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Composites are rapidly increasing in an extensive range of structural applications, but further growth is limited by their lack of ductility. Fibre hybridization is a promising strategy to toughen composite materials. In the present work, the coupled criterion of the finite fracture mechanics is applied here to describe the sequential damage mechanisms that occur in a hybrid composite under tension. The studied specimens are made of an unidirectional thin layer reinforced with long carbon fibers, embedded between two unidirectional layers reinforced with glass fibers. The first damage is usually translaminar cracking of the carbon/epoxy layer, which can be followed by different mechanisms depending on the stacking lay-up: failure of the glass/epoxy layer, delamination of the interface between carbon/epoxy and glass/epoxy layer, or fragmentation of the carbon/epoxy layer. Once the first translaminar crack has appeared into the carbon/epoxy layer, it impinges on the interface and the crack tips undergo a strong singularity, which plays an important role in predicting the mechanisms that follow. The competition between the different mechanisms is studied here by the novelty of including the Principle of Maximum Dissipation (PMD) into the Coupled Criterion. The predictions obtained by this approach show a good agreement with the experimental and computational results found in the literature.

Introduction

The use of composite materials offers enormous potential in a wide range of structural applications. In fact, these materials are applied even in primary structural parts in industries where lightweight is a key aspect of design, particularly when combined with high strength and stiffness. However, the lack of ductility for some composite configurations, such as thick unidirectional layers into composite laminates, may contribute to the unstable failure of these structures when subjected to service loading. As a result, high safety factors are required, decreasing the weight-saving potential of these materials.

Given these limitations of current high performance composites, many strategies have been proposed to make these materials more damage tolerant and less brittle. Within this context, the role of the interface between layers as passive elements to arrest or deviate cracks has been extensively analysed. Thus, investigations on the competition between crack deflection and propagation at weak interfaces have been long identified as one of the topics that has attracted a great deal of research in the last years, see e.g. [START_REF] Rosakis | Intersonic crack propagation in bimaterial systems[END_REF]; [START_REF] Sundaram | Dynamics of crack penetration vs. branching at a weak interface: An experimental study[END_REF]; [START_REF] Alam | An experimental assessment of methods to predict crack deflection at an interface[END_REF] or even with curved or patterned interfaces inspired by nature, see e.g. [START_REF] Cordisco | Mode I fracture along adhesively bonded sinusoidal interfaces[END_REF]; [START_REF] García-Guzmán | Fracture resistance of 3D printed adhesively bonded DCB composite specimens using structured interfaces: Experimental and theoretical study[END_REF]; [START_REF] Aranda | Crack arrest through branching at curved weak interfaces: An experimental and numerical study[END_REF]. Another plausible alternative methodology is combining different materials, so-called hybrid materials, to optimize the mechanical properties and to allow a more gradual failure, see e.g. [START_REF] Czél | Demonstration of pseudo-ductility in high performance glass/epoxy composites by hybridisation with thin-ply carbon prepreg[END_REF][START_REF] Zhu | Energy absorption of metal, composite and metal/composite hybrid structures under oblique crushing loading[END_REF][START_REF] Acanfora | A feasibility study on additive manufactured hybrid metal/composite shock absorbers[END_REF].

Following this idea, hybrid materials have exceptional interest and could potentially offer a notable increase on damage tolerance of composites [START_REF] Beardmore | The potential for composites in structural automotive applications[END_REF]. Hybrid materials enable the combination of two materials in such a way that the shortcomings of each material are countered and mechanical qualities are optimized [START_REF] Kretsis | A review of the tensile, compressive, flexural and shear properties of hybrid fibre-reinforced plastics[END_REF]. In addition, the combination of different materials in the same laminate allows to enhance other non-structural properties like electrical or thermal conductivity and will be basic on the development of the next generation of smart materials. In this sense, many structures are being designed introducing non-polymeric materials in composite laminates (e.g. metal/carbon fiber) or combining different fibers (e.g. carbon/glass).

Hybrid composites which combine metal and composites are extensively used in automobile applications to reduce vehicle weight and increasing fuel efficiency. Within this context, crash safety is considered as one of the most important design factors in automobile applications. There are been substantial studies on crushing behaviors of various metal/composite hybrid structures. Cabon fibre was employed as a composite material in many of these works. [START_REF] Kim | Crashworthiness of aluminum/cfrp square hollow section beam under axial impact loading for crash box application[END_REF]; [START_REF] Bambach | Axial capacity and design of thin-walled steel shs strengthened with cfrp[END_REF] carried out experiments on square hollow section (SHS) beams externally reinforced by CFRP composites for crash box application. More recently, [START_REF] Zhu | Energy absorption of metal, composite and metal/composite hybrid structures under oblique crushing loading[END_REF] explored crashworthiness characteristics of aluminum/CFRP hybrid tubes subjected to three different loading angles, comparing their performance with single-material tubes. In addition, [START_REF] Tinkloh | A micromechanical-based finite element simulation of process-induced residual stresses in metal-cfrp-hybrid structures[END_REF] studied the influence of manufacturing process on the prediction of residual stress during curing and after cooling down from moulding temperature of the CFRP. In contrast, [START_REF] Song | Axial impact behavior and energy absorption efficiency of composite wrapped metal tubes[END_REF]; [START_REF] Shin | Axial crush and bending collapse of an aluminum/gfrp hybrid square tube and its energy absorption capability[END_REF]; [START_REF] Kalhor | Numerical modeling of the effects of frp thickness and stacking sequence on energy absorption of metal-frp square tubes[END_REF] explored crushing behaviors and energy absorption efficiency employing glass composite externally wrapped circular or square metal tubes.

