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Despite the indisputable merits of the Wigner phase-space formulation, it has not been
widely explored for systems with SU(1,1) symmetry, as a simple operational definition of
the Wigner function has proved elusive in this case. We capitalize on the unique properties
of the parity operator, to derive in a consistent way a bona fide SU(1,1) Wigner function
that faithfully parallels the structure of its continuous-variable counterpart. We propose an
optical scheme, involving a squeezer and photon-number-resolving detectors, that allows
for direct point-by-point sampling of that Wigner function. This provides an adequate
framework to represent SU(1,1) states satisfactorily.

. INTRODUCTION

The phase-space formulation of quantum theory'~!! stands as a self-contained alternative to the
conventional Hilbert-space formalism. In this approach, observables become c-number functions
instead of operators and quantum mechanics appears as a statistical theory. Moreover, it is the most
convenient construct for visualizing quantum states and processes.

The foundations of the method were laid by Weyl'> and Wigner.!> Subsequently, Groenewold'*
and Moyal"> developed all the indispensable tools that have evolved into an accomplished discipline
with applications in many diverse fields.

The phase-space picture of systems described by continuous variables, such as Cartesian position
and momentum of a harmonic oscillator, gained popularity among the quantum optics community,
mostly influenced by the authoritative work of Glauber.!® In particular, the celebrated quasiprob-
ability distributions, such as the P (Glauber-Sudarshan),'”'® W (Wigner),!* and Q (Husimi)!”
representations, are nothing but the functions connected with the density operator.

The formalism has been extended in a natural way to other dynamical symmetries (recall that
a Lie group G, with Lie algebra g, is a dynamical symmetry if the Hamiltonian of the system
under consideration can be expressed in terms of the generators of G; that is, the elements of g).
Perhaps, the most significant example is that of SU(2), with the Bloch sphere as the underlying phase
space,”-?2 which is of significance in dealing with two-level systems.>>~>® Entrhalling results have
also been reported for the Euclidean group E(2), now with the cylinder as phase space:?°~? this
is of relevance in treating, e.g., the orbital angular momentum of twisted photons.’>3* Additional
developments for more general symmetries have appeared in the literature.> =% Moreover, the basic
ideas have been adapted to discrete qudits, where the phase space becomes a finite grid.>**

It is apparent from the previous discussion that a satisfactory description of a physical phe-
nomenon requires the use of a suitable geometric arena. Surprisingly, the phase-space description
of systems with SU(1,1) dynamical symmetry has received comparatively little attention,***’ even
if SU(1,1) plays a crucial role in connection with what has been broadly termed as two-photon
effects.*8! In the last years, the topic is becoming increasingly relevant because of the current
interest in nonlinear interferometry>> that promises stunning sub-shot noise capabilities.>>>’ Exper-
imental realizations of an SU(1,1) interferometer have been reported in optical systems>®>°, spinor
Bose—Einstein condensates,®*-? hybrid atom-light interferometers,>%* and in circuit quantum elec-
trodynamics experiments.®

Recently, a bona fide SU(1,1) Wigner function has been worked out.%%%7 It is defined in terms of
two-mode fields and lives in the two-sheeted hyperboloid as phase space.®® This Wigner function



appears as the average value of the displaced parity operator, exactly as it happens for a single-mode
field. As this property has been employed for the direct sampling of the Wigner function for a
quantum field,”%"# this opens the way for the determination of the corresponding Wigner function
for SU(1,1). Our technique avoids the detour via complex numerical reconstruction algorithms and
gives full experimental significance to the Wigner function, which can be used as a fundamental tool
for interpreting the ultimate limits in the contemporary SU(1,1) setups. This is precisely the goal of
this paper.

For this purpose, we present an elemental scheme that performs a local sampling of the SU(1,1)
Wigner function. It only requires a squeezer and photon-number-resolving (PNR) detectors. This
matches with the prevoius schemes used to measure the single-mode Wigner distribution with only
one PNR detector. Whereas in the latter case the displacement in phase space is performed with an
almost-unity transmission beam splitter and a strong pump beam,”” the corresponding displacement
in SU(1,1) is generated by the two-mode squeezer. After measuring in the two-mode Fock basis with
two PNR detectors, straight postprocessing allows the point-by-point determination of the SU(1,1)
Wigner distribution. The state of the art in the field makes this proposal feasible. Besides, there is
no need to use computationally costly reconstructions in this protocol.

