)∥+ M

n
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so

(4.5)
C ′2

2
|f(H) cos(nx) + g(H) sin(nx)− f(H ′) cos(ny)− g(H ′) sin(ny)|2

≤ ∥Dγψ̃nλ1(H̃)−Dγψ̃nλ1(H̃
′)∥2 + M2

n2

Let m0, N that will be chosen later. For any m ≥ m0, set

S = S(m,N,H,H ′) =

m+N∑
n=m+1

∥Dγψ̃nλ1
(H̃)−Dγψ̃nλ1

(H̃ ′)∥2.

Since
∑m+N

n=m+1
1
n2 ≤

∑+∞
n=m+1

1
n2 = 1

m , from (4.5) we get
(4.6)

C ′2

2

m+N∑
n=m+1

|f(H) cos(nx)+g(H) sin(nx)−f(H ′) cos(ny)−g(H ′) sin(ny)|2 ≤ S+
M2

m

Since |z|2 ≥ (Re(z))2, if we denote a1 = C′
√
2
Re(f(H)), a2 = C′

√
2
Re(g(H)), b1 =

C′
√
2
Re(f(H ′)) and b2 = C′

√
2
Re(g(H ′)), as well as u = (m + 1)x and v = (m + 1)y,

we have
(4.7)
N−1∑
n=0

|a1 cos(nx+u)+a2 cos(nx+u+
π

2
)−b1 cos(ny+v)−b2 cos(ny+v+

π

2
)|2 ≤ S+

M2

m

Since ρ is strictly dominant, its images under the Weyl group are disjoint. Thus,
the functions H 7→ ew(ρ)(H) are linearly independent in C(b), so f, g are non-zero.
Furthermore, their extensions to bC are holomorphic, so the zeros are isolated.
Thus, we can find a compact ball L in Q such that a21 + a22 + b21 + b22 ≥ D > 0 for

any H̃, H̃ ′ ∈ L, and a1, a2, b1, b2 bounded by D′. We can find a smaller ball L′ in
L such that x, y, x − y, x + y are all in the same compact J of ]0, π[, up to kπ for

any H̃ ̸= H̃ ′ ∈ L′.
In that case, the same computations as in Lemma 3.16 but with more terms give

that for N ≥ m0

|x−y| , where m0 depends on J, L, we have

(4.8)

1

N

N−1∑
n=0

|a1 cos(nx+u)+a2 cos(nx+u+
π

2
)− b1 cos(ny+v)− b2 cos(ny+v+

π

2
)|2

≥ a21 + a22 + b21 + b22
4

≥ D

4
.

Thus, combining (4.7) and (4.8), we have S ≥ DN
4 − M2

m , so for m large enough,

we have that for any H̃ ̸= H̃ ′ ∈ L′,

(4.9) S =

m+N∑
n=m+1

∥Dγψ̃nλ1(H̃)−Dγψ̃nλ1(H̃
′)∥2 ≥ DN

8
.

But by our first assumption in (4.3), we have

(4.10) S =

m+N∑
n=m+1

∥Dγψ̃nλ1
(H̃)−Dγψ̃nλ1

(H̃ ′)∥2 ≤ NC2
L′∥H̃ − H̃ ′∥2δ.
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Thus, we get for any H̃ ̸= H̃ ′ ∈ L′,

D

8
≤ C2

L′∥H̃ − H̃ ′∥2δ

which gives a contradiction when H → H ′.
For the matrix coefficient, it then follows directly from Lemma 2.8. □

Let λ be the regular representation on L2(G×G). We define a function on Q by

TH =

∫ ∫
∆(G)×∆(G)

λ(k exp(H)k′) dk dk′ ∈ B(L2(G×G)).

We want to study the regularity of T as a map from Q to Sp(L
2(G×G)).

Proposition 4.6. The map T belongs to C(γ−1,1)(Q,S∞(L2(G×G))).

Proof. There is an orthonormal basis of L2(G × G) such that for any H ∈ Q, TH
is diagonal and its eigenvalues are ψλ(H) for λ ∈ ΛG. Then, by Theorem 4.3 and
Lemma 2.3, we get the result. □

Proposition 4.7. Let p > 2 + ℓ
γ , γp = γ − ℓ+2γ

p and

d =

{
γp if γp ̸∈ Z

γp − ε if γp ∈ Z

with ε > 0 arbitrarily small. Then the map T belongs to C(r,δ)(Q,Sp(L
2(G×G)))

where r = ⌊d⌋ and δ = d− r.

Proof. There is an orthonormal basis such that for any H ∈ Q, TH is diagonal, with
eigenvalues ψλ(H) of multiplicity the dimension of the representation associated to

λ̃ ∈ Λ of G×G. Since this representation is V ⊗ V ∗ where V is the representation
of G associated to λ ∈ ΛG, this multiplicity is d2λ. Thus, we have

∥TH∥pSp
=
∑
λ∈Λ

d2λ|ψλ(H)|p ∈ [0,+∞].

Let k < γ, then by Theorem 4.3 and Lemma 2.3, DkT exists and is the map from
Q such that for any H ∈ Q, X1, · · · , Xk ∈ a, DkT (H)(X1, · · · , Xk) ∈ B(L2(G ×
G)) is diagonal in the previous basis with eigenvalues Dkψλ(H)(X1, · · · , Xk) and
multiplicities d2λ. Thus, we have

∥DkT (H)∥p
L(a⊗k,Sp)

≤
∑
λ∈ΛG

d2λ∥Dkψλ(H)∥p ∈ [0,+∞].

Let L be a compact subset of Q. Up to replacing L by its convex hull, which is
still compact by Carathéodory’s theorem and a subset of Q, since Q itself is convex,
we can assume that L is convex. Let H ∈ L. By (4.1), we have

d2λ∥Dkψλ(H)∥p ≤ CL∥λ+ ρ∥pkd2−p
λ .

Since by assumption, 2− p < 0, by (4.2), we get

d2λ∥Dkψλ(H)∥p ≤ C ′
L∥λ+ ρ∥pk+(2−p)γ .
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Given λ1, · · · , λℓ the fundamental weights, λ =
∑ℓ

i=1 ni(λ)λi with ni(λ) ∈ N
and ρ =

∑ℓ
i=1 λi. Then, by equivalence of norms, there are c, C > 0 such that

c

√√√√ ℓ∑
i=1

(ni(λ) + 1)2 ≤ ∥λ+ ρ∥ ≤ C

√√√√ ℓ∑
i=1

(ni(λ) + 1)2

Thus, there is ML such that

∥DkT (H)∥p ≤ML

∑
n1,··· ,nℓ≥1

1

(
∑
n2i )

(p−2)γ−pk
2

.

We know that the sum on the right converges whenever

(p− 2)γ − pk > ℓ,

which is equivalent to

γp = γ − ℓ+ 2γ

p
> k.

In particular, this is the case for k = r = ⌊d⌋, and we get that ∥DrT (H)∥ is bounded
by M̃L on L.

