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Discontinuous Galerkin method for the incompressible
Magnetohydrodynamic system with Navier-type boundary
condition

JULIEN POIRIER*, NOUR SELOULAT
)

Résumé

In this work, we introduce and analyze a discontinuous Galerkin method (DG) for the stationary
Magnetohydrodynamic system (MHD) with Navier-type boundary condition for both the velo-
city and the magnetic field. We prove a new discrete Sobolev inequality for the LP-norm which
is the key ingredient in the study of the well-posedness and the convergence of the DG scheme.
The existence of the discrete solution is proved by using Brouwer’s theorem under assumption of
sufficiently small data. We provide a priori error estimates in terms of a natural energy norm for
the velocity and the magnetic fields. The novelty of this work is that, to the author’s knowledge,
this is the first time that a DG method, applied to the nonlinear coupled MHD system, with
Navier-type boundary conditions for both the velocity and the magnetic field, is proposed and
completely analyzed.

Key words : Magnetohydrodynamic; discontinuous Galerkin method ; fixed point theory; Navier
boundary condition; LP discrete Sobolev inequality, a priori error estimates.
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1 Introduction

Magnetohydrodynamics (abbreviated as ”MHD?”) is the field of physics that describes the behavior
of an electrically conductive fluid (such as liquid metals, plasmas, saltwater, etc.) under the influence
of magnetic fields [14,17]. This area of physics was discovered in 1942 by H. Alfvén in [1] (for which he
received the Nobel Prize in 1942), following the work of Hartmann on liquid metals in 1937. MHD plays
a predominant role in the field of astrophysics. For example, one can mention the phenomenon of solar
winds, which is the ejection of plasma from the sun [39]. Also, MHD has been highlighted in recent
years with experiments on nuclear fusion, particularly with tokamaks (see for example [41]). The MHD
is also found in various fields of industry and engineering, for example for cooling nuclear reactors with
liquid metal, pumping metals using electromagnetic pumps, simulating electrolysis during aluminum
production, MHD energy production (see [17,26,29]).

MHD is characterized by a system of coupled partial differential equations : fluid mechanics is
governed by the Navier-Stokes equations, while electromagnetism is described by Maxwell’s equations.

We consider the particular case of stationary incompressible MHD, meaning that the viscous
fluids are incompressible. We thus obtain the following system of partial differential equations (see,
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e.g., [14,17,20]) :

—v curlcurlu + (curlu) x u+ Vp — k(curld) x b = f inQ (1.1a)
kp curleurld — kcurl(u x b) = g inQ (1.1b)
divu=0 and divb=0 in Q. (1.1c)

Here Q is a bounded simply connected domain in R® with a connected boundary T'. Additional
smoothness of the boundary will be precised whenever needed. The unknowns of these equations are
the velocity field u, the magnetic field b, and the pressure p, while f represents external forces and g is
a source term. The parameters v, p, and k are respectively the fluid viscosity, magnetic permeability,
and coupling term. The term (curlb) x b represents the Lorentz force and the term curl(w x b)
represents the motion of the conducting material in the previously mentioned magnetic field.

Now, we complete the MHD system (1.1) with boundary conditions. For the magnetic field, we
consider the following boundary condition

b-n=0 and curlbxn=0 onT, (1.2)

where the vector n stands for the outward unit normal on I'. For the velocity field, the boundary
conditions most frequently considered in the study of the MHD problem are Dirichlet conditions :
u = 0 on I which are the no-slip conditions, meaning that the fluid adheres to the wall. However, this
formulation, introduced by G. Stokes in 1845 [38], has limitations. Indeed, according to the work of
Serrin [37], these conditions may not be realistic, leading to phenomena of boundary layer. To model
different situations, several types of boundary conditions must be considered. In this paper, we will
consider the following boundary condition known as Navier-type boundary condition :

u-n=0 and curlu xn=0 onT, (1.3)

The scalar function p will be required to have zero mean over ). The data g should satisfy the
following compatibility condition

divg =0 inQ and g-n=0 onl. (1.4)

There is significant literature devoted to the study of numerical schemes for solving the MHD equations
with Dirichlet boundary conditions for the velocity field. Several discretizations based on conforming
finite elements have been proposed for both the linear and nonlinear cases of the MHD system [6,
16,20]. In the case of a non-convex polyhedral domain ), a conforming finite element method with
regularization is analyzed in [21]. This method allows for the enforcement of the constraint V-b =0
in the discrete formulation. Another way to address the difficulties related to the approximation of
the magnetic field has been proposed in [34,35] by using Nédélec finite elements and introducing a
Lagrange multiplier. The MHD system has also been approached by the discontinuous Galerkin (DG)
method. The first result concerning the approximation of the linearized MHD system, with Dirichlet
boundary conditions for the velocity field, by the DG method is found in [25]. In the recent work [32],
a DG method is proposed and analyzed for the nonlinear MHD problem with two types of boundary
conditions for the magnetic field but still with Dirichlet type boundary conditions for the velocity
field. In this paper, we consider a new variational setting for the formulation of MHD problem where
the Navier-type boundary condition is imposed both for the velocity and for the magnetic field. To our
knowledge, there is no work in the literature done concerning the DG method for the MHD problem
(1.1) with boundary conditions (1.2)-(1.3).

DG method is a class of finite element methods that use completely discontinuous basis functions.
These basis and test functions are chosen from the same space without any continuity imposed at the
interfaces between elements (a tetrahedron or hexahedron in 3D, a triangle or quadrilateral in 2D).
This specificity allows this method great flexibility in meshing. Indeed, in the absence of sensitivity
to mesh regularity, the method is suitable for representing industrial geometries that are sometimes



complex and require non-structured and non-conforming meshes. In addition, the approximation with
this method requires the use of a local weak formulation where the boundary conditions are taken into
account weakly, directly in the formulation of the problem without imposing them in the definition
of the approximation space. An integration by parts then reveals boundary terms where the physical
fluxes are approximated by numerical fluxes at the interfaces due to the discontinuities between the
meshes. This method has other important properties. It is locally conservative, easily parallelizable,
giving the method great interest. Introduced exactly 48 years ago by Reed and Hill (1973) [33] for the
resolution of neutron transport equations, the DG method has undergone a number of developments
in recent years and is still a widely used method today. Its field of application has subsequently been
extended to problems with diffusion, including [7,11,19] for Navier-Stokes equations and [13,22, 28]
for electromagnetism.

The main difficulty in approximating Maxwell’s equations is incorporating the constraint divb = 0
into the DG scheme. This constraint can be imposed by the so-called regularization technique. This
method formally consists of replacing the operator curl(curl) with the vector Laplacian operator by
adding a term grad(div) to the equation kucurlcurld — kcurl(u x b) = g in system (1.1b). This
term is zero because every solution b of problem (1.1b) has zero divergence. Thus, according to the
identity :

curl(curl) — grad(div) = —A,

every magnetic field b that solves (1.1b) also satisfies the equation
—kuAb— kcurl(u xb)=g and divb=0 in Q.
This method then allows for a naturally regularized problem posed in the space
H(div,Q) N H(curl,Q) = {v € L*(Q); dive € L*(Q), curlv € L*(Q), v-n=0 onT}.

If the domain € is polyhedral and convex or has a regular boundary (c.f. [18, Theorem 3.7] and [5,
Theorem 3.4]), the space Hq(div, ) N H(curl, ) coincides with the space

HL(Q)={ve H(Q); v-n=0 onTl}. (1.5)

The regularization technique for Maxwell’s equations was initially introduced by Werner [40] and
Leis [27]. Its applications are diverse, including the study of Maxwell’s equations in harmonic and low
frequency regimes [30], the study of Maxwell’s equations in a polyhedral domain [12], and the study of
a domain decomposition method for Maxwell’s equations [2]. However, when the domain has geometric
singularities, such as corners or re-entrant edges, the approach is not suitable, and the DG solution of
the regularized problem may converge but not to the solution of the original physical problem (see the
numerical results in [23]). The same situation was observed in the case of low-frequency approximation
by conforming finite elements (see [2,12]). This is due to the lack of regularity of the solution which,
in this case, is not in H'(€) but only in H'/2(2) [18]. In this case, an alternative approach consists of
introducing a Lagrange multiplier r as an additional unknown of the problem [25,32]. This Lagrange
multiplier r can be seen as a pseudo-pressure associated with the constraint of zero divergence satisfied
by any solution of the problem. The size of the discrete system then becomes larger and, instead of
the second equation of system (1.1b), the couple (b, ) is a solution of :

kp curlcurlb+ Vr — kcurl(u x d) =g and divb=0 in Q2

)

with a boundary condition 7 = 0 on I'. Note here that by taking the divergence of the previous
equation, we obtain Ar = divg in  and in the particular case where the source term g has zero
divergence, we have r = 0.

