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‘We consider the kinetics of the imperfect narrow escape problem, i.e. the time it takes for a particle
diffusing in a confined medium of generic shape to reach and to be adsorbed by a small, imperfectly
reactive patch embedded in the boundary of the domain, in two or three dimensions. Imperfect
reactivity is modeled by an intrinsic surface reactivity « of the patch, giving rise to Robin boundary
conditions. We present a formalism to calculate the exact asymptotics of the mean reaction time in
the limit of large volume of the confining domain. We obtain exact explicit results in the two limits
of large and small reactivities of the reactive patch, and a semi-analytical expression in the general
case. Our approach reveals an anomalous scaling of the mean reaction time as the inverse square
root of the reactivity in the large reactivity limit, valid for an initial position near the extremity
of the reactive patch. We compare our exact results with those obtained within the “constant flux
approximation”; we show that this approximation turns out to give exactly the next-to-leading order
term of the small reactivity limit, and provides a good approximation of the reaction time far from
the reactive patch for all reactivities, but not in the vicinity of the boundary of the reactive patch
due to the above mentioned anomalous scaling. These results thus provide a general framework to

quantify the mean reaction times for the imperfect narrow escape problem.

I. INTRODUCTION

How much time does it take for a random walker to
reach a target point? The answer to this question has re-
ceived a lot of attention in the last decade in the physics
literature [IHI]. First passage problems appear in vari-
ous areas of biological and soft matter physics and are
in particular relevant to the problem of reaction kinet-
ics, since two reactants have to meet before being able
to react [10, MI]. When the reaction is “perfect”, i.e.
when it occurs instantaneously upon each encounter, its
kinetics is controlled by the first passage statistics of one
reactant molecule, seen as a random walker, to the sec-
ond reactant, seen as a “target”. However, many reac-
tions do not occur at first contact between the random
walker and the targets, leading to imperfect reactivity.
Imperfect reactivity can have diverse origins at the mi-
croscopic scale, such as orientational constraints on the
reactive particles [I1], the fact that the surface of the re-
active particles is not entirely covered by reactive patches
(such as in the chemoreception problem [12]), the need
to overcome an energetic [I3] (or entropic [I4]) activation
barrier before reaction, the presence of a gate that can be
randomly closed or opened when the reactant meets the
target [I5] [16], etc (see Ref. [I7] and references therein
for a recent review on imperfect reactivity).

Imperfect reactivity was early investigated for
molecules diffusing in infinite space [11}, [I8H20] (with an
imposed concentration at infinity). The search problem
for a single random walker moving in a confining volume
for an imperfect target, initially considered in Ref. [21]
for centered spheres, has also attracted recent attention
and several asymptotic results for imperfect search kinet-
ics have been derived [22H30]. Recently, explicit asymp-

totics of the reaction time statistics have been obtained
for general Markovian random walks [31]. Besides the
case of reactive targets located in the bulk of a confin-
ing domain, the narrow escape problem (NEP) consists
in calculating the escape time of a random walker out
of a confining domain, through a small window at the
boundary of the domain (see Figure [[{a)). While the
NEP is now well characterized for perfect reactions, for
spherical domains [8 [32H35] and large domains of arbi-
trary shapes [36], fewer results are available for imper-
fect reactions (i.e. for a partially adsorbing patch). The
imperfect narrow escape problem has been investigated
for particular geometries in cylindrical [37], [38] or spher-
ical domains [39][40] in which case the analysis depends
on the eigenfunctions of the particular confining volume
that is considered and relies on the so-called uniform flux
approximation introduced in Ref. [20].

The aim of the present paper is to apply the formal-
ism introduced in Ref. [3I] to cover the case of the im-
perfect narrow escape problem in a domain of generic
shape. Our formalism is asymptotically exact in the limit
of large confining volume — it does not involve the con-
stant flux approximation — and provides explicit results
in both regimes of small and large reactivity. Of partic-
ular interest for imperfect reaction problems is the mean
reaction time when the initial position is located on the
reactive patch; this time is exactly zero for perfect re-
actions and scales as 1/k for targets in the interior of
the volume. We identify a region for which the reaction
time behaves anomalously with the reactivity x. This
region, which does not exist for targets in the bulk of the
confining domain, is located at the boundary of the im-
perfectly reactive patch. While one would naively expect
this time to be inversely proportional to x, we find in-



FIG. 1. (a) Ilustration of the imperfect narrow escape prob-
lem. A partially reactive patch (thick red line) is embedded
in the boundary of a confining domain. A random walker,
starting from the initial position (red sphere) diffuses in the
domain and is eventually adsorbed on the patch. (b) Zoom
on the portion of space delimited by the dashed blue lines
around the reactive patch.

stead that when the initial position is at the boundary of
the reactive domain, the mean reaction time (T'). is ac-
tually anomalously high (o< £~'/2) and follows the exact
asymptotics
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Here, d = 2 or d = 3 is the spatial dimension, D is the
diffusion coefficient, a is the radius of the reactive patch,
and V the volume of the confining domain. Here, we
assume that the confining volume is taken large enough,
and the patch small enough, so that the confining bound-
aries at the vicinity of the target can be considered as a
flat wall in which the reactive patch is embedded, the
latter being considered as a line segment of length 2a in
d = 2 or as a flat disk of radius a in d = 3. We show
below how to obtain this anomalous scaling relation by
solving a Wiener-Hopf integral equation. We will also
show how this “anomalous” behavior of (T') with &
can be related to the divergence of fields in Laplacian
problems near surfaces presenting asperities, as occurs in
electrostatics near conducting edges [41] or in the coffee
ring effect [42].

More generally, we show that the mean escape time
for an arbitrary initial position far from the target, and
for any finite reactivity x satisfies the following exact
asymptotics:

dIn(r/a) + Co  (d=

)
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where C is independent of the initial distance r from the
target. For finite values of the reactivity «, we show that
Cs can be obtained through a semi analytical procedure.
In the limit of large reactivity, we show that C., can be

determined explicitly and is given by :

oS (1) (d=2)
ra>D | he + gz (2 + 7.+ 1) (d=3)

where 7, is Euler’s constant. This expression is under-
stood as the first two terms in the expansion of C'y, in
powers of 1/k. Interestingly, this result shows that the
term Cy, is not analytic in powers of k, which originates
from the anomalous scaling . Finally, we also give
exact results in the small reactivity limit, which will be
found to be exactly the same (at first order) as the re-
sults obtained within the self-consistent, “constant flux
approximation” that has been invoked to study the im-
perfect narrow escape in the literature [20] 37, 39, 40]. It
is found that, far from the reactive patch this approxima-
tion is very accurate (for any reactivity), while it fails for
initial positions close to the reactive patch, and in partic-
ular does not predict the behavior near the boundary
of the patch.

