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1 | C AT FORMULA

We have,

CATd i f f (ρ ) =
ad

ρbd
(1)

CATr etur n (ρ ) = 1 + ar

ρbr
(2)

and

R (ρ ) = aρc exp(b × ρ ) (3)

with (ad , bd , ar , br , a, b, c ) ∈ Ò7
+

Hence,

CAT (ρ ) = A (ρ )CATd i f f (ρ ) + B (ρ )CATr etur n (ρ )
A (ρ ) + B (ρ )

=
R (ρ )CATd i f f (ρ ) + CATr etur n (ρ )

R (ρ ) + 1

=
aρc exp(bρ )ad ρ−bd + 1 + ar ρ

−br

aρc exp(bρ ) + 1

1
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2 | LIMIT WHEN ρ ↦→ +∞

CAT (ρ ) = aρc exp(bρ )ad ρ−bd + 1 + ar ρ
−br

aρc exp(bρ ) + 1

=
ad ρ

−bd + 1
a ρ

−c exp(−bρ ) + ar
a ρ−br −c exp(−bρ )

1 + 1
a ρ

−c exp(−bρ )

(4)

We note Ni nf = ad ρ
−bd + 1

a ρ
−c exp(−bρ ) + ar

a ρ−br −c exp(−bρ )

and Di nf = 1 + 1
a ρ

−c exp(−bρ )

We have,

lim
ρ→+∞

ad ρ
−bd = 0

lim
ρ→+∞

1

a
ρ−c exp(−bρ ) = 0

and

lim
ρ→+∞

ar
a
ρ−br −c exp(−bρ ) = 0

So

lim
ρ→+∞

Ni nf = 0

and

lim
ρ→+∞

Di nf = 1

Hence

lim
ρ→+∞

CAT (ρ ) = 0 (5)
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3 | LIMIT WHEN ρ ↦→ 0

CAT (ρ ) = aρc exp(b × ρ ) × ad ρ
−bd + 1 + ar ρ

−br

aρc exp(b × ρ ) + 1

=
a × ad × ρc−bd exp(b × ρ ) + 1 + ar ρ

−br

aρc exp(b × ρ ) + 1

(6)

We note N0 = a × ad × ρc−bd exp(b × ρ ) + 1 + ar ρ
−br

and D0 = aρc exp(b × ρ ) + 1

3.1 | Denominator (D0)

We have

lim
ρ→0

aρc exp(bρ ) = 0

So

lim
ρ→0

D0 = lim
ρ→0

aρc exp(bρ ) + 1 = 1

3.2 | Numerator (N0)

We have

lim
ρ→0

(
1 + ar ρ

−br
)
= +∞

If c − bd > 0

lim
ρ→0

(
a ad ρc−bd exp(bρ )

)
= 0

and

lim
ρ→0

N0 = +∞
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If c − bd < 0

lim
ρ→0

(
a ad ρc−bd exp(bρ )

)
= +∞

hence

lim
ρ→0

N0 = +∞

If c − bd = 0

lim
ρ→0

(
a ad ρc−bd exp(bρ )

)
= a ad

hence

lim
ρ→0

N0 = +∞

Conclusion
[ (c, bd ) ∈ Ò2

+ limρ→0 N0 = +∞
and limρ→0 D0 = 1, hence,

lim
ρ→0

CAT (ρ ) = +∞ (7)
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