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We investigate the adiabatic approximation to the exact-exchange kernel for calculating correlation energies
within the adiabatic-connection fluctuation-dissipation framework of time-dependent density functional the-
ory. A numerical study is performed on a set of systems having bonds of different character (H2 and N2

molecules, H-chain, H2-dimer, solid-Ar and the H2O-dimer). We find that the adiabatic kernel can be suffi-
cient in strongly bound covalent systems, yielding similar bond lengths and binding energies. However, for
non-covalent systems the adiabatic kernel introduces significant errors around equilibrium geometry, system-
atically overestimating the interaction energy. The origin of this behaviour is investigated by studying a model
dimer composed of one-dimensional closed-shell atoms interacting via soft-Coulomb potentials. The kernel is
shown to exhibit a strong frequency dependence at small to intermediate atomic separation that affects both
the low-energy spectrum and the exchange-correlation hole obtained from the corresponding diagonal of the
two-particle density matrix.

I. INTRODUCTION

In the continuous effort to improve the accuracy of
the exchange-correlation (xc) energy in density func-
tional theory (DFT),1–5 time-dependent (TD) DFT6 has
emerged as a promising route for advanced functional
constructions. TDDFT gives access to the dynamical
linear density response function which not only contain
the spectrum but also provides the exact correlation en-
ergy via the adiabatic-connection fluctuation dissipation
(ACFD) framework.7–15

Within linear response TDDFT the central quantity
to approximate is the so-called xc kernel, defined as
the functional derivative of the TD xc potential with
respect to the density.16 Adopting local and semi-local
approximations from ground-state DFT generates adia-
batic approximations, i.e., the xc potential depends only
on the instantaneous density which leads to frequency
independent xc kernels. Non-adiabatic approximations
have been difficult to construct, but several works have
shown that they are of crucial importance. For real
time simulations17,18 as well as for capturing impor-
tant features of the spectrum. The latter includes dou-
ble excitations,19 inner-shell20 and charge transfer (CT)
excitations,21–25 all requiring an xc kernel with a strong
frequency dependence.
On the other hand, for the ACFD correlation energy

the frequency dependence is expected to be less critical
since the linear density response function is integrated
over the frequency. The problems described above could,
therefore, be quantitatively small or cancel out. Indeed,
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the exact adiabatic kernel of one-dimensional model sys-
tems has been shown to capture most of the correlation
energy.26 It has also been shown that the correlation en-
ergies of atoms,27,28 small molecules29 and the electron
gas10 are relatively insensitive to the adiabatic approx-
imation. Furthermore, improved results for solids have
been obtained with adiabatic kernels.30,31

In this work we study a larger set of systems and reex-
amine the role of the frequency dependence of the xc ker-
nel for calculating correlation energies. We focus on the
frequency dependent exact-exchange (EXX) kernel32 and
the corresponding TDEXX response function.33 Inserted
into the ACFD expression this approximation generates
the random phase approximation with exchange (RPAx),
shown to be highly accurate on molecules27,29,34,35

and solids.36 An important motivation is to investigate
whether the adiabatic EXX kernel can be used for lower-
ing the computational cost of RPAx calculations. Evalu-
ating the kernel at ω = 0 only, has the potential to reduce
the cost by a factor of 8 or more. Another motivation is
to gain new theoretical insights that may be useful for
the development of approximate xc kernels.

The paper is organized as follows. In Sec. II we start
by briefly reviewing the theory that will be used through-
out the paper. In Sec. III we present a numerical study of
the RPAx employing the adiabatic EXX kernel on a set of
selected systems (H-chain, H2-dimer, N2-molecule, solid-
Ar and the H2O-dimer). This is followed by an in-depth
analysis of the EXX kernel on a model one-dimensional
dimer with soft-Coulomb interactions. Finally, in Sec.
IV we provide our conclusions.
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II. THEORY

We start by reviewing the basic theory that will be
used in this work. The interaction energy is first written
in terms of the two-particle density matrix, which is then
related to the ACFD expression, in which the interaction
energy is written in terms of the linear density response
function. More detailed derivations can be found in, e.g.,
Refs. 3, 9, 37–39.
We consider the many-electron Hamiltonian

Ĥ = T̂ + V̂ext + Ŵ , (1)

where T̂ is the kinetic energy operator, V̂ext is the ex-
ternal nuclear potential operator and Ŵ is the electron-
electron interaction operator. Taking the expectation
value of Ĥ with respect to the ground-state wave function
Ψ we can write the ground-state energy as

