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The reflection coefficient of a fractional reflector

Laurent Demanet* and Olivier Lafittef

May 6, 2023

Abstract

This paper considers the question of characterizing the behavior of waves reflected
by a fractional singularity of the wave speed profile, i.e., of the form

—1/2
€T «
c(xy,w2,23) = co <1 + (;)Jr) )

for @ > 0 not necessarily integer. We first focus on the case of one spatial dimension
and a harmonic time dependence. We define the reflection coefficient R from a limiting
absorption principle. We provide an exact formula for R in terms of the solution to a
Volterra equation. We obtain the asymptotic limit of this coefficient in the large fw/cq
regime as

Ma+1) /e
(24)+2 <€w

The amplitude is proportional to w™®, and the phase rotation behavior is obtained
from the i~(®*2) factor. The proof method does not rely on representing the solution
by special functions, since o > 0 is general.

In the multi-dimensional layered case, we obtain a similar result where the nondimen-
sional variable fw/cq is modified to account for the angle of incidence. The asymptotic
analysis now requires the waves to be non-glancing. The resulting reflection coefficient
can now be interpreted as a Fourier multiplier of order —a.

In practice, the knowledge of the dependency of both the amplitude and the phase
of R on w and a might be able to inform the kind of signal processing needed to
characterize the fractional nature of reflectors, for instance in geophysics.

«
R = ) + lower order terms.
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1 Introduction

In this paper, we study solutions of the acoustic wave equation in three dimensions,

1
(1.1) ((:Q(X)atz — Ax> u =0, x = (21,29,23) € R3,

where ¢(x) presents a singularity of fractional type across the planar interface z1 = 0.

1.1 Motivation

Geophysics offers many scenarios of wave reflections, such as point diffractions, reflections
off of a sharp planar or curved interface, scattering from rough interfaces, etc. This paper
considers another important scenario: that of a “soft” planar interface with a fractional
jump in the value of the wave speed, of the form (constant +(z1)%) for some o > 0, where
the interface is at 1 = 0, and y4 is the positive part of y. This model might arise as
is, or might be the result of upscaling from microscopic mixtures of two materials with
linearly varying volume fractions, as predicted by percolation theory applied to random
mixture models [2]. The planar fractional reflector model is a special case of a layered
model, commonplace in geophysics. This paper does not address the case of fine layering —
alternating thin layers of different materials or sediments. Furthermore, we only consider
acoustic (P) waves in this paper.

The notion of reflection coefficient is standard for acoustic waves propagating in a
medium with a discontinuity along a planar interface. For a jump in the wave speed,
or in the index of refraction, the Fresnel equations predict the amplitudes of the reflected
and transmitted waves as a function of the angle of incidence. The case (constant + (x1)4)
is also known and can be handled with Airy functions [3], which we rehearse in a later
section for completeness.

It is much less well known how to deal with other kinds of singularities in the medium
properties, such as the square root (constant + (:Ul)i/ 2) singularity. It was argued on
physical grounds that reflection about a singular interface characterized by a fractional
exponent should be the result of the action of a fractional integrator, of the same order, on
the incident wave. See for instance [8, [0} [10]. Recognizing the fractional type of a reflector
from the particular shape of the oscillations of the recorded waves in a seismic trace is an

interesting interpretation question in seismic stratigraphy.
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1.2 Setup

This paper makes the “fractional integrator” heuristic precise by characterizing the re-
flection coefficient as a pseudodifferential operator of fractional order. The dependence of
the amplitudes of the reflected and transmitted waves on the angle of incidence appears
explicitly in the expression of the pseudodifferential symbol.

In the presence of a singularity of c¢(x1,x2,x3) at 1 = 0, to each incident wave (in
x1 < 0) corresponds a transmitted and a reflected wave (both in ;7 > 0). The reflection
coefficient R is the amplitude of the reflected wave, for this unit-normalized incident wave.
More precisely, with x = (x1, 2, x3) and k = (k1, ka2, k3), we consider a fixed incident plane
wave

(1.2) ui(x, t) = e/ W—kx), w = [K]|co,

which is clearly a wave that propagates in the direction of k as ¢t grows, right-going
(obliquely) if we further assume k; > 0. All the waves in this paper have a harmonic
time dependence e*t. The complete wave u(x,t) is obtained as a superposition

(1.3) u = u; + Ru, = Tuy, (u, reflected, uy transmitted)

The concept of transmitted wave u; is clear in a uniform medium cy: it is a right-going
plane wave with kq > 0, like u;.

In order to generalize the concept of right-going, or outgoing to £; > 0, in the case when
c depends on z1, observe that a right-going wave like

” w2
C_Z .x, ]{1 = 672 - k'% - k% > O,
0

corresponds a limiting absorption principle: as kj is complexified as ki(1 + i0), the wave
has a e?*! prefactor, and is now decaying as x1 — +oco provided o < 0. This spatial decay
can also be seen as a temporal decay (dissipation) since the wave reaches large z; > 0 for
large t. In the case when ¢ depends on x1, the limiting absorption principle is formalized by
a complex extension at the level of the model equation . The definitions of outgoing
and incoming waves, respectively at +oo, follow and can be found in Definition [2.1] The
transmitted wave is properly defined as a member of the one-dimensional space of waves
outgoing at +oo, which in turn gives meaning to R in .

1.3 Main result

In this paper we consider the “fractional ramp” model for the wave speed,

(1.4) c2(x) = ;2 [1 + (?)a] ,

+
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where ¢ > 0, a > 0, and ()4 denotes the positive part. The length scale ¢ is a skin depth,
and ¢/~ can be interpreted as the strength of the fractional reflector.
The incident wave in x; < 0 is taken as (1.2]), where we further write the wave vector as

w
(k17k27k33):a <V1_77277727773>7 n* =ns + ;3.

The important non-dimensional parameter is
Co\« 9y at2
1.5 0 — <7> 1— el
(1.5) o) =)
Our main result is as follows.

Theorem 1.1. For all a > 0, and as 8 — 0,

R(0) = 1“((2?);12) 0+ 0 <91+min(é,1)) )

The asymptotic regime of small  corresponds to the following situation:

e High frequency (w large compared to cy/¢); or
e Weak reflector (¢~ small); and in both cases
e Non-grazing incidence (1 < 1).

As we explain in the sequel, this result extends to the case when (z/ 6)3‘_ is replaced by
a function A ((z1/€)%) where A(z) is smooth and equal to  in a neighborhood of the origin.

Our construction assumes that the fixed-w and fixed-n incident wave comes with a unit
coefficient, and details the coefficient R of the corresponding reflected wave. If however the
incident wave is a superposition of such modes for different w and 7 in z; < 0, such as

1 jw(t—21/1-n2) & ~
wi(t; 1, 2.203) = (@) //ezw(t o V1T )eZCo(mmegzg)ui(w;0,172,773) dnadnsdw,

then the coefficient R acts as a pseudodifferential operator in the expression of u, in z1 < 0:

1 i 2. /1— 1= (n2x T ~
et 1, 22.) = (2m)3 //BW(H% 1) ¥ R(0(w, 7)) (w3 0, 112, 73) dpadiysdan.

1.4 Standard cases: jump interface and ramp interface

For reference, the expressions of R in the case @ = 0 (jump discontinuity) and o = 1 (ramp)
are known explicitly:

e When a =0,

R \/(Zi)z—ng—ﬁ:?—\/l—n%—n%

(1.6) - c_\2_ .2 _ 2 79
\/(*) —ny—n3+V1—m—n3

c+

There is no # parameter in the case o = 0, hence this expression cannot conform to
the setup of our main result when a — 0.
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o When o = 1, introduce 8 = 673, and w. (X) = Ai(e™5 X). The exact expression of
R is known )
w'y (B) +iB2wi(B)
o1 ’
—w' (B) + 182w (B)
and its asymptotic expansion in #, thanks to classical asymptotics of the Airy function,
is

_E 2\ _ 1 2
R=50+0(6") = 550+ 0°),

which matches the general expression (See Proposition and Lemma |6.2)).

1.5 Related work

Our construction similar to the decomposition into incoming and outgoing waves introduced
by Jost in [I3], and also mentioned in [14]. They are sometimes called irregular or Jost
solutions, and for the radial Schrédinger equation —¢” +V (1) = k%9, are fi = eT*"4-0(1)
as r — +o00. They serve as a base of decomposition of all solutions of the radial Schrodinger
equation. Indeed, with the words einlaufende kugelwelle (entering spherical wave ) f(k,r) ~
e~ ((4) [13]), and the remark that f(k,.) and f(—k,.) form a fundamental system for
the ODE. The name “outgoing spherical wave” appears in the companion paper of Jost and
Pais [14].

We use extensively the notion of limiting absorption principle, or limiting amplitude
principle, for the definition of the outgoing and incoming waves. This notion was introduced
by A. G. Sveshnikov in [I5], who considers a wave number k; such that k? = k? + ie.
Sveshnikov himself refers to a paper of Ignatovski [12]; in this paper of 1905, the complex
perturbation was not arbitrary but was given by physical absorption. Complexification of
the wave number of course also underlies the “¢¢” prescription of the propagators for the
Helmbholtz and Schrédinger equations [6].

As for discontinuities of the velocity of the wave, the case of the ramp is addressed by
L.M. Brekhovskikh and O.A. Godin [3] (see Chap. 3, expression (3.5.1) for example). Nev-
ertheless, they treat only acoustic wave equations in the case where one has a representation
in terms of special functions, and no nonsmooth profile is otherwise considered.

In [17, 18], K. Wapenaar quantifies the reflection coefficient for the so-called self-similar
profile, when ¢(z) = ¢;(—x)® for x < 0 and ¢(z) = cox® for x > 0. His analysis relies on a
self-similar change of variables — which is not directly useful in the context of this paper —
and an asymptotic study of the transfer matrix linking the solution and its derivative across
the interface.

More recently, K. Wapenaar [19] derives a decomposition of the system defining waves
in which there is a preferred direction of propagation in a set of coupled equations for waves
propagation in the opposite directions along this preferred axis and derive the associated
Green’s functions.
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As we put the final touches to this paper, we learned of the work of O. Gannot and J.
Wunsch [7] which establishes a general result, for a > 0, on the propagation of singularities
theorem for the Schrédinger equation with a fractional jump of the potential on a conormal
surface, with regularity improvements for o > 1. They deduce an estimate on the reflection
coefficient which is close to ours, in the particular case of the potential 2% — 1 for x €
(—00,xp) in a one-dimensional setup. Their analysis relies on a microlocal study of the
bicharacteristics near the jump, and does not deal with the behavior at infinity — which
differs in wave vs Schrédinger equations and is one of the key points of our study. Their
analysis also does not seem to immediately give a precise estimate of the reflection coefficient
in the multi-d set-up.