The outline of the paper is as follows. First, we re-
call the formalism of Ref. [3I] in the particular case of
the imperfect narrow escape problem for diffusing par-
ticles to obtain equations for the mean escape time in
the large volume limit (Section . We show how the
formalism can be presented under the form of an inte-
gral equation that is suitable for studying the large and
small reactivity limits in Section [lI Bl The large reactiv-
ity limit is investigated in Section [[1I| where Eqs. and
(3) are derived. In this Section, we also give a simple
scaling argument that relates the anomalous behavior of
(T') near the extremity of the patch to the divergence of
electric fields near the edges of conducting objects. The
small reactivity limit is examined in Section [[V] Last, we
study briefly how the constant flux approximation can
be implemented within our formalism in Section [V] An
exact, but formal solution for any reactivity parameter
(that requires numerical tools, however) is presented in

Appendix [A]

II. FORMALISM FOR THE IMPERFECT
NARROW ESCAPE PROBLEM IN THE LARGE
VOLUME LIMIT

A. General formalism

We consider the stochastic motion of an overdamped
particle moving with diffusion coefficient D in a confining
volume 2. The boundary of the volume is 02 and con-
tains a small window S, which is partially reactive, the
rest of the confining boundary is assumed to be smooth
and perfectly reflecting, see Fig. a). We assume that
S, is formed by the region of the surface at geodesic dis-
tance less than a from the center, and a is called the
radius of the patch S,. The Fokker-Planck equation for
the probability density p(r,t) to observe the particle at



position r and time ¢ is

dw=D V?p reQ), (4
n-Vp=20 (r € 9O\S,), (5)
Dn-Vp+rp=0 (res,). (6)

where n is the unit vector normal to the surface, pointing
to the exterior of the volume. For a partially reactive sur-
face, the reactivity parameter x is defined in such a way
that the probability that the particle is absorbed by an
infinitesimal surface element dS located around rg during
dt is k p(rs,t)dSdt. We assume that the space dimension
isd=2 (2D) or d = 3 (3D). It is very well known that
an equation for the mean first passage time can be ob-
tained by identifying the adjoint transport operator [I],
which in our case leads to the following equation for the
mean reaction time (T)(r) to the target, where r now
represents the initial position of the particle:

DV*T) = —1 (re), (7)
n-V(T)=0 (re 9Q\S,), (8)
Dn-V(T)+k(T)=0 (resS.). (9

Integrating Eq. over the whole volume, and using the
divergence formula and the boundary conditions leads to
the exact integral relation:

« [ aswym =, (10)

r

where V' = || is the volume of the domain. Now, we
consider the large volume limit, which is obtained when
the confining volume extends without changing its shape,
keeping constant the size of the target and the initial dis-
tance to the target. We define the rescaled mean escape
time @ by

®(r) = lim (T(r))/V. (11)
V—o0

In the large volume limit, the boundary at the vicinity of
the reactive target becomes increasingly similar to a flat
surface in which the reactive patch is a flat disk of radius
a in 3D (or a flat segment of length 2a in 2D). Here, we
denote the distance to the reflecting surface containing
reactive patch as z, see Fig. b). With this in mind,
inserting the ansatz into the above equations yields
a closed system of equations in the large volume limit:

V20 =0 (if 2 > 0), (12)
n/ dS(r)® = 1, (13)
S,
DO.& — 0 (1f z=0,r| > a), (14)
k® (if z=0,|r] <a).

Importantly, we see that in the large volume limit,
Eq. , the obtained equations are independent of the
shape of the confining volume, which is present only

though the scale factor V in the definition of ®. We
have directly controlled this aspect by performing nu-
merical stochastic simulations of trajectories in the con-
fined domain. The results of such simulations are shown
on Fig. [2| and confirm that our formalism correctly pre-
dicts the mean reaction time in the large volume limit,
independently on the shape of the confining domain.
Equations 7 , generalize the formalism of
Ref. [36] to the case of imperfect reactions. The fact
that the mean first reaction time scales with the volume
is actually more general than the specific diffusive walk
that we have considered here [31I]. To solve the above
equations, we may be tempted to use spheroidal coordi-
nates, which can be used to solve the problem for either
infinite or vanishing reactivity. For finite reactivity how-
ever, the resulting equations in such coordinates involve
Robin conditions with non-uniform coefficients, so that
the mean reaction time can be obtained only in terms
of the solution of an infinite linear system. This proce-
dure is described in Appendix [A] and it indeed leads to
a generic numerical solution that will be useful to test
our analytical insights in all the paper. However, it is
not suitable for analytical calculations. For this reason,
we adopt a different approach, consisting in deriving an
integral equation satisfied by ® on the reactive patch.

B. Obtaining an integral equation for the mean
reaction time

Let us first characterize the large distance behavior of
the rescaled mean first reaction time ®. The condition
, combined with the boundary condition at z = 0,
implies that

dSn-Vé =1/D, (15)
So

for any surface Sy whose intercept with the plane z = 0
encloses the reactive patch. Taking such surface Sy to be
a half-disk of radius R (in 2D) or a half-sphere (in 3D),
we see that

(16)

rT—00

1/[2nDr?] (d

bo {1/[7TD7«] (d

where r is the distance to the center of the reactive patch.
Hence, the behavior of ® for large r takes the form

Vs {5”““+0w+d9 =2 )

:2’
—55-+ Coo +0(1)  (d=3),

where C'», does not depend on r. The quantity Cy, thus
characterizes the behavior of the mean reaction time far
from the target, it could be used in matched asymptotics
expansions if one aims to identify the first passage times
distributions, as in ref. [22] (which deals with interior
targets).
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FIG. 2. (a) Geometry of the confining domains (called
A and B) that are considered for stochastic simulations.
In 2D, these domains are defined in polar coordinates by
r(0) = Rf(0) with f = 1.6(1 4 0.5cos? #) for domain A and
f=1.6(140.1sin 6+40.3sin 30) for domain B. Domains in 3D
are obtained by considering revolution of 2D curves around
the vertical dashed line. The reactive patch is indicated by a
thick red line, and the initial position is taken at a distance r
from the center of the patch along the black dashed line. In
the figure, we have used R = 6a. (b),(c) Results of Brownian
dynamics simulations for the mean reaction time in 2D/3D
(parameters are indicated in the legend) compared to gen-
eral theoretical expressions as obtained in Appendix [A] In all
simulations, we used a time step At = 1074a2/D. Boundary
conditions are implemented as follows: if, at the end of a time
step, the random walker falls outside the domain, then if it is
“behind” a reflecting wall it is reflected with respect to this
wall, and if it falls “behind” the reactive patch, it is absorbed
with probability P, = k+/mdt/D (in which case the trajectory
ends) and it is reflected with probability 1 — Py, see Ref. [43].

