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This article provides the details on the technical derivation of the gravitational waveform and total
gravitational-wave energy flux of nonspinning compact binary systems to the fourth post-Newtonian (4PN)
order beyond the Einstein quadrupole formula. In particular: (i) we overview the link between the radiative
multipole moments measured at infinity and the source moments in the framework of dimensional
regularization; (ii) we compute special corrections to the source moments due to “infrared” commutators
arising at the 4PN order; (iii) we derive a “postadiabatic” correction needed to evaluate the tail integral with
2.5PN relative precision; (iv) we discuss the relation between the binary’s orbital frequency in quasicircular
orbit and the gravitational-wave frequency measured at infinity; (v) we compute the hereditary effects at the
4PN order, including those coming from the recently derived tails-of-memory; and (vi) we describe the
various tests we have performed to ensure the correctness of the results. Those results are collected in an
ancillary file.
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I. INTRODUCTION

The post-Newtonian (PN) approximation is a paramount
tool for computing the generation of gravitational waves
(GWs) by isolated sources. This perturbation technique
relies on two joint expansions, valid for systems that have
slow velocity and are self-gravitating, and which are thus
linked by weak gravitational fields. In consequence, it is
ideally suited to study the inspiral phase of compact binary
systems, made of black holes (BHs) or neutron stars (NSs).
While the derivation of lowest-order PN results, starting
from the famous Einstein quadrupole formula [1–3], is
fairly straightforward, the systematic expansion to high

PN orders entails a number of subtle issues. One is the
control of physical nonlinear effects in the propagation of
GWs from source to detector. Other more technical
difficulties are linked to the appearance of divergent
integrals in the calculations, and the subsequent need to
implement a proper regularization scheme.
There are two modern ways of carrying out the PN

approximation. The first one is to embed it into the more
general PN-MPM framework [4–8], consisting of a multi-
polar and post-Minkowskian (MPM) expansion for the
field exterior to the isolated source, subsequently matched
to the inner PN field of the source. This method achieved
the completion of the gravitational waveform to 3.5PN
order for nonspinning objects [9–18], i.e., up to the ðv=cÞ7
correction beyond the Einstein quadrupole formula. A
variant of the PN-MPM framework is the DIRE formalism,
developed to 2PN order [19]. The second way relies on an
effective field theory (EFT) [20,21], extracting the radiation
sector from a derivative expansion at the level of the
action [22]. This more recent framework has reached
the 2PN precision [23]. We refer the interested reader to
the reviews [24–27] for more details on the PN scheme.
The main output of the PN calculation is the observable

waveform (phase and amplitude modes) as an expansion
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series in terms of the PNparameter x ¼ ðGmΩ
c3 Þ2=3, whereΩ is

the half of the GW frequency. This is obviously essential for
the data analysis of GW detectors [28,29], notably
for the current LIGO-Virgo-Kagra network [30–32], but
also for future generations of detectors, such as the Laser
Interferometer Space Antenna (LISA) [33] or the Einstein
Telescope (ET) [34]. In addition, the PN results are of great
interest for numerical relativity, as they are naturally used for
comparisons with numerical results (see e.g., [35–38]), as
well as for the calibration of initial data (see e.g., [39–42]).
They also play a crucial role for comparisons with
gravitational self-force (GSF) results, notably second-order
ones [43–45].
On the other hand, the PN framework is essential when it

comes to experimentally testing the theory of gravitation. By
drawing precise predictions and confronting them against
observations, it allows performing “agnostic” tests of gen-
eral relativity (GR) in the Solar system, for binary pulsars
and even for transiting exoplanets [46]. With GWs, the idea
is to treat each coefficient in the PN expansion of the GW
phase as an independent parameter, and fit it against GW
data [47,48]. This method has been applied to data collected
from LIGO-Virgo detectors, and has already permitted
probing the nonlinear structure of GR by confirming the
signature of GW tails to the 1.5PN order [49–51]. This
modus operandi is very promising, notably regarding the
possibility of multiband detections, combining LISA and
detectors on ground [52]. In the same spirit, the prediction
for the tidal effects affecting the binary NSs [53–60], which
first contribute to the waveform at the 5PN order (in the
spinless case), have been used at leading order to put a
constraint on the equation of state of matter composing
neutron stars [61], and could be used to distinguish usual
BHs from “exotic” compact objects with ET. In addition
to the agnostic tests, the PN framework is also used
to perform “educated” tests, by computing observable
quantities in specific alternative theories. It has been
developed, for instance, in the context of massless scalar
field theories [62–65], and used to make predictions
concerning the gravitational radiation [66–68]. Similar
studies have been conducted for various alternative
theories [69–73].
This paper presents the last step of the completion of the

gravitational waveform for nonspinning, compact binary
systems evolving with 4PN precision, in the case of
quasicircular orbits (and in GR). The first step was the
computation of the equations of motion to 4PN order, from
which one deduces in particular the binary’s gravitational
binding energy. The equations of motion were obtained by
several groups using different methods: (i) the Arnowitt-
Deser-Misner (ADM) Hamiltonian formalism [74–77] led
to complete results except for one “ambiguity” parameter,
which was fixed by resorting to a comparison with
gravitational self-force results [78]; (ii) the Fokker

Lagrangian formalism in harmonic coordinates [79–82]
yielded for the first time a complete result without
ambiguity parameter; and (iii) the effective field theory
(EFT) approach [83–90] recovered the complete and
unambiguous result. The second step was the computation
and proper regularization, using the PN-MPM formalism,
of the source mass quadrupole moment to 4PN [91–93], the
current quadrupole to 3PN [94] and the mass octupole to
the same order [95]. The next step, relying on previous
works as well, was the control of the various nonlinear
interactions between moments occuring through the 4PN
order [16,17,95–99]. The prominent of these interactions at
4PN order is the so-called “tail-of-memory”, which is a
cubically nonlinear effect [99]. Moreover, we were able to
compute the flux for circular orbits up to the 4.5PN order,
since only one nonlinear interaction plays a role for this
computation, which is the so-called “tail-of-tail-of-tail”, a
quartic effect [96] (see also [100]). In the present work,
we complete the derivation of the gravitational flux to
4PN for generic orbits, and extract the ðl;mÞ ¼ ð2; 2Þ and
ðl;mÞ ¼ ð2; 0Þ modes from the radiative mass quadrupole
moment. With those results at hand, and the 4.5PN term of
the flux for quasicircular orbits already computed in [96],
the gravitational phasing at the 4.5PN precision is derived
and reported in the companion Letter [101].
This work is organized as follows. In Sec. II, we explicitly

present the relations between the radiative, canonical and
source multipole moments, at the required 4PN accuracy
(and 4.5PN for circular orbits). Notably, we derive the
missing relation between the canonical and source quadru-
pole moment, extending [97] to arbitrary dimensions as
required by dimensional regularization. Section III is
devoted to the calculation of novel terms coined as “infrared
(IR) commutators” appearing at the 4PN order in the metric
and the source mass quadrupole moment. They are zero for
circular orbits and do not contribute to the results reported
in [101]. Then, Sec. IV lists the expressions of the required
source moments on circular orbits, obtained in previous
works, notably [91–95]. Section V exposes the technical
toolbox that we used to perform the derivations and
integrations needed to get the final results. Notably, an
important physical contribution at 4PN order comes from
the 1.5PN tail term computed to relative 2.5PN order, which
necessitates a “postadiabatic” evaluation, described in
Sec. V B. The results are presented in Sec. VI, and consist
of: (i) the flux at 4PN for generic orbits, in the center-of-mass
(c.m.) frame; (ii) the flux at 4.5PN for quasicircular orbits;
and (iii) the ðl;mÞ ¼ ð2; 2Þ and ðl;mÞ ¼ ð2; 0Þmodes, the
latter being purely due to the nonlinearmemory interactions.
The results are all collected in the ancillary file [102].
Appendix A contains the test of the boosted Schwarzschild
solution (BSS) [103], sucessfully applied to the mass
quadrupole moment, and Appendix B displays the contri-
butions of IR commutators in the 4PN metric.
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II. NONLINEAR EFFECTS IN THE GW
PROPAGATION

In this work,1 we compute the GW energy flux of
compact binaries on generic orbits and the dominant
GW mode ðl;mÞ ¼ ð2; 2Þ to the 4PN order, as well as
the energy flux on quasicircular orbits to the 4.5PN order.
Let us recall that the general multipole decomposition of
the flux reads [104]

F ¼
X
l≥2

G
c2lþ1

h
alU

ð1Þ
L Uð1Þ

L þ bl
c2

Vð1Þ
L Vð1Þ

L

i
; ð2:1Þ

where UL and VL (for l ≥ 2) respectively denote the mass
and current radiative multipole moments [which are sym-
metric trace-free (STF) in their indices], and the numerical
coefficients are given by

al ¼ ðlþ 1Þðlþ 2Þ
ðl − 1Þll!ð2lþ 1Þ!! and

bl ¼ 4lðlþ 2Þ
ðl − 1Þðlþ 1Þ!ð2lþ 1Þ!! : ð2:2Þ

The asymptotic waveform, to order 1=R in the distance to
the source, when expressed in a (Bondi type) radiative
coordinate system ðT; XiÞ, with X ≡ RN, and written as a
perturbation to the ordinary metric gab, reads [104]

hTTab ¼ 4G
c2R

⊥abijðNÞ
X
l≥2

1

cll!

�
NL−2UijL−2ðuÞ

−
2l

cðlþ 1ÞNkL−2ϵklðiVjÞlL−2ðuÞ
�
þO

�
1

R2

�
; ð2:3Þ

where ⊥abijðNÞ is the usual transverse and traceless (TT)
projector and the multipole moments are defined at the
retarded time u≡ T − R=c. The GW amplitude ðl;mÞ
modes can be read off the radiative moments UL and VL,
and for instance the dominant mode (2, 2) can be computed
directly from the mass quadrupole moment Uij (in the
case of planar, nonprecessing, orbits; see [16,17,105]).

Therefore, the knowledge of UL and VL at the relevant PN
order will lead to the desired results.
To describe the nonlinear effects in the GW propagation

from the source to the observer, we connect the radiative
moments to the so-called canonical moments ML and SL.
In turn, the canonical moments are expressed in terms of
source moments IL and JL, as well as “gauge” moments,
WL, XL, YL, and ZL. The source and gauge moments
describe in our formalism the physics of the PN source.
This section is thus devoted to the relations between the
radiative moments and the source ones, at the required
PN order. We refer to [8] for a more detailed review and
physical discussions about those constructions.

A. Radiative moments versus canonical moments

1. Radiative moments entering the flux at 4PN order

In order to derive the energy flux (2.1) at 4PN order
beyond the leading quadrupolar order, the obvious first
input is the radiative quadrupole moment itself, Uij, to 4PN
order. Recalling that, at leading order, the radiative
moments UL and VL reduce to the lth time derivatives
(with respect to the retarded time u of the radiative
coordinates) of the canonical moments ML and SL, we
straightforwardly write

Uij ¼ Mð2Þ
ij þ U1.5PN

ij þ U2.5PN
ij þ U3PN

ij

þ U3.5PN
ij þ U4PN

ij þO
�
1

c9

�
; ð2:4Þ

with small PN corrections up to 4PN, as indicated. The
leading correction at 1.5PN is due to the quadratic
interaction between the static ADM mass M and the mass
quadrupole moment Mij, denoted “M×Mij” and called the
“tail”. It is well-known and reads explicitly [7]

U1.5PN
ij ¼2GM

c3

Z þ∞

0

dτMð4Þ
ij ðu−τÞ

�
ln

�
cτ
2b0

�
þ11

12

�
; ð2:5Þ

where the length scale b0 is an arbitrary constant linked
with the choice of the origin of time of the asymptotic
radiative coordinates, with respect to the harmonic coor-
dinates covering the source’s near zone. At the next 2.5PN
order, there arises the nonlocal interaction involving two
quadrupole moments Mij ×Mkl, called the (displacement)
“memory”, together with associated instantaneous quad-
rupole-quadrupole terms [106], and an instantaneous
interaction Mij × Sk sometimes dubbed “failed tail” [107],

U2.5PN
ij ¼ G

c5

�
−
2

7

Z þ∞

0

dτ
h
Mð3Þ

ahiM
ð3Þ
jia
i
ðu− τÞ þ 1

7
Mð5Þ

ahiMjia

−
5

7
Mð4Þ

ahiM
ð1Þ
jia −

2

7
Mð3Þ

ahiM
ð2Þ
jia þ

1

3
ϵabhiM

ð4Þ
jiaSb

�
:

ð2:6Þ

1The conventions employed throughout are as follows:
we work with a mostly plus signature; Greek letters denote
spacetime indices and Latin letters denote purely spatial indices;
we use the multi-index notations, with symmetric trace-free (STF)
mass and current moments ML ≡Mi1i2…il and SL ≡ Si1i2…il ; a
superscript (n) indicates n time derivatives; hats and
angular brackets denote a symmetric trace-free projection, for
instance x̂L ¼ xhLi ¼ STF½xL� with xL ¼ xi1 � � � xil ; the d’Alem-
bertian operator is defined with respect to the flat Minkowski
metric □≡ ημν∂μν ¼ Δ − c−2∂2t ; symmetrization and antisym-
metrization are weighted, e.g., AðijÞ ¼ ðAij þ AjiÞ=2 and
A½ij�¼ðAij−AjiÞ=2; the usual Levi-Civita symbol is denoted ϵijk
with ϵ123 ¼ 1; finally, as usual, we dubb “nPN” a quantity of order
Oðc−2nÞ.
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At the 3PN order the first cubic interaction appears,
consisting of the interplay between two ADM masses
and the quadrupole moment, i.e., M ×M ×Mij, rightly
called “tail-of-tail” and given by [10,95]

U3PN
ij ¼ 2G2M2

c6

Z þ∞

0

dτMð5Þ
ij ðu − τÞ

�
ln2

�
cτ
2b0

�

þ 11

6
ln

�
cτ
2b0

�
−
107

105
ln

�
cτ
2r0

�
þ 124627

44100

�
: ð2:7Þ

Note the appearance here of a new constant length
scale r0, which should be distinguished from the

previously introduced scale b0. The scale r0 is a running
scale in the sense of renormalization group theory
[21,108,109]. The coefficient in front of the ln r0
term in (2.7) is exactly the β-function coefficient asso-
ciated to the renormalization of the mass quadrupole
moment, say β2 ¼ − 214

105
. In the present formalism, this

scale originates from the Hadamard regularization
scheme. The next-order 3.5PN term has a structure similar
to the 2.5PN one, i.e., with some memory type integrals
and instantaneous terms. The interactions between
moments, still of quadratic nature, are however more
complicated,