Now consider H,H ′ ∈ L, doing the same thing we get

∥DrT (H)−DrT (H ′)∥p ≤
∑
λ∈ΛG

d2λ∥Drψλ(H)−Drψλ(H
′)∥p

We use two different bounds. For the first one, by triangular inequality, we have

∥Drψλ(H)−Drψλ(H
′)∥ ≤ ∥Drψλ(H)∥+ ∥Drψλ(H

′)∥
so by (4.1) and (4.2) again,

d2λ∥Drψλ(H)−Drψλ(H
′)∥p ≤ C ′

1∥λ+ ρ∥pr−(p−2)γ ≤ C1

(
∑
n2i )

(p−2)γ−pr
2

.

We use this bound when
(∑

n2i
)1/2

> 1
∥H−H′∥ .

For the second one, since L is convex, we get by the mean value theorem,

∥Drψλ(H)−Drψλ(H
′)∥ ≤ sup

L
∥Dr+1ψλ(x)∥∥H −H ′∥

so

d2λ∥Drψλ(H)−Drψλ(H
′)∥p ≤ C ′

2∥λ+ ρ∥p(r+1)−(p−2)γ∥H −H ′∥p

≤ C2

(
∑
n2i )

(p−2)γ−p(r+1)
2

∥H −H ′∥p.

We use this bound when
(∑

n2i
)1/2 ≤ 1

∥H−H′∥ .

Assume here that H,H ′ are close enough, so that 1
∥H−H′∥ >

√
ℓ.

Let κ = (p− 2)γ − pr > ℓ. Let n = (n1, · · · , nℓ) ∈ Nℓ, n ̸= 0. Then for any x in

the cube C(n) =
∏ℓ

i=1[ni, ni+1], we have

1

∥n+ 1∥κ
≤ 1

∥x∥κ
≤ 1

∥n∥κ
so

(4.11)
1

∥n+ 1∥κ
≤
∫
C(n)

1

∥x∥κ
dx ≤ 1

∥n∥κ
.
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Since
⋃

∥n+1∥> 1
∥H−H′∥

C(n) ⊂ Rℓ \B(0, 1
∥H−H′∥ −

√
ℓ) = Rℓ \B, we get that

∑
∥n∥> 1

∥H−H′∥

1

∥n∥κ
≤

∫
Rℓ\B

1

∥x∥κ
dx

≤ D1

∫ ∞

1
∥H−H′∥−

√
ℓ

rℓ−1

rκ
dr

≤ D2

(
1

∥H−H′∥ −
√
ℓ
)ℓ−κ

≤ D3∥H −H ′∥κ−ℓ.

Now since κ− ℓ = p(γp − r), we get that in the first case,

(4.12)
∑

λ,n> 1
∥H−H′∥

∥Drψλ(H)−Drψλ(H
′)∥p ≤ C̃1∥H −H ′∥p(γp−r)

Now we turn to the second case. Let κ = (p− 2)γ− p(r+1) = p(γp − r)− p+ ℓ.
By the choice of r, we have κ ≤ ℓ.

We divide again into three subcases.
First, if 0 < κ < ℓ, then we can use again (4.11). This time, 1

∥x∥κ is integrable

at 0. We have that
⋃

∥n+1∥≤ 1
∥H−H′∥

C(n) ⊂ B(0, 1
∥H−H′∥ ), so we get that

∑
ni≥1,∥n∥ ≤ 1

∥H−H′∥

1

∥n∥κ
≤

∫
B(0, 1

∥H−H′∥ )

1

∥x∥κ
dx

≤ M1

∫ 1
∥H−H′∥

0

rl−1

rκ
dr

≤ M2

(
1

∥H−H′∥

)ℓ−κ

≤ M2∥H −H ′∥p(γp−r)−p.

If κ ≤ 0, we do the same thing but the inequalities in (4.11) are reversed, so we

must integrate on B(0, 1
∥H−H′∥ +

√
ℓ). We still end up with∑

ni≥1,∥n∥ ≤ 1
∥H−H′∥

1

∥n∥κ
≤M3∥H −H ′∥p(γp−r)−p.

In these two subcases, corresponding to γp ̸∈ Z, we get

(4.13)
∑

λ,n≤ 1
∥H−H′∥

∥Drψλ(H)−Drψλ(H
′)∥p ≤ C̃2∥H −H ′∥p(γp−r)−p∥H −H ′∥p

So combining (4.12) and (4.13), we have for H,H ′ ∈ L such that ∥H−H ′∥ < 1√
ℓ

that

∥DrT (H)−DrT (H ′)∥ ≤ DL∥H −H ′∥γp−r.

Taking D′
L = max(DL, 2M̃L(

√
ℓ)γp−r), we have for any H,H ′ ∈ L,

∥DrT (H)−DrT (H ′)∥ ≤ D′
L∥H −H ′∥γp−r.

which completes the proof in the case γp ̸∈ Z.
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Finally, the last of the three subcases is κ = ℓ, which is equivalent to γp ∈ Z.
Here, we use again (4.11), but we cannot integrate in 0. So we have∑

ni≥1,∥n∥≤ 1
∥H−H′∥

1

∥n∥ℓ
≤ 1√

ℓ
+

∫
B(0, 1

∥H−H′∥ )\B(0,1)

1

∥x∥ℓ
dx

≤ 1√
ℓ
+ E1

∫ 1
∥H−H′∥

1

rℓ−1

rℓ
dr

≤ 1√
ℓ
+ E1| ln ∥H −H ′∥|.

Thus we have
(4.14)∑
λ,n≤ 1

∥H−H′∥

∥Drψλ(H)−Drψλ(H
′)∥p ≤ C̃3∥H−H ′∥p+ C̃4∥H−H ′∥p| ln ∥H−H ′∥|

So combining (4.12) (with the exponent which reduces to p) and (4.14), we have
for H,H ′ ∈ L such that ∥H −H ′∥ < 1√

ℓ
that

∥DrT (H)−DrT (H ′)∥ ≤ DL∥H −H ′∥| ln ∥H −H ′∥| ≤ DL,ε∥H −H ′∥1−ε

for any 1 > ε > 0. Again, we get the result for any H,H ′ ∈ L up to changing the
constant DL,ε, and the proof is complete in the case γp ∈ Z. □

Remark 4.8. In Theorem 4.5, we used a specific subfamily to prove optimality.
Here, we consider a sum and not a supremum, so we cannot restrict to such a
subfamily. The bound we use d2λ|ψλ|p is only tight for λ = nλ1, where λ1 is as in
the proof of Theorem 4.5. In general, we can find a better bound for d2λ|ψλ|p if we
know the number of roots orthogonal to λ. Thus, getting an optimal result would
require a deeper study of the root system.

4.2. Results for some higher rank symmetric spaces.

4.2.1. Complex Grassmannians. Let q ≥ p ≥ 2, G = SU(p + q) and a subgroup
K = S(U(p) × U(q)) - the case p = 1 was treated in the previous sections. Let
M = G/K, then M is isomorphic to the Grassmann manifold of p-dimensional
subspaces of Cp+q. We have dimM = 2pq and rankM = p. Let k = q − p.