E = 〈Ĥ〉 = T + Eext + U, (2)

where the kinetic energy

T = 〈T̂ 〉 = −
1

2

∫

dr [∇2
r
Γ(1)(r, r′)]r′=r (3)

is given in terms of the spin-summed

Γ(1)(r, r′) =
∑

σσ′

Γ
(1)
σσ′(r, r

′) (4)

one-particle density matrix

Γ
(1)
σσ′(r, r

′) = N

∫

dx2−NΨ(x, . . . , xN )Ψ∗(x′, . . . , xN ),

(5)
(x = (r, σ) is a composite variable of space and spin co-
ordinates and N is the number of electrons), the external
potential energy

Eext = 〈V̂ext〉 =

∫

dr n(r)vext(r) (6)

is given in terms of the electron density

n(r) =
∑

σ

Γ(1)
σσ (r, r) (7)

and the interaction energy

U = 〈Ŵ 〉 =
1

2

∫

drdr′ v(r − r′)Γ(2)(r, r′) (8)

in terms of the spin-summed

Γ(2)(r, r′) =
∑

σσ′

Γ
(2)
σσ′(r, r

′) (9)

diagonal of the two-particle density matrix

Γ
(2)
σσ′(r, r

′) = N(N − 1)

∫

dx3−N |Ψ(x, x′, . . . , xN )|2.

(10)

The electron density n describes the probability of finding
any of the electrons at r, and Γ(2) describes the proba-
bility of finding any two electrons at r and r′.
Although the ground-state energy only depends on the

spin-summed density matrices it is interesting to exam-
ine their spin structure. From the diagonal of the two-
particle density matrix we can determine the conditional
probability of finding an electron at r′ with spin σ′ given
there is another electron at r with spin σ

ncond
σ′|σ (r

′|r) =
Γ
(2)
σσ′(r, r′)

nσ(r)
. (11)

This quantity can be split into two terms

ncond
σ′|σ (r

′|r) = nσ′(r′) + nhole
σ′|σ(r

′|r), (12)

where the first term corresponds to independent elec-
trons, i.e., the probability of finding an electron with a
certain position and spin is completely independent of the
position and spin of the other. This term, when inserted
into Eq. (8), gives rise to the classical Hartree energy

U0 =
1

2

∫

drdr′ n(r)v(r − r′)n(r′). (13)

The second term in Eq. (12) is the so-called xc hole. Due
to the antisymmetry of the wave function the xc hole
must be exactly equal to −nσ′(r′) when two electrons
of the same spin σ′ are at the same position r′. Fur-
thermore, Eq. (10) leads to a sum-rule which states that
the same-spin xc hole must integrate to -1, and that of
opposite spins to zero.38

The remaining part of the interaction energy, the xc
energy (Uxc = U − U0), can now be written in terms of
the xc hole

Uxc =
1

2

∑

σσ′

∫

drdr′ nσ(r)v(r − r′)nholeσ′|σ(r
′|r). (14)

We will use this expression for our analysis in Sec. III E.
Let us now derive a second expression for the xc energy.

We write the diagonal of the two-particle density matrix
in second quantization

Γ
(2)
σσ′(r, r

′) = 〈Ψ|ψ̂†
σ(r)ψ̂

†
σ′(r

′)ψ̂σ′(r′)ψ̂σ(r)|Ψ〉. (15)

Using the anticommutation relations of the fermionic
field operators ψ(ψ†) we can write39

Γ
(2)
σσ′(r, r

′) = 〈Ψ|ñσ(r)ñσ′(r′)|Ψ〉+ nσ(r)nσ′(r′)

−nσ(r)δσσ′δ(r − r′) (16)

where ñσ(r) = n̂σ(r) − nσ(r) is the deviation operator.
Via the fluctuation dissipation (FD) theorem the first
term can be shown to be equal to the frequency inte-
grated dynamical linear density response function χ.7,8

The xc energy can thus be written as

Uxc = −
1

2

∑

σσ′

∫

drdr′ v(r − r′)

×

[
∫ ∞

0

dω

π
χσσ′

(r, r′, iω) + nσ(r)δσσ′δ(r − r′)

]

. (17)
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This expression allows one to generate approximations
to the interaction energy via approximations to χ, and
every approximation to χ corresponds to an approximate
xc hole. The sum-rule is trivially fulfilled for any physi-
cal response function giving zero response to a constant
potential.
There are various ways to approximate the lin-

ear density response function. One can proceed
via time-dependent Hartree-Fock,40 the Bethe-Salpeter
equation41,42 or via linear response TDDFT.9 In the lat-
ter case, the density is obtained from the time-dependent
Kohn-Sham (KS) system, defined by an effective one-
particle Hamiltonian that gives the exact density via a
local xc potential. The interacting linear density response
function is then given by