The paper is organized as follows. In Sec. II, we review the basics of the SU(1,1) phase-
space formalism needed for our goals. In Sec. III, we discuss a simple scheme for the local
sampling of the SU(1,1) Wigner distribution and illustrate the method with several relevant examples.
The imperfections and nonideal efficiency of the detectors is addressed in Sec. IV, whereas our
conclusions are summarized in Sec. V.

Il. THE SU(1,1) WIGNER FUNCTION

To keep the discussion as self-contained as possible, we first briefly summarize the essential
ingredients we shall be using, according to the ideas developed in Ref. 66. We deal with the
superposition of two kinematically independent modes, whose complex amplitudes (represented by
operators d and b, respectively) commute ([4, 5] = 0).

In terms of these two modes, one can define the standard two-mode realization of the su(1,1)
algebra

R,=a"h", R_=ab, Ko=1@a'a+b"b+1), 2.1

with commutation relations (in units 4 = 1 throughout)

A

[Ro, K] = +K., [R_,K.] =2Ko. (2.2)

Without going into unessential technical details, we recall’® that the irreducible representations
(irreps) of SU(1,1) are labeled by the eigenvalues of the Casimir operator

A~

K*=R;-Ki-K5=k(k-1)1, (23)

where K, = (K| £iK,). The irrep k is carried by a Hilbert space spanned by the common eigenstates
of K% and Ko: {|k,u) : u=k,k+1,...}. The eigenvalue k is known as the Bargmann index and
determines the different series of irreps. Here, we focus on the so-called positive discrete series, for
which 2k = 1,2, ..., as this the common case in quantum applications. The action of the generators
{Ro, K.} therein is

Ie0|k,ll> :ﬂlknu>?
2.4)

Relk,p)y =N (usk)(uFk+1) [k,uxl).

For fixed k, the states {|k, 1)} form a basis for the positive discrete series representation k, denoted
by D;.



If the number of excitations in modes a and b are n, and ny, respectively, then k and u are given
by

k=3 (na—npl+1), p=3(na+ny+1). 2.5)

Conversely, any two-mode Fock state |n,,np) can be mapped as states in an irrep of SU(1,1),
although that is more involved as the state can appear in several irreps.”’

We always can consider n, > ny, since the opposite can be obtained by just a relabelling of modes,
with no physical consequences. The total Hilbert space of the two oscillators decomposes then as

7{“@7{;7:2)2@2)?@1)%@---. (2.6)

Using this basis, every pure state can be decomposed in a full SU(1,1)-invariant way; viz,

Wy =" > Wrull, ), @7
k

with coefficients ., = (k, uly).
Displacements in the SU(1,1) phase space are generated by the two-mode squeeze operator

$(¢) =exp(¢Ke-¢"Ko), 2.8)
which acts on the modes as a Bogoliubov transformation:
a’'=8(0)a 8" (¢) =acosh(r/2) - beX sinh(7/2),
(2.9)
b'=8(2) b §T(&) = beosh(r/2) —a'eX sinh(1/2),

where we have written

1 .
{= ETEIX. (2.10)

With this parametrization y and 7 can be interpreted as azimuthal and polar angles on a two-sheeted
hyperboloid H,.”® Actually, there is a one-to-one correspondence between points in the complex
plane ¢ € C and the upper sheet of the hyperboloid H, established via stereographic projection from
the south pole:

& =tanh(7/2)e'* © n = (cosh,sinh7cos y,sinh7sin y), (2.11)

where n is a unit vector on Hp, with the usual metric n? = ng - n% — n%

In each irrep labeled by the Bargmann index k, the SU(1,1) parity operator is’’
1= (1)Ko~ = exp ig(aTmB"'B—kn) : 2.12)

Note that the SU(1,1) parity is not, in general, the parity of the photon numbers. Nonetheless, it is
a basic ingredient in several schemes proposed to beat the Heisenberg limit in SU(1,1) interferome-
try.50-83

According to the ideas in Ref. 66, the SU(1,1) Wigner function can be defined as the average value
of the displaced parity operator, viz

Wo(0) =Tr[6S(OTIST ()], (2.13)

which, taking into account the properties of the squeeze operator, can be alternatively recast as

Wo () =Tr[08(20)1].
For a pure state, using the expansion in the {|k, i)} basis, we get the simpler form

