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Analysis and Discontinuous Galerkin approximation of the
Boussinesq system with Navier-type boundary condition

AFAF BOUHARGUANE? NOUR SELOULAf

Abstract

In this work, we study the nonlinear coupled Navier-Stokes/temperature (or Boussinesq) equa-
tions with Navier-type boundary condition for the velocity. The well-posedness of the continuous
problem is achieved by using a fixed-point strategy. Next, we propose a discontinuous Galerkin
(DG) scheme for discretizing the equations. Existence, uniqueness and stability of numerical so-
lutions are shown for the DG method under a small data condition and by using the Brouwer
fixed point theorem. We provide a priori error estimates in terms of a natural energy norms
for the velocity, the pressure and the temperature. To our knowledge, it is the first time that
a discontinuous Galerkin approximation for the full nonlinear coupled Bousinessq system, with
Navier-type boundary condition for the velocity, is proposed and completely analyzed in both,
continuous and discrete settings.

Key words: Stationary Boussinesq equations; discontinuous Galerkin method; Navier boundary
condition; fixed point theory, existence, a priori error estimate, discrete inequality.

Mathematics subject classifications (2020): 65N12, 65N15, 65N22 65N30, 35Q30, 35Q79.

1 Introduction

Over the past few decades, the community of numerical analysts of partial differential equations has
extensively focused on developing precise and efficient new finite element methods for the Boussinesq
problem. This model is well-known for its relevance in engineering sciences as it deals with fluid motion
generated by density differences caused by temperature gradients. Mathematically, it is a nonlinear
system of PDEs which is composed of the stationary incompressible Navier—Stokes equations for
the velocity and pressure variables and a convection—diffusion equation for the temperature variable.
Such coupling is done by means of a buoyancy term in the Navier-Stokes equations depending on the
temperature and convective term in the heat equation depending on the velocity of the fluid. The
Boussinesq approximation was justified and used to study several applications such as in geophysics
to model climate prediction [12], in oceanography for studying oceanic flows [20, 22] and also in
magnetohydrodynamic flows, see [10]. Moreover, simulations that combine fluid flow and temperature
are invaluable in predicting the performance of physical designs across a wide range of engineering
applications. By conducting these simulations before the manufacturing process, it becomes possible
to significantly reduce the costs associated with the developement of new products [27,29].

Various numerical methods have been investigated for the stationary Boussinesq system. Existing
discretizations mostly deal with Dirichlet boundary condition for the fluid. Let us describe some of
these contributions. Bernardi et al. [3], proved existence and uniqueness of the weak solution for the
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Boussinesq system and proposed a finite element approximation. Farhfoul et al. [13] proposed a new
mixed formulation for the two-dimensional Boussinesq system where the existence of solutions and
convergence of the numerical scheme have been proved near a non-singular solution. Colmenares et
al. [24] analyzed a new finite element method with exactly divergence-free velocities for the numerical
simulation of a generalized Boussinesq problem where the viscosity and the thermal conductivity
depend on the temperature of the fluid. More recently, Colmenares et al. [23] proposed another new
divergence-Conforming DG-Mixed Finite Element Method for the Stationary Boussinesq Problem.

However, it has been showed that the Dirichlet boundary condition for the fluid is inadequate in
some situations such as in the mechanics of thin films, multiple interfaces problems, the flow of rarefied
fluids, the flow of a fluid in perforated domains, flow of blood through blood vessels (see e.g. [19]). In
these cases, the French engineer Claude Navier ( [21]) proposed that the tangential velocity should
be proportional to the tangential stress on the boundary together with the impermeability condition
u - n = 0. These conditions are known as the Navier boundary conditions. A generalization of the
Navier condition can be written as:

w-n=0 and 2[D(u)n|, +au, =0 onT, (1.1)

where o > 0 is the coefficient of friction and

8ui n 6Uj
3xj axl

1
D(u)i; = 5 ( ). 1<ij<s.

The subscript 7 denotes the vectorial tangential trace of any vector, defined by v, := v — (v - n)n.
Note that, when a tends to infinity, we formally recover the Dirichlet conditions. In the case of
a flat boundary and zero friction coefficient «, this Navier condition is equivalent to the following
Navier-type conditions:

u-n=0 and curluxn=0 onl, (1.2)

Concerning the study of Boussinesq system with the above boundary conditions, the literature is
rather scarce. The idea is originally described in [1], where the steady Boussinesq problem with
Navier boundary condition (1.1) has been investigated and the existence of weak solutions in the
Hilbertian case and the LP-regularity of these weak solutions are proved. In [30], the authors study
the time-dependent 2D Boussinesq equations with the Navier type boundary conditions (1.1) and prove
the global existence and uniqueness under minimal regularity assumptions on the initial data. To our
knowledge, there has been no numerical analysis for the Boussinesq system with such a Navier-type
boundary condition (1.2).

In the current paper, we propose and analyze an interior penalty discontinuous Galerkin method for
the Boussinesq model with Navier-type boundary conditions (1.2) for the velocity and homogeneous
boundary condition for the temperature. More precisely, given a fluid occupying the region €, a force
per unit mass g and a heat source f, the model of interest reads: Find a velocity field u, a pressure
field p and a temperature field 6 such that:

—v curlcurlu + curlu x u+Vp—60g =0 inQ, (1.3a)
divu =0, in€Q, (1.3b)

-k A0+u-VO=Ff inQ, (1.3c)

u-n=0 and curlu xn =20 on T, (1.3d)

0=0 onT, (1.3e)

Here Q C R? is an open convex domain. v is the kinematic viscosity of the fluid, s is the thermal
diffusivity of the fluid.
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DG method is a type of finite element method where the solution is approximated by a piecewise
polynomial function that is discontinuous across element boundaries. These methods are attractive
because they are element-wise conservative, easily implementable on unstructured meshes and they
are high-order methods.

The main difficulty is to prove the stability of the bilinear forms arising from the Navier-Stokes
convection term Op, (see definition in (3.3)) and the coupling term Cj (see definition in (3.5)) on the
discrete spaces.

To give the reader an idea of the main features of our DG method, let us compare it with other
discontinuous Galerkin methods that have been used to approximate the Bousinessq system or related
problems.

In a recent work [9], the authors proposed an analysis of a DG scheme for the Boussinesq system
where the boundary conditions are of Dirichlet type for the velocity field and of mixed type for the
temperature. The general case of a Lipschitz domain €2 is considered. Since the solution u (respectively
0) belongs to H'(Q) (respectively to H*(€2)) and hence to L°(Q) (respectively to L(€2)) by Sobolev
embedding, they show the continuity of the nonlinear terms by applying an L?-L*-L* argument.
To this end, they apply the discrete inequality derived in [17,18] (see also [11]) in two and three
dimensional bounded domains with Lipschitz boundary., which states that the L° norm is controlled
by the following DG norm denoted by ||-||,:

7y 1/2
lonllzoy < Cllonll == C( Y IVonllsr+ Y - Ifwall, ) (1.4)

TeTh eeF, €

This approach is not suitable for the problem that we propose to study. Indeed, in the case of a non-
smooth domain and given the boundary conditions considered for the velocity field u, the solution
w of the system (1.3) is only in H'/?(Q) and hence in L3(€) by Sobolev embedding. Therefore, the
previous argument can be again applied to show the continuity of the form Cp in the heat equations
but cannot be applied to show the continuity of the nonlinear form Oy, in the Navier-Stokes equations.
Additional regularity assumptions on the exact solution are therefore necessary.

