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Vincent Savaux

Abstract

This paper deals with peak to average power (PAPR) reduction in a single and multi-user

orthogonal chirp division multiplexing (OCDM) context. Two methods for PAPR reduction based

on the selection of the frequency variation (up or down) of the chirps are first presented in a single

user system. The first technique consists in considering two OCDM signals generated with up and

down chirps, respectively, and selecting the one offering lowest PAPR. The second PAPR reduction

method is based on usual clipping, and in that case the chirp selection aims to reduce the clipping

noise. An adapted receiver is presented, based on the maximum likelihood (ML) estimation of the

frequency variation (up or down) of the chirp. Then, a general procedure for multi-user OCDM

transmission is introduced, where a sub-band of the available bandwidth is dedicated to each user,

whose frequency of the chirps varies within this sub-band. Next, the PAPR reduction techniques

are generalized to this multi-user OCDM system. Moreover, a performance analysis of the first

PAPR reduction method is developed, and it is shown through simulations that theoretical and

numerical results match for both Nyquist rate and oversampled signals. It is also shown that the

chirp selection reduces the clipping noise, and improves the bit error rate (BER) performance

compared with clipping only.
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PAPR Reduction Techniques Based on Chirp

Selection for Single and Multi-User

Orthogonal Chirp Division Multiplexing

System

I. INTRODUCTION

Orthogonal chirp division multiplexing (OCDM) is an emerging waveform which is based

on Fresnel transform instead of Fourier transform in orthogonal frequency division multi-

plexing (OFDM) [1]. The main advantage of OCDM against OFDM or transform precoded

OFDM, such as discrete Fourier transform-spread-OFDM (DFT-s-OFDM) used in 5G [2],

lies in the fact that OCDM achieves an optimal decoding of the received signal in presence

of time and frequency selective channels [3], whereas OFDM (resp. precoded OFDM) is

only sub-optimal against frequency selective channel (resp. time selective channels) [4]. The

optimality of OCDM is inherent to the use of chirps that spread the possible errors over

the time and frequency grid. Furthermore, the use of chirps could be also relevant in the

context of sensing and communications in 6G [5], since chirps are originally used in radar

applications [6]. Another advantage inherent to OCDM is that it is backward compatible with

OFDM-like waveforms used in numerous standards and technologies [7] such as WiFi, 4/5G,

etc., as it has been shown in [7], [8] that the OCDM is equivalent to the OFDM modulation

scheme, precoded with a DFT matrix and a multiplication by a chirp.

The high robustness against time and frequency selective channels is also a benefit of

the the orthogonal time frequency space (OTFS) modulation [9] and the affine function

division multiplexing (AFDM) [10], [11]. Although both waveforms can actually achieve

"full diversity" against multipath mobile channels [10], unlike OCDM, they are not back-

ward compatible with OFDM-like signals as they require dedicated transmitter and receiver

structures, which may limit their deployment in practice. Otherwise, it has been shown that

OCDM can also be used in optical communications [1], [12], [13] and underwater acoustic

communications [14], [15]. Thus, the OCDM is an interesting candidate for a wide range

of future communications systems. However, it has been noticed in [5] that some signal



processing techniques that are straightforward in OFDM need to be investigated in OCDM,

such as multi-input multi-output (MIMO), peak to average power ratio (PAPR) reduction,

or multi-user communication for instance. In fact, only few papers deal with these pending

challenges to the date. In [16], the authors suggest an Alamouti space coding for MIMO-

OCDM. The problem of PAPR reduction in OCDM is addressed in [17], [18], where usual

methods are adapted from OFDM to OCDM.

In this paper, we tackle two topics of interest in the field of OCDM: PAPR reduction

and multi-user OCDM. Thus, we suggest two techniques of PAPR reduction based on the

selection of the frequency variation of the chirps (up or down chirps) at the transmitter.

Two versions of the OCDM signal are generated at the transmitter side: one with up chirps

and the other one with down chirps. The first method consists in selecting, on a symbol by

symbol basis, the chirps that lead to the signal featuring the lowest PAPR. The second one

consists in applying a clipping to both signals generated with up and down chirps, and the

frequency variation of the transmitted chirps is chosen according to the minimum induced

clipping noise. The proposed techniques are called OCDM with chirp selection (OCDM-CS)

and clipping-driven driven chirp selection OCDM (OCDM-CDCS), respectively. In turn, we

suggest a corresponding receiver where the variation of the chirp is estimated through a

maximum likelihood (ML) estimator. Since they are based on the variation of the chirps, the

proposed techniques are specific to OCDM, unlike those in [17], [18] where usual techniques

are adapted from OFDM to OCDM.

