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Abstract

We investigate the long-time dynamics of a SIR epidemic model with infinitely many pathogen variants infecting
a homogeneous host population. We show that the basic reproduction number Ry of the pathogen can be defined
in that case and corresponds to a threshold between the persistence (Rog > 1) and the extinction (Rg < 1) of the
pathogen. When Ry > 1 and the maximal fitness is attained by at least one variant, we show that the systems
reaches an equilibrium state that can be explicitly determined from the initial data. When R¢ > 1 but none of
the variants attain the maximal fitness, the situation is more intricate. We show that, in general, the pathogen
is uniformly persistent and any family of variants that have a fitness which is uniformly lower than the optimal
fitness, eventually gets extinct. We derive a condition under which the total pathogen population converges to
a limit which can be computed explicitly. We also find counterexamples that show that, when our condition is
not met, the total pathogen population may converge to an unexpected value, or the system can even reach an
eternally transient behavior where the total pathogen population between several values. We illustrate our results
with numerical simulations that emphasize the wide variety of possible dynamics.

1 Introduction

In this article we investigate the large time behavior of the SIR epidemic model

d =
S =A—05(t) - kzzoﬂkS(t)Ik(t), t>0,

(1.1a)
d
afn(t) = BnS(t) L, (t) — v Ln (), t>0,n€eN,
with the initial data
S(0) = Sy € (0, +c0), (1, (0))nen = (ID)nen € L1, (1.1b)

where E}r denotes the space of non-negative summable sequences.

This model describes the evolution of a population of hosts that can be, at any time ¢t > 0, either free of infection and
immunity (S(t), the susceptible population), or infected by a pathogen of type n € N (I,,(¢), the infected population
of type n). The parameter A > 0 models a constant influx of susceptible hosts, 6 > 0 the death rate of the hosts
in the absence of infection, (3, the transmission parameter of the pathogen of type n, and =, the recovery rate of a
pathogen of type n. Both §,, and =, are bounded sequences. SIR models are ubiquitous in the literature concerning
mathematical epidemiology and have been extensively studied. Without the pretention of reconstructing the entire
history of the model, let us cite the works of Kermack and McKendrick (1927) that might well be its first occurrence
in the literature, and was immediately applied to a plague outbreak in the island of Bombay.

In this article we consider that many variants of the pathogen (possibly inifinitely many) compete to infect suscep-
tible hosts. All of the possible genotypes are listed in an infinite sequence indexed by n € N, and for each genotype
we denote (B, vn) the associated phenotype composed of the transmission coefficient 3, and the recovery rate of the
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infection 7,. We do not specify the particular mechanisms that link the underlying variable n € N and the phenotype
(Bns7n) but focus on the dynamics of the population under conditionally to the knowledge of these mechanisms.
We do not take mutations into account and consider that the pathogen is asexual; therefore, (|1.1)) can be considered
a pure competition model where the pathogens compete for a single resource (the susceptible hosts).

When I0 is zero except for a finite number of indices, our problem is reduced to a system of ordinary differential
equations:

%a@:A—aa@—awwﬂﬂw+%b®+~~+&h@»
%Il(t) = BiS () — 1L (b)
(1.2a)
d I
i ~n(t) =BNS(t)INn(t) —yNIN(L),

with the initial data
S(0) =Sy € (0,+00),  I,(0) =1I? € (0, +00), oy IN(0) =I% € (0, +00). (1.2b)

In this context, Hsu, Hubbell, and Waltman (1977) and Hsu (1978|) showed for a similar system of ordinary differential
equations that the solution eventually converges to an equilibrium which may not be unique but is always concentrated
on the equations that maximize the fitness f3,,/7,. Here we extend these results to an infinite-dimensional dynamical
system (we consider infinitely many variants) and prove that, for some well-chosen coefficients, the system stays
eternally in a transient state and never converges to a single equilibrium. Thieme (2011) considers a related model
in which a continuous distribution of host classes is infected by a pathogen that can be transmitted across classes;
he proves, among other results and under very general assumptions, the global stability of the endemic equilibrium.
While his model is different in nature and in behavior from ours, we consider it as an inspiration for future works.