Moreover, due to the boundary conditions considered in this work for the velocity, the DG energy
norm for w is different from that defined in (1.4). In [25,26], a discrete functional analysis is established
and the authors show a new discrete inequality analogous to (1.4) on discontinuous spaces provided
that the boundary of the domain is sufficiently regular. More precisely, for 1 < p < 6, they show that
the LP norm is controlled by the following DG norm:

2 2 . 2 2 g 2 o 2
lonll3n) < Cllonll? = € (lidivon ptleurlon )+ 30 7 Moalyl2, + 3 Ioall2,
he , he :
TET eE€Fn eeF]

This new discrete inequality allows the application of an L*-L*-L? argument to show the continuity
of the nonlinear forms associated with our DG scheme and then to prove the existence of a solution
to the discrete problem.

The rest of the paper is structured as follows. In Section 2, we introduce and show the well-
posedness of the continuous variational problem by applying the Leray-Schauder’s theorem. A dis-
continuous Galerkin formulation based on the classical interior penalty (IP) symmetric method is
presented in Section 3 where the existence and uniqueness of approximate solutions are proved. In
Section 4, we state and prove the convergence and our a priori error estimates for velocity, the pressure
and temperature in energy norms.
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2 Analysis of the continuous problem

2.1 Preliminaries and notations

Let Q2 be a bounded connected domain in R* with a boundary I of class C1! or convex. For p € [1,400],
we denote by LP(€) the usual Lebesgue space endowed with the norm |-, ¢, and L3(Q) is the space
consisting of functions ¢ € L*(Q) that hold [, ¢ = 0. We adopt standard notation for the Sobolev
spaces H*(Q2) and H{(Q2). In addition, according to the boundary conditions in (1.3d), and in view
of deriving a weak formulation for (1.3), we introduce the following functional space:

HL(Q)={ve H'(Q); v-n=0 onl} (2.1)

We recall that the space H.(Q) is continuously embedded in H*(Q) if Q is convex or the boundary
of Q is of class Cb! (c.f. [16, Theorem 3.7] and [2, Theorem 3.4]). In addition we recall the following
Poincaré inequalities, needed for proving the existence of a weak solutions: there exist Cp > 0 and
Cp > 0 such that [16]

el gy < Cp IV @llray, Vo€ Ho(), (2.2a)
[0l g1y < Cr(lleurl o]l o) + [divell 2y ), Vo € Hp(Q). (2.2b)

We also recall that the space H'(Q) is compactly embedding within in L?(Q) for any exponent
1 < ¢ < 6 and we have

[0l Loy <ol q, (2.3)

where ¢ is a positive constant depending on the domain 2.
Next, we introduce the following Banach space
H%3 (curl, Q) = {v € L*(Q); curlv € L¥/*(Q)} (2.4)
provided with the norm

v = [vll 50y + lcurl o] o -

HS’% (curl,Q)
The space D(Q) is dense in H 3’%(curl, Q). The proof of this density result is very much similar to
(cf. [28, Proposition 1.0.2] and [2, Remark 5.4]). Moreover, we prove the following Green formula to

define the tangential traces of functions which belong to H 3’%(curl, ).

Lemma 2.1 The linear mapping v : v + v X n|r defined on D(Q) can be extended to a linear
continuous mapping
3 1
vy : H*2(curl, Q) — W ~33(I).

Moreover, we have the Green formula: for any v € HS’%(curl, Q) and ¢ € W1’3/2(Q),

/chrl'v cpdr — / v-curlpde = (v X n, "0>W*%~3(F)xw (2.5)

Q

wl
Nl

)

Proof. Let v € D(Q) and ¢ € W3/2(Q), then the Green Formula (2.5) obviously holds. Moreover,
we can easily verify that

(v xn, (’O>W’%’3(F)XW%’%(I‘)| ¢ ||U”H3=%(cur1,9) lpllyyrrar2 (0 -



2.2 Weak Formulation Bouharguane et al.

On the other hand, for every p € W%’%(F)7 there exists a function ¢ € w2 (Q) such that ¢ = p,
on I' with the estimate

lellypr2 ) < Cllesllyytz o

where the subscript 7 denotes the tangential component i.e. g, = g — (u-n)n for any vector field p.
Consequently,

|(v x n, H>W*%’3(F)XW%%(F)| = [(vxmn, HT>W7%’3(F)><W%=%(F)| = [(wxmn, Pl tsmwldr
< Clolgod euroy 191w 3 )
S Ollollgss ooy 1#lws 2 )
which implies that
oo mllyy 3oy < Ol o3 a0

Thus the linear mapping v : D(Q) — W_%’S(l") is continuous for the norm of H >3 (curl, ). Since
D(Q) is dense in H 3.3 (curl, ), v can be extended by continuity to a linear continuous mapping from
H?”%(curl7 Q) to Wﬁé’B(F) and the Green Formula (2.5) holds for all v € H>? (curl, Q) and for all
0 e Whi(Q). O

2.2 Weak Formulation

The weak formulation of (1.3) reads : Find (u,p,0) € H3(Q) x L2() x H(Q) such that

A(u,v) + O(u;u,v) + B(v,p) = D(0,v), (2.6a)
B(u,q) =0 (2.6b)
M(0,%) + C(u; 0, 9) = F(1), (2.6¢)

for all (v,q,v) € HH(Q) x LE() x H}(Q), where the bilinear forms are defined by

A(u,v) = 1/( /Q curlwu - curlvdz + /Q(div u) (div v) da:),

M(Q,w):n/Vt?onJd:c, D(G,v):/09~vdm

@ @ (2.7)
O(w;u,v) = /Q(curlw X u) - vdx, C(u;0,9) = /Q(u -V de,
Bv.q) =~ [ (divo)gda. F) = [ fods.

We describe a fixed point strategy that allows to solve the problem (2.6). First, we eliminate the
pressure from the problem by restricting to the subspace

K ={ve Hy(Q); Bv,q)=0, VqeLj(Q)}
We then consider the equivalent problem: Find (u, ) € K x H}(Q), such that
A(u,v) + O(u,u,v) = D(0,v), VYveK, (2.8a)
M(0,%) + C(u,0,¢) = F(¢), Vi € Hy(Q). (2.8b)

The bilinear form B is continuous in H(Q) x L3(Q) and satisfies the following inf-sup condition:
there exists a constant 8 > 0 such that

B
sup (v,q)

T = Bllall 2o - (2.9)
veHL(Q) ||UHH1(Q) )
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which is a direct consequence of its analogue with H(Q) replaced by H(Q) (see [4,5]).
As a consequence, it is easy to see that problems (2.6) and (2.8) are equivalent. In fact, we have

the following standard result [16].

Lemma 2.2 If (u,0) € K x H}(Q) is a solution of (2.8), then there exists p € L3(Q) such that
(u,p,0) is a solution of (2.6). Conversely, if (u,p,0) € HR(Q) x L3(Q) x HY(Q) is a solution of
(2.6), then u € K and (u,0) € K x H}(Q) is a solution of (2.8).

We construct a map . by linearizing the term D and the convection terms O and C in problem
(2.8) and show existence of a fixed point of .. Define .7 as follows:

S K x H}(Q) — K x H}(Q)

(2.10)
(w,9) = 7 (w,¢) = (u,0),
where (u, 0) satisfies the linearized problem: Find (u,6) € K x H}(Q) such that
A(u,v) + O(w;u,v) = D(¢p,v), YveK,
(u,) + Ofws, ) = D(6,v) o)

M(60,9) +C(w;0,¢) = F(¥), Vi € Hy(Q).