Wy ()= > (D" Fui uy, df, (2m)el HOx, (2.14)

k pp



where the dl’j, u (1) are the hyperbolic counterparts of the standard Wigner d functions for SU(2);%*
that is,

dh (1) = 1™ ko). (2.15)

They can be expressed in a closed form in terms of the hypergeometric functions,®-%¢ although the
explicit expression is of little use for our purposes here. At the origin, this Wigner function reduces
to

Wy (0) = > (1) eyl (2.16)
k,p

Note that, in principle, the map 9 — W, should be invertible; i.e., ¢ can be obtained from W,. By

using the orthogonality relation of the d-functions®’
. 1
/ drsinht df,,,,, (7) df ./ (7) = T (2.17)
we find that
: = 1y L L g e sinhe Wy (2/2)e 00X g 2.18
Vi = (1) o xdtsinht Wy ({/2)e ou(T) - (2.18)

Therefore, by measuring the SU(1,1) Wigner function we obtain

OWE= > > Wk W W K) Kl. (2.19)
k pp

In other words, the mapping is invertible only for a single irrep, where the concept of phase space
is uniquely defined. Nonetheless, since the Hilbert space splits as in (2.6), our Wigner function
appears as a sum over all the irreps in the discrete positive series. In any case, (2.13) is a physically
meaningful definition that allows us to visualize every quantum state of interest. More generally, the
reconstructed Wigner function allows computing only average values of any function of the SU(1,1)
generators.

Alternatively, we can use the two-mode Fock basis, so that for a pure state [/) = 3, ., Wnin, [11,12),
the SU(1,1) Wigner function can be written as

WoQ)= 30 D DL (DD S OSh (<), (220)

11,12 nY L) NasNb

where SZ?:,Z” (0) = (n] ,né|§(§)|nu, np).888% At the origin, we have now

1 —
Wy (0)= 3 (—1)3tmesm =k py, 12, (221)

ng,Np

which is a direct generalization of the expression used in the single-mode case.

lll. SAMPLING THE SU(1,1) WIGNER FUNCTION

In this section, we discuss a scheme to sample point-by-point the SU(1,1) Wigner function
introduced in the previous Section. The setup is depicted in Fig. 1. In a first step, we prepare
a source of two-mode quantum states that, due to their symmetry properties, are most adequately
described in terms of the SU(1,1) invariant basis.

By placing PNR detectors at each mode a and b, we directly acquire the histogram P(ng,,np) =
(g, np W) |* = ¥, n, |*> where, for simplicity, we have assumed pure states. According to (2.5) this
is tantamount to access to

Pk, ) = P (k= §(Ina =+ 1), = 2+ + 1)) = P(ra,mp) 3.1
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FIG. 1. Optical scheme for sampling the SU(1,1) Wigner function. The two-mode state is first prepared and
then a squeezer is applied. The joint photon-number distribution P(n,,np) is measured with PNR detectors.
The finite efficiency of these detectors is modeled by a beam splitter.

From this histogram, we directly determine the Wigner distribution at the origin W, (0) according
to either (2.16) or (2.21).

The SU(1,1) Wigner function can be obtained at other points by displacing the two-mode field |¢/)
with a two-mode squeezer with parameter {. This can be implemented via, e.g., four-wave mixing
in a nondegenerate parametric amplifier’ whose Hamiltonian is

H=:a'b"-¢7ab. (3.2)

In this case, { depends on the nonlinear coefficient ynr of the crystal and on the amplitudes of the
strong pump fields { = ynLap1@p2. The nonlinear coefficient being fixed, the amplitude and phase
of the two pumps have to be modulated to explore the full SU(1,1) phase space. Repeating the same
procedure, we determine the Wigner function at the origin for this new set of output modes:

Wy (0)= D (=1)2mams Dk 22w, (). (3.3)

ng,Np

The measured probability distribution takes the form:

Wrans = 25 2 Unims Syt (€) S35, (=0). (3.4)

ni, nzn n

Therefore, we can sample the Wigner function at the desired points. Please, note that it is not
necessary to know the explicit form of the S-coefficients for the reconstruction, because they are
directly measured in the setup.