As before, let P
(α,β)
n denote the Jacobi polynomials and let P̃

(α,β)
n = Γ(α+1)Γ(n+1)

Γ(α+n+1) P
(α,β)
n

the Jacobi polynomials normalised at 1.
The spherical functions of (G,K) can be found in [Cam06, Section 3]. For a

suitable choice of basis and of positive roots, the Weyl chamber is

C = {(x1, · · · , xp)|x1 > · · ·xp > 0}.

Consider Q ⊂ C as before, open in Rp. Define

w(X) =
∏
i<j

(cos(xi)− cos(xj)) ,

c = 2p(p−1)/2

p−1∏
j=1

j!(j + k)p−j

and

c(n) =

(
n+

k + 1

2

)2

−
(
k + 1

2

)2

.



REGULARITY OF MATRIX COEFFICIENTS 35

Then if µ =
∑
riµi ∈ Λ, let mi = ri + · · ·+ rp, so that m1 ≥ m2 ≥ · · · ≥ mp, and

ni = mi + p− i, so n1 > · · · > np. For X ∈ Q, we have

φµ(exp(iX)) = c
det
(
P̃

(k,0)
ni (cos(xj))

)
w(X)

∏
i<j c(ni)− c(nj)

.

Since w(X) ̸= 0 for all x ∈ Q, both c
w and w

c are smooth functions, thus the
optimal regularity of the family (φµ) is the same as the optimal regularity of the
family (wc φµ). Using Lemma 2.1 and since c(ni)−c(nj) = (ni+nj+k+1)(ni−nj),
we want to study the optimal regularity of the functions

ψµ :
Q̃ → C

(t1, · · · , tp) 7−→ det(P̃ (k,0)
ni

(tj))∏
i<j(ni+nj+k+1)(ni−nj)

.

We have ψµ(t) =

∑
σ∈Sp

ε(σ)
∏p

i=1 P̃ (k,0)
ni

(tσ(i))∏
i<j(ni+nj+k+1)(ni−nj)

. Let D(l1, · · · , lp)f = ∂
∑

lif

∂
l1
x1

···∂lp
xp

, then

D(l1, · · · , lp)ψµ(t) =

∑
σ∈Sp

ε(σ)
∏p

i=1 ∂
lσ(i) P̃

(k,0)
ni (tσ(i))∏

i<j(ni + nj + k + 1)(ni − nj)
.

Theorem 4.9. Let M = SU(p+ q)/S(U(p)× U(q)), with q ≥ p ≥ 2. Set

α∞ =


2 if p = q = 2

q + p− 3

2
else

.

Then we have

ropt(M) ≥ (⌊α∞⌋, α∞ − ⌊α∞⌋).

Proof. Set L a compact of Q̃, which we again assume to be convex, then each ti is
in a compact L′ of ] − 1, 1[. From the inequality 3.7 in Section 3.2, we know that
there is a constant C = C(L′, k, l) > 0 such that ∀n ∈ N,∀t ∈ L′, we have

|∂lP̃ (k,0)
n (t)| ≤ Cnl−k− 1

2 .

Thus there is some constant C = C(L, k, l1, · · · , lp) such that for all µ ∈ Λ and
t ∈ L

(4.15) |D(l1, · · · , lp)ψµ(t)| ≤ C

∑
σ∈Sp

∏p
i=1 n

lσ(i)−k− 1
2

i∏
i<j(ni + nj + k + 1)(ni − nj)

.

Let I =
{
i|ni+1 <

ni

2

}
and J = J1, p− 1K\I. Let i0 = min I. For j > i0 ≥ i, we

have

nj ≤ ni0+1 <
ni0
2

≤ ni
2

so (ni + nj + k + 1)(ni − nj) ≥ n2
i

2 . On the other hand, for i < i0, we have
nai+1 ≤ Can

a
1 for any a. Thus, if l1 + · · ·+ lp = s,

|D(l1, · · · , lp)ψµ(t)| ≤ C
∑

σ∈Sp
ns1n

∑
i≤i0

(−k− 1
2−(p−i)−(p−i0))

1

∏
i>i0

n
−k− 1

2−(p−i)
i

≤ C̃i0n
s−

(
i0k+

i0
2 +i0p− i0(i0+1)

2 +i0(p−i0)
)

1

≤ C̃i0n
s−(i0(q+p)− 3

2 i
2
0)

1 .
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Let κ = min
i∈J1,pK

i(p+ q)− 3
2 i

2 and C ′ = max
i∈J1,pK

C̃i, then ∀µ ∈ Λ and ∀t ∈ L, we have

|D(l1, · · · , lp)ψµ(t)| ≤ C ′ns−κ
1 .

Thus, we only need to compute κ. Let f : x 7→ (p + q)x − 3
2x

2. If q ≥ 2p, f is

increasing on [1, p] so its minimum is f(1) and κ = f(1) = q + p− 3
2 . If q ≤ 2p, f

is increasing on [1, p+q
3 ] and decreasing on [p+q

3 , p]. Thus, κ is either f(1) or f(p).
But

f(p) < f(1)

⇐⇒ pq − p2

2 < p+ q − 3
2

⇐⇒ (p− 1)q < (p− 1)p+3
2

⇐⇒ q < p+3
2 .

But we also have q ≥ p, thus this last inequality implie p+3
2 > p so p = 2 and then

q = 2. Thus, if p = q = 2, κ = f(p) = 2. Otherwise, κ = f(1) = q + p− 3
2 .

Now, if we take ∥.∥1 on Rp, this tells us that

∥Dsψµ(t)∥ ≤ C̃sn
s−κ
1

so that if s ≤ κ, Dsψµ is bounded on L independently of µ ∈ Λ.
If p = q = 2, κ = 2 is an integer so the proof is complete.
Else, κ = r + 1

2 , r = q + p− 2. If x, y ∈ L, on the one hand,

∥Drψµ(x)−Drψµ(y)∥ ≤ 2C̃rn
−1/2.

On the other hand, we get

∥Drψµ(x)−Drψµ(y)∥ ≤ C̃r+1n
1/2∥x− y∥

thus,

∥Drψµ(x)−Drψµ(y)∥ ≤
(
2C̃rn

−1/2
)1/2 (

C̃r+1n
1/2∥x− y∥

)1/2
≤
√

2C̃rC̃r+1∥x−y∥1/2

so that Drψµ is 1
2 -Hölder on L with a constant independent on µ ∈ Λ, so we get

the result. □

Remark 4.10. If in the definition of ψλ we replace (k, 0) with (α, β) ∈ (R+)
2, we

get the same result with

κ =


2α+ 2 if p = 2, α <

1

2

α+ 2p− 3

2
else

.

4.2.2. Some related spaces. Consider Zℓ with lexicographic order. A polynomial P
in ℓ variables has degree n if P =

∑
m≤n cmx

m, cn ̸= 0. If P is symmetric of degree

n, then n1 ≥ n2 ≥ · · ·nl. Let Ω = [−1, 1]l, α, β > −1 and γ ≥ −1/2. Define on Ω
the function

wα,β,γ(x) =

ℓ∏
i=1

(1− xi)
α(1 + xi)

β
∏
i<j

(xi − xj)
2γ+1.