The problem of several species competing for a single resource has received a lot of attention in the literature. In
this context, the “Competitive exclusion principle” states that “Complete competitors cannot coexist”, which means
that given a number of species competing for the same resource in the same place, only one can survive in the long
run. This idea was already present to some extent in the book of Darwin, and is sometimes referred to as Gause’s law
(Hardin [1960). This problem of survival of competitors has attracted the attention of mathematicians since the *70s
and many studies have proved this property in many different contexts — let us mention the seminal works of Hsu,
Hubbell, and Waltman (1977)) and Hsu (1978) followed by Armstrong and McGehee (1980), Butler and Wolkowicz
(1985), Wolkowicz and Lu (1992), Hsu, Smith, and Waltman (1996), Wolkowicz and Xia (1997)), and Li (1999)), to cite
a few — and also disproved in other contexts, for instance in fluctuating environments, see Cushing (1980) and Smith
(1981). Ackleh and Allen (2003) study the competitive exclusion in an epidemic model with a finite number of strains,
and describe how different species can coexist in some cases.

In our model, the fitness of a variant with genotype n is given by the formula R = 10\5: = %an, where «, := ﬁ—:;
the competitive exclusion principle implies that the only genotypes that eventually remain are the ones that maximize
RE. We prove that this is correct - asymptotically, only the genotypes that maximize the fitness survive - but
incomplete. Indeed it does not suffice to describe the asymptotic behavior of the population, especially when there are
% = % with ny # no, and possibly 71 # 2), of the maximal fitness
is not reached by any genotype, or both. In the latter case we can even observe an alternation of the prevalent variant
and eternal oscillations in the total number of infected, see the second example in section [3.2] Similar behaviors have
been observed in the literature for related models (among others, Hsu (1978)) already gives a similar description).
For example in the epidemiological context of Day and Gandon (2007, it has been observed that a strain 1 with a
higher value of v and a slightly lower R value than a strain 2 may nevertheless be dominant for some time. These
borderline cases shed light on our understanding of transient dynamics, see also Burie, Djidjou-Demasse, and Ducrot
(2020) where estimates for the transient dynamics for a related evolutionary model are provided based on the local
flatness of the fitness function.

Quantitative traits such as the virulence or the transmission rate of a pathogen, the life expectancy of an individual
and more generally any observable feature such as height, weight, muscular mass, speed, size of legs, etc. are naturally
represented using continuous or discrete variables. Such a description of a population seems highly relevant and has
been used mostly in modelling studies involving some kind of evolution (Magal and Webb [2000; Magal 2002} Barles
and Perthame 2007; Desvillettes et al. 2008}, Barles, Mirrahimi, and Perthame|2009; Bouin et al.|[2012; Jabin and Raoul
2011; Raoul 2011; Lorz and Perthame 2014; Griette [2019; Ducrot et al. |2022). In many of those models, mutation is
considered as a process that is continuously occurring through time. That assumption may or may not be realistic
depending on the context. It may also be realistic to model mutation as discrete events in time; in that case, the
behavior of the population between such mutation events is correctly described by pure competition equations like
(1.1). In the same spirit, our work also provides a precise description of what happens in the vanishing mutation
limit, and the trajectories of a model with a small but non-zero mutation operator are expected to be close, at least
transiently, to those of the limit.

equality cases in the fitness of the variants (i.e.



The structure of the paper is as follows. In section [2] we present our main results. In section [3] we provide some
examples and numerical simulations that present different asymptotic behaviors. In section [4] we propose a discussion
of our results. Finally in section [5| we prove the results we claimed in section
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2 Main results

In this article we study the solutions of (|1.1a]) supplemented with the initial data (1.1bf). Before starting, let us precise
that we use the notation ¢! to denote the Banach space of absolutely summable real sequences equipped with the
norm

+o00
l@nnenlle =3 laal;
n=0

and €1+ is the positive cone of £}, that is to say the set of non-negative summable sequences. Similarly, /> denotes the
Banach space of bounded sequences equipped with the norm

[[(@n)nenllese := sup |an|.
neN

We will make the following assumption on the parameters arising in (1.1).

Assumption 2.1. The constants A > 0 and 6 > 0 are given. The sequences (Bn)neN € (> and (777’)7161\1 € > are
bounded and we assume that there exist constants 0 < Sy < f°° and 0 < vy < v*° such that

0 < fo < fBn<B™ and 0<9 <7 <%, for all n € N.

As a consequence of this assumption, the sequence (8, /95 )nen is bounded. We let o* be the maximal fitness defined

by
* L ﬁk
o™ :=sup —.
keN Yk
Our next assumptions ensures that the maximal fitness o* is effectively attained (possibly at infinity) by a non-
neglibile population of infected. In other words, our model (1.1]) is not equivalent to another model with a strictly
lower maximal fitness.