U3.5PN
ij ¼ G

c7

�Z þ∞

0

dτ

�
−

5

756
Mð4Þ

abM
ð4Þ
ijab −

32

63
Sð3ÞahiS

ð3Þ
jia

�
ðu − τÞ

−
1

432
MabM

ð7Þ
ijab þ

1

432
Mð1Þ

abM
ð6Þ
ijab −

5

756
Mð2Þ

abM
ð5Þ
ijab þ

19

648
Mð3Þ

abM
ð4Þ
ijab þ

1957

3024
Mð4Þ

abM
ð3Þ
ijab

þ 1685

1008
Mð5Þ

abM
ð2Þ
ijab þ

41

28
Mð6Þ

abM
ð1Þ
ijab þ

91

216
Mð7Þ

abMijab −
5

252
MabhiM

ð7Þ
jiab þ

5

189
Mð1Þ

abhiM
ð6Þ
jiab

þ 5

126
Mð2Þ

abhiM
ð5Þ
jiab þ

5

2268
Mð3Þ

abhiM
ð4Þ
jiab þ

5

42
SaS

ð5Þ
ija þ

80

63
SahiS

ð5Þ
jia þ

16

63
Sð1ÞahiS

ð4Þ
jia −

64

63
Sð2ÞahiS

ð3Þ
jia

þ ϵachi

�Z þ∞

0

dτ

�
5

42
Sð4ÞjicbM

ð3Þ
ab −

20

189
Mð4Þ

jicbS
ð3Þ
ab

�
ðu − τÞ

þ 1

168
Sð6ÞjibcMab þ

1

24
Sð5ÞjibcM

ð1Þ
ab þ 1

28
Sð4ÞjibcM

ð2Þ
ab −

1

6
Sð3ÞjibcM

ð3Þ
ab þ 3

56
Sð2ÞjibcM

ð4Þ
ab

þ 187

168
Sð1ÞjibcM

ð5Þ
ab þ 65

84
SjibcM

ð6Þ
ab þ 1

189
Mð6Þ

jibcSab −
1

189
Mð5Þ

jibcS
ð1Þ
ab

þ 10

189
Mð4Þ

jibcS
ð2Þ
ab þ 32

189
Mð3Þ

jibcS
ð3Þ
ab þ 65

189
Mð2Þ

jibcS
ð4Þ
ab −

5

189
Mð1Þ

jibcS
ð5Þ
ab −

10

63
MjibcS

ð6Þ
ab

��
: ð2:8Þ

At the 4PN order appears the “tail-of-memory”, which is a cubic interaction involving two time-varying quadrupolemoments
and the mass, i.e., M ×Mij ×Mkl. It also contains a double integration over the two quadrupole moments; see the first line
of (2.9). The tail-of-memory comes with many tail-looking interactions with only one integration over the quadrupole
moments. Similarly to the fact that the memory came with the failed tail [see (2.6)], the tail-of-memory comes along with a
cubic interaction involving the constant angular momentum, i.e., M × Si ×Mjk, see the last line of (2.9). We have [99]

U4PN
ij ¼8G2M

7c8

�Z þ∞

0

dρMð4Þ
ahiðu−ρÞ

Z þ∞

0

dτMð4Þ
jiaðu−ρ−τÞ

�
ln

�
cτ
2r0

�
−
1613

270

�

−
5

2

Z þ∞

0

dτ
h
Mð3Þ

ahiM
ð4Þ
jia
i
ðu−τÞ

�
ln
�
cτ
2r0

�
þ3

2
ln
�
cτ
2b0

��
−3

Z þ∞

0

dτ
h
Mð2Þ

ahiM
ð5Þ
jia
i
ðu−τÞ

�
ln
�
cτ
2r0

�
þ11

12
ln
�
cτ
2b0

��

−
5

2

Z þ∞

0

dτ
h
Mð1Þ

ahiM
ð6Þ
jia
i
ðu−τÞ

�
ln

�
cτ
2r0

�
þ 3

10
ln

�
cτ
2b0

��
−
Z þ∞

0

dτ
h
MahiM

ð7Þ
jia
i
ðu−τÞ

�
ln

�
cτ
2r0

�
−
1

4
ln

�
cτ
2b0

��

−2Mð2Þ
ahi

Z þ∞

0

dτMð5Þ
jiaðu−τÞ

�
ln

�
cτ
2r0

�
þ27521

5040

�
−
5

2
Mð1Þ

ahi

Z þ∞

0

dτMð6Þ
jiaðu−τÞ

�
ln

�
cτ
2r0

�
þ15511

3150

�

þ1

2
Mahi

Z þ∞

0

dτMð7Þ
jiaðu−τÞ

�
ln

�
cτ
2r0

�
−
6113

756

��

−
2G2M
3c8

Saϵabhi

Z þ∞

0

dτMð6Þ
jibðu−τÞ

�
ln

�
cτ
2b0

�
þ2ln

�
cτ
2r0

�
þ1223

1890

�
: ð2:9Þ
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Note that the “genuine” tail-of-memory given by the first
term of (2.9) can be retrieved by replacing the canonical
moment Mij in the expression of the memory term of (2.6)
by the radiative moment itself, taking into account the
dominant tail effect, i.e.,

Mð2Þ
ij → Uij ¼ Mð2Þ

ij þ U1.5PN
ij ; ð2:10Þ

alongwith a reexpansion at cubic order and an integration by
parts. This agrees with the general prediction for memory
effects computed using the radiative multipole moments
defined at future null infinity, see [110,111].
Besides the mass quadrupole moment, the expression of

the flux (2.1) at the 4PN order requires the knowledge of
moments of higher multipolarity, but evaluated at lower PN
orders. At the next multipolar order, we thus need the mass

octupole Uijk and current quadrupole Vij moments with a
3PN precision,

Uijk ¼Mð3Þ
ijk þU1.5PN

ijk þU2.5PN
ijk þU3PN

ijk þO
�
1

c7

�
; ð2:11aÞ

Vij ¼ Sð2Þij þV1.5PN
ij þV2.5PN

ij þV3PN
ij þO

�
1

c7

�
: ð2:11bÞ

Reporting the results of [95], the above contributions
read

U1.5PN
ijk ¼ 2GM

c3

Z þ∞

0

dτMð5Þ
ijkðu − τÞ

�
ln

�
cτ
2b0

�
þ 97

60

�
;

ð2:12aÞ

U2.5PN
ijk ¼ G

c5

�Z þ∞

0

dτ

�
−
1

3
Mð3Þ

ahiM
ð4Þ
jkia −

4

5
ϵabhiM

ð3Þ
ja S

ð3Þ
kib

�
ðu− τÞ þ 1

4
MahiM

ð6Þ
jkia þ

1

4
Mð1Þ

ahiM
ð5Þ
jkia þ

1

4
Mð2Þ

ahiM
ð4Þ
jkia −

4

3
Mð3Þ

ahiM
ð3Þ
jkia

−
9

4
Mð4Þ

ahiM
ð2Þ
jkia −

3

4
Mð5Þ

ahiM
ð1Þ
jkia þ

1

12
Mð6Þ

ahiMjkia þ
12

5
ShiS

ð4Þ
jki þ ϵabhi

�
9

5
MjaS

ð5Þ
kib þ

27

5
Mð1Þ

ja S
ð4Þ
kib þ

8

5
Mð2Þ

ja S
ð3Þ
kib

þ 12

5
Mð3Þ

ja S
ð2Þ
kib þ

3

5
Mð4Þ

ja S
ð1Þ
kib þ

1

5
Mð5Þ

ja Skib þ
9

20
Mð5Þ

jkiaSb

��
; ð2:12bÞ

U3PN
ijk ¼ 2G2M2

c6

Z þ∞

0

dτMð6Þ
ijkðu − τÞ

�
ln2

�
cτ
2b0

�
þ 97

30
ln

�
cτ
2b0

�
−
13

21
ln

�
cτ
2r0

�
þ 13283

8820

�
; ð2:12cÞ

where the underlined indices within angled brackets are excluded from the STF operation, and

V1.5PN
ij ¼ 2GM

c3

Z þ∞

0

dτSð4Þij ðu − τÞ
�
ln

�
cτ
2b0

�
þ 7

6

�
; ð2:12dÞ

V2.5PN
ij ¼ G

c5

�
−
3

7
MahiS

ð5Þ
jia −

3

7
Mð1Þ

ahiS
ð4Þ
jia þ

8

7
Mð2Þ

ahiS
ð3Þ
jia þ

4

7
Mð3Þ

ahiS
ð2Þ
jia þ

17

7
Mð4Þ

ahiS
ð1Þ
jia þ

9

7
Mð5Þ

ahiSjia −
1

28
Mð5Þ

ijaSa

þ ϵabhi

�
−
15

56
MjiacM

ð6Þ
bc −

113

112
Mð1Þ

jiacM
ð5Þ
bc −

353

336
Mð2Þ

jiacM
ð4Þ
bc −

3

14
Mð3Þ

jiacM
ð3Þ
bc

þ 5

168
Mð4Þ

jiacM
ð2Þ
bc þ 3

112
Mð5Þ

jiacM
ð1Þ
bc −

3

112
Mð6Þ

jiacMbc þ Sð4ÞjiaSb

��
; ð2:12eÞ

V3PN
ij ¼ 2G2M2

c6

Z þ∞

0

dτSð5Þij ðu − τÞ
�
ln2

�
cτ
2b0

�
þ 7

3
ln

�
cτ
2b0

�
−
107

105
ln

�
cτ
2r0

�
−
13127

11025

�
: ð2:12fÞ

Higher-order multipole moments have no cubic contributions at the required PN order. At 2PN order, we need the mass
hexadecapole Uijkl as well as the current octupole Vijk, which read

Uijkl ¼ Mð4Þ
ijkl þ U1.5PN

ijkl þO
�
1

c5

�
; ð2:13aÞ

Vijk ¼ Sð3Þijk þ V1.5PN
ijk þO

�
1

c5

�
; ð2:13bÞ
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where [95]

U1.5PN
ijkl ¼ G

c3

�
2M

Z þ∞

0

dτMð6Þ
ijklðu − τÞ

�
ln

�
cτ
2b0

�
þ 59

30

�

þ 2

5

Z þ∞

0

dτ
h
Mð3Þ

hijM
ð3Þ
kli
i
ðu − τÞ

−
21

5
MhijM

ð5Þ
kli −

63

5
Mð1Þ

hijM
ð4Þ
kli −

102

5
Mð2Þ

hijM
ð3Þ
kli

�
;

ð2:14aÞ

V1.5PN
ijk ¼ G

c3

�
2M

Z þ∞

0

dτSð5Þijkðu− τÞ
�
ln

�
cτ
2b0

�
þ 5

3

�

− 2Mð4Þ
hijSki −

1

10
ϵabhiMjaM

ð5Þ
kibþ

1

2
ϵabhiM

ð1Þ
ja M

ð4Þ
kib

�
:

ð2:14bÞ

Note the appearance of a memory integral at 1.5PN order in
Uijkl, in addition to the usual tail one. Finally, we need the
moments Uijklm and Vijkl at 1PN, as well as Uijklmn

and Vijklm at Newtonian order, which are trivially
given by

Uijklm ¼Mð5Þ
ijklm þO

�
1

c3

�
; Vijkl ¼ Sð4Þijkl þO

�
1

c3

�
;

ð2:15aÞ

Uijklmn¼Mð6Þ
ijklmnþO

�
1

c3

�
; Vijklm¼Sð5ÞijklmþO

�
1

c3

�
:

ð2:15bÞ

2. Radiative moments entering the quasicircular flux
at the 4.5PN order

For quasicircular orbits, the 4.5PN term in the flux was
obtained in [96]. One could naively think that such a
computation would require the complete knowledge of the
relations between radiative and canonical moments, as
presented above, but pushed one half PN order further.
This was actually not the case, since for circular orbits,
only a limited control of the relation between the radiative
and canonical mass quadrupole moments was necessary.
This is discussed in [96], and we only remind the key
points. First, it is well-known that the contributions of
instantaneous interactions entering the flux at half-integer
PN order (e.g., 4.5PN order) vanish for quasicircular
orbits. So only nonlocal contributions such as tails can
potentially contribute. Second, the quadratic nonlocal
memory interaction that enters the radiative moments
[see Eqs. (2.6) and (2.8)] become instantaneous in the
flux by virtue of time differentiation, so these will not
contribute either. Last, the tails-of-memory and spin-
quadrupole tails, which both enter at 4PN, will next
contribute at 5PN but not at 4.5PN. This allows to use
dimensional arguments to determine the interactions that
can contribute to the 4.5PN quasicircular flux. For the
mass quadrupole, only the quartic M3 ×Mij, naturally
dubbed “tails-of-tails-of-tails”, can play a role. It has been
computed in [96], and reads

U4.5PN
ij jToToT ¼ G3M3

c9

Z þ∞

0

dτMð6Þ
ij ðu − τÞ

�
4

3
ln3

�
cτ
2b0

�
þ 11

3
ln2

�
cτ
2b0

�
−
428

105
ln

�
cτ
2b0

�
ln

�
cτ
2r0

�

þ 124627

11025
ln

�
cτ
2b0

�
−
1177

315
ln

�
cτ
2r0

�
þ 129268

33075
þ 428

315
π2
�
: ð2:16Þ

The full U4.5PN
ij also contains quadratic memory interactions, like those entering at 2.5PN and 3.5PN; see (2.6)

and (2.8). If, as explained above, those are not needed to compute the flux (and phase) for quasicircular orbits, they
will enter the expression of the (2, 2) mode. As they are yet undetermined, they restrict the accuracy we can reach when
deriving the (2, 2) mode, which is why it is presented in Sec. VI C at 4PN and not up to 4.5PN order. In addition, radiation
reaction effects at 4.5PN in the mass quadrupole should contribute and are also not under control.
Regarding other moments, the 3.5PN terms of the mass octupole Uijk and current quadrupole Vij, as well as the 2.5PN

terms of the mass hexadecapole Uijkl and current octupole Vijk, are composed of quadratic memory integrals, which cannot
contribute in the 4.5PN quasicircular flux. The only moments playing a role beyond the mass quadrupole are [95,96]

