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Abstract

Elementary Hodge decompositions break down any vector field into a sum of a gradient field and
a divergence-free vector field. Such a result is extended to finite irreducible and reversible Markov
processes, where vector fields correspond to anti-symmetric functions on the oriented edges of the
underlying graph.
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1 Introduction

The elementary Hodge decomposition on a compact Riemannian manifold writes any vector field as a
sum of a gradient field and a vector field whose divergence vanishes. In some sense, this decomposition
corresponds to the Riemannian probability distribution £ and can be extended to any other probability
measure admitting a positive and smooth density with respect to £, with its corresponding skewed
divergence, see Theorem 1 below. An interest of this extension is to explain why in the variational
formulation of Benamou and Brenier [4] of the Wasserstein distance, only gradient fields are needed.

Our main goal here is to transpose this decomposition to the finite Markov process setting, see
Theorem 8 in Section 3, via some geometric definitions inspired by Kenyon [9], interpreting 1-forms
as anti-symmetric functions on the oriented edges of the underlying graph. The main difference with
the continuous situation turns out to be that the two-sided flow of diffeomorphisms generated by a
vector field has to be replaced by a one-sided flow on probability measures generated by some non-
linear Markov generators. It will enable us to revisit the works of Maas [10]| and Erbar and Maas [7]
on optimal transport for finite Markov processes. Denote P (V') the set of all probability measures
on the finite state space V giving a positive weight to all its points. We will see furthermore that
any smooth mapping P (V) 3 p — L,, where L, is an irreducible Markov generator admitting p
as reversible measure, leads to a Riemannian structure on P (V') which is natural in the context of
finite optimal transport. But we will check that not all Riemannian structures on P (V') are of this
Markovian form, except when V' has only two points.

The above decompositions are said to be “elementary Hodge” because they can be seen as gener-
alizations of the Helmholtz decomposition, see for instance Section 3.44 of Rutherford [2], while being
less involved that the Hodge decomposition exposed e.g. in Chapter 6 of Warner [13] or in Bertin,
Demailly, Illusie, and Peters [5].

The plan of this note is as follows. In the next section we recall in details the elementary Hodge
decompositions relative to “nice” probability measures on compact Riemannian manifolds, since we
did not find a pedagogical exposition in the literature. This point of view is transferred to finite
irreducible and reversible Markov processes in Section 3, which leads to the introduction of Markov-
Riemannian metrics. The paper finishes with two appendices. One dealing, on finite state spaces, with
a continuity property of the solutions to Poisson equations, which are at the heart of the elementary
Hodge decompositions. The second appendix computes a Metropolis-Riemann distance on the two
point state space.

Acknowledgments: I would particularly like to thank Jérome Bolte and Stéphane
Villeneuve for the discussions we had about this paper, and Thang Lé for finding mistakes in a first
version.

2 The compact Riemannian manifold setting

A reminder of the elementary Hodge decomposition of vector fields is presented here, which will serve
as a guide for the extension to the finite state space framework.

Consider M a compact and connected Riemannian manifold. Denote TM = | | ;T M the
corresponding tangent space, where T, M is the tangent space above x € M. Let X(T'M) be the set of
tangent vector fields on M, namely the smooth sections from M to T'M.

Denote P4 (M) the set of probability measures p on M admitting a smooth and positive density,
still denoted p, with respect to the Riemannian probability measure ¢. For any p € P, (M), we see
Y(T'M) as a tangent space above p and we endow it with the scalar product -, ), given by

Vo0 eX(TM), (b)), = JM (b, pldzx)



(where (:,-), in the scalar product in the tangent space T,M). This introduces a notion of p-
orthogonality on (T M).

Given a smooth function U : M — R, the Riemannian gradient VU of U is an example of vector
field. We denote G their set as U runs through all smooth functions. It appears that G is a linear
sub-bundle of ¥(T'M).

A vector field b e 3(T'M) is said to leave p € P (M) invariant, if

where (¢;)wer is the flow generated by b and where for any ¢t > 0, ¢(p) is the push-forward of p by
¢¢. Denote by Z(p) the set of b e X(T'M) leaving p invariant.
Here is the statement of the elementary Hodge p-decomposition of X(T'M):

Theorem 1 For any p € Py (M), we have
N(TM) = G6I(p)
where the terms of the r.h.s. are p-orthogonal.
Before giving proof of this decomposition, let us recall a computational characterization of Z(p).
For any p € P (M), denote div, the p-skewed divergence defined by
VbeS(TM),  divy(b) = ;div(pb)

where div(-) is the usual Riemannian divergence. The corresponding p-skewed Laplacian A, is defined
similarly

V feC®(M), Np(f) = divp(VS)
= A(f) + (V) V)

where A is the Laplace-Beltrami operator. The second order operator A, has several names, de-
pending in the context in which it is used: the generalized Ornstein-Uhlenbeck diffusion generator
in probability theory, the over-damped Langevin operator in analysis and the Witten Laplacian in
geometry (especially concerning its extensions to differential forms).

The interest of p-skewed divergence is the well-known:

Lemma 2 For any fized p € P+ (M), we have for any b e X(TM),
beI(p) < div,(b)=0

Proof

This is a simple consequence of Stokes’ theorem. Indeed, p € P, (M) and b € X(TM) being fixed,
denote p; = ¢¢(p) for any ¢t = 0. We have that p € Z(p) if and only if for any test function f € C*(M),

viz0,  plf] = olf]
or equivalently
Vit=0, el f] = 0

It leads us to compute 0¢|i—op¢[f], since dipi[f] can be computed similarly at any time ¢ > 0,
replacing p by p; (which is well-known to belong to P4 (M) too).



