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Anomalous near-equilibrium capillary rise
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We report and rationalize the observation of a crossover from the classical Lucas-Washburn dynamics to a
long-lived anomalously slow regime for capillary rise in simple glass tubes. We propose an analytical model
considering the role of thermal motion and the nanoscale surface topography to account for the experimental ob-
servations. The proposed model indicates that the contact line perimeter and the surface topography dimensions
determine the crossover condition and anomalous imbibition rate. Our findings have important implications for
the scientific understanding and technical application of capillary imbibition and suggest strategies to control

the adsorption of specific liquids in porous materials.

The phenomenon of capillary rise is among the most stud-
ied in interfacial science owing to its relevance to numer-
ous natural and industrial processes such as liquid transport
in porous media [1-4], the wetting of fabrics [5, 6], additive
manufacturing [7, 8], and microfluidic devices for liquid han-
dling [9, 10]. The classical theoretical description of capil-
lary rise relies on mechanical models involving inertia, vis-
cous hydrodynamic friction, gravitational effects and the driv-
ing capillary force. According to Jurin’s law [11, 12], these
forces produce mechanical equilibrium when the rising liquid
reaches the equilibrium height A, = 2ycos 8y /(pgR) with y
the surface tension of the liquid, 6y the Young contact angle,
p the density of the liquid, g the acceleration of gravity, and R
the radius of the tube. The surface of the solid is convention-
ally assumed as smooth and chemically homogeneous, while
fluid and solid phases are separated by sharp interfaces.

The general analytical treatment of capillary rise is complex
when considering short-time inertial effects [13—17]. How-
ever, as the column height # = h(r) increases and inertial ef-
fects become negligible, the system enters a regime described
by the celebrated Lucas-Washburm (LW) equation [18, 19]
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where p is the liquid viscosity. A key assumption of this de-
scription is that the contact angle is constant and equal to the
equilibrium contact angle 6., = 6y, as predicted by Young’s
law. While the validity of this assumption is not trivial, the
LW equation accounts accurately for experimental observa-
tions for small imbibition rates / < y/u [20-25].

Anomalous behavior with large deviations from LW predic-
tions via Eq. 1 has been reported in porous media with random
networks of micro-scale pores [26, 27]. This anomalous be-
havior, characterized by vanishing imbibition rates, has been
attributed to the random non-local dynamics of the wetting
front, contact line pinning, and spatial fluctuations of the cap-
illary pressure, which are ignored in the LW equation [26-30].
Notably, various interfacial phenomena such as colloidal par-
ticle adsorption, shear-driven drainage, and droplet spreading
[31-36] also show an anomalously slow relaxation to equilib-
rium after a regime crossover from the initial non-equilibrium

dynamics. These observations are attributed to surface energy
barriers induced by surface topography at the nanoscale.

To the best of our knowledge, no prior study has charac-
terized and rationalized the observation of anomalous capil-
lary rise in a capillary tube. A small number of studies report
that prewetting is needed to observe agreement with LW pre-
dictions [20, 24]. Here, we report that capillary rise experi-
ments performed over several hours in capillary tubes display
a predictable crossover from conventional LW dynamics to an
anomalously slow rise near equilibrium. To rationalize this
phenomenon, we propose an analytical description based on
a Langevin-type equation accounting for thermal motion and
energy perturbations induced by the nanoscale surface topog-
raphy. The model produces close agreement with our exper-
imental observations and the magnitude of its parameters is
supported by topographic analysis of the surface of the capil-
laries via atomic force microscopy (AFM).