Observe that, thanks to Lemma 2.2, a fixed point (u, 6) of the map . is the component of a solution
(u, p,0) of problem (2.6). The well posedness of (2.6) will be addressed in Subsection 2.4 by applying
the Leray-Schauder theorem. It requires some stability properties of the forms defined above.

2.3 Stability properties of the forms

In this subsection, we show some crucial stability properties of the forms that are used to prove the
well posedenss of the problem (2.6). First, we discuss the coercivity properties of the forms A, M, O
and C. We have the following result.

Proposition 2.1 There exist positive constants o, and o, depending on € such that
Aw,v) > va,|vlgig . YveK, (2.12)
M@,0) > ko, [0l V€ HAQ), (2.13)

Furthermore, the following results hold:

(i) Let w,v € H*(Q). Then we have

O(w;v,v) = 0. (2.14)
(ii) Let w € K and ¢ € H}(Q). Then we have

C(w; 1, ) =0 (2.15)

Proof. The coercivity of the froms A and M follows from the Poincaré-Friedrichs inequalities (2.2a)
and (2.2b). The property in (2.14) is obvious. It follows from the definition of O and the fact that
the vector curlw X v is orthogonal to v. The property in (2.15) is a consequence of the following
well-known skew-symmetry property of the form C with respect to the last two components:

C(w;0,9) = —C(w;,0),  Vw e K, ¥(0,¢) € Hy(Q) x Hy(9).
(]

We also need to study the continuity of the forms involved in the variational formulation (2.6).
We have the following results where the proof is obtained by applying Cauchy—Schwarz’s inequality
to the different forms.
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Proposition 2.2 There exist positive constants C,, C,,, C, and C, depending on Q such that

A(u,v) < vC, [ullg o 1Vl (o) - (2.16)
M(0,9) < &Cy, 0l g o) 191l g1(q) - (2.17)
B(g,v) < Cylldllz (o 0l ) (2.18)

F@) < Collflrz@ 1¥lm@) (2.19)

for all w,v € HL.(Q), Vg € L3(Q) and 6,1 € H'(Q).
The next results show that the nonlinear forms O, C and D are continuous.

Proposition 2.3 There exist positive constants C,, C, and C, depending on € such that

O(w;u,v) < C, ||w||H1(Q) ||U||H1(Q) HvHHl(Q) (2:20)
Clw;0,¢) < Cellwllg o 10l g ) 1V 510 » (2.21)
D(0,v) < Cp,|0llgiq llgllLz ) IVl a0 (2.22)

for all w,u,v € HL(Q) and 0, € H'(Q).
Proof. Applying Holder’s inequality, we have

O(w;u,v)| < [eurlwl| g q) [[ullpsq) V] Laq) -
Estimate (2.20) follows from the compact imbedding (2.3) with ¢ = 4. The proof of the continuity of
C and D uses essentially the same techniques as for the form O, so we skip the details. O
2.4 A priori estimates and solvability

In this subsection, we prove the existence and uniqueness of solutions for the (2.6). We will apply
the Leray-Schauder theorem, see [14, Theorem 11.3, p. 280]. For this, we must prove that .7 is
well-defined, a compact operator on K x H{ () and that the set

Z={(u,0) € K x H}(Q) : (u,0) = \.%(u,0) for some 0 < \ < 1}

is bounded. For the convenience of the subsequent analysis, setting the following product norm on
the space K x Hg(€):

2 2 1/2

[(w, ) = ([l oy + 10171@)) "

The main result of this subsection is stated as follows.

Theorem 2.1 Let g € L*(Q), f € L*(Q). Then the problem (2.6) has at least one weak solution
(u,p,0) € HH(Q) x LE() x HY(Q) satisfying

1w, )l < 57 Ol fll Loy (L7 0 Cp llglipe gy )- (2.23)
Moreover, if min(vo, , kv, ) K3 < 1 with K3 the constant given in (2.50), the solution is unique.

Since solving (2.6) is equivalent to finding a fixed point of the map . defined in (2.10), we start
by checking that the map . is well-defined, i.e. that there exists a unique solution (u,#) to the
linearized problem (2.11).
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Lemma 2.3 There ezists a unique (u,0) € K x H}(Q) satisfying the linearized problem (2.11). In
addition, we have the following bound

1(w, )| < a2 (Cp llgll 2y 1w, D) + Cr 1 £l 2y ) (2.24)
Proof. First, we write the mixed system (2.11) in the following equivalent compact form:
Find (u,0) € K x HZ(2) such that:
Al(w, 9); (u,0), (v,9) = L((w,9),(v,¥)), Y(v,¥) € K x Hy(%), (2.25)

where the forms A and £ are defined as

A((w, ¢); (u,0), (v,¥)) = A(u, v) + M(0,¢) + O(w; u, v) + C(w; 0,), (2.26)
and
L((w, @), (v,9)) = D(¢,v) + F (). (2.27)
It follows from Proposition 2.1 that
A((w, §); (u,0), (u,0)) > va, [[w] o) + £y 0] @) = o ll(w, 0], (2.28)
where
a, =mnmin(va,, ka,,). (2.29)

Moreover, employing the continuity results in (2.16)-(2.17), (2.20)-(2.21) together with the inequality
(a4 b) < 2Y2(a? 4+ b*)1/2, we can check that the trilinear form A verifies the estimate:

A((w, 6); (u,0), (v,8)) < |A(w, )| + [M(0, )] + |O(w; u, v)| + |C(w; 0, )],
< (O, +KCy + (Co +C) Wl gy ) (el 3y + 10010 ) (103 0y + 10111y )
< C, ) w,0)| (. 9)l,

with C, = (vC, +£C,, +(C, +C,) wll g1 (q) ). Thus, we showed that A is coercive and continuous
in K x H}(Q). In addition, thanks to (2.22) and (2.19), we have

L((w,¢), (v,9)) < Cp 9]l g1 (e 1191l 2 @) 1V 511 02) + C (1l 20y 1€l 1) < Cc (v, )1, (2-30)

with C. = Cp [|gllg2q) l(w, )| + C [[fll12(q)- So, the form L((w,¢),-) is an element of (K x
H}(Q))'. Therefore, by Lax-Milgram’s theorem, there exists a unique (u,6) € K x H}(Q) solution
of (2.25) and equivalently to (2.11). The estimate (2.24) follows by combining the estimates in (2.28)
and (2.30). O

1/2

Proof of Theorem 2.1. In order to prove the existence of the velocity u and the temperature
0, we proceed in two steps.

Step 1 : Let us show that the operator .7 is compact. Suppose (w,,,¢,) € K x H}(Q), n € N such
that (wp, ¢n) — (w, @) weakly in K x H}(Q). Define (u,,0,) = % (wp, d,) and (u,0) = 7 (w, ¢).
We will show that (w,,0,) — (u,0) strongly in K x H}(Q).

We have (u,, —u,0, —0) € K x H}()) and satisfies the problem:

A(up, —u,v) + O(wy; up, v) — O(w;u,v) = D(¢y, — p,v), YveE K, (2.31a)
M (0, — 0,%) + C(wh; 0,,,1) — C(w; 0,9)) =0, Vap € HY(Q). (2.31Db)

Taking v = u,, — w in (2.31a), we obtain

Aluy, —u,uy — u) + O(wy; up, uy — u) — O(w;u, uy, —u) = D(¢y, — ¢, up —u) (2.32)
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We can split up the nonlinear terms in the left hand side of (2.32) as

O(Wp; Un,up —u) — O(wyu,up —u) = Ow, — W;Up, Uy —u) — O(W; U — Uy, up —u).