Assumption 2.2. We let Sq > 0, (I?),en € @_ be given and assume that there exists a sequence of indices ny € N
with
ﬁnk *

ng >0and lim — =a".
k=400 Yn,

Let us precise that the sequence ny in Assumption 2.2 can be eventually stationary; in particular we do not assume
that the set of positive components is infinite.
We define the basic reproductive number Ry by

Ro = %a*. (2.1)

Finally, we make a technical assumption to avoid unnecessary theoretical discussions.
Assumption 2.3 (Finite w-limit sets). We assume that the w-limit sets of the sequences 7, and «,, := % , defined
by l

W ((Vn)nen) = m {7 : k>n} and w ((an)nen) := ﬂ {ag + k> n},
neN neN

are finite.

2.1 The Cauchy problem: existence and uniqueness

Our first result concerns the existence and uniqueness of the solution to the Cauchy problem (|1.1)). We show that the
system (|1.1)) is well posed in the sense of Hadamard.



Proposition 2.4 (The Cauchy problem). Let Assumption hold, and Sy > 0 and (I2),en € €} be given. Then the
system has a unique global mild solution (S(t), (In(t))nen) € CO([0,+00),R) x C°([0, +00), £1.), which is also a
classical solution:

S(t) € C'([0,400),R) and (I,(t))nen € C* ([0, +00),£}).

Moreover for allt > 0 the map

(50, (Ig)neN) ERx L — (S(t), (In(t))neN) ERx (L

15 continuous.

As an important consequence of Proposition we note that each component of (I,,(t)) can be computed from
S(t). More precisely, if we set

— 1/t
S(t) := f/ S(s)ds,
tJo
then we have the following formula for I, (t):

I,(t) = et(ﬁ"g(t)_%), for all n € Nand ¢t > 0. (2.2)

We will use equation (2.2]) repeatedly in the proofs of our results.

2.2 Persistence and asymptotic behavior

Next we investigate the asymptotic behavior of the solutions to (|1.1)) when ¢ — +o00. We first show that the population
of pathogens gets extinct if Ry < 1.

Proposition 2.5 (Extinction). Let Assumption hold, and Sy > 0 and (I2)nen € €1 be given. Suppose that either
Ro <1, or Ro = 1 and Assumption[2.3 holds true. Then we have

“+o0
lim I,(t) =0.

t——+oo
n=0

When Ry > 1, on the contrary, we can show that the pathogen survives in large time.

Theorem 2.6 (Persistence). Suppose that the Assumptions and hold true, and assume that Ry > 1. Then

we have

1
S(t) —— — and §'(t) — 0.
t—+oo t— 400

Concerning the behavior of I,,(t), we distinguish two cases.

i) Suppose that there is some i € N such that % = a*, possibly for multiple indices. Then I,,(t) converges in £ to
the following asymptotic stationary state

)

0 if Br < o,
I = T for alln € N,
n {67771[2 Zf% — o

where the constant T € R is the unique solution of the equation:

0
S wmlie™ = —(Ro—1).

{neN: %:a*}

ii) Suppose that for all n € N, we have i < a*. Then one has I,(t) — 0 for alln € N as t — oo, while
liminf Y~ 1,(t) > 0. (2.3)
neN

Moreover if (ng)ren is a sequence of integers such that

sup B < a’,

keN VYny

then we have



The proof of Theorem [2.6] will be given in section [5.3]

Let us explain in a few words the content of Theorem Our basic assumption is that the basic reproduction
number R is greater than one, because the infected population gets extinct otherwise. There are two typical situation.
Case corresponds to the case when the maximal fitness is attained by at least one variant; in this case, the behavior of
the infinite system is similar to the one of the finite system: we observe the unconditional convergence to an equilibrium
state, that can be computed from the initial data. The case when none of the variants attain the maximal fitness,
is more intricate. In general, we can only draw two conclusions: the first is that the pathogen persists in large time as
a whole (that’s ), and the second is that any family of variants whose fitness is uniformly dominated, eventually
gets extinct (that’s ) In section [3| we will give a counterexample showing that, in some cases, the total pathogen
population does not converge to a limit.

To go deeper in our analysis, we can be somewhat more precise on the behavior of the total pathogen population
at the expense of a slightly stronger assumption on the coefficients. When the phenotypic values 5, and =, are in
some sense uniformly represented in the initial state, the pathogen strains that win the competition are the ones that
maximize 22 first, and then Yn, as we will show in Proposition [2.91 We precise now what we mean by “in some sense
uniformly rgpresented in the initial state”. First we properly define the notion of “maximal reachable recovery rate”.