As another original contribution, we introduce the multi-user OCDM system as a general-

ization of the system model introduced in [7], [8], [19], based on the fact that the precoded

data subcarriers in the frequency domain are orthogonal. Thus, by applying a dedicated

precoding process (DFT and multiplication by a chirp) to each user, the latter can be served

by orthogonal signals. We then show that the suggested PAPR reduction methods can be

generalized to multi-user OCDM systems, where a different frequency variation of chirps

can be applied to each user. Alternatively, the principle can also be used for single user

OCDM, where the data stream is split and mapped to different sub-bands, each sub-band

being independently precoded, to the cost of an increase of the complexity of the system.

In addition, the theoretical expression of the complementary cumulative distribution function

(CCDF) of the PAPR is provided, and simulations results validate the analysis. Numerical

results also show that OCDM-CS actually improves the PAPR, without bit error rate (BER)

loss at the receiver. Moreover, OCDM-CDCS drastically reduces the PAPR (due to clipping),
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Fig. 1. Comparison of OFDM versus OCDM.

and allows to reduces the BER performance loss compared with the usual clipping thanks to

the reduction of the clipping noise.

The rest of the paper is organized as follows: Section II introduces the DFT-based trans-

mitter and receiver corresponding to the OCDM modulation and demodulation. Then the two

suggested PAPR reduction methods based on chirps selection are presented in Section III.

The corresponding adapted receiver including the ML estimator of the frequency variation

of the chirps is detailed in Section IV, and the generalization of the techniques to multi-user

OCDM is described in Section V. A PAPR performance analysis is developed in Section VI,

and Section VII presents the simulations results. Finally, Section VIII concludes this paper.

Notations: arg(.) is the argument (phase) operator, Re{.} and Im{.} indicate the real

and the imaginary parts, respectively. sign(a) returns the sign of a real a, the probability

of an event A is denoted by P(A), and the mathematical expectation is written E{.}. The

convolution product is written as (. ∗ .).

II. PROBLEM STATEMENT

Any multicarrier signal xn, n = 0, 1, .., N − 1, can be generally expressed, when sampled

at Nyquist rate (i.e. when the signal length N in time is equal to the number of subcarriers),

as follows:

xn =
1

N

N−1∑
k=0

Ckgk,n, (1)

where k is the frequency index, gk,n is a given modulation filter depending on the waveform

(the term filter is usually used in the field of signal processing applied to multicarrier signal),



and Ck is a symbol of constellation that we assume to be normalized, i.e. E{|Ck|2} = 1.

Thus, in OFDM the filter is taken from the Fourier basis as

gfk,n = exp
(
2jπ

kn

N

)
, (2)

where the superscript f refers to OFDM. In OCDM, the filter is based on chirp and can be

expressed using the Fresnel transform basis, in the case where N is even, as

gck,n = exp
(
−j π

N
(n− k)2 + j

π

4

)
, (3)

where the superscript c refers to OCDM. In the case where N is odd, the term (n − k) in

(3) is substituted by (n − k + 1
2
). In the rest of the paper, we assume that N is even for a

sake of brevity, but all the developments and results hold for N odd as well. Fig. 1 illustrates

the basic principle of OFDM and OCDM: in OFDM, gfk,n has a constant frequency, whereas

in OCDM, the instantaneous frequency of chirps linearly varies in time. In fact, it can be

noticed from (2) and (3) that the phases of the filters in OFDM vary linearly, whereas they

vary quadratically in OCDM. A thorough analysis in [1] shows that (1) using (3) corresponds

to an inverse discrete Fresnel transform (IDFnT) of Ck, and can be simplified to a processing

involving a simple inverse discrete Fourier transform (IDFT), to the cost of multiplications

by quadratic phases in both the frequency and the time domains. It results that (1) using (3)

can be rewritten as

xn =
ej

π
4

N

[N−1∑
k=0

Cke
−jπ k

2

N e2jπ
kn
N

]
e−jπ

n2

N . (4)

Alternatively in [8], the authors suggest to decompose the Fresnel transform into three

main steps, such as illustrated in Fig. 2-(a):

1) a DFT of size K of the vector containing Ck,

2) the multiplication by the chirp e−jπ
k2

N ,

3) an IDFT of size N , where N can be larger than the number of useful subcarriers K.

The advantage of the OCDM modulation scheme in [8] is that the sample rate at the output

of the IDFT can be set larger than Nyquist rate, whereas the solution in (4) is limited to

Nyquist rate. Moreover, it is proved in [8] that the orthogonality between chirps holds. We

hereby mathematically formalize the principle of the OCDM modulation in [8]. First, it has

been noticed in [20] that the DFT of a chirp gk,n is also a chirp in the frequency domain.

Thus, by using the generalized quadratic Gauss sum [21], we have
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Fig. 2. DFT-based OCDM modulation (a) such as suggested in [8], and the corresponding reception chain (b).