We analyze the case of a liquid with constant mass den-
sity p, surface tension 7, viscosity i, and temperature 7" that
rises within a vertical capillary of radius R much smaller than
the capillary length ¢, = \/v/(pg) (Fig. 1a). The liquids in
this study are three homologous alkanes with low vapor pres-
sures (Sigma Aldrich, purity 99%; tetradecane (Ci4H3zp >
99%, p = 762 kg/m?, y = 26.1 mN/m, p = 2.1 mPa s, and
Pyap = 2.0 Paat 25°C), pentadecane (CisHz> > 99%, p = 769
kg/m?, y=27.1 mN/m, u = 2.3 mPa s, and P, = 0.7 Pa
at 25°C), and hexadecane (CigHz4 > 99%, p = 770 kg/m3,
Y=27.5mN/m, g = 3.4 mPas, and P,,, = 0.2 Pa at 25°C)).
We assume thermal and chemical equilibrium with the much
less viscous ambient air. We use glass capillaries (Hirschmann
ringcaps 5 uL and 20 uL) with two different inner radii, R =
140 um and R = 310pum (5% uncertainty). Capillaries are
used as received, without precleaning or prewetting. Liquids
are poured into a borosilicate glass petri dish (Pyrex, diame-
ter 30 mm). A lid with a tight hole to insert the capillary tube
covers the dish to prevent contamination and further minimize
evaporation of the nonvolatile liquid during long exposure to
the ambient. All experiments are performed at a controlled
temperature 7 = 25 + 1 °C. Further details on the experimen-
tal protocol and reproducibility are included in the Supple-
mental Material [37].
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Figure 1. Capillary rise in a glass microcapillary. (a) Experimental
setup. Image sequences are for pentadecane in the 140-um micro-
capillary. Top panel: microcamera view at t = 26.5, 266.5, 2646.5,
26496.5 s and 20 hours; scale bar: 1 mm. Bottom panel: macro-
camera view at t = -10, 2, 4, 8, 16, 32, 64 and 128 s; scale bar: 3
mm. Dashed green line: position of the flat bath surface. (b) Column
height A(¢) and regime crossovers for three alkanes in the 140-pum
microcapillary. Analytical predictions (see legend) for the crossover
height 4. (Eq.4), LW dynamics (Eq. 1), and anomalous rise regime
(Eq. 8) employ the parameters reported in Table I.

A “microcamera” (Imaging Source, DFK camera) records
the displacement of the meniscus at the top of the liquid col-
umn with a spatial resolution of 6.0 umpx~! (top right panel
in Fig. la). We use a sub-pixel technique [38] to detect dis-
placements as small as 1.2 um. A “macrocamera” (Andor
Zyla 5.5) captures an overall view of liquid rise from the ini-
tial contact to the final equilibrium height with a resolution
of 42.2 umpx~! (bottom right panel in Fig. 1a). Images are
processed with the software package FiJi [39] to extract the
column height A(¢) measured from the flat bath interface to
the bottom of the rising meniscus as a function of the time
t elapsed since contact. Figure 1b shows the column height
evolution A(t). At early times, the three alkanes show a fast
increase of the column height that slows down as the system
approaches equilibrium, which we defined at the height 4., for
which there is no detectable change for at least 6000 s. While
experiments agree closely with the LW model (Eq. 1) for typ-
ical observation times ¢ < 10 s, substantial discrepancies arise
for longer times. In particular, the time to reach the experi-
mentally determined equilibrium height is over two orders of
magnitude larger than that predicted by the LW equation.

To rationalize our experimental observations we will con-
sider the effects of thermal fluctuations and energy perturba-
tions induced by nanoscale surface topography. The time evo-
lution of the liquid height A(r) is governed by a Langevin-type
equation [32, 33, 40]
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where & = 8muh is the damping coefficient assuming energy
dissipation is dominated by Poiseuille flow in the narrow cap-
illary, n(¢) is a zero-mean unit-variance uncorrelated noise,
and the system free energy is
7 pgmR>h?
2
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The first and second terms in Eq. 3 are, respectively, the grav-
itational potential energy and the interfacial free energy deter-
mined by the Young contact angle Oy, which both appear in
the LW equation (Eq. 1). The third term is a single-mode
energy perturbation of magnitude AU, period ¢, and phase
¢, induced by nanoscale surface topography and/or chemi-
cal heterogeneities. Since ¢ < h.4, we can arbitrarily adopt
¢ = —27h,y /! so that mechanical equilibrium is exactly at-
tained at the height h,, for which the system energy in Eq. 3
is at the global minimum, in accordance with Jurin’s law.
Any finite energy perturbation of magnitude AU > 0 in
Eq. 3 produces multiple metastable states where d.% /dh =0,
sufficiently close to equilibrium, when |, —h| x pgR*¢/2 <
AU. Hence, as h — he, the system governed by Egs. 2-
3 must eventually crossover from non-equilibrium dynamics
driven by capillary forces to arrested dynamics dominated by
metastable state transitions induced by thermal fluctuations.
Such a regime crossover corresponds to the transition from
conventional LW dynamics to an anomalous capillary rise and
occurs around the crossover height [32]
AU
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where a factor o = 0.5 estimates the center of the range of
heights over which the crossover takes place [32-36].