U1.5PN
ijklm ¼G

c3

�
2M

Z þ∞

0

dτMð7Þ
ijklmðu−τÞ

�
ln

�
cτ
2b0

�
þ232

105

�
þ20

21

Z þ∞

0

dτ
h
Mð3Þ

hijM
ð4Þ
klmi

i
ðu−τÞ−15

7
MhijM

ð6Þ
klmi

−
41

7
Mð1Þ

hijM
ð5Þ
klmi−

120

7
Mð2Þ

hijM
ð4Þ
klmi−

710

21
Mð3Þ

hijM
ð3Þ
klmi−

265

7
Mð4Þ

hijM
ð2Þ
klmi−

155

7
Mð5Þ

hijM
ð1Þ
klmi−

34

7
Mð6Þ

hijMklmi

�
; ð2:17aÞ
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V1.5PN
ijkl ¼ G

c3

�
2M

Z þ∞

0

dτSð6Þijklðu − τÞ
�
ln

�
cτ
2b0

�
þ 119

60

�
−
11

6
MhijS

ð5Þ
kli −

25

6
Mð1Þ

hijS
ð4Þ
kli −

25

3
Mð2Þ

hijS
ð3Þ
kli −

35

3
Mð3Þ

hijS
ð2Þ
kli

−
65

6
Mð4Þ

hijS
ð1Þ
kli −

19

6
Mð5Þ

hijSkli −
11

12
Mð5Þ

hijkSli þ ϵabhi

�
1

12
MjaM

ð6Þ
klib þ

37

60
Mð1Þ

ja M
ð5Þ
klib −

5

12
Mð2Þ

ja M
ð4Þ
klib −

5

6
Mð3Þ

ja M
ð3Þ
klib

−
11

12
Mð4Þ

ja M
ð2Þ
klib −

1

12
Mð5Þ

ja M
ð1Þ
klib þ

3

60
Mð6Þ

ja Mklib

��
: ð2:17bÞ

B. Corrections due to the dimensional regularization
of radiative moments

The results presented in the previous section are correct
in the ordinary three-dimensional MPM algorithm.
Nevertheless, the treatment of the dynamics of point masses
coerces us to use a dimensional regularization scheme,
starting at the 3PN order [112,113]. For consistency pur-
poses, it is thus required to perform theMPM algorithm in d
spatial dimensions, too. As proved in [21,93], this induces
divergences in the expression of the radiative multipole
moments in terms of the canonical ones. Those divergences

are in the form of simple poles, i.e., they scale as
1=ε≡ 1=ðd − 3Þ. Their cancellation against counter-
divergences, arising in the computation of the source
multipole moments themselves, has been established
in [92,93] and represents a crucial check of the method.
Let us recapitulate how the d-dimensional radiative

multipole moments required for the 4PN flux differ from
their three-dimensional counterparts. As the divergences
hits at 3PN, only the mass quadrupole and octupole, as well
as the current quadrupole, are affected. In the c.m. frame
(see [93] for the complete expressions at 3PN in a generic
frame), they are

UðdÞ
ij ¼ Uij −

214

105

G2M2

c6

�
Πε þ

246299

44940

�
Mð4Þ

ij þ G2M
c8

�
−
4

7

�
Πε −

1447

216

�
MahiM

ð6Þ
jia −

32

7

�
Πε −

17783

10080

�
Mð1Þ

ahiM
ð5Þ
jia

− 4

�
Πε −

27649

17640

�
Mð2Þ

ahiM
ð4Þ
jia þ

1921

945
Mð3Þ

ahiM
ð3Þ
jia þ

4

3

�
Πε þ

11243

7560

�
Mð5Þ

ahiSjija

�
; ð2:18aÞ

UðdÞ
ijk ¼ Uijk −

21

26

G2M2

c6

�
Πε þ

9281

2730

�
Mð5Þ

ijk; ð2:18bÞ

VðdÞ
kjji ¼ Vkjji −

214

105

G2M2

c6

�
Πε þ

4989

44940

�
Sð4Þkjji; ð2:18cÞ

where we employ the notations of [94] for current
moments, and where

Πε ¼ −
1

2ε
þ ln

�
r0

ffiffiffī
q

p
l0

�
; ð2:19Þ

with q̄≡ 4πeγE , γE being the Euler constant. The constant
l0 is the length scale associated with dimensional regu-
larization, such that the d-dimensional gravitational cou-
pling constant Gd ¼ lε

0G relates to the usual Newton’s
constant G, and r0 was introduced in the previous section.
As expected, the numerical constants associated with the
poles at 3PN are the β-coefficients of the renormalization
group flows for these multipole moments [21,108,109].2

As explained in Sec. IV the poles present in (2.18)
will actually be canceled by poles coming from the
d-dimensional expression of the source multipole
moments. Thus, the correction terms (2.18), added to the
d-dimensional source moments, permit to define a notion
of finite (“renormalized”) source moment, which is useful
in some intermediate steps of our calculation (see more
details in [93]).

C. Relation between canonical and source moments

In the previous sections, the radiative moments have
been linked to a set of canonical moments, ML and SL.
Nevertheless, the matching of the linearized metric, which
serves as a basis for the MPM construction, to the PN
source is more easily done by using a set of source
moments IL and JL, together with four families of gauge
moments WL, XL, YL, and ZL. We thus need to connect the
canonical moments to those source and gauge moments,
which is done via a coordinate transformation. This

2See [114] for the computation using the renormalization
group flow of high-order logarithmic effects in the conservative
energy function.
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coordinate change (i.e., fully nonlinear gauge transforma-
tion) induces a precise prescription for the relation between
the canonical moments and the source moments, which has
been worked out at 4PN order in three dimensions in [97].
However, since we are using full dimensional regulariza-
tion in this work, we must generalize this computation to d
dimensions in order to be consistent. Throughout this
section, we will assume that the reader is familiar with
the construction and notations of [97], and we will only
highlight the main differences between the d-dimensional
and the three-dimensional computations.
Regarding 4.5PN, nonlocal terms cannot appear at that

order in the relation between canonical and source/gauge
moments. Indeed, in the three-dimensional case, nonlocal
terms do arise at cubic order, but dimensional analysis shows
that there cannot be any cubic or higher-order contribution
entering at exactly 4.5PNorder.As for quadratic interactions
entering at 4.5PN order, an analysis of the structure of the
integration formulas proves that they are necessarily instan-
taneous. Therefore, as discussed previously, they will play
no role in the flux for quasicircular orbits, and we only need
the 4PN order in the canonical/source/gauge relations to
control the 4.5PN quasicircular flux.

1. Procedure in d dimensions

The solution of the linearized, d-dimensional, vacuum
Einstein field equations in harmonic gauge reads

hμνgen 1 ¼ hμνcan 1 þ ∂
μφν

1 þ ∂
νφμ

1 − ∂λφ
λ
1η

μν; ð2:20Þ

where the canonical metric is parametrized by three types
of source moments as [94]

h00can 1 ¼ −
4

c2
X
l≥0

ð−Þl
l!

∂L ĨL; ð2:21aÞ

h0ican 1 ¼
4

c3
X
l≥1

ð−Þl
l!

�
∂L−1Ĩ

ð1Þ
iL−1 þ

l
lþ 1

∂LJ̃ijL

�
; ð2:21bÞ

hijcan 1 ¼ −
4

c4
X
l≥2

ð−Þl
l!

�
∂L−2Ĩ

ð2Þ
ijL−2 þ

2l
lþ 1

∂L−1J̃
ð1Þ
ðijL−1jÞ

þ l − 1

lþ 1
∂LK̃ijjL

�
; ð2:21cÞ

and the gauge vector φμ
1, by four types of gauge moments,

φ0
1 ¼

4

c3
X
l≥0

ð−Þl
l!

∂LW̃L; ð2:22aÞ

φi
1 ¼ −

4

c4
X
l≥0

ð−Þl
l!

∂iLX̃L

−
4

c4
X
l≥1

ð−Þl
l!

�
∂L−1ỸiL−1 þ

l
lþ 1

∂LZ̃ijL

�
: ð2:22bÞ

The conventions, notably for the indices of J̃ijL and Z̃ijL, are
still those of [94],3 and we have shortened

F̃ðt; rÞ ¼ k̃
rd−2

Z þ∞

1

dzγ1−d
2
ðzÞFðt − zr=cÞ; ð2:23aÞ

with γsðzÞ≡ 2
ffiffiffi
π

p

Γð1þ sÞΓ
	
− 1

2
− s


 ðz2 − 1Þs

and k̃≡
Γ
	
d−2
2



π

d−2
2

: ð2:23bÞ

This shorthand satisfies limd→3F̃ðt; rÞ ¼ Fðt − r=cÞ=r.
Note the appearance of a new type of moment, KijjL,
which is a pure artifact of working in d ≠ 3 dimensions,
and will not enter our results since it has zero independent
components in three dimensions, see Appendix A of [94],
where the number of independent components is given
by (A6b).

3There has been some confusion [94,97,98] concerning these conventions, which we clarify here. In the HFB convention [94], the
ordering of the multi-index in the multipolar moments is defined in an unusual order by JijL ≡ Jijil…i1 and KijjL ≡ Kijjil…i1 . In the BFL
convention [97] however, the multi-index is always defined in the usual order, namely JijL ≡ Jiji1…il and KijjL ≡ Kijji1…il . Note that the
mass-type moment is entirely symmetric, so the ordering of its indices does not matter, namely IL ¼ Ii1…il ¼ Iil…i1. In both conventions,
the Young tableaux of the moments read (with the notation of [97]),

The current moment can be expressed using a Levi-Civita symbol in the d → 3 limit. This relation is in both
conventions: JijL ¼ ϵiilaJaL−1, where JL is symmetric in its indices. Note also that the conventions for ZijL are the same as for
JijL. In practice, the only difference between the two conventions is that the object JðijL−1jÞ of (2.21c), valid in the HFB convention
(where the underlined indices are excluded from the symmetrization), would read instead JðijjÞL−1 in the BFL convention; see for
example (2.5c) of [97].
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Starting from this d-dimensional metric, we can follow
the lines of Sec. III. A in [97], which are independent of the
dimension. Notably, at any PM order n, the expressions of
the nonlinear interaction terms Ωμν

n and Δμ
n as functions of

hμνcann and φμ
n are identical to the three-dimensional case.

The main, but minor, difference concerns the two key
quantities Xμν

n and Yμν
n . If their formal definition, Eq. (3.20)

of [97], does not depend of the dimension, their explicit
expressions in terms of Ωμν

n and Δμ
n are slightly changed,

and they read in d dimensions

Xμν
n ¼ FPB¼0□

−1
ret

�
B
�
r
r0

�
B
�
−
Bþ d− 2

r2
Ωμν

n −
2

r
∂rΩ

μν
n

��
;

ð2:24aÞ

Yμν
n ¼ FPB¼0□

−1
ret

�
B

�
r
r0

�
B nk
r
ð−2δkðμΔνÞ

n þ ημνΔk
nÞ
�
:

ð2:24bÞ

These quantities are endowed with a Hadamard finite part
(FP) regularization when B → 0, here defined on top of the
dimensional regularization. Note the explicit prefactor B in
the source of the retarded d’Alembertian operators in
(2.24). The quantities Xμν

n and Yμν
n will be nonzero only

when the retarded integrals develop a pole ∝ B−1. The
remaining of the procedure described in Sec. III of [97], and
notably the extraction of the correction to the canonical
moments, is left unchanged. All the difference will reside in
the detailed integration formulas to compute (2.24).

2. Integration techniques

Let us recall that the solution at an order n ≥ 2 is
composed of some corrections to the canonical moments,
extracted from Xμν

n and Yμν
n given by (2.24), as well as a

gauge vector, denoted φμ
n. Thanks to the prefactor B

in (2.24), and similarly to the three-dimensional case,
the computation of Xμν

n and Yμν
n only requires the near-

zone (r → 0) behavior of the functions Ωμν
n and Δμ

n, as the
FP regularization is introduced to cope with the singular
behavior of multipole expansions when r → 0. Using
the expansion formulas displayed in Appendix A of [81],
the computation boils down to the evaluation of integrals of
the form

J b
p;q ≡ FP

B¼0
□

−1
ret

��
r
r0

�
B
Bb n̂L

rpþqεHðtÞ
�
; ð2:25Þ

where b ¼ 1, 2 and H can bear simple poles ∝ 1=ε and
can indifferently be a local or nonlocal function of time. In
this section, we set r0 ¼ l0 ¼ 1 for simplicity. The
integrals (2.25) are nothing but the d-dimensional gener-
alization of (4.13) of [97], with a ¼ 0, since the case which
includes a ln r is irrelevant for the present generalization.

Techniques to solve wavelike equations in d dimensions,
with more general radial dependence than (2.25) but same
multipolarity l, have been developed in [93], see Sec. II
therein. Importantly, no particular assumption about the
presence of a prefactor Bb has been made in this work, as
clear from its Eq. (2.6). We can therefore follow the lines
of [93] to compute the integral (2.25). The solution h is the
sum of two contributions, h< and h>, involving integrals
over the respective domains D ¼ fjx0j < rg and R3 −D,
as displayed explicitly in Eqs. (2.8) and (2.10) of [93].
When a prefactor Bb is present, with b ¼ 1, 2, the finite
part of h≡ J b

p;q vanishes unless the integration produces a
pole, which may only occur when the integral diverges
for B ¼ 0. As the system is taken to be stationary in the
past in the MPM algorithm, the integral yielding h>

converges for B ¼ 0 so that only h< can contribute to the
finite part in Eq. (2.25). This finite part is evaluated
explicitly and truncated at first order in ε, in order to
cope xwith the case where HðtÞ contains a pole, namely
H ¼ 1

εH−1 þH0 þOðεÞ. After resummation, we obtain a
retarded homogeneous solution of the wave equation [93]

J b
p;q ¼ ∂̂LG̃

b
p;qðt; rÞ

≡ ∂̂L

�
k̃

rd−2

Z þ∞

1

dzγ1−d
2
ðzÞGb

p;qðt − zr=cÞ
�
: ð2:26Þ

Explicitly, we find that Gb
p;q is nonvanishing only if b ¼ 1,

q ¼ 1 and p − l − 3 ¼ 2j, where j ∈ N. Under those very
restrictive conditions, we have

Gb
p;qðtÞ ¼

ð−Þlþ1

ð2jÞ!!ð2jþ 2lþ 1Þ!!