Let us now introduce the Green’s function G for the

Laplace problem with Neumann boundary conditions at
z = 0 (including on the reactive region). Such Green’s
function satisfy
V2@ (r[rg) = —6(r — 1o), (18)
n-VGy(rjrg) =0 (z=0). (19)

The expression of G is easily found by using the image
method [44]:

—gz[In|r —ro[ +Infr —rgf] (d=2),
GN<r|ro>={12” L,

Ir |oorol T Te=rgl (d=3),

(20)

where r{ represents the symmetric image of ro with re-
spect to the plane z = 0. We note that the large r be-
havior of G is

—>Infr|+o(1/r) (d=2),
-+ o(1/7?) (d=3),

27r
We now use manipulations that are standard in
Green’s function problems [44] to put the problem for ®
on the form of an integral equation. Using the Eq.
and V2® = 0 we see that the following equality holds:

(21)

|r|—o0

Gn(rlrg) = {

®(ro) = N
220

dr[G N (r|rg) V20 — O(r) VG N (rro)].
(22)
Using the divergence formula, we obtain

®(ro) =
/SdS(r)n- [GN(r|rg)Ve®(r) — O(r) V. Gn(r|ro)], (23)

where S is any closed surface in the half-space z > 0.
Taking this surface to be a half-circle (or half-sphere in
3D) of radius R joined with a segment of size 2R on the
axis z = 0, we see that in the limit R — oo

B(rg) = Coo — %/S dS(rs)®(rs)Gn(rslre),  (24)

where we have used Eqgs. ,, and ((14) to sim-

plify the integrals over the surfaces in Eq. (23). The
above equation means that ®(r) can be constructed for
any position as soon as one knows its value on the reac-
tive patch. Taking rg to be on the reactive patch yields
an integral equation for ®,, defined to be the value of
® on the reactive patch. Since the above equation in-
volves an unknown constant C, it must be accompanied
by a supplementary condition, which is provided by the
relation . Let us finally write explicitly the integral
equations for @ for the 2D and the 3D cases. For d = 2,
we obtain:

dx ®4(x) In|z —xo|, (25)

—a

CI)s(mO) = Coo +

’ dx ®s(z) = 1/k, (26)

—a

K
Dn



In the case d = 3, we note that ®,(r) depends only on the
radial distance to the disk center, ®4(r) = ®4(r). The
kernel of the integral equation can be simplified after
a few algebraic manipulations detailed in Appendix

leading to
Com i [ r

27r/0 dr r ®5(r) =1/k, (28)

8. (1) = 27 O, K(Q\/W)y )

7“+r0 r 479

where K (k) is the complete elliptic integral of the first
kind, defined as K (k) = [ dt[(1—t2)(1—k%t%)]~/2 with
k the Elliptic modulus (to be distinguished from the pa-
rameter m = k?). These integral equations admit no
known analytical solution in general. In the next sec-
tions, we focus on their asymptotic study. From now
on, without loss of generality, we set the units of length
and time so that a = 1 and D/a? = 1. The remaining
parameter £ then represents xa/D in full units.

III. THE LIMIT OF LARGE REACTIVITY

A. A scaling argument for the anomalous behavior
of the mean reaction time for large reactivity.

Here we present a brief scaling argument that leads to
the anomalous scaling (1). In the case of perfect reactions
, it is clear from Eqs . . that ® can be
seen as the electrostatic potentlal generated by a charged
conducting disk that is embedded in an insulating sur-
face, with the prescription that ® = 0 on this disk. In
fact, using the image methods, it is easy to show that ®
is also the electrostatic potential in infinite space gener-
ated by an infinitely thin disk. It is well known [41] that,
for this electrostatic problem, the “electric field” —V®
diverges near the edge as 1/p1/2, where p is the distance
from the disk extremity. Therefore, at a distance p < a
from the edges, ® o p'/2. In the case that « is large but
finite, since the natural length scale associated to finite
reactivity is £* = D/k [17], we may therefore assume that
the mean reaction time is comparable to the mean first
passage time when the starting position is located at a
distance ¢£* from the reactive patch. In this condition,
with p = £* we obtain the anomalous scaling ® o« 1/1/k,
as announced in Eq. . In what follows, we show how
to rigorously derive this scaling law, with the prefactor.

B. 2D case
1. Leading order

Consider now the limit £ — oo in the case d = 2. Since
this situation corresponds to a first passage problem, we
know that the asymptotic value of C,, does not depend

on k. The fact that ®, vanishes in the large x limit leads
us to postulate in line with Egs. - that

1
elwo) 3 GOl O 5 G (29)
where C; and ®; do not depend on k. Inserting these

ansatz into the integral equation and the normalisa-
tion condition ([26]), we obtain

1
/ dx ®1(z)In |z — x| = —7Ch, (30)
-1

/1 dx ®1(z) = 1. (31)

The integral equation for ®;(x) is known as Carle-
man’s equation and its analytical solution is known ex-
plicitly [45]. Using also the normalisation condition, we
obtain the final expression for C; and ®:

In2 1

Cr= =2 i) = ——s.

(32)

2. Boundary layer near the extremities of the reactive patch

We now note that ®1(z) is formally infinite at x =
+1, i.e. near the boundary of the reactive patch. This
means that our expansion is not valid near these
points, suggesting a behavior similar to those obtained
for boundary layer problems. Since the reaction length
[I7] is 1/k in our units, we expect processes happening
at such scales. Therefore, we assume the behavior

Dy () = k(1 — |z[)r),

with ¢ a scaling function. The exponent « will be
set such that the behavior of ® in the boundary layer
matches with that far from the boundary layer. Namely,
the compatibility of the above ansatz with Eq. im-
poses the choice

(1—fzf) <1, (33)

1
X:oo 7T1/2X'

Hence, the structure of the solution in the limit kK — oo
is

a=-1/2, $(X)

(34)

K10 (7) +

_ (1= lo) > 1/
L.(o) = {wzw«l ~ Jal)r) +

(1—lz)) <1
(35)

and the condition ensures that these two expressions
give the same result in their common validity regime
k! <« 1—|z] < 1. A key point here is that the
mean return time, starting from the boundary of the re-
active region scales as 1/k'/2 and is thus infinitely larger
than the mean return time starting from the center of
the target, which scales as 1/k. This suggests to set



Coo = C1 + Cy2/+/k + ... in the limit of large reactivity
(even though the constant C; /5 will turn out to vanish).