This method was applied in [25] for the approximation of the linearized MHD system. It has
recently been extended to the nonlinear case in [32]. However, it should be emphasized that the
boundary condition considered in these works for the velocity field is the classical Dirichlet-type



condition. In our work, we propose a regularized or augmented DG formulation to impose the two
constraints divu = 0 and divb = 0.

The main difficulty is to prove the stability of the bilinear forms arising from the Navier-Stokes
convection terms Op and the coupling term C}, on the discrete spaces. In order to pay particular
attention to the stability of the velocity /magnetic field coupling form Cj, let us clarify its definition
here :

Ch(bh,vh,bh) =K Z /T(vh X bh) . curlbh der — K Z {’Uh X bh]} . [[bh]]T ds. (16)

TeT eeF} ¢

In a recent work [32], the authors propose an analysis of a DG scheme for the (MHD) system in R?
where the boundary conditions are of Dirichlet type for the velocity field and Navier type (1.2) for
the magnetic field. They consider the general case of a Lipschitz domain 2. They show the continuity
of Cy, by applying a L°-L3-L? argument for the given term on the elements, then the discrete trace
inequality is used for the given term on the boundary. This approach is natural in the case of a non-
smooth domain. Indeed, without any regularity assumption on the domain, and given the boundary
conditions considered for the magnetic field b, the solution b of the system (2.1) is only in H?(Q)
and hence in L*(Q2) by Sobolev embedding. However, the solution u belongs to H'(£2) and hence to
L°(Q), which allows us to apply the discrete inequality derived in [19,19] (see also [15]), which states
that the L° norm is controlled by the following DG norm denoted by |[[-[|,, (see (2.19) with r = 6) :

~y 1/2
lonll oy < Cllonlly, == C (32 IVerlgr+ > L lealll. ) - (17)

T€ETh e€Fp

Since the DG norm for b is different (see the definition of |bs|c in (1.8)), a discrete functional analysis
is established in [32] to show that the L norm is controlled by this DG norm. More precisely, the
following discrete inequality is shown in [32] for the piecewise polynomial space :

mg 1/2
Inll sy < Clble = (3 lewrdbul o+ 32 " oals2, ) (18)
e

TETh ecF}

Note here that without any regularity assumption on the domain and with Navier-type boundary
conditions both for the velocity and magnetic fields, the solutions w and b of the system (2.1) are
both in HY2(Q) < L3(Q). Therefore, the previous argument cannot be applied to show the continuity
of the form C},. Additional regularity assumptions on the exact solution are therefore necessary. In
this work, we show a new discrete inequality analogous to (1.7) on discontinuous spaces provided that
the boundary of the domain is sufficiently regular. More precisely, for 1 < p < 6, we show that the L?
norm is controlled by the following DG norm :

2 2 . 2 2 g1 2 g2 2
lonlEo@) < Cllwally = €Y (Idivonl +leurlonls s )+ 2 2 lifwalylly o+ D 7 onloll;.,
TETh ecFp € ee}‘{b €

This inequality is natural because the DG norm ||-|, , is the discrete equivalent of the H () norm.
The proof techniques were inspired by the work of Girault and Riviere [19, Lemma 6.2] for the proof
of (1.7). However, the proof is not trivial and relies on a regularity result for the second-order elliptic
operator —A = curl(curl) — grad(div) with Navier-type boundary conditions in a bounded domain
Q of R? and of class C%*.

This new discrete inequality allows, on the one hand, the application of an L*-L*-L? argument to
show the continuity of the form Cj, and the form Oy (see (2.5) for the definition of Oy, and (1.6) for
the definition of C}) on discrete spaces. On the other hand, it allows us to prove the existence of a
solution to the discrete problem using the Brouwer’s fixed-point theorem.

The rest of the paper is structured as follows. In Section 2, a discontinuous Galerkin formulation based



on the classical interior penalty (IP) symmetric method of [19] is presented. The main difference is the
choice of the stabilization term. Instead of the L? norm of the jump of the velocity across elements, we
consider stabilization terms based on the normal and tangential jumps of the approximate solutions.
The solvability and stability analysis of the discrete problem are established. One key ingredient is the
derivation of a new discrete LP inequality on discontinuous spaces. Convergence results are derived
in Section 3 and show that the proposed DG finite element method leads to optimal error bounds for
velocity and magnetic field in energy norms.

2 Discontinuous Galerkin finite element approximation

In this section, we will propose a discontinuous Galerkin method for the numerical discretization
of the following incompressible MHD model problem : given an externel force f and a source term g,
we seek a velocity field u, a magnetic field b and a scalar pressure p such that

—v curl curlu + (curlu) X u+ Vp — k(curlb) x b = f in(Q, (2.1a)
kp curlcurl b — kcurl(u x b) =g inQ, (2.1b)

divu=0 and divb=0 inQ, (2.1c)

u-n=0 and curluxn=0 on T, (2.1d)

b-n=0 and curlbxn=0 on I, (2.1e)

where € is a bounded simply connected domain in R? with a connected boundary I'. In the model, v, p,
and k are respectively the fluid viscosity, magnetic permeability, and coupling term. We refer to [14,17]
for further discussion of typical values for these parameters. In addition, we assume f € LQ(Q) and
g € L*(Q) satisfying the compatibility condition (1.4).

We will derive solvability and stability results only for the discretized problem. The counterpart
for the continuous problem was provided in [31, Theorem 2.3.1]. We note that the following analysis
to be developed can be easily extended to the case of nonhomogeneous boundary conditions.

We begin by introducing some notations. We denote by 7; a regular triangulation of the domain
Q into tetrahedra. The index h is indicative of the mesh size h which is defined as h = %na%x hr, where
€Th

hr is the diameter of T'. The family is supposed to be regular in Ciarlet’s sense [9], i.e. there exists
¢ > 0 independent of h such that the ratio
hr

PT

where pr is the diameter of the inscribed circle in T. We shall use the assumption (2.2) throughout
this work. Let us denote by F/ the set of internal faces and by F the set of external faces on I'. We
set Fj, = F} UFE. We denote by h. the diameter of each face e. Let T+ and T~ be two adjacent

elements of T, and let n™ (respectively mn™) be the outward unit normal vector on T (respectively
OT ). For a vector field u, we denote by u™ the trace of u from the interior of T*. We define jumps

[v]l; =nT xvT+n" xv™, [vly =vT nt+v n", [oli=¢nT+qgn, [v]=vr-v,

and averages

o} = 50" +v),  fad = 5" +a),

and adopt the convention that for boundary faces e € F}, we set [v], = vxn, [v]y = v-n, [¢] = gn,

{v} =vand {¢} =¢.

P denotes the space of polynomials of total degree at most k on T with & = 1,2 or 3. The
corresponding vector-valued function space is denoted by Pj.



For 1 < p < oo, we denote by LP(Q), the set of all functions u defined on Q such that

/ lu(z)|P dz < oo,
Q

| /p
(@)l oy = / jua) dz) .

We denote by W ?() the Banach Sobolev space of order m defined by :

equiped with the norm

WmP(Q) = {u € LP(Q) : D € LP(Q), |a| < m},

where m is a non-negative integer and D¢ denoting a distributional derivative of order |a|. The space
W™P(Q) is equipped with the norm

ety = (S ||Dau||Lp(m)
|la|]<m

We denote by H™ (), the hilbertian Sobolev space of order m > 0 instead of W2™(().

Throughout this paper, the boldface symbols denote vector-valued quantities. We will use C to
denote a generic positive constant independent of h.