Let us illustrate our proposal with some examples. We first take the case of the two-mode squeezed
vacuum (TMSV), defined as

ITMSV) = 8(£0)[04,05) = in% [tanh(79/2)]" |n,nY, (3.5)

COSh(T /2) Z

whose properties have been fully explored.’!-°2 Its photon-number distribution P(n) = |(n,n| TMSV)|?
(which corresponds to the probability of finding n photons in each of the two modes simultaneously)
is represented in Fig. 2 with || = 279 = 1. This distribution has been experimentally measured in
Ref. 93. We observe that resolving 10 photons is enough to perform the sampling. The segmented
detector described in Ref. 94 is able to do that, while transition-edge sensors can discriminate
photon numbers up to 25 with efficiencies higher than 87% in the 850-950 nm range. A recent
improvement has demonstrated that, by multiplexing highly-efficient transition-edge sensors and
measuring the integration time from which the material composing the detector goes from the
normal to the superconducting phase after multiphoton absorption, 100 photons can be resolved.”®
With such performances, we conclude that the SU(1,1) Wigner function can be sampled.
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FIG. 2. Photon-number distribution P(n) of a two-mode squeezed vacuum |TMSV) with |{y| =279 = 1.

_ Next, we consider the action of a displacement on [TMSV); that is, the resulting state is |y) =
S(£)S(£9)|04,0p). The photon-number distribution of the displaced state reads as

1 2

4cosh?(17/2)

1+§§5
1+&+6o

eX0 tanh(1p/2) + eX tanh(7/2) n
1+ ei(x=x0) tanh (19 /2) tanh(7/2)

Pp(Q) = (3.6)

From this acquired histogram, we directly infer the Wigner function: Wy ({) = 3,(=1)"P,({). In
Fig. 3, we plot the resulting Wigner function for this two-mode squeezed vacuum in the upper sheet
of the hyperboloid, the phase space for the problem.

Let us consider the two-mode vacuum [0,4,0,), with S-coefficients (ngnp|S(—)0405) =
Ongn, €. We thus have

1
L+|€12”

Wio,.0,)(8) = Y (=)"[¢P" =

n=0

(3.7)

which could be obtained from the previous case in (3.6) when the squeezing parameter &y — 0.
As our last relevant example, we take the state |1,15), the archetypical example of nonclassical
light and sometimes called a biphoton.” Now, (1,15 |S(~=2)|[1415) = 6, n, €™ [cosh™ (7/2)n,E ™! —
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FIG. 3. Numerical simulation of the sampled SU(1,1) Wigner function for a two-mode squeezed vacuum with
70 = 3 (left) and the same experiment with Gaussian noise with a signal-to-noise of 30 (right), both as a density
plot on the upper sheet of the hyperboloid, with the scales included. In both cases we show the associated
distributions in the unit disk, obtained from the upper sheet by stereographic projection from the south pole of
the hyperboloid Hjy. The detectors have a resolution of 100 photons.
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FIG. 4. Numerical simulation of the sampled SU(1,1) Wigner function for a two-mode vacuum state (left) and
for a biphoton (right), both in the hyperboloid with the scales indicated. The Wigner function at the origin is
equal to 1 (resp. —1) for the vacuum state (resp. the biphoton). We also include the associated distributions in
the unit disk, obtained from the upper sheet by stereographic projection from the south pole of the hyperboloid
Hj,. The detectors have a resolution of 100 photons.

£*], which directly leads to

= 2
m Z(—l)"ltanh(r/2)|2” —sinh(7/2)| . (3.8)

n=0

n
Wiia1,)(8) = sinh(/2)

In Fig. 5, we have represented the Wigner functions of the two-mode vacuum and the biphoton.
Both have a rotational symmetry with respect to the origin of the hyperboloid, which means that the
phase of ¢ is unessential to sample the distribution. While at the origin the Wigner function of the
vacuum state is the unity, the one of the biphoton state is equal to minus one. One might naively
conclude that negative values indicate the presence of a non-Gaussian state. However, the negativity
of the Wigner function is merely a proxy for the non-Gaussianity of the state expressed in canonical
position-momentum coordinates;’® this has no significance for other dynamical variables, such as
the ones associated with SU(1,1), for which the very concept of Gaussianity is equivocal.”

Given this symmetry, in Fig. 5 we have plotted a section of both Wigner functions as a function of
7. In contrast with the two-mode squeezed state, these functions tend to one when 7 — co and thus
spread to infinity. While the sum in (3.7) involves infinite terms, the PNR detector can only resolve
a finite number of photons, we denote by N. If we focus on the two-photon vacuum, for |7]| < 2.3, a
PNR detector that can resolve 10 photons allows us finding the correct value of the Wigner function.
For |7| > 2.3, a PNR detector that can resolve around 100 photons is needed. For the biphoton, as
N increases, the wings of the Wigner function are shifted.