Definition 2.7 (Maximal reachable recovery rate). Let Assumptions and hold. Then the maximal reachable
recovery rate is

~* :=sup {’y € w((Vn)nen) @ (a",7) Ew (((O‘”ﬁ”))neN> } ’

wherein w (((an, 7”))neN> is the w-limit set of the joint sequence ((an, 'yn))neN. In other words, 7* is the maximal

limit value of a subsequence of ~,, such that 5& — o,

In the following assumption we impose that the initial mass of pathogens is never negligible around the maximal
value v*.

Assumption 2.8. Suppose that the Assumptions and hold true, and let v* be the maximal reachable
recovery rate as in Definition We assume that for each £ > 0 sufficiently small, there exist constants 6 > 0 and
m > 0 such that for each value a € [o* — §, @*] such that there exists n € N with g—" = «a, we have

2 I

.Bn_ —
{n._y:’l_a and v, >y* e} > m

In other words, the probability of “picking” a pathogen with =, close to v* conditionally to the fact that «,, = a with
« close to a* has a uniform positive lower bound.

Let us give a few examples of initial data that do or do not satisfy the assumption 2.8 If ~,, converges to
its limit, then the limit is necessarily v* and assumption holds independently of the initial data I > 0. If
w((Yn)nen) = {¥', 72} has exactly two elements v < 72, we have to look at the equality cases A, := {k : o = o }.
For simplicity, suppose that y2, — v and yo,+1 — 72 and A,, = {2n,2n + 1}, then Assurnption is satisfied if, and
only if, there is m > 0 such that

Ign—i—l
Ign + Ign-‘,-l o
When Assumption [2.§8]is satisfied, we can prove the following result.

Proposition 2.9. Suppose that Assumption holds and that g—" < o for allm € N. Then the total pathogen
population converges to a positive limit

“+o0
0
li I.(t) = Ro—1). 2.5
Jim 3710 = = (Ro—1) (25)
n=0
Moreover if n,, € N is a sequence of integers such that
Bnk _ * *
sup — = o™ and supy,, <7, (2.6)
keN Tny, keN
then we have
lim su I, (t) =0. 2.7
msup 3 I, (1) (2.7

keN

The proof of the results of this Section will be given in section [5] First we present some particular choices for
which the replacement dynamics of the variants can be analytically understood.



3 Examples

In this section we provide examples of explicit choices of the coefficients for which the asymptotic dynamics can be
understood analytically. We also provide numerical simulations of the corresponding set of ODEs, with a particular
attention to the dynamics of variants replacement.

We subdivide further the section in two subsections: in section we deal with examples for which v, = v is a
constant sequence, while in section we deal with examples for which ~,, takes alternatively two values.

3.1 Replacement dynamics 1: Monovalent 7,

In this section we investigate the asymptotic transition time between the prevalence of two given variants, depending
on their characteristics. We place ourselves in the case when -, is monovalent, that is to say, v, = v > 0 is independent
of n € N. We also assume that §,, < g* for all n > 0, so that we already know that the mass converges thanks to

Proposition [2.9
Z I(t) —— Toe. (3.1)

n»+m
n=0

Now let us observe that the total mass rewrites as

—+o0 —+o0 —+o0 +oo
Z L,(t) = Z Igeﬂni(s)fvnt — Z Ige(ﬂnfﬁ*)g(t)tJr(ﬁ*g(t)f'y)t — (B8t Z Igef(ﬁ*ﬂn)g(t)t’
n=0 n=0 n=0

and in particular:
Z L(t) = eSO P (), (3.2)

where F is the function defined by

+oo
¢) = Z[?Le—(ﬁ*—ﬁn){_ (3.3)

Notice that, since 8, < * for all n > 0, by (3.3]) we have

lim F(§) =0.

{—+o0

so that, using the fact that ) I,,(t) = Zc + o(1) > 0, we get
lim e S®-Mt +00.

t—+o00

Moreover, we have
In <ZI ) =t(B*S(t) —v) +In (F(tS(t)))

so that thanks to Theorem [2.6] we have

ZIn (F(S(t)) = —(8°S(t) — ln (ZI ) ——0

These algebraic remarks will serve to estimate the replacement speed of the variants. In particular, we will use the
key relation

B ~ 1 B 1 +oo
S(t) = T In (F(tS(t))) + T In <nz_% In(t)> . (3.4)

3.1.1 Monovalent example 1: the algebraic-algebraic case.
In this subsection we assume the following framework.

Assumption 3.1. We let 7, = v > 0 be a constant sequence and assume that the initial data is algebraic and the
convergence of the fitness to its maximum is algebraic :