We have by definition of the flow,

leeopilf] = Blemo | Flor(o) plda)
- [e.vpa
- [ vp
- —fdiv(pb)fdﬁ
_ f div,(b)f dp

Since the density p is positive, this expression vanishes for all f € C*(M) if and only div,(b) = 0,
as desired. |

We can now come to the

Proof of Theorem 1
The elements p € Py (M) and b € X(T M) being fixed, we consider the Poisson equation in U:

ANU) = div,(b)
L 20 )

This equation is well-known to admit a unique solution if and only if p[div,(b)] = 0. We compute
pldivy(0)] = [ div, 4)dp

fdiv(pb) de
- 0

where Stokes’ theorem has been invoked again.
Consider U the unique solution of (1) and define § :=b — VU. We have

div,(8) = div,(b—VU)
= divy(5) - 5,(0)
~ 0

by construction of U.
It remains to check that for any VU € G and any 3 € Z(p) are p-orthogonal. We compute

vy, = |8
- [cvupsyar
= —Jdiv(pﬁ)UdK

= —Jdivp(B)Udp
=0



Remark 3 Let us come back to the solution U of the Poisson equation (1), for given p € P, (M) and
be X(TM). For x € M, consider (X£(s))s=0 a diffusion of generator L, starting from x. We have the
probabilistic representation

+00
Ula) = = Eliv (X)) ds 8
where the integrant converges exponentially fast to 0 with respect to s, as the spectral gap of A, can
be bounded below uniformly in terms of the supremum norm of In(p) (see also Appendix A, where
this property will be developed in the finite state space setting).

Girsanov formula relates explicitly the law of X7[0,s] := (X£(u))ye[o,s] to that of the Riemannian
Brownian motion X![0, s], for any s > 0, by stating that for any measurable bounded function F on
the M-valued trajectories over the time interval [0, s],

E[F(XZ[0, s])]
— E[F(X;}[o,s])exp (LS<V1n(p)( ), dX (v >—f |V In( )(X:f(v))|2dv>]

[ FOct0.s) e () (X)) - (o)) ~ 5 [ Ak @)+ Vi) @) do)|

(where the scalar product and the norms are taken above X% (v)).
In conjunction with (2), it can be deduced that the mapping P (M) 3 p — U € C*(M) is regular,
when P, (M) is endowed with the topology inherited from C*(M). o

Let us give a classical consequence of the elementary Hodge decomposition of Theorem 1 concerning
the introduction of a (infinite-dimensional) Riemannian-like structure on P, (M) as in Ambrosio, Gigli
and Savaré [1].

A (smooth) curve [0,1] 3t +— p; € PL(M) (for the topology inherited from C*(M)) is said to be
generated by a (smooth) curve [0,1] 3¢ — b, € (T M) of vector fields when

vie[0,1], o = ¢ilpo) (3)

where the time-inhomogenous flow (<Pt)te[o,1] is defined through

Vitel0,1],V ze M, %got(:c) = bi(pe())

(starting with ¢g being the identity mapping).
When there is a (smooth) curve [0,1] 3¢ — U; € C*(M) of smooth functions such that furthermore

VtE[O,l], bt = VUt

we say (pt)ie[o,1] is generated by a (smooth) curve of gradient fields.
Generation by vector fields is in fact equivalent to generation by gradient fields:

Proposition 4 Assume that (pi)eo,1] s generated by the vector field curve (bi)efo,1]- Then it is
also generated by the gradient field curve (VUy)e[o,1], where for any t € [0, 1], VU comes from the
elementary Hodge decomposition of by above py:

b = VU + B

with By € L(pt). Furthermore (VUy)e[o,1] 18 the only gradient field curve generating (pt)iefo,1]-



Proof

Taking into account Remark 3, we get [0,1] 3¢ — VU, is as smooth as [0,1] 3¢ — b;.
Denote by (pt)se[o,1] the flow generated by the gradient fields (VU;)se[o,1]- Consider a test function
f e C®(M), we have for any ¢ € [0, 1],

o) = o [ Fleuo) pldo)
= [0, pli)
~ 6.9, mian
_ f fdiv,, (be) dpy

= —deivpt(VUt) dpt (4)
= e[ f]

By integration, it follows that (p¢)sejo,1) coincides with (pt)seqo,1]-

Assume there is another gradient field curve (Vﬁt)te[o,l] generating (p;)se[o,1]- According to (4),
we have for any t € [0, 1] and any test function f e C*(M),

f fdiv,, (VU;) dp; = f fdiv,, (VU;) dp;

It follows that for any given t € [0, 1],
[(vrvwi -0y dp = 0

so that taking f = U; — Uy, we get V(U _Nﬁt) = 0. Since this is true for any ¢ € [0, 1], it means the
two gradient field curves (VUy)sejo,1] and (VUy)e[o,1] coincide. [ |

Remark 5 To make evolve the boundary ¢A of a smooth domain A in M, one usually resorts
to a T(M)-valued vector field on dA and “pushes the boundary points” according to this vector
field. It is well-known, see e.g. Mantegazza [11], that it is sufficient to consider vector fields that are
normal to A, because their tangential components leave 0 A invariant (and just act as an infinitesimal
reparametrization). Proposition 4 is a result analogous to this orthogonal decomposition of vector fields
on 0A into normal and tangential components. In fact we believe that both the elementary Hodge
decomposition and the normal and tangential decomposition are two instances of a more general result
for measures on M (where 0A would be identified with the Hausdorff trace of £ on dA) that is outside
the scope of the present note. o

To go in the direction of a Riemannian-type distance on P (M), we have to define the length of a
curve. We start by associating to po € P1(M) and to a curve of vector fields (bt);e[o,1] the quantity