In the same way, several studies aimed to develop composite sandwich panels have been conducted to analyze the capabilities in terms of energy absorption [START_REF] Chen | Transition from buckling to progressive failure during quasi-static in-plane crushing of cf/ep composite sandwich panels[END_REF]. However, due to the inherent brittle nature of composites, their capability in terms of energy absorption has been found almost neglectable if compared to the standard sandwich structures with metallic cores, able to guarantee elevated impact energy absorbing levels [START_REF] Boonkong | The low velocity impact response of curvilinear-core sandwich structures[END_REF]. Hence, the novel hybrid metallic/composite solution based on the use of additive manufacturing technique has also been introduced in [START_REF] Acanfora | A feasibility study on additive manufactured hybrid metal/composite shock absorbers[END_REF] for application to key structural components, subjected to impact.

Investigations combining two types of fibres have been proposed, in particular with carbon/epoxy and glass/epoxy layers as the constituents, focusing on improving the low strain and brittle failure of early carbon composites. Reference studies in this context can be traced back to Hayashi (1972b,a); [START_REF] Hayashi | Development of new material properties by hybrid composition. 2nd report. fukugo zairyo[END_REF] comparing the failure of carbon fiber in the hybrid and in the single material and showing the enhanced effect of hybrid composites in their studies of unidirectional (UD) layered glass/carbon hybrids. In this way, [START_REF] Bunsell | Hybrid carbon and glass fiber composites[END_REF] reported a gradual failure and multiple cracking of the carbon/epoxy layers without unstable delamination in their unidirectional carbon/glass hybrid composites. [START_REF] Manders | The strength of hybrid glass/carbon fiber composites[END_REF] tried to relate the strength of glass/carbon hybrid to the carbon ratio.

More recent works [START_REF] Czél | Demonstration of pseudo-ductility in high performance glass/epoxy composites by hybridisation with thin-ply carbon prepreg[END_REF][START_REF] Swolfs | Fibre hybridisation in polymer composites: A review[END_REF]Jalalvand et al., 2014) highlighted the ability to add pseudo-ductility to high-performance composites as an emerging field for hybrid composites. [START_REF] Czél | Demonstration of pseudo-ductility in high performance glass/epoxy composites by hybridisation with thin-ply carbon prepreg[END_REF] demonstrated the potential for achieving pseudo-ductility using standard thickness E-glass layers and emerging thin-ply carbon prepregs suitable for suppressing unstable delamination in UD interlayer hybrid composites during and after the fragmentation of the material. According to [START_REF] Swolfs | Fibre hybridisation in polymer composites: A review[END_REF], the effect for the established failure strain is in a range from 10% to 50% for hybrid components such as those combining layers of carbon and glass fibers. Jalalvand et al. (2014) used 2D numerical models to study the damage development by cohesive elements. Thin carbon/epoxy layers in interlayer hybrids show favourable progressive damage (i.e. fragmentation) thanks to its ability to suppress the unstable delamination which typically occurs after the first transverse cracks. Moreover, [START_REF] Wisnom | Hybrid effects in thin ply carbon/glass unidirectional laminates: Accurate experimental determination and prediction[END_REF] provided a comprehensive understanding of how variations in the strength of carbon fibers can result into hybrid effects in composite laminates.

In these recent studies, hybrid concepts have introduced thin-ply designs motivated on the so-called in-situ strength, i.e. the increase of the apparent strength of transverse plies when decreasing ply thickness [START_REF] Parvizi | Constrained cracking in glass fibre-reinforced epoxy cross-ply laminates[END_REF][START_REF] Dvorak | Mechanics of first ply failure in composite laminates[END_REF][START_REF] Hashin | Finite thermoelastic fracture criterion with application to laminate cracking analysis[END_REF][START_REF] Camanho | Prediction of in situ strengths and matrix cracking in composites under transverse tension and in-plane shear[END_REF]. A physically explanation of this effect in composites is given by [START_REF] París | The scale effect in composites: An explanation physically based on the different mechanisms of damage involved in failure[END_REF]. A thorough review of the effect of ply thickness on the mechanical response for cross-ply laminates is presented in [START_REF] García | Experimental study of the size effect on transverse cracking in cross-ply laminates and comparison with the main theoretical models[END_REF] while such response for unidirectional composites is described in [START_REF] Arteiro | Thin-ply polymer composite materials: A review[END_REF]. This effect could be used to inhibit transverse cracking with the use of the recently developed ultra-thin plies, see e.g. [START_REF] Saito | Experimental evaluation of the damage growth restraining in 90°layer of thin-ply cfrp cross-ply laminates[END_REF]; [START_REF] Arteiro | Simulation of the mechanical response of thin-ply composites: From Computational Micro-Mechanics to Structural Analysis[END_REF]; [START_REF] Reinoso | Strength prediction of notched thin ply laminates using finite fracture mechanics and the phase field approach[END_REF] or [START_REF] Sihn | Experimental studies of thin-ply laminated composites[END_REF].

The aim of this study is to generate a model based on the Coupled Criterion (CC) [START_REF] Leguillon | Strength or toughness? A criterion for crack onset at a notch[END_REF][START_REF] Weissgraeber | A review of finite fracture mechanics: Crack initiation at singular and non-singular stress-raisers[END_REF] of the Finite Fracture Mechanics (FFM) to predict what damage mechanism appears just after the first transverse cracks: i) crack penetration to the next layer, ii) delamination or iii) carbon/epoxy fragmentation in hybrid composites. What of those mechanisms is preferential is strongly affected by the singularity at the transverse crack tip reaching the interface. [START_REF] Leguillon | Fracture in heterogeneous materials, weak and strong singularities, in new advances in computational structural mechanics[END_REF] have highlighted the existence of weak (the singular exponent is larger than 0.5) and strong (the singular exponent is smaller than 0.5) singularities in heterogeneous materials. In the present case, it is a strong singularity that is involved at the tips of the first translaminar crack appearing in the carbon/epoxy layer (stiff material) and impinging the interface with the glass/epoxy layer (a more compliant material). This situation has rarely been studied and requires the use of the maximum dissipation principle to sometimes discriminate between various mechanisms that may occur. Thus, a secondary objective of this work is to propose and evaluate how the CC deals with strong singularities. Damages are observed to develop through the entire specimen width, thus a 2D model on a cross-section is an appropriate simplification.