×

��
1þ ε ln

ffiffiffī
q

p
− ε

Xjþl

k¼0

1

2kþ 1

�

×Hð2jÞðtÞ þOðεÞ
�
; ð2:27Þ

where we recall thatH can bear a pole 1=ε, and our notation
q̄ ¼ 4πeγE (with γE the Euler constant). With the previous
formula at hand, we are ready to compute the quantities
Xμν
n and Yμν

n and, therefore, obtain the correction to
the canonical moments to the nth PM order. Since the
result (2.27) is zero unless q ¼ 1, we are able to eliminate
many terms from the source for this computation solely
based on the value of q.
As for the gauge vector φμ

n, it will be needed to compute
the source term for the next PM order nþ 1, following the
algorithmic procedure of [97]. It is decomposed as
φμ
n ¼ ϕμ

n þ ψμ
n, where ψμ

n is also extracted from Xμν
n and

Yμν
n , and ϕμ

n is obtained by the direct integration
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ϕμ
n ≡ FP

B¼0
□

−1
ret

��
r
r0

�
B
Δμ

n

�
: ð2:28Þ

In d dimensions, it is in general not possible to find a
convenient, explicit expression for ϕμ

n (see, however, Sec. II
in [93]). Fortunately, we do not need here the full solution
valid at any field point, but only the solution in the form of a
near-zone expansion when r → 0. Indeed, following the
procedure of [97], it is the near-zone expansion of ϕμ

n,
denoted ϕ̄μ

n, that needs to be inserted into the expressions of
Ωμν

nþ1 and Δ
μ
nþ1 sourcing the next-order quantities X

μν
nþ1 and

Yμν
nþ1. The quantity ϕ̄μ

n can be obtained directly from the
near-zone expansion of the source term, i.e., Δ̄μ

n, plus a
crucial homogeneous solution, itself in the form of a near-
zone expansion, namely,

ϕ̄μ
n ¼ ϕ̄μ

part n þ ϕ̄μ
hom n: ð2:29Þ

The particular solution is obtained by a formal iteration of
inverse Laplace operators in d dimensions, using the
“Matthieu” formula, Eq. (B.26c) in [113]

ϕ̄μ
part n ¼ FP

B¼0

Xþ∞

k¼0

Δ−1−k
�

∂

c∂t

�
2k
��

r
r0

�
B
Δ̄μ

n

�
: ð2:30Þ

The homogeneous solution ϕ̄μ
hom n is given by Eq. (3.20)

of [81], which in this case yields (with c ¼ 1)

ϕ̄μ
hom n ¼ −

X
l≥0

Xþ∞

j¼0

Δ−jx̂L
dþ 2l − 2

FP
B¼0

Z þ∞

1

dzγ1−d
2
−lðzÞ

×
Z þ∞

0

dr0r0−lþ1þBn̂0LΔ̄
μð2jÞ
n;L ðt − zr0; r0Þ; ð2:31Þ

where we have decomposed the source in its multipolar
components as

Δ̄μ
nðt;xÞ ¼

X
l≥0

n̂LΔ̄
μ
n;Lðt; rÞ; ð2:32Þ

and shortened the iterated inverse Laplacians as [81,115,116]

Δ−jx̂L ¼
Γ
	
d
2
þ l




Γ
	
d
2
þ lþ j


 r2jx̂L
22jj!

: ð2:33Þ

In the particular case where the source term has a structure
given by

Δ̄μ
nðt; rÞ ¼

X
l;k;p;q

n̂L
rpþqε

Z þ∞

1

dy ykγ−1−ε
2
ðyÞFl;k;p;qðt − yrÞ;

ð2:34Þ

where the Fl;k;p;qðtÞ’s can be arbitrary functions of time,
explicit formulas are known for performing the integrations;
see (3.24) and (D1) of [81] when q ¼ 2, and the discussion in
Sec. IV of [93] for other values of q. However, we will
encounter source terms that exhibit more complicated struc-
tures, and forwhich no analogous formula is available. This is
notably the case for sources involving two nonstatic multi-
polar moments, such as Δμ

W×Iij
. Fortunately, we have shown

that those more complicated homogeneous solutions do not
contribute at 4PN order, see hereafter.

3. The 4PN relation between canonical
and source moments

At the 4PN order, only quadratic and cubic interactions
are allowed by dimensional analysis (and we recall that the
4.5PN sector vanishes in the quasicircular flux). Naturally,
the moments allowed to enter those interactions do not
depend on the space dimension. Applying the method
described above, it was found that the quadratic order is
identical in d and three dimensions, i.e., we recover the
same “odd” corrections at 2.5PN and 3.5PN orders in the
relation between canonical and source/gauge moments.
More interestingly, the results for the cubic interactions
arising at 4PN order greatly differ.
Let us recall that three interactions enter the 4PN mass

quadrupole moment at cubic order, namely M ×M×Wij
and M ×M × Yij (where only one moment is nonstatic),
and most importantly M ×W × Iij (where the two
moments W and Iij are dynamical). For the first two
interactions, it turns out that the source term entering the
integral (2.25) bears q ≥ 2. Indeed, it is composed of two
interactions: hM×M × φKij

and hM × φM×Kij
, where Kij

stands for either Wij or Yij. As both hM×M and φM×Kij

bear q ¼ 2, the cubic sources will have q ≥ 2, and thus
cannot satisfy the q ¼ 1 necessary condition to have a
nonvanishing function GðtÞ in Eq. (2.27). Therefore, the
M ×M ×Wij and M ×M × Yij interactions do not con-
tribute in d dimensions, as we have explicitly checked,
using the method presented in the previous sections. This
vanishing of the M ×M×Wij and M ×M × Yij inter-
actions in d dimensions contrasts with their explicit
contributions in three dimensions; see Eq. (1.1) in [97].
As for the last cubic interaction, M ×W× Iij, it turns out

that the source term does have a q ¼ 1 component, arising
from the interaction hIij × φM×W. More precisely, the term
with q ¼ 1 comes exclusively from the interaction
between: (i) the homogeneous solution ϕ̄hom 2 at quadratic
order arising from the interaction M ×W, i.e., ϕ̄hom M×W,
which bears q ¼ 0; and (ii) the q ¼ 1 piece of the linear
metric hIij ; see (2.21). Note that, as it involves a quadratic
interaction with only one dynamical moment, φM×W can be
calculated using (2.34). By contrast, the homogeneous
solution for the interactionW × Iij, i.e., ϕ̄hom W×Iij , does not
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fulfill the p − l − 3 ∈ 2N condition, and as such, does not
contribute to the result. This is fortunate, since it does not
follow the structure (2.34), and we are unable to compute
this term explicitly, at least with currently-known formulas.
Another interesting observation is that the explicit compu-
tation of the q ¼ 1 terms (the only ones that contribute to
the final result) leads to the appearance of a pole. The
relation between canonical and source/gauge moments at
4PN is thus a pure M ×W× Iij interaction, which reads

δMij ¼
8G2M
c8

Z þ∞

0

dτ

�
1

ε
− 2 ln

�
cτ

ffiffiffī
q

p
2

�
− 1

�

× ðIð1Þij ðtÞWð3Þðt − τÞ − IijðtÞWð4Þðt − τÞÞ

þO
�

1

c10

�
: ð2:35Þ

This result is consistent with the corresponding one in three
dimensions, where the interaction M ×W× Iij gives rise to
an ordinary tail integral at 4PN order: the coefficient of the
pole in (2.35) matches the logarithmic structure of Eq. (1.1)
in [97]. Moreover, we have checked the result (2.35), as
well as the vanishing of the interactions M ×M×Wij and
M ×M × Yij, by an independent method, using the tech-
niques exposed in [93], to compute the difference between
the d-dimensional and Hadamard regularization schemes in
the MPM algorithm, and adding it to the three-dimensional
result of [97].
The new pole in (2.35) arising from dimensional

regularization is actually canceled by another pole. This
stems from an extra contribution to be added to the end
result of [92], which we will now discuss. Indeed, when
computing the equations of motion at 4PN order, the tail
effect (entering as a radiation mode in the conservative
dynamics described by the Fokker action) has been
implemented using the canonical quadrupole moment
Mij [81], and is therefore valid in the associated “canoni-
cal” coordinate system. By contrast, the source quadrupole
moment Iij, as given in [92], is expressed in a so-called
“generic” coordinate system, following the terminology
of [97]. Note that the computation of the source quadrupole
moment Iij at 4PN does not use the 4PN equations of
motion. These two results, taken independently, are there-
fore perfectly correct in their respective coordinate systems.
However, in this work, we need to take time derivatives of
the source quadrupole moment, which crucially requires
the 4PN equations of motion. This operation can only be
performed if the source quadrupole moment and the
equations of motion are expressed in the same coordinate
system. We thus compute the expression of the source
quadrupole moment in the canonical coordinate system

rather than in the generic one. This is done by performing a
simple coordinate change xμgen ¼ xμcan þ ζμ, which trans-
forms the gravitational field according to Eqs. (3.1)–(3.3) in
[97]. A simple dimensional analysis shows that only the
M ×W interaction can enter this coordinate change at 4PN
order. Using the methods exposed previously to calculate
the contribution of a given interaction to the gauge vector,
we find that

ζ0 ≡ φ0
hom M×W ¼ 8G2M

c7
X
j≥0

Γ
	
d
2




Γ
	
d
2
þ j


 r2j

22jj!c2j

×
Z þ∞

0

dτ

�
1

ε
− 2 ln

�
cτ

ffiffiffī
q

p
2

�
− 1

�
Wð3þ2jÞðt − τÞ;

ð2:36aÞ

ζi ≡ φi
hom M×W ¼ 0; ð2:36bÞ

where only j ¼ 0 is relevant at 4PN. Implementing the
procedure exposed in Sec. II of [92] with the “pure gauge”
metric hμν ¼ −∂μζν − ∂

νζμ þ ημν∂λζ
λ, we arrive at

δζIij ¼ −
8G2M
c8

Z þ∞

0

dτ

�
1

ε
− 2 ln

�
cτ

ffiffiffī
q

p
2

�
− 1

�

× ðIð1Þij ðtÞWð3Þðt − τÞ − IijðtÞWð4Þðt − τÞÞ

þO
�

1

c10

�
: ð2:37Þ

This effect is formally a correction to the source mass
quadrupole moment Iij. Nevertheless, it is more handy to
identify it as a correction in the relation between the
canonical and source/gauge moments. At the 4PN order,
no obstacle interferes with such identification. Thus, we
will consider it as an “indirect” contribution in this
relation, namely δindirectMij ≡ δζIij, to be added to the
“direct” one given by (2.35). We then find that, at least at
4PN order, the direct and indirect contributions exactly
cancel,

δdirectMij þ δindirectMij ¼ 0: ð2:38Þ

Therefore, we have proved that all cubic interactions in d
dimensions are vanishing at 4PN order, in clear contrast
with the three-dimensional result, Eq. (1.1) of [97].
Finally, as there is no pole left in the final relation
between the source and canonical quadrupole, we can
reduce it directly to three dimensions. This relation, using
full dimensional regularization, reads
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Mij ¼ Iij þ
4G
c5

½Wð2ÞIij −Wð1ÞIð1Þij � þ
4G
c7

�
4

7
Wð1Þ

ahiI
ð3Þ
jia þ

6

7
WahiI

ð4Þ
jia −

1

7
Yð3Þ

ahiIjia − YahiI
ð3Þ
jia − 2XIð3Þij

−
5

21
Wð4Þ

a Iija þ
1

63
Wð3Þ

a Ið1Þija −
25

21
Yð3Þ

a Iija −
22

63
Yð2Þ

a Ið1Þija þ
5

63
Yð1Þ

a Ið2Þija

þ 2Wð3ÞWij þ 2Wð2ÞWð1Þ
ij −

4

3
WhiW

ð3Þ
ji þ 2Wð2ÞYij − 4WhiY

ð2Þ
ji

þ ϵabhi

�
1

3
IjiaZ

ð3Þ
b − Ið3ÞjiaZb þ

4

9
JjiaW

ð3Þ
b −

4

9
JjiaY

ð2Þ
b þ 8

9
Jð1ÞjiaY

ð1Þ
b

��
þO

�
1

c9

�
: ð2:39Þ

For the other multipole moments (essentially the mass octu-
pole and the current quadrupole), such relations are purely
quadratic and consist of odd parity terms, and so are not
affected bydimensional-regularization corrections.Wedonot
report them here, as they can be found in Sec. III. B of [95].
Since we have absorbed the correction δindirectMij

into the redefinition of the canonical moment, the
relation (2.39), derived in the context of dimensional
regularization, now holds with exactly the same definition
for the source quadrupole moment as proposed in [93].
Namely, Iij is the “renormalized” source quadrupole
moment (in the sense of [93]) which is given for quasi-
circular orbits in Sec. IVA, and which contains crucial
contributions due to the (IR) dimensional regularization.
Adding up the nonlinear contributions described in Sec. II,
we obtain the radiative moment measured at infinity. As we
will see the above procedure yields the correct perturbative
limit for compact binaries on circular orbits, in agreement
with first-order black hole perturbation theory.
Interestingly, we found that the perturbative limit turns

out also to be correct when using a simpler treatment of the
IR divergences of the source quadrupole moment, based on
the Hadamard regularization in ordinary three dimensions,
rather than the dimensional regularization. In this case, the
correct relation between canonical and source moments is
given by Eq. (1.1) of [97], instead of the d-dimensional
result (2.39). We find that the cubic interactions M ×M ×
Wij and M ×M × Yij present in three dimensions do
contribute to the perturbative limit for circular orbits (note
that W is zero in this case), but in such a way as to cancel
the contribution due to the difference between the
Hadamard and dimensional regularization schemes for
the mass quadrupole source moment. It turns out then that
we also recover the correct perturbative limit. However, in
contrast to the dimensional regularization, we do not expect
the Hadamard regularization in three dimensions to lead to
a well-defined and fully unambiguous result beyond this
limit, so the above observation should be considered only
as an interesting consistency check.

III. CORRECTIONS TO THE SOURCE MOMENTS
DUE TO INFRARED COMMUTATORS

In this section, we discuss the appearance of infrared (IR)
“d’Alembertian commutators” in the expression of the

PN-expanded near-zone metric, and their effects on the
expression of the source moments. This feature starts at
4PN order and does not affect the 4PN equations of
motion, but should have been considered in previous
works [91–93]. We show that the IR commutators enter
the flux and the (2, 2) mode for generic orbits, however they
do not contribute in the quasicircular limit. Since they are
zero for quasicircular orbits, all the results explicitly
presented in the previous works [91–93] are correct.
Throughout this section, we will be based on the con-
struction and computation of the source mass quadrupole,
as described in [91].