χ = χs + χsKχ (18)

where

χ =

[

χ↑↑ χ↓↑

χ↑↓ χ↓↓

]

, χs =

[

χ↑↑
s χ↓↑

s

χ↑↓
s χ↓↓

s

]

and

K =

[

v + f↑↑xc v + f↓↑xc
v + f↑↓xc v + f↓↓xc

]

,

and χσσ′

s is the independent-particle KS response func-

tion. The xc kernel fσσ
′

xc is defined as the functional
derivative of the time-dependent xc potential with re-
spect to the density, evaluated at the ground-state den-
sity

fσσ
′

xc (rt, r′t′) =
δvσxc(rt)

δnσ′(r′t′)

∣

∣

∣

∣

n0

. (19)

In this way, approximate interaction energies are gener-
ated via approximate xc kernels.
We will now rewrite also the kinetic energy in terms of

the xc kernel using a fixed-density adiabatic-connection
(AC) together with Eq. (17). The AC is defined by a
parameter λ that scales the electron-electron interaction
linearly between 0 and 1, while keeping the density fixed
to its λ = 1 value via an added fictitious potential. At
λ = 0 the Hamiltonian is thus equal to that of the KS sys-
tem and at λ = 1 to that of the fully interacting system.
By differentiating and then integrating the λ-dependent
total energy it is possible to decompose the total energy
at λ = 1 as

E = Ts + Eext + U0 + Exc, (20)

where Ts is the kinetic energy of KS electrons and the
remaining xc part Txc = T − Ts is incorporated in a new
definition of the xc energy

Exc = −
1

2

∑

σσ′

∫ 1

0

dλ

∫

drdr′ v(r − r′)

×

[
∫ ∞

0

dω

π
χσσ′

λ (r, r′, iω) + nσ(r)δσσ′δ(r − r′)

]

. (21)

which differs from Uxc only in the integration over λ, and
coincides with the KS DFT definition of the xc energy.
This is known as the ACFD xc energy. It allows us to
determine the xc kinetic energy given an approximation
for the λ-scaled fxc from

Txc = Exc − Uxc. (22)

We will now focus on the TDEXX approximation,
which can be viewed as the TDDFT variant of TDHF.
The nonlocal HF potential is replaced by the time-
dependent local EXX potential vx, from which the linear
response equations are generated (Eqs. (18-19)). The
spin-resolved EXX kernel fx is given by

∫

dr1dr2 χ
σσ
s (r, r1, ω)f

σσ
x (r1, r2, ω)χ

σσ
s (r2, r

′, ω)

= Rσσ
V (r, r′, ω) +Rσσ

Σ (r, r′, ω) (23)

and

f↓↑x (r, r′, ω) = f↑↓x (r, r′, ω) = 0. (24)

The diagrammatic structure of this equation, as well as
the analytic expression for the vertex RV and self-energy
RΣ terms can be found in e.g. Refs. 27, 33, and 36. The
EXX kernel carries a frequency dependence due to the
fact that vx is nonlocal in time. The frequency depen-
dence is well-defined and necessary to exactly reproduce
the TDHF density to first order in v.33 It is, however,
possible to apply the adiabatic approximation also within
TDEXX by evaluating the EXX kernel at ω = 0 and then
using this kernel at every frequency in Eq. (18)

fx ≈ fx(ω = 0). (25)

The use of the adiabatic EXX (AEXX) kernel has the
potential to reduce the computational cost of the calcu-
lations since Eq. (23) only needs to be evaluated once,
instead of around 8 times as in a typical calculation on a
gapped system. In the following we will investigate the
effect of this approximation for calculating correlation
energies.
As in previous notation, the total energy that uses

the fully frequency dependent EXX kernel in conjunction
with Eq. (20) will be denoted RPAx. The approximation
generated by replacing the EXX kernel in RPAx with
the AEXX kernel will be denoted RPAx(adia.). Ignoring
the xc kernel completely gives the standard total energy
within RPA.

III. NUMERICAL STUDY

In this section we give the computational details and
present a numerical study on the stretched H2 and N2

molecules, the strongly correlated H-chain (equidistant
and dimerized) and the weakly bonded H2-dimer, solid-
Ar and the water dimer. Finally, in order to care-
fully investigate how the adiabatic approximation affects

   
    

Th
is 

is 
the

 au
tho

r’s
 pe

er
 re

vie
we

d, 
ac

ce
pte

d m
an

us
cri

pt.
 H

ow
ev

er
, th

e o
nli

ne
 ve

rsi
on

 of
 re

co
rd

 w
ill 

be
 di

ffe
re

nt 
fro

m 
thi

s v
er

sio
n o

nc
e i

t h
as

 be
en

 co
py

ed
ite

d a
nd

 ty
pe

se
t. 

