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Abstract

The paper studies a higher-order diffusion model of Maxwell-Stefan
kind. The model is based upon higher-order moment equations of
kinetic theory of mixtures, which include viscous dissipation in the
model. Governing equations are analyzed in a scaled form, which
introduces the proper orders of magnitude of each term. In the so-
called diffusive scaling, the Mach and Knudsen numbers are assumed
to be of the same small order of magnitude. In the asymptotic limit
when the small parameter vanishes, the model exhibits a coupling
between the species’ partial pressure gradients, which generalizes the
classical model. Scaled equations also lead to a higher-order model
of diffusion with correction terms in the small parameter. In that
case, the viscous tensor is determined by genuine balance laws.

Conflict of interest. On behalf of all authors, the corresponding author states that there

is no conflict of interest.

Acknowledgments. This paper was prepared during the stay of Srboljub Simié at
Université Paris Cité thanks to “Guest researchers’ faculty programme 2022”. The research was
also financially supported by the Ministry of Science, Technological Development and Innovation

of the Republic of Serbia (Grant No. 451-03-47/2023-01/200125) (S.S.).



Springer Nature 2021 BTEX template

2 Higher-order Mazwell-Stefan model of diffusion

1 Introduction

Macroscopic description of diffusion usually relies on two well-known models,
the Fick and Maxwell-Stefan ones. They are both based upon the mass
conservation of species, but differ in the way diffusion mechanism is described,
and thus the system closed. In the Fick model, the diffusion fluxes are
determined by constitutive relations of phenomenological nature — they are
linearly related to the gradients of species’ chemical potentials/densities [1].
In the Maxwell-Stefan model, diffusion is regarded as a source of momentum
exchange between the species, which is balanced by the gradients of partial
pressures [2, 3]. The system is thus closed through a kind of momentum
balance equations for the species. While the Fick model fits well into linear
thermodynamics of irreversible processes [4], the Maxwell-Stefan model fits in
the framework of classical cross-diffusion models [5, 6].

It is remarkable that both diffusion models mentioned above may be
derived starting from a more sophisticated model-—the Boltzmann equations
of the kinetic theory of mixtures. To derive the Fick model, one has to
apply the Chapman—Enskog method, i.e perform the asymptotic expansion
of the velocity distribution function and the conservation laws derived from
the Boltzmann equations, using the Knudsen number as small parameter [7—
9]. This amounts to a hydrodynamic limit of kinetic equations and inherits
a physical assumption that the process occurs in the neighborhood of local
equilibrium state.

On the other hand, to derive the Maxwell-Stefan model, one has to extend
the system of moment equations and include the momentum balances for the
species. The Maxwell-Stefan relations are then obtained as an asymptotic
limit of the momentum balance laws in so-called diffusive scaling [10, 11].
The diffusive scaling reflects the assumption that macroscopic velocities
in diffusion processes are small compared to molecular velocities, while
asymptotic limit amounts to neglecting inertia terms and convective fluxes in
species’ momentum balance laws.

In either approach, the diffusion is a dissipative process in the sense that it
is compatible with the entropy inequality. It contributes to the entropy balance
law through an entropy production [2, 4]. Nevertheless, other dissipative
mechanisms could also be included in the analysis, viscous dissipation being
the most prominent one. In the framework of irreversible thermodynamics,
it is incorporated in the same manner as Fick diffusion — by means of linear
constitutive relation for the viscous stress tensor. However, in the case of
Maxwell-Stefan model, such a generalization is less straightforward. It is
usually included by assumption, and modeled by means of classical constitutive
relations for Newtonian fluids [12, 13].

The aim of this study is to include the viscous dissipation into the
Maxwell-Stefan model by a systematic application of the moment method
and diffusive scaling at the same time. The starting point is be the system
of Boltzmann equations for non-reactive monatomic species. It is used to
build up a corresponding system of moment equations, which consists of mass,
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momentum and momentum flux balance laws for the species, and the energy
conservation law for the mixture. In fact, the momentum flux balance laws
are the key ingredient which brings viscous dissipation into the model. Since
our goal is to generalize the Maxwell-Stefan model of diffusion, all equations
are transformed into a scaled (dimensionless) form, which inherits the already
mentioned assumption on diffusion processes. The scaling formally ascribes a
proper order of magnitude to each term appearing in the moment equations.
Even more, it facilitates the systematic derivation of the higher-order model
of diffusion, which inherits viscous dissipation, without the use of ad hoc
assumptions.

The rest of the paper is organized as follows. Section 2 contains necessary
information about kinetic modelling of mixtures, while Section 3 introduces the
diffusive scaling into the modelling process. Section 4 is devoted to a derivation
of the approximate velocity distribution function in the scaled form, which is
needed for the closure of moment equations. Indeed, the usual ansatz used for
the classical Maxwell-Stefan model cannot be generalized in a straightforward
way. Therefore, the maximum entropy principle is used as a tool for derivation
of a proper approximation of the velocity distribution function in Theorem 2.
Section 5 contains the main results of the paper. The closed set of scaled higher-
order moment equations are given in Theorem 4 and Proposition 5, whereas
the asymptotic limit of the higher-order model is given in Theorem 6. We also
provide a compatibility condition which restricts the form of the equation of
state in Proposition 7. Finally, the higher-order diffusion model is provided in
Proposition 8. The paper ends with appropriate conclusions and outlook to
possible further studies.

2 Kinetic modelling of mixtures

In this section, the basics of mixture modelling in kinetic theory will be
presented. This will serve as a reference for further study of the scaled
equations and the maximum entropy principle.