In the sequel, the organization of the article is as follows. The next section describes the experiments and numerical simulations carried out by [START_REF] Czél | Demonstration of pseudo-ductility in high performance glass/epoxy composites by hybridisation with thin-ply carbon prepreg[END_REF]; Jalalvand et al. (2014) for the case of hybrid composites using ultra-thin carbon/epoxy layer. The Coupled Criterion (CC) is described in Section 3, explaining the main postulates on which it is established and focusing on its application to strong singularities. Subsequently, the computational model based on the Coupled Criterion and the detailed analysis of the results obtained is shown in Section 3, along with the comparison with experiments. In particular, the identification of some parameters illustrates the damage mechanisms responsible for the hybrid effect [START_REF] Wisnom | Hybrid effects in thin ply carbon/glass unidirectional laminates: Accurate experimental determination and prediction[END_REF]. Finally, the main conclusions are summarized in Section 5.

Jalalvand's experiments

The definition of the specimens under consideration and boundary conditions are described in this section, based on the experimental tests and numerical simulations carried out by [START_REF] Czél | Demonstration of pseudo-ductility in high performance glass/epoxy composites by hybridisation with thin-ply carbon prepreg[END_REF] and Jalalvand et al. (2014).

A set of glass/carbon hybrid composite specimens under tensile loading are considered. The hybrid specimens are composed by three unidirectional (UD) layers, two external layers reinforced with unidirectional glass fibres, and one internal layer reinforced with unidirectional carbon fibres, see Figure 1. These layers are denoted as glass/epoxy and carbon/epoxy layers, respectively in the sequel. The fibre direction in the three layers is parallel to the loading direction. The specimen is rectangular with width W = 20 mm, and length L = 260 mm, 160 mm corresponding to free length (L free ). The thickness of the layers is denoted as t g and t c for glass/epoxy and carbon/epoxy layers, respectively.

In the experiments of [START_REF] Czél | Demonstration of pseudo-ductility in high performance glass/epoxy composites by hybridisation with thin-ply carbon prepreg[END_REF], different combinations of unidirectional thin carbon and standard thickness glass prepregs were tested: [G 2 /C m /G 2 ] (m = 1-4) where C and G indicate, respectively, SkyFlex USN020A carbon and Hexcel 913/E-Glass prepreg, with the approximate measured thickness of t c = 0.030 mm and t g = 0.144 mm.

Two additional series of [G/C n /G] (n = 1, 2) with same base materials were tested by Jalalvand et al. (2014), both being scaled versions of the previous cases to cover the whole range of damage scenarios. In total, 6 series of thin-ply glass/carbon hybrid specimens with the same base materials were tested, in order to evaluate the benefits of combining hybrid and thin-ply composites.

Table 1 shows the damage mechanisms observed in the cases which have been previously tested by [START_REF] Czél | Demonstration of pseudo-ductility in high performance glass/epoxy composites by hybridisation with thin-ply carbon prepreg[END_REF] and Jalalvand et al. (2014). When these specimens are subjected to tensile loading, before any damage in the hybrids, the strain in the carbon/epoxy and glass/epoxy layers is equal and uniform all over the specimen. Therefore, there is no shear at the interface or stress variation along the length of the specimen. Since the failure strain of the carbon/epoxy layer is lower than that of glass/epoxy layers, the first damage in all the hybrid laminates is the breakage of the carbon/epoxy layer. Once a transverse crack has appeared in the carbon/epoxy layer, different mechanisms can appear (Figure 1): (i) glass/epoxy failure, the crack penetrates the glass/epoxy layer and the whole specimen is broken; (ii) delamination, the crack deflects and grow along the interface; (iii) carbon/epoxy fragmentation, none of the previous mechanisms occurs and transverse multicracking appears in the carbon/epoxy layer. The damage modes observed after the first discrete damage of the carbon/epoxy layer in the experiments from the literature are summarized in Table 1. In some of the laminates, especially with thinner carbon/epoxy layers, the damage process is followed by carbon/epoxy layer fragmentation. In contrast, for laminates with 3 or more carbon/epoxy layers, the initial transverse cracks are only followed by delamination at the carbon-glass interface. For the laminate [G 2 /C 2 /G 2 ], after discrete cracking in the carbon/epoxy layer (carbon/epoxy layer fragmentation), interlaminar cracks initiated causing more gradual failure. Since the interlaminar cracks were spread over the whole specimen and grew gradually, this mechanism is called dispersed delamination in Table 1.

Lay-up Mechanism 1 Mechanism 2 Mechanism 3 Glass failure strain (%) [G/C/G] Carbon fragmentation Glass failure 2.13 [G/C 2 /G] Glass failure 1.93 [G 2 /C/G 2 ] Carbon fragmentation Glass failure 2.62 [G 2 /C 2 /G 2 ] Carbon fragmentation Dispersed delamination Glass failure 2.24 [G 2 /C 3 /G 2 ] Single delamination Glass failure 2.75 [G 2 /C 4 /G 2 ]
Single delamination Glass failure 2.75 2014) including both tested highlighted in grey (cases denoted as C, D, I, J, R and T) and a number of additional non-tested specimens. The tested specimens are specified by their layup configuration which is mentioned in the first column of the table. The damage modes are mentioned in the order they were observed in the numerical modelling and the predicted glass/epoxy failure strain and also the differences from the experimental results are given in the last column for the tested specimen.

In total, 20 different cases were analyzed in the present study, varying the carbon/epoxy thickness layer, t c , between 0.02 mm to 0.12 mm and glass thickness ranged from 0.04 m to 0.30 mm. In both cases, experimental and numerical tested specimens will be evaluated and compared with the computational model based on the Coupled Criterion (CC). 

The coupled criterion (CC)

This section presents briefly the coupled criterion of the finite fracture mechanics, focusing on the main developments carried out for the particularities of the problem under study.