A. Appearance of the commutators
in the PN metric

Crucial to the derivation of the source moments at a given
PN order is the expression of the near-zone metric with the
same precision. Hereafter, we will present the case of the
source mass quadrupole at 4PN order, but the following
discussion is easily generalized to any source moment. The
gothic metric perturbation hμν ≡ ffiffiffiffiffiffi−gp

gμν − ημν obeys the
gauge-fixed Einstein field equations

□hμν ¼ 16πG
c4

τμν; ð3:1Þ

where the pseudo stress-energy tensor τμν is defined e.g., in
Eq. (2.4) of [91]. As explained in [115], the PN metric is
obtained by solving iteratively thewave equation (3.1) in the
near zone, in such a way as to match the metric in the far
zone. The constructed expansion of the gravitational field in
the near zone, say h̄μν, is then given formally, to arbitrarily
high orders, by [81,117]

h̄μν ¼ 16πG
c4

½FP□−1
ret ½τ̄μν�� þ

Xþ∞

l¼0

Xþ∞

j¼0

Δ−jx̂L
1

c2j
fð2jÞμνL ðtÞ:

ð3:2Þ

The second term on the right-hand side of (3.2) is an
homogeneous solution that is regular at the coordinate
origin r ¼ 0. The explicit d-dimensional expressions of
the time-dependent functions fμνL ðtÞ, as functionals of the
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MPM expansion of τμν in the exterior zone, can be found
in [117].
Of interest to us here is the first term in (3.2). It

is made by the PN-expanded retarded integral FP□−1
ret , i.e.,

the inverse d’Alembertian operator in which all retardations
are formally expanded in a PN fashion, and regularized
by means of the finite part procedure, FPB¼0

R
ddx0

ðjx0j=r0ÞB½� � ��. Furthermore, the operator FP□−1
ret acts on

the near-zone expansion of the pseudo stress-energy tensor
τ̄μν, which can be derived at any PN order from the lower
order expressions of h̄μν. The IR behavior of the
integrals entering the propagator is naturally affected by
the choice of regularization. In general, the PN expanded
propagator in (3.2) has no reason to commute with the
d’Alembertian operator □. This is the root of the appear-
ance of the IR commutators in the PN metric, that are
defined as

CfFg≡ ½FP□−1
ret ;□�F ¼ FP

B¼0
□

−1
ret

��
r
r0

�
B
□F

�
− F; ð3:3Þ

where F is a regular (smooth) function in the near zone
but typically diverges at spatial infinity, when r → þ∞;
see (3.11) below.
In order to simplify the resolution of the Einstein field

equations (3.1), we parametrize the PN metric by means of
some PN “potentials”, obeying flat space-time wave
equations in d dimensions

□P ¼ S; ð3:4Þ

where S is composed of a compact-supported sector
(proportional to Dirac distributions in the case of point
particles), and a noncompact one (composed of products of
derivatives of lower-order PN potentials). We refer to
Appendix A of [91] for complete definitions of the PN
potentials. Now those potentials are constructed by
means of the operator FP□−1

ret , i.e., they are given, by
definition, as

P≡ FP□−1
retS; ð3:5Þ

which accounts for the first term in the right side of (3.2).
The second term in (3.2) is nonlocal in time and corre-
sponds to radiation modes that are being accounted for
separately [81].
When parametrizing the PN metric in this manner, it is

very handy to recognize products of lower-order potentials.
For instance, if some relevant combination of the field
equations (3.1) contains terms of the form ∂iP∂iP at some
nPN order,4

□h̄00iiðnÞ ¼ � � � þ ∂iP∂iPþ � � � ; ð3:6Þ

then it can be solved using the PN-expanded retarded
propagator FP□−1

ret , as

h̄00iiðnÞ ≡ � � � þ FP□−1
retf∂iP∂iPg þ � � �

¼ � � � þ FP□−1
ret

�
1

2
□ðP2Þ − P□P

�
þ � � �

¼ � � � þ P2

2
− FP□−1

retfPSg þ
1

2
CfP2g þ � � � ; ð3:7Þ

where we have used Eq. (3.4) and neglected the higher PN
order term ð∂tPÞ2=c2 in the second curly brackets of the
first line. Because solving FP□−1

retfPSg is much more
tractable than the original FP□−1

retf∂iP∂iPg, the operation
described by Eq. (3.7) constitutes a real improvement.
As shown later on, the commutator left in Eq. (3.7)
is in general not vanishing. The expression of the 4PN
metric in terms of those commutators is displayed in
Appendix B.
While, formally, the commutators appear at a relative

1PN order in the metric [see Eq. (B1)], they effectively only
contribute starting at 4PN order, as shown in Sec. III C.
Therefore, the only source multipole moment to be affected
is the 4PN source mass quadrupole. Moreover, the 4PN
contribution in the metric arises as a mere function of time
in ḡ00 only, through the combination h̄00ii. Since it is the
spatial gradient ∂iḡ00 that contributes to the equations of
motion, the corresponding contribution vanishes. More
generally, following the “nþ 2 method” [79] to determine
the PN order of the metric needed for insertion in the
Fokker Lagrangian, we see that the commutators play no
role in the derivation of the conservative equations of
motion at 4PN order.

B. Expression of the commutators

We immediately see from (3.3) that the commutator must
be a homogeneous solution of the wave equation.
Furthermore, for the IR commutator, which depends on
the far zone behavior r → þ∞, that homogeneous solution
must be regular in the near zone, when r → 0. These facts
constrain its form: given the function F, there exist a
set fĝLg of (yet unspecified) functions of time only,
such that

CfFg ¼
Xþ∞

l¼0

ð−Þl
l!

Xþ∞

j¼0

1

c2j
Δ−jx̂Lĝ

ð2jÞ
L ðtÞ; ð3:8Þ

where we recall that the inverse Laplacians are defined
in Eq. (2.33). In order to explicitly determine the functions
ĝL, we work out the propagator applied to a generic
source Sðx; tÞ,

4For convenience we pose h00ii ≡ 2
ðd−1Þ ½ðd − 2Þh00 þ hii� in d

dimensions.
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FP□−1
retS ¼ −

k̃
4π

FP
B¼0

X
k≥0

Z
ddx0

�
r0

r0

�
B jx − x0j2k
22kk!c2k

2
64 Γ

	
2 − d

2




Γ
	
kþ 2 − d

2


 Sð2kÞðx0; tÞ
jx − x0jd−2

−
ffiffiffi
π

p

2Γ
	
5−d
2



Γ
	
kþ d

2



Z þ∞

0

dτ
τ3−d

cd−2
Sð2kþ2Þðx0; t − τÞ

3
75: ð3:9Þ

This expression comes from the near-zone expansion of the
homogeneous solution of the wave equation in d dimen-
sions. The two terms in (3.9) represent respectively the even
and odd parity parts of this expansion, as given by Eqs. (A7)
and (A8) in [81]. Note that the odd parity part involves a
nonlocal in time integral, shown in the second term of (3.9).
The PN propagator (3.9) corresponds exactly to the pre-
scription which is required for the first term in Eq. (3.2), i.e.,
where all retardations of the inverse d’Alembertian operator
are PN expanded. In three dimensions, this prescription
recovers Eqs. (3.4) and (3.7) of [116]. In turn, the prescrip-
tion ensures the correct matching of the PN metric to the
MPM metric in the exterior zone.
When computing the commutator CfFg with Eqs. (3.3)

and (3.9), we may transform the d’Alembertian operator
inside the source term by means of appropriate integrations
by parts, which yields for the commutator a finite part
integral with a global factor B appearing in the source,

CfFg ¼ FP
B¼0

□
−1
ret

�
B
�
r
r0

�
B
�
−
B− d
r2

F−
2

r
∂rF

��
: ð3:10Þ

Note the similarity with the expression of the quantities Xμν
n

and Yμν
n in (2.24). Indeed, the latter have been formally

defined as commutators [see Eq. (3.20) of [97]], but, in
contrast to the IR commutators (3.3) or (3.10), Xμν

n and Yμν
n

are ultraviolet (UV) commutators since they depend on the
near zone behavior of the source term, when r → 0.
We now use the expression (3.10) of the commutator. As

we said, because of the explicit factor B in the source, the
commutator depends only on the IR behavior of the function

F, i.e., when r → þ∞ with t ¼ const (spatial infinity). We
expand the function in d ¼ 3þ ε dimensions as

Fðx; tÞ ¼
X
p0≤p

q0≤q≤q1

fp;qðn; tÞ
rpþqε ; ð3:11Þ

where the sums extend on all multipolarities l, and formally
for all values of p larger than some (generally negative)
integer p0, and for a finite set of values of q
for each given p. We inject this expansion into the
commutator (3.10) and employ the explicit expression (3.9)
for the PN expanded propagator. Consistently with the IR
limit we must expand the factors jx − x0jα in (3.9) (where α
depends on the parity) when jx0j → þ∞. Actually this
expansion is valid as soon as r0 ¼ jx0j > r ¼ jxj and reads,
using the STF decomposition and the notation (2.33),5

jx0 − xjα ¼
Xþ∞

l¼0

ð−Þl
l!

Xþ∞

j¼0

Δ−jx̂LΔ0j
∂̂
0
Lr0α; ð3:12Þ

the object Δ0j
∂̂
0
Lr0α being explicitly known as

Δ0j
∂̂
0
Lr0α ¼ 2lþ2j

Γ
	
α
2
þ 1



Γ
	
αþd
2




Γ
	
α
2
þ 1 − l − j



Γ
	
αþd
2

− j

 x̂0Lr

0α−2l−2j:

ð3:13Þ
With the latter formulas at hand, it is straightforward to obtain
the functions ĝLðtÞ parametrizing the commutator in (3.8) in
terms of the expansion coefficients in (3.11). We find

ĝLðtÞ ¼
Xþ∞

k¼0

4k − 2l − dþ 2

22kk!c2kðd − 2Þ

2
64 2lΓ

	
2 − d

2




Γ
	
kþ 2 − l − d

2


 f̂Lð2kÞ2k−l;0ðtÞ

−
ffiffiffi
π

p

2lþ1Γ
	
5−d
2



Γ
	
kþ lþ d

2


 4kþ 2lþ d − 2

4k − 2l − dþ 2

Z þ∞

0

dτ
ðcτÞ3−d
c2lþ1

f̂Lð2kþ2lþ2Þ
2kþlþ1;1 ðt − τÞ

3
75; ð3:14Þ

5Equation (3.12) is equivalent to the more familiar (but less convenient for our purpose) expansion in terms of Gegengauer
polynomials Cγ

lðxÞ,

jx0 − xjα ¼ r0α
Xþ∞

l¼0

C
−α
2

l ðn · n0Þ
�
r
r0

�
l
:
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where we define the angular average over the (d − 1)-
dimensional sphere

f̂Lp;qðtÞ≡
Z

dΩd−1

Ωd−1
n̂Lfp;qðn; tÞ with Ωd−1 ¼

2π
d
2

Γðd
2
Þ :

ð3:15Þ

Note the nonlocal character of the relation (3.14) in d
dimensions, coming from the odd parity part of the PN
retarded integral (3.9). Finally we see that only specific
values of q contribute: the q ¼ 0 terms induce an even
sector, and the q ¼ 1 terms, an odd one. Finally, it is
important to remark that the formula (3.14) cannot induce
poles ∝ ðd − 3Þ−1 by itself. Therefore, we can safely work
in the d ¼ 3 limit, as long as the coefficients f̂Lp;q do not
have poles.

C. Application to the source mass quadrupole

Let us apply the formulas (3.8) and (3.14) to the case of
the source mass quadrupole at 4PN order (the IR commu-
tators do not affect the computation of the other required
moments). The fact that Eq. (3.14) selects only terms with
q ¼ 0 or q ¼ 1 drastically reduces the number of inter-
actions that effectively can play a role at 4PN. To lowest
orders at least, one can show that the even PN sector of the
potentials bears q ≥ 1, and the odd one, q ¼ 0. Therefore,
the only possible interactions at lowest orders are either
even-odd or odd-odd couplings, as even-even ones will
have q ≥ 2. In addition, the odd part of both the lowest-
order potentials V and Vi (defined in the Appendix A
of [91]) starts at 1.5PN (more precisely, the 0.5PN term of
those two potentials is vanishing in the d → 3 limit).
Investigating the metric (B1), one can see that only two
interactions can lead to corrections with 4PN accuracy: V2

and VŴ, where we denote Ŵ ≡ Ŵkk.
6 The commutators

affect the quantities Σ and μ̃1, defined in Eqs. (2.10) and
(2.17) of [91], as

ΔΣ¼ 4ðd−1Þσ
ðd−2Þ2c4

�
CfV2gþ 2ðd−2Þ

ðd−1Þc2CfVŴg
�
þO

�
1

c10

�
;

ð3:16aÞ

Δμ̃1 ¼
2ðd − 4Þ
ðd − 2Þc4

�
CfV2g þ 2ðd − 2Þ

ðd − 1Þc2 CfVŴg
�

1

m1

þO
�

1

c10

�
; ð3:16bÞ

where σ is the compact-supported expression defined in
Eq. (2.15) of [91], m1 the mass of particle 1, and where the

label 1 indicates that the quantities have to be evaluated and
regularized at its location. This induces a correction to the
source quadrupole

ΔIij ¼
dðd − 1Þ
ðd − 2Þ2c4

Z
ddx

�
CfV2g þ 2ðd − 2Þ

ðd − 1Þc2 CfVŴg
�

× δ1m1ŷ
ij
1 þ ð1 ↔ 2Þ þO

�
1

c10

�
; ð3:17Þ

where δ1 ¼ δðdÞ½x − y1� is the d-dimensional Dirac distri-
bution at the position y1 of the particle 1.
The commutator of the interaction V2 is quite easy to

compute. Indeed, the potential V is known in the whole
space to a high PN order, well beyond the required
precision. One can straightforwardly expand it as in
Eq. (3.11) and read the coefficients f̂Lp;q. As discussed
previously, the 0.5PN term of V vanishes in the d ¼ 3 limit.
Thus, only the (even, 0PN)–(odd, 1.5PN) coupling, having
q ¼ 1, can enter at 4PN. Working it explicitly, we find

CfV2g ¼ G2m
c4

�
2μ̃ð2Þc2 þ 1

3
Ið4Þ

�
þOðεÞ; ð3:18Þ

where m ¼ m1 þm2 and μ̃ðtÞ ¼ R
d3x0σðx0; tÞ reduces

to a constant at leading order for arbitrary matter systems,
so that μ̃ðtÞ ¼ mþOðc−2Þ with m constant, while
I ¼ R

d3x0σðx0; tÞr02 represents the effective moment of
inertia. For compact binaries, those quantities read explicitly

μ̃ðtÞ ¼ μ̃1ðtÞ þ μ̃2ðtÞ

¼ m1

�
1þ 1

c2

�
3

2
v21 −

Gm2

r12

��

þ ð1 ↔ 2Þ þO
�
1

c4

�
; ð3:19Þ

IðtÞ ¼ m1y21 þm2y22 þO
�
1

c2

�
; ð3:20Þ

with v1 ¼ dy1=dt and r12 ¼ jy1 − y2j. On the other hand, the
d-dimensional expression of the potential Ŵ is not known in
thewhole space (seeAppendixCof [113] formore details on
the computation). Using an integration by part, one can
rewrite the wave equation it obeys, Eq. (A4d) of [91], as

□Ŵ ¼ 8πG
d− 2

σkk −
d− 1

2ðd− 2Þ∂iV∂iV

¼ 8πG
d− 2

σkk −
d− 1

4ðd− 2Þ
�
□V2 þ 2

c2
ð∂tVÞ2 þ 8πGVσ

�
;

ð3:21Þ

where σkk and σ are the compact-supported expression
defined in Eq. (2.15) of [91]. The compact-supported part of

6The near-zone potential Ŵij and its trace Ŵ (see Appendix A
of [91]) should not be confused with the lth gauge moment WL
and W corresponding to l ¼ 0, as defined in (2.22)–(2.23).
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the source is easily integrated over the whole space, using
methods described e.g., in [91]. It contains an even sector
with q ¼ 1 that cannot contribute (we recall that, up to 1PN,
V bears q ¼ 1), and an odd, 0.5PN sector with q ¼ 0 that
will contribute, when coupled to the expansion of V. As for
the noncompact sector, it reads

ŴNC ¼ −
d − 1

4ðd − 2Þ FP□
−1
ret

�
□V2 þ 2

c2
ð∂tVÞ2

�

¼ −
d − 1

4ðd − 2Þ
�
V2 þ 2

c2
ð∂tVÞ2 þ CfV2g

�
: ð3:22Þ

The first two terms will have q ¼ 2 up to 1PN and 2PN
orders, respectively, and we just proved that the third term is
of order 2PN. Therefore, ŴNC does not contribute to the IR
commutator at the required order. Applying the for-
mula (3.14), one finds the nice relation

CfVŴg ¼ −
3c2

4
CfV2g þOðεÞ þO

�
1

c4

�
: ð3:23Þ

With the two explicit expressions (3.18) and (3.23) at hand,
one can compute the resulting correction to the source mass
quadrupole ΔIij in (3.17). In the c.m. frame, it comes as

ΔIij ¼ −
4G3m4ν2

r3c8

�
v2 − 3_r2 −

Gm
r

�
xhixji þO

�
1

c10

�
:

ð3:24Þ

In the case of quasicircular orbits, v2 ¼ Gm=rþOðc−2Þ
and _r ¼ Oðc−5Þ, so this correction plays no role. Note also
that the two corrections to the metric (3.18) and (3.23) are
functions of the time only, and so cannot contribute to the
equations of motion.