1 1
I = —— with A > 1 while 3, = 5* — T for all n > 0. (3.5)
n

" A



Claim 3.2. Under assumption there exist constants C' > 1 and £ > 0 large enough such that for all ¢t > £ and for

all n > 0 one has
C (n+1) )

1 (n+1)
> < I(t) < ?f (m

ail (wt +(A—1)Int

where the profile function f is given by

Value of I, (¢)

100

80

(=
o

S
o

[\
e}

Relative frequency %

0 5 10 15 20 25 30 35 40 45 50
Time t

Figure 1: Plots of the solution I,,(¢) in the monovalent case 1. Colors are chosen at random so that each variant has
a different color. The bottom figure suggests that the diversity of variants increases with time, since there are more
and more lines with a noticeable width. Top figure: Value of I,,(t). Bottom figure: Relative frequencies of the
variants as a function of time. This is the proportion of each variant in the global population. Parameters: A = 1,
=1 5=1v= %, A =2, p8*=1. We used a total of N = 300 variants for this simulation. For interpretation of
the colors in the figure(s), the reader is referred to the online version of this article.

We start with a technical lemma.

Lemma 3.3. The function F(§) defined by satisfies
InF)=—(A—-1)In&+0O(1) as & — .

Proof. Let u,(§) := exp (—Aln(n +1)— n%rl) so that

F(&) =) un(é).
n=0
For £ > 0 we define z(§) > 0 and n(¢) € N by

z(§)+1= % and n(§) = |z(€)] the integer part of z(€).

Next we have for p € N and £ > 0:

Un(e)+p(§) [ n(€)+1 AX D
tn(e) (€) ‘<n<s>+1+p> ep(‘5<n<§>+1><n<§>+1+p>>



Hence we get

>t <5 (i) o (o)

p=0 p=0
< (n(€) + 1) exp (£> i i
W@ +1) 2 WA
Since .
S s [T Lay- Mm@y,
k=n(£)+1 k4 n(e1 Y A-1

we obtain that there exists some constant C' > 0 and &y large enough such that

= un(&)%—p(ﬁ) n(€) ex §
2 uge = (g im) o

This also rewrites as

pgoun@ﬂ)(s) < Cn(E)un(e () exp (@5”) Ve > £o.

On the other hand we have

n(§) n(§) A
w(©) _ (n(&) + 1) < & k- n<§>>
];un(g)(g) kZ:O k+1 ) P\a@+1 k+1 )
Next due to the definition of n(£) we have
n(©) <o) = & —1<n(@) +1,
so that
An(¢) -4

Hence there exists £&; > 0 large enough so that

As a consequence for all £ > & we have

M9 (€ "<f)<n(§)+1)A (A’f—”@

) (§) T g\ k1 2 k+1
n(§) A
n() +1 A n(€) + 1
<k—0< k+1 ) exp<2(1— k+1 ))
and similarly
ug(§) n(€) +1 n(€) +1
> =2 () e (40T

Now using Riemann sums with the continuous function

. Oifz <0
w%,exp(ﬁ(lf%)) ifx >0,

let us observe that we have

nkZ_o<k+1) exp<2z4(1k+1>>ﬁ/o P eXp<2A<1x>)d“S”%O~

As a consequence, there exists some constant, still denoted by C > 1 large engou and & > 0 large enough such that

Cn( E)un(e) (€ Zuk ) < Cn(&)un(e) (&), VE > &o.



Coupling the two above estimates ensures that there exists C' > 1 and EA > 1 large enough so that

F(£) < Cn(une) (&) < C& 4, Ve > &,

while

The completes the proof of the lemma.

Proof of Claim[3.2 As before the proof relies on Lemma and (3.4). Indeed using these we have
S(t) = — In (F(tS(t))) +

1 =
B 1B tB* = (;0 I"<t)>

v A—-1In(t) 1
“F T t*o(t>'

As a consequence we obtain

L,(t) = I% exp ((ﬁ*— nil) (;k-l-Aﬂ:llnit)—FO 1>>t—’yt>

= I exp ((A D) - (; n AB_* 1In(?)

n+1
= exp <—Aln(n+1)+(A—1)ln(t)_ n_l,'_l (

This rewrites uniformly for n > 0 as follows

1 (n+1) 1 4t+(A—-1)Int
In(t) = €D exp (—Aln — "2 - WTAT MY
(£) = 705 exp YT A Dt 5 ntl

Recalling the definition of the function f in (3.6)), the above equality becomes

(n+1)
vt+(A—1)Int

In(t)xllff< ) with f(X) = exp (—AlnX—Xlﬂ*>7

that completes the proof of the lemma. O

3.1.2 Monovalent example 2: the exponential-exponential case.

We work under the following assumption.