The criterion

The CC aims at predicting the nucleation of new cracks in brittle and quasi-brittle materials [START_REF] Leguillon | Strength or toughness? A criterion for crack onset at a notch[END_REF][START_REF] Weißgraeber | A review of Finite Fracture Mechanics: crack initiation at singular and non-singular stress raisers[END_REF][START_REF] Leguillon | Failure initiation at v-notch tips in quasi-brittle materials[END_REF]. Similarly to cohesive zone models, it uses two parameters to make this prediction, namely the tensile strength σ c and the fracture energy G c (or toughness K Ic ), in contrast with the prediction of the propagation of a pre-existing crack according to Griffith's criterion, which requires only one parameter G c .

The CC is based, first, on a very simple energy balance:

δW p + δW k + G c l = 0 (1)
where δW p is the change in potential energy between the uncracked and cracked states, δW k the change in kinetic energy and G c l the energy dissipated to create a crack with length l (it is a 2D analysis, this equation must be considered per unit thickness to have the correct units). During a quasi-static loading there is no initial kinetic energy, then δW k ≥ 0 and therefore (1) gives rise to the energy condition:

G inc = - δW p l ≥ G c (2)
The left-hand side term is called incremental energy release rate (IERR), it depends up to now on an unknown length l. Note that, considering the limit as l → 0 leads to the definition of the energy release rate (ERR) G, but this term in general vanishes, except precisely at the tip of a pre-existing crack in a homogeneous body or in the case of strong singularity in heterogeneous materials, as will be seen below.

The CC is also based on a second condition involving the tensile stress σ, which must exceed the tensile strength all along the presupposed crack path prior to crack initiation:

σ(r) ≥ σ p for 0 ≥ r ≥ l (3)
Verification of the two inequalities ( 2) and (3) constitutes the CC. These two inequalities generally allow determining both the initiation length l 0 and the load at failure [START_REF] Leguillon | Strength or toughness? A criterion for crack onset at a notch[END_REF]. Moreover, it can be shown that often the crack initiation is an abrupt mechanism, the crack jumps the length l 0 before going on in a stable or unstable manner or even arresting.

Relationship with singularities

A number of stress concentrations in an elastic structure are described by singular fields. The displacement field can be expanded in the so-called Williams' expansion (herein Cartesian coordinates (x 1 , x 2 ) and polar ones (r,θ) emanating from the singular point are mixed without risk of confusion):

U (x 1 , x 2 ) = U 0 + kr λ u(θ) + ... (4) 
The first term U 0 is an irrelevant constant dealing with rigid motions. The scalar λ (between 0 and 1) is the singularity exponent u(θ) and is its associated. They are solutions to an eigenvalue problem [START_REF] Leguillon | Computation of singular solutions in elliptic problems and elasticity[END_REF] depending only on the local geometry and being independent of the global geometry and the loading. The coefficient k is the generalized stress intensity factor which, in contrast with the other terms, depends on the global geometry and is proportional to the loading intensity. It can be computed using a path independent integral [START_REF] Leguillon | Computation of singular solutions in elliptic problems and elasticity[END_REF]. The generic case is represented by a reentrant corner with opening angle ω in a homogeneous structure. The exponent varies from 0.5 for a crack (ω = 0) to 1 along a straight edge (ω = π).

The stress condition of the CC can be evaluated for this problem applying the Hooke's law to 4, which leads to an expansion of the stress field:

σ(x 1 , x 2 ) = kr λ-1 s(θ) + • • • (5)
Obviously λ -1 < 0, the stress field becomes infinitely large as r → 0, hence the name singularity. Second, using matched asymptotic expansions requires the crack initiation length to be small compared to any other length of the structure, if true it allows showing that [START_REF] Leguillon | Strength or toughness? A criterion for crack onset at a notch[END_REF]:

G inc = Ak 2 l 2λ-1 + ... G = 2λAk 2 l 2λ-1 + ... ( 6 
)
where the virtual crack initiation length l is up to now unknown and A is a scaling coefficient. [START_REF] Leguillon | Fracture in heterogeneous materials, weak and strong singularities, in new advances in computational structural mechanics[END_REF] have highlighted the existence of weak (λ ≥ 0.5) and strong (λ < 0.5) singularities in heterogeneous materials. Singular stress cases deal mostly with weak singularities. In this case, the tensile component of the stress σ is a decreasing function while the IERR G inc is increasing (Figure 2). This in general ensures a solution to the two inequalities (2) and (3) in the form:

l 0 = Gc A s(θ0) σ 2 c k ≥ k c = ( Gc A ) 1-λ ( σc s(θ0) ) 2λ-1 (7) 
Here l 0 and θ 0 are respectively the crack initiation length and the direction of this extension, this latter maximizes the denominator (knowing that A depends also on θ):

θ 0 = Argmax A(θ) 1-λ s(θ) 2λ-1 (8)
Figure 2 is a schematic representation of the CC in the weak singularity case. Note that the curves represented there correspond to a certain load level, in particular, for the load level at which the crack initiates from the singular point. The crack initiates with a length l 0 , at this length the ERR G is larger than G c then the crack goes on growing in an unstable manner. Note that, if the condition (smallness of l) for validity of the matched asymptotic expansions does not hold true, however Eqns. (4), ( 5) and ( 6) remain valid and they reflect the behavior of U , σ, G and G inc close to the singular point.

The case of a strong singularity will be examined in the next subsection.

The strong singularity

A strong singularity can be found for instance when a crack in a stiff material impinges an interface with a more compliant material. This is typically the case we are interested in, when the crack in the carbon/epoxy layer impinges the interface with the glass layer.

As already mentioned, the stress field behaves like r λ-1 (5) and the ERR and IERR like r 2λ-1 (6). In the case of strong singularity (λ <0.5 ), both exponents are negative, which means that all these parameters become infinitely large as r→0. There is no longer an increasing function (the IERR) and a decreasing one (the stress) but two decreasing functions (Figure 3).