PL
EA

SE
 C

IT
E 

TH
IS

 A
RT

IC
LE

 A
S 

DO
I:

10
.10

63
/5.

01
46

42
3



Accepted to J. Chem. Phys. 10.1063/5.0146423

4

1.0 2.0 3.0 4.0
H-H distance [Å]

-2.4

-2.2

-2.0

-1.8

T
ot

al
 e

ne
rg

y 
[R

y]

EXX
RPAx
RPAx(adia.)

RPA
Accurate

0.6 0.7 0.8 0.9 1
-2.36

-2.34

-2.32

-2.30

H2

1.0 2.0 3.0 4.0
N-N distance [Å]

-40.0

-39.5

-39.0

T
ot

al
 e

ne
rg

y 
[R

y]

RPA
RPAx(1)

RPAx(1)(adia.)

RPAx
RPAx(adia.)

N2

(a) (b)

FIG. 1. (a) Dissociation energy curves of the hydrogen molecule in EXX (blue dashed lines), RPA (black circles) and RPAx
((light) orange triangles). Accurate result (gray) is reproduced from W. Kolos and L. Wolniewicz, J. Chem. Phys. 43, 2429
(1965), with the permission of AIP Publishing. The inset shows a zoom around the bond midpoint. (b) Dissociation energy
curves of the nitrogen molecule in RPA (black circles), RPAx ((light) green triangles), and with the alternative resummation
RPAx(1) ((light) purple squares).

both the correlation energy and the spectrum we present
a study of a model system of dissociating closed-shell
atoms.

A. Computational details

All calculations have been performed with an up-
dated version of the ACFDT code within the Quantum
ESPRESSO package.35,36,44–46 The RPAx correlation en-
ergy is determined by first solving a generalized eigen-
value problem based on Eq. (23)

R|uβ〉 = νβχs|uβ〉, (26)

where R = RV + RΣ + χsvχs is expressed in the eigen-
potentials of χs obtained in an initial step by iterative
diagonalization.47 The set of eigenvalues νβ and eigenvec-
tors |uβ〉 are generated at every frequency and q-point in
the Brillouin zone. The correlation energy is then com-
puted from the following expression

Ec = −
1

Nq

∑

q

Nν
∑

β

∫ ∞

0

dω

2π

〈uβ |χsvχs|uβ〉

νβ(q, iω)

×{νβ(q, iω) + ln[1− νβ(q, iω)]}, (27)

where Nν is the total number of eigenvalues and Nq is
the total number of q-points. The number of eigenvalues
needed for convergence of energy differences is typically
around 10 times the number of electrons. More conver-
gence analyses can be found in Refs. 35 and 36.
In the case of the adiabatic approximation we first de-

termine fx(ω = 0) in the eigenpotentials of χs(ω = 0).
At finite frequency, Eq. (26) is solved by computing R
from the left-hand side of Eq. (23), in which fx(ω) is ap-
proximated by fx(ω = 0) projected on the space spanned
by the eigenvectors of χs(ω).

All calculations have been done non-self-consistently
on top of PBE orbitals. The electron-ion in-
teraction is treated with standard norm-conserving
pseudopotentials.48–50

B. H2 and N2 dissociation

The H2-dissociation curve has been analysed in many
previous works.42,51–55 In Fig. 1 (a) the results are repro-
duced in order to verify that in the case of two-electron
systems the EXX kernel is frequency independent (and
equal −v/2). RPAx and RPAx(adia.) are indistinguish-
able on the scale of the figure, differing by less than
0.0002 Ry. The difference gets smaller the more eigen-
values are included in the calculation. We note the high
accuracy of the RPAx total energy around equilibrium
geometry.43 However, thanks to a good cancellation of
error the RPA binding energy is comparable and even
slightly better than RPAx.54