IV. SOURCE MULTIPOLE MOMENTS FOR
CIRCULAR ORBITS

Having now expressed the radiative moments in terms of
the canonical moments in Sec. II A, and the canonical
moments in terms of the source and gauge moments in
Sec. II C, we now review the explicit expression of the
source moments for compact binary systems. Note that the
gauge moments [entering the relation (2.39) as well as
Sec. III. B of [95]] are required only at Newtonian order,
excepted for W, needed at 1PN. They are easily computed
using Eq. (125) of [24], and their expressions on quasi-
circular orbits are displayed in Eq. (5.7) of [17]. The most
crucial moment is the source quadrupole moment Iij,
needed only at 4PN order. Indeed, its 4.5PN terms, due
to 2PN relative radiation reaction corrections, cannot
involve nonlocal integrals, and will disappear from the flux.

A. Source mass quadrupole at the 4PN order

A first computation, using the Hadamard regularization
for the IR divergences and dimensional regularization for
the UV ones, was performed in [91]. However, in order to
be consistent with the equations of motion [79–82] which
used dimensional regularization both in the UV and IR
sectors, it should be computed with dimensional regulari-
zation also for the IR divergences. It was thus completed
in [92], and the expression of the source quadrupole
moment, obtained with full dimensional regularization,
has the expected feature of exhibiting poles in
ε ¼ d − 3. As reviewed in Sec. II B, those poles are crucial
to cancel the divergences linked with the d-dimensional
computation of the radiative moments, obtained in [93].
Indeed, the source moments are not observables per se, but
the radiative moments are. Therefore, only the latter have to
be finite in the ε → 0 limit. However, as already mentioned,
for the sake of computational simplicity, it was deemed
possible to introduce the notion of a “renormalized” source
quadrupole, defined by Eq. (6.2) of [93]. This renormalized
quantity is nothing but the sum of the d-dimensional source
quadrupole and the corrections (2.18a), arising from the
radiative/canonical relation [we recall that we consider the
corrections (2.37) as being part of the canonical/source
relation]. The renormalized quadrupole, by construction,
has no poles in ε, and when injected into the three-
dimensional MPM algorithm, yields the correct radiative
quadrupole by definition. Last, but not least, up to 3.5PN
order, the corrections due to the IR dimensional regulari-
zation exactly cancel the ones due to the renormalization,
even out of the c.m. frame, as proven in [93]. Thus, up to
3.5PN order, the renormalized source quadrupole coincides
with the one computed with Hadamard regularization in the
IR, which is why those subtleties did not hit previous
computations of the flux. However, this equivalence is no
more valid at 4PN order, thus the crucial need for the
implementation of dimensional regularization and the
“renormalization” described above.
As the correction due to the IR commutators discussed in

Sec. III vanishes on quasicircular orbits, the expression of
the renormalized source quadrupole on quasicircular orbits
remains identical to the one displayed in Eq. (6.11) of [93],
namely

Iij¼mν

�
Axhixji þB

r2

c2
vhivji þ

G2m2ν

c5r
Cxhivji

�
þO

�
1

c9

�
;

ð4:1Þ

where, introducing the PN parameter γ ≡ Gm
rc2, the coeffi-

cients are given by
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A ¼ 1þ γ

�
−

1

42
−
13

14
ν

�
þ γ2

�
−

461

1512
−
18395

1512
ν −

241

1512
ν2
�

þ γ3
�
395899

13200
−
428

105
ln

�
r
r0

�
þ
�
3304319

166320
−
44

3
ln

�
r
r00

��
νþ 162539

16632
ν2 þ 2351

33264
ν3
�

þ γ4
�
−
1067041075909

12713500800
þ 31886

2205
ln

�
r
r0

�

þ
�
−
85244498897

470870400
−
2783

1792
π2 −

64

7
ln ð16γe2γEÞ − 10886

735
ln

�
r
r0

�
þ 8495

63
ln

�
r
r00

��
ν

þ
�
171906563

4484480
þ 44909

2688
π2 −

4897

21
ln

�
r
r00

��
ν2 −

22063949

5189184
ν3 þ 71131

314496
ν4
�
; ð4:2aÞ

B ¼ 11

21
−
11

7
νþ γ

�
1607

378
−
1681

378
νþ 229

378
ν2
�
þ γ2

�
−
357761

19800
þ 428

105
ln

�
r
r0

�
−
92339

5544
νþ 35759

924
ν2 þ 457

5544
ν3
�

þ γ3
�
23006898527

1589187600
−
4922

2205
ln

�
r
r0

�
þ
�
8431514969

529729200
þ 143

192
π2 −

32

7
ln ð16γe2γEÞ − 1266

49
ln

�
r
r0

�
−
968

63
ln

�
r
r00

��
ν

þ
�
351838141

5045040
−
41

24
π2 þ 968

21
ln

�
r
r00

��
ν2 −

1774615

81081
ν3 −

3053

432432
ν4
�
; ð4:2bÞ

C ¼ 48

7
þ γ

�
−
4096

315
−
24512

945
ν

�
−
32

7
πγ3=2: ð4:2cÞ

The coefficients A and B represent the conservative part of
the quadrupole, while C is due to the radiation reaction
dissipative effects. Note that, in addition to the already-
encountered scale r0, the expression of the quadrupole
involves a scale r00, associated with the UV regularization
(see the footnote 10 of [91] for more details).
As discussed in [92], we found that the source quadru-

pole moment is not a local quantity at the 4PN order
anymore, as it contains a nonlocal tail integral, given by
Eq. (6.5) in [93]. The 4PN logarithms lnð16γe2γEÞ in A and
B are due to the conservative part of this nonlocal tail term
in the mass quadrupole, and the coefficient − 32

7
πγ3=2 in C,

to the corresponding dissipative part of the tail term.

Finally, as reported in Appendix A, the general expres-
sion of the source mass quadrupole moment for generic
orbits has been conclusively tested in the so-called boosted
Schwarzschild black hole limit.

B. Higher-order source moments

As expected from the behavior of the associated radiative
moment (2.18b), poles arise when performing the IR
dimensional regularization of the source mass octupole
Iijk. Nevertheless, the renormalized source mass octupole
moment exactly coincides at 3PN order with the one
computed with Hadamard regularization in the IR, see
[93] for discussion. It reads [95]

Iijk ¼ −νmΔ
�
Dxhixjxki þ E

r
c
vhixjxki þ F

r2

c2
vhivjxki þG

r3

c3
vhivjvki

�
þO

�
1

c7

�
; ð4:3Þ

where Δ≡ ðm1 −m2Þ=m, and the coefficients are

D¼1−γνþγ2
�
−
139

330
−
11923

660
ν−

29

110
ν2
�
þγ3

�
1229440

63063
þ610499

20020
νþ319823

17160
ν2−

101

2340
ν3−

26

7
ln

�
r
r0

�
−22ν ln

�
r
r00

��
;

ð4:4aÞ

E ¼ 196

15
γ2ν; ð4:4bÞ
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F ¼ 1 − 2νþ γ

�
1066

165
−
1433

330
νþ 21

55
ν2
�
þ γ2

�
−
1130201

48510
−
989

33
νþ 20359

330
ν2 −

37

198
ν3 þ 52

7
ln

�
r
r0

��
; ð4:4cÞ

G ¼ 0: ð4:4dÞ

As for the renormalized current quadrupole Jij, it also coincides at 3PN order with the one computed with Hadamard
regularization in the IR [93]. It comes [94]

Jij ¼ −νmΔ
�
HLhixji þ K

Gm
c3

Lhivji
�
þO

�
1

c7

�
; ð4:5Þ

where we denote Li ≡ ϵijkxjvk, and where

H ¼ 1þ γ

�
67

28
−
2

7
ν

�
þ γ2

�
13

9
−
4651

252
ν −

ν2

168

�
þ γ3

�
2301023

415800
−
214

105
ln

�
r
r0

�
þ
�
−
243853

9240
þ 123

128
π2 − 22 ln

�
r
r00

��
ν

þ 44995

5544
ν2 þ 599

16632
ν3
�
; ð4:6aÞ

K ¼ 188

35
νγ: ð4:6bÞ

The remaining required source moments (mass hexadeca-
pole at 2PN, current octupole at 2PN, etc.) are easy to
compute as no regularization subtleties arise. Their ex-
pressions on quasicircular orbits are displayed e.g., in
Sec. 9.1 of [24]. Note that, as the first nonlocal feature
cannot appear at a lower order than 4PN, all those higher-
order source moments are instantaneous up to 3.5PN order.
Therefore, they cannot contribute to the 4.5PN term of the
quasicircular flux.

V. TOOLBOX OF INTEGRATION FORMULAS

This technical section presents some miscellaneous
material that was used to perform the explicit computations
of the gravitational wave flux to 4.5PN and the (2, 2) mode
to 4PN, which will be reported in Sec. VI.

A. 4PN equations of motion for circular orbits

First, the relation between the radiative and canonical
moments, as well as the expression of the flux, involve

temporal derivatives. We thus need the expression of the
equations of motion for quasicircular orbits at the 4PN
order, including both conservative and dissipative terms.
Note that the 4.5PN piece of the equations of motion
[118,119] is local and so, as already discussed, will not
contribute to the 4.5PN flux. Recalling that γ ¼ Gm

rc2 , the
acceleration for quasicircular orbit reads [82]

dvi

dt
¼ −ω2xi −

32

5

G3m3ν

r4c5

�
1þ

�
−
743

336
−
11

4
ν

�
γ

þ 4πγ3=2 þOðγ2Þ
�
vi: ð5:1Þ

The radiation-reaction part (proportional to vi) includes
1PN and 1.5PN corrections beyond the leading 2.5PN
effect. In particular the 1.5PN correction is due to tails. The
conservative part of the equations of motion is specified for
circular orbits by the orbital frequency, which is a gener-
alization of Kepler’s law valid through 4PN,

ω2 ¼ Gm
r3

�
1þ ð−3þ νÞγ þ

�
6þ 41

4
νþ ν2

�
γ2 þ

�
−10þ

�
−
75707

840
þ 41

64
π2 þ 22 ln

�
r
r00

��
νþ 19

2
ν2 þ ν3

�
γ3

þ
�
15þ

�
19644217

33600
þ 163

1024
π2 þ 256

5
γE þ

128

5
lnð16γÞ − 290 ln

�
r
r00

��
ν

þ
�
44329

336
−
1907

64
π2 þ 1168

3
ln

�
r
r00

��
ν2 þ 51

4
ν3 þ ν4

�
γ4 þOðγ5Þ

�
: ð5:2Þ

We recall that the scales r0 and r00 are respectively associated with IR and UV regularizations. Using the flux-balance
equation as well as the generalized Kepler’s law, we find the secular decay of orbital quantities at 1.5PN order
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_r≡ dr
dt

¼ −
64

5

G3m3ν

r3c5

�
1þ

�
−
1751

336
−
7

4
ν

�
γ þ 4πγ3=2 þOðγ2Þ

�
; ð5:3aÞ

_ω≡ dω
dt

¼ 96

5

Gmν

r3
γ5=2

�
1þ

�
−
2591

336
−
11

12
ν

�
γ þ 4πγ3=2 þOðγ2Þ

�
: ð5:3bÞ

The relative 2PN order is also known [118,119], but is not
required for the present work. In the following, it will be
important to distinguish between the orbital frequency ω
defined from the equations of motion by (5.2), and the GW
half-frequency Ω which is measured in the waves propa-
gating in the far zone. We pose

y≡
�
Gmω

c3

�
2=3

; ð5:4Þ

and distinguish it later from the PN parameter x defined
from the GW half-frequency Ω, see Eq. (6.9).

B. Postadiabatic integration of the tail effect

In order to compute the tail integrals, for instance (2.5),
one needs to specify the orbit’s behavior of the compact
binary system in the remote past, as the effect is not
localized in time, but integrates over the whole past history
of the source. In the case of quasicircular orbits, and up to
3.5PN precision in the multipoles, an adiabatic approxi-
mation (considering the orbital elements r and ω to be
constant in time) is sufficient, and one can follow the lines
of [120], together with the integrals presented in the
Appendix B of [121]. However, Eq. (5.3) show that this
adiabatic approximation is no longer valid at a relative
2.5PN precision. As the tail enters at 1.5PN order in the
moments, the first “postadiabatic” (PA) correction will
affect the moments at the 4PN order, thus we need to
properly evaluate it in order to consistently derive the 4PN
flux and (2, 2) mode.
As shown in [120], the tail integrals on quasicircular

orbits reduce to elementary integrals of the type

Ia;nðuÞ ¼
Z þ∞

0

dτ½yðu − τÞ�ae−inϕðu−τÞ ln
�
τ

τ0

�
; ð5:5Þ

where n ∈ N⋆ (the case n ¼ 0 does not appear at 4PN), a is
usually a rational fraction, and the constant τ0 denotes
either 2r0=c or 2b0=c. The orbital phase ϕ, the orbital

frequency ω ¼ _ϕ and the parameter y ¼
	
Gmω
c3



2=3

are

integrated over any instant u − τ in the past. Our strategy
will be to notice that the integral Ia;n involves a fast-
oscillating exponential, that is derivable under properly
defined PA approximations. This section provides a general
method valid an arbitrary PA order, which we apply to first
order 1PA.