The two necessary conditions (2) and (3) of the CC are always fulfilled in the vicinity of the singular point. According to this, crack nucleation is therefore possible. Figure 3 is a schematic representation of the CC in the strong singularity case. The singular behavior of both the ERR and the IERR as well as the tensile stress is visible, it corresponds to λ = 0.45 (the present case of the crack in the carbon/epoxy layer impinging the interface with the glass layer). The crack initiates with a length l 0 , governed here by the stress condition, but another combination where initiation is governed by the energy condition is also possible. At the length l 0 the ERR G is larger than G c then the crack goes on growing but arrests soon, between l 1 (the classical arrest condition G = G c and G ) and l 2 (resulting of the energy balance G inc = G c ) [START_REF] Leguillon | Prediction of the surface cracking pattern of an oxidized polymer induced by residual and bending stresses[END_REF]. The horizontal axis is the virtual crack length (no units are provided along this axis as it is a schematic view). Blue solid line: normalized stress, red dashed line: normalized IERR, green dotted line: normalized ERR. Here the stress condition governs the definition of the initiation length l 0 , and the two bounds for the arrest length are l 1 and l 2 .

Numerical model and results

Finite Element (FE) implementation of the CC

The CC is applied here to this problem using full FE computations, since for this case it is more accurate that the procedure entirely based on matched asymptotic expansions. Even if the matched asymptotic is not used for the calculations directly, the discussions of the previous section are used to postprocess the FEM results.

To implement the CC, a mesh is generated without any cracks in order to compute the stress field along the presupposed crack path. If this one is not known various directions must be tested and later compared. If r i denotes the distance of node i to the singular point, the function σ(r i ) is therefore known. The potential energy of the uncracked structure W (0) is also computed. Then, nodes are released one after the other along the presupposed crack path to create a virtual crack with length r i (nodes from 1 to i are released). At each step, the potential energy of the structure W (r i ) is computed leading to the IERR and the ERR:

G inc (r i ) = W (0) -W (r i ) r i ; G(r i ) = W (r i ) -W (r i+1 ) r i+1 -r i (9)
Then the two inequalities ( 2) and ( 3) can be solved to compute l and the load at failure. A set of FE models were generated in 3D Modulef to study the influence of the ultra-thin carbon/epoxy layer in hybrid composites. The mesh is composed by triangular elements, counting a total of 11, 243 nodes and 21, 335 elements.

In order to be able to capture singular behaviors as shown in Figure 3, the mesh has to be refined in the vicinity of the singular point. The element length is set to 0.5 µm around the singular point, increasing as moving away from that point.

Due to the symmetries, only one quarter of the specimen is meshed (Figure 4). In Jalalvand's experiments (Section 2), a free length of 120 mm is tested, roughly 250 times larger than the thickness. In this work, a model of a shorter half-length of L/2 = 25 mm with a fine mesh is computed, which should be enough for predictions. A far shorter half-length model of 1 mm was also used for testing purposes, but a bias was observed in the results. Predictions using the short-length model differ sometimes from those obtained with the long one, while predictions with the latter agree rather well with the experiments of Jalalvand et al. (2014).

In what follows, the steps of the failure mechanisms are studied, comparing the predictions generated here with the experimental and numerical observations from the literature. 

Step 1: Failure of carbon/epoxy layer

In experiments, the first damage mechanism observed during the monotonic tensile loading is a transverse fracture of the carbon/epoxy layer since the failure strain of the carbon/epoxy layer is lower than that of the glass/epoxy layer. According to [START_REF] Leguillon | Strength or toughness? A criterion for crack onset at a notch[END_REF], it can be analyzed using the CC in the same way as the experiments of [START_REF] Parvizi | Constrained cracking in glass fibre-reinforced epoxy cross-ply laminates[END_REF] on transverse cracking in cross-ply laminates.

Prior to fracture, the estimated tensile stress is constant within each layer, 102.2 GPa in carbon/epoxy layer and 40.14 GPa in glass/epoxy layer for a prescribed strain of 1%. Therefore, the tensile strength of the carbon/epoxy layer, σ carbon c =1957 MPa (Jalalvand et al., 2014), is reached for a critical strain ε carbon c =1.91%. Then, the tensile stress in the glass/epoxy layer reaches 766.7 MPa, far below the tensile strength, σ glass c =1350 MPa (Jalalvand et al., 2014), while the tensile and shear stress components acting along the interface are 0. Thus, during the initiation stage, the crack cannot penetrate the glass layer, nor it can deviate along the interface since the stress condition is not fulfilled. The only mechanism to consider is the onset of a transverse crack in the carbon/epoxy layer.

To complete the analysis, the energy condition must now be considered between two states: uncracked and fully cracked carbon/epoxy layer. Indeed, since the tensile stress is constant through the layer, the stress condition does not induce an upper limit to the admissible initiation lengths, thus the CC predicts the complete carbon/epoxy layer failure. However, there is a major difficulty: the fracture energy of the carbon/epoxy layer in translaminar fracture G carbon c is not known. Values reported in the literature [START_REF] Teixeira | Thickness-dependence of the translaminar fracture toughness: Experimental study using thin-ply composites[END_REF] are extremely high, from 40 to 160 MPa mm (40 to 160 kJ m -2 ) and incompatible with the loads observed in the present experiments [START_REF] Czél | Demonstration of pseudo-ductility in high performance glass/epoxy composites by hybridisation with thin-ply carbon prepreg[END_REF]Jalalvand et al., 2014) since they would imply very large overloads.

The compatible values that will be retained are far below the above-mentioned data. A way to overcome this paradox can likely be found in the explanations given by [START_REF] Bullegas | Engineering the translaminar fracture behaviour of thin-ply composites[END_REF]. In translaminar fracture, a large amount of energy is dissipated by fiber long bundles debonding, but this implies very large crack openings. However, in this case there are in-situ constraining effects due to the outer glass layers that inhibit such mechanism, limiting the energy dissipation.

A first value compatible with the results is G carbon c =2.18 MPa mm. With such a value, the CC predicts that failure of the carbon/epoxy layer is governed by the stress condition, since it is the most restrictive condition for the thickness of the specimens studied. Thus, since the stress criterion for this problem gives a horizontal curve in Figure 5, first transverse crack occurs for a constant applied strain ε = ε carbon c for the 20 cases (Jalalvand et al. (2014)). Note that the CC is composed of two parts, a horizontal branch defined by the stress condition for large carbon thicknesses, and an ascending branch for smaller thicknesses following the energy condition. However, this ascending branch plays no role in the 20 analyzed cases.