Let us now find the set of equations satisfied by
1. First, we consider the normalisation condition ,
which we write under the form

/ e {@S(x) - ‘I’l(”ﬂ 0. (36)

1 R

Here we remark that the integrand in the above integral
is maximal near x = +1. Let us define an intermediate
length scale ¢ such that

1/k <l 1. (37)

We will keep this notation in the whole paper. We write
Eq. by separating the integral into two regions: when
(I — |x|) > £ then we approximate ®,(x) by the first
line of Eq. and if (1 — |z|) < ¢ we use the ex-
pressions on the second line of Eq. for ®, and we
approximate by its behavior near x = £1, which reads

&y ~ 1/[r/2(1 — |z|)]. This leads to

T e = J2e) 1
07/71 e l VK mr\/2(1—|33|)]

! Y((1 — |z])k) 1
+/de[ VE mrx/2(1—|x|)]'

Setting X = (1 — |z|)k, and using ¢k > 1, we obtain

/Ooo dx [w(X) - m/lﬁ] =0. (38)

In order to find the equation satisfied by v it is useful
to write the difference between the general equation
and the equation satisfied by ®1, to find

P(20) = Coo —
w 2.0 = 212 e~ . (39)

)

This leads to

CDS(.%‘Q) = COO - Cl
kO[T T = fz)R) - @)
+ f/ dz { T "

o /édm LR C] PR

For g = 1 — Xo/k, if we set X = (1 — |z|)k, this yields

} In |z — x|

e ax 1 X — X

w(X(]):Cl/2+/(J |:’(/J(X)—7T 2X] I . ol
1 [ 1 X+ X,

+;/O dX [w(X)—7r ZX]ln 2-— (41)

Now, in the limit K — oo, noting that ¢k — oo [by
definition of ¢, see Eq. ] and using the previously
found condition we obtain

Y(Xo) = Cry2

+ /000 dx [w(X)

(42)

1 1In|X — X
—

a T2X

This is a Wiener-Hopf integral equation for the unknown
function ¢ (X). We solve it in the next section.

8. Solution of the Wiener-Hopf equation @

We solve the Wiener-Hopf integral equation with Car-
leman’s method, as described in Ref. [45]. We note that
a similar equation has appeared in viscous flow theory
[46H48] but the differences between our equations and
the equation studied in these references justify the fact
to solve it here in detail. First, let us introduce the follow-
ing notations. We denote f (X) all functions (depending
on the real variable X) that vanish for all X < 0, and
f—(X) all functions that vanish for X > 0. For any func-
tion f(X) one can write f(X) = fi(X) + f_(X), with
F(X) = F(X)0(X) and J—(X) = F(X)(~X), where 0
is the Heaviside step function. We introduce the complex
Fourier transform and its inverse:

for= [ axsonex, (13)
f(X) = % [ ~ du flu)etnX (44)

where z represents a complex number and u a real num-
ber. We denote f,(z) the Fourier transform of the func-
tion f1(X), and f_(z) the Fourier transform of f_(z).

Typically, Fourier transforms of the form f, (z) are de-
fined in the lower complex half-plane Im(z) < 0, Fourier

transforms of the form f_(z) are defined in the upper
complex half-plane Im(z) > 0 (as long as fi(x) does not
diverge exponentially at x — +00). Now, we can define
Y4 (X) = 9(X)0(X), and we introduce

1
T™V2X

The integral equation can be generalized for negative
Xo by writing

Y4+ (Xo) =

X [ (X) — v (O] K(X — Xo) +y_(Xo), (46)

K(X)=—m|X],  x:(X)= ——0(X). (45)

0

where the only remarkable property of y_(Xy) is that
it vanishes for positive Xj. Note that we have assumed
that Cy/ = 0, this will be justified at the end of the
calculation by the fact that the obtained solution satisfies
the normalization condition for this value of C, ;.



Taking the Fourier transform of the above equation, we
obtain

i (1) = [ (u) = X (WK () +§-(u).  (47)

Calculating the Fourier transforms leads to
1 — i sign(u)

b0 (4 ) =~

where sign(u) = 6(u) — 6(—u) is the sign function. This
equation can be considerably simplified by introducing
an auxilliary function S_(X) defined by

o e V21X S u_l—isign(u)
S*(X>_'9( X) T 75*( )_ 2\/%|u‘3/2 ’ (49)

+9-(u),  (48)

so that the Wiener-Hopf equation can be written as
. 1 . . .
Butw) (14 ) = =50 490 = ), (60)

where f_(u) is the Fourier transform of another unknown
function f_(X), whose only remarkable property is to
vanish for positive X. This kind of equations is known
as a homogeneous Wiener-Hopf equation, the method to
solve it consists in obtaining a factorization of the form
Uy (u)gy (u) = §_(u). To this end, we write the Wiener-
Hopf equation under the form

Py (e = f_(u), (51)
with

W (u) = In[1 + 1/]ul], (52)
and we seek a factorization W(u) = Wy (u) + W_(u).

This can be done by calculating its inverse Fourier trans-
form:

cos(X)[2 Si(|X[) —n]+ 7  Ci(|X]) sin(X)
27 | X| X

W(X) =
(53)

where Ci and Si are the integral cosine and integral sine
functions

Ci(X) = —/Oo Pl

X 4

Si(X):/OX dt@. (54)

A factorization may thus be obtained by setting W (z) =
Wi(z) + W_(x), i.e Wi(z) = W(x)(z) and W_(z) =
W (z)(—x). Now, we write the equation as

by (w)eV+ ) = f ()=, (55)

We are now in the favorable case: the terms on left-hand-
side are analytic functions in the upper complex plane,
those on the right are analytic in the lower complex plane
except for one pole at z = 0, and these terms are equal on

the real axis. According to the theorem of analytic con-
tinuation, combined with the Cauchy theorem, we con-
clude that both terms are equal to a constant plus a 1/z
term on the whole complex plane [45]. We thus have

A 2 a
Dy (w)eV+® = gy + ;17 (56)

where the constants ag,a; will be found by requiring
that ¢ (X) is a solution to our problem. Since W (z)
is defined on the lower complex plane, we may con-
sider the above equations on the lower imaginary axis
u = —is, in which case the above equality can be written
in terms of Laplace transforms, with the usual notation

Fi(s) = [T dte™ £ () = fi(—is):
B (s) = ( " ) e, (57)

The Laplace transform W (s) can be identified by cal-
culating its derivative, i.e. the Laplace transform of
—xzW (x), and then by integrating over s; this leads to

- 1 1+
WH(s) = 7 1n T2 (), (58)

S

with

° dw Inw
m(s) = _/0 0w (59)

We know that the behavior of ¢ for large arguments is
given by the matching condition Eq. (34)), which trans-
lates to the small-s behavior:

~ 1

¥+(9) 3, V2rs
Inserting Eq. into and taking the small-s limit,
we see that the above behavior is obtained for ia; =
1/4/2m. Next, the value of ag is found by requiring that
¥(0) is finite, so that t(s) vanishes in the limit s — co;
this leads to ap = 0. Hence, the final expression for the
function v is given in the Laplace domain by

(60)

Ty 1 —m(s)
#0) = e "0 @)

Finally, we must check that the normalization condi-
tion holds, this is readily done by noting that
¥(s) — 1/v/2ms = O(y/sIn s) vanishes for small 5. This
justifies our hypothesis Cy,, = 0. Unfortunately, the
Laplace inversion cannot be performed so that we know
only (X) in closed form, however we can easily derive
the asymptotic behavior of 1 (X) for small and large ar-
guments. The study of the asymptotic behavior of ) (s)
for large s leads readily to the initial value of ¥ (X):