Gk,m =
N−1∑
n=0

gk,ne
−2jπmn

N

=ej
π
4

N−1∑
n=0

e
jπ
N

(−n2−k2+2n(k−m))

=
√
Nej

π
N
(m2−2km), (5)

where m is the index of the frequency sample. Then, by substituting gk,n in (1) by the IDFT

of Gk,m, we obtain:

xn =
1

N

N−1∑
k=0

Ck

[ 1
N

N−1∑
m=0

Gk,me
2jπmn

N

]
=

√
N

N2

N−1∑
m=0

[N−1∑
k=0

Cke
j π
N
(m2−2km)

]
e2jπ

mn
N . (6)

We can generalize (6) to consider a DFT of size K ≤ N corresponding to K symbols of

data {C0, C1, .., CK−1} and a IDFT of size N . In that case Q = N−K
2

null subcarriers are

located at the edge of the band such as illustrated in Fig. 2-(a). Then xn is expressed as



xn =

√
K

KN

N−1∑
m=0

αm e
jπ

(m−Q)2

K

[K−1∑
k=0

Cke
−2jπ k(m−Q)

K

]
︸ ︷︷ ︸

Xm

e2jπ
mn
N , (7)

with αm = 0 if the m-th subcarrier is null, and αm = 1 otherwise. In addition, Fig. 2-(b)

shows the OCDM reception chain, including the channel estimation and equalization. This

topic is out of the scope of this paper, but details about channel estimation and equalization

in OCDM can be found in [1], [4], [8]. Moreover, the remaining of the OCDM reception

chain consists of the reverse unitary blocks corresponding to those at the transmitter, namely:

the CP removal, the DFT (where null subcarrier can be removed), the multiplication by the

inverse chirp, and the IDFT.

It has been shown in [17], [22] that OCDM, similarly to any multicarrier system that can

be generally expressed as in (1), is prone to large PAPR since the samples of the signal xn can

be considered as complex Gaussian variables. It results that the complementary cumulative

distribution function CCDF of the the OCDM signal is the same as that of OFDM and can

be expressed at Nyquist rate (K = N ) as (see [23], [24])

CCDF (λ) =P

(
maxn |xn|2

E{|xn|2}
≥ λ

)
=1− (1− e−λ)N , (8)

where maxn |xn|2
E{|xn|2} is the expression of the PAPR. Moreover, we assume that E{|xn|2} =

1
N

∑N−1
n=0 |xn|2 and (8) hold for sufficiently large N ≥ 128, otherwise see [25] for PAPR

expressions considering lower N values. For largely oversampled signal, [23] proposed to

generalize (8) as CCDF (λ) = 1 − (1 − e−λ)α.N where α is empirically set to α = 2.8.

However, few methods for PAPR reduction in OCDM have been suggested in the literature

[17], [18]. Furthermore, the authors of [17], [18] adapt existing methods such as clipping

and selected mapping in [17], or tone reservation in [18]. We first introduce techniques of

PAPR reduction dedicated to OCDM in Section III, then we present a generalization of the

single-user OCDM transmission chain in Fig. 2 to multi-user OCDM and how the PAPR

reduction techniques can be adapted to multi-user OCDM in Section V.

III. PAPR REDUCTION METHODS BASED ON CHIRP SELECTION

In this section, we present two methods of PAPR reduction for OCDM, based on the

selection of the variation of the chirp (up or down). The techniques of PAPR reduction,



as well as the corresponding adapted receiver, are presented in a single user context, and

generalized to multi-user OCDM afterward.

A. PAPR Driven Chirp Selection

It can be noticed in (6)-(7) or in Fig. 2 that the multiplication by the chirp ejπ
m2

N leads

to a sum of down chirps such as illustrated in the right side of Fig. 1. However, it is also

mathematically possible to consider a multiplication by e−jπ
m2

N instead of ejπ
m2

N therefore

leading to a sum of up chirps in (1). We define ε ∈ {−1, 1} such that the multiplication by

ejεπ
m2

N in (6)-(7) leads to x(1)n (resp. x(−1)n ) if ε = 1 (resp. ε = −1), and which are given by:

x(1)n =
1

N

N−1∑
k=0

Ck exp
(
−j π

N
(n− k)2 + j

π

4

)
︸ ︷︷ ︸

g
(1)
k,n

,

x(−1)n =
1

N

N−1∑
k=0

Ck exp
(
j
π

N
(n− k)2 − j π

4

)
︸ ︷︷ ︸

g
(−1)
k,n

. (9)

Based on (9), the suggested PAPR reduction method called OCDM with chirp selection

(OCDM-CS) consists in choosing at the transmitter side the signal x(1)n or x
(−1)
n , n =

0, 1, .., N−1, offering the lowest PAPR, such as illustrated in Fig. 3. The values PAPR(1) and

PAPR(−1) correspond to the PAPR of the signals x(1)n and x(−1)n , respectively. The different

steps of the method are detailed in Algorithm 1, where the inputs x(1)n and x(−1)n are obtained

from any OCDM modulation method.