=0

Applying the coercivity of A (c.f. (2.12)) and the continuity of D (c.f. (2.22), we obtain

vo, ||w, — uHi,l(Q) < O(wy, — w; Up, Uy — ) + D(dp — ¢, up — u). (2.33)
By definition, we have
O(wy, — Wi Uy, Uy, — )

:/Q (curl(w, — w) x uy) - (u, —u)de = /chrl(wn —w) - (uy X (U, —u))de

(2.34)

Since u,,u belong to H*(Q) < L°(Q), we have u, x (u, — u) € L*(Q). Moreover, because
divu,, = div(u, —u) = 0, we have

curl(u, x (uy, —u)) = (up, —u) - V), — (un - V)(un, — u). (2.35)

Since u,,u € L%(Q) and Vu,, € L*(Q), we have ((u, —u)-V)u,, € L*?(Q). Similarly, (u,-V)(u, —u)
belongs to L*/2(€2). So, the two terms in the rignt hand side of the relation (2.35) belong to L3/2(1).
We deduce that also curl(u, X (u, —u)) belongs to L*?(Q). Then, u, X (u, — u) belongs to the
space H 2 (curl, Q) defined in (2.4). Thanks to Lemma 2.1, the tangential trace of u,, X (u, —u) is
well-defined and belongs to W53 (T') — H~Y?(T"). On the other hand, we have

Uy X (Uy, —u)) XN = (u, —u)(up-n) —uy((, —u)-n)=0, onT

(un x ( ) ( )( ) — un(( )-n)

=0 =0

Applying Green formula (2.5) with v = uw, X (un,—u) € H>3 (curl,Q) and ¢ = (w,, —w) € H*(Q) —
Wl‘%(Q), we can rewrite the term O in (2.34) as

O(w, —w;up,uy, —u) = / curl(w, —w) - (u, X (u, —u))de
Q

= /Q(wn —w) - curl(u, x (u, —u)) de — (w, —w, (u, x (U, — u)) X n)

=0 W33 xwi 3 (D)

Using again the relation (2.35), we obtain

O(’wn_wvunyun_u):/(wn_w)((un_u)v)undx_/(wn_w)(unv)(un_u)dm
Q Q

By Holder inequality, we derive
O(wy, — w, Uy, Uy, —u)
< lwn — w||L3(Q) [[un — U||L6(Q) Hvun||L2(Q) + [lwn — wHL«*(Q) ”unHLG(Q) IV (urn — U)||L2(Q) :
Then, since H'(f) is continuously embedded in L°(Q), we have
O(wn — w;tn, up —w) < Cllwn —w| s q) [Unll g o) lun —wllg g, - (2.36)
Similarly, we have
D(¢n — ¢, tun — ) < |60 — &l 120 191 L2 (0) [Un — Lo (q)

(2.37)
< Cllén = &l a0 19l 20 [Un — wll g0y
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Combining the inequalities (2.36) and (2.37) into (2.33), we obtain
va, [[un — ull g1y < Cllwn — wl|gs o) 1l 1) + Clléon — @llLa @) 19l L2(q) - (2.38)

Now, taking ¢ = 6, — 6 in (2.31Db), using the coercivity of M (c.g. (2.13)) together with Holder
inequality, we derive
Koty [|0n — GHiﬂ(Q) < C(w; 0,0, —0) — C(wn; 0n, 0, — 0)
=C(w, —w;b,,0, —0) —C(w; 0, — 0,0, —0)
=0
< lwn — wllgs ) 1VOnllp20) 100 — Oll s (a)

Using again the continuous embedding of H!(Q) in L°(2), we obtain

Koy ([0 — 9||H1(Q) < Cllwy, - w||L3(Q) HenHHl(Q) (2.39)

Since w,, — w weakly in H*(Q) and ¢,, — ¢ weakly in H'(Q), therefore w,, — w strongly in
L?(Q) and ¢, — ¢ strongly in L3(Q). Moreover, we note that the sequence {(wy, ¢,)}n is bounded.
Since (wn,0,) and (u, ) satisfy (2.24), they are also bounded in the corresponding H' norm. By
(2.38) and (2.39), we conclude that (u,,0,) — (u,0) strongly in K x H'(Q)). Hence, we obtain
compactness of the operator ..

Step 2 : We show that there exists a constant C, > 0 such that ||(u,0)| < C for any (u,0) €
K x H}(Q) and for any X € [0,1] such that (u,0) = \.%(u, ).

By the definition of ., we have:

A(u,v) = D(A0,v) — O(Au;u,v), YveK,

) (2.40)
M(0,4) = F(¢) = C(Au;0,4), V¢ € Hy().
Choosing (v,v) = (u, ) and using the properties (2.14) and (2.15), we obtain
A(u,u) = D(A0,u) and M(6,0) = F(6) (2.41)

From the coercivity of A and M (c.f. (2.12) and (2.13)) and the continuity of D and F (c.f. (2.22)
and (2.19)), we have immediately that

lull gy < A7 100y 9l oy and 100l < A a5 Cr 1l 2(ay -
Then, using the fact that A < 1, it follows
”u”Hl(Q) SKl(VvHagvf) and ||0HH1(Q) SK?(ﬁvf)a (242)
where K (v, k, g, f) and Ks(k, f) are the following positive constants independent of (u, ) and A:
Ki(v,k,g, f) =v  a 'O Ka(k, f) gl 2y and  Ka(k, ) = &7 o O | fll 2o - (2.43)
It follows from (2.42) that ||(u, )| < C. with C, = Ki(v,k,g, f) + Ka(k, f) is a positive constant
independent of (u, ) and A. Finally, by Leray-Schauder fixed point theorem, there exists a fixed point

(u,0) € K x H}(Q) for the operator . wich is a solution of (2.8). The estimate (2.23) follows directly
from (2.42) and (2.43).

Now, we show the uniqueness of the solution of (2.6). Suppose that (w1, 61,p1) and (ug, 02, p2)
are two solutions of (2.6). We set u = u; — ug, § = 61 — 63, p = p1 — p2 and we want to prove that

10
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u=0,60=0and p=0. Since (uy,6,) and (us, f>) are solutions of (2.8), substituting (u,6;) and
(ug,02) in (2.8) and subtracting corresponding equations, we obtain

A(u,v) = —O(u;uy,v) + O(uz;u,v) + D(0,v), Vv e K, (2.44a)
M(0,9) = C(u; 02, 9) — Clua30,9), ¥ € Hy (). (2.44b)
Choosing v = w in (2.44a) and ¢ = 6 in (2.44b), summing up the two relations, we obtain :
A(u,u) + M(0,0) = —O(u;u1,u) + C(u; 63,0) + D(0,u).
Applying Proposition (2.1), we obtain
min(va,, k)" (el ) + 100 ) < [0(us s, )] + C(u; 02, 0) | + DO, w)| (2.45)

Let us bound the nonlinear terms on the right hand side of (2.45). Using the continuity of the form
O from (2.20) and the estimate (2.42) for u;, we obtain:

IN

2
|O(u; w1, u) Co ||u1||H1(Q) ||u||H1(Q)

< K g f) ullin (2.46)

After using the continuity of the form C from (2.21), the Holder inequality and the estimate (2.42) for
0>, we derive :

IC(w; 02, 0)|

IN

o ||u||H1(Q) ||92||H1(Q) ||9HH1(Q)

1 2 2
< 5O Kk, F)(lullar o) + 16117 (o)) (2.47)
Similarly, using the continuity of the form D from (2.22) and the Holder inequality, we obtain

D0, w)] < Cpllbllgio llglliz) lule @

1 2 2
< 5013 ||g||L2(Q) ( HUHHl(Q) + ||9||H1(Q)) (2.48)

Collecting the above inequalities into (2.45), we derive

min(yaAyfgyM)fl( ”u”?—Il(Q) + H9”§{1(Q) )
1 L , , (2.49)
< max (C, ]l g1 () » §CCK2(I%f)’ §CD 9l 20 )( 1wl 2 ) + ||9||H1(Q))

Setting
1 1
K3 = max (C, K1(v, K, g, f), ichQ(ﬂ, 1), 70s lgllz2q) ) (2.50)

this implies that if min(ve,, kv,,) K3 < 1, we have u = 0 and 6 = 0.
Next, since (w1, 61, p1) and (us, 02, p2) are two solutions of (2.6), it follows that
B(v,p1 — p2) = D(0,v) — A(u,v) — O(u;u1,v) + O(uz; u,v) = 0.