2.1 Numerical scheme

We introduce the following finite element spaces which respectively approximate u, b and p :

Xy = {vh S L2(Q); Vp|T € Pk(T), VT € 771}
C, = {Ch S L2(Q); Ch|T S Pk(T) s VT e 771}

Qn = {Qh € L§(9Q); qnyr € Pe—1(T), VT € 771}

We denote by W, the product space X, x Cp,. The norm [|-|| p2(7; ) is defined by

H'”L2(Th) = Z I-llo,» for any T € T,
TeTh

with ||l 7 = ||| p2(7)- Similarly, we use the notation |-[|o . = ||| 2(.) for any e € Fj.

The mixed DG scheme reads : Find ((wp, by ), pr) € Wi, X Q) such that

An((wn, br), (wn, br), (vn, en)) + Br((vns en),pn) = Lu((vn, en))s (2.3a)
Bh((uhabh)aqh) = 07 (23b)

for all (vp,cr) € W, and g, € Qp, where the discrete forms A;, and By, are defined by

Ap((wn, dp), (wn, by), (vn, cn)) = Ap(un, vi) + My (bp, cn) + On(wh, wp, vp)
+ Ch(dp, vp, by) — Cr(dp, up, cp), (2.4a)
Br((wn br), an) = Bu(un, qn), (2.4b)

for (vp,crn) € Wy, (wp,dr) € Wy, and ¢, € @), all with

Ap(up,vy) = v Z /curluh curl vy, dx +v Z / (div up,)(div vy) de
TeThH TETh



- v Z (/e{{curl up - [[fvh]]Tds—F/e{curl'uh} fun]p ds)

eeF}
- VSGZJ_. (/{{div uh}}[[vh]]Nds—l—/e{{divvh}}[[uh]]Nds)
Z h /e wp] - [vn] ds—l—l/e; / wp] v [vnl v

where 01,09 > 0 are stabilization parameters that will be chosen large enough to ensure the coercivity
of the bilinear form A, (see Lemma 2.2 below). For the curl-curl term in (2.1a), we apply an aug-
mentation technique where we replace the curl-curl operator by the vector Laplacian (c.f. [20,30]) :
curl(curl) —grad(div) = —A. The two last terms in the definition of A;, involving the tangential and
normal jumps of the discrete vector fields across the edges are necessary to ensure the coercivity of
the bilinear form A, (see Lemma 2.2 below). We define the convective term with :

Opn(wh,up, vp) Z / (curlwy, X up) - vy, de, (2.5)
TETh

for any wy, up, vy, € X,. We also define the coupling form C, as :

Ch(dn,vn,bp) =k Y / vy x dy) -curlbyde — k> | {on x dn} - [br]yds, (2.6)
TETh ecF} ¢

for any vy, € X and dy, by, € Cj,. The divergence constraint on the velocity is represented by By, :

Bu(vn,pn) i=— Y / (divon)py dz + ) /{{ph}[[’vh]]N ds. (2.7)

TeThH ecFy
The form Mj, is defined by :
My (bp,cp) = kup Z / curlby, - curl ¢y, dx + Kk Z / div by,)(div ep) d

T€Th T€Th

- KU Z /{{curlbh}} [[ch]]Tds—i—/{curlch} [br] ds)
ecFl V€

Y Z /{{dlvbh}}[[ch]]Nds+ {{dlvch}}[[bh]]Nds)
e€Fn

KUmy fwmz
X [y falrds+ 3 2 [yl ds
ecFl ¢ e€Fn he Je

with my, mg > 0 are stabilization parameters that will be chosen large enough to ensure the coercivity
of the bilinear form M), (see Lemma 2.2 below). Analogous to Aj, we have applied an augmentation
technique for the curl-curl term in the equation (2.1b). Finally, the form £, is defined by

Eh(vhach):/ f'vhd93+/ g-cpdx.
Q Q

Remark 2.1 Another discontinuous Galerkin formulation is possible to solve the MHD problem (2.1).
Indeed, the curl-curl operator can be discretized using a standard interior penalty approach (see [22,
25,32]) and then the form My, is defined as

My (bp,cp) == kup Z / curlby, - curley, dx — ku Z {curldy} - [en] ds

TeT, /T cerl Ve



- KU Z /{{curlch}} [bnlyds + Z K,t;:lo /e[[bh]]T lenlrds (2.8)

e€FL7C e€F]

with mg > 0 a stabilization parameter sufficiently large. The divergence-free constraint for the magnetic
field is imposed by introducing a Lagrange multiplier ry,. This approach is motivated by the lack of the
reqularity of b when Q is not smooth. As mentionned above, if Q is non-convex polyhedra, the magnetic
field b belongs to H'/? () only. Due to our assumption on 2, the magnetic field as well as the velocity
field have the regularity H"(Q).

To discuss the stability properties of the above forms, we need to introduce the following semi-
norms

2 o1 2 02 2
= s+ 2 Tl + Y el € X
e

e€Fn  © ceF}
2 my 2 m2 2
1ol p = 1B0lT 0 + > 7 Men] g . + > 7 Monlzllges  Von € Ch.
eeFy € 66.7:,{ €
where
. 2 2
=0 Idivellgp+ > lleurl- 51,
TeT TETh
and
2 2
”qh”Qh = ||qh||L2(Q) ) Van € Q.

We note that the semi-norm ||-||, , (respectively |-||,. ;) actually defines a norm on X, (respectively
on C}). (See [28, Remark 3.3]

Next, we recall the following discrete Poincaré-Friedrichs inequality for discontinuous finite element
spaces (see [12, Lemma 3.1]) :

Vo € Xn, |vallp2) < Cllonll, (2.9)

where the constant C' > 0 is independent of h. Since X, = C},, this inequality is still valid for any
by, € Cj, and when the norm ||-||,, ,, is replaced by ||-[[,,, .-

2.2 A new LP? discrete Sobolev’s inequality on discountinuous spaces

In this subsection, we first establish a regularity result for the Laplace’s equation with Navier-type
boundary condition. This result plays a central role in the proof of a new discrete Sobolev embedding
allowing one to establish the well-posedness and the convergence of the DG scheme (2.3). In the
following result, we demonstrate that it is indeed possible to derive a regularity result similar to
those in [4, 5] for the Stokes problem when the divergence constraint is not imposed. This result is
presented here in a non Hilbertian setting which is more general than that needed to analyze our
model. However, since the result below is of independent interest to analyze other nonlinear problems,
we choose to give it in L? spaces with p > 6/5.

Proposition 2.1 Let Q C R? be an open bounded simply-connected set of class C*'. Let us suppose
that g € LP(Q) with p > 6/5. Then, the following Laplace equation :

—Au=g inQ
=g m (2.10)
u-n=0 and curluxn=0 onl
has a unique solution w € W>P(Q) which also satisfies :
[ullwzr) < Cllgllier ) - (2.11)



Proof. We first consider the case p = 2 and prove the existence and uniqueness of solutions in H 1(Q)
The problem (2.10) is equivalent to the following variational formulation : Find w € H () such
that :

Vv e H(Q), / curlu - curlvdx + / (divu) (dive) de = / g-vde, (2.12)
Q Q Q

where H7 () is the space of functions in H'(2) with zero normal trace defined in (1.5). Let us
introduce the bilinear continuous form : a(-,-) : Hp(Q) x H»(Q) — R defined as follows :

a(u, v) = / curlu - curlvdzx + / (divu) (dive) de.
Q Q

Using the following Poincaré inequality [18, Theorem 3.9],
1] o) < Cp(||curl V|[g2q) + divoll e g ) Vv € H(Q), (2.13)

the form af(-,-) is coercive on H7.(f2). Since the right hand-side defines a linear continuous form on
H(Q), we deduce by the Lax-Milgram’s Lemma that problem (2.12) has a unique solution u €
H7.(Q) satisfying the estimate :

lull ) < Cll gl (2.14)

Moreover, we set z = curlu. Then z satisfies the problem

{_Az =curlg and divz =0 in , (2.15)

zxn=0 onI,

Since The right hand side in (2.15) is a curl of function in L?(Q) and g satisfies the compatibility
condition div(curl g) = 0 in Q, it follows from [31, Lemma 1.3.4](see also [5, Theorem 5.7]) that
z € H'(Q) and satisfies the estimate

[eurlu|| g1 (o) = [2]lm1 () < Cllgll2(0)- (2.16)

As a consequence, V divu = Au+curlcurlw € L*(Q2) and then div u belongs to H'(2). Applying [5,
Corollary 3.5] leads to deduce that w € H?(Q). Using (2.16), we obtain

[div s 0) < Cllgllz2(o)- (2.17)

Finally, estimate (2.11) for p = 2 follows from (2.16) and (2.17). For the result in the non Hilbert
case, we consider two cases.