2.1 Boltzmann equations for mixtures

Consider a mixture of gases consisted of S identifiable species. The state of each
species is determined by the velocity distribution function fi(t,x,v) = fi(v),
i1 =1,...,5. If the external forces are negligible, the behavior of a non-reactive
mixture is described by the system of Boltzmann equations:

S

Of +v-Vof =Y QU(f f)v), 1<i<$, (1)

j=1

where for any 1 < 4,5 < S, QY(f%, f/)(v) is the collision operator which
determines the rate of change of distribution functions due to particle collisions
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of species ¢ and j. It has the form:

QU(f ) / /S2 )—fi(v)fj('u*)] BY(v,v,,0)do dv,,
(2)

where B (v, v, o) are the collision cross sections. These cross sections are
assumed for simplicity to correspond to Maxwell molecules, meaning that

B (v,v,,0) = b"(cosh). (3)

The collision operators can be written under a weak form as follows. For
any ¢(v) such that the following integrals make sense, we have for any
1<i,j<8

[, @0 @) do
= [ [ [ picosorf @) 6w) - o)) dodv.dv. (1
RrR3 JR3 Js2

Choosing ¢(v) = 1, we obtain the obvious conservation property
[ @0 w0 5)

2.2 Moment equations and moments

The moment method is one of the standard methods of analysis of the
Boltzmann equations. It is based upon solving a finite number of transfer
equations for the moments of the velocity distribution function, the so-called
moment equations, instead of solving the Boltzmann equation itself. In other
words, the solution of the Boltzmann equations is approximated by solving the
corresponding set of moment equations.

The moment equations are derived from the Boltzmann equations and
actually correspond to their weak formulation. Starting from the Boltzmann
equations (1), after multiplication with a test function v!(v) and integration
over velocity space, one obtains the set of moment equations for any 1 <¢ < §

[ vy dv+vw-/Rg v (v) f d”:;/ww (©)QU(f, f7)(v) dv. (6)

The moments of the velocity distribution function f]RS Yi(v)fidv may
correspond to the densities of observable macroscopic quantities, but they
could also be tensorial quantities which may or may not have apparent physical
meaning.

Choice of the moments/densities which will be taken into account is
crucial for the modelling and the accuracy of approximation. In a standard
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way, physically motivated moments for species i are the partial mass p’,
momentum p'ul, 1 < k < 3 and energy p'E" densities

pi(t,x) = m;f* dv,
R3
Pt x)ul (t, ) := mavp f* dv,
R3
p'(t,x)E'(t, ) := / —mg|v|? ' dv. (7)
Rs 2

For higher-order models, higher-order moments have to be taken as densities.
To this end, for any species ¢, partial momentum fluxes P/, and their

corresponding fluxes P}, . 1 < k,¢,n < 3 will be introduced as follows

Pi,(t,x) ::/ mivpve ft do,
R3

Pion(t, ) 3:/ mivEvev, 1 dv. (8)
R3

By defining the peculiar velocities CZ =V — u}; we may observe the following
relations:

N o
plEl —_ §p1|u7.|2 +pz€1’
Py = plujuf + P
Plyn = prujuguy, + upph, + upply + Unphe + Digns (9)

where the partial pressures p, partial pressure tensors pi, and partial non-
convective fluxes of the momentum fluxes are defined as follows:

3pi(t,:1:) ::/ mi|ci\2fid'v,
RS

Phe(t @) == \ mscicyf* dv,
R

Phnlto) = [ micicici ' dv. (10)

Note that the partial pressures p’ are related to the trace of partial pressure
tensors pj,, by
13
p'= 3 sz,’k' (11)
k=1
In the case of monatomic gases, we have the following relation between the
partial internal energy densities and the partial pressures

3pt = 2p'et.
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For further computations, it will be useful to split the partial pressure
tensors into a sum of spherical part, proportional to identity tensor, and
deviatoric part pék@:

Phe = D"Oke + Diey (12)
where 0y is the Kronecker delta. This has the obvious consequence that
22:1 pikk) =0.

2.3 Kinetic approach to the Maxwell-Stefan model

Let us give a brief summary of the existing results about the Maxwell—
Stefan diffusion model, obtained from the moment equations (6). To derive
the classical Maxwell-Stefan diffusion model, one has to use moment equations
for the mass densities p’ and for the momentum densities p'ul [10]. For
derivation of the mnon-isothermal Mazwell-Stefan model, with or without
chemical reactions, apart from moment equations for mass and momentum
densities, one has to include the moment equations for energy densities p'E’
[5, 14, 15]. More precisely, in the standard approximation (the so-called
asymptotic limit, to be presented in the sequel), it is sufficient to use the energy
conservation equation for the whole mixture.

All the approximations mentioned above assume that the velocity
distribution functions are in the form of a Maxwellian, i.e. in some kind of local
equilibrium in which dissipative effects (viscous and thermal) are neglected.
However, if one takes them into account, higher-order moments and their
corresponding transfer equations have to be exploited. Our study of higher-
order Mazwell-Stefan models will be limited to the extension which takes
into account only viscous dissipation through moment equations for partial
momentum fluxes P},.

3 Diffusive scaling

In the analysis of particular processes, not all the terms in the governing
equations have equal importance, i.e. some of them may be neglected. Such
simplifications require insight into the features of the process which is analyzed
and appropriate order-of-magnitude estimates. A usual way to reach that goal
is to put the governing equations into dimensionless/scaled form. This leads to
a reduction of the number of parameters in the model, and yields an estimate
of the order of magnitude of particular terms.

Diffusion processes in gaseous mixtures possess two important features:
(i) they occur in the hydrodynamic setting, in which the characteristic
macroscopic length scale is much larger than the mean free path of the
particles, and (ii) the characteristic macroscopic velocity is much smaller than
the reference molecular velocity, which is of the order of the speed of sound.
A scaling of the governing equations which reflects these features is called
diffusive scaling.
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3.1 Boltzmann equations in diffusive scaling

The dimensionless form of the Boltzmann equations (1) is obtained by means
of scaling variables similarly as in [16]. To this end, the macroscopic time
and length scales are introduced, denoted 7 and L respectively, as well as
the reference kinetic temperature Ty. They imply two independent velocity
scales: ug = 57 which is the speed of macroscopic transport of the gas over

1/2
distance L in time 7, and ¢y = (g%TO) , which is the speed of sound in a

monatomic gas, with mg being the average atomic mass of the mixture and kp
the Boltzmann constant. Using 7, L and ¢ as reference time, space and velocity
scales, respectively, one may introduce the following dimensionless quantities:

R . x . w - L3CO
t:;’ w:Za ’U:%a f('U) f()
DIJ (AN 5 A 1 i
BY(0,0,,6) = p v, v, 0),
Nig o FiOFIN(AY LSC% 1 L oijiei i
@7 @) = (550) e 5@ )

where N is the number of gas molecules in a volume L3 and r is the average
radius of the molecules. In such a way, equations (1) acquire the following
dimensionless form:

s
i - £ 1 A i
Mad; f' + 4 Vs f =K—ZQ (7 (@), (13)
where
f h L3 1 L?
Ma:@7 Kn — mean.reepat _ L 7
Co macroscopic length scale N x4nr2 L 4nr2N

are the Mach and the Knudsen numbers, respectively.