$(0) = lim si(s) =

Ede el

(62)

5
ﬁu



this justifies the previously announced result (1)). The
large X behavior can be computed by noting that the
Laplace transform of X (X) is diy/ds and by expanding
this one for small s, with the result:

1 In(4X) 47, — 1
XSeo V2Xm | m2(2X)3/2

with . the Euler-Mascheroni constant. A formula for
(X)) can be obtained by considering the inverse Laplace
transform of 7723(5) with the Mellin’s inverse formula, by
using a contour that follows the negative real axis (above
and below), such Laplace inversion is obtained in Ap-
pendix 4 of Ref. [48]:

P(X) +...  (63)

X 1 Ood e—PX+m(p)
== . 64
R A eSS

In summary, here we have obtained an analytic expres-
sion in Laplace space for the scaling function ¢ (X) which
characterizes the behavior of the mean first passage time
near the extremities of the reactive patch in two dimen-
sions. The validity of our approach is checked on Figure[3]
by comparing with exact numerical results obtained from
the general form of the solution.

10°
Q
o
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a 10t \
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_____ 1/)3(1 d=3
102 107! 10° 10!
X=(a-r)x/D

FIG. 3. Behavior of the mean first reaction time near the
extremities of the reactive patch. Symbols: exact general so-
lution obtained numerically in Appendix@ in 2D (upper sym-
bols) and 3D (lower symbols). We also represent the values

of 9 and ¥>? obtained from Egs. and .

4. Next-to-leading order expansion

Up to now, the constant C.,, which characterizes the
behavior of the mean reaction time when the initial posi-
tion is far from the target, has been obtained at leading
order only in the large reactivity limit, with the same re-
sult as in the case of a perfectly reactive patch. Here we
show how to obtain the first non-trivial correction for C',

for large reactivity, with the result that C () is not an-
alytic in k. First, we note that when 1/k < 1 —|z| < 1,

Eqgs. and indicate that
1 In[4(1 — |z[)K] +7e —1

/20— e | RemeR(1— [l 72

D, (z) ~

+
(65)

This suggests that, outside the boundary layer, the next-
to-leading order behavior of ®, reads:

o o5 1 [}
&, (z) = ?1 + %"'2

because this expression can be matched with by im-
posing that

to (66)

1
m2[2(1 — [z])]3/2
Inf4(1 —|z))] +7. — 1
m2[2(1 — [z])]3/2 7

These expansions also lead us to assume that, for large
reactivity the constant C'», behaves as

CQ-FCSIHK_’_
K

Dl (x) ~ (x = £1), (67)

Dy (z) ~ (r — £1). (68)

Co =C1 + (k — 00) (69)

The equation for ®; and @3 can be identified as fol-
lows. We consider again the intermediate length scale ¢
satisfying , and we start from the integral equation
, which we write as

1—-¢ *
/ " {(I)Q(:c)lnHJr@Q(x) In |z — xo| =
) &
31
et i), o

where B contains all the terms which appear due to the
fact that the integral over ®5 in the above equation is
evaluated over a truncated interval | —1+¢; 14 ¢[ instead
of | — 1; 1], so that

[ e w)ufion-2)

To proceed further, we consider as an integral
equation for ®5 + Ink®3 over the truncated interval
] =1+ 4;1+ ¢ Tts solution is analytically known and
we identify the constants Cy and C3 by requiring that
the normalisation condition is satisfied at this order of .
This procedure requires to evaluate B in the limit £ — 0
without assuming that ¢ < 1 — |xo|, and it turns out
to be relatively tedious. The calculation is described in
Appendix [C1] and leads to the explicit results

oL ¢y = Lt 108,

w2’

72
- (72
These values of Cy and C5 are in excellent agreement
with the exact solution for @, obtained numerically, as
shown in Fig. [{a).
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FIG. 4. Comparison of the values of C'« obtained numerically
(symbols, see Appendix for details), with the analytical
predictions in Egs. and (black lines), for the two-
dimensional (a) and three-dimensional (b) domains.

C. 3D case

We now adapt the approach to the 3D case. It turns
out that the solution admits the same scaling behaviors
than in 2D:

®q(r) @3 (r) In k+P2(r) 1 1
(I)S(T) — 1/{ 33_ K2 ( 7‘) > /ﬁv (73)
ﬁib (1 =7)k) l1-r<1,

where the first line is the expansion of ®,(r) in powers
of k at fixed r, and the second line the expansion of ® in
powers of k at fixed X = (1 — r)y/k. At leading order,
the integral equation for ®; reads

OzCl—/oldr - 2r )K<2\/TTO><I>1(T), (74)

r—+ro r—+rg

1
27r/0 drr ®.(r)=1. (75)

The solution of the above integral equation (where
r ®1(r) is considered to be the unknown function) is
known [45] and this leads to the solution

1 1
W= =  GO=p (0

We thus note that

By (r—1) ~ (77)

1
omy/2(1—7)

In the boundary layer near r = 1, we set r = 1 — X/k,
ro = 1 — Xo/k, and @4(r) = 1/y/kp(X). With these
scalings we can expand the integral equation with
the result that ¢3¢ satisfies exactly the same equation
than in 2D, the only difference is that it has to match with
Y3 X) ~ 1/(27v2X) for large X [due to Eq. ] and
there is thus a factor of 2 that arises when we compare
to the 2D case:

YH(X) = LX), (78)

This relation is checked on Fig.|3] Let us now identify the
next order terms in 3D. Inserting the ansatz into the
integral equation and expanding at second order, we
obtain

/olZ rdi :OK (2\/770> [@5(r) + @5(r) Ink] =

r4+ro

®
—% + g[c; Ink+Cy)+ B (79)
where the term B compensates the fact that the above
integrals are evaluated over the truncated interval [0; 1 —

], so that:

B(To,é)—_\/g/ll drr K(?m)

¢ T+T0 r+79
$((1 = 1)) L ]. (80)

X

o211k

As in the 2D situation, we consider as an integral
equation for which the solution is analytically known;
and we then chose Cy and C3 so that the normalisation
condition for ®, holds at all orders of x. The final result
is

1 Ye + 1+ 1n(2)
Co=—,0g= —— 2
2 A7’ 2 47 ’

and it agrees perfectly with numerical solutions, as shown
in Fig. [b).