First case : p > 2. We know that problem (2.10) has a unique solution w € H?(Q) — L>(Q).
Then u belongs to L(Q) for all 1 < g < co. Moreover, since the right hand side in (2.15) is a curl of
function in L?(2), it follows again from [31, Lemma 1.3.4] (see also [5, Theorem 5.7]) that problem
(2.15) has a unique solution z = curl w € W *(Q). Similarly to the case p = 2, this implies that
V divu belongs to LP(Q2) and by [3, Proposition 2.10], we deduce that divu € W P(2). In summary,
we have

uwe LP(Q), divue LP(2), curlue LP(Q) and uw-m=0onTl. (2.18)
Applying again [5, Corollary 3.5], we deduce that u € W ?P(Q) and satisfies the estimate (2.11).

Second case : 6/5 < p < 2. Observe that g is at least L5/°(Q). Since H'(€) — L5(2), the right-
hand side in (2.12) still defines a linear continuous form on H'(f2). By the Lax-Milgram lemma, the
problem (2.10) has a unique solution w € H' () satisfying the estimate :

lull g < Cllgllzers )

Next, we use the same argument as in the first step in order to prove that curlw belongs to W '?(€)
and then V divu € W 17(Q). Now, since w € L°(Q) < LP(Q), the solution u satisfies (2.18). Applying
again [5, Corollary 3.5], we deduce that w belongs to W 27(Q) and satisfies the estimate (2.11). O



To prove that the discrete problem is well posed, we shall require a discrete LP estimate for
functions in X, with p < 6, in terms of the norm |||, ,. The inequality (2.20) given in the next
Lemma is the equivalent of the following L™ Sobolev’s inequality with r € [2, co) proven in [19, Lemma
6.2] in two dimensions : for any vy, € Xy,

v 1/2
onlze < COMonlly = 00 (X 19omlEr+ Y Llloadll,) ", (219)
TETh ecF, ¢

where v > 0 is a stabilization parameter.

Sobolev’s inequality (2.20) will be needed in the proof of Theorem 2.6 below. More specifically, it
is required to bound the forms Oj in terms of the norm | ||, , when deriving the continuity of
the operator Fj,. This inequality will also be required to handle the coupling form C}. The proof is
similar to (2.19) but not elementary because it heavily relies on the new regularity theorem stated in
Proposition 2.1. So, for the rest of this paper, we shall make an additional smoothness assumptions
on ). Indeed, we suppose that the domain  has a boundary of class C*1.

Lemma 2.1 For each real number p € (1, 6], there exists a constant C' > 0 independent of h such
that :
Vor € X Ilonllpoay < Clloall,, (2.20)

Proof. Following [19], we introduce the lifting v(h) of v, € X}, where v(h) € H%(Q) is the unique
solution of

/curlv(h)-curlwdw+/ divo(h) divw de = Z (/ curlvh~curlwdm+/ (divvh)(divw)dm),
Q Q Ter, /T T

for any w € H (). Moreover, we have the following estimate
) . ) 5 \1/2
Idivo(h)[| 2 + llcurlv(h)]| 2 < ( > lldivonllgr+ > ||cur1vh||O’T) < J[vall,. -
TETh TeTh
Since v(h) belongs to H} (), we have from (2.13) for any 1 < p < 6
ol oy < € lonl, - (2.21)

So, it suffices to prove that (2.20) holds for v, — v(h) and then to use triangle inequality. By duality,
we have

(vn —v(h)) - gda

lon —v(h)l|goiqy = sup =2 :
D e N9l
where & =1 — 1. Since p < 6, then p’ > g and g always belongs to L6/5(Q). Thanks to Proposition

2.1, the following problem

—A¢p=g inQ
curlp xn=0 and ¢ -n=0 onT

has a unique solution ¢ € Wi (Q) satisfying the estimate
191l yg5 oy < C 5. < €l (2.22)

Then, since [v(h)]y = 0 for all e € Fy, [v(h)]; = 0 for all e € F{ and (curlg) x n =0 on T, the
regularity of ¢ and (2.21) imply that

[wn—vt-giz = [ 20— vm)de
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= - Z /dlvd) [vn]y ds + Z /curqu [vn] (2.23)

e€Fp ecF}

We need to bound the right-hand side of (2.23). We give the proof for the first term involving the
divergence oprator and the normal jumps. A similar bound for the second term, involving the ro-
tational operator and the tangential jumps, can be obtained exactly with the same arguments and
obvious modifications. Since div ¢ belongs to wL6/5 (Q), the trace of div ¢ on each face e belongs to
W1/6:6/5(¢) s L*3(e). Then, we have

div ¢ [vn] y ds| < HdiV¢||L4/3(e) ||[[UhﬂN||L4(e) : (2.24)

Passing to the reference element T with the face é, we have

Idivedl pass(ey < Clel? |[aiva, . -
Next, using the following trace inequality :
~ja3-
||’U||Lp(e) < chyp ||'U||Lq(T) ) (2.25)

with p = 2, ¢ = 2 and d = 3 together with the embedding W*'%/5(T") < L*(T’), we obtain

. 3 ||+
I4ivl sy < Clel [ dva] , < Clelt [ave] .
Applying the inequality
N hr
“U||W1,p(T) < C|T| r [[vlly. p(T) s
we deduce that
1divep| Lass ey < C|€|4 T ||d1V¢>HW1 8/5(T) -
Moreover, by virtue of assumption (2.2), we have for any T € Tj,
le| hr
—= < C— <y,
\/T PT
which gives
Jdivel ooy < C Idivellyne/ocr - (2.26)
On the other hand, we have
”[['vh]]N”[/l(e) < C|e|l/4 |||II/);]]N||L2((§) < C|€|_1/2 ||[['Uh]]N||L2(e) ) (2.27)

where a local equivalence of norms is used. Combining (2.26) and (2.27) in (2.24), we obtain

div  [vnly ds| < C Idivebll v lel ™/ 1Torlyll ) - (2.28)

Finally, summing over e € Fj, and using estimate (2.22), we obtain

o1 1/2
> [ty ds<Clalre (X 2 lolsliae) (2:29)

eEF}, e€Fp

11



A very much similar proof gives

o 1/2
3 curm-uvhans<0||g||Lpl(m(ZﬁnuvhnTniz(e)) . (2.30)

ecF} ¢ e€F]

Collecting the above estimates (2.29)-(2.30) into (2.23), we obtain

/Q (on —v(h) - gdz < C gl lvnllon

which achieves the proof of the estimate (2.20). O

Remark 2.2 We recall the following Sobolev embedding H'(Q) — LP(Q) for all real numbers 1 <
p < 6. So, we have from (2.13)

Yo € HH(Q), [l (o) < O [eurlv|| 2 ) + [|divol 12 q) ). (2.31)

Observe that the discrete Sobolev embedding (2.20) is the counterpart of that valid at the continuous
level (2.31). Indeed, if v € H(2), we have [v(h)]y = 0 for all e € Fy, and [v(h)]; = O for all
e € FL and then, we have (2.31).

2.3 Continuity and Ellipticity properties

In this section, we state and discuss the main properties of the forms involved in our discrete
scheme (2.3). We have a first lemma which ensures the coercivity for the forms A;, and M},. Even
though the proof is the same of Lemma 10.2.1 of [36] for the case of the two-dimensional Stokes
problem, we would rather present full details for the sake of completeness

Lemma 2.2 For o1 and oy large enough, there exists a positive constant C independent of h such
that :

Ap(un,up) > Cvllupll2 ), Vuy, € X (2.32)
For my and ms large enough, there exists a positive constant C independent of h such that :
Mh(bh,bh) > Cm,u than’}17 Vb, € Cy,. (233)

Besides, we have Op(wp, up,uwp) = 0 for any wy, up, v, € Xp,.