In Fig. 1 (b) we plot the N2-dissociation curve. We
have also added RPAx(1), obtained from an alternative
re-summation of the RPAx Dyson’s equation that keeps
fx to first order only.35,54 The difference between RPAx
and RPAx(adia.) is larger in this case. The adiabatic
approximation leads to an underestimation of the corre-
lation energy. However, relative to the total binding en-
ergy the effect is rather small and the equilibrium bond
distance changes by 0.002 Å only.
As the bond is stretched the RPAx breaks down due to

an instability in the TDEXX response function. Since the
AEXX kernel gives rise to an identical instability we can
conclude that the frequency dependence is irrelevant for
this behaviour. As shown previously, using the RPAx(1)
re-summation, such instabilities are circumvented with-
out loss of accuracy.
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FIG. 2. (a) Dissociation energy curve of the equidistant hydrogen chain in EXX (blue dashed lines), RPA (black circles) and
RPAx ((light) purple triangles). DMC results (gray) are from Motta et al., Phys. Rev. X 7, 031059, (2017); licensed under a
Creative Commons Attribution (CC BY) license. The inset shows a zoom around equilibrium. (b) Dimerisation of the hydrogen
chain starting from the equidistant H-chain at 0.98 Å.

C. Strongly correlated H-chain

Let us now look at a periodic system. In Fig. 2 (a) we
plot the total energy per atom as a function of atomic sep-
aration of the equidistant hydrogen chain. The effect of
the AEXX kernel is again to slightly underestimate the
correlation energy. The equilibrium geometry is, how-
ever, almost unaffected, staying at 0.98 Å. We have also
included recent DMC results56 in order to demonstrate
the accuracy of the RPAx total energy around equilib-
rium. The error stays below 4 mRy/atom.
In Fig. 2 (b) we plot the energy gain upon dimeriza-

tion, starting from the equidistant chain at 0.98 Å. In
this way, we form a chain of H2 molecules with 1.96 Å
between the centre of the molecules. Due to the interac-
tion between the molecules there is a non-zero frequency
dependence of the EXX kernel. Indeed, RPAx(adia.) dif-
fer from RPAx, in this case by overestimating the corre-
lation energy. However, similarly to the cases above the
energy gain and position of the minimum are only weakly
affected.

D. Non-covalent bonds

The interaction between the molecules in the H2 chain
is mainly repulsive but could have a van der Waals min-
imum at larger separation. Such a weak bond (≈ 1
meV) is found in an isolated dimer of H2 molecules when
aligned linearly.57,58 A more stable configuration is found
in the T-shaped dimer (36.2 cm−1 in CCSD(T)57). In
Fig. 3 we plot the binding energy curve of such a T-dimer.
We compare PBE, RPA, RPAx and RPAx(adia.). The
RPA is seen to underestimate the binding energy while
RPAx provides an improvement. We also see that there
is a relevant difference between RPAx and RPAx(adia.).

The latter produces a binding energy around twice as
large and underestimates the bond distance (3.405 Å in
CCSD(T)57). Since H2 is a two-electron system the en-
ergy in the dissociation limit should agree. This means
that the difference in total energy between RPAx and
RPAx(adia.) is equal to the difference in binding energy
(≈ 2 meV around equilibrium). Such difference can be
considered small in the case of a strong covalent bond but
leads to significant discrepancies for describing a weak
bond.

To see whether the overestimation of the binding en-
ergy produced by the AEXX kernel is a general trend
for non-covalent systems we have also studied solid-Ar
(van der Waals bond) and the H2O dimer (mixed van
der Waals and hydrogen bond). In Fig. 4 (a) we plot the
cohesive energy of solid-Ar as a function of nearest neigh-
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FIG. 3. Binding energy curve of the H2-H2 dimer in the T-
configuration. RPA (black circles), RPAx ((light) green tri-
angles) and PBE (gray dashed line).

   
    

Th
is 

is 
the

 au
tho

r’s
 pe

er
 re

vie
we

d, 
ac

ce
pte

d m
an

us
cri

pt.
 H

ow
ev

er
, th

e o
nli

ne
 ve

rsi
on

 of
 re

co
rd

 w
ill 

be
 di

ffe
re

nt 
fro

m 
thi

s v
er

sio
n o

nc
e i

t h
as

 be
en

 co
py

ed
ite

d a
nd

 ty
pe

se
t. 

PL
EA

SE
 C

IT
E 

TH
IS

 A
RT

IC
LE

 A
S 

DO
I:

10
.10

63
/5.

01
46

42
3



Accepted to J. Chem. Phys. 10.1063/5.0146423

6

3.5 4.0 4.5
NN Ar-Ar distance [Å]

-0.12

-0.10

-0.08

-0.06

-0.04

-0.02

C
oh

es
iv

e 
en

er
gy

 [e
V

]

RPA
RPAx
RPAx(adia.)

PBE

solid-Ar
(a)

3.0 3.5 4.0 4.5
O-O distance [Å]

-250

-200

-150

-100

-50

B
in

di
ng

 e
ne

rg
y 

[m
eV

]

RPA
RPAx
RPAx(adia.)