In this paper, we focus on the diffusive scaling, which is a particular form
of dimensionless Boltzmann equations (13) in which the Mach and Knudsen
numbers are assumed to be of the same small order of magnitude

Ma=Kn=a< 1. (14)

With this assumption, we obtain the Boltzmann equations in diffusive scaling:

S

0O f + v Vaf = =3 QU(F, (), (15)

j 1

where we now dropped the hats for readability. The factor 1/« on the right-
hand side is typical for a hydrodynamic limit of the Boltzmann equations,
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while multiplication of the time derivative with o implies that the processes
are slow.

3.2 Moment equations in diffusive scaling

Starting from the Boltzmann equations in the diffusive scaling (15), after
multiplication with a test function 1¢(v) and integration over the velocity
space, one obtains the (dimensionless) moment equations in diffusive scaling:

i g i i 1o i i g
aat/st(’U)f d'u—i—V:c./Rgmp (v)f dvza;/Rgz/;(v)Qﬂ(fjj)(v)dv.

(16)
The choice of the moments, i.e. of the test functions, determines the state
space on which the Boltzmann equations are projected and their solution
is approximated. To close the system of moment equations (16) one has
to approximate the velocity distribution function. Grad [17] originally used
Hermite polynomial expansions as an approximation, but it was shown by
Kogan [18] that equivalent results may be obtained by means of a variational
approach, the so-called maximum entropy principle.

4 The maximum entropy principle

The maximum entropy principle (MEP) is a constrained variational
formulation which determines the approximate velocity distribution [19-21].
The functional to be maximized is the kinetic entropy H (¢, ), defined as:

S
H(t,x):=Y H'(t,m), H'(t,x):=—ks | f'logt'f)dv, (17)
i=1 R?

where b’ is a dimensional constant used to make dimensionless the argument
of the log function. The constraints are taken to be the moments/macroscopic
variables which determine the state space. To derive the Maxwell-Stefan model
of diffusion it is sufficient to choose the partial mass, momentum and energy
densities as constraints. This implies the approximate velocity distribution
functions to be the local Maxwellians. In this study we extend the usual state
space to include the pressure tensor in it. Such an extension will provide us
with a more detailed insight into dissipation, other than diffusion, which may
occur in the system.

In the sequel we shall follow the procedure given in [16] and exploit the
diffusive scaling to derive properly scaled velocity distribution functions f . To
that end we introduce the following dimensionless (scaled) variables:

N I3 ) ~. N . m; . 3 . .
iil = liz g = g 7 i v Ot = —-— ? it == —
kgN b L3c(3)b p mo’ p moNp p up’
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A CZ i Ez — T
e n 0(2)’ Ty
N I3 . ) I3 ) N L3 )
P, = —=P i — P, = ———=P 18
[ moN C(Q) ey Pre = mo Ncgpkb kén moN C;S kéns (18)

and we again drop the hats in further computations for convenience. With
these, equations (7) and (8) are the same, except for the substitution uj, —
au},, whereas the scaled kinetic entropy (17) reads:

S
:ZHi(t,m), H'(t,x) / filog(v' £ (19)
i=1

The MEP can now be formulated as a variational problem with constraints in
diffusive scaling.

For the completeness of the study we shall firstly recover the local
equilibrium velocity distribution functions, and then derive their higher-order
approximations which comprise the partial pressure tensors.

4.1 The local equilibrium approximation

The MEP for the local equilibrium approximation consists in finding the
velocity distribution functions fi(¢,«,v) maximizing the kinetic entropy (17)
subject to the following constraints:

pi = / mifi d’l),

RS
ap'ul, z/ mive f*dv,

RS

2 i, |2 ii_ 2 i

a“p'lut|f +2p'e —/ m;|v|” f* dv. (20)
R3
In (20) we dropped (¢, ) dependence of macroscopic variables.

Theorem 1 The wvelocity distribution functions which maximize the entropy (17)
with constraints (20) have the following form:

i 3/2 i
fit, @, v) = TZ ( 3> eXP<_?”"O_‘“|2>. (21)

4mret 4et

Proof Although the proof follows the same steps as in [16], we shall briefly repeat
them. Let us define the following extended functional

/Rs c (v, f",vvf") dv =
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S 3
/ > <fz log(b' ) + Apmif* + > Aymvpf' + /\émi|’v|2fz> dv,
RS k=1
where )\fo(t,m),)\ik (t, ), \i(t,z) € R are the unknown multipliers. Taking into
account that £ is independent of Vy f ¢ the necessary condition for extremum reduces
to OL/0f* = 0,41 =1,...,5, yielding S uncoupled equations whose solutions read
forany 1 <¢< S

3
. 1 ; i )
= 5 P {— <1 +midy +mi Y A, vk +mi/\é|v|2>:| ~

k=1
By inserting these results into the constraints (20) and with rather straightforward
computations the following relations are obtained:

; 3 by, ;
D
T mget’ i R
m; ; m; < i \2 r \/? ;
Tew (<1-n)en (he Y ()] (G) o
by P p) P 4Agk§ e miAL g

Returning these expressions into the form of fi, one obtains (21), which completes
the proof. |

4.2 The higher-order approximation

Higher-order approximations of the velocity distribution functions aim at
extending the state space and capturing non-equilibrium effects. To that end,
the kinetic entropy (17) remains the same, whereas the constraints have the
following form:

Pl = m;f'dv, (22)
R3

ap'ul :/ mg f' dv, (23)
R3

azpiu};u% +phy = / mivpve f* dv. (24)
R3

In the sequel it will be more convenient to use the peculiar velocities ¢} =
v, — au), and formulate the MEP for the constraints:

pi = / mlfl dC,
R3

i pi
0= m;c;, f* de,
R3

pfd = /3 micicéfi de. (25)
R

Note that dv = de holds.
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The extended functional for the constraints (22)-(24) is