Proof. Trivially, since the vector curlw; x v is orthogonal to vy, its scalar product with v, is zero.
So, it follows from the definition of Oy, :

Oy (wp, up,up) = Z /(curlwh X up) - up de = 0.
TeT, T
Now, we prove the ellipticity property for Aj. Let u, € X}, we have :

Ap(wn,un) = viun|?, —2v > /{{curluh}} unlpds —2v [ {divus }lunly ds

ecFL "¢ e€Fy " ©

ag (o2
+0 > Dl +v Y 2 fualyl,

ceFl ¢ e€Fy ¢

(2.34)

Applying the Cauchy-Schwarz inequality, we have :

oy /{curluh}} Jundpds <20( > he ||{{curluh}}||ae)%( > b Tl )

e€FLVC e€F] e€F]

N|=
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Now let e € F} such that e = 9Ty N Ty with T1, T € Tp,. Obviously,

Ve &
Vhel[ feurluplo. < == ; [(curl wp),7, /0.

Thanks to the equivalence of norms in finite dimensional spaces and to a classical scaling argument,
we obtain

C1
Vhe| feurtu Yo < 5 (Jleurlugllor, + | eurlunlor, ),

where ¢ is a constant independent of the discretization. A completely similar argument holds on a
boundary face e € F}.. So by summing upon all faces it follows that

1
2u Z feurluy} - [up]pds < 2clu( Z | curl uh||3,T)1/2( Z h! ||[[uh]]T||§,e)2

eeFL7E TeTh e€F}

— 2 2
2ervfunlin( Y et Iunlely, )

ee]:,{

-

IN

Similarly, we can check that

2w Y /{{divuh}}[[uh]]]\,ds < 262V\Uh|1,h( > nt ||[[Uh]]zv|\(2),e>%~

eEFy U ° e€Fp

As a consequence, we have

o1 2 g2 2
Ap(wn,up) > viunli, +v Y 7 Mun]rllo . +v > 7 Mualwllo .

eefi ¢ ecFn €
2 (5 Ml ) = 22 a2 w2, )
- wnlin( Y. uhT(),e) - uhl,h(Z* uhNW) .
vl cery e 2 cez, Ne

Applying Young’s inequality, we obtain

o1 2 g2 2
An(up,up) > vlwli, +v Y 7 Munlrllg . +v > 7 Mualwllo .

ecF} ¢ eEFh
cv 01 2 02 2
= Z(lunln+ Y Pl + Y 2 Mualyll )
ceFl ¢ eeFy ¢

where ¢ = ¢; 4¢3 and 0 = min(y/01, /02). So Ap(-,-) is coercive for o > ¢ and the coercivity constant
C'in (2.32) can be obtained from below independently of o1 and o4, for o7 and o9 sufficiently large.
With the same manner, we prove the ellipticity property of M), by using the definition of ||bh||m7 , and
by supposing that the parameters m; and ms are sufficiently large. O

Remark 2.3 Compared with the approach in [22, 25, 32], a semi-coercivity property for My, defined
in (2.8), is established with respect to the semi-norm

2 mo 2
bule =Y [eurlbyg, + > 7 Iloa]rllg . » (2.35)
TETh ecF} ¢

for a parameter mqg sufficiently large.
Now, we give the following continuity results with respect of the norms |-||, , and [-|,, ;- The proof

is similar to that in [28, Proposition 3.6] for the form Aj; and to that in [10,24] for the form By, but
we write it here for the reader’s convenience.
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Lemma 2.3 Let up, v, € Xy, by, cp € Cy, and py, € Qp. Then, we have :

[Ap(un,vn)| < Cvllunl,, lvnll, g
[Br(vn,pr)l < Clloall,p, Ipnlloq
|Mp (b, en)| < Crpllball,, p llenll, p -

with constants C > 0 that are independent of h, v, u and k.

Proof. Let us write : Ap(up,vy) :=I1 + Io + I3 + Iy, with

L = v Z /curluh-curlvhdw—i—u Z /divuhdivvhdw
TeT, T TeT, T

I, = —v Z (/{curl up - ﬂvh]]Tds—i—/e{curlvh}} Nun]p ds)

eEJ:,IL ¢

B = S ([ v blonlyds+ [ faivenHud, ds)
ecFy € €

L o= vy 2wy oalpds+v S 2 | [un]y[vnly ds.
eez}—:é he/e Up|7 - [VUn]p eez];h he/e Un|NIVnlN

Applying the Cauchy-Schwarz inequality, we obtain

3 3 . 2 2 : 2 z
Ll <v(C Y lewrlunllf ) (X lleurlonll§ )+ v( 2 laivanlf, )" (3 laivonld, )

TETh TETh TETh TETh
2 . 2 1/2 2 . 2 1/2
<v( 0 Neurlunlfp+ > Jdivanllf ) (D Jeurlonllfp + Y ldivenlly ;)
TeThH TeTh TETh TETh

< vlunllyp llvall, p -

Similarly, we have

<o X Pendel) (0 P ltenlel?) 4 (30 healyl) (0 2 Menlyl?)

ecF} € ecF} € ecFy, ¢ e€Fn
< vllunllyp, lvnlly -

Now, applying Cauchy-Schwarz inequality and the inverse inequality, we obtain :

1 1 1 1
Ll <ve( Y llewrlunlf s )" (D it Iloadrli, ) +ve (S leurlonll )" (D2 nt Ifunlelly, )

TETh ecF} TETh ecF}
< Cv ||’u’h||v7h th“mh '
In a similar way, for T3, we can verify that |I3] < Cv ||us||, ,, [|vn |, - Adding these previous estimates,
we deduce the continuity for Aj,. To prove the continuity of the form Mj, it suffices to use the same

techniques as in the proof for Aj. Next, the form By, is similar to the form used in [10,24] for the
Stokes system and we can prove similarly

Buwnpl < (3 ldivwnlis ) (3 Imnlie) ' + (2 ’;:n{{ph}né,e)é( > eyl )

TETh TETh eeFy ecFy
1 1
. 2 2 2 -1 2 02 2 \2
< (X ldivonly )T (X lenller ) + o * (X0 Ipallsr )" (X0 2 llwnllis, )
TET, TET, TeT, e€F, ©

< Cllvallyp llpalloo -

1
2

N
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]

Our next goal is to establish the continuity properties for the non linear forms Oy, and C},. In view
of (2.20), we have the following result concerning the continuity of the form Oy,.

Lemma 2.4 There exists a constant C > 0 independent of h such that for any wp, wp, vy, € Xy,

On(wn, un,vr) < Cllwall, p, lwrll, p llvnll, 4 - (2.36)
Proof. Using Holder’s inequality, we obtain

1/2
On(wp, up, vy) := Z /(curl'wh X up) - vp de < C( Z I curlwh||8’T) lunllLa)llvnllLa @)
TeT, T TET

Applying (2.20) with p = 4, the result is then achieved. |

For the continuity of the coupling form C}, we require the discrete Sobolev inequality (2.20) with
p = 4 for both the velocity and the magnetic field. Indeed, we consider an L*-L* L? argument when
applying the Holder inequality. We note that, in the proof given in [32, Lemma 4.3], an argument
L3-L°-L? is used to handle the form Cj. This approach is realistic because they consider the general
case of a bounded Lipschitz domain 2 € R? and a Dirichlet boundary condition for the veloicty. So,
in this case, the discrete inequality given in (2.19) is used for the velocity u with r = 6. However, this
inequality can not be applied for the magnetic field b. With boundary conditions of type (2.1e¢) or
bxn=0onT,bhas a regularity only in H*?(Q) — L3(Q). Hence, they establish in [32, Theorem
8.1] the following discrete L* estimate for functions in Cy,.

Theorem 2.4 [W. Qiu and Ke. Shi, 2020] There is a positive constant C such that for any by, € C},
we have

1 .
bl sy < C( Y W2 nlpl5 + D lleurlby g, + || divy ballr2(e)), (2.37)
e€F} TETh

where the discrete divergence divi by, is defined to be the unique function in H'(Q) N LE(Q) N Sy
satisfying

(divd by, s), = —(bn, Vs)7,, foralls e HY(Q)NLA(Q) NSy,
where Sy, 1= {sh € L*(Q); suir € Prya(T), VT € 771}

We can now derive the continuity of the form C}, as in [32, Lemma 4.3]. The main tool different
from their proof is that we use an L*-L*-L? argument instead of an L3-L°-L? argument when applying
the Holder inequality. So, for our case, we apply the discrete Sobolev inequality (2.20) with p = 4
instead of (2.19) and (2.37). The proof is given for the sake of completeness.