Assumption 3.4. We assume that 7,, = v > 0 is a positive constant, I0 = e~" and 3, = 8* — Be~¢" for some
constants A > 0, B > 0, and C > 0. In other words, the initial data is exponential and the convergence of the fitness
to its maximum is also exponential.

In this case we can show that the function F(£) behaves like £~¢ and that I,,(t) eventually reaches a fixed shape
shifting toward +oo like % In(t). More precisely I,,(t) behaves asymptotically like E(n — no(t)) as t — 400, where
no(t) := & In(t) and

E(v) :=exp (—;kBe_C” - Ay) . (3.7)
Claim 3.5 (Asymptotic behavior). Let Assumption hold and & be defined by (8.7). Let no(t) := & In(¢) and
In(Ilnt
wu(t) == po nl( I; ) for p19 > max(C, 1) and t > 1. Then there exists a constant K > 0 such that for all n > u(t)ng(t)
n
we have

%5@ “no(8)) < () < KE(n — no(t)).

Lu()no(8)]

and Z Ip(t) T 0 (where [p(t)no(t)] is the biggest integer smaller than p(t)ng(t)).
k=0
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Figure 2: Plots of the solution I,,(¢) in the monovalent case 2. Colors are chosen at random so that each variant has
a unique color. The top figure suggests that each variant has a similar behavior in time. The bottom figure suggests
that the diversity of variants remains approximately constant in time (more precisely, the number of non-negligible
variants in the population is uniformly greater than a positive constant). Top figure: Value of I,,(t). Bottom
figure: Relative frequencies of the variants as a function of time. Parameters: A = 10, § = 10, Sy = 1, v = 2,
8*=4,A=1 B=1,C =1. We used a total of N = 14 variants for this simulation. For interpretation of the colors
in the figure(s), the reader is referred to the online version of this article.

We begin with the asymptotic expansion of F'.
Lemma 3.6. Let Assumption [3.4] hold and let F(£) be defined by (3.3). Then
F¢) = E_% x M g5 &€ 5 co.
Proof. We claim that F satisfies the functional equation:

F(&) =e B 4 e 2 F(e ).

Indeed,
+oo +oo +oo k 400 & +oo
_Bte=C"_ An —An _B ek _B - .
N LR Y ) W
n=0 n=0 k=0 k=0 ne0
_ +00 (—B&)* _ 1 _ io (—BE)* . i@ (— BE)k 1 B
K 1— e A-KC k! B \1_¢cAakc
k=0 k=0 k=0

+o0 k —A—kC —Ce\k

_ _-B¢ (—=B¢) ¢ _ _-B¢ —A (—=Be~¢) _ -B¢ —A —C¢

=e +E o 1o ARC =€ +e g — =€ +e AF (e7“%).
k=0

We deduce that
F(eCg) = e P ¢ 4 e (g),
F(eQCﬁ) — B¢ + e*AF(ecg) — B¢ + e~ A=Be¢ + e*2AF(£),
F(e2C§) _ e—BeSCg + e‘AF(eQCg) _ e—BeSCg + e—A—Be2c§ + e—QA—Becg + 6—3AF(£)’



F(e"C¢) = e ™AF(€) + Zef(nfk)AfBekcg — oA (F(g) + ZekABekC§> )
k=1

For ¢ € [1, ec), we let X = £e™C so that

n= {é ln(X)J and & = Xe Cln(X)/C]

We get:

_ 1 - ekAfBekCE
oxp (AL (X)) (F ©+2, )

and finally, as X — 400,
F(X)=X"¢ x 00,

Proof of Claim[3.5 Thanks to Claim [3.6] we have, recalling ({3.4)

5(t) = L - L (F(ES () +

1 =

Y A 1In(t) 1

Lo(t) = I® exp ((3* — Be=Cm) (; + 01?3* @ +0 (1)) t— 7t>
= exp (A In(t) — Be~Cn (7 + A ln(t)) t+ 0(1))

Therefore,

C g Cp* t
~ e <Becn+ln<t> (g cf;* mg“) + gln(t) ~An+ 0(1)>
A \
= exp <— (1 + C’ylnit)) %Be_c(”_éln(t)) - A (n - éln(t)) + (’)(1)>
A
= exp <— (1 + Gyhlt(t)) %Be‘c(”_"om) —A(n—no(t)) + (’)(1))
with ng(t) = & In(¢). Thus for (n,t) € {(7,1) : 7t > p(f)no(f)} we have
L) _A W@ v o o) ) _ o0
E(n—no(t))_eXp( o 1 B*Be +0(1) ) ="',
since
In(t)

67C(nfno(t)) < 61n(1nt)7ln(t)7(/_t(t)71) In(t) _ e(lf,uo)ln(lnt) 0.