For h 2 h., the column height evolution is determined by
the displacement rate 2 = ¢(I"; —I"_). Using Kramers theory
for the (forward/backward) transition rates I'+ gives [32]
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with the “hopping” length
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and the “hopping” velocity
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where K = pgnR? and Eeq = 8mph,, is the damping co-
efficient prescribed by the equilibrium height. The dis-
placement rate in Eq. 5 can be integrated to obtain the
implicit relation t = —(Ly/Vy) X [F(x) + G(x)] + ¢, where
x = (h — heq)/Lu, ¢ is an integration constant, F(x) =
(1 — xLg /heq) % log[tanh(x/2)], and G(x) = (Lg/heq) %
[Liz(e™) — Lip(—e™)]; here, Li; is the dilogarithm function.
For Ly < hey, which is expected for the case of nanoscale
surface features, the expression for the column height can be

simplified to
Ly heg—h
t=——Ilog |tanh | —/— | |. 8
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The near-equilibrium expressions for the displacement rate
(Eq. 5) and column height (Eq. 8) derived via Kramers the-
ory are prescribed by the energy barrier magnitude AU and
period ¢. Assuming that free energy perturbations in the
1D energy profile .# (h) (Eq. 3) are caused by nanoscale to-
pographic features with a characteristic projected area Ay,
we then define the period £ = A;/(27R) and energy barrier
AU = ByA,, where B is a shape factor accounting for surface
energy changes associated with different 3D interfacial con-
figurations induced by the nanoscale topography [32, 33, 40].
We use A; and B as fitting parameters to account for our ex-
perimental observations of (i) the critical crossover height A
(Eq.4) and (ii) the displacement rate & (Eqgs. 5-8) for h > h,.
We estimate the Young contact angle 6y ~ 6,, from the mea-
sured equilibrium heights. TableI reports the values of the
parameters employed in the model.

The positive displacement rates / reported in Fig. 2 decay
monotonically over time with a marked transition from LW
dynamics to the anomalous capillary rise regime near equilib-
rium. For reference, the maximum evaporation flux into a per-
fect vacuum, prescribed by the vapor pressure and molecular
weight of the studied alkanes, translates into negative rising
rates 1 ~ -6 to -1 ums~', a value that is higher by many or-
ders of magnitude than the actual evaporation rate [41]. While
the LW model (Eq. 1) describes the initial capillary rise dy-
namics, the proposed model (Eqgs. 5-8) accounts for the late
near-equilibrium evolution of / by using the model parameters
reported in Table I. The same finding is reported in Fig. 1b for
the column height evolution. The reported values of A; and
B (cf. Table I) give the characteristic energy barriers AU ~
6.7 to 10.7 kgT and periods ¢ ~ 10~ m. We note that ¢
in our model is determined by the average displacement of
the full contact line perimeter over a single surface feature of
nanoscale area A; and therefore it is much smaller than the
physical distance between localized surface features [32].

An important feature of the proposed analytical model is
the prediction of the conditions for the crossover from LW
dynamics to the anomalous regime. The crossover heights A,
predicted via Eq. 4 are in good agreement with the heights at
which the transition is observed experimentally (i.e., 5% to
10% below h.,). The use of Eq.4 in Eq. 1 gives the corre-
sponding critical displacement rate A, and time 7, reported in
Fig. 2. Besides, the proposed analytical model indicates that

Case R heq [mm] 6.4 [°1|Ag [nm?] AU /kgT ¢ [pm]| 6, [°]

Ciulzy 490 113 | 86.75 | 10.67 0.099] 18.2
CisHy 446 155 | 4504 | 971 0.051] 249
CigHza 496 177 | 2125 | 673 0.024 286

Case Ry heq [mm] 6.4 [°]|Ag [nmz] AU /kgT ¢ [pm]| 6, [°]

CiuHzy 220 123 | 5964 | 869 0031|198
CisHyp 209 140 | 5572 | 10.11 0.029 | 225
CigHss 222 192 | 18.68 | 696 0.009 | 31.1

Table I. Parameters employed in the analytical predictions for the two
microcapillaries of radius Ry = 140 um and R, = 310 um. The shape
factor B = 1 —cos By is determined using the estimate Oy = 0.

the contact angle 6, = arccos(pgRh./(2y)) at the crossover
height is significantly larger than 6, (cf. Table I), which high-
lights the importance of following the rising dynamics over
sufficiently long times to determine equilibrium properties.

The close agreement between experiments and the pro-
posed model relies on a set of parameters (cf. Table I) that
we assume to be induced by topographic surface features with
a specific range of nanoscale dimensions. To verify this as-
sumption we image the nanoscale topography of the inner sur-
face of the capillaries at several different locations with an
atomic force microscope (Park NX-20, k = 42 N/m, @, =330
kHz). The topographic height data z(x,y) (Fig. 3a), obtained
in non-contact mode with a lateral resolution of 0.39 nm and
height noise level of 0.03 nm, reports a mean topographic
height 7 = 1.82 nm, standard deviation zy; = v/z—Z = 0.501
nm, and a nearly Gaussian height distribution (kurtosis K =
2.96). The AFM images (cf. Fig.3a) show that the wetting
front must move over a a complex landscape of surface fea-
tures with a wide range of lateral dimensions £y ~ 10 to 100
nm and a characteristic height 4y ~ 2z,4 ~ 1 nm (Fig. 3a).