We first remark that the difference between the current
phase ϕðuÞ and the phase ϕðu − τÞ in the past is of the order
of the inverse of the radiation reaction scale, i.e., ϕðuÞ −
ϕðu − τÞ scales as Oðc5Þ, which is also obvious from
Eq. (317) of [24]. To describe the radiation-reaction scale,
we introduce a dimensionless adiabatic parameter at the
current time u, denoted by7

ξðuÞ≡ _ωðuÞ
ω2ðuÞ ¼ O

�
1

c5

�
: ð5:6Þ

Using the energy balance equation we have ξ ¼
−F ðωÞ=½ω2dE=dω�. We want to compute the integral (5.5)
in the PA limit where ξðuÞ → 0. To this end, let us pose

ϕðuÞ − ϕðu − τÞ ¼ v
ξðuÞ ; ð5:7Þ

and change the integration variable from τ to v, so that the
integral (5.5) becomes

Ia;n ¼
Gm
c3

e−inϕðuÞ

ξðuÞ
Z þ∞

0

dv½yðu− τðvÞÞ�a−3=2 ln
�
τðvÞ
τ0

�
e

inv
ξðuÞ:

ð5:8Þ

Here τðvÞ is obtained by inverting Eq. (5.7) for τ as a
function of v. The main point is that, in the PA limit,
ξðuÞ → 0, and so, as the imaginary exponential in the
integrand of (5.8) oscillates very rapidly, the integral is a
sum of alternatively positive and negative contributions
which essentially sum up to zero. However there are no
oscillations when v ¼ 0, therefore the integral is essentially
given by the contribution in the neighborhood of the bound
at v ¼ 0. In other words we are entitled to compute the
integral by replacing the integrand by its formal expansion
series when v → 0. This will give a formal (asymptotic)
series in powers of ξðuÞ which is the “PA” expansion of the
integral.
In the PA limit we thus have τ → 0, and we can expand

Eq. (5.7) to any order as

7This definition is intended to be valid at any PN order, and is
different from the one adopted in previous work; see (4.8)
in [120].
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v ¼ ξ
Xþ∞

n¼0

ð−Þn
ðnþ 1Þ!ω

ðnÞτnþ1: ð5:9Þ

From now on, we pose ξ ¼ ξðuÞ, ϕ ¼ ϕðuÞ, ω ¼
ωðuÞ ¼ _ϕðuÞ, ωðnÞ ¼ ðdnω=dunÞðuÞ for the quantities
at the current time u. Since ωð1Þ ≡ _ω ¼ ξω2 the
expansion (5.9) clearly represents the PA approximation
in powers of ξ and arbitrary high time derivatives
of ξ denoted ξðnÞ. Note that each time derivative of ξ
adds a radiation reaction scale, hence we have ξðnÞ ¼
Oðξnþ1Þ ¼ Oðc−5n−5Þ.
To obtain the PA expansion of (5.8) we need to invert the

series (5.9) and obtain τ as a power series in v. This is given
by the Lagrange inversion theorem as

τ ¼
Xþ∞

p¼0

1

ðpþ 1Þ! fp
�
v
ξ

�
pþ1

; ð5:10Þ

where the general coefficients fp read

fp ¼
�
d
dτ

�
p
��

τ

ϕðuÞ − ϕðu − τÞ
�

pþ1
�
τ¼0

¼
�
d
dτ

�
p
��Xþ∞

n¼0

ð−Þn
ðnþ 1Þ!ω

ðnÞτn
�−p−1�

τ¼0

; ð5:11Þ

where τ ¼ 0 is applied after the p differentiations with
respect to τ. For instance, up to 2PA order, we obtain

τ ¼ v
ξω

�
1þ v

2
þ
�
1 −

_ξ

ξ2ω

�
v2

6
þOðv3Þ

�
: ð5:12Þ

The previous formulas show that the method can be
straightforwardly extended to any order. But as we said, to
compute the tail term at 4PN order, we need only the
correction of order 2.5PN, which corresponds to the 1PA
approximation, hence just τ ¼ v

ξω ½1þ v
2
þOðv2Þ�. To 1PA

order, the integral (5.8) reads

Ia;n ¼
Gm
c3

ya−3=2e−inϕ

ξ

Z þ∞

0

dv

��
1þ

�
1 −

2a
3

�
v

�

× ln
�

v
ξωτ0

�
þ v

2
þOðv2Þ

�
e
inv
ξ : ð5:13Þ

The remaining integral is computed as follows. We trans-
form the complex exponential into a real one by performing
the change of variable v ¼ iw for n > 0, and v ¼ −iw for
n < 0, respectively. The integration now takes place along
the imaginary axis, which can be remedied by resorting to
the Cauchy theorem on the closed contour made of the
three following pieces, to be considered in the limit
R → þ∞: (i) the path from w ¼ 0 to w ¼ R on the real
axis; (ii) the oriented quarter of circle of radius jwj ¼ R

from argw ¼ 0 to argw ¼ −π=2 (or argw ¼ π=2 if n < 0);
and (iii) the segment of the imaginary axis going from
w ¼ −iR (w ¼ iR if n < 0) to w ¼ 0. This leads to

Ia;n ¼
Gm
c3

ya−3=2e−inϕ

iξ

Z þ∞

0

dw

��
−sðnÞ þ 2a − 3

3
iw

�

×
�
ln
�

w
ξωτ0

�
þ i

π

2
sðnÞ

�
þ iw

2
þOðw2Þ

�
e−

jnjw
ξ ;

ð5:14Þ

where sðnÞ is the sign function. In this form, Ia;n can be
integrated, as it boils down to elementary integrals. For
completeness we give the formulas needed to handle any
PA approximation,

Z þ∞

0

dwwje−
jnjw
ξ ¼ j!

�
ξ

jnj
�

jþ1

; ð5:15aÞ

Z þ∞

0

dwwj ln

�
w

ξωτ0

�
e−

jnjw
ξ

¼ j!

�
ξ

jnj
�

jþ1

½Hj − γE − lnðjnjωτ0Þ�; ð5:15bÞ

whereHj ¼
Pj

k¼1
1
k denotes the harmonic number and γE is

the Euler constant. Finally we obtain, at desired 1PA order,
the result

Ia;n ¼
Gm
c3

ya−3=2e−inϕ

in

��
1þ 2a − 3

3

ξ

in

�

×

�
lnðjnjωτ0Þ þ γE − i

π

2
sðnÞ

�

−
4a − 9

6

ξ

in
þOðξ2Þ

�
: ð5:16Þ

Recall that all quantities are evaluated at current time u and
that the adiabatic parameter ξ ¼ _ω=ω2 is easily computed
with Eq. (5.3). With this result at hand, we are able to
derive the tail integral (2.5) with 2.5PN relative precision,
which impacts the computation and final results at the
4PN order.

C. Memory effects for circular orbits up to 1.5PN
relative order

Memory terms, such as the first term of Eq. (2.6), are
hereditary integrals of the form

Rþ∞
0 dτFðu − τÞGðu − τÞ,

where F and G represent dynamical multipole moments.
Note that they enter only in mass-type moments, as clear
from Sec. II A. In the case of quasicircular orbits, they
reduce to a sum of terms of the form

J a;nðuÞ ¼
Z þ∞

0

dτ½yðu − τÞ�ae−inϕðu−τÞ: ð5:17Þ
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Besides the absence of logarithm, the main difference with
the tail integral is the possibility of having n ¼ 0, i.e.,
persistent or “DC” terms.
Let us first focus on oscillatory (“AC”) memory terms,

having n ≠ 0. As they only involve a simple, logarithmic-
free, integration, memory terms will enter in the flux as
instantaneous contributions, and can be computed as such.
In particular, since they arise at the odd PN approximations
2.5PN and 3.5PN, they do not contribute to the flux for
quasicircular orbits. The evaluation of the integrals of
type (5.17) is thus only required for the derivation of the
modes. Concerning the quadrupole moment, since the
memory effect enters at 2.5PN order, as clear from (2.6),
it is thus required at a relative 1.5PN precision for the mode
(2, 2) and thus, one can safely compute the integral in the
adiabatic approximation. As discussed in [120], for circular
orbits this is equivalent to taking y to be constant together
with a linear phase (appropriate for the exact circular orbit),
and keeping only the contribution of the integral due to the
bound τ ¼ 0. One finds

J a;n ¼ yae−inϕ
Z
0

dτ einωτ þOðξÞ ¼ −
yae−inϕ

inω
þOðξÞ:

ð5:18Þ

The persistent DC terms obviously do not contribute to
the flux, and they only contribute to the modes which have
m ¼ 0, for example, the ðl;mÞ ¼ ð2; 0Þ mode for the mass
quadrupole. As is clear in the following, the absence of the
fast oscillating exponential in J a;0 generates an inverse
power of the adiabatic parameter ξ, thus degrading
the precision by the radiation-reaction scale 2.5PN. This
is the well-known memory effect; as it starts at 2.5PN order
in the waveform, it finally enters the (2, 0) mode at
Newtonian order. Several methods are possible to evaluate
J a;0; see e.g., [120]. In the following, we rely on a change
of integration variables from τ to y0 ¼ yðu − τÞ:

J a;0 ¼
Z þ∞

0

dτ½yðu − τÞ�a ¼
Z

yðuÞ

0

dy0
y0a

_yðu − τÞ ; ð5:19Þ

reading _yðu − τÞ as a function of y0 from Eq. (5.3), and
supposing that a > 4, as is the case in practical compu-
tations. To 1.5PN relative order, we have

J a;0 ¼
5Gm
64c3ν

ya−4

a − 4

�
1þ a − 4

a − 3

�
743

336
þ 11

4
ν

�
y

− 8π
a − 4

2a − 5
y3=2 þOðy2Þ

�
: ð5:20Þ

It is interesting to observe that the tail effect in the flux
directly influences the DC memory in (5.20).
Last, but not least, we need to look at the interesting case

of the tails-of-memory terms (2.9). These terms can be

treated as standard tail terms (with relative Newtonian
accuracy), except for the “genuine” tail-of-memory given
by the first line of (2.9), namely

Kij ¼
8G2M
7c8

Z þ∞

0

dρMð4Þ
ahiðu − ρÞ

×
Z þ∞

0

dτMð4Þ
jiaðu − ρ − τÞ ln

�
τ

τ0

�
; ð5:21Þ

where cτ0 ¼ 2r0e
1613
270 . We remind that this expression

agrees with the tail-of-memory directly computed from
the radiative quadrupole moment at infinity [110,111]. We
first perform the tail-like integral over τ. As we need to
evaluate it at relative Newtonian order only, we can safely
use the adiabatic approximation. Next we perform the
integral over τ, which is found to be a simple DC memory
integral of the type (5.19) with a ¼ 13=2. Hence we
find

Kij ¼
128π

7

ν2c5

G
lhilji

Z þ∞

0

dρ½yðu − ρÞ�13=2

¼ 4π

7
mνc2y5=2lhilji; ð5:22Þ

where li ¼ Li=jLj is the constant unit vector associated
with the Newtonian angular momentum and, thus,
orthogonal to the orbital plane. Interestingly, this tail-
of-memory result will give a contribution in the (2, 0)
mode that exactly cancels the one coming from the 1.5PN
corrections to the ordinary memory effect, obtained
in (5.20).

VI. RESULTS

Collecting all the pieces that were discussed in previous
sections, and using notably the integration techniques
developed in Sec. V, we obtain our main results,
namely the gravitational flux and quadrupole modes. All
results displayed hereafter can be found in the ancillary
file [102].

A. Flux at 4PN order for generic orbits

For generic orbits, and in the c.m. frame, we split the
gravitational energy flux (2.1) as

F ¼ F can þ F non-lin: ð6:1Þ

The first piece, F can, is the contribution due to the
canonical mass and current moments, when they are fully
expressed in terms of the compact binary parameters, i.e.,

F can ¼
X
l≥2

G
c2lþ1

½alMðlþ1Þ
L Mðlþ1Þ

L þ bl
c2

Sðlþ1Þ
L Sðlþ1Þ

L �;

ð6:2Þ
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where we recall that the numerical coefficients al and bl
are given in Eq. (2.2). We further split F can into a local-in-
time (or instantaneous) part and a nonlocal one,

F can ¼ F loc
can þ F non-loc

can : ð6:3Þ

The local pieceF loc
can is too long to be displayed here but can

be found in the ancillary file [102]. Note the presence of the
scales associated with the regularization processes, r0 and
r00, which is expected, as the canonical part of the flux is not a

gauge invariant quantity. As for the nonlocal piece,F non-loc
can ,

it comes from two effects: (i) the direct contribution of the
nonlocal part of the mass quadrupole moment, given by
Eq. (6.5) in [93]; and (ii) the tail term in the 4PN equations of
motion, which contributes when time differentiating the
4PNmass quadrupole moment. [The latter tail term is given
by the first line of Eq. (4.4) in [82], while the second line is
included in the local part.] The nonlocal piece reads (at the
required order, we are dealing with Newtonian quantities, so
we can identify source and canonical moments),

F non-loc
can ¼ 48

5

G3M
c13

Mð3Þ
ij

�
1

7

d3

du3

�
MikðuÞ

Z þ∞

0

dτ ln

�
cτ
2r0

�
Mð5Þ

jk ðu − τÞ
�
−
mν

15
xik

Z þ∞

0

dτ ln

�
cτ
2r

�
Mð8Þ

jk ðu − τÞ

−
mν

15
ð3xkvi þ xivkÞ

Z þ∞

0

dτ ln

�
cτ
2r

�
Mð7Þ

jk ðu − τÞ
�
þO

�
1

c14

�
: ð6:4Þ

Note the difference between the logarithmic kernel of the first integral, bearing r0, and the two other ones, bearing r. Finally
the second piece of the flux (6.1), F non-lin, is given by all the nonlinearities in the GW propagation discussed in Sec. II A. It
contains all the double products between canonical moments and radiative moments, plus the square of the tail terms and the
double product between the 1.5PN and 2.5PN corrections to the quadrupole. We write it as

F non-lin ¼
G
5c5

h
2Mð3Þ

ij U
1.5PNð1Þ
ij þ 2Mð3Þ

ij U
2.5PNð1Þ
ij þ 2Mð3Þ

ij U
3PNð1Þ
ij þ U1.5PNð1Þ

ij U1.5PNð1Þ
ij þ…

i

þ G
189c7

h
2Mð4Þ

ijkU
1.5PNð1Þ
ijk þ 2Mð4Þ

ijkU
2.5PNð1Þ
ijk þ…

i
þ � � � þO

�
1

c14

�
; ð6:5Þ

where the ellipsis can be completed in a straightforward
way from the results in Sec. II A.