Lemma 2.5 There exists a constant C > 0 such that for any (bp,vp,cp) € Cp x Xp x Ch,

Ch(br,vn,en) < Ck[|ball,, 5 10nll, 5 l1€nll - (2.38)

Proof. By the definition of the form C},, we have

Cr(bp,vp,cp) =K Z /(vh X by) -curle, de — K Z {on xbr} - [en] ds (2.39)
T

TeT ecFl "¢

Applying the Holder inequality, we obtain

, \1/2
Ch(bh,vn,en) < C“thHL‘l(sz)H'Uh||L4(Q)(Z chrlchHo,T>
TETh
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/ / /
boon( X mlte) " (3 wnlb) (X i e )

ec€F} ecF} ecF}
Thanks to the trace inequality, we have

) 1/2
Ci(bn, v, o) < Crillbnllscoylonllzaey (D lleurlenl )
TeETh

g1 1/2
+C’€||bh||L4(Q)||UhHL4(Q)( Z ZH[[ch]]TH%z(eO
ecF}

< CkllbullLayllvnllze@) llenll . -
Then, the bound (2.38) is a direct application of the Sobolev’s inequalities (2.37) and (2.20) with

Remark 2.5 It is not possible to reuse the same strategy in [32] with a regularity below H*(Q) for
both the velocity and the magnetic field. Indeed, in our work, the velocity and the magnetic field verify
the same type of boundary conditions. So, if we consider the case of non smooth domain, we have
we HY?(Q) — L) and b € HY*(Q) — L3(Q). Then, the argument L>-L*-L*(T;,) does not

allow to bound Z (v x b) - curlbdx and then the form Cy can not be bounded.
TeTy ' T

The well-posedness of the discrete problem (2.3) requires an inf-sup condition which is an extension
of the usual inf-sup condition for the Stokes problem to our Navier-type boundary conditions. It is
proven in [36, Lemma 10.2.2] that the form By, satisfies a uniform discrete inf-sup condition. More
precisely, we have

Lemma 2.6 There exists Cp > 0 only depending on Q such that :

B
inf sup _Bn(on.an) > Cp, (2.40)

=
@ €QnwyeX), [|Vnll, n llanllg,

2.4 Well-posedness of the discrete problem

We aim in this subsection to show the solvability of (2.3) by analysing an equivalent fixed-point
problem. To this end, we first eliminate the pressure by introducing the space K defined by :

K, = {(un,by) € Wy;  Bp((un,bp),qn) = Bp(un,qn) =0, Van € Qn}-
So, we consider the following problem : Find (up, by) € K}, such that
An((wn, br), (un, br), (vn, cn)) = Ln((vn, en)), (2.41)
for all (vy, ¢p) € K. Newt, for given (wy,dy) € K, we define the operator %, by :

<%\h: Kh — Kh
(wh,dp) = Fp(wp,dy) = (up, by),

where (up, by,) is the solution of the linearized problem : Find (wy, by) € K}, such that

An((wn, dp), (up, br), (v, en)) = Lu((va, cn)), (2.42)
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for all (vp, ¢;) € K. Then, the discrete DG scheme (2.41) can be rewritten equivalently as the
following fixed-point problem :

Find (uh, bh) € K; such that fh(wh,dh) = (’U/h7 bh) (243)

In what follows, we focus on analysing the existence and uniqueness of such a fixed point (wuy, by). For
this purpose, we will verify that the operator %, satisfies the hypothesis of the Brouwer’s fixed-point
theorem (c.f. [8, Theorem 9.9-2]) which is stated as follows : let W be a nonempty compact convex
subset of a finite-dimensional normed space, and let S : W — W be a contraction from W into itself.
Then S has a unique fixed point in W. The existence and uniqueness of pj, follow from the discrete
inf-sup condition for the incompressibility form Bj,.

We begin by checking that the operator % is well defined. So, in the following result, we show
that the linearized problem (2.42) has a unique solution.

Lemma 2.7 Assuming the stabilization parameters o1, o2, my and mo sufficiently large, there exists
a unique solution (up,by) € Ky, for the linearized problem (2.42). Moreover, we have the following
estimate :

2 2 — 2 -1 — 2
vlunlly p + wullbnlly, ,n < CETHIFlga + 57 0 gloq)- (2.44)

Proof. Since (2.42) consists of a linear system, it suffices to establish the uniqueness. Assume that the
data are zero f = g = 0 and we prove that (up, by) = (0,0). Choosing (vp,cn) = (up, bp) as test
functions leads to

vlunly , + mu bl = 0,

implying that w;, = b, = 0. The estimate in (2.44) follows as a consequence of the coercivity of Ay
and M}, stated in Lemma 2.2. Indeed, we have :

Ap((un, bp), (un, by), (un, br)) = Ap(up, up) + My (by, by) = A fupde+ /Qg ~bpdx.  (2.45)
Thanks to (2.32), (2.33) and applying Cauchy-Schwarz inequality, we derive :
v ||Uh||i,h + /‘W\bh|72n,h < C( ||f||L2(Q) ||UhHL2(Q) + ||9||L2(Q) ||bh||L2(Q) )
The Sobolev inequality (2.20) with p = 2 and Young’s inequality imply the desired estimate. O

In the following result, we provide the assumptions under which problem (2.3) is well defined.

Theorem 2.6 Assume that

1

_ 1 - 1 _1 3 _1 .3 _1
v 2 fllogs 1T v I fllons 8T 20TE0 TR Igllggs v RT3 R 2 lgll g (2.46)

are small enough. Then, the DG scheme (2.3) has a unique solution (wp,bp,pr) € X x Cp, X Qn
which satisfies :

2 2 — 2 -1 — 2
vifunly, +sulbul,, < CO™ flloe+s"n"" llgllh) (2.47)

Proof. We begin by proving the existence and uniqueness of (uy, by,) solution of (2.41). This is equiva-

lent to showing that the operator %, defined in (2.43) has a unique fixed-point. Two steps are needed
to that.

Step 1 : We prove that F; maps a closed ball into itself. Using the same arguments as above, we can
show that if (uy, by) is a solution of (2.41), then the following a priori estimate holds

2 2 — 2 -1 — 2
vl + B2, < O (v IF 1Ry + 57 i gl ) =M (2.48)
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So, we define G, as :
Gar = { (wn br) € K, vllunll] , + rp 0]l < M} (2.49)

It is easy to see that Gy is a closed set of Kp, and .#(Gpr) C G-

Step 2 : We prove that when the data f and g are small enough, .%}, is a contraction from G, into
itself. We remark in advance that a combination of the Cauchy-Schwarz and Holder inequalities with
the discrete Sobolev’s inequality (2.20) plays a key role in the proof.

Let (w},d}), (w?,d;) € Gy and (uj, by) == F(w},d}), (u},b;) := F(w?,d;) be the solutions of
the linearized problems (2.42). From this fact, the differences uy, := u}, —u? and by, := b, — b}, satisfy :
for any (vp,cn) € Wy,

Ap(up,vp) + My(by, ep) + Op(wh, up,, vy) — Op (Wi, uz, vp)
+  Ch(dy,,vn,by) — Cu(dy, vn, biy) — Ch(dy,, uy, cn) + Cr(di, uj, cn) = 0.

Taking (up, bp) as test function in the above relation, adding and substracting Ch(d;l”uh,bi)7 we
obtain :

Ah(uh, uh) 4+ Mh(bh, bh) = Oh('wg — w1, ui,uh) — Ch(dl — dg,uh, bi) + Ch(dl — dg,’u,i, bh), (250)
where we have used the fact that
On (w3, ui, up) — Op(wh, uj, up) = Op(wi — wj,, ui, up).