Algorithm 1: PAPR reduction method by chirp selection.

input : (x(1)n , x(−1)n )

output: xn = x
(1)
n or xn = x

(−1)
n

PAPR(1) ← maxn |x(1)n |2

E{|x(1)n |2}

PAPR(−1) ← maxn |x(−1)
n |2

E{|x(−1)
n |2}

if PAPR(1) > PAPR(−1) then
xn ← x

(−1)
n

else
xn ← x

(1)
n

The advantages of the suggested algorithm are multiple:
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Fig. 3. Basic principle of the suggested PAPR reduction method by chirp selection, OCDM-CS.

• the method is simple to implement as it only requires a simple comparison between

PAPR(1) and PAPR(−1),

• it is not destructive for the transmitted signal compared with clipping method [26] for

instance,

• it can be associated with other techniques of reduction of PAPR [17], [18].

It is worth noticing that the suggested OCDM-CS method is very close to the so-called

selected mapping (SLM) [17], where the data symbols Ck are multiplied by different phase

sequences, and the sequence leading to the lowest PAPR is actually transmitted. In the

OCDM-CS technique, the "phase sequence" is based on the variation of the chirp and applied

to the DFT-encoded symbols. However, it can be expected that the OCDM-CS and the SLM

(using two phase sequences) achieve the same performance.

B. Clipping Driven Chirp Selection

1) Clipping Method: The basic principle of the clipping method (when applied in its

simplest implementation) is to clip any sample xn that saturates, i.e. whose module |xn|

(or equivalently |xn|2) exceeds a given threshold µ [27].In the following, we note with a

superscript (c) the clipped samples as x
(c)
n . The value of µ can be chosen according to



different metrics: a target PAPR, a target error vector magnitude (EVM), a target probability

of clipping Pt, etc. In the following, we consider the latter metric, which leads to:

Pt = P
( |xn|2

E{|xn|2}
≥ µ

)
= e−µ

⇔ µ = − ln(Pt), (10)

where |xn|2
E{|xn|2} is the square modulus of the normalized signal.

The main drawback of clipping is to induce non-linear distortions, which can be modeled

as an additional white Gaussian noise [26]. The method hereby presented aims at reducing

the induced clipping noise, by choosing among up and down chirps.

2) Description of the Method: Once again, based on (9), the suggested PAPR reduction

method called OCDM with clipping-driven chirp selection (OCDM-CDCS) consists in choos-

ing at the transmitter side the signal x(1)n or x(−1)n offering the lowest clipping noise for a given

threshold value µ, such as illustrated in Fig. 4. The values σ2
c (1) and σ2

c (−1) correspond to

the variances of the clipping noise of the clipped signals x(1)n and x
(−1)
n , respectively. The

different steps of the method are detailed as follows:

1) For any n = 0, 1, .., N−1, generate x(1)n and x(−1)n such as defined in (9) and normalize

their power.

2) Clip x(1)n and x(−1)n to get x(1,c)n and x(−1,c)n such as described in Section III-B1.

3) Calculate the variances of the clipping noises. For any ε = ±1, the variance of the

clipping noise σ2
c (ε) is given by

σ2
c (ε) =

1

N

N−1∑
n=0

|x(ε)n − x(ε,c)n |2. (11)

4) If σ2
c (−1) > σ2

c (1) transmit x(1,c)n , else transmit x(−1,c)n .

Both presented techniques lead to a PAPR reduction, such as shown in Section VII and

are based on chirp selection, which is dedicated to the OCDM modulation. However, the

two proposed techniques require two OCDM modulation chains in parallel (at least parts of

modulation chains), which increases the computation cost at the transmitter side. Moreover, it

requires an adapted receiver to discriminate up chirps or down chirp. A (sub-)optimal receiver

based on the maximum likelihood criterion is hereby presented.
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Fig. 4. Basic principle of the suggested PAPR reduction method based on clipping and chirp selection.

IV. CORRESPONDING ADAPTED RECEIVER

The received OCDM signal samples yn, n = 0, 1, .., N − 1, assuming a coherent demodu-

lation (i.e. after synchronization) and after CP removal, can be generally expressed as

yn = (h ∗ x(ε))n + wn, (12)

where h = [h0, h1, .., hL−1] is the vector of size 1×L containing the impulse response of the

channel, where we assume that L is smaller than the CP, avoiding intersymbol interference.

Moreover, wn ∼ CN (0, σ2), n = 0, 1, .., N − 1, are the samples of the complex additive

white Gaussian noise (AWGN). Different receivers including an equalization stage have been

suggested in the literature [1], [22], [28], according to the method of modulation (discrete

Fresnel transform (1), IDFT (4), precoding and IDFT (6)-(7)). We hereby consider a DFT

based receiver similar to the transmitter.