H2O-dimer
(b)

FIG. 4. (a) Cohesive energy of solid Argon as a function of
nearest neighbour (NN) distance. PBE (gray dashed lines),
RPA (black circles) and RPAx ((light) red diamonds). Green
square corresponds to the CCSD(T) result. Reproduced with
permission from Phys. Rev. B 60, 7905 (1999). Copyright
1999 American Physical Society. (b) Binding energy of the
water dimer in the lowest energy hydrogen bond configura-
tion. RPA (black circles) and RPAx ((light) blue triangles).
Green square corresponds to the CCSD(T) result.60 Repro-
duced from G. S. Tschumper et al., J. Chem. Phys. 116, 690
(2002), with the permission of AIP Publishing.

bour distance. Again, the AEXX kernel overestimates
the interaction energy. The absolute error compared to
CCSD(T)59 is almost twice as large as when comparing
RPA to CCSD(T). The effect is somewhat smaller but
qualitatively the same in the H2O dimer as demonstrated
in Fig. 4 (b).

It has been shown that using the adiabatic approxima-
tion for calculating van der Waals (or C6) coefficients has
a negligible effect.27,28 However, the C6-coefficient only
describes the van der Waals interaction asymptotically.
The error seen here gets larger the closer the atoms are
and is thus of a different origin.

E. 1D dimer

In order to investigate the origin of the difference in
correlation energy due to the adiabatic approximation in
non-covalent systems we will here study a model one-
dimensional (1D) dimer composed of two-electron atoms
at various separation R (e.g. a model He-He or H2-H2

dimer). The electron-electron interaction

v(z − z′) =
1

√

(z − z′)2 + 1
(28)

and external potential

vext(z) = −
2

√

(z −R/2)2 + 1
−

2
√

(z +R/2)2 + 1
(29)

are given along the z-axis and described by soft Coulomb
interactions. The KS and TDEXX equations are solved
by expanding the KS orbitals in a cubic spline basis
set. More details regarding the numerical method can be
found in Refs. 24, 25, and 61. The exact numerical so-
lution of the Schrödinger equation for a 1D two-electron
atom is obtained using the OCTOPUS code,62 via a map-
ping of the two-electron 1D system to a one-electron 2D
system.
Let us start by looking at the ground state within the

EXX approximation. The EXX potential at R = 6 a.u.
is plotted in Fig. 5 (a), superimposed on the atomic two-
electron EXX potential (green dashed line). The largest
effect of the presence of a second atom is the peak located
between the atoms. To single out this peak feature, the
Hartree potential divided by two (which is exactly equal
to the negative of the EXX potential in the dissociation
limit) is added to the EXX potential in Fig. 5 (b). The
peak is now clearly visible and can be seen as analogous
to the correlation-peak that has been extensively studied
in the study of bond dissociation into open-shell atoms
(e.g. in H2 dissociation). The correlation-peak is often
observed together with a step feature when looking at
heteronuclear systems such as LiH.63–65 To show that
such a step is present also in the EXX potential we ap-
ply a weak electric field that breaks the symmetry of the
system. The response of the EXX potential is shown in
Fig. 5 (b) (grey dashed curve) and, indeed, a step feature
appears. A similar effect was studied in H2 chains where
it is known as the field counteracting effect, important
to describe polarizabilities as it prevents electron delo-
calization over the chain.66,67

At the static ground-state level we thus see an impor-
tant role of the exchange potential in our model. Fea-
tures such as peaks and steps, not present in semi-local
functionals, act to localize charges on the atoms, playing
a similar role as they do in the correlation potential of
dimers composed of open-shell atoms.
The response step, as demonstrated in Fig. 5 (b), was,

in Ref. 25, given a perspective in terms of diverging steps
in the EXX kernel. It was shown that steps in the kernel
that grow larger with atomic separation are essential to
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FIG. 5. (a) The EXX potentials of the 1D dimer at R = 6 a.u. (black line) and the two-electron 1D atom (green dashed
line). The position of the atoms are marked in orange. (b) The peak of the potential in (a) is exhibited by adding the Hartree
potential divided by two (black line with y-axis to the left). The field-counteracting step that arises in response to an external
linear potential (here −0.001x) is also shown (grey dashed line with y-axis to the right).

compensate for the sometimes vanishing KS excitation
functions in linear response TDDFT. The step-shape en-
sures that local properties are not affected. Furthermore,
the frequency-dependence was shown to strongly enhance
the magnitude of the step, enabling a correct description
of e.g. charge-transfer excitations.24