Let us estimate each term in the right-hand side of (2.50). The first term can be easily estimated by
using Lemma 2.4 and Young’s inequality. Indeed, it follows that

Oh(w%_w}mu’%vuh) < CHw}L_w}Qle,hHu}Qle,h ||uh||v7h
1
< O fuh— P |+

Next, by using Corollary 2.5, we have

Cu(dy, — di,wn,b3) < Crlldy —dil,, lunll,, 67,
1
< oty tdy - a2l BE] 7 s

Ch(dflz - di27,7ui217 bh) < Ck Hd}lz - dizszJl Huinh ”bhHm,h
1
< o b= I Tl + e lonlE,

Collecting the above estimates in (2.50), using the coercivity of Aj; and My, we obtain

2

V”uh‘li,h +H:u||bh||7n,h < CVHw}L 7wi||fn7h y72 HuiHi,h

Ol v R+ i ) i — L,

So, if v=2 Hui”l p < 1and Kty Hb,%HQC + kp 2 ||u,21||i » < 1, that is, if the smallness conditions
(2.46) on f and g are satisfied, the operator .%, is a contraction on Gy.

The above proofs show that .}, satisfies the hypotheses of Brouwer’s fixed-point theorem on G ;.
Then, F;, has a unique fixed-point (uy, by) in Gjs. Therefore, the existence and uniqueness of the
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solution (up, by,) has been proved. In turn, the a priori estimate (2.47) follows directly from (2.48).
Now that u;, and by, have been computed, we want to recover the pressure p. Observe that pj is the
solution of

By (vn,pn) = / fvndx — Ap(up,vn) — Op(un, up, vy) — Cr(br, vh, by) (2.51)
Q

Applying Lemma 2.1, Lemma 2.3, Lemma 2.4 and Corollary 2.5 to bound Ay, O and C}, respectively,
we deduce that the right-hand side of the above equation defines a continuous linear functional on X,.
The inf-sup condition in Lemma 2.6 gives the existence and uniqueness of p;, € @} to the problem
(2.51). 0

3 Error analysis

In this subsection, we present a priori error bounds for the proposed DG method. The proof uses
essentially the same techniques as in [32] where a similar result has been proved for the MHD problem
with Dirichlet boundary condition for the velocity together with zero tangential trace for the magnetic
field. We note that the solution (u, b, p) of the continuous MHD problem (2.1) satisfies

Ap((u,b), (u,b), (vp,er)) + Br((vn, en),p) = L((vn,er)), Y(vn,cp) € Wh, (3.1a)
Bh((uﬂ b)vqh) =0, Vg€ Qh~ (31b)

Let us begin by introducing an approximation result for the space X (see [19]). For k = 1,2,3,
there exists a continuous interpolation operator I, defined from H 1(Q) to X5, such that, for all T € T},
and e € Fp, :

Yo € HY(Q), Vg, € Pr_1(T), / qn div(Ip(v) — v) dax = 0, (3.2a)
T

Vo € HY(Q), Ve € Fr, Yan € Pr_1(e), / an [In(0)] ds = 0. (3.2b)

e

Moreover, for s € [1, k + 1] the following interpolation estimate holds :
vo e H'(Q), [In(v) =l 7 < Ch7 o]l A, - (3.3)

where Ar is a suitable macro-element containing T.

We use the L2-projection of degree k — 1 onto @, to approximate the pressure p. So there exists
approximationz IIg € @y (see [19]), defined on each T € T, by

Vo Pia(), | alp—Tign)dw =0, (3.4)

and satisy the following approximations properties for every integer s € [0, k] :

lp = Toplly,r < Ch llpll, 7, VP € H*(Q) U LG(Q). (3-5)

We split the errors in two parts : e* = u — uy,, €’ = b — by, and e? = p — p;, with

Xu = In(u) — up, N, = u — In(u)
Xp = In(b) — by, n, = b — I, (b)
Xp = U (p) — ph, np =p —1lg(p)

We have the following lemma for the error projection :
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Lemma 3.1 Let (u,b,p) € H*™(Q) x H*™(Q) x H*(Q) be a ssolution of the continuous MHD

problem (2.1). Let (wp, pn, by) be the solution in X x Qh x C}, of the DG scheme (2.3). In addition
to the assumptions in Theorem 2.6, we assume that m Hu||H1(Q) and 1/217/21/2 [b]| 71 () are small
enough. Then, we have the following estimate on the errors :
2 2
VIxallyn + selixsllmn (3.6)
2 2 2 2 2 2 :
< Ch2k< lwllgrsr )y + 101 zrrsr 0y + 1215 ) + [0l Ere ) (1wl zre ) + 1Bz g ))

with C' depending on the datas of the problem but not of the mesh size h.

Proof. From (3.1), we have for all (v, cp) € Wy, and ¢, € Qp, :
Ap(u = In(u), vi) + Ap(In(w), v4) + Mp(b — In(b), cn) + My (In(b), cn) + On(u, u, vp)
+ Ch(ba Vh, b) - Ch(b; u, Ch) + Bh(vhap - HQ(p)) + Bh(’Uh, HQ (p)) = E(’Uh, ch)a (37)
Bi(u — In(w), qn) + Ba(In(w), qn) = 0.

By the definition of I;, (c.f. (3.2a) and (3.2b)) and IIg (c.f. (3.4)), we have :

By, (’U}“HQ Z / le’Uh HQ dac+ Z /{HQ p}} ’Uhﬂ

TETh e€Fn

-y / {o(p) — p}lonly ds

e€Fn

Bp(u — In(u),q /le In(u) — w)gp dz + Z /{{qh}} In(u) —u] y ds

TETh eEFy
=0.
So, from (3.7), we obtain :

Ap(In(w),vp) + Mp(In(b), cn) + On(u, u, vp) + Cp(b, va, b) — Cp(b,u, cp) + Bp(vn, g (p))

:Ah(Ih(u)fu,'vh)JrMh(Ih b Ch Z /{HQ p} ’Uhﬂ dS+E(’Uh,Ch),
ecFp

B (In(w), qn) = 0.

We next substract from (2.3) to obtain

Ah(Xua 'Uh) + Mh(sz Ch) + Bh(’Uh,Xp)
= Op(un, up, vn) — Op(u, u, vp) + Cr(bp, v5, by) — Ch(b,vh, b) + Cr(b,u, cp) — Cr(br, un, cp)

+ Ah(Ih(u) —u, Uh) + Mh(Ih — b, Ch Z /{{HQ p}} ﬂvh]]N ds, (38)
- —, cesn — {3

Bh(Xm%) = 0.
Combining inequalities of (3.8) with test functions (X, Xy, Xp) and using (2.32)-(2.33), we obtain :

vh+l€:u||Xb||mh) A (XTL’X1L)+Mh(Xb7Xb)

= = An(M Xu) = Mu (M X0) — > /{{np}}[[xu
e€Fn 3.9
- (Oh(uhvnuaXu)+Oh(Xu7u7Xu) +Oh(nu7u7Xu)) ( )

+ (Cr (M, X3) = Cr(ps Xus 8)) = (Cr(Xp Xu> B) — CnlXps s X))
+ (Ch(bha'r’u7xb) - Ch(bh7xu7nb))'

C (v lIxu
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Let us bound every term in the right hand side of (3.9).
By the definition of A, we have

Ap(Mys Xy) ==V Z /Tcurlnu ~curl x, de +v Z /T(div n,.)(divx,,) dx

i i
vy ([Hewt b bedrds+ [ feurlx,}- Inalpds) »
3 [t m oy ds+ [ faivae,bimly ds)

2y 2 [l Dadyds + 0 [ sl ds

Applying Cauchy-Schwarz inequality and (3.3), we have for the terms in the first row of (3.10) :

v Z /Tcurlnu -curl x, de +v Z /T(diV n,)(divx,) dz

TETh T€eTh
2 . 2 1/2 2 . 2 1/2
<v( Y llewrtn, 5p+ - ldiva,lir ) (0 lewrbe,lfr + Y ldivald s )
TeTh TeTh TETh TeTh

< Cvh* [l g g Il
Moreover, combining the continuity of w and (3.2b), we have
v Z {Curl Xu} : [[nu]]T dS + v Z {le Xu}}[[nu]]N dS = 0
ecF} "¢ ecF, '€
So, for the second and the third rows of (3.10), it remains to bound the terms :
vy | fewln,} [xdrds and vy [ {divn, ]y ds
ee]—"{ € ecF, v €

Let us give detail proof for the bound of the first term. For this, let us introduce the standard Lagrange
interpolation operator of polynomial degree k, denoted ITj. So, we have

/{{curl N} [IXulp ds = / (feurl(u — Iuw)} - [x, ] + feurl(ITyu — Iyu)} - [x,]7) ds (3.11)

€

For the first term in (3.11), we have

/{{Curl(u —yu)} - Ixlr ds < [{eurl(u — 1) } o o xu] 2l .