(81)

IV. THE LIMIT OF SMALL REACTIVITY

Let us now consider the limit x — 0. At leading or-
der, the mean reaction time is homogeneous. We seek a
solution under the form

1 1
(b = — n = — TL.
s(x) p Z fa(@)R™, Cux - Z Cnk (82)
n>0 n>0
At leading order, we obtain
fo=1co=1/[S;|. (83)

where S, is the length (in 2D) or the area (in 3D) of the
reactive patch. Furthermore, next-orders can be found
iteratively by using

1

=5 J, S )GN ) (39

fn (I‘) = Cn
with the condition for n > 1:
/ dSf, =0. (85)
ST

For d = 2, the explicit computations can be done for
the first orders, and we find
3—In4

27

2 7
60:1/2, C1 = s 02:§_ﬁ. (86)



In the 3D situation, the leading order is simply
fo=co=1/m (87)

and the recurrence relation is

hw =2 s () )

r—+vy r+y

Unfortunately, it seems very difficult to calculate these
integrals, and even at first order the coefficient ¢; can be
calculated only numerically:

1 1 2 /Tu
¢ = 4 de | dy 2K VIV~ .27, (89)
7 Jo 0

r+y xr+y

V. COMPARISON WITH THE CONSTANT
FLUX APPROXIMATION

The constant flux approximation (CFA) [20] has been
used in many recent studies [37, [39] [40] on imperfect re-
activity in confinement, and here we consider how this
approximation compares to the exact results in our for-
malism. First, we need to adapt this approximation to
our situation of large volume limit. In the CFA, one re-
places the Robin condition by inhomogeneous Neu-
mann conditions:

Dazi):{o (z=0,r>a)

-Q (z=0,r<a)’ (90)

where the flux @ is assumed to be constant on the reac-
tive patch and will be determined self-consistently with
a closure relation. A natural choice of closure relation is
to impose that Robin condition is satisfied on average,
hence

QzﬂL(ﬁ@& (91)

but we also have the normalization condition (13]), so
that

Q=1 (92)

Now, inserting into leads directly to a solution
for ® within CFA:

D(rg) =Co + %/s dS(rs)Gn(rs|ro). (93)

Integrating over S and using and , we obtain the
CFA value of Cy:

K}S‘T. (1 - JKD/ST dS(r) /s ds(ro)GN(r|I‘0)>
(94)

cfa __
Cst =

10

Comparing with the results of Sec. [[V] we see that in
the CFA, (' is exactly the same as the next-to-leading
order expansion of C in the limit of low reactivity, i.e.,

Ccfe = %0 to (95)

It may be therefore surprising that CFA works for Cy
even for rather large values of the reactivity (Fig. , but
this comes from the fact that the value of ¢; turns out to
be extremely close to the exact value of C (k = 00) (the
difference is of the order of a few percents). This might
be the reason why the CFA approach can be implemented
to yield accurate results in other contexts. However, the
value of the mean first passage time near the extremity of
the reactive patch is not well captured by this approxima-
tion, since it is obvious in Eq. that it does not scale
as 1/+/k for large k, contrary to what we have found.

(a) (b)

038 0.6
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FIG. 5. Values of C in 2D (a) and 3D (b), as found from
the exact numerical solution compared to the exact large and
small reactivity asymptotics. Note that the constant flux ap-
proximation (CFA) is exactly equivalent to the first order ex-
pansion in the limit of low reactivity. Here we use the units
sothat D =1,a=1.

VI. CONCLUSION

In this paper we have considered the imperfect nar-
row escape problem for diffusive particles in confinement.
We have established a general formalism which provides
the mean reaction time in the large volume limit for any
value of the reactivity parameter. We have obtained ex-
plicit results in d = 2 and d = 3 in the respective limits
of low and large reactivity parameter. Our most surpris-
ing result is the scaling of the mean reaction time when
the initial position is at the extremity of the imperfect
patch; this mean return time scales as k~/2 and is thus
much larger than the naively expected scaling 1/k. In-
terestingly, we have shown that this anomalous scaling
is closely related to the divergence of the electric field
near corners and edges of conducting objects [41], which
is also responsible for the existence of coffee rings [42] or
the crispiness of the extremities of cooked potatoes [49].
We have explicitly identified the prefactor of this scaling
law by solving a Wiener-Hopf equation. We have also
identified a non-analytic behavior for the capacitances of



the imperfect patches as a function of the reactivity. We
note that we have restricted ourselves to the case of cir-
cular patches, but we believe that for the more general
patches with a smooth boundary the asymptotic scaling
laws should remain unchanged. Finally, we have made
a link between the results obtained within the Constant
Flux Approximation (CFA) and the low reactivity limit.
It turns out that the CFA gives very accurate predic-
tions of the mean reaction time when the initial position
is far from the target, but fails to predict the correct
behavior of the mean return times; when the initial po-
sition is on the reactive patch. In the future, one could
adapt our formalism to multiple targets, for example to
generalize the classical calculation [I2] of the absorption
time by a sphere covered by reactive patches to imper-
fect patches. Our results provide a general framework to
quantify the mean reaction times for the imperfect nar-
row escape problem.
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Appendix A: Exact general form of the solution ®(r)
1. Imperfect narrow escape problem in 2D

Here we describe a way to obtain the general solution
of the problem formed by Egs. —. It consists in
writing the equations in a set of orthogonal coordinates
and using the standard method of separation of variables.
We first describe this approach in the 2D case, for which

we use the elliptic coordinates u, v defined as
x = a ch(u) cos(v), y = a sh(u)sin(v). (A1)

We calculate the scale factors h; = |0;r| with ¢ € {u, v}:

h, = h, = ay/ch*(u) — cos? v.

The Laplace equation satisfied by ® and the reflecting
boundary conditions outside the reactive patch are writ-
ten in this coordinate system as

(A2)

RP+0rP =0, 0yPly—o=0,Ply_rp=0. (A3)

The general solution for these equations can be written
by using the method of separation of variables, which
leads to

®=DBu+ Z b €2 cos(2nv).

n=0

(A4)
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Furthermore, the normalization condition can also
be written D [ dS9,® = 1 for any surface surrounding
the target. Far from the target, this means that 0,® =
1/(mrD). Noting that pu ~ In(2r/a) for large r, we thus

find
B =1/(rxD). (A5)

We also note that the quantity Cy, is given, in this mode
decomposition, by

In2
Coo = — + Dy. A6
D + g (A6)
Finally, the Robin condition at the target surface reads
D
DO,®+ kP =|—-—0,2+rd =0, (A7)
hy =0
=
so that
DO,®|u=0 = k a sinv ®|,—. (A8)

Using this condition and the form of the general solution
(A4]), we find that the coefficients ¢,, are solution of the
infinite linear system

Ka
Wm(bm + 5 ;}Amnan = 6m,07 (Ag)
which is satisfied for all positive integers m, with
Apm = / dv sin v cos(2mv) cos(2nv)
0
2[1 — 4(m? 2

- 16(m* +n*) + 1 — 8(m?2 + n?) — 32m2n2’
In practice, this linear system (A9) can be solved nu-
merically by taking into account only a finite number of
modes N, and checking that the obtained quantities do

not depend on N for large N. Note also that C, can be
directly calculated by using Eq. (AG)).