Let us now investigate how the frequency dependence
of the EXX kernel influence the correlation energy ob-
tained from Eq. (17). First of all, as mentioned above,
in the special case of two-electron systems the EXX ker-
nel coincides with the AEXX kernel and is therefore fre-
quency independent. The RPAx total energy of the iso-
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FIG. 6. (a) The conditional probability density of the two-
electron model 1D atom in Hartree, EXX, RPA, RPAx and
the exact calculation. Including only the same-spin compo-
nent (sp) within RPA/RPAx is shown with dashed lines. The
self-consistent RPAx potential is used to generate the KS or-
bitals. (b) The difference with respect to the exact calcula-
tion.

lated (or dissociated) two-electron atom is thus identical
to the RPAx(adia.) total energy. Comparing with our ex-
act wave-function calculation we find that the RPAx total
energy is very close to the exact total energy (-2.2379 a.u.
and -2.2382 a.u. respectively), which can be compared to
the RPA total energy of -2.2486 a.u.. These energies are
obtained self-consistently, i.e., the RPA/RPAx potential
is also calculated.
More insights can be gained by looking at the diagonal

of the two-particle density matrix, Eq. (10), accessible
both from χ, via fxc, and the wave function of the ex-
act calculation. In Fig. 6 (a) we plot the conditional
probability, Eq. (12), for finding an electron at r given
another one is at the center of the model atom. We com-
pare the exact calculation (spin-summed), the Hartree
(or independent) approximation (first term of Eq. (12)),
EXX, RPA and RPAx (fully spin-summed and by includ-
ing only the same-spin component (sp) in RPA/RPAx).
In this system EXX is exactly half of Hartree as exchange
introduces a same-spin correlation that removes the prob-
ability of finding an electron of the same spin anywhere
in the system. This is an exact result that should be pre-
served by the same-spin component in RPA/RPAx. We
see that RPAx correctly remains almost on top of EXX
while RPA generates an unphysical negative probability
of finding an electron of the same spin at the same point
(see also Fig. 6 (b)). By looking at the fully spin-summed
conditional probability in RPA and RPAx we see that the
error in RPA is mostly in the same-spin component. The
RPAx is in very good agreement with the exact wave
function result.
We now turn to the combined system of two two-

electron atoms. In this four-electron system the EXX
kernel carries a frequency dependence. Only in the dis-
sociation limit will the RPAx and RPAx(adia.) total
energies coincide. In Fig. 7 (a) we plot the evolution
(R = 3, 4, 6, 8 a.u.) of the same-spin xc hole (Eq. (12))
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over one of the atoms and, indeed, at R = 8 a.u. the
RPAx and RPAx(adia.) xc holes are visually indistin-
guishable. The small overestimation of the spRPAx con-
ditional probability in Fig. 6 is here seen as a small un-
derestimation of the depth of the same-spin xc hole. As
the atoms gets closer the depth remains slightly under-
estimated in RPAx, while in RPAx(adia.) the hole gets
deeper and eventually even slightly deeper than in EXX,
implying negative probabilities for same-spin electrons.
An increased probability of having two electrons at the
same point increases the interaction energy. Since the
differences between RPAx and RPAx(adia.) is almost
entirely in the same-spin component the correlation en-
ergy is expected to be larger within RPAx(adia.). In-
deed, in Fig. 7 (b) we show how the interaction energy
of the dimer is overestimated with the AEXX kernel, a
behaviour which is very similar to the behaviour of the
real noncovalent dimers studied in the previous section.
Although the on-top RPAx(adia.) same-spin xc hole ap-
pears to be in overall better agreement with the exact
EXX result of −nσ(r) at intermediate separation the evo-
lution is less consistent. This suggests that the improve-
ment is for the wrong reason and the error in describing
the dimer do not cancel when taking energy differences.
This explains why the binding energy is worse. The re-
sults for reaction energies of small molecules in Ref. 29
point to a similar problem.

Finally, in Fig. 7 (c) we plot the same-spin conditional
probability of the full dimer. We see how the EXX
approximation cancels the Hartree probability density
around the reference atom, eliminating the probability
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FIG. 7. (a) The same-spin xc hole around one of the atoms
of the dimer at various atomic separations (3, 4, 6 and 8 a.u.).
(b) Binding energy as a function of atomic separation. (c)
The full same-spin ncond in Hartree, EXX, RPA, RPAx and
RPAx(adia.).

of finding another electron with the same spin there. We
also see how RPA predicts a large unphysical negative
probability.