1
oo, B)eepr) = 4| fo b2, at (5)

where (pt)se(o,1] is deduced from po and (bt)efo,1] via (3).
Next, if (pt)se[0,1] 1s a curve in Py (M), we define

L((pt)eefoa]) = nf {L(po, (be)sefo,1]) = (be)eefo.1] € B((pe)eepo]) } (6)

where B((pt)sefo,1]) stands for the set of vector field curves generating (pt)sefo,1]-



Lemma 6 Let (pt)efo,1] be a curve in Py (M) generated by a vector field curve. Consider (VUy)se[0,1)
the unique gradient field curve generating (pt)te[o,l] according to Proposition 4. We have

L((pt)tefo,r]) = L(po, (VUt)sepo,1)

Proof

Consider any vector field curve (bt)e[o,1] generating (pt)ie[o,1] and decompose it as in Proposition 4.
The orthogonality property of Theorem 1 then shows that

2 2 2
viel0,1], b, = VU, + 185,
implying that

L(po; (bt)ieo,)]) = L(pos (VUt)sefo,1])
This shows that the infimum of (6) is attained at the unique gradient field generating (pt)e[o,1]- W

The last step in constructing a Riemannian-like distance D on P, (M) is to define, for any pg, p1 €

Py (M),
D(po,p1) = mf{L((pt)ie[o,1]) * (Pt)ico,1] € R(po, p1)}

where R(po, p1) is the set of curves in P, (M), starting at pg and ending at p;, and generated by
vector field curves. Lemma 6 shows that in this definition, it is sufficient to consider gradient field
curves, thus enabling us to recover the variational formulation of Benamou and Brenier [4] in terms of
gradient field curves. It turns out that D is a Wasserstein distance, but we will not go further in this
direction.

3 The finite Markov process setting

We propose here a version of Theorem 1 valid for finite Markov processes (as a first step toward a full
Markov process extension?).

The Riemannian structure of M can be entirely encapsulated into the Laplace-Beltrami operator
A. By analogy, a finite framework consists in an irreducible Markov generator L = (L(z,y))syev
whose invariant probability 7 is supposed to be reversible. Denote V' the underlying finite state space.
It is endowed with a graph structure, by defining its edge set as

E = {(x,y)eV?: L(z,y) > 0} (7)
Note that the edges are directed and that by reversibility we have
Vz,yeV, (v,y)eE < (y,7)€ekl

Thus it could be tempting to consider the corresponding set of undirected edges. It is more
convenient to choose an orientation for any undirected edge. More precisely we consider a set Ec £,
such that for any (z,y) € E, either (z,y) € E or (y,z) € E, but not both (z,y) and (y, z) belong to E.

A function F' : E — R is said to be a vector field if and only if

v($7y)€E7 F($7y) = —F(y,l‘)

We denote by X(E) the set of vector fields on the graph (V, E). Note that it is in natural bijection

with R” the set of mapping from E to R. This definition is inspired by Kenyon [9] (see also Remark 12
below). The latter paper also writes L in a form analogous to A = divo V in the Riemannian setting.



More precisely, given a function f : V — R (whose space is denoted RY), define the gradient of f as
the vector field given by

Endow V' with the probability measure m and E with the measure u defined by
Vi(ey)eE,  pl@y) = mw(z)L,y) (9)

The operator V can be seen as going from L2(7) to L?(u). By definition, the divergence div is
the opposite of the adjoint operator to V. Then we can write again:

L = divoV (10)

Denote G the set of vector fields which are gradients.

Pursuing our analogies with the Riemannian case, let P, (V) stands for all probability measures
giving a positive weight to all points of V. Consider F' € ¥(FE), to make it act on elements of P4 (V),
consider the Markov generator Ly associated to F' via

Ve#yeV,  Lp(z,y) = Fy(z,y)L(z,y) (11)
where we adopt the convention

and where F (z,y) stands for the non-negative part of F'(x,y) (the entries of the diagonal of Ly are
such that the row sums all vanish).

Remark 7 The Markov processes Xr generated by Lp mimick, as much as possible, dynamical
systems generated by vector fields. In particular edges can be crossed only in one direction. Note that
if F'is a gradient V f, then the jumps of Xp (strictly) increase f and it follows that X converges in
finite but random time toward a (random) local maxima of f. Recall that x € V is a local maxima
for f (with respect to the neighborhood structure given by E) when for any (z,y) € E, we have
fy) < flo). o

The Markov generator L enables to associate to F' the flow (¢;)i=0 acting on P, (V) via
VvePr(V),Vt=0, we(v) = vexp(tLp) (13)

Contrary to the Riemannian case, we cannot consider negative times if we want to stay in Py (V).
The other major difference is that there is no underlying dynamical system acting on the points of V.
Instead, it must be replaced by the Markov process generated by Lr (whose time-marginal distribution
are the (¢¢(v))t=0 when the initial distribution is v).

We say that a vector field F' € ¥(FE) leaves our fixed reversible probability 7 invariant if and only
if

Vit=0, o(m) = =

Denote again by Z(m) the set of F' € ¥(E) leaving 7 invariant.
Let us define a scalar product on X(E), seen as a tangent space to Py (V') above m € P, (V), to get
a notion of m-orthogonality. We define the scalar product :, ) on X(E) through

VEF ex(B), (FFYy = Y {(FF) n)
zeV
where
VeeV,VFF eX(E), (FF) = > FyF (zyLy)
veV\{e}



Namely, we have

V F,F' e X(E), <<F, F’>>7T = Z F(x,y)F'(z,y)m(z)L(x,y)
rH#YyeV

(this quantity can also be identified with 2(F, F,>L2(u)v where p is defined in (9)).
We have the analogue of Theorem 1, but restricted to the probability

Theorem 8 We have
N(E) = 8I(r)
where the terms of the r.h.s. are w-orthogonal.