After the CP removal, the convolution in (12) becomes cyclic, therefore the DFT of size

N of yn, yields the frequency samples Ym:

Ym = HmX
(ε)
m +Wm, (13)
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Fig. 5. OCDM receiver adapted to the PAPR reduction method based on chirp selection.

where m = 0, 1, .., K−1 after the null subcarrier removal, and Hm is the frequency response

of the channel. The principle of the adapted receiver consists in estimating the variation

of the chirps (up or down) from the observation Ym, in order to properly demodulate the

information symbols Ck. Thus, the estimation of down or up chirps reduces to the estimation

of ε. The optimal estimator consists in maximizing the likelihood function as

ε̂ = arg max
ε∈{−1,1}

C exp

(
− 1

σ2

K−1∑
m=0

|Ym −HmX
(ε)
m |2

)
, (14)

where X(ε)
m corresponds to the samples obtained with ε = 1 or ε = −1, and C is a constant

that does not needs to be defined as it will be removed from the following developments.



After some mathematical simplifications, (14) yields:

ε̂ = arg max
ε∈{−1,1}

C exp

(
− 1

σ2

K−1∑
m=0

|Ym|2
)
exp

(
− 1

σ2

K−1∑
m=0

|HmX
(ε)
m |2

)

× exp

(
1

σ2

K−1∑
m=0

2Re
{
YmH

∗
m(X

(ε)
m )∗

})

= arg max
ε∈{−1,1}

K−1∑
m=0

Re
{
YmH

∗
m(X

(ε)
m )∗

}
, (15)

since the maximization is independent of Ym and we assume that
∑K−1

m=0 |HmX
(ε)
m |2 is in-

dependent of ε. The latter assumption is justified as the frequency samples X(ε)
m are similar

to zero mean Gaussian noise samples whose mean square is independent of ε. Then by

substituting X(ε)
m by its definition, we obtain:

ε̂ = arg max
ε∈{−1,1}

K−1∑
m=0

Re
{
YmH

∗
m

K−1∑
k=0

e−jεπ
m2

K C∗ke
2jπmk

K

}
= arg max

ε∈{−1,1}
Re
{K−1∑
k=0

C∗k

K−1∑
m=0

YmH
∗
me
−jεπm

2

K e2jπ
mk
K

}
, (16)

where we recognize the IDFT of YmH∗me
−jεπm

2

K . It is worth emphasizing that both Hm and

Ck are unknown. To circumvent the lack of knowledge of Hm, it is possible to substitute

YmH
∗
m by YmQm, where Qm is the coefficient of a one-tap equalizer, e.g. zero forcing (ZF)

or minimum mean square error (MMSE). In that case, the estimate Ĥm can be considered

instead of Hm, e.g. for ZF equalizer Qm = Ĥ−1m . Note that, such as aforementioned, channel

estimation in OCDM is out of the scope of this paper but some methods have been proposed

in [19], [29]–[32]. However in the following, we will consider perfect channel estimation.

On the other hand, Ck cannot be substituted, therefore we suggest a sub-optimal estimator

of ε as follows:

ε̂ = arg max
ε∈{−1,1}

K−1∑
k=0

|Z(ε)
k |

2, (17)

where we denoted Z
(ε)
k =

∑K−1
m=0 YmQme

−jεπm
2

K e2jπ
mk
K for clarity purpose. In fact, in ideal

condition where Hm = 1, in absence of noise, and if ε is known, it can be observed that

Z
(ε)
k = Ck, and hence:



Re
{K−1∑
k=0

C∗k

K−1∑
m=0

Yme
−jεπm

2

K e2jπ
mk
K

}
=Re

{K−1∑
k=0

C∗kZ
(ε)
k

}
=

K−1∑
k=0

|Z(ε)
k |

2 (18)

We deduce from (17) that the adapted receiver consists in evaluating M (ε) =
∑K−1

k=0 |Z
(ε)
k |2 for

both values of epsilon. The suggested adapted receiver is illustrated in Fig. 5, and summarized

in Algorithm 2.

Algorithm 2: Receiver adapted to chirp selection.
input : Y0Q0, .., YK−1QK−1

output: ε̂, Ĉ(ε̂)
0 , .., Ĉ

(ε̂)
K−1

Z
(1)
k = IDFT (YmQme

−jπm
2

K )

Z
(−1)
k = IDFT (YmQme

jπm
2

K )

M (1) =
∑K−1

k=0 |Z
(1)
k |2

M (−1) =
∑K−1

k=0 |Z
(−1)
k |2

if M (1) > M (−1) then
ε̂ = 1

else
ε̂ = −1

Ĉk = Z
(ε̂)
k

V. GENERALIZATION TO MULTI-USER OCDM

A. Multi-User OCDM System Model

It can be observed in Fig. 2 that the DFT and the multiplication by the chirp can be seen

as a transform precoding leading to pre-coded elements Xm, which are carried by orthogonal

subcarriers. Thus, instead of applying a DFT of size K and multiplying by the chirp ejπ
m2

K ,

it is possible to split the K subcarriers into subsets of subcarriers allocated to different users.