Considering the only experimental lay-up [G/C 2 /G] where complete failure (i.e. failure of the glass layers) is observed just following carbon breakage, another plausible value is G carbon c =6.9 MPa mm. Using this value, carbon breakage is predicted to occur at the failure strain measured in the experiment, ε=1.93% (Table 1 and Figure 6). It highlights the hybrid effect highlighted by Wisnom [START_REF] Wisnom | Hybrid effects in thin ply carbon/glass unidirectional laminates: Accurate experimental determination and prediction[END_REF] for thin carbon/epoxy layers. The strain at failure is no longer constant and the criterion deviates from the stress condition. For carbon/epoxy layer thicknesses below a threshold, it increases as the thickness becomes smaller, driven by the energy condition. Note that the CC is composed of two parts, a horizontal branch defined by the stress condition =2.18 MPa mm. Diamonds: predicted critical strain based on the energy and stress condition for carbon/epoxy layer failure in the 20 analyzed cases. Note that the CC is composed of two parts, a horizontal branch defined by the stress condition for large carbon thicknesses, and an ascending branch for smaller thicknesses following the energy condition. But this ascending branch plays no role in the 20 analyzed cases. and an ascending branch for smaller thicknesses following the energy condition.

It can be pointed out that results are very sensitive to the data, G carbon c grows from 2.18 to 6.9 MPa mm while the failure strain only increases from 1.91 to 1.93%. This can be explained from Figure 6, for t carbon =0.06 mm (the [G/C 2 /G] case), there is a big gap between the strain fulfilling the energy condition and the one fulfilling the stress condition. It is therefore necessary to increase significantly G carbon c so that the energy criterion becomes preponderant.

As already mentioned, the outer glass layers have a strong constraining effect on the opening of the transverse crack in the carbon/epoxy layer but it has a weak influence on the onset of such a crack as shown in Figure 7 extracted from the case study.

4.3.

Step 2: Competition between glass/epoxy failure, delamination and carbon/epoxy fragmentation Once the first transverse crack appears, several damage mechanisms can follow, as reported in the experiments by [START_REF] Czél | Demonstration of pseudo-ductility in high performance glass/epoxy composites by hybridisation with thin-ply carbon prepreg[END_REF]; Jalalvand et al. ( 2014): (i) glass/epoxy failure, the crack penetrates the glass layer and the whole specimen is broken; (ii) delamination, the crack deflects and grows along the interface; (iii) carbon/epoxy fragmentation, none of the previous mechanisms occurs and transverse multi-cracking appears in the carbon/epoxy layer, see Figure 1. Which of them follows is key for the properties of damage tolerance of the laminate. In what follows, the three options are studied separately in order to establish how the problem parameters influence on which damage mechanisms are preferential.

Option 1: Glass/epoxy layer failure

To implement the CC approach of the competition between glass/epoxy failure and delamination, it is necessary to know the fracture parameters of both the glass/epoxy layers and the interface. However, if these parameters are provided for the interface in Jalalvand et al. (2014): τ c = 67 MPa (shear strength), G IIc = 1 MPa mm (mode II fracture energy), the same is not true for the glass plies.

Jalalvand et al. used a tensile strength set at σ glass c = 1350 MPa to implement their stress criterion for failure of the glass layers σ eq > σ c glass , where σ eq is a special average of the tensile stress through the glass/epoxy layers. This value will be retained in the present computations. =6.9 MPa mm. Diamonds: predicted critical strain based on the energy condition and stress condition for carbon/epoxy layer failure in the 20 cases. The CC is composed of two parts, a horizontal branch defined by the stress condition for large carbon/epoxy thicknesses, and an ascending branch for smaller thicknesses following the energy condition. Note the filled diamond corresponds to [G/C2/G] case.

Figure 7: Failure strain at onset of a crack in the carbon/epoxy layer, based on the energy condition for G c =2.18 MPa mm. The outer glass layers thickness varies from 0.02 to 0.3 mm following the arrow. Solid lines correspond to t glass = 0.02, 0.05, 0.1 mm, t glass = 0.15, 0.2, 0.3 mm almost merges (dashed lines). The red solid line is the stress condition.

The fracture energy will be identified from the lay-up [G/C 2 /G] (Table 1), it is the only case in the experiments where glass/epoxy failure occurs almost immediately after the crack onset in the carbon/epoxy layer (the strain is reported to be 1.93 %, close to 1.91 % retained for carbon/epoxy failure). According to the CC, the selected value G glass c = 8.77 MPa mm is the highest value that allows the glass plies to fully break immediately after the onset of a crack in the carbon/epoxy layer (Figure 8). With the selected value of G glass c , the curve G inc /G glass c is just tangent to the horizontal line so that there is no arrest length [START_REF] Leguillon | Failure initiation at v-notch tips in quasi-brittle materials[END_REF]. The two conditions of the CC are fulfilled up to the point marked with an arrow. Moreover, it is easily seen that if G inc has a horizontal tangent, then G = G inc = G glass c at this point and G is As a consequence, the crack jumps length l 0 and go on growing in an unstable manner, since G > G glass c , up to the final failure of the specimen. This remains true for smaller values of G > G glass c , the red and green curves are shifted upward, but not for larger values. With these parameters, the conditions of the CC are met for a rupture of the glass layer in the lay-ups: 1), as well as cases I and K to T of the simulations of Jalalvand et al. (Table 2). This is a first agreement with the experiments; it excludes the cases where carbon/epoxy fragmentation occurs as first damage.

[G/C 2 /G], [G 2 /C 3 /G 2 ] and [G 2 /C 4 /G 2 ] of the experiments (Table
As an example, Figure 9 shows the implementation of the CC in the [G/C/G] (Table 1) case under the same loading conditions. Obviously, there is no match between the stress and the energy conditions, which excludes the mechanism of crack penetration in the glass layer.