Let us compute the divergence, as in Kenyon [9], who used the following explicit form to deduce (10).

Lemma 9 We have for any F € ¥(E):

VaeeV, div(F)(x) = Y. F(z,y)L(z,y) (14)
yeV

Proof

Consider a test function f € RY. We have

pFVFl = > F(zy)(fy) — f(@)m(z)Lz,y)

(x,y)eE"
= 5 Y Py - f@)r@)e,y)
(z,y)EE
= 5 3 P~ f@)r(@)L,y)
z,yeV
- % F(z,y) f(y)vr(x)L(x,y)—% Y, Flz,y)f(@)m(z)L(z,y)
z,yeVv z,yeV

Note that by reversibility and by definition of a vector field,

>, Fle,y)fm(@)Lx,y) = ) Fla,y)f(y)ry) Ly, )

z,yeV z,yeV

= = > F(y,2)f(y)r(y)L(y, )

thus we get

ulEFV f]

I I
| |
2
= &
P
OS
S— \
—~
1 =
N A
CRG)
pS =
SN— —
= B
S
<

The desired formula follows. [ |

We deduce the analogue of Lemma 2, at least for p = m:



Lemma 10 We have for any F € 3%(FE),

FeI(r) < div(F)=0

Proof

Consider a vector field F satisfying div(F) = 0. It is equivalent to the fact that for any f e RV, we
have [ fdiv(F)] = 0. We compute, taking into account the convention (12), the reversibility of 7 for
L and the anti-symmetry of F,

a[fdiv(F)] = Y w(2)L(x,y)F(z,y)f(z)

— = Y W)L F (D)

= = Z W(x)L(x,y)F+(m,y)f(y)+ Z W(x)L(x,y)F_(x,y)f(y)

rz#yeV r#yeV

where F_(z,y) = —min(F(x,y),0) is the non-positive part of F(x,y). By definition of Lp, the first
sum is equal to

Y, @) Le(xy)fly) = wlLelfl] - ), w(x)Le(z,2)f(x)

c#yeV zeV

We compute

Y r@)Lr(@,0)f@) = - Y w@)f@) Y Lr(e,y)

zeV zeV vre
= = w(@)f(@) )] Fi(z,y)L(z,y)
zeV y#T
- _ Z m(x)L(z,y)Fy(x,y) f(x)
r#yeV
= — Z m(y)L(y, x)Fy(y, x) f(y)
rH#yeV
= — Z m(x)L(z,y)Fy(y, ) f(y)
r#yeV

Since F' is a vector field, we have
Vax,yeV, Fi(y,x) = F_(x,y)
Putting together the above computations, we end up with
rlfdiv(F)] = —w[Lr[f]] (15)
and the desired equivalence follows. |

Now we have at our disposal all the ingredients necessary to the

Proof of Theorem 8

10



The arguments are exactly the same as those of the proof of Theorem 1. The vector field F' € X(E)
being fixed, we consider the Poisson equation in U:

(16)

{L(U) = div(F)
w[U] = 0

This equation is well-known to admit a unique solution if and only if 7[div(F)] = 0. From (15)

and writing 1 for the constant function taking the value 1, we get

[div(F)] = —w[Lp[1]]
= 0

Consider U the unique solution of (16) and define G := b — VU. We have

div(G) = div(F —VU)
= div(F) - L(U)
~ 0

by construction of U.
It remains to check that for any VU € G and any G € Z(w) are m-orthogonal. By definition we
have

VU,GY, = Y (Uly) - U(x)G(z,y) w(x)L(z,y)

z,yeV

By symmetry, we have

Y, UG, y)m(x)L(z,y) = — ), Ul@)G(z,y)m(x)L(z,y)

z,yeV z,yeV

so that

VU, G,

-2 )} U(@)G(z,y) w(x)L(z,y)

z,yeV
= —27[Udiv(G)]
=0

Of course, Theorem 8 can be extended to any p € P (V), it is sufficient to be given a corresponding
irreducible generator L, admitting p as reversible probability measure and to consider all the above
related notions. Let us assume that the corresponding graph (V, E') remains the same, which amounts
to assuming there is a function p : F — (0,+0o0) such that

Vz,y)eViao#y,  Lyzy) = plz,y)L(z,y)

(when (x,y) ¢ E, x # y, the values of p(z,y) are irrelevant since L(z,y) = 0, we can take for instance
p(x,y) = 0). The reversibility of p is equivalent to

v (.%,y) €FE, 5p(iﬁ)p(3§,y) = 5p(y)p(y,:v) (17)

where 0, is the density of p with respect to =:

VzeV, dp(x) = )



Remark 11 Maas in [10] also “extends” the probability p into a function p of two variables of the
state space (rather corresponding to the sides of (17)). He makes further assumptions, in particular
that there exists a function @ : (0, +00)? — (0, +0) such that p(z,y) = 0(p(x), p(y)), which are not
necessary for our purposes. o

The definition of the gradient remains the same, but in (9) we have to consider

V (z,y) € E, po(z,y) = p(x)Ly(z,y)

with the corresponding notion of divergence div,, so that L, = div,o V.
Definition (11) has to be replaced by

Vo # ye ‘/7 Lp,F(‘Tvy) = (F(may))-i-Lp(x?y) = (F(x,y))+p(x7y)L(x,y) (18)

The set Z(p) can be seen as the set of vector fields F' leaving p invariant, with respect to the linear
flow (¢p,t)i=0 defined, as in (13), by

VvePy(V),Vit=0, oi(v) = vexp(tL,r)

but it seems more natural (cf. (24) below) to see Z(p) as the set of vector fields F' leaving p invariant,
with respect to the non-linear flow (/)= described by its evolution:

Vve 'P+(V), Vit= 0, atd)t(lj) = 1[),5( )Lwt(V (19)

(and starting with 1g(v) = v). This non-linearity is a true discrepancy with respect to the Riemannian
situation.