If ℓ = 1, this is the Jacobi weight of parameter (α, β).

Definition 4.11. The polynomials P
(α,β,γ)
n in ℓ variables are defined by

• P
(α,β,γ)
0 = 1
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• P
(α,β,γ)
n is symmetric of degree n and dominant coefficient 1

•
∫
Ω
P

(α,β,γ)
n (x)Q(x)w(x) dx = 0 for all Q symmetric of degree q < n

These polynomials are studied in [Vre84]. For certain values, these polynomials
can be related to Jacobi polynomials ([Vre84, Thm. 4.5 and 4.6]).

Proposition 4.12. For γ = − 1
2 ,

P (α,β,γ)
n (x) =

∑
σ∈Sl

P (α,β)
n1

(xσ(1)) · · ·P (α,β)
nl

(xσ(ℓ)).

Proposition 4.13. Let Aα,β
x (m) = det

(
P

(α,β)
mi (xj)

)
. Then

P (α,β,1/2)
n (x) =

A
(α,β)
x (n1 + ℓ− 1, n2 + ℓ− 2, · · · , nℓ)

A
(α,β)
x (ℓ− 1, ℓ− 2, · · · , 0)

.

Thus, we can see that, once normalised by 1 at 1, the family of P
(k,0,1/2)
n are

the spherical functions of (SU(k + 2l), S(U(k + l)× U(l))). It turns out that more
families of spherical functions appears as polynomials of this kind ([Vre84, Thm.
4.2]).

Theorem 4.14. Let ψ
(α,β,γ)
n =

P (α,β,γ)
n

P
(α,β,γ)
n (1)

. Then the functions ψ
(α,β,γ)
n are the

spherical functions of (G,K) for the following values of α, β, γ:

(G,K) ℓ α β γ
(SO(p+ q), S(O(p)×O(q))) p (q − p− 1)/2 −1/2 0
(SU(p+ q), S(U(p)× U(q))) p q − p 0 1/2
(Sp(p+ q), Sp(p)× Sp(q)) p 2(q − p) + 1 1 3/2

(Sp(k), U(k)) k 0 0 0
(SO(4k), U(2k)) k 0 0 3/2

(SO(4k + 2), U(2k + 1) k 2 0 3/2
(Sp(k)× Sp(k),∆(Sp(k))) k 1/2 1/2 1/2

(SO(2k + 1)× SO(2k + 1),∆(SO(2k + 1))) k 1/2 −1/2 1/2

Remark 4.15. Adapting the previous work for general values of α ≥ 0, β > −1, we

know that the optimal regularity of the family (ψ
(α,β,1/2)
n ) is at least α+ 1

2 +2(ℓ−
1). From the previous table, this recovers the regularity found in Section 4.1 for
(Sp(k)× Sp(k),∆(Sp(k))) and (SO(2k + 1)× SO(2k + 1),∆(SO(2k + 1)).

In [Vre84, Thm. 5.1], Vretare shows differents formulas expressing ψ
(α,β,γ)
n as a

linear combination of different ψ
(α′,β′,γ′)
n . If we were able to control the coefficient,

we could investigate more families. It turns out that this is the case in 2 variables.
Set ℓ = 2, Vretare showed the following ([Vre84, Thm. 6.2]):

Theorem 4.16. Let α, β > −1 and γ ≥ −1/2. Let n ≥ m. Then

(x−y)2ψ(α,β,γ+1)
n,m = b20ψ

(α,β,γ)
n+2,m+b10ψ

(α,β,γ)
n+1,m+b00ψ

(α,β,γ)
n,m +b11ψ

(α,β,γ)
n+1,m+1+b1−1ψ

(α,β,γ)
n+1,m−1

and there is a constant C = C(α, β, γ) > 0 such that bij ≤ Cn−1(n−m)−1 for any
i, j.

Remark 4.17. From this, in the case ℓ = 2, we can recover the regularity obtained

in Theorem 4.9 from the regularity at least α+ 1
2 for the family (ψ

(α,β,−1/2)
n ) that

is easy to compute.
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With Lemma 2.2, the regularity of the family
(
ψ
(α,β,3/2)
n,m

)
n≥m

is the same as

the regularity of the family
(
(x− y)2ψ

(α,β,3/2)
n,m

)
n≥m

=
(
ϕ
(α,β)
n,m

)
.

Set L a compact subset of ]− 1, 1[2 Let l1, l2 ∈ N, s = l1 + l2. Assume first that
m < n

2 . As in Theorem 4.9,

|D(l1, l2)ψ
(α,β,1/2)
n,m (x)| ≤ Cns−α− 5

2

thus

|D(l1, l2)ϕ
(α,β)
n,m | ≤ C ′ns−α− 9

2 .

On the contrary, assume that n > m ≥ n
2 , then,

|D(l1, l2)ψ
(α,β,1/2
n,m (x)| ≤ Cns−2α−2

thus

|D(l1, l2)ϕ
(α,β)
n,m | ≤ C ′ns−2α−3.

Now depending on (n,m), we have two possible upper bounds. We want to know
which one is the worst, and thus works independently of (n,m). We have 2α+3 ≥
α + 3

2 if and only if α ≥ 3
2 . Now, adapting again the argument from the proof of

Theorem 4.9, we get that the regularity of the family
(
ψ
(α,β,3/2)
n,m

)
n≥m

is at least

r =


2α+ 3 if α <

3

2

α+
9

2
ifα ≥ 3

2

From Theorem 4.14, this gives lower bound for new pairs.

Theorem 4.18. Let M = SO(8)/U(4), rankM = 2 and dimM = 12. We have

ropt(M) ≥ (3, 0).

Let M = SO(10)/U(5), rankM = 2 and dimM = 20. We have

ropt(M) ≥ (6,
1

2
).

Let n ≥ 4, M = Sp(n)/(Sp(2) × Sp(n − 2)), rankM = 2 and dimM = 8(n − 2).
We have

ropt(M) ≥

(2n− 3,
1

2
) if n > 4

(5, 0) if n = 4

4.3. A conjecture on the optimal regularity. In this section, we will see on
an example that there is a difference in the estimates when µ is close to the walls
of the Weyl chamber and away from the walls. We will use this to give a conjecture
on the optimal regularity in the general case.

Let G = SU(q + 2) and K = S(U(2) × U(q)). Let M = G/K of rank 2 and
dimension 4q. In Theorem 4.9, we showed that ropt(M) ≥ (q, 12 ) if q > 2, and (2, 0)
otherwise.

Let µ0 = µ1 + µ2. Then, for n ∈ N, nµ0 is in a cone with compact base in the
Weyl chamber, so away from the walls. Then,

ψnµ0(x, y) =
P̃

(q−2,0)
2n+1 (x)P̃

(q−2,0)
n (y)− P̃

(q−2,0)
2n+1 (y)P̃

(q−2,0)
n (x)

(3n+ q)(n+ 1)
.
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The family (ψnµ0
)n∈N is a subfamily of the family of all spherical functions, and we

can show with the same estimates as in Theorem 4.9 that this family is bounded
in the Hölder space of regularity 2q − 1.