S 3
/R > (fi log(b' £*) + Ajmaf' + > X, mivrf!
=1 k=1
3 . .
+ Z Ap,,mivgve f* | dv. (26)
k=1

The same extended functional written for “2 =0,7=1,...,5, corresponds to
MEP for the constraints (25):

s 3
H= / > (fi log(b' f*) + Nymif* 4+ A, mici.f*
R o1 k=1
3
+ Z S\;kzmic};c}f" de, (27)
k(=1
but with different multipliers. However, since (26) and (27) must have the same

value due to Galilean invariance, comparison leads to the following relations
between the multipliers:

3 3
i i i i 2 i
A=A, —« g Au Up + E Ao Wk
k=1 k=1
3
i _ Yt i 7
A = Ay, — 2a E Apro s
/=1
7 _ i _ N1
Pre — /\pw - Apfk' (28)

Therefore, the whole analysis of the higher-order approximation can be based
upon the MEP for the constraints (25), and expressed afterwards in terms of
(22)-(24) if needed.

Theorem 2 The velocity distribution functions which mazimizes the entropy (17)
with constraints (25) have the following form:

3/2
i A 1 P AT i1
ot (£) om0

. . 3
where p' = {p}cz}k — is the partial pressure tensor, and superscript T stands for

the transpose of the vector.
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Proof The strategy of the proof is the same as in Theorem 1. Here, it will be based
upon the extended functional (27) which we shall briefly denote as:

H= [ £ (c, fi,vcf”) de.

Since £ is independent of Ve f%, the necessary condition for extremum reduces to
oL/of* =0,i=1,...,S5, implying S uncoupled equations whose solutions are

3 3
S . o o
= 5 &P |~ 1+miA, +m; Z A Ck + M Z ApreCict | | - (30)
k=1 k=1

To determine the multipliers, we have to compute the moments (25), but their direct
computation using (30) is cumbersome. Therefore, the proof will be completed in
two steps.
First, let us prove that 5\2% =0,i=1,...,5, k =1,2,3. To this end, we shall
first rewrite (30) as
f'= %exp [— (1 + mij\;) + miX;Tcl + miclTS\;c’)} , (31)

<i <13 Al o
where )\; = {)\Lk }k:1 is the vector of momentum multipliers and )\;, = {)\;M }k —

is the matrix of pressure tensor multipliers. Since Ap, is a real symmetric matrix, it can

be diagonalized by means of an orthogonal matrix R satisfying RTR=RR” =1
Let us introduce the orthogonal transformation in the space of peculiar velocities

Cc'=Ri¢ = =R"TC (32)
This implies

; . . i . . . i . 3 o .
T ape’ = CTRIALRTC' = CTALCT = T AL(CL), (33)
k=1
where we introduced the transformed diagonal matrix of multipliers
i e . . 3
A, = R'ALRT = diag {A;}IH .
Further, by means of same transformation, we obtain

. . i . . - . 3 - .
Suc =M RTC =L ' = 3" [, (34)
k=1

where we introduced the transformed vector of multipliers

. i .33
Li, =RAL = {Lfc}k_l . (35)
Taking into account (33) and (34), the velocity distributions (31) may be finally

transformed into

3 3
L exp {— (1 +midp+mi Y LipCl+mi Y A2(02)2>

bt
k=1 k=1

fi

= %exp [f (1 + miS\Z)] ﬁ exp [fmi (fﬁgC;i + A%(C}C)Q)] . (36)
k=1
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For the computation of constraints (25) we have to take into account that de’ =
dC?, since Jacobian of the transformation (32) is |J| = |[R*’| = 1. In what follows,
we shall compute the constraints (25)2. Applying (32)2 in component form, ¢, =
Z?Zl R;'-an’:, and taking advantage of (36) which facilitates a simple application of
Fubini’s theorem, after straightforward computation we obtain

m; Ji T 3/2 > i I:J;
0=Grew[-(1+mi)] () &
= J

3 [i)2

1 m;(Ly,)

which amounts to a homogeneous system of linear algebraic equations. Since \RiT| =
|R*| = 1, the matrix of coefficients is non-singular and there exists only a trivial
solution .
L ;
J )
= =0 = L;=0. (37)
2A§.
Using (35) and (37), by applying the same regularity arguments we arrive to
.. i i
L,=R'A,=0 = X,=0,
which is equivalent to S\Zk = 0. This result implies a simplified form of the velocity
distribution functions (30)

3
. 1 < i Qi
= B OXP |~ L4+ miX\p, +m; E Aprecict | | - (38)
k=1

The second step consists in computation of the constraints (25); and (25)3 using
(38), which leads to

bl = b exp (=1 - mi) (m)/ i (%) (ax) o

where adj (A) denotes the classical adjoint of a matrix A. Using (39) and taking into

account that ) 1 o\ —1
adi (3p),, (4t %) = (),

we can reduce (40) to

i_1p (% -1 i_ 1 (i)
:7——A) :7—(A) : 41
Pee =50 M), & P =g (M (41)
or, equivalently ‘
i 1p1 N\ —1
Ap=52(p) 42
P 2m’i p ( )

Using (39) and (42) in (38), after some direct computations one easily obtains (29),
which completes the proof. O
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Remark 1 The result of Theorem 2 presents a generalization of the 10 moments
approximation of the velocity distribution function given in [22] to the case of
mixtures. We here provide the computations in the scaled form with a more detailed
proof.

Theorem 2 implies a simpler structure of the flux of momentum fluxes P, .
Indeed, if the velocity distribution function f* has the form (29), since pi,,, is
given by (10)3, a simple parity argument implies that pi, = 0. We thus have
the following corollary.