0<
-t t— 400

On the other hand if n < p(t)ne(t) then

I,,(t) = exp [;Btecn ~ o

<exp [— (;kBt — g) e " — An + g (In(t) —e™) + 0(1)] < e—An+o()

In(t)e= " — An + gln(t) + (9(1)]

because n < p(t)no(t) = & In(Int) with po > C implies e™" > In(t)Z > In(t) for ¢ large, whence

L(®)no b))
I(t) —— 0

t——+o0
n=0

by Lebesgue’s dominated convergence Theorem. This proves Claim [3.5]
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3.1.3 Monovalent example 3: the Gaussian-exponential case.

Assumption 3.7. Assume that the initial data is Gaussian and the convergence of the fitness to its maximum is

exponential:
2
1% = e~ while 8* — 3, = Be~“" for all n > 0, (3.8)

with A >0, B> 0 and C > 0 given constants.

Under this Assumption we can prove that the dynamics of the entire family of variants is actually guided by only
three variants at a time at most (and most of the times by only one variant at a time) provided C is sufficiently small.
We let Wy be the principal branch of the Lambert-W function, that is to say the smooth real function satisfying
Wg(a:)eWO(””) =g for all z > e~! and lim,_, oo Wo(z) = +00; see Corless et al. li for details. We define:

BC?
Y(t . .
(0= W (5 150) (39
Claim 3.8. Let Assumption [3.7 hold. If C is sufficiently small, then there exists 6 > 0 small enough such that:

0o Inwy-1(t) + Iny(t) for t > 1 and —1/2 < R(t) < —1/2 46,
D Iu(t) ~ Iy for t>> 1 and —1/2+ 6 < R(t) < 1/2 -4,
= IN(t)(t) +IN(t)+1(t) for ¢ > 1 and 1/2 —0< R(t) < 1/2,

where N(t) = |Y(t) + 1], R(t) =Y (t) — N(t) and Y (¢) is defined in (3.9).

1
=
E m'
2 05) , m m (
.S < 0 0

— i
\\ )
0 .,,,, R o) .) ‘“ )), ), )l‘,, 0.‘.‘.'
10° 10! 102 103 104
Time ¢ (log-scale)
100

IS
L 80L
Q
=
2
2 60
&
o 40|
=
= 90
o~

0

10° 10! 102 103 104

Time ¢ (log-scale)

Figure 3: Plots of the solution I,,(¢) in the monovalent case 3. Colors are chosen at random so that each variant has
a unique color. The bottom figure suggests that the diversity of variants diminishes in time since the steepness of the
separation between variants is slowly increasing (and our theoretical predictions show that only one variant remains
at carefully chosen times). Top figure: Value of I,(t). Bottom figure: Relative frequencies of the variants as a
function of time. Parameters: A = 10,0 =10, So =1,v=2, 5 =1, A=0.1, B=1, C = 0.03. We used a total
of N = 100 variants for this simulation. For interpretation of the colors in the figure(s), the reader is referred to the

online version of this article.

We define for £ > 0, z(£) > 0 at the solution of the so-called transcendental Lambert equation

BC
Cx _
ze =51 &.

12



Remark that z(£) can be expressed thanks to the principal branch of the Lambert-W function, Wy(z). More precisely,

2
z(€) = £ Wo (% )
We denote by n(€) the integer which is the closest of (), that is

z(&) = n(&) + r(€) with n(§) = {x(ﬁ) + ;J € Nand r(§) € [-1/2,1/2).

Lemma 3.9. The function F defined in satisfies the following asymptotic behavior
Fe=Cr©g) n e~ AnO)’=Bge™ 7O _ —An(6)’=322(9) 45 ¢ 5 o0,
Proof. We define the function G : R> — R by
G(x,&) = Az’ + Bée %, V(x,€) € R2.

Now we first claim that we have:

S e—G(n,e*C“%):O(e—mn(&),e*c”@a) as & — oo
n=n(€)+1

To prove this property, observe that for p > 1 we have

(3.10)

(3.11)

(3.12)

G(n(€) +p,e "0 — G(n(€),e™"O¢) = Bem O =CO¢ 4 A(n(€) + p)? — Be e rO¢ — An(¢)?