So, for this subfamily corresponding to highest weight away from the walls, the
regularity is strictly better than the regularity of the whole family.

In fact, for any of the pairs we considered above, with µ0 =
∑l

i=1 µi, the sub-

family corresponding to {nµ0} is of regularity at least dimM−rankM
2 .

This shows that it should be highest weights close to the walls that gives a bad
regularity. For this, set either r1 = 0 or r2 = 0.

If r1 = 0, r2 = n, then

ψn(x, y) =
P̃

(q−2,0)
n+1 (x)P̃

(q−2,0)
n (y)− P̃

(q−2,0)
n+1 (y)P̃

(q−2,0)
n (x)

(2n+ q)

and the uniform regularity of this subfamily is at least 2q − 2.

If r1 = n− 1, r2 = 0, since P̃
(q−2,0)
0 = 1, the expression is easier. We have

ψn(x, y) =
P̃

(q−2,0)
n (x)− P̃

(q−2,0)
n (y)

(n+ q + 1)n
.

Here, we get uniform regularity at least q + 1
2 , so this is where the worst happens

(except for q = 2). We won’t check that this is optimal, but we will check that
(q+1)-th differential is unbounded in n - so the uniform regularity is at most q+1.
Let x = cos θ, from Lemma 3.7 and Lemma 3.8, we have

d

dxr
P̃ (q−2,0)
n (y) = nr−q+3/2u(θ) cos(nθ + γ) +O(nr−q+1/2)

where u is a smooth function of ] − 1, 1[, γ depends on q, r, θ but not on n. Also,

P̃
(q−2,0)
n (y) = O(1). Now let r = q + 1 and consider the partial derivative

D(q + 1, 0)ψn(x, y) = n1/2u(θ) cos(nθ + γ) +O(n−1/2)

which is unbounded in n.
We now try to give an interpretation of this. For a root α ∈ Σa, let m(α) be its

multiplicity. For µ ∈ Λ, define

Sµ =
∑

α∈Σ+
a ,<α,µ≯=0

m(α).

Our conjecture is that if we set

r =
1

2
inf

µ∈Λ\{0}
Sµ,

then ropt(M) = (⌊r, ⌋, r − ⌊r⌋).
More generally, the optimal uniform regularity of a subfamily of spherical func-

tions indexed by Λ′ ⊂ Λ should be be given by a similar formula involving only
wiehgts of Λ′. However, removing a finite number of elements of Λ′ will not change
the regularity of the family. Furthermore, we can notice with the example above
that the behaviour of the family {(0, n)}n will be the same as the behaviour of
{(k, n)}n for k fixed, so what is important is not the orthogonality of the family
with roots, but the boundedness of the scalar products, thus making the formula
more complicated.
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By [Vre76], there is a basis {α1, · · · , αℓ} associated to the positive root system
Σ+

a such that the fundamental weights µi verify

⟨µi, αj⟩
⟨αj , αj⟩

=


0 if i ̸= j

1 if i = j, 2αj ̸∈ Σ+
a

2 if i = j, 2αj ∈ Σ+
a

Then we have r = min
1≤i≤ℓ

∑
<α,µi> ̸=0

m(α)
2 . In Table 2 and 3, we compute the

values of r for all simply connected irreducible symmetric spaces of compact type,
using the classification and multiplicities given in [Loo69b, Ch. VII]. We can verify
theses values agree with the result found for rank 1 (Theorem 3.5) and with the
lower bound found for some higher rank spaces in Theorem 4.9 and Theorem 4.18.

Table 2. Values of r for the irreducible symmetric spaces of the
form G×G/∆(G) ≃ G.

M dimM rankM r

SU(n), n ≥ 2 n2 − 1 n− 1 n− 1

SO(2n+ 1), n ≥ 1 n(2n+ 1) n 2n− 1

Sp(n), n ≥ 1 n(2n+ 1) n 2n− 1

SO(2n), n ≥ 2 n(2n− 1) n

1 if n = 2

3 if n = 3

2n− 2 else

G2 14 2 5

F4 52 4 15

E6 78 6 16

E7 133 7 27

E8 248 8 57

Furthermore, if M = M1 ×M2, the root system of M is the direct sum of the
root systems of Mi, and so r(M) = min(r(M1), r(M2)). Thus, Table 2 and 3 is
sufficient to compute the value of r for any symmetric space of compact type. Also,
this show that the conjecture agrees with the fact that ropt(M) = min(ropt(Mi)).

Finally, assume that M = (G×G)/∆(G). We saw in Subsection 4.1 that if Φ+

is a choice of positive roots with basis α1, · · · , αℓ, we have

ropt(M) = γ = min
1≤i≤ℓ

|{α ∈ Φ+|ni(α) ≥ 1}|.

We also saw that a choice of positive roots forM was given by α̃ : (H,−H) 7→ α(H)
with α ∈ Φ+, and that m(α̃) = 2 for any α ∈ Φ+. The bijection α 7→ α̃ extends

to a map b∗C 7→ a∗C, which sends ΛG to Λ and such that ⟨λ̃, µ̃⟩ = ⟨λ, µ⟩. Thus, from
this we get that for any λ ∈ ΛG,

1

2
Sλ̃ = |{α ∈ Φ+|⟨α, λ⟩ ≠ 0}|.

Let πi, 1 ≤ i ≤ ℓ be the fundamental weights of the root system of G, defined by

2⟨πi, αj⟩
⟨αj , αj⟩

= δi,j ,
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Table 3. Values of r for irreducible symmetric spaces.

M dimM rankM r

AI SU(n)/SO(n), n ≥ 2 (n−1)(n+2)
2 n− 1 n−1

2

AII SU(2n)/Sp(n), n ≥ 2 (n− 1)(2n+ 1) n− 1 2(n− 1)

AIII SU(p+ q)/S(U(p)× U(q)), p+ q ≥ 3 2pq min(p, q)
2 if p = q = 2

p+ q − 3
2 else

BDI SO(p+ q)/SO(p)× SO(q), p+ q ≥ 3 pq min(p, q)

1
2 if p = q = 2
3
2 if p = q = 3
p+q
2 − 1 else

CI Sp(n)/U(n), n ≥ 1 n(n+ 1) n n− 1
2

CII Sp(p+ q)/Sp(p)× Sp(q), p+ q ≥ 2 4pq min(p, q)
5 if p = q = 2

2(p+ q)− 5
2 else

DIII
SO(4n)/U(2n), n ≥ 1 2n(2n− 1) n

n
(
n− 1

2

)
if n ≤ 3

4n− 7
2 if n > 3

SO(4n+ 2)/U(2n+ 1), n ≥ 1 2n(2n+ 1) n 4n− 3
2

EI 42 6 8

EII 40 4 21
2

EIII 32 2 21
2

EIV 26 2 8

EV 70 7 27
2

EV I 64 4 33
2

EV II 54 3 27
2

EV III 128 8 57
2

EIX 112 4 57
2

FI 28 4 15
2

FII 16 1 15
2

G 8 2 5
2

we have that λ ∈ ΛG if and only if λ =
∑ℓ

i=1mi(λ)πi, with mi(λ) ∈ N. Then, for
any λ ∈ ΛG, α ∈ Φ+,

⟨λ, α⟩ =
ℓ∑

i=1

ℓ∑
j=1

mi(λ)ni(α)⟨πi, αj⟩ =
1

2

ℓ∑
i=1

mi(λ)ni(α)⟨αi, αi⟩.