Remark 12 The fact that Definition (8) does not depend on L nor p, suggests, as in Kenyon [9],
that it corresponds more to a 1-form than to a gradient, in analogy with differential geometry, where
the differential of a function does not depend on the Riemannian structure, contrary to the gradient.
Thus it seems Hodge decompositions would be more natural for differential form fields than for vector
fields. In the Riemannian setting, vector fields are important to describe corresponding dynamical
systems, reason why we prefer to work with them. In the finite Markov setting, this link is distorted
by the mapping F' — L, r, so we should probably adopt the 1-form terminology. o

Finally the scalar product (-, ), on X(E) should be defined through

VEF eX(E), (FF), = Y FayF (@y)p)Llyzy) (20)
r#yeV

leading to the notion of p-orthogonality on 3 (FE).
With these definitions, Theorem 8 extends immediately into

Theorem 13 For any p € P+(V), we have
S(E) = GOI(p)
where the terms of the r.h.s. are p-orthogonal.

Another difference with the Riemannian case is the choice of the L, for p € P, (V), role which
previously were “naturally” played the A, for p € P4 (M). A classical choice is to consider the
Metropolis generators, which corresponds to

VpePi(V),V (x,y) e E,  p(z,y) = min (1,'7'W> — min <1, gzg;) (21)

12



which satisfies (17), since

V(z,y)e E,  bp(x)p(r,y) = min(dy(x),d,(y)) (22)

(there is a relation between this construction of L, from L and p and that of A, from A and p, since
they both correspond to the minimization of some trajectorial entropy, see [6]).

The favorite choice of Erbar and Maas [7], to extend the notions of Ricci lower bounds and their
consequences for functional inequalities of finite Markov processes, is

VpePi(V),V(z,y) e E,  dp(x)ple,y) = 6??53;;

In(d,

Whatever the choice, some regularity of the mapping P, (V)3 p— L, € RV must be assumed
for the considerations of Remark 3 to hold (for more details in this respect see the following appendix).
For instance let us assume this mapping is locally Lipschitzian (seeing P, (V) as a subset of (0,1)"),
condition which also insures the needed local existence and uniqueness of the solution to (19). Note
that both (22) and (23) satisfy this condition. Proposition 4 and Lemma 6 are then also valid in the
finite setting, via the same proofs. Indeed, it is sufficient to extend the notion of generation by vector
or gradient field curves via: a continuous curve [0,1] 3¢ +— p, € P (V) is said to be generated by a
continuous curve [0,1] 3t — F; € ¥(F) of vector fields when

50(37)
In(4,(x))

(23)

Vte[0,1], pr = ptly, R, (24)

We say furthermore that [0,1] 5 ¢t — p; € P4(V) is generated by a continuous gradient field
curve, when F; belongs to G for all ¢ € [0,1]. Then Proposition 4 and Lemma 6 extend literally to
the finite Markov setting.

More precisely, we are led to introduce as in (5), for any pg € P4+ (V) and any continuous curve
[0,1] 3t — F; € ¥(E) of vector fields,

1
L0o0, (Fepo) = fo IF2, dt

where (pt)e[0,1] 1s the solution of (24). Next, as in (6), when (pt)e[o,1] is a continuous curve in P (M),
we define

['((pt)te[o,l]) = inf {ﬁ(ﬂo,(Ft)te[o,l]) : (Ft>te[o,1] eB((Pt)te[o,l])}

where B((pt)se[o,17) stands for the set of continuous vector field curves generating (pt)se[o,1]-
We get then that if B((pt)sejo,1]) # &, then

L((pt)iefo,1]) = L(po, (VUt)sepo,1))

where (VUi)efo,1] is the unique gradient field curve generating (pt)e[o,1]- By the usual convention,

when B((pt)e[0,1]) = &, we take L((pt)e0,1]) = +00-
Following a traditional path, we construct a Riemannian-like distance D on P, (M) by defining,

for any po, p1 € P+ (M),

D(po,p1) = f{L((pt)iefo,1]) : (Pt)ie[o,1] € R(po;p1)} (25)

where R(po, p1) is the set of continuous curves in P, (M), starting at pp and ending at p;.
To check this distance takes finite values, we have to show that R(pg, p1) contains at least one
curve generated by a continuous vector field. The following result is the main step in this direction.
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Lemma 14 Let be given p € P+ (V) and a signed measure n € H(V') with

H(V) = {77 = (n(@)eev €RY 2 ) n(x) = 0}

zeV

Then there exists a unique function U € RY with Y, ., U(z) = 0 and such that

n = pLyvu (26)

Furthermore the mapping (p,n) — U is continuous.

Proof

Equation (26) amounts to

VeeV, n) = > pW)ViU(y,2)Ly(y,z) + p(x)Lovu(z, ) (27)
Yy#T

where VU (y, z) stands for (VU (y,z))+. By definition, we have

P(@Lp,VU(xax) = _P(ff)ZLp,VU(x’Z)
ZF#T

= D VUG ey, )
Z#T

= X VUG e)
zZF#T

so (27) rewrites

VaeV,  n(z) > p(W)VU (y,2)Ly(y, z)

y#o
= —L,[U](z) (28)
where the Markov generator Ep is defined via
VaryeV,  Lyxy) = pu)Lyy ) (29)

(and the diagonal of f/p is such that all the row sums vanish).
Note that L, is a symmetric matrix so its reversible measure is the uniform distribution v over V.