2 Definitions and setup

2.1 Nondimensionalization

We assume constant density, acoustic waves propagating in a heterogeneous wave speed in
3 space dimensions (|1.1)),

1
——0p — Ax | u =0, x = (z1, 22, 23) € R3.
(e ) )
The model we consider for the wave speed is the fractional ramp ([1.4)).
For completeness, we also consider the more general inhomogeneous form

(2.1) c2(x) = 52 [1 A <(?)i>} ,

where \(z) = fox x(y)dy, for some positive, compactly supported, y € C*°(R) equal to 1 in
a neighborhood of = 0. The proof assumes the case A(z) = x, and treats the modification
in the appendix.

Assume a harmonic time dependence of the form e™?, i.e., take a Fourier transform in
t. After taking another partial Fourier transform in the transverse coordinates (x2, x3), and

t

introducing n = cow (k3 + kg)%, the wave equation becomes

2 2 —2 T1\® 2]\ ~
<8xl+w Co |:1+(€)+—7’]:|>u:0,

with boundedness conditions at 1 = +00. The continuity of @ and 9,,u at 1 = 0 owes to
the boundedness of the wave speed ¢(x).
The equation is further non-dimensionalized by letting

x] = ex, €= C—O(l —n?)"V2.
w
We can understand ¢ as the horizontal wavelength (divided by 27), when 7 is in a horizontal

direction.
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Freeing up u to let u(z) := u(z1), and freeing up c to let

(2.2) c?(z) :=1+0a%,
with

_ (N _ 2y
(2:3) 0=(72) (1—n)~ %,

we obtain the model equation
(2.4) (02 +c () u=0.

Note that the cosine of the incidence angle is cosp; = (1 — n?)Y/2. We can therefore
rewrite 6 as

0= (%)a (cos ;i)““'

This form of € reveals the importance of the non-dimensional ratio /¢ of the horizontal
wavelength by the skin depth. We see that regimes of small 6 correspond to either

e weak strength of the fractional reflector (large ¢); and/or
e high frequencies (small ¢).

Furthermore, this regime is only possible for non-grazing waves (cos ¢; # 0).
The physical dimensions are gathered in the following table, where m is meter, s is
second, and 1 is dimensionless.

xj, e, 4, kj_l m
t,w_l S
Cco ms—1
x,c,0,n 1

Our objective is now to define and estimate the reflection coefficient for (2.4)), in terms
of 0.

2.2 WKB approximate solutions

An important analytical tool in this paper is the WKB construction of approximate solu-
tions,

(2.5) v (x) = b(x)e @), v (x) = b(z)e @),

with
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This choice coincides with the first term of the usual WKB expansion; writing the next
terms would require higher degrees of differentiability of c¢(x). In the sequel, we consider
a > 0 in the fractional ramp problem using ¢ € CY(R) N C?(]0, +o0[), on [xq, +00[, 29 > 0
to be chosen later.

An important property of the phase ¢ is that lim, 1. ¢(x) = oo with ¢’ > 0. The
identity ¢” 4 2(c*/2)'¢/ = 0 is also useful. The two functions v> and v< are not solutions of
, but they solve the modified equation

"
(2.6) V' 42 =z (c%) v.

The functions v~ and v< have the interpretation of right-going and left-going waves,
respectively. This property is apparent when restoring the time dependence e®*. This
interpretation can also be formalized by considering the extended equation

1

"
(2.7) (8% +(1+ io)Qc_Q) v(z;o) = ¢ 3 <65> v(z;0),
with a small parameter o € R. The solutions are now
(2.8) v (z;0) = b(x)e (1Fi0)o@) v (25 0) = b(z)e(1+i0)9(@),

The left-going or right-going character, or “polarization”, is now tied to the direction in
which exponential decay occurs as a function of the sign of ¢. In case ¢ > 0, we have

lim v”(x;0) =0, lim v<(z;0) = 0.
r—T o0 r—+o00

These expressions are used in the next section, as the basis for the definition of polarized
waves for the model equation (2.4]).
For future convenience we introduce the notation

(2.9) M(z) = c2 (c%)” = ((v™)"+ c?v7) vS,
SO can alternatively be written as
V" + ¢ 20 = Mc o,
and similarly for ,
(2.10) (8% +(1+ i0)2c_2(x)) v(z;0) — Mc o(z;0) = 0.

Many properties of the function M (x) valid for all a > 0 are listed and proven in Appendix
B} including the fact that it is of order #, and that it is locally integrable at z = +oc.
Also note in passing that ¢ 1v>v< = 1.
Finally, we also introduce the zero-th order WKB approximations

(2.11) w” (z) = e @), w<(z) = @),
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2.3 Incoming and outgoing waves

The notion of reflection coefficient involves a comparison of waves polarized as incoming and
outgoing. As in the previous section, we introduce a small parameter o € R and consider
the extended problem

(2.12) (92 + (1 +i0)*c*(z)) u(z;0) = 0.

In contrast to the WKB functions v~ and v<, we now have four polarized solutions.
Each is defined up to a multiplicative constant.

Definition 2.1. A nonzero solution u of s said to be

e outgoing to +oo, if there exists a sequence of solutions u(x;o) of with o < 0
such thatl

Ulg(r)lﬁ u(z; o) = u(x), xginoou(x; o) =0.

The space of such solutions is denoted by L{joo.

e incoming from +oo, if there exists a sequence of solutions u(x; o) of with o >0
such that
Ulggl_k u(x; o) = u(x), xll)r_ir_loou(x; o) =0.

The space of such solutions is denoted by Us .

e outgoing to —oo, if there exists a sequence of solutions u(z;o) of with o < 0
such that

Jli%{r u(x; o) = u(x), xll)llloou(l‘; o) =0.

The space of such solutions is denoted by U=, .

e incoming from —oo, if there exists a sequence of solutions u(x; o) of with o >0
such that
lim u(x;0) = u(zx), lim wu(x;0)=0.
o—0~ T——00

The space of such solutions is denoted by U~ .

We interpret any element u € L{foo as a transmitted wave, u € U as a reflected wave,
and u € U~ as an incident wave (from the left, as is the case throughout the paper). Using
a classical result on asymptotic behavior of systems of ODEs, we have the

Proposition 2.2. (i) Fach of the four subspaces U, U, has dimension 1.

(i) Any pair (ui,uz) of nonzero solutions with uy € UZ, and ug € US ; or uy € U
and uy € U, forms a fundamental system for )

The o — 0 limits are all understood to converge uniformly over compact sets of z € R.
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u(z)

(iii) Any nonzero element u € Z/@oo admits a nonzero, finite limit limg, 4 Ok Corre-

spondingly, any nonzero element u € U, admits a nonzero, finite limit lim,_, 4 =@
(1v) limy o0 u(x;0) = 0 if and only if [|u(-;0)||c < 0.

We leave the proof of this result in Appendix [A]
This proposition provides a natural way of normalizing the polarized solutions:

e we let u7 () for the element u of U7, such that lim, 4 U>(( )) 1; and

o we let uS (z) for the element u of U5, such that lim,_,1 vli((gz)

8

1.

In the familiar case of a plane wave, when = 0, we have u”_(z) = u7 (z) = e
and uS (z) = uS,(x) = €, but in a heterogeneous medium the four polarized waves are
in general distinct. In the fractional ramp example, where ¢~2(z) = 1+ 0x%, or in any case
where the medium is homogeneous uniform in x < 0, we still have

(2.13) u” oo (x) =07 (x) = e ™, us () = v=(z) = €, x < 0.

For illustration, in the case o = 1, it is shown in Section [f] that
> _ < — onl/2,i it ol -1
uy oo (7) = ul o (z) = 27 1307 6Az(e 503(x+677)), x> 0.
The transmitted wave is then expanded as

(2.14) ui o = Aus o+ Bu”

—0o0)

and the reflection coefficient defined as R = A/B. Notice that the value of R does not
depend on the choice of normalization of uioo. The transmission coefficient is 1/B, and
does depend on this choice.

It is easy to see from , and from continuity of u and v’ near x = 0, that for
u € U7, the reflection coefficient can be determined from

u'(0) R-1
2.15 =1 .
(2.15) u(0) "R+1
This relation is key to computing R in the sequel. The case R = —1 corresponds to

u(0) = 0, but We Will see in the sequel that an assumption of small 8 prevents this scenario.
The quantity £ R +1 can be seen as a nondimensionalized impedance.
We can now remind the reader of our main result (Theorem in the introduction).

Theorem 2.3. For all a > 0, as § — 0,

R— ((204)"’ 1) 040 (91+mln(f 1))
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2.4 First steps and architecture of the proof

Section [3] contains preparatory material. The core of the proof is in Section[d It establishes
that the remainder is a o(f). Section |5| establishes the more precise form quoted above
for this remainder. Although the proof covers all cases a > 0, Section [f] gives an explicit
(exact, non-asymptotic) formula for R that matches Theorem in the special case o =1
(available from special function analysis).

The main idea of the proof is to express any nonzero solution that is outgoing to +oo,
denoted u for brevity, and defined up to an unimportant nonzero multiplicative scalar,
in terms of the WKB functions v~ and v<. This requires writing a Volterra equation,
and solving it iteratively. This is performed on [z, +00), for an arbitrary z, such that
the Volterra equation has a contracting kernel when 6 < 6y(xg). As a consequence of
the contractibility of this kernel, we obtain u(xg) # 0. This argument provides a value of

q= Z((;”S)), which is then linked to Z((g)) via a Cauchy problem on (u(z), ' (x)), for x € [0, x¢],
with data at z¢ equal to (1, q). The reflection coefficient is then deduced from ([2.15]).
For x € [0, z¢], it is clear that this Cauchy problem is well-posed, but it is advantageous

to express its solution in terms of w” (z) := e~**(*) and w<(z) := @) via

> <
(5/%2)) = a>($) ((Z;;)(/x;)) + a<($) <(:j<)(/x;)>
(which makes use of a” (z)(w”)'((x) + a<(z)w<)'(z) = 0). One then deduces k such that
a<(zo) = ka”(xo) through the equality q(1 + ke?®(#0)) = i/ (z0)(—1 + ke?¢(0)),
For = € [x(,00), it is preferable to express u in terms of v< and v~. Equation (2.10)) is a
homogeneous linear differential equation for which v~ (+; o) and v<(+; o) is a generating pair
of solutions. Since equation can be seen as a inhomogeneous version of , where

the right-hand side is —M ¢ v, any solution of (2.12)) can be sought as a combination of
v”(.;0) and v<(.;0) via Duhamel’s principle (the method of variation of parameters) as

(2.16) w(x;0) = Ay (2) v” (x;0) + By(x) v<(z;0).

In a standard fashion, we additionally impose

(2.17) (Ao (2)) v” (z30) + (Bo(2)) v=(250) =0,
so that
(2.18) U (x;0) = Ay () (v7) (250) + By () (v7) (25 0).