The correlation energies and probability densities
are calculated by performing the frequency integral in
Eq. (17) on the imaginary axis where χ is smooth. In
order to analyse the effects of the adiabatic kernel on the
physical properties of χ itself we will now look at the exci-
tation spectrum obtained from the pole structure on the
real frequency axis. This will give us a second perspec-
tive of why the adiabatic approximation is problematic
on this kind of systems.

At intermediate to large separation the dimer has two
occupied KS orbitals formed by the symmetric and anti-
symmetric combination of the occupied atomic orbitals.
Similarly, the first two unoccupied KS orbitals corre-
spond to the symmetric and antisymmetric combination
of the first unoccupied atomic orbitals. We will now
restrict ourselves to the excitations coming from these
orbitals and study the spectrum with and without the
frequency dependence of the kernel.

In Fig. 8 (a) we show the first four excitation energies
as a function of atomic separation and in Fig. 8 (b) the
corresponding spectrum at 6 a.u.. The latter is obtained
by taking the imaginary part of χ using a broadening
of δ = 0.001 a.u.. As expected, all KS (EXX) excita-
tion energies approach the same atomic KS eigenvalue
difference in the dissociation limit. A qualitatively dif-
ferent behaviour is found within TDEXX and TDEXX
with the AEXX kernel (TDEXX(adia.)). Only two of
the excitations reach the first atomic TDEXX excita-
tion in the dissociation limit (marked with a black cross
and the same with or without frequency dependence). In
TDEXX(adia.) two CT excitations are identified at lower
energy. The CT excitation energy is underestimated and
eventually coincide the KS excitations, i.e. the correc-
tion due to the Coulomb and AEXX kernel goes to zero
with separation. In TDEXX, with the frequency depen-
dence taken into account, the CT excitations disappear
from the spectrum already at intermediate separation
and most of the weight is transferred to the local ex-
citations.

To have a reference we also performed TDHF calcu-
lations on the same system. Again two excitations cor-
responding to the local atomic excitations are identified
with a magnitude similar to TDEXX. The CT excitations
are correctly transferred to much higher energies where
they have a small but non-zero weight. Overall the be-
haviour is more similar to TDEXX, illustrating that the
frequency dependence of the kernel tries to mimic cer-
tain important features of the TDHF spectrum. The
use of the adiabatic kernel within TDEXX leads to a
large underestimation of the CT excitation energies and
an overestimation of their weight at intermediate atomic
separation.
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FIG. 8. (a) Excitation energies as a function of atomic separation of the 1D model dimer in KS, TDEXX, TDEXX(adia.) and
TDHF. (b) Spectrum at R = 6 a.u. in TDEXX, TDEXX(adia.) and TDHF.

IV. CONCLUSIONS

The RPAx within the ACFD framework has been
shown to produce accurate correlation energies on a wide
range of molecular and solid-state systems. In this work
we have investigated the impact of using the adiabatic
approximation to the EXX kernel. The main motivation
was to investigate the possibility of reducing the compu-
tational cost, but also to gain a deeper theoretical insight
into the role of the frequency dependence of the kernel.
Starting with a study on H2, N2 and the equidis-

tant and dimerized H-chain we confirmed previous works
that have suggested that the adiabatic approximation
is sufficient for calculating correlation energies. How-
ever, when studying non-covalent systems, such as the
H2-dimer, solid-Ar and the H2O-dimer, significant errors
around equilibrium geometry were found. The AEXX
kernel overestimates the interaction energy which leads
to shorter bond lengths and too large binding energies.
Since the failure of the AEXX kernel for non-covalent

interactions cannot be attributed to a different C6-
coefficient, we carried out a more detailed study on a
simplified 1D model of two closed-shell atoms at vari-
ous separation. The evolution of the xc hole was studied
within RPAx and RPAx(adia.) demonstrating that the
AEXX kernel produces a deeper same-spin xc hole at in-
termediate separation and eventually negative probabili-
ties that do not cancel when looking at energy differences.
Finally, another perspective of why RPAx(adia.) fails

in these kind of systems was provided by looking at the
spectrum obtained from χ. CT excitations in the low en-
ergy part of the spectrum turn out to be responsible for
a strong frequency dependence in the EXX kernel, neces-
sary to correctly describe both the weight and magnitude
of the excitation energies.
In conclusion, our results for the EXX kernel show that

the frequency dependent kernel cannot, in general, be
replaced by its adiabatic approximation for ground-state

total energy calculations. Since the EXX kernel has a
well-defined frequency dependence, our conclusions are
expected to carry over to more advanced kernels.
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