Let e € ]-",{ such that e = 9Ty N 9T, with T1,T> € Tp. Using the discrete trace inequality and the
approximation property of the Lagrange interpolation, we obtain

1 1

Vel h,

1

1
[{eurl(u — M)}, < C( llowrl(w = fyw)llo 7, + 5~ llewrl(u — Hyu)llo g,
2

+ | curl(u — Hhu)|1,T1UT2) < ChH! el gvsr o7y omy)

So, we have

v 3 [ fewl(u - M)} - Dl ds < ok fulgene (X o Ibalel )

A cerr el (3.12)

k
< Cvh [[ull g ) [IXullop
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For the second term in (3.11), since ITpu — Iju is polynomial, we can write

1
| feurl(Tyu — )., < € (57— lewrl(Tyu — Bl 7, +

1 1
\% |6| T th ’ hT2

By triangle inequality and (3.3), we have for each element T of Ty,

|lcurl(ITpu — IhU)H(),Tz )

|lcurl(ITpu — Ihu)||07T < ||curl(ITju — u)HQT + ||curl(uw — Ihu)||07T < Ch% Hqu-H,AT
Then, we have
v Z / {curl(IThu — L)} - [x.]r < Cvh* ||u||Hk+1(Q) ||Xu||vh (3.13)
ecF}
Combining (3.12) and (3.13), we obtain
vy | feurl n,} - [xulr ds < OvR* [|ul g oy 1l - (3.14)
e€F} ¢
Similarly, we can obtain
v 3 [ m bl ds < Co ful i o Il (3.15
ecF, V€

For the terms in the last row of (3.10), we use (3.3) and similar arguments as above to obtain

g1
DI / [0z Dl ds < CvR* [l s oy Xl (3.16)
GE.FI
v 3 7 [ sl ds < Con full e oy Il (3.7
66.7:h

Collecting the bounds (3.11), (3.11)-(3.17) yields

An(My, Xu) < OVR" ] i g X Ixully 1, + CH** w3 (g - (3.18)

|| h—lo

Next, in view of the definition of M} and the fact that Cj = X}, the terms of M} can be bounded
in a similar way as the terms of A, to obtain :
R 2 2
Mh(ny, x) < Cruh® ||Xb||m,h ||b||Hk+1(Q) < ) ||Xme,h +Cn?* ||bHHk+1(Q) : (3.19)

Similarly, using the estimate (3.5) for the L?-projection Ilg, we obtain :

/M}} Duly ds < © Z (/ehe{{np}}2 ds)%(/ehe‘l[[xu}]ﬁ ds)%

o T OB ||p||Hk(Q

€7 (3.20)

< Ch’“ IIXUIIU Dl oy < = Il

_10

For the terms on Oy, in the third row of (3.9), we use Holder’s inequality to obtain :

On(wn; My Xu) + On(Xus @, X)) + On(ny, v, X0)

1/2 1/2

2 2

< (X Mewrlunly ) s Iz + (D2 lewrlxlfr ) llpaa Xl oo
TeFn TeFn

2 1/2
+ (X lleurtn, 5 )" el oo I3z
TEFh
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(2.20) with p =4 and (3.3), we obtain

Using the Sobolev embedding H'(Q) < L*(Q) together with the L? discrete Sobolev’s inequality
20) wi
Oh(”ha Nu> Xu) + Oh(xuv u, Xu) + Oh('f]u, u, Xu)

2
CR* lull sy (Nunlon + Nellars oy ) 1%l + C 1l g 1o

As a consequence, we have

Oh(uha um Xu) + Oh(Xm u, Xu) + Oh(nuv u, Xu)

14 2 2 2
<0 Ixully, + Ch?* 1wl g1 o) + Cllull g (a) Xy

(3.21)
v,h

For the two first terms in (3.9), we have since [b], = 0 on F}

Ch(nba u Xb) - Ch(nba Xus b)

*”Z /uxnb curlxbdmf/( uxnb)~curlbdm)fnz
TETh

ecF} ¢

fux m} - [xplpds (3-22)

Using (2.20) and the fact that

[ull o) < Cllullgrsiqy  and  [leurld|[paq) < Clleurld| g g,

the two first terms in (3.22) can be bounded as follows :
FLZ / U X 1) curlxbda:—/( xnb)-curlbdw)
TETh

C“( ||u||L°°(Q) H%”L?(Q) ”CurleHL?(Th) + ||Xu||L4(Q) ||’7bHL2(Q) ||curlb||L4(Q))

(3.23)
Cm(hk 1611 g1 0 1l ggrr. ey Xl + H* 11BN riss 0y X

S C/ihk Hb||Hk+1

o llewrlbl e o) )
v,h)

Q) ( H’UJHHHI(Q) HXme,h + ||Cur1b||H""(Q) X
For the last term in (3.22), by using the discrete inequality and the Lagrange interpolation IT,, we
obtain :

K Z fuxndt- Daplrds

ecF} ¢

— w3 [ fux (b)) — Ta(®)} - Delpds + 5 >

eE]—"I ¢

fu x (I (0) = B)} - [xo] 1 ds

ecF] "¢

< Ck |[ull e g ( > hell(In(b) - Hoe) ( S s e THOE) (3.24)
eeF}

eeF}

Nl

+ Ol ey (D2 e (T (B) - ||06)%( > w ol )

e€F}f eeF}f

< CrI" [1b grsr g 1l s @) X0,

Collecting (3.23) and (3.24) in (3.22), we obtain

Ch(lrllw u, Xb) - Ch(nb7 Xus b)

IN

Kh" Hb||Hk+1(Q) ( HUHHHI(Q) be”m,h + ||cur1b||Hk(Q) Xl h)
v 2 KU
10 ”Xu“v,h + 8

IN

2 2 2
bl + CH* 1Bl s gy 1wl s g
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+ Ch||b]|grea g - (3.25)
In a similar way, we have

Ch (Xb7u Xb) - Ch(Xb’Xuvb)

=K Z/uxxb curlxbdx—Z/{{uxxb}} Ixplds — Z/ uw X Xp) curlbdm)

TET: e€F} TeTh
< Ck ||u||L4(Q) HXb||L4(Q) [|curl Xb||L2(Th)

n( 3 Hule) (X Hxli) (X et ibale2, )

ecF} ecF} eeF}

Nl

+ 6 [Xullpao) 1xsll Lo (@) leurl bl 2 g,

Then, applying (2.20) and discrete trace inequality, we have

2
Cr(Xp %; X3) — Cr(Xps Xus b) < C"L( ”Xme,h ||u||H1(Q) + ||b||H1(Q) X v,h ||Xb||m,h)

2 Kl 2 K 2 2
< ChllXpllmp 1 e @) + 5 Il + “ 101z ) Ixulls
Finally, the following bound for the two last terms in (3.9) can be obtained is a similar way :

Ch(bhanqub) - Ch(bh7Xu7nb)
<Ol (h’“ Il gz ss gy 1ol + 5 leurLbll gy 1%l ) (3.27)

k k
HXb||mh+ HXUIIMHL2 1Bl 77410y + 1l Fgren g -

Thus, combining all estimates, we obtain the estimate (3.6) by assuming that W el g1
and \/V—‘C% [0l 71 () are small enough.
O

As a consequence, we have the following result

Theorem 3.1 Let (u,b,p) € H*'(Q) x H*T1(Q) x H*(Q) be a ssolution of the continuous MHD

problem (2.1). Let (up, by, pr) be the solution in X x Qh x C}, of the DG scheme (2.3). In addition
to the assumptions in Theorem 2.0, we assume that m 1wl g1 () and % 16l g1 () are small

enough. Then, we have the following error estimate :

2 2
vw—unlly, +5p b= bl

(3.28)
)

2 2 2 2 2 2
< Chzk( [wllzrs ) + 101 zrrr 9y + P15 ) + 10l Ere ) (1wl zre ) + 1Bz ) )

with C' depending on the datas of the problem but not of the mesh size h.

Proof. Since u—up, = My +x,, and b—by, = Ny + X, then the result is a direct consequence of Lemma
3.1, (3.3) and the triangle inequality. a
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