Corollary 3 For the velocity distribution function determined by the higher-order
approximation (29), the scaled total flux of the momentum fluxes reads:

Pign = o®ptubuiut, + a (i, + ubphy + wiphe) (43)

5 Higher-order Maxwell-Stefan model

In what follows, we shall derive the higher-order Maxwell-Stefan model
of diffusion. It will be based upon higher-order moment equations in
dimensionless form, keeping up the scaling provided by the general form (16).
They will provide a clear order of magnitude estimate for all the ingredients in
moment equations, and thus make further approximations formally consistent.
Our aim is to include viscous dissipation by means of moment equations for
the momentum fluxes, and analyze different levels of approximation which may
be used to describe diffusion processes.

5.1 The moment equations

The set of moment equations which we need for generalization of the Maxwell-
Stefan model consists of the mass, momentum, momentum flux and energy
balance laws for the species (Theorem 4). In the so-called asymptotic limit,
relevant to the derivation of Maxwell-Stefan equations in usual form, we shall
need only the energy conservation law for the mixture (Proposition 5), rather
than balance laws for each species.

Theorem 4 The Boltzmann equations (15) formally lead to the following set of
moment equations, consisting for each species in

® the mass conservation equations

3
oz(atpi +3 o, (piu;)) =0, 1<i<S$. (44)
k=1
® the momentum balance laws
3
o’ {aapiuzi) + Y Oni (plukup)
k=1

3
+ Z Oy, p}d
k=1
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ij S .

:Z%Hb HLlplpJ(u%_uz)’ 1<0<3,1<i<8. (45)

= m; +m;
® the momentum fluz balance laws
de(o’p'ujuy + aphy)
3
+ 3" 0, (0 prujupuy, + auhply, + uppis + unpie))
n=1

s
2|6 || 1 { i oiii, 1
— (2m,; N ) il
E < (my +m,)? (2mi +my)p (ap upue + —pre)

+miap'p? (] + ujul) + myp*(ap’ulul + —pl,) |
m‘Akg 3 3
+m( e e o ))
i J
1<k £<3, 1<i<S. (46)

Moreover, the balance laws (46) imply the following energy balance law for each
species

e(a’p'u'[* + 3ap’)

3 3
+ 3 0, (@0 Pl + a2 S wlph, + 3ubp)
= k=1
S ..
27|64 | 1 {1 ( j i i
= il 1 1P V2 S R 6m. ])
+ap'p’ [72mi\ui|2 +2(m; — mj)ui ! 4 2mj|uj|2] },

1<i<S. (47)

Proof We prove each of the balance laws separately, by taking moments of the
Boltzmann equations.

e In a very standard way, mass balances are obtained for each species from (16)
with 9’ (v) = my, using the moments of the distribution functions (22)-(23) and the
conservation properties of the collision kernel (5) to obtain (44).

e For the momentum balances, the computations are again standard [23]. We choose
Y'(v) = mjvg in (16) for any 1 < £ < 3, and use (23)-(24) which leads to

ozat(ap ug —I—Z@zk a pukue +Pke / mUzQ”(f fJ)( ) dv

k=1

Let us compute the term in the right hand side of this last equation. Using the weak
form (4) with ¢(v) = m;vy, we obtain

sz = ‘/]Rs mﬂ/ZQij (fla fj)(v) dv
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mim;

/ FU0) I (0s) (vsg — vg) dws d'v/ b (cos 0) do
R3 JR3 s2

mim;

m; +my;

+ / L) (v4) v — va| dos dv/ b (cos 0) o do,
R3 JR3 s2

mg +my;
since .
/ j

Vyp —Vyp = —— U — vV —v .
¢ — Vg mﬁ_mj( xg —vg) + | «log

The two integrals in o are computed using spherical coordinates [23], and it leads to

M = ———|p¥ // if f! —vg) dvxd
¢ mﬁmjll 22 - Rame (v)m; f? (vs) (Vs — vg) dvs dv
— bl] (i ] i 1
aimﬂrmj 6% |1 (p"p Ug P’ plug).

The momentum balance laws thus become (45).

e To compute the momentum flux balances we choose ¥(v) = m;vive. From (16)
for any 1 < k, ¢ < 3, using (24)-(43), one obtains:

3
adk(a®p'ujup + phe) + D Or, (0 plujupuy, + aluiply, + uppyy + unp'kl))

n=1

X [ mioeoQ (" )(w) do

Again, let us focus on the computation fo the source term, using again the weak
form (4) with ¢(v) = m;vgvp

k€ —/ mzvkva”(f fj)( ) dv
/ / m; bZJ cosH)f (v)f? ( ) (V) — vEve) do dvs dv
R3 JR3 JS2

2 ) ) N
= / / / / mifl(v)fj (’U*)(’U;{Ué — vkve)sz (cosO)sinfdfdpdv«dv (48)
R3 JR3 JO 0

where the last equality is the change to spherical coordinates. Using the collision
rules, the term v;cvé becomes

1
! !
vLUp = W(mivk +mvsg +mjlv—vi|og) (Myve +mjveg +mj|lv —vsloy)
= ;{m?vkw + mym ;i (Vg v + vevsg) + M2k Vs g
(mi —I—mj)Q J J

+ mj|'v — 'U*|(mi1)k(74 + mjvsgop + miveoy + mjv*gak)
—+ m?|v — v*\Qakag} (49)

Let us first show that by parity arguments, the terms of the last but one line in the
previous expression are all zero when integrated as in (48). Indeed, since all terms
involving the velocities do not depend on 6 nor ¢, we have to handle terms of the

form
2r pmo
/ / b*’ (cos 0) sin o, A0 dep.
0 0
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These terms can be computed for £ = 1,2,3, with 01 = sinfcosp, o2 = sinfsingp
and o3 = cosf. The terms for £ = 1,2 are obviously zero, because of the periodicity
of trigonometric functions in the integration in ¢. For £ = 3, we use the change of
variables 11 = cos 0 to obtain

2w 1 ..
/ / b (cos @) sin 6 cos 0 df dp = 27?/ nb* (n)dn = 0,
0 0 1

since the function b is even.
Now, let us handle the integration of the last term in (49). The only terms
depending on o are of the form

2 ™ .
App = / / b (cos 0) sin oo df dep.
0 0

With the same argument as before, the integration in ¢ leads to zero for the terms
with k& # £. It remains to handle the terms Ay;. We have, using trigonometry relations
and the same change of variables as before

T 27
Aqq = / b (cos 0) sin® 0 d9/ cos? pdp
0 0

T . 27
= / b (cos §) sin® 6 dG/ H#S(QQD) de
0 0

1 .. ..
= [ W=y = (107 - BY).

where we defined BY := f_ll nzbij (n) dn. With the same reasoning, we can prove

that Ao =7 (||bij\|L1 — Bij). For Ass, we have, using again the same change of
variables

L 27 1 L. ..
Azs = / b (cos §) sin 6 cos® 9d9/ do = 271/ n*bY () dn = 27 BY .
0 0 -1
Therefore, we may summarize:
7 (169l = BY), k=t=1,2
Ape = § 2nBY, k=1(=3; (50)
0, k#£4.