We now turn to the analytical estimation of the energy
barriers AU induced by the topographic features imaged via
AFM. Based on the energetics of wetting on a “rough” sur-
face [42], hemiwicking (i.e., liquid infiltration in the local
topography) is favored by features with lateral dimensions
£y < £* prescribed by the critical infiltration length £* = hy x
(1/cos? By —1)~1/2. As illustrated in Fig. 3b, a local displace-
ment of the contact line over a liquid-infiltrated feature with
characteristic projected area Ay = 02 /4 produces a char-
acteristic energy barrier AU = AU* = y(1 — cos 6y )A,, from
which we readily determine the shape factor 8 = 1 — cos 6y.
Notably, by using 4y = 0.85 to 1.05 nm and the experimen-
tal estimates for the equilibrium contact angle 6., we pre-
dict £* ~ 5 to 10 nm and the values for A; and B reported
in Table I that are employed in the analytical fits reported in
Fig. 1b & Fig. 2 for the anomalous regime. It is worth not-
ing that for surface features with lateral dimensions £y > £*
larger than the critical infiltration length, the “dry” topogra-
phy (Fig.3b) induces energy barriers given by a shape fac-
tor B~ /14 (hs/€r)® — 1 ~ (hs/€s)* and thus we have
AU < AU*. Hence, the near-equilibrium displacement rate
(Eq.5) is determined by the nanoscale features that are infil-
trated by the preceding liquid film.

Based on this analysis, the characteristic “hopping” rate



(a) tetradecane

(b) pentadecane

(c) hexadecane

10° — ‘ 107 -

o R=R

O, R=R, N

107
R=R

1072 5t B, =107

—— Anomalous
10”7 F —— Lucas-Washburn

—— Anomalous |
[ — Lucas-Washburn ] 107k

103F e, he

—— Anomalous
— Lucas-Washburn

10°
t [s]

10
t[s]

0 10 10" 1072 10 10*

10°
t [s]

Figure 2. Capillary rise rates 1 = dh/dt over observation times 10~! <7 < 10* s in two glass microcapillaries of radius R; = 140 um and
Ry =310 pm for (a) tetradecane, (b) pentadecane, and (c) hexadecane. Symbols: experimental data. Thin continuous line: Eq. 1 (LW
dynamics); thick continuous line: Eq. 5 (anomalous regime). The crossover rate /. and time 7, (dot-dashed lines) are obtained by employing

the crossover height /. (Eq. 4) in Eqgs. 1.
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Figure 3. Nanoscale surface topography and master curve in the
stochastic regime. (a) AFM image of the surface topography height
z(x,y). (b) Ilustration of contact line motion over surface fea-
tures with characteristic extent £; and height &y using two over-
lapping AFM scans along the x-direction 10 nm apart in the y-
direction. The sequence labeled (A) to (D) shows the hypothe-
sized infiltration of critically small features via hemiwicking. (c)
Dimensionless displacement rate /1/Vy versus separation from equi-
librium (h.q — h)/Ly for all tested systems. Thick black line: non-
dimensionalized theoretical prediction. Grey dashed line: linear scal-
ing in the limit (heq —h) < Ly.

Vi and length Ly are prescribed by the critical surface fea-
ture length £y ~ ¢*. The functional form of Eq. 5 suggests a
collapse of the experimental results onto a single curve when
plotting the dimensionless displacement rate /2/Vy against the
equilibrium separation (h., —h)/Ly (see Fig. 3c). Further-
more, sufficiently close to equilibrium, (h., —h) < Ly, we
find the linear scaling 1 = Viy x (heg —h) /Ly (cf. Fig. 3c) with
the characteristic displacement rate in the range Vg >~ 0.06 to
4.3 um/s for the anomalous regime. It is worth remarking that
these findings and the model in Eq. 3 are strictly valid for suf-

ficiently large separation of scales between the characteristic
dimensions of the surface topography and the radius of the
capillary tube so that £ < h,, and hy < R. While this con-
dition is satisfied for microcapillaries with macroscopically
smooth and flat surfaces having nanoscale topographic fea-
tures, the proposed model is not applicable for surface features
with dimensions comparable to the capillary radius.