If λ ̸= 0, there is i such that mi(λ) ̸= 0. Then for any α such that ni(α) ̸= 0, we
get ⟨λ, α⟩ > 0, so

1

2
Sλ̃ ≥ |{α ∈ Φ+|ni(α) ≥ 1}| ≥ γ.
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But on the other hand, 1
2Snπi0

= γ for all n ∈ N∗ where i0 is such that γ = |{α ∈
Φ+|ni0(α) ≥ 1}|. Thus, we get

γ = inf
λ̃∈Λ\{0}

1

2
Sλ̃,

so the regularity found in this case fits again the conjecture.

5. Regularity of K-finite matrix coefficients

In this section, we keep the notations introduced in the previous section. Thus
(G,K) is a symmetric compact Gelfand pair with G connected such that G/K is
simply connected. Recall that Q is an open subset of a such that, by Proposition
2.12, G = K exp(Q)K. Set G1 = K exp(Q)K, G1 is a dense open subset of G.

Definition 5.1. Let π be a unitary representation of G on H and (ρ, V ) a repre-
sentation of K. We say that ξ ∈ H is

• K-finite if span(π(K)ξ) is finite dimensional.
• of K-type V if span(π(K)ξ) ≃ V as a representation of K.

Note that this definition of K-type V is not standard.
The goal of this section is to prove the following result.

Theorem 5.2. Assume that for any K-bi-invariant matrix coefficient φ of a uni-
tary representation of G, the function ψ = φ ◦ exp is of class C(r,δ) on Q. Let π
be a unitary representation of G on H, ξ, η ∈ H K-finite. Consider the associated
matrix coefficient φ : g 7→ ⟨π(g)ξ, η⟩. Then φ is of class C(r,δ) on G1.

Remark 5.3. This shows that ropt(M), which is the optimal uniform regularity
of spherical functions, and also (by Lemma 2.8) the optimal regularity of K-bi-
invariant matrix coefficients of G, is even the optimal regularity of K-finite matrix
coefficients.

Since K-invariant vectors are K-finite, the first step is to extend the regularity
of ψ on Q to a regularity of φ on G1. For this, we need to study properties of the
decomposition of Proposition 2.12.

Lemma 5.4. The map

φ :
K ×K ×Q → G1

(k1, k2, H) 7−→ k1 exp(H)k−1
2

is a submersion.

Proof. If g ∈ G, denote Lg and Rg the translations by g on the left and right
respectively. Let m : G × G → G be the multiplication map, its tangent map at
(a, b) is

T(a,b)m :
TaG× TbG → TabG
(Xa, Xb) 7−→ TaRb(Xa) + TbLa(Xb)

.

We can identify TgG with g by the isomorphism TeLg. Under this identification,
we have ∀g, h ∈ G, ThLg = Id and ThRg = Ad(g−1), so that the tangent map of
the multiplication becomes T(a,b)m(Xa, Xb) = Ad(b−1)(Xa) +Xb. Furthermore, if
k ∈ K, since Lk(K) = K, TkK ⊂ TkG is identified with k ⊂ g. Thus by the chain
rule we have

T(k1,k2,H)φ :
k× k× a → g

(X1, X2, Y ) 7−→ Ad(k2 exp(−H))(X1) + Ad(k2)(TH exp(Y ))−X2
.
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We know that Ad(k) is an isomorphism of g and an isomorphism of k in restriction.
Furthermore, TH exp : a 7→ a is also an isomorphism. Thus, the map T(k1,k2,H)φ

is surjective if and only if u = Ad(k−1
2 ) ◦ T(k1,k2,H)φ ◦ (Id,Ad(k2), (TH exp)−1) is

surjective. We have

u(X1, X2, Y ) = Ad(exp(−H))(X1)−X2 + Y.

Consider the decomposition g = k⊕p in eigenspaces of σ. In this decomposition,
a is a maximal abelian subspace of p. Let m = ka, Σa the root system of (gC, aC).

For λ ∈ Σa, let gλ = {X ∈ gC|∀H ∈ aC, [H,X] = λ(H)X}. We have

gC = aC ⊕mC ⊕
⊕
λ∈σa

gλ.

Let also kλ = k∩ (gλ⊕ g−λ) and pλ = p∩ (gλ⊕ g−λ). From [Loo69b, Ch. VI, Prop.
1.4], we get

k = m⊕
⊕
λ∈Σ+

a

kλ = m⊕ l,

p = a⊕
⊕
λ∈Σ+

a

pλ = a⊕ b.

We also get that for λ ∈ Σ+
a , there is Zλ,1, · · · , Zλ,rλ a C-basis of gλ, such that

setting Z+
λ,i = Zλ,i + σ(Zλ,i) and Z

−
λ,i = i(Zλ,i − σ(Zλ,i)), {Z+

λ,i} gives an R-basis
of kλ and {Z−

λ,i} gives an R-basis of pλ.
Let also H1, · · · , Hℓ be a basis of a and Y1, · · · , Yr a basis of m. Then for H ∈ a,

we have [H,Yi] = 0, [H,Z+
λ,i] = −iλ(H)Z−

λ,i and [H,Z−
λ,i] = iλ(H)Z+

λ,i. Thus, we
see that

• u(0, 0, Hi) = Hi

• u(Yi, 0, 0) = e− ad(H)(Yi) = Yi
• u(0, Yi, 0) = −Yi
• u(Z+

λ,i, 0, 0) = e− ad(H)(Z+
λ,i) = sin(iλ(H))Z−

λ,i + cos(iλ(H))Z+
λ,i

• u(0, Z+
λ,i, 0) = −Z+

λ,i

Since H ∈ Q, λ(H) ̸∈ iπZ so sin(iλ(H)) ̸= 0 and u is indeed surjective. □

The following proposition is found in [Bor98, Ch.V, Thm 3.3].

Proposition 5.5. Let G be a compact, connected, simply connected Lie group and
f an automorphism of G. Then the set of fixed point of f is connected.

Remark 5.6. This result implies that the subgroup K is automatically connected
if G is simply connected.

Lemma 5.7. Let M = ZK(expQ) = {k ∈ K|∀a ∈ expQ, ka = ak}. Consider the
action of K ×K on G by (k1, k2).g = k1gk

−1
2 . Then for any H ∈ Q, we have

Stab(expH) = {(k, k)|k ∈M} = ∆(M).