With the Wronskian equal to 2ib?(z)c™!(x) = 2i, equations (2.16]) and (2.18)) determine the
coefficients A,(x) and B, (z) uniquely as

Ar(2) = gy lula; o) (v=) (230) — ' (2;0)v= (2;0)]
(2.19) { s [l ) (0 (50) + ! (33.0)0 (23 0)]
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A closed system for A, and B, is obtained from (2.17), and by substituting (2.16]) and
(2.18) into ([2.12)):

{ (Ag) (x)v” (2;0) + (Bo) (x)v=(z;0) = 0
(45) (2)(v7) (w30) + (Bo)'2)(v<)(w30) = =M (2)e™ (2) (A (2)v” (230) + By (2)v=(2;0))

Using the fact that the Wronskian of the two basis functions is 2i(1 + io), one obtains

(Ay) (z) = m
(By)'(z) =

)™ (@)[Ao ()07 (2;0) + By ()= (2 0)]v= (2 0)

M (x
—sitiriay M (@)e ™ (@) [Ag (2)v7 (250) + Bo(2)v= (23 0)]v” (25 0)

which can be rewritten, using ¢~ (z)v> (2;0)v<(z;0) = 1,

{ (Ag) () = m M (2)[Ay () + By (x)e?(1+i0)o()]

(Bo)' () = = gty M (@) [ A () 21410)9@) 1 B, ()

It is now natural to define an auxiliary function
(2.20) S7(x) = Ay (x)e20+10)¢@) 4 B (),
in order to link u to v< via
(2.21) u(x;o) = S7 (z)vS(x;0).

The intention is to use this relation when u is outgoing to +o0o (when o = 0), or when
lim, 00 u(x;0) = 0 (when o < 0, prior to taking the limit ¢ — 07). There is no typo:
we express the wave outgoing to +o0o in terms of the incoming WKB wave. The proof will
make it clear why this choice of S is necessary, rather than A, (z) + By (x)e2(1+i0)o@),

After integrating the equations for (A, (x))" and (By(x)), we obtain the functional
equation (which depends on z)

(2.22) S (x) = Ag(x)e”21H19)2@) L B_ (1)
1 * > 00\ (o= 2i(1+i0) (@) ~6(y)) _

with two integration constants A, (zo) and By (xg). For o < 0, it will be shown in Proposi-
tion that the condition lim, o u(x;0) = 0 determines B, (zg) uniquely as

1 +oo

Bo(z0) =~
(@0) = 50 T70) -

M(y)S7 (y)dy,

hence that equation (2.22)) becomes the Volterra equation for S (x):

(2.23) 52 (2) = Ag(x)e” 20H9)9@) 4 K _(5)(x),
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where the operator K, is given by

(2.24)
x —+o00
Ko@) = gyl | M@ e 2000y [ () )i 1 € COeoo0))

xT

A sufficient condition for convergence of the fixed-point iteration for this Volterra equation
is the condition

(2.25) My, = / M ()] de < 2.

o

Note that M (z) also depends on 6; Lemma [B.1|shows that (2.25)) is satisfied for all 0 < § <
Oo(xo). In that case, the Volterra equation can be solved as a convergent series

7 (x) = As(wo) [ Y s2,(x) | e 2Hi09),

J=0

which defines the functions s ;(z).

Denote by S~ the unique solution of (2.23) when o = 0, and normalized via A, (x¢) = 1:
(2.26) 57 (x) = e 2@ 1 K0(5>)(x).

It is then shown in Proposition that the Volterra equation ([2.23) remains valid for o = 0
when the limit ¢ — 0~ is taken, and indeed expresses the desired outgoing solution u(x) as

u(w) = §7 (2) v< (),

which is the o — 0 limit of (2.21)) (again, when A,(zg) = 1).
We are now in a position to present an equivalent reformulation of u(x) in terms of a
radiation condition at xy > 0.

Theorem 2.4. For all a > 0 and xy > 0, there exists 0g(xzo) such that, for all 6 < 6y(xo),
the family of solutions of outgoing at +00 s characterized by

u'(zo) _ (v7)'(w0) + R (v=)'(0)

u(zo) v> (20) + Reov<(x0)
where
1 +o00
(2.27) Ry, = 5 M(2')S” (2")dx'.
i S

This radiation condition at zg > 0 must now be compared with the reference formula
for the reflection coefficient R, namely
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As it is written, it may seem not straightforward to see the similarity. Nevertheless, one
can rewrite the identity of Theorem [2.4] as

(v<)(zo)
W(z0) (07 (w0) L+ Bao (55(a0)

u(@o)  v7(x0) 1+ R,,LEY

where it can be noticed that, in the constant coefficient case, ggg:gz

@)(@o) _ _,;
v~ (2) )

The interpretation of the role of xg is also enlightened by the following remarks:

) _ _vS(z0) _
xg) = —U>(w8) = —1 and

e When o > 1, the limit as zg — 0 exists, is finite, and gives

I
R=— M (2")S” (2")d2',
21 0
where S~ (x) is now understood to correspond to zo = 0 in and ( - In fact,
the whole argument could have used x¢g = 0 in that case.

e When o < 1, the limit cannot be taken in the same fashion. The operator K, can
no longer be defined by in the limit xg — 0, due to the lack of integrability of
M (z) at © = 0. The quantity R, also diverges as xo — 0. Instead, we consider the
Cauchy problem on [0, z¢], and find an expression to relate R to R,,. Since this more
general argument also applies to the case a > 1, we do not differentiate the two cases
in the proof in Section

The limit of R is finally considered when 6 — 0, which establishes Theorem (1.1} This

is the aim of Sectlon Precise estimates on % — (Q(S;F 2 and on the function I' are given in

Section Bl

3 Volterra series and radiation condition

In this section, we establish the Volterra equation for SZ (), the convergence properties of
the corresponding Volterra series. We also prove Theorem

Recall that S7 (x) is defined by or , without restriction on ¢ € R, in relation
to any solution u(z;o0) of , and that it obeys equation with two arbitrary
constants A, (zg) and By(xg). In the case o < 0, we start by fixing B,(z¢) in equation
(2.22)), from imposing the condition that u(x;0) — 0 as  — oo (which is equivalent to
u(z; o) uniformly bounded on [z, 00) by (iv) of Proposition [A.1]) The result is a Volterra
equation on the half-line [z, 00), which involves the operator K, (Definition :

Proposition 3.1. Assume o > 0 and o < 0. When u(x;0) is uniformly bounded for
x € |xg,00), then the function SZ given by obeys the Volterra equation

(3.1) 52 (2) = Ag(xg)e” #0+19)0) L K_(S>) ().
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Proof of proposition[3.1. Fix o < 0. If u(z;0) is bounded on [z, c0), then S (z) = u(zio)
tends to 0 when x — 400, thanks to the inequality

uw(@;0) 1\ o)
< .
| (@) | <07 (2)e”™ max |u(z;o),

and the fact that b= (z)e??®) = (1 +9wa)ie” Ji a0y 3 dy tends to Zer when  — 400 for
o < 0. It is thus bounded on [z, 400). Since (i) S7 is bounded, (ii) fxooo | M (y)|dy < +o0,
(iif) |e~2i(+i0)(@(#) =) — 1| < 2 for y < x, and (iv) e27¢(*) — 0 for  — oo, the conditions
of Lebesgue’s dominated convergence theorem are met and we obtain

T —+00

lim [ M(y)S; (y) (e 20HD@D=00) 1) gy = — [ M(y)SZ (y)dy.

r——+00 z0 0

Hence a necessary condition for lim, 4, S5 (z) = 0, in view of equation ([2.22)), is that
1 too

il 1io) o, ()S5 (y)dy.

By(x0) =

Equation (2.22) thus becomes

. 1 @ o
9 > (1) = A, (2g)e~2i1+i0)6() / M () S (1)~ 2i0Fi0) (6(2)—6(1))
+oo
+ M(y)S5 (y)dyl,

or simply S2 () = A, (z¢)e 211909 + K_(S2)(z). O

Note in passing that the proof argument with Lebesgue’s theorem would not have been
possible if S had been defined from v~ instead of v< in equation .

The Volterra equation can now be considered in the case ¢ = 0 as well. The
following result shows that M, < 2, as in equation , is a sufficient condition under
which K, is a contraction, hence for which the equation can be solved by iteration.

Proposition 3.2. Let zo > 0 and 6 > 0, such that M, < 2, and let o < 0.

(i) The operator K, is a contraction, and satisfies the functional inequality

M,
HKU(f)(‘T)HL‘X’(zQ,oo) < 2 : ”fHLOO(:vo,oo)-

(ii) The unique solution to equation is Ay(20)S; (x), where

—+00
Sy (x) = S7n(w),
n=0

2This is also the case for the more general form A(z) # .
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where S, (x) are defined in sequence as

S;O (.1‘) — 672i(1+ia)¢(x) ,

(3.3) 52 i(@) = Ko(S2)(x),  n>0

and satisfy

M, \"
192 0@ £ 00 g( 20) |

Furthermore, introduce s, ,, = S;n(x)e2i(1+ig)¢(‘”). One has

+oo
S;(:C) _ (Z 3?,71(@) e—2i(l+ia)¢>(m)’

with yAr
2@t < (152

and

+o00 1 M N+1
X
By szn<x>||Lw<xo,+m>§%( 20)
n=N+1 1_T

(iii) For each o < 0, the family of solutions of , bounded for each o < 0 when
x — +00, is given by

—+00

(3.4) u(z;0) = Ay (o) (Z S;,n(x)> b(z)e~i(1+i0)e(@)

n=0

Proof of Proposition[3.9. The proof of (i) is a simple calculation. For (ii), consider the
sequence S, as defined in the proposition. As K, is a contraction, the series ), -, S5, (%)
is uniformly convergent on [zg, +00). This implies that the partial sum 5’; N = szo S;k
converges uniformly towards a continuous function as N — 4o0.

Note that the inequality on S;,, does not imply the inequality on s7,, (s5,, = eQi(1+i")¢(x)5’; n

n
implies |s7,(z)] < (@) e~20%(*)  which is not bounded for o < 0). The equality which

leads to the estimate on 57, is the sequence
> Lo oivioe@) [° > i >
Sy (@) = g [e72 0 / M(y)sgn(y)dy + M(y)s;ndy]
xQ T

which imply

L opom [© +oo M
()] < 20 / M (y)][2 0 (9)dy+ / M@0 < a7, )
X0 xT
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It is easy to deduce, by iteration, the estimate on s;n and to deduce from the estimate on
S5n the estimate on - oy 87,

Item (iii) is a consequence of v<(z) = b(x)e’(19)¢(®) and the fact that if u(z,0) is a
bounded solution of , then u(z,0) = S (z)vs (z). As Ag(zo) (11429 57 (2)) b(z)et(1+i0)o(@)
is bounded on [z, +00), we proved that u(z; o) obtained by this procedure is bounded.

The proof of (iii) is a consequence of the uniform bound |32,/ 57, (z)| < MTo and

2

b<1,¢>0,0 <0. Using the previous estimate, one obtains

1

1 — Mag

1

My
I=="
thanks to b(z) < 1, ¢(z) > 0 and o < 0. Hence u given by (3.4 is bounded. The proposition
is proven.