Since L, is irreducible, v is also its unique invariant measure. These observations show that U is the
unique solution of the Poisson equation

ZP(U> =1

30
{5 Z o
The continuity of U in (p,n) is obtained as in the proof of Proposition 16 in Appendix A. ]

The previous lemma proves that any C! curve (Pt)tefo,1] in P+ (V) is generated by the continuous
gradient field (VU;)e(o,1], where for any ¢ € [0, 1], VU, is obtained as in (26), where 7 is replaced by
pr and p by p;. In particular R(pg, p1) # &, for any pg, p1 € P+ (V).

The fact that in (26), n = 0 is equivalent to VU = 0 implies that D defined in (25) is a genuine
Riemannian distance on P, (V). Indeed, from the previous definitions, the scalar product above
p € Py(V) of two tangent vectors n, ' € H(V) is given by

Ko py, = VUV, (31)

14



where VU and VU’ are the respective unique solutions to (26) and to ' = pL, v .

The particular case where (L,),ep, (v) correspond to the Metropolis construction (starting from
a given irreducible and fixed couple (m, L)) could be called the Metropolis-Riemann structure of
P+ (V). In Appendix B we compute the associated distance D when V has two points and the jump
rates of L are both equals to 1.

In general, let us compute more explicitly the scalar product given in (31):

Lemma 15 For any p € P+(V) and any n, ' € H(V'), we have

Yy, = ) Az, y)ny) = n@) (0 (v) -7 (2))

z#yeV

with ,Zp = (gp(x,y))%yev the matriz given by

~ ~ 1
Vaz,yeV, Ay(z,y) = 2f P,i(x,y) — —dt (32)
[0,+0) 14
where
Vit=0, ﬁpyt = exp(tf/p)

(recall that the Markov generator f/p was defined in (29), that it is reversible with respect to the
uniform distribution v = ‘—é' and that the r.h.s. is absolutely convergent since the integrant is converging

exponentially fast to zero).

Proof
By definition, we have for any p € P (V),

(VU VU,

|
2,
&
&~
B
—~~
8
<
~—
S
—~~
Y
|
=
E
<
—~~
<
~
|
<
&
N

I
h
i)
S
|
=
2
<
|
<
O
&

Note that
LU -U@)U -U'(x))] = LUV - U()L,[U"] - U'(x)L,[U]

so we deduce, taking into account the reversibility of v for ZNLp

VU, VU’ ~ ~ ¥
SO ot )~ v, - L)
= UL, U] = v[U'L,[U]]
= —QU[UEp[U/]]
= 2v[Un]

according to (26), where n and U are replaced by 1’ and U’.
Recall that the solution of (30) is given by

+00 N
VacV. U@ = | EW(R.)d



where )Z'p@ = ()Z'p@(t))t;o is a Markov process of generator ij starting from z € V. Taking into
account that n € H(V'), the r.h.s. can written

[ et vt = fmémmu»—Q.En@Mt

0 0 yeV

= S [ (Pt - )

0

It follows that

+oo s
Lvu,vury, = 2 ) n'(m)n(y)fo <Pp,t(fc,y)—‘é) dt

Il
[\
N}
}-\
£
&
3\
—
)
N~—
=
=

Note that /Tp = (ﬁp(:c, Y))zyev s a symmetric matrix, since the same is true for Ep and thus for
P, for any t > 0. Furthermore we have

~ 1
VoeV, ), <Pp,t(x,y) - IV\>

yeV

|
o

and by symmetry

~ 1
VyeV, Z(Pp,t(xay)_m> =0

zeV

It follows that

VzeV, ZAp(x,y) =0 = ZAp(y,a:)

yev yeV
and the announced result follows. [ |

Consider any scalar product, (-,-»» on H(V). It can be extended into a semi-definite scalar
product on R, still written (-, -)), by imposing that 1, the vector whose entries are all equal to 1,
is orthogonal to H (V') and that ((1,1)) = 0. Consider A := (A(z,y))syev the associated symmetric
matrix. It is a non-negative matrix of rank |V| — 1 and all the row and column sums vanish and we
can write

Vo, e V), )y = ) Alw,y)nly) —n@) (0 (y) — ' (x))

r#YyeV

Any Riemannian structure on P4 (V) is thus equivalent to the datum of a smooth mapping
Pr(V)sp — A,eA (33)

where A is the space of all symmetric non-negative matrices of rank |V| — 1 whose row and column
sums all vanish.

It is natural to wonder if all Riemannian structures on P, (V') come from a smooth family (L,),ep
of irreducible Markov generators, respectively reversible with respect to the p. Or equivalently, if the
mapping (33) is constructed, as in Lemma 15, from a family (Ep) pep of irreducible Markov generators
reversible with respect to the uniform distribution v. Let us call these metric structures Markov-
Riemannian.