It remains to handle the terms involving only the velocities in (49). They all have
a common multiplicative factor

™ .. 27 i
/ b (cos 0) sin@d@/ dp = 2r[|b" || 1.
0 0
Thus, (48) becomes

A L 178
ke (m; —|—m]‘)2

/ mif'(v)f (v)
R3 JR3

2 2 2
X (mi VRV + My (VR Vs g + VeUsg) + MU pUxg — (Mg + M) vkv(g) dvy dov

2
m; i j 2 2
mif(0) 7 (W) ([0 + [0]? = 20 02) Ay dvs do
R3 JR3

+ [
(mi +mj)?
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Now, in each term, the variables v and v« can be separated. Combined with the
moments (22)-(24) of the distribution functions, it leads to

0l — 27|67 | 1 — @my +my)p? (02 piubut + ply)
RET (my +my)2 g G)P7 QP Uy T Ple
o i i o i
+ mga”p' p? (upu) + upul,) +myp' (o p’ u ) +pil)}
m; Jo2 q 02 > i i 2 41712 > j
+7(m,+m,)zf4ke(ﬁ @ W' 2+ pin) + 0" (0 W [P+ phin)
¢ J n=1 n=1

— 2a2pipjui : 'u,j)
This can also be rewritten as

- 27THbin 1 o )
1) L i AN AT 7 1 1 7
Qpp = W{ — (2m; +m;)p’ (" p upug + pre)
+ mia2pipj (uiu% + uéui) + mjpi(o;pjuiuz + piz)}
+ s A (OézpzpjluZ — [P +307p" + 3p’p’)
(m; +m;)
Finally, this leads to the balance law (46).

e Finally, to derive the energy balance laws we shall take into account the assumption
that all the species are monatomic gases, and that relations (10); hold. Thus, energy
equations will be derived starting from the balance laws (46), taking into account
22:1 pfgk = 3p’, choosing £ = k and summing (46) over k to obtain:

Oe(ap'|u'|* + 3a”p)
3 . . . 3 . . . .
+ > Oa, (@ p' [ Pup + 0®(2 ) uppin + Bupp'))
n=1 k=1
S 3 S i
g 2|6 11 , o ‘
_ 1] _ L . NT (A2 T, 52 7
=3 3= 3 et ) @+ 3
j=1k=1 j=1
T 2maptul -l +myp (a2l 2 + 3p9)
+mj (anipjlui — ! +3p7p" + Spipj) } (51)
3 .
where we used that >7_; Agp = 27|67 || 1.

Let us now compute the term inside the brace in the right-hand side of the
previous relation.

— @m; +m;)p (00" [u'[* + 3p") + 2mia” o' put - ud + mypt (00 | | + 3p7)
+m; (a2pipj|ui — uj\Q +307p" + Spipj)
=a’p'p’ [_Qmi\ui|2 +2(m; —my)u’ - u! + 2mj\uj|2]
— 6mip’p’ + 6mjpipj.
This implies the balance law (47). O
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The energy conservation law for the mixture is a consequence of the energy
balances (47) and the properties of the collision operator. However, to write it
in a form more similar to the usual macroscopic equations, one needs to define
appropriate mixture variables [24, 25]. To that end, we define the mass density
p, momentum density pug, internal energy density pe, pressure tensor py, and
internal energy flux ¢,, 1 < k,n < 3 of the mixture in dimensionless form:

S

S
p = Zpi, pUE = Zp%,
i=1

i=1

s 5.1
pe = Zpiei + azz §pi|ui —ul?
Pkn ‘= Zpkn + ZP - uk - Un)

S S 3
i 1 AP i
wim 3 (et uf) =)+ 303 phale ). (52)
1=1 k=1

=1

We can the state the energy conservation law for the mixture.

Proposition 5 The energy balance law (47) also implies a conservation law for the
whole mizture

3 51 e 3 5 SRy
O (}_:1 S > +ady <2;p’> +a E_:am <Z ST u3z>
3 S 3
+a) o, <22u2pkn+ pr) (53)
n=1 k=1

i=1
It can be rewritten under the following form
Ot (a?’p|u|2 + 2ozp€)

3 3
+ Z Oz, { [a?’p\uﬁ + 2ap5] Up + 2« Zp;muk + 20¢qn} =0. (b4)
= k=1

Proof From the computation of the source term chje, we can deduce the following
relations using symmetry with respect to ¢ and j

3
> 9k =0, ZQ +ZQJ;_0
k=1

Therefore, summation of (47) over 7 annihilates the right-hand side and one ends up
with the energy conservation law for the mixture (53). To recast the conservation
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law (54), we use appropriate macroscopic mixture variables (52). Having in mind the
relation 3p* = 2p'e’, the energy density of the mixture may be written as:

S S
0432:/)Z|uz|2 +3aZpl = o’ plul? + 2ape. (55)
i=1 i=1

On the other hand, the energy flux of the mixture may be transformed to

S
o 3 il + o (zz S vk + 32w )
=1

i=1k=1

3
= [a3p|u|2 + 2ap5] Un + 2 Z DknUk + 20qn.
k=1

In such a way energy conservation law (53) becomes (54).

5.2 Asymptotic limit

We formally consider the asymptotic limit & — 0 of the scaled moment
equations. In the case of local equilibrium approximation, one obtains the
classical Maxwell-Stefan equations or their non-isothermal counterpart. Our
aim is to formally analyze the asymptotic limit for the higher-order system of
moment equations. First, an isothermal model will be analyzed to underline
the difference between the standard Maxwell-Stefan model and the higher-
order one. After that, an appropriate non-isothermal extension without heat
conduction will be discussed.