Note that in the third item one must consider ¢ < 0 because, for o = 0, all solutions of

([2.10) are bounded.

u(a; 0)| < |Ag(20)] 7 Db(x) < Ao (o)

O

For illustration, the first two terms are

>
SO‘,O("'E) =1,
1 x +00 ) )
> - - 2i(1+io)(d(x)—(y))
510 = gl M@ [ M ).

Proposition 3.3. Let zo > 0 and 6 > 0, such that M, < 2.

1. The family of solutions of , outgoing at +o00, is given by a constant times the
nonzero function

57 (x)v=(x),
where S~ solves .

2. The function S~ (a:)em)(x) has a uniformly convergent expansion

S~ (x) M’ —1+Zs

j>1
3. The inequalities of Proposition extend to the case o = 0.
Proof of Proposition[3.3. Prove first that S”v< is nonzero. One checks the two relations
(570%)(0) = blao) (e~ )+ Ry 9600, (S70%) () = b'(20) (S 0) (o) +i6) (70) (R 100) — 1400

thanks to (K°(f)) (z) = —¢/(z) f;i) M(y)f(y)efziw(z)w(y))dy and to v<(zg) = b(xo)ei¢(’”0), (v<)(0) =
b/(xo)eifb(mo) + igﬁ’(mo)b(:ﬁg)ew(%).
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As there is no value of R,, such that (S7v<)(zo) = (S”v<)'(z9) = 0, S”v< is a nonzero
element of U7 .

Now consider a nonzero element u of U7 . There exists a sequence of functions
u(z;0),0 < 0 solution of with u(z,0) — u(x) for 0 — 0 and u(x,0) — 0 when
T — +00.

The latter condition implies u(x, o) bounded on [0,+00). Thanks to Proposition
one has, under the condition MZ0 < 2

u(w; 0) = Ag(w0)(1+ Y s7;(x))v(x; 0).
j=1

Let us now show that lim,_,o- A,(zp) exists and is nonzero. As u is nonzero, there exists
Xo > 0 such that u(Xp) # 0.

We had observed that S~ v< is nonzero. Hence there exists X7 > 0 such that (S”v<)(X;) #
0 and there exists o, such that [(S7vs)(X1)| > w > 0 and |u(X1;0)| < 2u(Xy)|
for all o, < o0 < 0. Hence

U(Xl,d) 2

|AU(5L'0)| = |(S§’U§)(X1)| < |(S>U<)(X1)|

2|u(X1)],

which shows that |A,(z9)| < C < co. Therefore, there exists a subsequence o, — 0~ such
that lim,, o A7 (x¢) exists. This limit cannot be zero, because then u(z, o) — 0 for each
x, which is in contradiction with the fact that u(Xg) # 0.
We thus conclude that A,(xo) has a nonzero limit, that we call A,. This proves that
u(z) = AS” (x)v<(z) for all z. The first item of Proposition is proven. The estimates
of the two other items are easy consequences of the inequalities of Proposition Note
that this result is equivalent to the general result for v belonging to Z/{ioo stated in Corollary
It is equivalent to finding solutions u of such that b~ (z)u(x)e "1+ _ 0
when x — +00.

O]

We may notice that this expansion is similar to the Bremmer coupling series for the
one-way operators, see [I1] for example.

Proof of Theorem[2.4. Consider S~ given by as before. As u is an outgoing solution,
there exists a constant A, such that v = A,S”v<. The functions A and B introduced in
the proof of Proposition [3.3 above satisfy u = A,(Av” + Bv<), v’ = A,(A(v”) + B(v<)).
Moreover, B(xzg) = & [ M(y)S™ (y)dy = Ry, and A(xo) = 1. This leads to the desired

21 Jx
equality ’
W(xzo) A7) + B(v<)’($ - (v7)(w0) + Ray (v=)"(20)
ulzo) — Av+Bo< VT 0> (2g) + Ryyv= (o)
Reciprocally, assume that u is a solution of (2.4) satisfying

u'(zo) _ (v7) (o) + Ray (v™)'(20)

u(zo) 0> (20) + Ry v=(20)




4 EXPRESSION OF THE REFLECTION COEFFICIENT 19

Introduce (20)
u\xo
=t 57y,
T S @) (20) "

/ >/ <\/
As S”v~ is an outgoing solution at +oo, so is us. Hence Z*gg; = (vvlggiig%iﬂ(ié)ﬂm)
* ()

Using u.(zg) = u(xp), one deduces v/ (zg) = u/(xg). As u, and u are solutions of (2.4), by
uniqueness u = u, and u is outgoing at +0o. We have the characterization of u outgoing
at +oo through the condition at x¢ of Theorem O

4 Expression of the reflection coefficient

4.1 General formula for a > 0

Introduce u € C*([0, +oc[) a solution of (2.4), and define a>,a< the functions such that

(4.1) u(z) = a” (2)w (z) + a< (2)w=(z), x € 0, zo|
| (@) (@)w (@) + (a<) (@)w=(z) = 0,2 € [0, o]
Introduce
i Rz ei¢(m0)7e_i¢(x0)
= 672%(10) 1—ibb (xO)JrRIg ez:¢(aco)+5ﬂ:¢(m0)
(42) 1ibb (z0)— Rmoewwo),e—zd}(m)

Ray, e1?(x0) o~ (20)
— o~ 2id(x0) (2—1ibb’ (w0)) Ry —ibb’ (z0)e ™ 21¢(%0)
- ibb/ (20) Ray +(2+1bb’ (z0)e~2*#(%0))

Proposition 4.1. A function u, solution of , belongs to U7, if and only if a=(z¢) =
ka” ().

Proof. Recall that u € U7, if and only if 1;/((;6(?)) = 1228:
solutions of ([2.4) belong to C!, thanks to a > 0, equalities (4.1]) yield

As all continuous on [0, 4o00[

’ 1 — ke2i¢(zo) o — 1
EACIO NPT Sl Tt §
u(zo) 1+ ke2i¢@o) "R, +1
hence the relation a<(zg) = ka” (z9). O

The behavior of R,,, which is one of the key points of the estimate of the reflection
coefficient R , is given by the following proposition.

Proposition 4.2. The limit of % when 0 — 0 is, for a > 1,

[a]+1 o2 glal+2

Fe Y s [ (v*)dy
2i = dy (2¢)p+1 v (20)le]+2 gylol+2 ’

and, for0 < a <1,

ala—1) [ —2iy
N T « ’Ld .
(2i)3 / oy
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The proof of Proposition is the content of Section

We now have all the ingredients to complete the proof of Theorem [I.I] with the rough
estimate o(f) for the remainder.

As Ry, = O(0) (from Proposition , it is straightforward, using o'(x¢) = O(f) and
#(z0) =1+ O(), and the expression of k given by (4.2)), to deduce

b’ (o)

o T O%).

(4.3) k= Ry, +

With this expression for k, the solution of the Cauchy problem on [0, z[ with Cauchy data
at x = xo, yields the leading-order behavior of the coefficient R.

>
Proposition 4.3. 1. If u s solution of , then < Z< > defined through solves
a” a” a”
(2 )= (o Y ov( o )we b

the matricial Volterra operator V being defined by .

2. There exists 81 > 0 such that, for all < 01, one has the equality
-1 1
(-~ o) )

R_KM—W*®<;)E

(where [-]; denotes the j-th component.)

3. For 6 < min(0y(x0),61), one obtains

bb! : %0 pf :
(4.4) R=R,, + éfo)e_hd’(wo) + / E(y)e_%‘z’(y)dy +0(6?).
0

Proof. Ttem 1):
Consider u given by (4.1, with (a>)e~"¢(®) 4 (a<)'e’¢(*) = 0. Equation (2.4) yields

a> /_ ¢”(.CE) Z(;s/( ) io gc) _ez'¢(x) 0 0 a
a< ) T 2¢/(x) \ i/ (x)e i) i) e~io(x)  _pid(z) a< )’

which implies
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this equality defining the matricial Volterra operator V.

Item 2) As qg,l((j)) € L'([0,0]), the kernel of this integral operator belongs to L'([0, x¢]).

Observe that, for all = € [0, 2],

VO@I< [ 1Dl
A e
As ¢’ = ¢! and c is decreasing, ¢’ is increasing and positive, hence
¢'(xo)

V@ < G Nl

There exist a constant C'(xg), independent on 6, such that
In (b/(:L‘()) < 0(1‘0)9

The map U — S + V(U) is thus a contraction for § < 61, #; small enough, hence has a
>
unique fixed point, which yields the unique solution < Z < ) of |D which is

)@ =a-v7w () @)
() ()

>
Propositionyields ( Z< > () = a” (xq) ( ]1 >

Let r(z) = ( Zz > (z) - a>(:1:0)[< h )v<( h ))(az)]. Tt satisfies

) =@V o)+

As V is a contraction for 6 < 6y, here exists ¢ such that [|7||(zec(0 g2 < ch?.
From (2.14) and the relations u(0) = a~(0) + a<(0),4 (0) = ia”(0)R — ia~(0), one
deduces that R = Z—i(O) From

() ==y (6 ) @ = e o) @)

one obtains the reflection coefficient R thanks to a”(0) # 0, hence proving item 2) of
Proposition [£.3]
Item 3) Use k = O(#), one obtains
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As

i(a _ 0 o)
v LYoy [(L) (o e (L Jao 270
0 oy 20/ (2) \ e 2P 1 0 [ <(f§c>)e—2u¢><sc>daj ’

using b%¢’ = 1 and %l,/ = O(#), one obtains:

V(< 1 >)(0) 0(9) 0(9)
= 0 2 T —92 = T bl x —2id(z .
0 fxo ;bd)’((a:)) Zigle )d 0 ’ b((x))e a )dl'

The first component of [( L > + V(< L >)(0)] is 1 + O(#) while the second component is

k 0
k + f o b (x e~ 219(®) dz . from which one deduces

I‘

xo 1/ ) / . xo 1/ .
R= k‘—i—/ %($)€_2Z¢(x)d$+0(62) _ Rro_’_bbéjo)e_m(b(m)_‘_/ %(az)e‘gW(m)dm—i—O(OQ).
0 0

O

Proof of Theorem From (4.4)), one deduces

R N RJEO 06338 1 —2izg o aya_l —25y
5 = e+ e - [ ey + 00)

From Proposition one has

[a]+1 d[a]+2 Oé:L‘S‘ 1 1

R 1 iz dp ya /+oo —2iy /ﬂco d Y
St - iz &g Y dos] — ap—2iy g 1
5= %l p; @t G gE W T [ e Wt

Using equality (D.3]), the above expression can be written as

R T(a+1)
T_er )L a
5~ (e oW
which proves Theorem [I.1]
When o > 1, remark that 2 —i—fxo b e 210(@) gy = l 0960 (M(y)+(b'(y))2)e*2m(y)dy.

This allows to ver1fy that, in the case a > 1 one could have chosen x¢ = 0.