We then conclude by using the inf-sup condition in (2.9) that p; — pa = 0. This completes the proof.

11
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3 The DG finite element approximation

In this section, we introduce a mixed DG approximation for the Boussinesq system (1.3). We provide
the solvability and stability of the discrete scheme. To this end, let us introduce some notations. We
assume the domain 2 is discretized by a discrete family of conforming meshes 7; made of tetrahedra.
The index h is indicative of the mesh size h which is defined as h = %nea%(l hr, where hr is the diameter

of T. The family is supposed to be regular in Ciarlet’s sense [7], i.e. there exists ¢ > 0 independent
of h such that the ratio L
L <g, VT ET, (3.1)
pT
where pr is the diameter of the inscribed ball in 7. We shall use the assumption (3.1) throughout
this work. Let us denote by F} the set of internal faces and by F} the set of external faces on I'. We
set Fp, = FL U FL. We denote by h. the diameter of each face e. Let T and T~ be two adjacent
elements of 7, and let n™ (respectively n™) be the outward unit normal vector on T (respectively

OT ). For a vector field u, we denote by u™ the trace of u from the interior of T7%. We define jumps

+ + +

[v]p :==ntxv"+n" xv, [v]y =vT nt+v n™, [¢li=¢nt+qgn, [v]=v"-v"

)

and averages
1 _ 1 _
fol = §(U++U ), fa} = §(q++q ),

and adopt the convention that for boundary faces e € Fi, we set [v] = vxn, [v]y = v-n, [¢] = qn,
{v} = v and {¢} = q. Let Px(T) denotes the space of polynomials of total degree at most k on T
with k = 1,2 or 3. The corresponding vector-valued function space is denoted by Py (T).
3.1 Defining discrete problem
Now, we introduce the following finite element spaces which respectively approximate u, € and p:

X, = {vy € L*(); vpp € Pi(T), VT € Th},

Zn = {¥n € LA(Q); ¥nyr € Pu(T), VT € Ta },

Q= {an € L3(); quyr € Per(T) VT €Ty}

We denote by W, the product space X, x Zy. The norm ||-[| 27, is defined by

g2y = D Illor» for any T € T,
TeTh

with ||l » = [l p2(7y- Similarly, we use the notation ||-[|, . = ||| 12(.) for any e € Fp.

The mixed DG scheme reads: Find ((wp, 6r),pn) € W, x Qp, such that

Ap(un,vp) + On(un; up, vy) + Br(vn, pr) = Dp(0n, vn), (3.2a)
Bh(uha Qh) = Ov (32b)
My (On,Yn) + Ch(wn; On,¥n) = Fr(n), (3-2¢)

for all (vp,vn) € Wy, and g, € Q.

12
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The bilinear form Ay, is defined by

Ap(up,vp) = v Z /curluh -curl v, dx +v Z /(div up)(div vy) d
T T

TeTh TET

- v Z (/{curl up - [[vh]]TdS—i-/e{{curlvh}} [unl ds)

ee]:,{ ¢

- vy (/{{div uh}[[vhﬂNds+/e{{divvh}[[uh]]Nds)

e€Fp ¢
o g
+ v Z h*/[[uh]]T'[[”h]]TdS_Fy Z }T/[[uh]]N[[vh]]NdS
ce]-'i e e€Fn ©7F

with ¢ > 0 a stabilization parameter that will be chosen large enough. The two last terms in the
definition of Aj involving the tangential and normal jumps of the discrete vector fields across the
edges are necessary to ensure the coercivity of the bilinear form Aj,.

We define the convective term in the Navier-Stokes equations with :

Oy (wp; up, vy) = Z /(curlwh X up) - v de (3.3)
TeTi /T

The divergence constraint on the velocity is represented by By, :

Bu(ona) == 3 [ @vonade+ 3 [ o bonly ds (3.4

T€ETh e€Fp "¢

The coupling form Dy, is defined by

Di(0n,vn) = Y /T(9hg)'vh

TETh
The bilinear form Mj, is defined by:

MO n) == &> /TVGh-V@/Jhdw—K; 3 (/egveh}}.[[wh}]Jr > [ AVend-10:)

TeT e€Fy ecFy V€

DY A RTATE

e€Fn

with v > 0 is a stabilization parameter that will be chosen large enough to ensure the coercivity of
the bilinear form Mj,.

We use the upwinding of Lesaint-Raviart [17] to discretize the convection term w - V6. So, the
coupling form C}, using upwind fluxes is defined by :

Cr(wp; On,on) 1 = Y (L(wh'V9h)¢hdw+AT | fwn} - nrl (67 — 657 ZmdS),

TETh
. ) (3.5)
+3 > /T(divwh)Hh e — 5 > i [wi] x £0n - ¥} ds,
TeThH ecFy,

where 03"t " (respectively 05°%) refers to the trace of 6, and 1), (respectively of 6,) on a side of

13
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T taken from the interior of T (respectively taken from the exterior of T' on that side). dT_ denotes
the inflow boundary of T' defined by

OT_ ={x € dT: {u} -n<0}.

Finally, the form F}, is defined by
Fn(yn) = / Jibn de.
Q

3.2 Preliminary results

We need to introduce the following semi-norms

wnli, = > Idivoully o+ D lleurloy |y, VYo, € X
TeTh TETh

and

o 2 o 2
HNonlll® = lonlin + Y 7 onlnllo. + > 7 onlzrlloe,  Von € X
e e

eeFn 66.7:,{
2 2 Y 2
lonlln == > IV0nllor+ D - Ilndloe,  Von € Zn.
TETh eeF, ©
2 2
lanllg, == llanlloa,  Van € Qn.

The proof of the following Lemma follows along the same lines as Lemma 10.2.1 in [28]. We carry
out the details for the sake of completeness.

Lemma 3.1 For o and vy large enough, there exists positive constants a,, , Ay, independent of h
such that:

An(un,u) > o, vllugll®,  Vuy € X, (3.6a)

Mh(eh,eh) > Oth K H9h||i, VGh € Zy,. (36b)

Proof. For the proof of (3.6a), we use similar arguments in [25]. Let u;, € X}, we have:

Ap(un,un) = v Y (eurluy|f 4 + [|divunlfj ;)
TeTh
- 2v Z {curluy} - [up],ds —2v Z {div g Flun] v ds (3.7)
66'7:}5 € ecFy €
o 2 g 2
+ v Y kel v S
ceFl e€Fp ¢

Using the Cauchy-Schwarz inequality, we have:

[N

wy / fourluy} - funlpds < 20w ( Y lewrl wil ) (D0 ho Ifwalsly )

EE]'—,{ € TETh 66.7:;{
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< 2Cwllfunlll( X bt IRl )

ee]:,{
In the same way, we get
1
. _ 2 2
2 3 [ divun Yl y ds < 20 lfual | (30 5t Tl 2, )
ecF, 7€ e€Fp
where C7 and Cy are a positive constants independent of h.