Theorem 6 Formally, when the scalmg parameter a tends to zero, the macroscopic
quantities for each species p*, uj, and pip = p'Ope + D} (ke) defined by (22)-(24) satisfy
the following system
0up’ + Y O (plufy) =0,
; s 2r|b¥ NI
8m (ph) =y e i) ), 1< <3
Pleey = [ “lgt, 1< i<,

(56)

where [M_l,Ba]i 18 the i-th component of the product of the S x S matrix M defined
by

2r|[b™ || .2 i e

(mi _"_m‘)Qm‘]p ’ Zf] # 1y
Mij = 7 S ij

2m6™[gr i 27|[b™ || 1 TS

472 m;p *;W(Qmﬂrmj)fo , i =1,

and the vector ﬁu defined by

S

00 4
N~ T
Z ;; (mi +m;)?
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[HbinLl ((mj —4m;)p’p’ + 5mjpipj) — 3m;BY (pjpi - pipj)] ife=1,2
21 (= @mi +my)plp +myp'p! ) +3m;BY (p9p + '), ife=3.

In this system, the partial pressures pi for each species have to be given as functions
of p* by an equation of state.

Proof The first relation of (56) is obvious, and comes straightforwardly from (44). Let
us start with the proof of the last two relations of (56). At order a”, the momentum
flux balance law (46) gives

& 2|6 ]| 1 i i
Z (m; + mj)Q{ — (2m; +mj)p’ pre + mjp pkg}
j=1
3mJAkk5k[
(m; +m; (p7 +o'p ) =0

Using the decomposition of the pressure into its diagonal and traceless part, we obtain

S I i i
Zl (m; + mj)g{ —(2m; + m;)p Pikey +mjp pwz)}
j:
27T||b ||L1 ) ) g ) i g 3m]Akk i g _
+0k { my +my)? ( (2mz+m])pp+mgpp’)+(mz+mj) (perpp)}fO

(57)

For fixed k, £, observe that these relations, for any 1 < i < S, constitute a linear
system for the unknowns p’< k) Indeed, if we introduce the vector of pressures for all

species Pppy = (p%M),p%kzw e ,p‘<gM>)T, equations (57) can be rewritten as

MP ey = e

Let us prove that the matrix M is invertible, by proving that its transpose is
diagonally dominant, i.e. that for any 1 <14 < S, [M;;| > >, ., |Mj]. To this end, let
us split the sum over j into the sum for j # ¢ and the term for j = ¢ in M;; to rewrite

L PR 2|67 ]| o j
M»»:_(i ZTBILY (o + m; J)_
" m; ' +Z(m¢+mj)2( ik )
JF#i
Since all coefficients in the matrix M are non-negative, we can compute
76" ;1 27|64 || 1 i
(0] = 3 Ml = Tt i 52 2L 0,
i i iz (mi +mj)

which is positive as soon as one pi is positive. This proves the invertibility of the
matrix M. We thus obtain that for any 1 < ¢ < Sand 1 <k # £ < 3, pzk@ =0.
Further, the values p211> = p§22> and p§33> are non-identically zero for all species
1 <i< S, and can be obtained through the inverse of M and ,3“ as

Py =M '8, 1<0<3. (58)
Thus, the pressure tensor is diagonal, and

Phe = (0" + Pliy)0ke,  1<i< S, 1<k (<3 (59)
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We can now obtain the second relation in (56). The formal limit of the momentum
balance law (45) at order o’ gives

: 27|61 i j
Do Ompke = L' (4
k=1 o ity

Using (58) and (59) in the previous equation, we obtain

S ..

. . 27 |16Y . . .

Oz, (pl +p2u>) => Mplpj (u) — up), 1<0<3. (60)
j=1 M g

Moreover, observe that if we sum over 4, the right-hand side cancels, and it leads to

S

Oz, (prpzu)) =0, 1<¢<3.
i=1

O

Theorem 6 inherits a compatibility condition which restricts the structure
of partial pressures p’, which is summarized in the following Proposition.

Proposition 7 In order for the system (56) to have a solution, the equation of state
gwing the pressures p* has to satisfy the following compatibility condition

i

p .
mi; =6(t, z), 1<i<8S. (61)
This condition is in particular satisfied by the scaled ideal gas law:
i 5 ; T(t,x)
‘(t =—p'(t — 62
Pt = 5ot =, (62)

where T is the common temperature of the species.

Proof In equations (57), choosing k¥ = ¢ and summing over k cancels the terms
involving pzkkw and for any 1 <1 < S, it leads to

S

6|6 | .1 » » pt 4 pip
> mH—i-’n|”‘LL { = @mi+my)pp’ +mip'y +my('p' + ') |
j=1"" 7)

5
pid . o
E Ll (*mm’pwmjplpj):(),
ml—l—mJ

since Zi:l Apg = 27||b¥|| ;1. This means that
S ..
16" 1| 1 ( i g j z) .
—=(m, —my; =0, i=1,...,5. 63
;(mﬁmm PP ir’p (63)
These S equations are linearly dependent, since the sum of all these relations is zero.
Moreover, we can prove that they imply the cornpatlblhty condition (61). Indeed, let

P
pt

S ..
”bJHLl j ﬁ _ i p° 1“1 5

Jj=1

i=my; ms . Then, we can replace p’ in (63) for 1 <i < S — 1, which gives
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and for i =S
S ij S s S i
s 160 5 [ 4 P s P HbJHLl K
p P | ¢ tmsTg | —p"ms=5 =0
; (mg +mj)? p° p° ; (m; +m;)?
This last equation implies that
1871l

L i <o,
(mi +mj)2”

which in turns implies in the previous relations, for 1 <7< S —1
b, ) pS o b, S p b, .
p Z ” ”L prms 5= o Bl i pims s > AT,
which means that for any 1 <¢ <S5 —1
1671 1 o
=0.
¢ Z (g 2
This implies that (ji =0 for any 1 < i < S — 1, which completes the proof. O

The main outcome of Theorem 6 (and Proposition 7), describing the
higher-order Maxwell-Stefan model in the asymptotic limit, is that momentum
exchange between the species is not balanced solely by the gradients of partial
pressures. One must take into account the diagonal terms of the traceless part
of the pressure tensor, determined by the set of algebraic relations.