4.2 Calculation of limg_,q %

We now address the proof of Proposition
One relies in this section on a fixed value of g > 0 independent on 6. In the case
0 < a < 1, the calculation of the limit, as well as the estimate of the remainder term

Rgo — limg_,q %, are both straightforward, as the following lemma shows.




4 EXPRESSION OF THE REFLECTION COEFFICIENT 23

Lemma 4.4. For 0 < a < 1, there exists 6y(xo) and ¢ such that, for all 0 < 6y(zo) and

S C_l + 202
1 o 4 c“0
_ = M —2i¢(Y) 1y < )

z0

and one gets the estimate
R 1 [t
fro g 2 / Y2 T(0)dy| < C9.
o

Indeed, there exists a constant C' and a constant ¢ such that, for zp > 0 given and
0<ax<l

a—1
Lo

(4.6) My, <0

= 2ch
1_@0 c

Under this estimate, one checks that, for 0 < a < 1,

(4.7) |57 (2) — 79| <

1—ch’
and one deduces that
1 [To°

2i

IRy — M(z')e 2@ dg!| < (ch)?

1—ch

o

This proves Lemma 4.4

The proof for o > 1 is more complicated. Indeed, one of the difficulties is that, when
6 >0, 6~ M (z) belongs to L'([xg, +oc[) while its limit when § — 0 is —@xaﬂ, which
does not belong to L' ([xq, +00|).

As M is multiplied by an oscillating term, we will use repeated integrations by parts to
decrease the degree of 2.

Before writing the details of the proof of Proposition in this case, let us give a
synopsis of it.

Introduce the operator £ given by

(4.8) L(f)(x) = —(cf)(x),
where ¢(z) is from equation (2.2)).

e Using the estimate M, = O(@é), it is enough to study, instead of R,,, the quantity

Jo—1

1 [T ,
M(y)e W (3" 55 (y))dy
=0

20 Jq

11, Jotl Jo
with 2= > 1>
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e Using repetitive integration by parts (Lemma |4.6)), one gets the identity
(4.9)

oo —2i c(wo) _o = o — o — oo —2i
/ fly)e20Wdy = =220y (20)PLE(f) (o) +(20) " [ LM(F) (e MWy,
o p=0 xo

e Observe finally that, for f(y) = To(fy )(Zm 0 505(¥)), LP(f)(wo) converges, when
0 — 0, to -2 (Tp(0)2*2) (o).

These steps being proven, we choose, for a ¢ N, n such that &« —2 —n < —1. The
dominated convergence theorem proves that f;ooo Lr(f )(y)ef%ﬁ(y)dy converges, when ¢ —

0, to [ A= (To(0)y>2)e =2V dy.
Remark that a special treatment shall be used for o € N.
The proof of Proposition [4.2] relies on Lemma [4.6] and Appendix [C| We introduce jo
such that jo < a < jo + 1.

The first Lemma suppresses all terms whose L> norm is a o(f), for all a > 0:

Lemma 4.5. Let o > 1. For all § such that 0 < 0y(xzo) (see Lemma[B.1)), one has

Lotp-t
S5 D)7

L[ st (S sz it < 0% Ly -
2 /., Y pr 0,;\¥))ay| = B
The second lemma yields a formula of integration by parts which is crucial for the
estimate on [z(, +-00[ based on

+oo 1 +oo

—21 ZLo)C\T —2i¢p(x —21
F)e oy = L) paiotan) o L[ ) ge2iotv gy
To ? v Jxo

for f € L'([xg, +oc[) and L(f) € L([zg, +00]). It can be generalized into

Lemma 4.6. Let f be a function of class C70~1([0, +-00[), bounded, such that all derivatives
are bounded by y~! when y large. For every ng > 0, holds.

Proof of Proposition We differentiate two cases for «.. Indeed, the proof we rely
on is based on the behavior of £"(f) for f proportional to 2%~2, and one of the arguments
that may be used is the fact that £"(x*~2) behaves as 727", and that a —2 —n is strictly
smaller than —1 for n large enough, except if « is integer because the derivative of 20 is 0.

First case: o ¢ N Let f be given by

Jo—1
(4.10) Fy) =y To(0y™) (Y 55,())-

=0
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such that M(y)(Z?O 01 55.;(y)) = —0f(y). There exists 0(vo) and Dy such that, for § <
Oo(xp):
vy > o, ||f ()|l < Doy

This comes from T bounded, M, bounded by Koﬁi, and all the terms of the expansion
are bounded (Proposition [3.3)).

Thanks to ¢(y) — 1 for all y € [xg, +00] when 6 — 0, f(y) converges to y* 2T, (0) when
6 — 0, that is £(f) converges to (a — 2)y*3Ty(0).

Moreover, uniformly on [z, +00[, for all n > 0;

. n d"
(4.11) limg_oL"(f)(x) = d—yn(y Tp(0).
Let us choose ng = [a] and recall that x( is given, independent on 6. As o ¢ N, for all

p > 1, there exists T}, bounded on [0, +00), such that
LP(f) (@) = a2 P T, (02),

with T,,(0) # 0 for all p > 0 thanks to « ¢ N.

The estimates obtained in Lemma allow us to use the dominated convergence theo-
rem on f;goo Lmo(M )e_2i¢(y)dy. This method can be applied in the two cases studied in the
present paper (one gets L*(M)(z) = 0z~ 27 "T*(0x*), where T is a bounded on [0, +oo]
rational fraction in the model case and it is a compactly supported function for ,
hence in both cases it is uniformly bounded by a constant Kj) and the use of the limit

(4.11)) allows us to obtain:

limgo [ f(y)e > Wdy = S5 57005 im0 (22()17) (0)) + [ limgs0 (21)(f)( Je 2y

—2ix 1 + [o] _ —9;
7O Ty b ) ) + T S A () ey,

that is, using T(0) = — (557> and T}o)(0) = (a — 2)...(a — [a] = 1)Ty(0)
(4.12)
. 00 —92 6721'17 n Ln —9;
—limg_0 f;g f(y)e 2 ¢(y)dy = : [Zpool hm9~>0 ( )+ f limg o (2;)%) (y)e 2 Ydy

_2130 —+1 + [a]4+2 Y
- - [Z[a] 21 P dff' (y >(x0))] + W xooo di/[oé]+2 (y™)e*¥dy).

One recognizes the last part of the expression (D.3]).

Second case: a € N, denoted by n. Note that there exists, for p > 1, a function
T, € L([0,+00]) (it is a bounded on [0, +00c] rational fraction in the model case (1.4) and
it is a compactly supported function for ) such that £™(f)(z) = z" 27T, (62"),
and T5,,(0) = (n —2)(n — 3)...(n — 1 — ng)To(0) for every ng. The function z — T),,(0x™) is
uniformly bounded by a constant K,,,. Choose ng = n — 2. One has

L72(f) (@) = Tro(62™).
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Considering two additional derivatives, there exists a function @,,, uniformly bounded by a
constant C,,, independent on 6 for 6 < 0y(xg), such that

(4.13) L™(f)(z) = 02" 2[(n — V)e(cTh—2) (02™) + nb2"(c(cTh-2)") (02™)] = 272Q,(02™),

In addition, @,(0) = 0. One has thus

+o0 . . n n +o00 n .
[ Taal0m)e o s = cfagpe2oten =2 000) B0y, [T 2 Q) ot

0 2i (2i) : (2i)?
The uniform bound in the integral by Cxz~2, C independent on @ for § < 6y, allows to use

the dominated convergence theorem, and one obtains, using z=2Q, (62™) — 0 when § — 0
thanks to @,,(0) =0 (and if « € N, %(ya) =0)

+00 A o2 v
(4.14) 1im9—>o/ f(y)e 2?Wdy = Ty(0)e " {2(2@—;}@(%—2)”1}:%’
) p:0

which proves Proposition in the case a € N.

This ends the proof of Proposition [£.2] for all o > 0.

In the sequel, we shall denote by 6; any constant satisfying 0 < 61 < y(xg) and by C,
when needed, a general constant. The aim of the next Section, which is rather technical, is
to evaluate the remainder terms in R, and its order of magnitude in 6.

5 Asymptotic bounds for R

This section quantifies the remainder term in the expression of R, and in particular identifies
its magnitude in 6.
The case 0 < a < 1 was already addressed in Lemma [4.4] It therefore remains to show

Theorem 5.1. For all o > 1, there exists a constant C' and 01 such that, for all 8 < 04,

R T(a+1) 1
— - << o,
5~ a2 | S0

This is the most technical part of the paper, and we shall differentiate two cases, namely
the case where « is integer and the case where « is not an integer. This is a consequence
of the method used in this proof, namely the repeated integration by parts we perform for
the study of an integral of the form f;goo 22T (0x*)e~2*@) dx. In the case o not being
an integer, there exists n such that a — n < —1 and the coefficient of ™™ in the integral
obtained after n — 2 integration by parts is not zero. In the case a being an integer, if n = «
one obtains an integral of the form fx—goo T _o(02™)e~2*@)dy, and an additional integration
by parts would lead to an integral containing 2™~ !, which is not in L'([1, +00)).

xz,
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Remark first that an estimate similar to the estimate of Lemma [4.3] is

L[ ~2ig(y) 5 fox2 I\ 519 111
| Ry — 21/ M(y)e ( E 50.5(y))dy| < 67 a (5) (1- 59“1.) ;
xo =0

from which one deduces

+o0 [a]+1

Ry 1 B L i
(51) T [ M (Y @) < Con
xo 0

Note that we are not limited to this estimate, we have as well

R 1 [t 4 2[a]+1
5 % / 07 M (y)e 20U (N 57 (y))dy| < C6.
o 0

(5.2) ]

Appendix [C] leads to

R, 1 [T iy 1
T [ oM o ay| < ot
z0

The proof of Theorem [5.1] relies on the estimate
[a]+1

Ry 10 i ar- . y" oo et gl 1
| 0 Z[e pz_; dyp((Qi)erl)—i_\/mo (20)foT72 dy[a]“(y )dyl| < CO=

for a > 1. As for the limit Rgo, it is split into the cases o ¢ N and o € N. Observe that

c(xg) = 14+ 0(0) and ¢(zp) = xo+ O(8), hence the contributions of order 9w can only come
from the terms s;, and from the integrals f;ooo LP(f)(x)e29®) .
e In the case a € N, using (4.13) one obtains

LY(f) = 27202 [(n — 2) Ry (62") + nba" Rl (02™)).

Observe that

+o00 ) —2i¢(x0) L(T. ) EZ(T _ 1 +o00 ]
ny,—2i(x) 7., _ c(zo)e (T2 n—2 n / n+1 —2i¢(x)
/x Tl s Tt S s SN O o [ £ (e

0

One proved the uniform optimal bound on [z, +0oo[ (Lemma
162" (n — 2) Ry (02™) + nfz" R, (62™)]| < COx

from which one deduces that there exists a constant C' such that

C(ﬂfo)e_gi(ﬁ(mo) E(Tn,Q) ,CQ(Tn,Q) n 1
T[Tn_2+ 20 + 22 1(028)| < COnay?