The suggested multi-user OCDM transmitter in illustrated in Fig. 6. We assume that U users

can be served by independently pre-coded data streams. Then the K available subcarriers are

split into U disjoint subsets composed of K(u) subcarriers such that

K =
U−1∑
u=0

K(u), (19)
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Fig. 6. Multi-user DFT-based OCDM modulation.

where (u) indicates the index of a given user. The simplest solution consists in allocating

contiguous subcarriers to each user, but a more general approach could consists in mapping

each user stream to a subset of non-contiguous subcarriers, but this is out of the scope of this

paper. Then, the U pre-coded data stream {X(u)
0 , X

(u)
1 , .., X

(u)

K(u)−1}, u = 0, 1, .., U − 1 can be

possibly mapped to physical resources elements (RE) and modulated through the IDFT (this

correspond to the mapping from virtual to physical RE in 5G for instance). The resulting

transmitted signal (without specific RE mapping) has the general expression:

xn =
U−1∑
u=0

√
K(u)

K(u)N

N−1∑
m=0

αm e
jπ

(m−Q(u))2

K(u)

[K(u)−1∑
k=0

C
(u)
k e

−2jπ k(m−Q(u))

K(u)

]
︸ ︷︷ ︸

X
(u)
m

e2jπ
mn
N , (20)

where Q(u) is defined as

Q(u) = Q+
u−1∑
v=0

K(v), (21)

and
∑u−1

v=0 K
(v) = 0 for u = 0. At the receiver side, each UE applies a DFT of size N , then

possibly the inverse mapping from RE, and processes the decoding steps (multiplication by

the conjugate chirp and the DFT) over its dedicated Ku subcarriers, such as described in

Fig. 2-(b).

B. PAPR Reduction in Multi-User OCDM

The methods OCDM-CS and OCDM-CDCS presented in Section III can be straightfor-

wardly adapted to multi-user OCDM. In fact, the variation of the chirps can be set up or



down in each branch u = 0, 1, .., U − 1 by setting ε(u) = ±1, such as illustrated in Fig. 6.

Otherwise, it can be noted that the method can be used in a single-user OCDM as well. In that

case, the original data stream {C0, C1, .., CK−1} can be split into U sub-streams transmitted

over U sub-bands, each sub-band being pre-coded using upchrips or downchirps. The total

number of generated signals is then 2U , and the transmitter can choose among the signals the

one minimizing the PAPR in OCDM-CS or the one minimizing the clipping noise in OCDM-

CDCS. As a consequence, the PAPR reduction of the OCDM-CS in multi-user should be

improved compared with usual OCDM-CS since the set of signal is larger (2U against only

2). An adapted receiver including U estimators of ε(u) must be implemented to recover the

data. Thus, the complexity of the method grows exponentially with U at the transmitter side,

and linearly at the receiver side.

VI. PAPR PERFORMANCE ANALYSIS

In this section, we analyze the performance of the suggested OCDM-CS in term of PAPR

for single-user (with only one band, i.e. U = 1). To this end, we assume that x(1)n and x(−1)n

are weakly correlated enough such that the following approximation holds:

P

(
maxn |x(1)n |2

E{|x(1)n |2}
≥ λ,

maxn |x(−1)n |2

E{|x(−1)n |2}
≥ λ

)

≈ P

(
maxn |x(1)n |2

E{|x(1)n |2}
≥ λ

)
P

(
maxn |x(−1)n |2

E{|x(−1)n |2}
≥ λ

)
. (22)

In fact, we show that the correlation between x
(1)
n and x

(−1)
n sampled at Nyquist rate and if

N is even (typically a power of 2), is given by

∣∣∣E{x(1)n (x
(−1)
n )∗}

σ2
x

∣∣∣ =√ 2

N
, (23)

which is weak for N >> 1, which is generally the case in numerous standards and tech-

nologies.

Proof: We use the definition of x(1)n and x(−1)n in (9) to obtain

E{x(1)n (x(−1)n )∗} =e
j π
2

N2

N−1∑
k1=0

N−1∑
k2=0

E{Ck1C∗k2} exp
(
−j π

N
((n− k1)2 + (n− k2)2)

)

=
ej

π
2

N2

N−1∑
k=0

exp
(
−j π

N
(2n2 + 2k2 − 4kn)

)
, (24)



where the cross factors vanish since E{Ck1C∗k2} = 0 when k1 6= k2, and E{CkC∗k} = 1.