Applying now Young’s inequality, we obtain

C
An(unsun) = v(1=Z)llualll,
with C = Cy + Cs. Therefore, the estimate (3.6a) follows by assuming that o > C.
For the proof of (3.6b), we refer the reader to [8,17]

|
We will need the following inf-sup condition on Bj,, where the proof can be found in [25, 28].
Lemma 3.2 There exists 5 > 0 only depending on §2 such that :
B
inf  sup _Bulvn,an) > (3.8)
an€Quv,ex, ||[vnlllllanllg,

Lemma 3.3 Let uy, vy, € Xp, O, ¥y € Zy, and py, € LE(Q) . Then, we have :
|An(wn, vn)| < Ca, v ||[unll] [vslll, (3.9a)
[ My (On, ¥n)| < Crgy s 1011, 10nll (3.9b)
|Br(vn, pr)| < C, [l[vnlll pallo,q » (3.9¢)
[Fn (W) < Cr, 1 Fll 220 19mll s (3.9d)

where Ca,,,Cm,,Cp, and Cy, are positive constants independent of h.

Proof. The proof of the continuity properties (3.9b), (3.9¢) can b found in [8,17,23] and the continuity
of Ay and Fj, follows from the Cauchy-Schwarz inequalityhas been proved in [25]. O

Next, we recall the following discrete Sobolev inequality for discontinuous finite element spaces
(see [17, Lemma 3.1]) :

Vin € Zn,  Nenllpe) < Cllvnll, (3.10)

where the constant C' > 0 is independent of h. This inequality is not still valid when the norm

II-||,, is replaced by ||-|| without supposing more regularity on the boundary I'. When it is Lipschitz
polyhedral, we have the following discrete Poincaré-Friedrichs inequality (see [31, Lemma 3.1])

Vo € Xn,  |[vallgzq) < Cllloalll- (3.11)

When the boundary T is of class C*!, an extention of the previous inequality is proved in [26, Lemma
3.4.2] for the L? norm with p € (1, 6]:

Von € Xn,  lvnllpro) < Clllonlll- (3.12)

The discret Sobolev inequlity (3.12) plays an important role in the stability of our DG sheme. Indeed,
with p = 4, this ineqlity allows to apply an L* — L? — L* to bound the terms on 7T in the nonlinear
formes Oy, and Cp,. So, starting now, we shall make the additional smoothness assumptions on 2.
Indeed, we suppose that the domain  has a boundary of class C%!.

15



3.2 Preliminary results Bouharguane et al.

Lemma 3.4 We have

VO € Zp,Yup € X1, |Dp(0n,un)| < Cp, llgllo.o 100l Nvalll, (3.13a)
Vwn, wn,vn € Xn,  |Op(wasun, vn)| < Co, [|[wnl] [[[wall] [[|on]ll (3.13b)
Vwp, € Xn,V0n, 00 € Zn,  [Cr(wn; O, ¥n)| < Ce, [|wrll| 1061, 1¥nll, (3.13¢)
where C,, , C,, and C;, are positive constants independent of h.
Proof. Using Hélder’s inequality, we can easily obtain
[ D (0, vn)| < l1gllo.q 10nll Loy lvnll Loy - (3.14)
Thanks to (3.10) and to (3.12) with p = 3, we have (3.13a).
Applying Cauchy-Schwarz inequality, we obtain
|On(wn; wn, vp)| = ‘ > /(Curlwh xup) vpde| < 2|curlwp| gz lunl psq) 1Vnllpsq) -
T

TeTh

By virtue of (3.12), the estimate (3.13b) follows immediately.

Now, applying the Sobolev embedding (3.12) with p = 4 and the trace inequalities (see for instance
[8, Proposition 4.2]), we get (3.13c). O

We define the space

K, ={vy, € Xn; Bp(un,qn) =0, Vg, € Qn}

and the discrete energy norm on Ky X Zj, :

1/2
s B0}, = (111l 12 + 16115 )

It is well-known (see, e.g., [17], [18]) that

1

2/ lwn -z |0n 2 ds > 0. (3.15)

Ty

1 .
Cotwni0n,00)i= 3 3 [ |fuwnk - nrllog - o5 ds +

TETh

Moreover, since the vector curl wj X vy, is orthogonal to vy, it is clear that for any wy, vy, in Xy:

Op(wp;vp,vp) = Z /(curlwh x vyp) - vp de =0, (3.16)
TeTi ’T

To establish the well posedness of the DG scheme, we first eliminate the pressure from the problem by
restricting ourselves to the space K. So, we consider the following problem: Find (up,6)) € K x Zp,
such that

Ah(uh,vh) + Oh(uh; uh,vh) = Dh(eha ’Uh), Yoy, € Kh, (3.17&)
My (On,n) + Crl(wn; On,ton) = Fr(Yn),  Vibn € Z. (3.17b)

We define the operator .}, by:

,Vh:Kthh—>Kh><Zh
(whv¢h) — yh(whn(bh) - (uh70h)v
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where (up,0) is the solution of the linearized problem: Find (wp,0) € Kj X Zy, such that

Ap(un, vi) + On(wh; un, vi) = Dp(dn,vn), Yo € K, (3.18a)
Mp(On, ¥n) + Crh(wp; On, ¥n) = Fr(¥n), VYiu € Zp,. (3.18b)

Then, the problem (3.17a)-(3.17b) can be rewritten equivalently as the following fixed-point prob-
lem:

Find (uh, Hh) € Ky x Z, such that yh('wh,d)h) = (uh, Gh) (319)
3.3 Solvability of the fixed-point problem

In this subsection, we proceed analogously to Subsection 2.4 and prove the well-posedness of problem
(3.17) by means of a fixed point argument. We will apply Brower’s fixed point theorem (c.f. [6,
Theorem 9.9-2]) instead of Shauder’s theorem for the existence and the uniqueness of (up, 6p). The
existence and uniqueness of py follow from the discrete inf-sup condition for the incompressibility form
By,. The classical Brouwer’s fixed point theorem is stated as follows: let W be a nonempty compact
convex subset of a finite-dimensional normed space, and let S : W — W be a contraction from W
into itself. Then S has a unique fixed point in W.

We begin by the following result, where we show that the operator .#}, is defined correctly.

Lemma 3.5 Assuming the stabilization parameters o and v sufficiently large, there exists a unique
solution (up,0,) € Ky X Zy, for the linearized problem (3.18). Moreover, we have the following
estimates:

lunlll < o v Cp, lIonlly gl and  [10a]l, < o 67 Cp 1l - (3.20)

Proof. Since (3.18a)-(3.18b) consists of a linear system, it suffices to establish the uniqueness. As-
suming that the data are homogeneous f = 0 and g = 0, we can choose (vp,¥n) = (up,0) as test
functions. This leads to

oy, Vlllunlll? + cy, 5 10all; = 0,

implying that w, = 0 and 6§ = 0. The estimates in (3.20) follow as a consequence of the coercivity of
Ap, and My, in (3.6) together with the continuity of Dy, and Fj, in (3.13a) and (3.9d). O

Theorem 3.1 Assume that

Cohcl(yﬂ‘@f’g) + C'Chcb("€7 f)
«

M := max (\/5( ” - ), \/EozCDhl/ HQHL2(Q)> <1 (3.21)

Ap My, Ap,

Then, the problem (3.17) has a unique solution (up,0) € Ky, X Zp, satisfying

2 — 2 — — 2
UlllanlIP + £ 10512 < 032 C2 1220 (k20522 llglZay + 1) (3.22)