+oo .
| / T_o(fz™)e 2@ gy —
o
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hence, as C(QLZO) [Tn_g(9&06‘)—1—“%2222)(99&3) +£2(T’6i2))2(6$8)] depend only on 6 and 6 < (6y(zo))' " w0

for 6 < 6y(xg), there exists a constant M such that, for 6 < 0y(xg)

(5.3) | / (622 gy T”;j.(o)e—mo < Mot
o
One thus deduces that, using Lemma forn >3
i 6(2)62i¢(”°>[§<2i>pﬁp<f><xo>] - T2l sy < g2,
and using
o) te (5 iy 291 )] = e 2005 20y 20T, 0)] + 016,
2i = 2i =

we obtain the estimate

n—2
R, 1 o N 2 1
5= o€ (20 Pag T (0)] + O(0m),
p=0

which is exactly, thanks to Equality

Ry, I(n+2) /IO nt1 —2iy 1
= " — dy + O(0n).
Theorem [5.1] is thus proven in the case o € N.

o In the case a« ¢ N, a > 1:

Use again Appendix [C| with an exact expression of r¢(zg,#). One has the identity
(coming from Lemma for j =0 and m = M):

1
(Qi)kJrl

+oo .
/ 0~ M (y)e 20Wdy = C(mO)T,f(xal,HxS‘) +

“+o00
k10— 1) e 28) g
0 57 /;m L5 )e Y

Notice first that |C(;CZQ)T,§(3351,03;8) - %T,f(a:al,()ﬂ = 0(6). One has just to study the
second term of this equality. Denote this second term by J. We use then the identity (C.3])

of Lemma

1 T sk 2id(y)
—J = / YT T 0y )e ™ dy.
(QZ)k—i-l .
We assume now that o —2 — k < 0. The uniform bound [Ty < Ty, translates into

‘ya73ika+l (an) | S yaf?)fkToo

11, hence the integral converges for all § > 0.

Use the change of variable y = §~= X. One obtains

J— 1 QM oo Xaf?,fkT bG 72i97éXh(XO‘)dX
—dJ = W @ gl k—‘rl( )6 :
axo
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Use the change of variable u = Xh(X®). As X — /1 + X is greater than 1, X — u(X) is
a diffeomorphism from [0, +o0] to [0, +ool, such that «/(0) = 1, hence its reciprocal is also
a diffeomorphism and X’(0) = 1. One deduces

= _';9¥ /+OO (1+ (X (u)*)” (X(U))a_g_kaH((X(U))a)e_m_éudw
(20)k+1 0% moh(02)

NI

Denote by Q(u) the quantity such that

(X ()2 (X (w)®) — (14 u®) ™26 3 T (u®) = uQ(u).

[N

(14 (X(w)*)”

When 0 < u < 1, observing that there exists a function Z solving Z(7)h(7(Z(71))*) =1
such that X (u) = uZ(u®), there exists a function r smooth such that

1

= X0 = e )

[h(u*(Z(u)?) = 1] = ur(u®),

which imply that @ is bounded in the neighborhood of 0.

On the other side, the estimate, when X is large, u ~ X 2! leads to (1+(X(u))a)7% (X (u))*37F ~
ulu %ﬂ? .
One has then
1 2k [T 1 34k ) 1 o4k [T L
—J = ,ea/ 140t "2t " Tjyq (6t eQ”dtJr,aa/ u*Q(u)e 20 T ugy,
(2Z)k+1 xoh(axg)( ) " ( ) (21)k+1 Oéxoh(ex‘&) ( )

The last term of this equality is equal to

1 spr [T 1 .

K= .01+a/ u*Q(O=t)e " dt
(27‘)k+1 xzoh(6z8)

The estimates of (1+ua)*%u1*3?7k’“ Thop1(u®) and of (1+(X (1))®) ™2 (X (u))* 3 T 1 (X (w))®)

at +oo show that K = O(#'" "« ). One then deduces

-1 1 e ay—2 a—3—k ay —2it 143tk
-0~ 'J = @ » )(1 +60t) "2t Ti1(0t)e "*dt + O(6" " = ).
zoh(Ozf

Concentrate now on Jy := ft?:éeza)(l + Hto‘)*%to‘_:)’_kaH(Qto‘)e_%tdt. We check that, for
0

€T
a—2—k <0, zoh(0z§) — 0 = O(0), and t*37% € L1([xg, +0o0]). Using the dominated
convergence theorem, the limit of Jy is easily obtained as being f;ooo t* =37k T, 1 (0)e 2 dt.
To obtain the difference between Jy and its limit, we perform integrations by parts on the
integral defining Jp, in order to have o — 2 — m where o« — 2 — m < —a — 2, such that this
difference is of order #. As it uses with a “simplified” £, we do not write the details.

Finally,
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400 )
(5.4) T — / t* 3R 1 (0)e 2 dt = O(6).
zo

(2i)*

This proves the inequality

e — —21 1 — 1 ee a—3— —21
/ 0~ M(y)e 2¢(y)dy—2iT,f(x01,O)—(2i)m/ 3R 1 (0)e 2 dt = O(0)
fy) xo

hence, for @ > 1, using the inequality (5.1])

R,
0

We thus proved Theorem [5.1

1 _ 1 too e iy 1
(5.5) —Q—iT,f(xol,o)— +1/ 3R L1 (0)e 2 dt = O(0%).
o

(2i)*

6 The case o =1

As an illustration of the results of this paper, we recover the result of Theorem [5.1] in the
model case
c(2) =1+ 0z,

associated with the equation
(6.1) ' + (14 0z )u=0,uc CL

This case is easier, because we have an exact representation of the solutions in [0, +00)
using special functions, hence we may use the classical asymptotic results known for these
functions.

Let us use A7 and Bi for the two classical solutions 3of the Airy equation u” = zu
(namely Ai € S’(R) is the inverse Fourier transform of e’ and Bi is the unique solution
of u"(x) = zu such that Bi(0) = v/34i(0) and Bi'(0) = —/3A4i'(0), see [1]).

Introduce w4 (X) = Ai(eii%X) a pair of satisfactory solution of U" = —XU, and
recall that for X € C, | X| large:

Ai(X) ~ %ﬂ*%X*ie*%X%.

A pair of independent solutions of (6.1)) in = > 0 is (wy(8(1 4 0z)), w—(B(1 + Ox))), where
B30 =1, 3> 0 (that is B = 19_%). In the region x > 0, one has

u(z) = Awy (B(1 + 6z)) + Bw_(5(1 4 0x)).

We show in this paragraph that the decomposition of solutions of (6.1)) on w; and w_
is the suitable decomposition to study outgoing and incoming solutions at +oco. Indeed, we
have

3Equal to u+ up to a multiplicative constant.



6 THE CASE o =1 31

Proposition 6.1. The function w_ is in the space of incoming solutions from +oo, and
the function wy s in the space of outgoing solutions to +oo for .
The reflection coefficient R is given by

W' (8) + B3 wy (B)

R= X .
—w!y (B) +if2w4 ()

Proof. Consider z — w4 ((1 + ia)%ﬁ (1 +6x)). These two functions are solution of 1)
and in addition, converge, pointwise, when o — 0_ to z — w4 (B(1 + 6)). )
The deformation (1 + 6x) — (1 + io)(1 + fz) transforms B into 3 such that 5362 =

(1+i0)?, that is § = (1 + ia)g, and —%X% (which is the argument of the phase of Ai) is
equal to (B(1 + Gx))% =1+ ia)ﬁg(l + Hx)g.Use 10.4.59 of [I]. Noticing that 6 > 0, and
observing that

R(— (51503 (@ +67)(1 +i0)])E = +

G

one checks that |Az’(eﬂ%9%(1 +Z'O')§($+ 0=1))| — +oo for o < 0, hence for each o < 0, the
family of solutions of (2.12)) which go to zero when x — 400 is

AL Ai(e503 (1 +i0)3 (z + 071).

This describes the space of solutions of (2.4) which are outgoing at +oo, that is * —
w4 (B(1 4 0x)) generates the space U7 .

Since
w4 (B(1 + 6z)) _ wy(B(1 +0x))
(11 02) b 30 0007 T plg)emiet®)

tends to %W_%e_i% 05 as z — 00, the unique normalized outgoing solution (in U7) is
27r%ei%9_%w+(5(1 + 6z)).

The outgoing solution to —oo of is e the incoming solution from —oo of
is €, hence one has:
e in | —o00,0[, u(x) = e + Re'®,
e in |0, 400, u(x) = Twy (B(1 + Ox)).
The solution is C''(R), hence

{ 1+ R=Twy(B)
i(R—1) = poTw' ()

The relation 86 = 57% ends the proof of Proposition O

Using estimates on the Airy functions, one proves now
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Lemma 6.2. There exists 0y and C' such that, for 0 < 6 < 6y
0
(6.2) IR - %| < 062

Proof. The asymptotic expansion

1 2 > 2
In Ai(u) = InC — S Inu - gu% + 1n(k20(—1)kck(3u3)k), u| > 1
leads to 5
. 00 1\k+1 2,,5\—k—1
Aw) o L S ) e Gud)
Ai(u) du > heo(—1)ke(Fu) =k
From this expression, and for |u| > 1, we get the inequality
Ai' (u) 1 C
. — <=
(6.3) ’Ai(u)+ﬁ+4 <3

which is valid also in the complex region |arg(u)| < m. An estimate of R can then be
obtained as

W) gt eh) | [ow

po @ P et yens
_wi ) at _im ! (B) iz
wi@) T e G e

O

The resulting estimate in R turns out to be a particular case of [5.1] and the value of
R for @ — 1, matches the one obtained directly for a = 1. For 1 < a < 2, the reflection
operator is of order —ca, where a > 1 is the fractional regularity of ¢, 2(x1) at 2, = 0. In
the case @ = 1 it can also be expressed through Jost integrals.

A Proof of the existence of polarized waves

The existence of polarized waves (and the fact that the dimension of U7, and of U7 is 1)
rely on Lemmal[A.1|below. As ¢ > 0, define the new variable y = ¢(z) such that y(0) = 0 and

% = ¢ !(z). The equation l’ is equivalent to the equation on U(y) = 2 (z(y))u(z(y))

(A1) U = [(o —i)* + e(y)U,

where €(y) = c(z(y))M(x(y)). A necessary condition which ensures that the behavior of
the solutions of is well predicted by the limiting system at infinity is
(H) There exists g > 0 such that f;goo le(y)|dy < 4o0.
We note that
+oo

+oo +oo +oo
/ e(y)ldy = / ()| M (x(y))|dy = / ()| M (2)]e (z)de = / M (2)|dz,

Yo Yo z(yo) z(yo)
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Lemma A.1. Let 0 < 0. Under the assumption (H), the system

(a0 )= (o-iteaw o) (ar)

satisfies the conditions of Theorem 8.1 of chapter 3 of Coddington-Levinson, hence there
exists a solution W (y) of it such that

Wi(y)e(if")y — ( 1—1 ) Y — F00,

g

and a solution W (y) of it such that

W (y)el?= — ( > Y — +00.