Then, by using the development of generalized Gaussian sums, we obtain:

E{x(1)n (x(−1)n )∗} =e
j π
2 e−2jπ

πn2

N

N2

∣∣∣N
2

∣∣∣1/2 exp(−j π
8N

(|2N | − 16n2)
) 1∑
k=0

(
j
π

2
(N2 + 4kn)

)
︸ ︷︷ ︸

=2

=

√
2

N3
ej

π
4 . (25)

Moreover, we have σ2
x = E{x(1)n (x

(1)
n )∗} = E{x(−1)n (x

(−1)
n )∗} = 1

N
, which concludes the

proof.

It results from (22) and (8) that the CCDF of the PAPR of OCDM-CS (highlighted by the

superscript CS) is given by

CCDFCS(λ) =P

(
min

(maxn |x(1)n |2

E{|x(1)n |2}
,
maxn |x(−1)n |2

E{|x(−1)n |2}

)
≥ λ

)

=P

(
maxn |x(1)n |2

E{|x(1)n |2}
≥ λ,

maxn |x(−1)n |2

E{|x(−1)n |2}
≥ λ

)
=(1− (1− e−λ)N)2. (26)

Since CCDF (λ) < 1 (CCDF defined in 8), then we deduce that CCDFCS(λ) < CCDF (λ),

which shows that the suggested technique actually reduces the PAPR of the transmitted signal.

Furthermore, similarly to [23], we generalize the result obtained in (26) to oversampled signal

as CCDFCS(λ) = (1 − (1 − e−λ)αN)2 with α = 2.8. Note that it may be very difficult

to generalize this result for multi-user OCDM as the U generated signals are correlated.

Nevertheless, it is worth emphasizing that CCDFCS(λ) (26) is exactly similar to that obtained

using SLM with two phase sequences such as given in [17]. This confirms the aforementioned

similarity between OCDM-CS and SLM methods.

VII. SIMULATIONS RESULTS

Simulations have been performed with matlab to evaluate the performance of the suggested

OCDM-CS and OCDM-CDCS methods in terms of PAPR and BER, as well as the general-

ization to multi-user OCDM. To this end, signals with N ∈ {256, 512} subcarriers has been

used, and the results have been averaged over 20000 simulations runs. Furthermore, a CP of

length NCP = N
16

has been considered in all simulations.



A. OCDM-CS

In the first series of simulations, random OCDM signals have been generated with N =256

subcarriers and a 16-QAM constellation. Fig. 7 shows the CCDF of PAPR versus the threshold

λ (dB) of OFDM and OCDM signals sampled at Nyquist rate (a) and oversampled by a factor

8 (b). We compare the results obtained for OFDM, OCDM, and OCDM-CS. In the latter

case, simulations and theoretical performance are plotted. It can be observed in both Figs.

7-(a) and (b) that CCDF (λ) of OFDM and OCDM match, since they are both multicarrier

waveforms. Moreover, it is shown that a gain is achieved by using the suggested chirp

selection method for PAPR reduction, e.g. 1.5 dB gain at CCDF (λ) = 10−3. This proves

the relevance of the suggested method, which is not destructive for the signal. It can also be

noticed that the theoretical and the simulations results in (26) match, therefore validating the

PAPR performance analysis in Section VI. In addition, the analytic performance (26) also

holds for SLM method, which can be seen as a benchmark for performance comparison.

We analyze the BER performance versus SNR (dB) in Fig. 8 for coded OFDM, OCDM,

and OCDM-CS with the ML adapted receiver. Both AWGN (a) and multipath Rayleigh

channel (b) have been considered, where the channel is of length L = NCP
4

with an uniform

delay profile. A turbo-code similar to the one considered in [33] has been used. Thus, the

channel coding has a rate 1/2, with a random interleaving. In Fig. 8-(a), we observe that the

BER performance of OFDM, OCDM, and OCDM-CS is the same, which shows that OFDM

and OCDM are equivalent in term of BER in AWGN on one hand, and in the other hand,

that the suggested adapted receiver does not induce BER performance loss. In Fig. 8-(b) we

observe that OCDM and OCDM-CS outperforms OFDM for SNR ≥ 20 dB with a gain of

7 dB at BER=0.01, which highlights the capability of coded OCDM to better cope with

frequency selectivity than coded OFDM such as highlighted in [3], [4]. On the other hand,

we also observe that OCDM and OCDM-CS with the adapted receiver achieve the same BER

performance, which, once again, proves that the suggested adapted receiver does not induce

BER performance loss, while improving the PAPR.