Proof. First, we assume that G is simply connected. Let H ∈ 2Q, we have that

ZG(expH) = {g ∈ G|g exp(H) = exp(H)g} = {g ∈ G|cexp(−H)(g) = g}

is the set of fixed point of cexp(−H), hence is connected by Proposition 5.5.
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Furthermore,

Lie(ZG(expH)) = {X ∈ g|∀t ∈ R, exp(tX) ∈ ZG(expH)}
= {X ∈ g|∀t ∈ R, cexp(−H)(exp(tX)) = exp(tX)}
= {X ∈ g|Ad(exp(−H))(X) = X}
= ker(fH)

where fH(X) = Ad(exp(−H))(X)−X.
Consider the basis {Yi} ∪ {Hi} ∪ {Z+

λ,i} ∪ {Z−
λ,i

} of g introduced in Lemma 5.4.
Then, we have

• fH(Yi) = 0
• fH(Hi) = 0
• fH(Z+

λ,i) = sin(iλ(H))Z−
λ,i + (cos(iλ(H))− 1)Z+

λ,i

• fH(Z−
λ,i) = − sin(iλ(H))Z+

λ,i + (cos(iλ(H))− 1)Z−
λ,i

Since H ∈ 2Q, for any root λ, λ(H) ̸∈ 2iπZ, and so ker(fH) = m⊕ a.
Thus, Lie(ZG(expH)) does not depend on H ∈ 2Q, and since ZG(expH) is

connected, ZG(expH) and ZK(expH) = ZG(expH)∩K do not depend on H ∈ 2Q,
and so ZK(expH) =M .

Now take a = exp(H) ∈ Q, and (k, k′) ∈ Stab(a), then ka = ak′. The automor-
phism σ of G is such that K = Gσ, and σ(a) = a−1, so we get ka−1 = a−1k′,
thus ka2 = ak′a = a2k. So k ∈ ZK(a2), but a2 = exp(2H), 2H ∈ 2Q so
ZK(a2) = ZK(a) =M . Thus ka = ak = ak′, so k = k′ and (k, k′) ∈ ∆(M).

The other inclusion is clear, thus Stab(a) = ∆(M).
For the general case, since G/K is assumed to be simply connected, by the

Remark 2.11, we have p : G̃ ↠ G the universal cover such that ker p ⊂ Z(G̃)σ

and K̃ = G̃σ. Then the previous case gives that StabK̃×K̃(expG̃(H)) = ∆(M̃)
for any H ∈ Q. Clearly, if (k1, k2) ∈ StabK̃×K̃(expG̃(H)), then the projection
(p(k1), p(k2)) ∈ StabK×K(expG(H)).

Conversely, let (k1, k2) ⊂ StabK×K(expG(H)), there exists k̃i ∈ K̃ such that

p(k̃i) = ki. Then k1 expG(H)k−1
2 = expG(H) implies that there exists x ∈ ker p

such that

k̃1 expG̃(H)k̃−1
2 x = expG̃(H).

Thus, (k̃2, x
−1k̃2) ∈ ∆(M̃) so k̃2 = x−1k̃2, thus k1 = k2 ∈ ZK(expG(H)).

So this tells us that StabK×K(expG(H)) = p(StabK̃×K̃(expG̃(H))) does not
depend on H ∈ Q and is equal to ∆(ZK(expG(H))) so ZK(expG(H)) = M and
StabK×K(expG(H)) = ∆(M). □

The following proposition is a refinement of Proposition 2.12.

Proposition 5.8. For any g ∈ G, there is a decomposition g = k1(g) exp(H(g))k2(g)
−1.

The map g 7→ H(g) is smooth on G1. Furthermore, for each g ∈ G1, there exists
a neighborhood Ug of g in G1 and a choice of g 7→ ki(g) such that ki is smooth on
Ug, i = 1, 2.

Proof. By Lemma 5.7, the map

φ̃ :
(K ×K)/∆(M)×Q → G1

((k1, k2)modM,H) 7−→ k1 exp(H)k−1
2

is a well-defined smooth bijection between manifolds of the same dimension.
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Let p : K×K → (K×K)/∆(M) be the projection. It is a surjective submersion.
Let φ be the submersion defined in Lemma 5.4, we have φ = φ̃ ◦ (p, Id). Thus, for
any (x,H) ∈ (K × K)/∆(M) × Q, we have T(x,H)φ̃ surjective. But it is a linear
map between vector spaces of the same dimension, so it is invertible. Thus, by the
local inversion theorem and since φ̃ is bijective, φ̃ is a smooth diffeomorphism.

Let (x,H) : G1 → (K × K)/∆(M) × Q be a smooth inverse. We get that H
is a smooth map. From [Lee03, Proposition 4.26], since p is a submersion, any
(k1, k2) ∈ K ×K is in the image of a smooth local section of p. Let g ∈ G1, since p
is surjective, x(g) = p(k1, k2). There exists a neighborhood V of x(g) and a smooth
section s = (s1, s2) : V 7→ K ×K such that s(x(g)) = (k1, k2).

Let U = x−1(V ) neighborhood of g, then ki = si ◦ x is smooth on U and
g = k1(g) exp(H(g))k2(g)

−1. □

Corollary 5.9. Let φ be a K-bi-invariant function on G. Then φ ∈ C(r,δ)(G1) if
and only if φ ◦ exp ∈ C(r,δ)(Q).

Proof. Since exp is smooth, the first implication is clear. For the converse, assume
ψ = φ ◦ exp |Q ∈ C(r,δ)(Q). By the previous proposition, the map H is smooth on

G1 and φ = ψ ◦H by K-bi-invariance, thus φ ∈ C(r,δ)(G1) by Lemma 2.1. □

Let π be a unitary representation of G on H and ξ, η ∈ H of K-type V,W
respectively, for V,W irreducible representations of K. Denote Vξ = span(π(K)ξ).

Then there is an isomorphism iξ : V → Vξ ⊂ H, denote ξ0 = i−1
ξ (ξ). Similarly,

define Vη and iη. Then the map

f :
B(H) → L(V,W ∗) ≃ V ∗ ⊗W ∗

A 7−→ i∗ηAiξ

is K ×K equivariant.
For the associated matrix coefficient, we have φ(g) = ⟨π(g)ξ, η⟩ = ⟨f(π(g))ξ0, η0⟩.
Now denote U = K ×K, (ρ, Vρ) the irreducible representation of U on V ∗ ⊗W ∗

and λ the regular representation of G on L2(G).
If g ∈ G, let also Ug be the stabiliser of g for the left-right action of U , Vg ⊂ Vρ

the space of ρ(Ug)-invariant vectors and Pg the orthogonal projection on Vg.
The U -equivariance of f means that for any (k, k′) ∈ U and A ∈ B(H), we have

f(π(k)Aπ(k′)−1) = ρ(k, k′)(f(A)).

Furthermore, there are v1, · · · , vn ∈ Vρ and ξ1, · · · , ξn, η1, · · · , ηn ∈ H such that

f(A) =

n∑
i=1

⟨Aξi, ηi⟩vi.