—0+1
The solutions of this system are AW (y) + BWZ(y).

We may thus deduce

Corollary A.1. Let 0 < 0. The space of solutions of which tend to 0 at +o0o is of
dimension 1, generated by c2 (x)US(y(x)), where U is the first component of W . It is
the same as the space of solutions of which are bounded on [xq, +ool.

Note that 92U = [
of this system are W

—~

o—1i)2+¢(y)]U is equivalent to the system of Lemma All solutions
y) = AW (y) + BW?(y), because W¢ and W are linearly indepen-
dant. Hence u(x) = c2 (2)[AU (y(z))eli=0)¢@)e2(e=)¢(@) 1 BUY (y(z))elr )o@ eli=0)o@),
Hence the limit of |u(z)| is not finite if B # 0. Hence if v has a finite limit then B = 0,
hence u(z) = Acz (x)U{ (y(x)). This function goes to 0 when x goes to 4+-00. The corollary
is proved.

—~

B Properties of the function M
A key lemma for the normal convergence of the Volterra series of Section [3]is the following
Lemma B.1. For all zg > 0, there exists 0y(xo) such that, for all § < Oy(xo), My, < 2.

It is a consequence of

Lemma B.2. For all xq, there exists 0, and I, such that for all 6 < 6,

My, < Hél*,oc >1
My, <0I,0<a<1.
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Proof One obtains that M, defined by (2.9)), is equal to

1
M(x) = —Zﬁafci 2Bla—1- Z@ac xq] = 0z 2Tg(¢9x3‘_)

where Ty(X) = (O‘(O‘[l) -« 1JFX)(l + X)72 in the case A(z) = z. This expression holds
also for the inhomogeneous case ([2.1) (changing the function Ty accordingly: for A\(z) =
Iy x(y)dy hence b(z) = Bl_nz(ﬁxa),

(B. 1)
To(X) = i(Bl—aﬁ(X))G[04(04_1)X(X(1_772))+O‘X(1_772)[X/(X(l_UQ))_%(X(X(1_772)))2(Bl—772 (20))"1),

which is compactly supported).
One obtains, for a > 1

—+00 1
/ M(y)|dy = 05 1.

Zo
The integral I is equal to f+oo 2272 Ty(2%)|dz. As a > 1 and as there exists a constant

C such that 2*72Tp(2%) < Cz~ 2272 for z > 1, the integral fo 20 2]T( *)|dz is finite
and is a majorant of I (in the case A(z) = IL‘) In the case a majorant of I is
Jo? 227 2|To(2™)|dz. There exists a constant I, such that

+oo i
[ M)y < 651

zo

In the case 0 < a < 1, one has |M(z)| < 02 *max|Tp| hence for o < 1

+oo $a_1
[ 1y < 670 x|
—

o

Together, these two inequalities imply Lemma

C Estimate of the sequence s’

Recall that one constructs a sequence sj> such that

57 (@) = o / M(y)s; w)dy + | M(y)s? (y)e™ 20WH2i0(n) gy
hence satisfying
LD > () —2i6(y)+2i6(2)
b M(y)s; (y)e dy.

Recall that £ is given by (|4.8]).
The first tool is the following
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Lemma C.1. Assume that the function m is reqular enough at +oo, meaning that L¥(m)
is integrable and goes to 0 as y — 400 for all k > 0.
One has the identity, for all k and j

djy (y)e 2eWdy

o 9 cs.>(x) —i z rp 00 L£P(m
f+ . y) 2i0(y) gy = 2ig( )[21; o (2871) + L f+ l;:(] (22)1,))

_,_(22 - f+<>0 Lk—i—l( )s 5 ( Je 21¢(y)dy

Proof. As ¢'c = 1, one obtains

+oo ) 1 )
[ mss ey =~ [T a6 40,

21

If m and £(cm) belong to L!([zg, +00o[), and m goes to 0 when y — +00, one obtains:

- i gy Cm(@)s] () 1 e .
/ m(y)si(y)e 2 ¢>(y)dy — e 2 #( )TJ 4 2Z/ E(ms;)(y)e 2 d)(y)dy’

>

and using L£(ms7 )(y) = L(m)s7 + m(y)cds—;(y), one obtains Lemma (C.1) for & = 0.
Using

1

L) (y)es? () o (7200

£(m) ()57 e 200y = ;

one obtains

+oo . . “+oo ]
/ ﬁ(m)(y)s;efmd)( )dy — 75( ) (@ )cs;(x)eﬁm(x) + 1/ ﬁ[ﬁ(m)sf](y)efmd’(y)dy

29 21
5=

and L[L(m)s7](y) = Ez(m)s;(y) + E(m)(y)cdd—;(y) yields Lemma (C.1)) for k = 1.

One proceeds successively. O

An easy consequence is the identity

C - LP(M 1 2i T 2i
(Cl) Z ( )k+1e z¢(w)/ L + (M)ei l¢(y)dy
p= x
as well as the generalization, j > 2
dss ; CS> LP M i 0 LP(M)\ ds> j_ —9

(C.2) =t =% [Z]; 0 (z(z)p) + Lelidle f+ ]; 0 (2%)17))0‘ 2= (y)e 2ie(y) dy

b ophere0) [47 51 (1) 2Z¢<y>5>,ﬂ<y>dy

Lemma C.2. i) There ezist functions T,,(X), uniformly bounded in 6 for X € [0,4o0[ by
T3°, such that

(C.3) LP(M)(z) = —02° 2 PT,(0z")
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In addition Tp41(0) = (o — 2 — p)T;(0), To(0) = o1,
ii) If o —2 — k < 0, one has the inequality

400 k+1 2id(y a—2—k
iii) Consider the functions Tj (x, X) = Z’;:o x_pjg”(i() One has
k
LP(M) .
Z Qi 278 (x, 02%)
p=0
with
: T | < L
(C5) ‘ k(x,@x )’—ng)(zxo)p

iv) For o > 2, there exists 61(xg) and a constant C' such that, for all 0 < 01(zo) and x > xg

k P
(C.6) D £ (M )| < Coa

p=0

and there exists x € [xg,+00) such that

k
Lp M -~z 1
> ( z)[07e > 5C.
=0

S

For 1 < a < 2, there exists 02 such that, for 8 < 0y and for all x > xg

k Lp( k
2 2y @S2

p=0

xo‘NCQ

£ (M)
@

Note that item iv) of this Lemma proves that ZI;:() (x) is optimally of order oa

for @« > 2 and of order 0 for 1 < a < 2 on [xg, +00).

Proof of Lemma The item i) is a consequence of the induction relation Tpr1(X) =
(@ =2~ p)TH(X) + aXT3(X) and Ty(X) = (2% — 50?25 )(1 + X) 2. One gets then
LPFYM) = —02°727PT,, 1 (02)

with Tj41(0) = (o — 2 — p)T},(0). In addition, using 7,(X) = (1 + X)*p*%Qp(X) where @,
is a polynomial of degree p + 1 (which is also proven by the induction relation)
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The proof of the second and of the third item comes from |T,,(X)| < Cp(1 + X)_%,
decreasing at +o0o as well as all its derivatives, smooth for X € [0, +oo[ in the case A\(z) = x
and bounded uniformly as well as all its derivatives for \(z fo

The proof of item iv) comes from, for a > 2,

k P\ p
Z £ ( )(m) = 9a Zngo‘_g_pr(za), Oz = 2°.

p=0

One observes that |2272Tp(2%)| is maximum when (« — 2)Tp(2%) + az®Tj(2*) = 0. This
equation have roots, the one leading to the point of maximum of |2*~2Tp(2%)| being denoted
by z.. The value of this maximum is C, = [282Tp(2%)| > 0. Using the implicit function
theorem when 6 — 0, there exists a point of maximum of >} _, O 20~ 2PT, »(2%) close to
24, and the maximum is close to |29 2Tp(22)|. Hence, as the limit of |z*~2Tp(2%)| is zero
when z — +o00, there exists Z; > z, such that |28 2Ty(Z9)| = 02

For 1 < a < 2, the limit of 22 2T(2%) when z — 0 is +o0, while its limit is 0 when
2z — +o0o. Again, there is a unique point of minimum of z*~2T(2%), which is a point of

maximum of |22 2Ty (2%)|. For # small enough, the maximum value of |ZI;:0 %(xﬂ is
obtained for z = z(. In addition, as for « = 2, Tp(1) = 0 and the limit of Ty at +oo being
zero, there exists a point of maximum of |Ty(2?)| in [1, +o0].
: . 1
We may prove using Lemmas and that s~ 1 is no better than 6« for a > 1

Lemma C.3. There exists a constant Cy such that, for a > 2
‘228> 1 / M dy’ < C19a T > X

and for 1 <a <2
12iss 1 ( / M(y)dy| < C10,z > xg

Note that Lemma proves that also that the estimate ||s> 1]]oc = 0(9é is optimal.

Proof of Lemma Let k = [a—1]. Consider j = 0 in the identity of Lemma [C.1]and
m(y) = M(y). We check that

+oo ]
2’LS>1 / My dy+ Zeg;a 2- P, (0" )]] :/ 9ya_3_ka+1(y)eQZ(qb(m)_‘ﬁ(y)dy.

As o — 3 — [a — 1] < —1, one has, for x > x,

a—la]—1 a—[a]-1

+o0
a—3-k 2i(¢(2) =) gy | < O - <Qrx_0
|/x by Trra(y)e dyl < 0T ] +1—a — OTlal o] +1—a’
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Hence there exists Cy > 0 such that
|2is5 1( / M (y)dy + — [Z 02 27PT,(02%)]| < Cof.

For a > 2, one obtains, thanks to % < 1, that there exists 05 such that for § < 05, using

estimate ((C.6)
[2iss 1( / M (y)dy| < Caf5 .

For 1 < a < 2, one obtains, for 6 <

|2iss 1 ( / M (y)dy| < Ca6.

1
Remark finally that [ M(y)dy = O fxeeaé 2*72Ty(2%)dz, hence [ M(y)dy is of order 0.

Zo

Lemma C.4. For each given my, for all j, there exists j functions A; (depending on my)
and Bé such that Ag (z,0) = (Oxa_Q)j_lBé- (z71,02%) such that the function r; given by

d
(C.7) ri(x) S>’] ZA z,0)ss ()

satisfies, for all x > xq,
ri(z)] < 6C Oj:c —mo

for a constant Cip,

The proof is done by induction, and we begin by the two first steps explicitely to show
the way of obtaining Al and ;.

We observe first ¢ > L= 0A9(z) 4 ri(z), with AY(2) = 22T (2, 02*)c(H2®) and

L oiow) [ phtl gp)e-2i6)
_ id(x —2ip(y
ri(x) = (2i)k+1€ /m L (M)e dy.