16



To investigate the existence of non-Markov-Riemannian structures, we consider a generic A € A
and we wonder if we can find on V an irreducible Markov generator L reversible with respect to v
such that A = A := (A(z,y))zyev With

~ ~ 1
Va,yeV, A(z,y) = 2J exp(tL)(z,y) — — dt
[0,+0) V]
Consider a spectral decomposition of —L: (Xn, Pn)nelo,|V|—1]> Where (Pn)pne[o,|v|—1] 1S an orthogonal
basis of RV for its usual scalar product, where

Vne [[07 |V‘ - 1]]» E[&n] = _An(zn

and where XO =0and gy = 1.
It appears that a spectral decomposition of A is (A, ‘Zn)nGHOJVlflﬂ’ where

{0 ifn=0

Vnelo,|V]-1], An = { Xl , otherwise

We are thus led to the following question. Consider an orthogonal basis (@n)ne[[O,|V|71]] of RV, with
¢o = 1. Let be given positive numbers (A )pefv|—1] and take Ao = 0. The matrix of the operator
A : RV - RV described by

Vnelo,V[-1],  Alpn] = Aupn
corresponds to a generic element of 4. When is the operator L defined by E[gpo] =0 and
~ 2
YaelVi-1,  Iled = -5 (34)

a Markov generator? It amounts to check that the off-diagonal entries of L are non-negative.
This problem is related to the determination of Markov sequences, see Definition 2.3 of Bakry and
Huet [3] and to the hypergroup property of the basis (¢n)nefo,|v|-1] -

When |V| = 2, the operator L defined by (34) is always a Markov generator, since it is given by
B —1/A 1/\
N /A —1/\

But as soon as |V| > 3, it is well-known that L defined by (34) may not be a Markov generator.
Here is an example with V' = {1,2,3} (which can be extended to any V with |V| > 3). We take

k!

1 1 -1
Yo = 1 p1 = -2 Y2 = 0
1 1 1

Consider L described by (34), with A1, A2 > 0 to be chosen later. Introduce the function

0
f = 2p0+p1+3p2 = | O
6

If I, was to be Markovian we would have
Vt=0, Jt = 20 +exp(—2t/A1)p1 + 3exp(—2t/A2)p2 = 0

In particular we should have d;f(1)|1=¢o = 0. But we compute that

2 6

Otle=0fe(1) = —)\*14‘)\*2

quantity which is negative with A\ = 2 and Ao = 7.
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A Continuity of the solution to the Poisson equation

The purpose of this appendix is to show that the solution U of (16) is continuous in terms of F, L and
.

On the finite set V, let R(V) be the set of couples (7, L) consisting of an irreducible Markov
generator L reversible with respect to the probability measure 7. Endow V with a total order < and
consider

V o= {(x,y) e V?: z <y}
The mapping
R(V)3 (L) — (7@))ev, (L.y)er) € 0.1V x [0, +2)7

is a bijection on its image and enables us to endow R (V) with a natural topology.
Let X(V?2) be the set of general vector fields, which are the functions F : V? — R satisfying

v ($7y) € V27 F(‘Tvy) = _F(y7$) (35)

(in particular F vanishes on the diagonal). Again, ¥(V?) is endowed with the topology inherited from
RV

The divergence associated to L is the mapping transforming any vector field F € X(V?) into
the function divy (F') defined on V via

VeeV, divy(F)(x) = Z F(z,y)L(z,y)
yeV

For any vector field F' € ¥(V?) and any (m, L) € R(V), consider the Poisson equation in the
unknown function Uy, r described by

LULy) = divie(F)
{W[UL,F] _ 0 (36)

By reversibility of m for L and by the anti-symmetry property (35), we have 7[divy(F)] = 0 so
there is a unique solution Uz, p to (36). Our main result here is:

Proposition 16 The mapping
(V) xR(V) > (F,n,L) — UpreRY

18 continuous.

Proof
Recall the probabilistic representation of Uy, p:

VeeV, Upple) = — L " Bldive (F) (X.()] dt (37)

where X, = (X;(t))i>0) stands for a left-limit and right-continuous Markov process starting from x
and admitting L (resp. L) as generator.
To see the r.h.s. of (37) is well-defined, introduce the spectral gap of L:

ML) = min{—w . feRV\{0}, n[f] = 0}
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which is the smallest non-zero eigenvalue of —L (which is diagonalizable in R by reversibility). We
have A(L) > 0 by irreducibility of L.

For z € V and t > 0, denote m,; the law of X,(t), seen as a row vector. Using matrix product,
we have

Vi=0, Mgt = Mgoexp(tl)
and by duality, il follows that
m m
Vit=0, oL~ exp(tL) [ x,o]
T T
where the densities % and % are seen as a function, thus represented by column vectors.

We deduce that for any test function f e RV,

Vt=0,  |maf]—7[f]|

|
3
—
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3|5
|
—_
N——
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2
— exp(-AL)) w[(f‘j—lﬂ 7]
< jr[g)]em—A(L)t)

Applying this bound with f = divy(F'), we get

VeeV,Vt=0, |E[divy (F)(X.())]| |mg [divy (F)] — w[divi (F)]|
m[divy (F)?]

h m(z)

exp(~A(L)t)

which shows that the integral in (37) is absolutely converging.
It is well-known, see for instance Kato [8], that the mapping

R(V)>(m,L) — AL)e(0,+00)

is continuous. More precisely, to come back to the symmetric setting of Chapter 2 Section 5 of Kato
[8], note that A(L) is also the spectral gap of the symmetric matrix (L(z, y)\/7(2)/7(y))zyev-
It follows we can apply the convergence under integral theorem to get the desired continuity from

(37). m

The previous result enables us to extend Proposition 4 to the finite setting, by showing that
continuous curve [0,1] 3t — p; € P4 (V) generated (in the sense of (24)) by a continuous vector field
curve is also generated by a continuous gradient vector field curve. Proposition 4 is even more than
what we need. Indeed in Section 3, we fixed an element (7, L) of R(V) and only considered the other
elements (%, L) € R(V) sharing with (, L) the same oriented edge set E defined in (7). We end up
with the previous set R(V') only when E coincides with V2 minus its diagonal. Otherwise, the set of
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such elements (%, L) is a proper subset R(E) of R(V). Of course by restriction, Proposition 16 is also
valid if R(V') is replaced by R(E).