Proof. The well-posedness of (3.17) follows by using the Brouwer’s fixed point theorem and showing
that operator %}, has a unique fixed-point. Setting (vp,¥p) = (up,0p) in (3.17) and applying the
coercivity of the forms Ay and Mj, the continuity of the form D} and Fj,, we obtain that

lualll < a5 'v'C,,

Ol lgleey  and 0l < apt s Co 1] ey
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and then,
|||uh||| SCl(anafag) and ||6hH}LSCQ(’V‘:7f)7 (323)
where
ol f9) = gl iy ey and ol ) =~ fll oy (320
Z/KOLA’L My, KZOLM}L

Inspired by this, define the compact and convex subset B of K X Zj, :

Br = {(’U,}“gh) e Ky X Zy ||(uh,9h)||h < R},

where R = a};i KOy, £l 2 () (a;ju’lc’Dh l9llz2(q) + 1). Let us check that .#, maps Bp into
itself. For a given (wp, ¢p) € Bg, we set (vp, ) = 7 (wp, dp). Thanks to the estimate (3.20),
(v, 1y) satisfies

lonlll < o v Cp, Nnlly gl and llonll, < oyt 67 Cry [1fll2(q) - (3.25)

Combining (3.25) with the fact that (wp, ¢1) € Bgr, we obtain that (v, ) belongs also to Bg. Now,
we show that the operator .#}, is a contraction on Bg. To that end, let (u},0}), (u?,07?) € Br and
(uy,0}) = .7 (w1, 1), (ui,07) = . (wa, o). Setting uy, := uj —u2, 0 := 0} — 07, by definition, we
deduce that

An(un,vn) + Mp(0n, ¢n) + On(wi; up, vp) + Ch(wi; 0, 1)

= —On(w1 — wa; uj, vy) — Cp(wy — wo; 0, 9n) + Di(d1 — ¢, vn).

Taking (vp, ¥r) = (up, 6p), using (3.6) and (3.13), we obtain

2 _ _
lanl P+ 108l < a;'v'C,

wi —wol|| [[lug Il [llunlll + a7 Ce, [[lwy —woll| |67 ]|, 1641,
+ al vTIC,, lgllpae) llér — dally, [l
Applying Young’s inequality and using the fact that (u?,07) € Bg, we derive that
2 —o _ o
llanll?+ 160l < 2(ay2072C2 Chvor, £,9) + a3 2k72C2 Ch(i, ) llfwy — wal|
o _ 2 2
+ 2052072 gl llén — 6ol
and then
[(wn, 0n)ll, < M|[(wy,¢1) = (w2, $2)|l, ,
with
M = max (\/5(04;:1/*100}} Cy(v,k, f,9) + a;}ll /-flC'ch Ca(k, f)), \[204;:1/710[)’1 gl 20 ) (3.26)
So, if M < 1 that is, if the smallness condition (3.21) is satisfied, the mapping %}, is a contraction.
Consequently, an application of Brower’s fixed point theorem shows that %, has a unique fixed point

in Bg, which is the solution of problem (3.17). Besides, the stability bound for (u,6;) follows
immediately. |

Remark 3.1 We note that the hypothesis (3.21) is not necessary to get the existence of solution
(up,0r). Indeed, We can use only the fact that #, is Lipschitz continuous on Ky X Zy,.

Now, in order to recovering the pressure, we have the following Corollary.
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Corollary 3.1 Let (up,0y,) the solution of the problem (3.17) given by Theorem 3.1. Then, there
existes a unique pp, € Qp, such that ((up,0p),pn) € X X Zy, X Qy, is the solution of (3.2). Moreover,
we have the following estimate:

||Ph||o,n < Cs3(v, %, f,9) (3.27)
where
CS(Va K, fa g) = BilCAh’ Cl(y, K, fvg) + Bilcoh, Cl2(l/> K, fvg) + 671CDh CQ(Ha f) HgHLQ(Q) (328)
and C1(v, K, f,g), Ca(k, f) are the constants in (3.23).

Proof. Analogously to the continuous case (see Lemma (2.2)), due to the inf-sup condition (3.8)
and the continuity properties of Ay, Oy and Dy, here we also obtain that both (3.2) and (3.17) are

equivalent. Indeed, the pressure is uniquely solvable by the following problem
Bp (v, pr) = —An(un, vi) — Op(un; up, i) + Di(0n, vn). (3.29)

Then, it suffices to prove the estimate (3.27) to conclude the proof. To do that, using the inf sup-
condition (3.8) and the continuity of the forms A, Op and Dj,, we obtain

By (vh,pn)
B lpal| < sup ———
@n onex, |llvnlll

=  sup {_Ah(uhvvh) — Op(un; up,vp) +Dh(9h,vh)}
vn€Xn onlll
S CAh, |Huh||| + C()h H‘uh|||2 + CDh, Hg”LZ(Q) ||9hHh

Recalling that (un,0)) € Br and satisfies (3.23), then we obtain the estimate (3.27) from the latter
estimate which concludes the proof. O

4 Error analysis

Let us begin by introducing an approximation result for the space X, (see [15]). For k = 1,2, 3, there
exists a continuous interpolation operator I, defined from H ! (Q) to X, such that, for all T' € T}, and
e € Fp:

Vo € HY(Q), Vg € Po_y(T), /T an div(In(v) — v) dz = 0, (4.1)

Vo € Hp (), Ve € Fu, Yan € Pr_1(e), /qh [11(v)] ds = 0. (4.2)

e

Moreover, for s € [1, k + 1] the following interpolation estimate holds:
Yo € H(Q),  |[In(v) = ol p < Chy " ol A, (4.3)
where Ar is a suitable macro-element containing T.

We use the L2-projection of degree k—1 onto Qy, (respectively of degree k onto Z,) to approximate
the pressure p (respectively the temperature #). So there exists approximationz Ilgp € @) and
I1260 € Zy, (see [17]), defined on each T € T, by

Vo€ Pia(T), | alp—Tign)da=0. (1.4a)

Vi) € Pi(T), /qu(e — T146) da = 0. (4.4b)

19



Bouharguane et al.

and satisy the following approximations properties for every integer s € [0, k] :

lp = Hopllo,r < Ch llpll, 7, VP € H*(Q) N LE(Q). (4.5)

Theorem 4.1 Let (u,0,p) € H*T1(Q) x H*1(Q) x H¥(Q) be a solution of the continuous problem
(1.3). Let (up, 0n,pn) be the solution in X, x Qpn x C}, of the DG problem (3.2). We assume that

C K yva I CVD
o, K1(v. k., g, f) 4 Eon lgllo.0 < 1 (4.6)

va, vag,, KOy, 2

Then, there exists positive constant C' > 0, independent of h, such that, the following estimates hold
true:

ll = wnll + 10 = 6all, < B (sl + 160 1.0+ ol (4.7)

ve) (4.8)

Ip = pallog < CR* (fullyna+ 16010+ 1o

Proof. We denote the corresponding errors by
e i=u—up, eg:=0—"04 ep:=p—Dps.
We decompose these errors into
€w =My + Xus €0 =70+Xo, € =T+ Xp; (4.9)

with

N, =uv—Lu, x,:=Ihu—up

Mo ::6—1'[29, X0 ‘= HZG—Gh

Ny :=p—1Igp,  xp :=1zp—pan

From the approximation properties of operators Iy, IIg and Iz (see (4.3), (4.4a) and (4.4b) respec-
tively) combined with inverse inequality, it can be readily seen that

lleall < CR* [ulliyr.q + Xl (4.10a)
leally, < CR*[161]y41.0 + X0l + (4.10b)
lepllo.q < CR* Ipllq + Ixpllo.q (4.10¢)

To estimate the error it is therefore sufficient to estimate the terms ||, [, [[xoll, and [[xpllo -

We begin by proving the error on (u,f). We note that the solution (u,p,#) of the continuous
problem (1.3) satisfies

Ap(u,vp) + Op(u;uw,vp) + Bp(vn,p) = Dp(6,vp),
Bh(anh) = 07
My(0,9n) + Cr(u; 0,70,) = Fp(¥n),

for all (vp,qn,¥n) € X X Qn X Zp,. Subtracting the above equations from the discrete formulation
(3.2), we obtain the error equations

Ap(ey,vp) + Op(u;u,vy) — Op(up; up, vp) + Bp(vn, ep) = Dp(eq, vp), (4.11a)

20



Bouharguane et al.