Option 2: Delamination of the interface

The other main damaging process mentioned in the reference papers [START_REF] Czél | Demonstration of pseudo-ductility in high performance glass/epoxy composites by hybridisation with thin-ply carbon prepreg[END_REF]Jalalvand et al., 2014) is the delamination of the interface. According to the CC, crack deflection along the interface followed by delamination is excluded except in the two last cases of Table 1

, i.e. [G 2 /C 3 /G 2 ] and [G 2 /C 4 /G 2 ]
lay-ups. As in Section 4.3.1, Figure 10 shows an example of exclusion with the implementation of the CC in the case [G/C/G]. Obviously, there is no match between the stress and the energy conditions which excludes the mechanism of crack deflection and delamination.

In Figure 11, corresponding to the lay-up [G 2 /C 4 /G 2 ], the two conditions of the CC are met up to the point marked with an arrow. The crack jumps the length l = l 0 and then continues to grow in an unstable manner since G > G IIc , leading to a long delamination. This is in agreement with the experimental results by [START_REF] Czél | Demonstration of pseudo-ductility in high performance glass/epoxy composites by hybridisation with thin-ply carbon prepreg[END_REF], except that it remains to be decided between the two cases in the competition: delamination vs. failure of the glass layers. Note that the same procedure excludes the cases A to M in the simulations of Jalalvand et al. (2014). =1.91 %. There is no match between the stress and the energy conditions. The damage mechanism predicted in experiments was carbon/epoxy fragmentation (see Section 4.3.4).

Delamination vs. glass/epoxy layer failure

In lay-ups [G 2 /C 3 /G 2 ] and [G 2 /C 4 /G 2 ] of the experiments by [START_REF] Czél | Demonstration of pseudo-ductility in high performance glass/epoxy composites by hybridisation with thin-ply carbon prepreg[END_REF], the CC shows that both delamination (Section 4.3.2) and glass layers failure (Section 4.3.1) are possible mechanisms following the carbon/epoxy layer cracking. A criterion has to be invented to discriminate between these two mechanisms yet. We have chosen to apply the Principle of Maximum Dissipation (PMD). This criterion consists of computing and comparing the energies dissipated during the first stage of the two above mechanisms, i.e. during the initiation step corresponding to the crack jump. As shown in Table 3, this criterion gives the preponderance of the delamination mechanism in both cases, in perfect agreement with the experimental results of [START_REF] Czél | Demonstration of pseudo-ductility in high performance glass/epoxy composites by hybridisation with thin-ply carbon prepreg[END_REF].

Lay-up W D delamination (MPa mm 2 ) W D glass failure (MPa mm 2 ) [G 2 /C 3 /G 2 ] 1.45 0.64 [G 2 /C 4 /G 2 ] 2.72 1.26
Table 3: The energy W D dissipated during the re-initiation stage of the transverse carbon/epoxy crack in delamination and glass failure. The mechanism selected by the CC and the PMD is highlighted in grey. Note that because of the plane strain assumption units have to be understood as MPa mm 2 per unit thickness of the specimen.

Table 4 shows that the same arguments allow also to conclude with more or less agreement in the 20 cases simulated by Jalalvand et al. (2014).

Case

W D Delam.

W D Gl. fail.

Option 3: Carbon/epoxy layer fragmentation

The last damage mechanism described in the experiments is the carbon/epoxy layer fragmentation. It obviously occurs when the two previous mechanisms (glass/epoxy layer failure and delamination) are inhibited, which occurs typically for the thinnest carbon/epoxy layers, cases A to H and J (Table 2). Figures 8 and9 show the implementation of the CC in case C (i.e. [G/C/G] lay-up) where none of glass failure and delamination mechanisms can occur according to this criterion. To complete the current analysis, the case R ([G 2 /C 3 /G 2 ] lay-up), where delamination is observed, will also be considered.

Fragmentation of the carbon/epoxy layer can be studied exactly in the same way as for a thin film deposited on a flexible substrate [START_REF] Leguillon | Prediction of multi-cracking in sub-micron films using the coupled criterion[END_REF]. The geometry selected for carrying out the computation with a prescribed strain 1% on the top edge is representative of a specimen under tensile loading but can be also interpreted as a Representative Volume Element (RVE), the complete studied domain being obtained by juxtaposing the RVEs. In this case, the width of the RVE is the spacing between cracks (in Figures 4 and12, the length of half the RVE is the half crack spacing). Compared to the analysis of thin film, it is even simplified since no bending can occur due to the symmetry of the lay-ups. This approach assumes theoretically that several cracks can appear at the same time, while the variability of the material leads rather to a progressive onset of cracks. However, the assumption of simultaneity is acceptable insofar as several cracks that appear sequentially do so in a short period of time or for a small increment in the remote loading.

In case C, the only question is: can a new crack appear following the first carbon/epoxy layer breakage, knowing that the other mechanisms are inhibited? To this aim, the quarter of RVE is considered with one crack at the left and a second one appearing on the right side (Figure 12). Then the answer is yes, for an initial crack spacing varying from 50 to 10 mm (i.e., L/2 varying from 25 to 5 mm) the tensile stress acting in the carbon/epoxy layer along the symmetry axis remains almost unchanged and equal to the tensile strength 1957 MPa for ϵ carbon c = 1.91 % and the IERR is far above the retained value of G carbon c =2.18 MPa mm. Thus, while glass failure and delamination are inhibited, carbon/epoxy fragmentation is a possible mechanism.

Figure 12: The quarter of the RVE with the first crack on the left and a second crack appearing along the symmetry axis (see also Figure 4).