Then in this setting, we can apply [dLMdlS16, Lemma 2.2] to get the following
result.

Lemma 5.10. For any g0 ∈ G, there exists a smooth map ψ : G → B(Vρ) such
that:

(1) ∀u ∈ U, g ∈ G, ψ(u.g) = ψ(g) ◦ ρ(u−1),
(2) ∀v1, v2 ∈ Vρ, g 7→ ⟨ψ(g)v1, v2⟩ is a coefficient of λ,
(3) ψ(g0) = Pg0 .

Remark 5.11. The lemma only states that ψ is Lipschitz but the proof shows it is
smooth.



46 GUILLAUME DUMAS

Proposition 5.12. If for any K-bi-invariant matrix coefficient φ of a unitary
representation of G, the function φ◦ exp is of class C(r,δ) on Q, then the map f ◦π
is in C(r,δ)(G1).

Proof. Let g0 ∈ G1 and consider ψ given by Lemma 5.10. Let f̃ : g 7→ ψ(g)(f(π(g))).
By the equivariance of f and 1. of Lemma 5.10, we have

f̃(u.g) = ψ(u.g)(f(π(u.g))) = ψ(g)ρ(u)−1ρ(u)(f(π(g)) = f̃(g)

so f̃ is a K-bi-invariant map.
Let (e1, · · · , ed) be an orthonormal basis of Vρ, by 2. of Lemma 5.10 there are

aij , bij ∈ L2(G) such that

⟨ψ(g)vi, ej⟩ = ⟨λ(g)aij , bij⟩

so ψ(g)vi =
∑d

j=1⟨λ(g)aij , bij⟩ej and finally

f̃(g) =

n∑
i=1

d∑
j=1

⟨(λ⊗ π)(g)(aij ⊗ ξi), bij ⊗ ξi⟩ej .

Hence, f̃ is a sum of K-bi-invariant matrix coefficients of G, so by the hypothesis
and Corollary 5.9, f̃ ∈ C(r,δ)(G1).

By Lemma 5.7, if a ∈ expQ, we have Ua = ∆(M). Thus, Va = V0 is independent
of a ∈ expQ. If g = (k1, k2).a = k1ak

−1
2 , we have (k, k′) ∈ Ug if an only if

(k−1
1 kk1, k

−1
2 k′k2) ∈ ∆(M) and so Vg = ρ(k1, k2)V0.

Let g0 = k0a0k
′−1
0 and V1 = Vg0 . Since ψ(g0) = Pg0 , there is an orthonormal

basis adapted to V1 such that

ψ(g0) =

(
Id 0
0 0

)
.

Furthermore, since ψ is smooth, there is Ag0 neighborhood of g0 such that

ψ(g) =

(
A(g) ∗
∗ ∗

)
with g 7→ A(g) smooth, A(g) invertible for any g ∈ Ag0 . Up to restricting Ag0 ,
by Proposition 5.8, we have g = k1(g) exp(H(g))k2(g)

−1 = k1(g)a(g)k2(g)
−1 with

k1, k2 smooth on Ag0 .

By the K-bi-invariance of f̃ , for any g ∈ Ag0 , we have

f̃(g) = f̃(a(g)) = f̃(k0a(g)k
′−1
0 ).

But then f(π(k0a(g)k
′−1
0 )) ∈ V

k0a(g)k
′−1
0

= ρ(k0, k
′
0)V0 = V1. Set

Φ(g) = ρ(k1(g)k
−1
0 , k2(g)k

′−1
0 )

(
A(k0a(g)k

′−1
0 )−1 0

0 0

)
,

it is a smooth map on Ag0 because A is smooth invertible, k1, k2 are smooth and ρ is

a finite dimensional representation of U hence smooth. Because f(π(k0a(g)k
′−1
0 )) ∈
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V1, we have

Φ(g)(f̃(g)) = Φ(g)(f̃(π(k0a(g)k
′−1
0 )))

= Φ(g)Ψ(g)(f(π(k0a(g)k
′−1
0 )))

= ρ(k1(g)k
−1
0 , k2(g)k

′−1
0 )(f(π(k0a(g)k

′−1
0 )))

= f(π(k1(g)a(g)k2(g)
−1))

= f(π(g))

Now let B : B(V )×V → V be the bilinear map sending (f, v) to f(v). We showed

that on Ag0 , f ◦ π = B ◦ (Φ, f̃). Since Φ is smooth on Ag0 and f̃ ∈ C(r,δ)(G1), we

get by Leibniz formula that f ◦ g ∈ C(r,δ)(Ag0).

So for any g0 ∈ G1, there exists a neighborhood Ag0 such that f ◦π ∈ C(r,δ)(Ag0).

Thus, f ◦ π ∈ C(r,δ)(G1).
□

Proof of Theorem 5.2. If ξ, η are ofK-type V,W respectively, with V,W irreducible
representations of K, we showed that φ(g) = ⟨π(g)ξ, η⟩ = ⟨f(π(g))ξ0, η0⟩ and in
Proposition 5.12 that f ◦ π ∈ C(r,δ)(G1), thus φ ∈ C(r,δ)(G1).

For the general case, if ξ, η are K-finite, Vξ, Vη are finite dimensional repre-
sentations of K, so they decompose into a finite number of irreducible repre-
sentations. Thus, φ is a finite sum of matrix coefficient of the previous case, so
φ ∈ C(r,δ)(G1). □
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2002.

[Laf08] V. Lafforgue, Un renforcement de la propriété (T), Duke Math. J. 143 (2008), no. 3,
559 – 602.

[LdlS11] V. Lafforgue and M. de la Salle, Noncommutative Lp-spaces without the completely

bounded approximation property, Duke Math. J. 160 (2011), no. 1, 71 – 116.
[Lee03] J.M. Lee, Introduction to smooth manifolds, Grad. Texts in Math., Springer, 2003.

[Loo69a] O. Loos, Symmetric spaces vol.1 : General theory, Mathematics Lecture Note Series,

W.A. Benjamin, 1969.
[Loo69b] , Symmetric spaces vol.2 : Compact spaces and classification, Mathematics

Lecture Note Series, W. A. Benjamin, 1969.
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France
Email address: gdumas@math.univ-lyon1.fr


	1. Introduction
	Main results
	Organisation of the paper
	Acknowledgement

	2. Preliminaries
	2.1. Hölder spaces
	2.2. Gelfand pairs
	2.3. Symmetric spaces
	2.4. Spherical functions of compact symmetric pairs

	3. Symmetric spaces of rank 1
	3.1. Spherical functions of symmetric spaces of rank 1
	3.2. Regularity of matrix coefficients
	3.3. Schatten norm
	3.4. Optimality of the results

	4. Higher rank symmetric spaces
	4.1. The case of a Lie group seen as a symmetric space
	4.2. Results for some higher rank symmetric spaces
	4.3. A conjecture on the optimal regularity

	5. Regularity of K-finite matrix coefficients
	References