B. Flux at 4.5PN order for quasicircular orbits

Introducing the unit separation n ¼ x=r between the
particles, as well as the unit vector λ ¼ l × n such that
ðn; λ;lÞ forms a direct orthonormal triad, we may write the
relative velocity as v ¼ rωλþ _rn, where _r is given by (5.3).
Then, using (5.2), we can express the 4PN flux on
quasicircular orbits as a function of the orbital frequency
ω, or equivalently the parameter y defined by (5.4).
However we find that the 4PN flux parametrized by y

still contains the unphysical constant b0, although the other
arbitrary scales r0 and r00 have properly disappeared. The
reason is that, starting at the 4PN order, the frequency is
modified due to the propagation of tails in the wave zone.
The half-phase ψ of the reduced GW, i.e., half the phase of
the (2, 2) mode, differs from the orbital phase ϕ (such that
the orbital frequency is ω ¼ _ϕ) by a logarithmic, tail-
induced phase modulation, as

ψ ¼ ϕ −
2GMω

c3
ln

�
ω

ω0

�
; ð6:6Þ

where M denotes the constant ADMmass, and ω0 is related
to b0 by cω−1

0 ¼ 4b0eγE−11=12. We remind the reader that
the constant b0, which appears in the tail terms (2.5), (2.7)
and (2.9), is arbitrary and parametrizes the logarithmic
deviation of light cones in harmonic coordinates from the
flat cones, see e.g., (2.10)–(2.11) in [99]. The constant r0 is
an IR scale introduced into the definition of the source
multipole moments, see Eq. (2.1) in [91], while r00 is a UV
scale associated with the regularization of the self-field of
point particles.
This phase modulation was determined in [121,122]

and it has been repeatedly argued [120,123] that it
affects the waveform at the 4PN order. Now, the phase
modulation (6.6) also shifts the GW half-frequency Ω ¼ _ψ

with respect to the orbital one ω ¼ _ϕ. The GW half-
frequency, directly measurable from the waveform at
infinity, reads

Ω ¼ ω −
2GM _ω

c3

�
ln

�
ω

ω0

�
þ 1

�
: ð6:7Þ

Using Eq. (5.3) for the frequency chirp at the dominant
order, it explicitly comes, replacing M by m at that order,
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Ω ¼ ω

�
1 −

192

5
ν

�
Gmω

c3

�
8=3

�
ln

�
ω

ω0

�
þ 1

�
þO

�
1

c10

��
;

ð6:8Þ

where we recall that ν ¼ m1m2

m2 is the symmetric mass ratio.
In the following, the results are expressed for quasicircular
orbits in terms of the measurable GW half-frequency Ω
through the PN parameter

x ¼
�
GmΩ
c3

�
2=3

: ð6:9Þ

Recalling also the definition (5.4) and posing y0 ¼
ðGmω0

c3 Þ2=3 we thus have

x ¼ y

�
1 −

192

5
νy4

�
ln

�
y
y0

�
þ 2

3

�
þOðy5Þ

�
; ð6:10Þ

showing that indeed the GW half-frequency Ω differs
from the orbital one ω at the 4PN order only, hence the
fact that it did not affect previous computations such as
in [120,123]. Therefore, once the 4PN flux is obtained in
terms of y, we replace y in terms of x using the inverse of
Eq. (6.10) and reexpand to 4PN order. With this pro-
cedure, the constant b0 cancels out as expected. Finally,
adding also the 4.5PN piece [96], the quasicircular 4.5PN
flux is

F ¼ 32c5

5G
ν2x5

�
1þ

�
−
1247

336
−
35

12
ν

�
xþ 4πx3=2 þ

�
−
44711

9072
þ 9271

504
νþ 65

18
ν2
�
x2 þ

�
−
8191

672
−
583

24
ν

�
πx5=2

þ
�
6643739519

69854400
þ 16

3
π2 −

1712

105
γE −

856

105
lnð16xÞ þ

�
−
134543

7776
þ 41

48
π2
�
ν −

94403

3024
ν2 −

775

324
ν3
�
x3

þ
�
−
16285

504
þ 214745

1728
νþ 193385

3024
ν2
�
πx7=2

þ
�
−
323105549467

3178375200
þ 232597

4410
γE −

1369

126
π2 þ 39931

294
ln 2 −

47385

1568
ln 3þ 232597

8820
ln x

þ
�
−
1452202403629

1466942400
þ 41478

245
γE −

267127

4608
π2 þ 479062

2205
ln 2þ 47385

392
ln 3þ 20739

245
ln x

�
ν

þ
�
1607125

6804
−
3157

384
π2
�
ν2 þ 6875

504
ν3 þ 5

6
ν4
�
x4

þ
�
265978667519

745113600
−
6848

105
γE −

3424

105
lnð16xÞ þ

�
2062241

22176
þ 41

12
π2
�
ν

−
133112905

290304
ν2 −

3719141

38016
ν3
�
πx9=2 þOðx5Þ

�
: ð6:11Þ

A significant check is to observe that the leading-order
terms in the test-mass limit ν → 0 perfectly agree with the
results of linear black-hole perturbation theory [124–128].
Note that the flux has been confirmed by different groups
up to 2PN order [19,23], and that the 4.5PN piece is in
agreement with the independent work [100]. All other
terms are new with the present paper. We have also
explicitly verified that, at the 4PN order, Eq. (6.11) can
be recovered from the gravitational modes given by
Eq. (6.17) below and in [18], using

F ¼ c3

16πG

X
l≥0

Xl
m¼−l

j _hlmj2: ð6:12Þ

As usual, the contributions due to the absorption by the
black-hole horizons should be added separately from the
post-Newtonian result (6.11); see [129–134].

In the companion Letter [101] we use the quasicircular
flux F ðxÞ to derive the gravitational frequency chirp and
phase at the 4.5PN order. Namely, we apply the energy
flux-balance law

_EðxÞ ¼ −F ðxÞ; ð6:13Þ

where x is directly linked to the observed GW half-
frequency through the definition (6.9), and is related to
the orbital frequency via the relation (6.10). Here, EðxÞ
denotes the (Noetherian) binding energy of the compact
binary on the quasicircular orbit, as calculated from the
4PN equations of motion, see e.g., [82]. The fact that
the left-hand side of the balance equation, which concerns
the motion, should be expressed in terms of the same
observed GW half-frequency x as the right-hand side,
which concerns the radiation, and not, for instance, in
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terms of the “orbital” frequency y, is worth an explanation;
suppose that the compact binary system is actually a binary
pulsar system. Hence, in addition to the gravitational waves
generated by the orbital motion, the pulsar emits electro-
magnetic (radio) waves, also received by the far away
observer. Now the observer at infinity can measure the
orbital frequency of the system from the instants of arrival
of the radio pulses—this is the standard analysis of binary
pulsars. Such frequency should be the one to be inserted in
the left side of the balance equation. However, far from the
system, the space-time curvature R−1 ∼

ffiffiffiffiffiffiffiffiffiffiffi
M=r3

p
tends to

zero, and therefore the geometric optics or WKB approxi-
mation applies for both the EM and gravitational waves.
Thus the EM and gravitational waves follow the
same geodesic, independently of their frequency, and in
particular are subject to the same tail-induced phase modu-
lation (6.6). We conclude that the distant observer measures
the same frequency x from the EM radio pulses and from the
gravitational wave, and this is that frequency that he inserts
into both sides of the flux-balance law (6.13).8

C. Gravitational wave modes (2, 2) and (2, 0)

Next, we can extract the ðl;mÞ ¼ ð2; 2Þ and (2, 0)
physical modes from the newly computed 4PN mass
quadrupole radiative moment. Projecting the asympotic
metric (2.3) onto the basis of polarizations fþ;×g and the
usual basis of spin-weighted spherical harmonics, Ylm

−2

(following the conventions of [16,17]), one can define
the observable gravitational modes hlm as

hþ − ih× ¼
Xþ∞

l¼2

Xl
m¼−l

hlmYlm
−2 : ð6:14Þ

For the sake of simplicity, we single out the (observable)
GW half-phase ψ , and rescale the modes by the dominant
contribution, defining Hlm as

hlm ¼ 8Gmνx
c2R

ffiffiffi
π

5

r
Hlme−imψ : ð6:15Þ

We have Hl;−m ¼ ð−ÞlH̄lm, where the overbar denotes
the complex conjugate. Using the PN-MPM framework,
the current state-of-the-art is the 3.5PN accuracy for all the
modes [17,18,136]. From the present completion of the
4PN mass quadrupole Uij, one can extract the 4PN
correction to the ðl;mÞ ¼ ð2; 2Þ mode as

H22 ¼ −
e2iψ

2c2mνx
m̄im̄jUij; ð6:16Þ

where m ¼ ðnþ iλÞ= ffiffiffi
2

p
, with m̄ its complex conjugate,

and the radiative moment Uij is evaluated at the retarded
time u. Explicitly, it comes

H22 ¼ 1þ
�
−
107

42
þ 55

42
ν

�
xþ 2πx3=2 þ

�
−
2173

1512
−
1069

216
νþ 2047

1512
ν2
�
x2 þ

�
−
107π

21
þ
�
34π

21
− 24i

�
ν

�
x5=2

þ
�
27027409

646800
−
856

105
γE þ

428iπ
105

þ 2π2

3
þ
�
−
278185

33264
þ 41π2

96

�
ν −

20261

2772
ν2 þ 114635

99792
ν3 −

428

105
lnð16xÞ

�
x3

þ
�
−
2173π

756
þ
�
−
2495π

378
þ 14333i

162

�
νþ

�
40π

27
−
4066i
945

�
ν2
�
x7=2

þ
�
−
846557506853

12713500800
þ 45796

2205
γE −

22898

2205
iπ −

107

63
π2 þ 22898

2205
lnð16xÞ

þ
�
−
336005827477

4237833600
þ 15284

441
γE −

219314

2205
iπ −

9755

32256
π2 þ 7642

441
lnð16xÞ

�
ν

þ
�
256450291

7413120
−
1025

1008
π2
�
ν2 −

81579187

15567552
ν3 þ 26251249

31135104
ν4
�
x4 þOðx9=2Þ: ð6:17Þ

In the test-mass limit ν → 0, this new result is also nicely in
agreement with the prediction of linear black-hole pertur-
bation theory [137].
Note that the two unphysical scales r0 and b0 appearing

in the intermediate calculations are absent from the final

results. More precisely, these constant appear in the
expressions of the source moments and in the relations
between radiative and source moments, notably in (2.9).
Although this is expected, the constants in both contribu-
tions cancel each other and this constitutes a highly
nontrivial check of the MPM-algorithm and the robustness
of the PN integration of the source moments.
Finally, we have also extracted the zero-frequency

quadrupole mode ðl;mÞ ¼ ð2; 0Þ at 4PN order,

8See [135] for a similar argument in the context of self-forces,
using an observer sitting on the particle and equipped with a
flashlight.
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H20 ¼ −
ffiffiffi
3

8

r
lhilji

c2mνx
Uij: ð6:18Þ

As discussed in Sec. V C, this mode arises from integration
of the nonlinear DC memory terms over the past history of
the system, assuming a model for the quasicircular evolu-
tion of the orbit in the past. Since the integration increases
the effect by the inverse of the 2.5PN order, with the present
4PN formalism we are able to control the (2, 0) mode only
with relative 1.5PN precision. We find

H20¼−
5

14
ffiffiffi
6

p
�
1þ

�
−
4075

4032
þ67

48
ν

�
xþOðx2Þ

�
: ð6:19Þ

Notice that the 1.5PN term of this mode vanishes. This is
due to the fact that the 1.5PN correction in the model of
evolution of the quasicircular orbit in the past, which results
in the 1.5PN term in Eq. (5.20), exactly cancels the 1.5PN
direct contribution of the “tail-of-memory” at 4PN order,
and given by (5.22). That is,

HToM
20 ¼ −Hmem;1.5PN

20 ¼ −
2

ffiffiffi
2

p

7
ffiffiffi
3

p πx3=2: ð6:20Þ

The result (6.19) is in full agreement with Eq. (4.3a)
of [110], obtained from the general expression of nonlinear
memory terms in terms of radiative moments. Indeed, recall
that the tail-of-memory integral (5.21) at 4PN order can be
simply obtained from the leading memory integral (2.6) at
2.5PN order by replacing the canonical moment by
the corresponding radiative moment including the tail
effect (2.5) at relative 1.5PN order, see Eq. (2.10). This
confirms that the tail-of-memory is adequately taken into

account in the computation of the memory using radiative
moments defined at future null infinity [110,111].
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APPENDIX A: TEST OF THE BOOSTED
SCHWARZSCHILD SOLUTION

Among all tests that can be performed to check the
expression of the mass quadrupole moment, one of the
simplest is the boosted Schwarzschild limit. Despite its
apparent simplicity, it is quite efficient and was crucially
used to fix a remaining ambiguity constant in an early
computation of the flux at 3PN order [103]. The principle is
quite transparent; if we remove one of the two black holes,
then our system reduces to a single Schwarzschild black
hole of mass m1, boosted at a (constant) speed v1. The
multipole moments of a boosted Schwarzschild solution
(BSS) are straightforward to derive, and have been pre-
viously determined at 3PN order in [103]. Extending this
work at 4PN order, we find that the quadrupole moment of
a BBS of mass M, boosted with a velocity V, reads

IBSSij ¼ Mt2VhiVji
�
1þ 9

14

V2

c2
þ 83

168

V4

c4
þ 507

1232
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þ 45923

128128
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þ 4

7
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VhiVji þ 10

21
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V2VhiVji þO

�
1

c10

�
: ðA1Þ

On the other hand, taking the BSS limit ðm2; v2Þ → ð0; 0Þ of the renormalized mass quadrupole moment defined in [93] (on
generic orbits, out of the c.m. frame), it comes

lim
BSS

Iij ¼ m1t2v
hi
1 v

ji
1

�
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1
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Both expressions coincide under the identification ðm1; v1Þ ¼ ðM;VÞ, therefore this test is conclusive.
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APPENDIX B: CORRECTIONS TO THE METRIC DUE TO INFRARED COMMUTATORS

This appendix displays the formal contributions of the infrared commutators to the gothic metric perturbation
hμν ¼ ffiffiffiffiffiffi−gp

gμν − ημν, up to 4PN order, as discussed in Sec. III. Those contributions are to be added to Eq. (A.2) of the
work [91] in order to obtain the full metric at 4PN, and the potentials entering it are the one defined by Eq. (A.4) of [91]. It
thus comes, at the required order [the commutators being defined by (3.3)]
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