In summary, capillary rise experiments performed over un-
usually long times with non-volatile liquids under controlled
ambient conditions report a crossover from LW dynamics to
an anomalous regime as the column height approaches equi-
librium. Compared to the classical LW equation, the char-
acteristic defect area A, is the only additional parameter in
the model proposed to account for the experimental obser-
vations. The estimate 8y = 0,, for the Young contact angle
results in a shape factor B = 1 — pgRh,,/(2Y) with an error
linearly proportional to the uncertainty in determining /.
While the equilibrium height was determined with high ac-
curacy owing to the extended observation times, even large
relative uncertainties up to 20% in h,, would result in slightly
different defect areas A, that produce the energy barrier AU
and period /¢ reported in Table 1. We thus find that the pro-
posed model could similarly fit the experimental data with a
reasonable single estimate for the Young contact angle and
small adjustments of the reported nanoscale defect areas A,.

Our experimental and theoretical analyses thus suggest that
the crossover height and the anomalous imbibition rate are de-
termined by topographic surface features with nanometric di-
mensions to favor hemiwicking and infiltration of liquid pre-
ceding the contact line. Our analysis indicates that tuning the
base radius-to-height ratio of nanoscale topographic features
can promote or prevent the occurrence of the anomalously
slow imbibition. In addition, we find that the equilibrium con-
tact angle can be determined from the linear relation between
the displacement rate and separation from equilibrium in the
final stage of the anomalous capillary rise. These findings
have direct implications on the design and use of capillary de-
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Figure 4. Reproducibility of the capillary rise experiments. The glass
capillary in these experiments are employed as received, without
prewetting with the alkanes or pre-cleaning. Different color mark-
ers (see legend) corresponds to different realizations of the same ex-
perimental conditions in a new capillary of rdius Ry = 140 um or
Ry =310 um.

vices for micro/nanofluidic handling, the characterization of
porous materials, and the fundamental understanding of cap-
illary driven transport in near-equilibrium conditions.
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SUPPLEMENTAL INFORMATION
Experimental reproducibility

Following the experimental protocol described in the main
text, we performed multiple realization of the capillary rise
experiments for the three studied alkanes to verify the repro-
ducibility of the observed anomalous regime. For these ex-
periments the capillary tubes (Hirschmann ringcaps 5 uL and
20 uL) were employed as received from the supplier with-
out prewetting with the alkanes or pre-cleaning. The column
height /() and displacement rate / measured in these exper-
iments are reported in Fig. 4 for the two different capillary
sizes employed (iner radius Ry = 140 um and R, = 310 um)
and show a high degree of reproducibility. For the experi-
ments reported in Fig. 4, the room temperature was controlled
at T = 25.5£1 °Cfor the tetradecane and pentadecane, and
T =22.0+1°C was the temperature for the experiments with
hexadecane.

Cleaning protocol and surface aging

To assess the effect of pre-cleaning the glass capillary, a set
of capillary rise experiments were performed by employing a
cleaning protocol. The cleaning protocol consisted of inject-
ing successively ethanol, acetone, and distilled water through
the capillaries using a syringe pump at a fixed flow rate of 100
uL/min. Each of the three cleaning steps was performed for
10 minutes. The capillary was finally dried with pressurized
nitrogen. The column height /() observed with and without
the cleaning protocol is reported in Fig. 5 and shows no sub-
stantial differences on the observed rise dynamics and final
equilibrium height.

The effect of the aging of the hydrophilic glass surface was
additionally examined by exposing the glass capillaries to the
ambient air over periods of 1 to 4 months before performing
the experiments without employing a cleaning protocol (cf.
Fig. 5). The capillaries are made of hydrophilic (DURAN)
borosilicate glass, which makes them susceptible to surface
aging, with the formation of oxides and contamination. As
reported in Fig. 5, the aging of the surface on capillaries not
treated with cleanin protocol has a significant effect on the
observed rise dynamics and final equilibrium height.

50

= Untreated
Untreated+ cleaning
y Untreated
30 [, Unireated:+ cleaning

10! 10? 10° 10 10°
t[s

Figure 5. Effects of pre-cleaning and surface aging. Different marker
colors (see legend) correspond to different capillary rise experiments
with hexadecane using a new capillary untreated or pre-cleaned. The
“untreated” cases correspond to capillary tubes that were not exposed
to ambient air and were employed without a cleaning protocol, as
received from the supplier. The “pre-cleaned” cases correspond to
capillary tubes that were treated with the cleaning protocol before
the experiments. The “aged” cases correspond to capillary tubes that
were employed without pre-cleaning after a long exposure to ambient
air for 1 and 4 months. The room temperature is 7 = 22.0+ 1°C for
all the reported cases.
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