2. 3D case

This approach can be adapted to the 3D case, for which
we use orthogonal coordinates defined as

z=av/(14+a?)(1—p2)cosp, (A11)
y=ay(1+a?)(1—pF?)sing, (A12)
z = aaf, (A13)

where ¢ is the azimuthal angle. Note that @ > 0 and
B € [0;1] are related to the standard oblate spheroidal
coordinates (u,v,®) by a = sinh(y) and f = sin(v).
Inversion formulas read

r)? _ ry 12003

o () 1+\/1+(;) +2(%) (29), (A1)
r)? L )2 cos

5 1— (%) +\/1+(;) +2(%) (20), (AL5)




with (r,6,¢) the usual spherical coordinates. It is use-

ful to calculate the scale factors h; = |0r/di|, with
i = {a7/87 (p}?
2 2\ 1/2 2 2\ 1/2
ha:a/ 404 +B 7h[‘3:a’ a+ﬁ )
1+ a2 1—p2
hy =a[(1+a2)(1— B3], (A16)

For axisymmetric functions, the Laplacian reads in this
orthogonal coordinates

V2P — 1 0 hghy, 02 0 hahy 0P
hohghy, \Oa ho Oa = 9B hg 0B’
(A17)
so that ® satisfies the equation
0 o 9
SR E LT DEC (A18)

We impose Neumann conditions for § = 0 and g = 1,
at which 93® = 0. With these conditions, the general
solution can be found by the method of separation of
variables, which leads to

(A19)

(I)( - oo+zang P2q ﬁ)

where P, are even Legendre polynomials (satisfying
both Neumann conditions at 8 =0 and 8 = 1), and

1

9a(0) = Qi) = TPylia),  (A20)

where i = —1 and @2, are Legendre functions of the
second kind. Let us give here additional details on the

function g,. To see that g, is real it is useful to write Q24
as [50]

Po,(x) I 1+2

Q2q(2) = 2 1—=x

— W2q71(x), (A21)

where W is the polynomial

zq: 4q — (1 +4(m —1))

W
21 (2m—1)(2¢—m + 1)

P2q7(2m71)($)-
(A22)

1

For purely imaginary arguments x = i«, we have

Q24 (ia) = i Pog(ic) arctan(z) — Wag_1(ia),  (A23)

and we thus see that

9q(a)

= Py, (i) arctan(o) —

Using the parity of P and W, it becomes clear that g, is
real. Furthermore it can be checked that it decreases to
zero at infinity (and gy ~ 1/« for large «).
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Now, the equation satisfied by the coeflicients a, is
identified by using the Robin condition. In these co-
ordinates, the partially absorbing disk corresponds to
a = 0, and the Robin conditions can be deduced from
0, ® = — (h;laa@)a:() so that the boundary conditions
read

(DIp® — aBKED) =0 = 0. (A25)
Inserting the general solution (A19) into the above

boundary condition, multiplying by Pax(8) and integrat-
ing, we obtain the linear system:

[e%s} 1 1
(0 dpP: P = kb, dBBP:
qz:;)ang( )/0 BPaq(B)Por(B) = K /0 B8P (5)

+ “Z aq94(0) / dBBPay(B) Par(B), (A26)
q=0 0

for all positive integers k. Finally, we calculate the sur-
face element at a = 0, dS, = hyhgdpdB so that the
normalization condition reads

1
27ma2/0 (0, 8)8dp =1, (A27)

which leads to the equation

00 1
Ka*T®o + 21Ka> Zang(O)/ dBBPy(B) = 1.
=0 0
' (A28)

A numerical solution for &, can thus be found by solving
the linear system (A26]) for the coefficients a, (completed
by the above normalisation condition). Note also that

Coo = P
Appendix B: Identification of the integral equation

@7) in 3D

Here we briefly show how to obtain the integral equa-

tion . Using Eq. for d = 3, we see that Eq.

writes
B(ro) = Coo — % /0 drK (r,ro)®(r),  (B1)
with
Kiryro) = 217T o% V2 + T(Q)T—de%ro cosf (52)



The quantity K(r,7) can be simplified as follows:

r df
K(r,o) / /12 + 1% —2rrg cos 0
/2 du
/12 + 712 — 2rrg cos(2u)
du
\/r2 +7r3— 2rr0[2 cos?u — 1]

™ Jo

7"—|—T‘o / \/1_ 47"7’0)2 COS U

(r+n
=) (iﬁ) (B3)

where u = 0/2 and in the last line we have recognized the
definition of the elliptic function K. Inserting the above
result into Eq. (B1) finally leads to Eq. .

Appendix C: Calculation details for the
identification of C2 and C3

1. 2D situation

Here we describe the details of calculations leading to
the identification of the constants Cy and C35 in the 2D
situation. Let us first evaluate the term B in Eq. :

B~ —% /Om dx (w(X) - m/lﬁ> In(1 — o)

1-— i)
Here we have only assumed that one can use the leading
order of the scaling form for the solution ® for arguments
lower than ¢. Now, to evaluate the first line we use the
normalisation condition , and to evaluate the terms
on the second line, we change variable X = ux/:

171‘0

(C1)

1 oo
B~—
\/>Zrc

- \/Eé/o du (w(/@uﬁ) -

X (w(X) - W%) (1 — z)

1—xz9g—ul

1
In
T 2/%6)

].—(EO

(C2)
Using Eq. (63)), we can write B under the form

B ~ fg(xO)ln:Jrfz(zO), (C3)
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with
. In(1 — =) / du ¢ 1—z9—ul
To) = —F——F7— — In
f3 (@) V272 0 w2(2ul)? 1—xo
(C4)
In(44) + . +1
falzo) = ()—721 (1 — o)
In(dul) +ve —1. 1 —x0—ul
- 1 .
g/ du 72(2ul)3/2 S xo (C5)

Let us precise a few properties of f5 (similar properties
hold for f5). In the limit £ — 0 at fixed z(, we see that

In(1 — xo)
£—0 \/Z\/iﬂ'Q
Near the extremity of the patch, we set xg = 1 — v{ to

determine the behavior of f5. In the limit £ — 0 at fixed
v=(1—1x0)/¢, we obtain

3 (20) (C6)

In(vf) /1 du ¢
S(wo=1—0l) ~ — -1
f3 (@ ! )[—>0 VEV2r? o o w2 (2ul): "
(C7)

Collecting the terms O(In k/k) in the integral equation

leads to

1-¢
/ dx ®3(z)In |z — zo| = F5 (x0), (C8)

—14L
Fy (o) = =705 + f5(wo) + f3(=w0).  (C9)

We consider this equation as an integral equation over the
interval [—1+4¢; 1—£], for which the solution is analytically

known [45]:
b
S S B A
w2/ b2 — 22 [ p
5 (t)

1 b
T inl/2] /,bdt N

where we have set b = 1 — /. As a consequence, the
integral of ®% over the truncated interval | — b; b[ reads

b . 1
_ /J}dx 5 (x) = mIn[b/2]