Bh(eu7Qh) = Oa (411b)
My (eg, ) + Ch(u; 0,41) — Ch(un; 0, 9p) =0, (4.11c)

for all (vp, qn,¥n) € Xp X Qn X Zp, which gives using (4.9) and (4.11a) with v, = x,,
Ah(XuaXu)_'_Oh(u’u?Xu) —Oh(’th;Uh,Xu) +Bh(Xu’€P) = Dh(€07Xu) _Ah(nu’Xu)'
Using again the decomposition (4.9), we have

On(uw;u, x,,) — On(un;un, x,) = Onleu;u,x,)+ On(un; e, X,,)
= On(My; %, Xy) + On(Xu; w, Xo) + On(wn; My X)) + On(Wns Xus Xu)s
~—_———
=0

Oberve that from the definition of I, in (4.1)-(4.2), we have By(X,, xp) = 0 and then

Bh(Xua ep) = Bh(xuv np) + Bh(Xua Xp)
—_———
=0
Hence, we get
An(Xus X)) = Dnles, Xu) — An(Mys X)) — Br(Xws M) — On(mu; w, X0)
Oh(Xu’ u, Xu) - Oh(uh; N> Xu)

Using Lemmas 3.1, Lemma 3.3 and Lemma 3.4, we have

2
Ay, u = Dy, 0,0 Ollp u Ap u u By, II'Ip 0,Q u oy, u u
va, lIx. ™ < Cp, lglloqlleslly Il +vCou, limull lixull + Cs, nmplloellx.l + Co, llmul el fix.ll
2
+ Co, Ml xull™ + Co, Mlwnlll Ml .-

Now, we recall that thanks to the a priori estimates (2.42) and (3.23), we have

HuHHl(Q) SKl(V,/€7g,f) and |Huh||‘§01(ya’€vguf)v

which implies

(v, = Co, Ka (v, 9. D) Xl < Cs, llgllo X0l + Co, lgllo.c [pllg.c +vCe, Il
+Cy, Impllog + Co, (K1 (v, 5,9, f) + Cr (v, 5,9, 1)) 1,

So, we have

(v, = Co, Ka vk, 9. Xl < Co, llgllog 1ol + C- (4.12)

with Oy = CD;L Hg IO,Q HT}P”QQ + VCA,L 77u||| + CB;L 0ot Coh (Kl (V’ K, 9, f) + Cl(’/’ K, g, f)) |||77uH|

To estimate [|xgl|,,, we use (4.11c) with ¥, = x4

Tp

My (eq, x0) + Cn(u,0,x0) — Cr(wun,0n,x0) = 0,

which gives using the error decompositions (4.9) and the positivity of the form Cj, (see (3.15)):

Mhn(xe,x0) + Cn(un; xo,x0) = —Mn(ne,x0) — Cr(n4;0,x0) — Crh(Xu; 8 x0) — Cr(wn;ng, x0)-
N———

>0

Using again the a priori estimate for wy in (3.23) and that for 6 : (see (2.42)):

||9||H1(Q) < Ka(k, f),
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together with the continuity of the forms M} and C} (see (3.9b) and (3.13¢)), we obtain:

Ry, [Ixolln < Cy, lIn6lly + Co, lImull 1011, + Ce, lIxll 1011, + Ce, llunll linell,
< Cu, ol + Co, Ko, £ (Il + lixull) + Ce, Crlv, 5, 9. f) Imall,, (4.13)
< Cch KQ('L@ f)”'Xu”' + Cs,

with

Co = Cy, lnolly, + Co, Ko, Il + Co, Cr(v, 59, f) el -
Combining the estimates (4.12) and (4.13), we obtain

Cp, llglloo Cp, llglloo ~
(uaA —~C,, Ki(v,5,9,f) — —on 200 )|||Xu||| < 7D;a —Cy + Cs,
My, Mp,
which gives by using assumption (4.6)
1 Cp, lIglloq ~
graallx,l < —=220, 4 O (4.14)
KQu

Mp,

Replacing (4.14) in (4.13) gives

2C K?(K;>f) c ”g
KOy, ”X@th - ( e

oo C. + C*) +C, (4.15)
Vo

IﬁJOéMh

The energy-norm error estimate for the velocity u;, and the temperature 6, in (4.7) now follows by
the bounds in (4.14),(4.15), (4.10a) and (4.10b).

To prove the error estimate on the pressure in (4.8), we use the inf-sup condition (3.8), the continuity
property of By, (3.9¢) and the fact that x, = 1, — e, to write

B (vh, Xp)
< sup  ——
Blixplloe < vh’e?;h lonll
Bh(vha_e)
< Oy lpllgq+ sup 2tie—ce) Y
vh€Xh |th”|

To bound the term Bp(vn, —ep), we first rewrite equation (4.11a), adding and subtracting suitable
terms to obtain:

Bp(vn, —ep) = Ap(ew,vn) + On(u;u,vr) — Op(up; un, vi) — Dr(es, vs)
= Ap(ey,vn) + Op(ew;u,vy) + On(un; €y, vy) — Dp(eq, vp)

From the continuity properties of Ay, Oy and Dy, (see (3.9a), (3.13b) and (3.13a)), we have

| Br(vh, _ep)| < (CAh +CO;L ||u”1,Q + Coh

UhHI) llewllllvall + Cs, llgllo.q leall, lonll

By replacing this last bound into (4.16) and using the a priori estimate for u and wy, we get

Blxslon < Co, Impllon + (Ca, + Co, Ka(, 5,9, )+ Co, Cr(v 9, ) lleull + o, lg]

0,0 lleally,

Using estimates (4.14) and (4.15) together with (4.10) implies the desired estimate (4.8) for the error
on the pressure.

O
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5 Conclusion

This article presents a study of a mixed DG scheme for Boussinesq problem with Navier-type boundary
condition for the velocity. We have introduced the continuous formulation of the problem, applying a
fixed-point approach to analyse the well-posedenss of the associated problem. We have also introduced
a discontinuous Galerkin scheme and used the Brouwer theorem to prove the existence of a solution.
We have utilized recent result concerning a Sobolev embedding from the broken DG norm to the
LS (©) norm, which equires some additional regularity conditions on the boundary 9. For nonsmooth
domnains, such as polygonal or polyhedral domains, the main difficulty caused by the Navier-type
boundary condition is that the solution is only H'/ 2(Q2) which is embedded in L*(Q). Using Holder’s
inequality, this regularity is not sufficient to prove the continuity of the trilinear term. With standard
regularity assumption on the exact solution, we proved that the numerical solution converges to the
exact solution optimally for all unknowns in the energy norm. To the best of our knowledge, it is the
first analysis dedicated to DG methods for nonlinear MHD problems. Ongoing work is addressing the
issues associated with the implementation of this mixed DG method.
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