In Theorem 6, the system (56) is a closed one when the partial pressures
p' are solely determined by the densities, meaning that the quantity 6 in (61)
is a known constant. This corresponds to the isothermal case. In the non-
isothermal case, the temperature varies and is an additional unknown of the
system. In order to close the system, we need an additional equation, which is
given by the asymptotic limit of the energy conservation for the mixture (53)

( 2p>+zaﬂn (Zzukpkn+ Zunp>

=1 k=1

5.3 Higher-order diffusion model

In the final step of higher-order description of diffusion, a more general model
than the one obtained in the asymptotic limit is proposed. To motivate the
forthcoming analysis, let us mention that in the mixture models relevant for
diffusion, governing equations consist of the balance laws of masses and the
balance laws of momenta for the species. They can be derived either in a
systematic way [26-28], or in an ad hoc manner [12]. In the latter case, even
viscous dissipation is introduced by assumption.

Our analysis will be based upon scaled moment equations given in Theorem
4 and Proposition 5, i.e. mass balances (44), momentum balances (45),
momentum flux balances (46) and energy conservation (53). They provide
a clear insight into the order of magnitude of all terms needed for the
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construction of generalized diffusion models. In particular, to build up the
model which inherits the inertia terms in the momentum balance equations
(45) one has to keep all the O(a?) terms. This corresponds to the models of
diffusion proposed in [12, 27]. If we want to expand this to higher order models,
we have to determine the order of magnitude of terms which will be kept in
the governing equations. The model we propose here will be limited to the
O(a?) terms in all equations.

Proposition 8 The higher-order diffusion model which inherits up to O(a2) terms
consists of the following set of equations:

3
adp’ +a Yy Ou(p'uj) =0, (64)
k=1
8 a 27er HLl 7 ] 1
PW)-FZ 2 (P ujug) +Z ok Pt Zim gy (u) —up), (65)
k=1 k=1 j=1 "t
. 3 . . . . . .
aOpip + Y O, (UDly + UpPhy + UnPhee)
n=1
5 2|6 || . oy i i i § o, i j
=« — (2m; + my)upuy + m;(upw, + upw +m-uu}
Jz::lml+mj {(’ J)uiue i(ugug +upuy) JUR Uy
s
miAre i 50 2
+a —_—5 u —Uu
Z:(mz‘erj)zppl |
j=1
1S 2nfb 1 I i
+E; (my +m,)? {*(Qmi+mj)/) Pké+mjppk¢}

3 s 3 s 3 3 s
1 n=1 i i=1

Proof The mass balances (64) and the momentum balances (65) are the exact
moment equations (44) and (45), respectively. The momentum flux balances (66)
and the energy conservation (67) are obtained from the moment equations (46) and
(53), respectively, by neglecting the terms O(a®). d

It must be emphasized that the model (64)-(67) is independent of the
higher-order Maxwell-Stefan model obtained in the asymptotic limit. In
particular, O(a~1) terms in equation (66) (or in equation (46)) vanish in the
asymptotic limit, and determine the higher-order corrections to the Maxwell—
Stefan model as a solution of the system of algebraic equations (see Theorem
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6). However, one cannot discard the same terms in equation (66), since these
are now the genuine balance laws, i.e. the rate type equations, which determine
the behavior of pressure tensors pj,.

Remark 2 The generalized Maxwell-Stefan model (64)-(67) is non-isothermal by
assumption. In the non-isothermal models of previous works [16, 29], all the species
bear the same temperature 7. Nevertheless, it is a natural question whether the
multi-temperature assumption is more appropriate in a generalized setting. Because
of the terms of order O(«a) in (66), the same reasoning as in Proposition 7 would
lead to (61) with a correction of order O(a?). However, since p' ~ T, it turns
out that O(a?) terms in 7% will eventually bring O(a?) contributions to the energy
conservation (67), and can thus be neglected in this approximation. As a conclusion,
single-temperature assumption is still appropriate in the generalized Maxwell-Stefan
model when limited to O(a?) terms.

6 Conclusion

In this study, the higher-order Maxwell-Stefan diffusion model is derived
starting from the kinetic theory of mixtures. It was based upon moment
equations for mass, momentum and momentum flux of the species in isothermal
case, adjoined with energy conservation law for the mixture in non-isothermal
case. All the equations were analyzed in the diffusive scaling. They were
closed by the use of an approximate form of the velocity distribution function,
obtained by means of maximum entropy principle. The aim was to incorporate
the viscous dissipation in the model, in a consistent way, through a proper
asymptotic analysis.

The higher-order model was derived in two different forms. The first form
was obtained in the asymptotic limit. It generalizes the classical Maxwell-
Stefan model by including the diagonal terms of deviatoric part of the partial
stress tensors, which turn out to be linear functions of partial pressures
(Theorem 6). In such a way, the coupling in Maxwell-Stefan relations does not
occur only through diffusion fluxes, but also through the gradients of partial
pressures.

The second form was obtained when terms of order O(a?) were retained in
moment equations, and higher-order terms were neglected (Theorem 8). This
results in a set of equations containing complete balance laws of mass and
momentum of species, and truncated balance laws of momentum fluxes. On one
hand, such a model includes complete partial pressure tensors and determines
their behavior through the rate-type equations. On the other hand, it presents
a consistent generalization of the diffusion model with respect to the order of
magnitude of terms which appear in governing equations.

The higher-order model presented in this study opens several possible paths
for further analysis. First, it relies on the moment method applied to the set
of Boltzmann equations, and the viscous dissipation is included through the
balance laws. It would be of interest to recover the approximation of partial
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stress tensors for Newtonian fluids. Second, the generalization obtained in the
asymptotic limit leads to stronger coupling of equations. It is interesting to
see the implications of this coupling through some numerical simulations and
to compare the obtained results with a classical Maxwell-Stefan model.
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