When ¢ — 0, the behavior of I5(¢) is obtained by in-
serting the small ¢ limit of f3(xzo) at fixed zy given by
Eq. into Eq. and inserting the result into the
above equation, leading to

(=1) (' dt In(1-1¢?) V2
aVRVIVI =82 w2V

this result is consistent with the fact that the behavior
of @4 near x = £1 is given by @ Now, the fact that

VP~ P0,F5 (1)

o5 (x) =
2(z) —

b dx Fj(z)

. (C1)

I5(0) ~

t—0 wiln?2

(C12)




the normalisation condition holds at all powers of k
implies that

VA
We thus evaluate
V2
AL =14) — ——=
S0=50- 5
LD / | E@ee—1)  m(-#)
Cwln2 J_, Vb2 — 12 m24/20(1 — t2)

(C14)

The contributions of f5(¢) in this integral are negligible
except for zy at the vicinity of 1. Thus, we set t =
1 — vl to evaluate the above integral, and the integral
can be evaluated by integrating v over [0, co] (except for
the term C5 which is evaluated without this change of
variable). Using yields

/ it —7C5
1— t2

2 [ (20 fo-1) 1
f/ s (B2 L)

e3¢} 1 _
—/ dv/ du 2 In Y u.
1 0 7w2(2u)3/2,/2(v — 1) v

All the integrals appearing in the above equations can be
evaluated. Imposing AT (¢) = 0 then leads to

AL (
2 7r1n2

(C15)

Cy =1/r% (C16)

To identify Cy we proceed in the same way. The inte-
gral equation is

—¢
/1 dz By(2)In |z — 20| = Fa(2), (C17)
I,
Fy(z) = =m0y + w1 + fa(wo) + fa(—z0),  (C18)
so that
s 1 b dt Fy(t)
_ /_bdm @o(0) = s | Ty (€19)

As before we need to evaluate the behavior of Fy(x, £) for
small ¢

In(4 1 F?
Fo(z) ~ wln(l_mg) — 2(17)_ (C20)
=0 \/20r2 Ve
At leading order for small ¢ we obtain
1 ! FY(t) 9
L(t) ~ dt—=2 =2  (C21
20 % rmam L e - v
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The next-to-leading order is

PR N G) /1 g | 2000 —1t)  FP(D)
Vi mhn2 Vo2 =2 NI
(C22)

Again, we evaluate it by setting ¢ = 1 —v¢ and taking the
small £ limit of the obtained integrand at fixed v, leading
to

B(0) — 13(0) = “>{ 't Bi@)

min2 | J_, * Vb2 — 2
n(4¢) +~ + 1 O(v—1) 1
+ 2/ v’ P wt) | L - \/%]

_2/ dv/ du In(4ul) + . — 1 lnv—u
72(2u)3/2,/2(v — 1) v
(C23)

To evaluate the term involving ®; we introduce a variable
€ so that { < € < 1 and we calculate

b d Oy(z) b dz
Vb2 — 2 _p V1 —x2/b% — 22
N /1 fde /E/f 20 dv
CJogem(l—=2%) i 2mfo(v—1
~ /0 (C24)
™

where the last equality follows from the evaluation of the
integrals with ¢ < ¢ <« 1. Finally, evaluating all terms
in Eq. and requiring that the I(¢) — I9(¢) — 0 for
small £, we obtain

14+v +1n8
2

Oy = , (C25)

as announced in the main text.

2. Second-order calculation in the limit of large
reactivity in 3D

We evaluate the term B in Eq. by writing

2/r0 -

Ii1<41r+;;)) /e,{ X P(X) a Qm}ﬁ]
1

! / ﬁ(fi ") M“g””) - gm/lzm}

2/ (1 —ul)ry 2\/rq
X[K< 1—ul+rg >_K(l+ro>

B(ro,?) ~/k

(C26)




Hence

NG
KGﬁ31+%+mw@
(1 +70) 2v/2072

é/ =14+ 7. + In(4ulk)]
2772 2ul)3/2(1 + o)

2 —ul 2,/

« | r (—uOr0) e (2070
1—uwl+rg 147

Note that here, for conciseness we will treat In k as being

of order 1 in powers of k, the result will be exactly the

same as in the case where one separates the Inx terms

and the O(1) terms.
In the small £ limit at fixed ro we obtain

B(T07£) =

(C27)

275
K (1+r0) 14 e + In(44k) _ BO(ro)

2/ 2072 N/
(C28)

B(ro, ¢) So 1+ To

whereas if we set rg = 1 — fv, in the limit £ — 0 at fixed
v we obtain

11+, +In(4¢k) I 82

B(]. — U‘g, e) Z:O 8 /72€7T2 (,UE)Q
1
[—1 4+ vYe + In(44ku)] v
— 1 2
/0 du 472 (2u)3/2 T (C29)

where we have used K (1 —y) ~ i1In(8/y) for small y.
Let us write the integral equation under the form

/1—€ dr r éz(r)K (21/rr0> _ 7T[C~'2 — @) 4B
0 r—+1rg r 4179 2

(C30)
with ®y = ®y(r) + ®5(r)Ink, Cy = C5Ink 4 Cy. Let us
define

1-¢
L(r,0) = /0 dr r ®o(r). (C31)

Using the analytically known solution [45] of the integral

equation (C30)), we obtain

4 (1 s (Z(Cy—®1) + B(s, 1))
.rz(z)zﬁ/O ds s

(C32)
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When ¢ — 0 we obtain at leading order

4 ! s

IQ(’I"7 f) Z:O ?2\/2 . d87’71 — 32

BY(s,0) (C33)

and this integral diverges for £ — 0, as it should due to
the known behavior for ®o(r) when r approaches 1. At
next-to-leading order, we evaluate the terms involving B
by setting s = 1 — vf and take the small ¢ limit at fixed
v, so that we can use Eq. :

4 L ds sBO 4 Ldss =
I,(¢) — ~ — (Y
72l Jo V1i—s2 7w Jo V1—522

/ dv/ —1+ e + In(4lku)] g Y
4772 2u)3/2\/2(v—1) v—u

/ o 1+’y€+1n(4€/£)1 8 [ 0v-1) 1
4y/272 vl \ \2v—1) V20

st (s)
+/0 d3—2 102 _82}.

To evaluate the term containing ®, defined in Eq.
we can use again a trick where we use a variable ¢ with
l<Lek

(C34)

=t gr oy Qy(r) 1= dr r®q(r)
\/(175)271"2_ 0 V1—r2
U due In(2/0)

+/1 drfo(o—1  4m (C35)

Finally, all the integrals in (C34) can be evaluated, re-
quiring that it vanishes for small ¢ leads to

5~ Ye+1+1In(2r)

02 - Ar ) (036)

which is exactly Eq. .
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