B. OCDM-CDCS

Fig. 9 shows the CCDF of PAPR versus the threshold λ (dB) for the OCDM without clip-

ping (reference), the clipped OCDM, and the OCDM-CDCS using a 64-QAM constellation,

N = 512, and Pt ∈ {0.01, 0.001, 0.0001}. We do not show the PAPR performance of OFDM

to keep the figure clear, but simulations results show that OFDM and OCDM have the same
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performance, such as observed previously. Moreover, both clipped OCDM and OCDM-CDCS

achieve the same PAPR performance as they outperform OCDM without clipping since the

PAPR is upper bounded. This result shows that the suggested method allows the transmitter to

reach the PAPR performance of usual clipping method, and to perfectly adjust the maximum

achievable PAPR by setting Pt.

We plot in Fig. 10 the power spectral density (PSD) (dB) versus normalized frequency

(from 0 to 0.5) of OCDM, clipped OCDM, and OCDM-CDCS with Pt = 0.01 in order to

evaluate the degradation of the out-of-band emission (OOBE) due to the clipping. The signals

have been generated with an oversampling rate of 4, and averaged over 1000 independent runs.

It can be observed in Fig. 10 that the clipped OCDM and OCDM-CDCS have a slightly higher

OOBE compared with OCDM without clipping. In fact the OOBE of the clipped OCDM

is locally 5dB higher than that of the OCDM. Furthermore, no noticeable difference can be

observed between the clipped OCDM and the OCDM-CDCS method, i.e. the latter has no

clear advantage compared with the clipped OCDM with respect to the OOBE improvement.
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Figs. 11, 12, and 13 show the BER performance versus SNR (dB) of the non-coded clipped

OFDM (referred as OFDM in legend), clipped OCDM (referred as OCDM in legend), and

OCDM-CDCS for 16-, 64-, and 256-QAM and 16-, 64-, and 256-PSK constellations, respec-

tively, and using an AWGN channel. In all figures, for any Pt value, and any constellation, we

observe that the clipped OFDM and the clipped OCDM reach the same BER performance.

Otherwise, Fig. 11 shows that the clipped OCDM-CDCS outperforms the clipped OCDM for

Pt = 0.1 for both 16-QAM and 16-PSK. This also especially noticeable in Fig. 12 and in Fig.

13 for both Pt = 0.01 and Pt = 0.001, although it is less noticeable for PSK in the considered

SNR range. In fact, we observe that the overall BER performance is better for QAM than

PSK, which is consistent with theory. It is especially noticeable that in condition of 256-

QAM and Pt = 0.001, the BER performance of the clipped-OCDM reaches a lower bound

of about 2.10−5, whereas the clipped OCDM-CDCS does not in the considered SNR range.

These results shows the capability of the proposed OCDM-CDCS technique to mitigate the

clipping noise and therefore improve the BER performance, while ensuring a PAPR as low as

expected. Finally, it can be emphasized that similar conclusions can be drawn (OCDM-CDCS
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outperforms OCDM with clipping) for coded modulations, but the corresponding figures are

not shown in this paper.

C. Multi-User OCDM

Fig. 14 shows the CCDF of PAPR versus the threshold λ (dB) of OCDM, OCDM-CS

with 1 band (or equivalently 1 user, i.e. U = 1), and OCDM-CS with 2 sub-bands (or 2

users, i.e. U = 2). N = 256 subcarriers and a 16-QAM constellation have been used. As

expected, the OCDM-CS method using 2 sub-bands achieves a lower PAPR than that of the

OCDM-CS with only one band. In fact, a gain of 3 dB (resp. 1 dB) is achieved by the

OCDM-CS with 2 sub-bands compared with OCDM (resp. OCDM-CS with one band), for

CCDF (λ) = 10−4. This shows the capability of OCDM-CS to largely reduce the PAPR

without any signal distortion, loss of data rate, and loss of performance.

VIII. CONCLUSION

In this paper, we have presented two PAPR reduction methods for OCDM systems. Both

techniques are based on the selection of the frequency variations of the chirps at the trans-
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mitter. The first method, called OCDM-CS, selects one of the generated signal (with up or

down chirps) according to the minimum achieved PAPR. In the second one called OCDM-

CDCS, both signals are clipped, and the one featuring the lowest clipping noise is selected

to be transmitted. Both methods are original and dedicated to OCDM, as they are based

on chirp selection. Furthermore, we have presented the multi-user OCDM system, in which

the K subcarriers can be split into subsets that can be allocated to different users. Then,

the suggested PAPR reduction principles have been generalized to this multi-user OCDM

system model. Simulations results show that the OCDM-CS actually reduces the PAPR of

the signal without BER performance loss. The OCDM-CDCS, in turn, drastically reduces the

PAPR thanks to the clipping, with a limited BER performance loss by reducing the clipping

noise. Future works will be undertaken to evaluate the effect of channel estimation instead

of perfect estimation on the suggested method.
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