IV. FINITE EFFICIENCY DETECTORS

In practice, PNR detectors always have a nonunit efficiency, meaning that even if photons are
incident into the detector it has a finite probability not to trigger a click event. We denote this
efficiency by 5 (0 < 57 < 1). Following a standard procedure,'® we model this situation by preceding
a perfect unit-efficiency detector with a beam splitter possessing the transmittance 7, as sketched in
Fig. 1. In consequence, each mode is replaced with

i Tldl_\ll_ndvac» 4.1)

where dy, represents the vacuum mode.



This transformation changes the parity operator of each individual mode to

A 1-17 A A 1-17 A
-2n (a'T R Tnaiac) (a, - Tnavac)

By tracing over the ancillary vacuum mode, we get the single-mode parity with finite-efficiency

detectors; viz
1 . AT 1-n7 =« A 1 -n .
Ijpss = [ da:exp|—2n|a' - = @ |a- Ta 5, 4.3)

where : - : stands for normal ordering.
We recall the notion of s-ordered parity operator’®

N

ITyac = exp “4.2)

. 2 2 .
(a,s) = e :exp—[m(a*—é')(a—&)] . 4.4)

The Wigner function at the origin is given by the expectation value of [1(0,0). Therefore,

Ww(O)zfdaW,p ("1%0;—1%), (45)

where (a, s) the s-ordered-phase space distribution (in our case with s = —(1—n)/n).
In the two-mode case, the parity operator in its normal form becomes, with the efficiency of the
two photodetectors being 174, 17p:

fIloSs=//dadﬁ:exp (= (d'f—,/%a*) (d’— %a’)] :

X : exp[(i—l)nb (IQ'T— 1:7%&) (13’— 1:7;”’ )] D (4.6)

We observe that this operator is disentangled in the modes 4’, b’, but is entangled in the initial modes
a,b. 1f the two modes are initially uncorrelated, ) = 3., ., ¥n,¥ny |nasnp), the average value of

the SU(1,1) parity operator [T is the product of two s-ordered single-mode Wigner distribution:

1- 1-1,
Wy (0) = / daWy, (a ,Ija,s) / apWy, (,8 m””,s'), 4.7
1 ; 1
0.9+ 1
sl &m"\ /)tvé2 ,
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FIG. 5. Numerical simulation of the sampled SU(1,1) Wigner function for a two-mode vacuum state (left) and
for a biphoton (right) as a function of 7 for different values of the number of photons N that can be resolved by
the PNR detector used in sampling.



with s = 1+ V2e!"/*/5,T (and analogously for s’)."%" The fact that s is a complex value comes
mathematically from the factor two in (2.12) or equivalently of the normal form of the two-mode
parity operator. A two-mode uncorrelated case could be verified experimentally using two separable
coherent states as input and once the tomography of the detectors has been performed. In the general
case of correlated modes, (4.7) is no longer valid. The parameter s of this entangled phase-space
distribution could be expressed as a function of the two efficiencies 1,7, of the PNR detectors, but
it is out of the scope of this paper.

In Fig. 3 we plot the sampling of the Wigner distribution of the two-mode squeezed vacuum
with added Gaussian noise with a signal-to-noise value of 30. Interestingly, this Wigner function is
positive in the absence of noise, but when Gaussian noise is added it exhibits negative values. This
confirms that positivity with Gaussianity in the context of SU(1,1) may entail many pitfalls for the
unwary.

V. CONCLUDING REMARKS

In summary, we have presented an experimental scheme to measure the SU(1,1) Wigner distri-
bution of two-mode quantum states that can be implemented with actual technology. Despite the
apparent difficulty of the SU(1,1) Wigner function, the presented protocol avoids the need for a
complex tomographical reconstruction algorithm. We stress that the method is feasible with current
technology and will promote this Wigner function from an academic curiosity to a realistic tool to
deal with two-photon effects.

Characterization of two-mode quantum states is essential for its use as a probe in phase-estimation
metrological protocols.'? Indeed, the SU(1,1) interferometer can beat the standard quantum limit
without using quantum states as input.>? Finally, the SU(1,1) Wigner distribution could be measured
with an ancilla qubit state to implement the parity operator, based on the idea presented in Ref. 103.
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