The question in case R is slightly different since it has already been derived that delamination can occur. Thus, it is necessary to analyze the competition between two mechanisms: delamination and carbon/epoxy fragmentation. As in Section 4.3.3, the Principle of Maximum Dissipation is used to discriminate between the two mechanisms. Again, the IERR is far above the retained value of G carbon c =2.18 MPa mm. The tensile stress acting in the carbon/epoxy layer along the symmetry axis varies very little (from 1955 to 1945 MPa) when the initial crack spacing is decreased from 50 to 10 mm, which requires a very slight increase in loading (less than 1 %) to achieve the tensile strength. The energy dissipated by the delamination mechanism is 1.45 MPa mm 2 (Figure 12), while it is only 0.90 MPa mm 2 for the formation of a new crack if the initial crack spacing is 50 mm. Thus, according to the Principle of Maximum Dissipation, the delamination process prevails, in agreement with the experimental observations.

Concluding remarks

The coupled criterion of the finite fracture mechanics is applied here to describe the sequential damage mechanisms that occur in a hybrid composite under tension. A strong singularity is involved in this study.

That situation has rarely been studied and requires a novel use of the Principle of Maximum Dissipation (PMD) in the coupled criterion (CC) to sometimes discriminate between various mechanisms that may occur.

The results presented here show a close agreement between predictions using the CC computational model together with the PMD and the experimental results by [START_REF] Czél | Demonstration of pseudo-ductility in high performance glass/epoxy composites by hybridisation with thin-ply carbon prepreg[END_REF]; this close agreement was also found for all the other configurations of ply thicknesses investigated numerically by Jalalvand et al. (2014). The hybrid effect was observed in thin carbon/epoxy layers due to a lack of available energy. Thin carbon/epoxy layer cracking cannot evolve to glass failure or long delamination, only carbon/epoxy fragmentation can occur leading to a pseudo-ductility effect. Some conclusions have been observed in the present study:

• Concerning the influence of the thickness of the carbon/epoxy layer:

i) The hybrid effect observed for thin carbon/epoxy layers is due to a lack of energy available.

ii) Thin carbon/epoxy layers cracking cannot evolve in glass failure or long delamination. Carbon/epoxy fragmentation is likely to occur. iii) For thick carbon/epoxy layers, there is a competition between glass failure and long delamination where often delamination dominates.

• Concerning the glass/epoxy layer thickness: i) Outer thin glass layers have a weak influence on the onset of a crack in the carbon/epoxy layer because of a bigger IERR. ii) Carbon/epoxy fragmentation is facilitated by thick glass/epoxy layers.

In view of this, the combination of thin-ply carbon/epoxy layers and standard glass/epoxy layers is able to enhance the pseudo-ductility of composite laminates. Moreover, the model and procedure presented here can be employed to optimize this property by tailoring the lay-up configuration.

From the point of view of the coupled criterion of the finite fracture mechanics, the introduction of the PMD, allows to extend the coupled criterion to problems where strong stress singularities governs the problem and several mechanisms are competing.

Figure 1 :

 1 Figure1: Sketch of the studied hybrid specimen design. Possible damage mechanisms upon first transverse crack: (i) failure of the glass/epoxy layer, the crack penetrates the glass/epoxy layer and the whole specimen is broken; (ii) delamination, the crack deflects and grows along the interface; (iii) carbon/epoxy fragmentation, transverse multi-cracking of the carbon/epoxy layer.

Figure 2 :

 2 Figure2: Schematic representation of the CC in case of weak singularity. The horizontal axis is the virtual crack length (no units are provided along this axis as it is a schematic view). Blue solid line: normalized stress, red dashed line: normalized IERR, green dotted line: normalized ERR. All of them are represented for the load level for which crack initiates. The two conditions of the CC are fulfilled and allow defining the initiation length l 0 .

Figure 3 :

 3 Figure3: Schematic representation of the CC in case of strong singularity. The horizontal axis is the virtual crack length (no units are provided along this axis as it is a schematic view). Blue solid line: normalized stress, red dashed line: normalized IERR, green dotted line: normalized ERR. Here the stress condition governs the definition of the initiation length l 0 , and the two bounds for the arrest length are l 1 and l 2 .

Figure 4 :

 4 Figure 4: Details of the computational model. Schematic and stress field along the presupposed crack path. Note that one quarter of the specimen is meshed. The axes of symmetry are represented by dashed lines.

Figure 5 :

 5 Figure 5: Failure strain at onset of a crack in the carbon/epoxy layer for G carbon c

Figure 6 :

 6 Figure 6: Failures strain at onset of a crack in the carbon/epoxy layer for G carbon c

Figure 8 :

 8 Figure 8: The CC applied to the penetration of the crack in the glass layer in the lay-up [G/C 2 /G], for a prescribed strain ϵ = ϵ carbon c = 1.91 %. The two conditions of the CC are fulfilled up to the point marked by the arrow. Moreover, at this point G > G glass c

Figure 9 :

 9 Figure 9: The CC applied to the penetration of the crack in the glass layer in the lay-up [G/C/G] for a prescribed strain ε = ε carbon c=1.91 %. There is no match between the stress and the energy conditions. The damage mechanism predicted in experiments was carbon/epoxy fragmentation (see Section 4.3.4).

Figure 10 :

 10 Figure 10: The CC applied to the deflection of the crack along the interface in the lay-up [G/C/G] for a prescribed strain ϵ = ϵ carbon c

Figure 11 :

 11 Figure 11: The CC applied to the deflection of the crack along the interface in the lay-up [G 2 /C 4 /G 2 ] for a prescribed strain ϵ = ϵ carbon c =1.91 %. The two conditions of the CC are fulfilled up to the point marked by the arrow. Moreover at this point G > G IIc , leading to an unstable growth of the crack.

Table 1 :

 1 Experimental results from[START_REF] Czél | Demonstration of pseudo-ductility in high performance glass/epoxy composites by hybridisation with thin-ply carbon prepreg[END_REF] andJalalvand et al. (2014). Damages mechanisms observed after the first transverse crack.

  Table 2 gives the numerical results of the modelled laminates by Jalalvand et al. (
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 Jalalvand et al. (2014). The mechanism selected by the CC and the PMD is highlighted in grey. Cases C, D, I, J, R and T are the same as in experiments (Table 2).