The interest of R(F) is that a Girsanov formula holds between its elements, a finite setting analogue
of Remark 2. More precisely, let (7, E) € R(F) and denote X, = ()?x(t))t>g be a left-limit and right-
continuous Markov process starting from x and admitting L as generator. Then for any T' > 0, the laws
L(X[0,T]) and £(X[0,T]) of X[0,T] and X[0,T] are equivalent and the Radon-Nikodym derivative
of £(X[0,T]) with respect to £(X[0,T]) is given by

aL(XO.1]) E.y)
x| X “1<JXx,y>

T
)M@M—LM&W

(z,y)elE

where for any (z,y) € E, Nr(x,y) is the number of jumps of X[0,7T] from z to y and

~

VazeV, H(x) = L(z,x)— L(z,x)

For a proof of this result, see e.g. the lecture notes [12].

B On the two point state space
The goal of this appendix is to compute a Metropolis distance on the set of positive probability
measures on V = {0, 1}, as an illustration of the constructions of Section 3.

As reference framework we choose

e ()

so m = (1/2,1/2) and the corresponding edge set is E' = {(0,1), (1,0)}.

Any p € PL(V) writes (1 — p(1),p(1)), where p(1) € (0,1). From now on, to simplify notations,
p is identified with p(1) which is denoted p € (0,1). We consider the Metropolis choice of generators
described in (21):

VY pe(0,1), L, = (
with

1) = 1A-—"t—
p(1,0) = 1A——

Any vector field F' € ¥(E) is determined by the value F(0,1) € R which will simply be denoted
F € R in the sequel. Note that in the present situation, any vector field is a gradient field. With this
convention, the Markov generator (18) is given by

0 0 ’ -

Vpe(0,1),V FeR, L,r
0 0 .
( ~Fp(1,0) Fp(1,0) > S0
We also compute that, as in (20) and with the above notations,

Vpe(0,1),YFeR, [|F|2 = > F(z,y)p(x)L,(x,y)
r#yeV

= 2[pA(1-p)]F?
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Given a continuous curve [0,1] 3¢ — F; € R, Equation (24) writes

. o (1 - Pt)FtPt(Q 1) s if Ft = 0
Vite [O) 1]7 Pt = { ptFtpt(l,O) ’ if Ft <0
= [pr(l=pI]F (38)

Let be given po, p1 € (0,1), the distance D(pop, p1) defined in (25) is described by

1
Do) = 2minf [ [ (1= p0)F2dt 5 (Fico € Dlonop) | (30)
where (pt)sefo,1] is the solution of (38) and where D(po, p1) is the set of stepwise continuous mappings
[0,1] 2 t — F;, € R which are such that the corresponding (Pt)te[o,l] does start at pg and end at
p1- Indeed, our previous continuity assumption can be relaxed into stepwise continuity by classical
arguments of regularization by convolution.

To compute D(pg, p1), there is no loss of generality in assuming that pg < p; and even pg < p1,
since D(pg, po) = 0. Furthermore, we can restrict our attention to non-negative [0,1] 3¢ — F; € R,.
Indeed, if we have F;, < 0 for some ty € [0, 1], then, since p; has the same sign as F; for all ¢ € [0, 1],
we can find t; < to € [0,1] with ty € (¢1,t2) such that p;, = pg,. It follows that in the minimization
(39), it is advantageous to replace (Fi)se[o,1] by (Gt)sefo,1] defined by

_ S0 ifteltito]
vte[01], Gi = { F; , otherwise
since (Gt)efo,1] € DP(po, p1) and

1 1
[ toena=pmirza > | pra-pcta
0 0

Let us consider the case where pg = 1/2. The situation where p; < 1/2 can be treated similarly
and the case where pg < 1/2 and p; > 1/2 is deduced by writting D(pg, p1) = D(po, 1/2) + D(1/2, p1).

Lemma 17 For 1/2 < py < p1, we have

D(po,p1) = 4(\/1—po—+/1—p1)

Proof

Assuming, as we are allowed to, F; > 0 for any ¢ € [0, 1], (38) reduces to
Vie [07 1]7 pr = (1 _pt)Ft

since p; = 1/2 for all t € [0, 1].
We deduce that

v te[0,1], pt = 1—(1—po)exp(—¢r)
where

t
VtE[O,l], ¢t = JFSdS
0

It appears that (F})[o,1] belongs to D(pg, p1) if and only if

¢1=1nC‘”) (40)




Introduce the mapping h defined on R via

VueRy, h(u) = J AV (1= po)e=9dg
0
so that

1 1
f [pe n (1= po)]FP dt = f (1= po) FY dt
0 0

1 .
fo (W (o))t

The optimization problem (39) amounts to minimize twice the above r.h.s. under the condition

o = 1)) =

which is equivalent to (40). Writing for any ¢ € [0,1], ¢ = h/(¢¢)¢y, we are led to the simple
problem of minimizing Sé ¢? dt under the contraint Sé prdt = A. It is well-known that the minimizer
[0,1] 3t — ¢y is constant and so we end up with A? for the minimal value.

Thus we have shown that

D(po,p1)  _ oy, (L= ro
2 1=

2
ln(i:po)
= (f " V(lpo)equ>
0
In 1:p0 2
_ (1—,00) (J (1 Pl)eq/qu>
0
2
1— P1>
= 8(1-po)(1-
=) (124122
= 8(v1—po—+/1—p)?
which is the desired result. ]
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