From the identity of Lemma written for & = ko and the equality (C.1|) written for
k = k1 one obtains

(C.8)

ds>2 _ cs>,1 ky LP(M ) 1 e2i6(z) +°° k2 LP(M
CTay T 2t [Zp 0 (22) f *0 2z )

-‘roo k EPM -I—oo k +1
+(2 )k1+kT+2e “ o S ) J, Lt

2ip(x erOO £k2+1(M) 72'L¢>(y)8>71( )dy

(Spko o Je M Wdy

)(z)e” ) dzdy

5
(M

(22)k2+1 e

This rewrites
ds> 2
07

i - 0A5(y)s>1(y) + 07 As(y) + r2(y)
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where Al = AO (for the same choice of k, number of terms of the expansion) and AY(y) =
c(0y )Zl 0 2” ,m(y) = £y**~ 4TS (x, 0z )T,fz( ~1,02%). One then obtains

AY(y) = (0y**)*Bao(y ", 0y")

Using (C.2|) for i = 3, one has

d ks LP + k3 LP d —2i
T = (2§)> + 3670 [P0 G et (y)e 0 Wdy

e [ LR (M )e —22¢<y>5>,2< )dy

Using (C.8)) in this equality, one obtains

cds>3 = 22y LP (M )Jr 1 o2id(@ f+00 ks U’()))[Zkz EP(M)](y)CS;i,le—2i¢(y)dy

dy - 2 p=0 (24)P p 0 (20)p p=0 (24)P
_|_(2 7 o210 (z) j‘+00 ];2 0 EZ)Q(@])W))QZ [Zil 0 ﬁ(};(])\/[)] —Qid)(z)dzdy
i) (ke 22 f i J; = LRt (Mo 2900, (2)d=dy
+ Gy f;w s, Lran oo ke 200y (1) 1599 1 (a1 )20 dddy

p=
+W62i¢(x) f;oo £k3+1(M) 2l¢(y)s>72( )dy

We have to analyse all terms of this equality. The three last terms are uniformly bounded as
soon as ki, k3 are large enough, owing to the regularizing effect of £ characterized through
Lemma Let us consider, for example, the term

. +oo k3 14 +oo k2 D ~+o00 )
Wemd)(z) / (Z ﬁ(;f)‘i) ) / (Z ﬁ@(f)\f) )(y) / £k1+1 (M) (t)672l¢(t)dtdzdy
T p=0 y p=0 ?

The estimate for this term uses (C.5)) as follows:

Za2k1

+oo
k1+1 —2i
’/z L 1+ ( ) ¢(t) dt’<9Tk +1m,k1>a—2

from which one deduces

rp Y 20—4—ky—1
S, (0 2(1‘)1’ )(y) 70 LM (e 20O dtdz| < 0T, 0T, s
2a—3—k1

=0° Tk2+1Tk1+1 (B3+k1—2a)(2+k1—a)’

dz

Jk1 > 2a—3

hence a final estimate of this remainder term by C6?23*~*=%1 for k; > 3o —4. When o > 1,
the condition which contains all is k1 > 3o — 4

The third term is an integral which do not contain any term of the form sj>, hence can be
easily treated by integration by parts and leads to a term of the form

(0y*)*Bso(y~", 0y).
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The first term is the finite sum Al(y). The only term left to consider is the second
term, on which we use Lemma [C.T} The coefficient of s- ; in this integral is of the form
(0y>=2)2Bao(y~ 1, 0y*), hence the action of > (fi)p returns a similar term, which writes
then

(0y*~2)*Bsa(y ', 0y).

This allows us to write the existence of three functions A%,A% and Ag, and a remainder
term r, such that

d8>73
07

Qy A3(2)s>2(2) + A3(2) s> 1 () + AS(2) +r3(2)

where |r3(z)| < C3,02%~M where M is large enough.
For the general proof by induction, let us assume that the Lemma is true for all j/ < j.
One uses Lemma to obtain

ds 4 P(M) ds? _o;
éyﬂ =5 [Zo 21 ] Le2i® :c)f ( Zo W )d—;e 2i6(y) qyy

+(2i)k+1 f;_oo 'C]H_l(M)S] (y)e —2ie(y )dy

We plug the induction hypothesis in the equality to obtain

ds? . L
c éyﬂ — 21 [Zo 13()2’;(1}4 + L e2ia(e) oo IS(E@,);; e lAl( )55 (y)]e 24 dy

L) [Pk EPUN ) ) 26y 4 L [+ L (M) )20y,

Hence the coefficient of sj> comes from the first term only and is equal to g Zo
We denote it by

21'1’

A;_H =57 9 2c(0zY) M} (x, 0z%)
The identity of Lemma |C.1| yields, with the notation m/ ( ) = (Zlg L(Z;Z)p JA (m) and
1<j-1
9 i cs —2%d(x £P(ml) 00 L£P(mh)| ds —9
f+ y)ss i(y)e 20wy = >2,;( ) ,—2ig( )[Zp o R ] + % ;r (Z];:o o )CTZJ(y)e 2(9) dy

+(2i)#k+1 [0 L5 (m mb)s7 (y)e 20Wdy.

5>01
TR We

are thus left to evaluate, for [ > 1

1 [t E Ep(mé) ds- 0 1 [t E LP(
21/93 (pz:(:) Gy )y Wl =g | (2)

p=0

)+ > Al ()ssu(y)le Wy,

'<i—-1

L
On each individual term 3 - oo Z’; 0 (2(1

which reduces the evaluation of this sum to the evaluation of ¢ > Y for I' > 1 (because for

G ))Al (y)s>u(y)e *Qi‘b(y)dy one uses Lemma [C.1
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I’ = 0, this term is equal to 0. This evaluation, thanks to identity , involves only terms
of the form Af:'s>7lu with I” < 1" —1<1-2 < j—3. For each of these terms, one uses
Lemma[C.1] As the index 7,1,1’,1” form a strictly decreasing sequence of integers, one is left
with a finite iteration process. All terms involved are functions thanks to the application
of Lemma in the particular case j = 0, because s~ o = 1.

The remainder terms in these successive equalities are either terms of the form

+oo )
/ LE Y () (y)s7 e 2 Wy
or

+oo )
/ ri(y)m(y)e2*Wdy.

We use Lemma to have explicit expressions for
k

P k_cp(ml
eran, Y S 5 S
p=0

= (20)P 24)P

All these terms write, respectively
—02°7 2P T, (02%), —02° 72T (02%), —02° 72T}, 1.(0, 02*)

where 8 depends on « and 7,1, k and the expression of T,f and of T} ;. is complicated and
not needed. From these explicit expressions, we obtain similar expressions for Ek“(mfl),
the factor being 2%~ 2~%~1. Using the explicit integration by parts with £ and the bound

of Ty, T,f , 1511 one deduces similar relations for the remainder terms.
ds>,jt1
d

The relation on ¢ is thus obtained, which ends the proof of Lemma |C.4] It is also a
(difficult) consequence of this proof that

Al(z) = (02" By (@™, 02°).

Along with [s7 (z)| < Cﬁi for x € [z, +o0], this helps to evaluate all the terms of the
ds>

expansion of c;—;.

Note in particular that, for x € [z, +oo[ and xg > 0 fixed, all terms B;,(z~!,0z%) are

uniformly bounded for 6 < 6y(zg) given.

This estimate is crucial to allow us to use the dominated convergence theorem as follows,

fora—2—p<—1

+00 .
lim9_>0+/ xa_2_pMp(9xa)e_2l¢(z)d$:/

0 xo

—+o00 .
2P M, (0)e ™2 da.

The condition o« — 2 — p < —1 is ensured by using the identity of Lemma for x = zg, k
large enough, j = 0 for treating the term f;goo Ekﬂ(m)e_%‘ﬁ(y)dy. For example, one is left
with

. + - —24 k -1 _

limg o, [ 07 M (y)e 29Wdy = LS5 s (— 4y ) (20)]

oo gkl —1) a—2\.—2i
e Jay e (e vy,
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We thus deduce

Proposition C.5. For all k large enough, there exists a function r;? such that one has

+00 , css
[T M@ e 0y = ST g 6a) + 0214 i)+ 0(0)
o

One deduces, for k large enough
T g ()20 L a2 a :
6! v Zs = %% T (251, 028) 4 g & (0, 0) + O(0).
0

Let us use Lemma The proof of this proposition reduces then to proving

1 —+o00 d>

- 0 a72MS' =1 9y e—2 21(1)( )d — 0
id est 2% f;;oo ya_2M,§( 1 gy ) e~29W dy bounded uniformly. Use Lemma |[C.4] One
has
oy 2 MEG ™, 0y e 240 dy

g o Bty e Js-a(w)le 00y + v
Zl’ 191 ;OO (a— 2)(1+1)M5( 1,Hya)BM_l/(y*l,Gya)s>,l(y)e*2l¢(y)dy+7"

As every term f;;oo y(a_2)(1+l/)M,f(y_1,Hya)Bj,j_l/(y_l,an) 1(y)e —2i9W)dy is bounded
(using integration by parts and properties of s ;s for all '), this ends the proof of the first

equality of Proposition |Cl The second equality is a consequence of ]s (x)] < Cj 0% for all
j. Proposition [C]is proven.

D Properties of the Gamma function
We recall the expression of the Gamma function by a semi-convergent integral for 0 < ¢ < 1:
—+00 )
(D.1) / " dt = i1 (9).
0
The equality (D.1]) is a consequence of
+oo
o) = k° / 0 Le R dt, Rk > 0
0

The generalization to « > 0 arbitrary is straightforward, thanks to (a not an integer)

(D.2) MNa+1)=ala—1)..(a —[a] + DI'(a — [a]),
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which ensures that oo
Na+1)= ka“/ t%e~kat, Rk > 0
0
from which one deduces

n—1 dP o
Pla+1)  [™ , NI Rl P ing = a7 (V)
(D.3) i) :/0 ye 2 Wdy + (2i) / dT/H(y Je Wy + ey (;Z’)erl (20)-
z0 =0

This equality is a consequence of

zo ' ' too '
]._‘((5) — (21)5/ t5*16721tdt + (22')571[1178_1672’%0 +/ (5 _ 1)t5726721tdt]

0 )

obtained by choosing k = ¢ + 2¢, ¢ > 0 and to notice that

o . . +00 .
F((5) _ (6+2’i)5/ té—lxg—le—(s—l—Zz)tdt_i_(6+2i)6—1[6—(21+e)z0 _|_/ (6_1)t6—2e—(e+21)tdt]

0 0
then using € — 04 and the dominated convergence theorem
Choose § = a — [a] € (0,1). One then has, thanks to (D.2)

o . . +oo .
L(a+1) = (2i)° /0 a.(a—1)...0t° Le 2t 4-(2i)° . (a—1)....005  Te =20 / a(a—1)...6(0—1)t 22 qy),

o
which rewrites
o [0 dertt —2it g -1 s0—1p—2izo0 oo gl @y, —2it g

I'(a+1) = (2i0) i (t%)e t4+(29)° o (a—=1)....0x5 e —}—/mo e (t%)e t],

Using repetitively integration by parts on the first term leads to equality (D.3]).
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