=B (e_Cp — 1) e_cx(g)ﬁ + A (2n(f)p + pz)

=B (e " -1) %x(f) + A (2n(&)p +p?)

= ()|~ (1= ) 22 4 2]+ Al - () - Ar(?

2A

> 5@ [-(1-e™ )+ Cpl + A(p—1/2)" - 4/4.

From the above estimate we obtain
o0
n=n(£)+1 p=1

which proves (3.17)).
Next we claim that we have

n()-1
3 e~ Gne™ " ®g) _ (e—c(n@),e*“'(@s)) as £ = 0.
n=0

To see this, note that for 1 < p < n(§) we have

$ e Ome TOORGME. TG < (OO (1m )] T e AP1/2T A L a5 € 5 o,

(3.13)

(3.14)

G(n(€) —p,e" "¢ — G(n(€),e "OE) = Be MO P~ + A(n(€) — p)? — Be @O — An(€)?

= B(e? — 1)e”9*©¢ + A[(n(€) — p)? — n(€)?]
= B(e? — 1)e” )¢ — A2px (&) — p* — 2pr(¢)]
2A

= 52O — 1= Cpl + AP® - 20r())

> 24x(§)[e” —1 - O + A(p* — p).
Therefore we get

n(§)—1 n(§)

Z e~ Glne” TEOHTG((§),emTOE) o = Ra(@)[e?-1-C] Z e AP=P) L 0 as £ - oo
n=0 p=0

Coupling (3.17) and (3.14)) yields
P (e—Cr(§)€> _ e—G(n(g),efcr@)g)(l +o(1)) as £ — .

That completes the proof.

13
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When C is sufficiently small we obtain a more refined estimate that is useful to understand the large time behavior
of the sequence (I,,()),,>¢-

Lemma 3.10. Fix C > 0 small enough such that
e C/2(e2¢ — 1) —2C > 0 and C — /2 (1—-e2) >0. (3.16)
Then the function F' defined in satisfies
Fe= 3 e AN +p)?—Bge= OO (e—An@)Q—Bée*c”“)) as € = co.
p=—1,0,1

Proof. Recall the definition of the function G in (3.11)), let us show that we have:

[ee]
Y e~y <67G<n<s>,s>> as € — oo. (3.17)
p=n(§)+2

To prove this property, observe that for p > 2 we have
G(n(€) +p.€) = G(n(€),€) = Be~ Mg 1 A(n(€) +p)* — Be~ "¢ — An(6)?
=B (e_Cp — 1) e Cr@)eCr@e 4 4 (2n(£)p +p2)

MO (e-Cr _ 1) 24 ?
= OB (7% — 1) Z5a(€) + A (2n(Ep +p7)

— () |- (1) % +24p)| 4 A= r(€)* - Ar(e)

> %x(f) [—60/2 (1—e 7))+ Cp} +A(p—1/2)°—A/4

Now the map p — —e®/? (1 — e*Cp) + Clp is increasing for p > 1 so that

o) oo
Z e~ GO+GMEE) < o= 24.4(¢)[20 /2 (1-e2C) Ze A(p=1/2)*+A/4 (3.18)
n=n(§)+2 p=1

Finally thanks to (3.16)) we have
20 — ¢©/? (1 — 6_20) > 0 for C > 0 small enough

so that - o
Y e CEOTCnO0) < ~EHORC 1 NP A UD A/ 0 a5 £ o0, (3.19)
p=n(§)+2 p=1
that is
(oo}
Y e =y <67G<n<s>,s>> as & — oo. (3.20)
p=n(§)+2
Next we claim that we have ©
n(&)—2
Z e—GPE) — (efcxn(s),s)) as € — oo. (3.21)
p=0

To see this, note that for 2 < p < n(£) we have

G(n(€) — p,&) — G(n(€),£) = Be=“OP)¢ 4 A(n(€) — p)? — Be "¢ — An(€)?
= B(e? — 1)e=*®e O ¢ + A[(n(€) — p)* — ()]
= B(eP — 1)e” “*®e O — Al2pa(€) — p® — 2pr(€)]
= 22019 1~ Cpl + AW — 2pr(6))

= Qe — 1 - COpl + A~ 2pr(©)
> 2Ax(¢)[e”P(e” — 1) = C + A(p® - p).

Now the map p — e~ /2¢¢P — 1 — Cp is increasing for p > 1 so that

G(n(€) — p,&) — G(n(€),€) = 24z(¢)[e” (e — 1) — 2C] + A(p® — p).
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Thanks to (3.16) we have
e 9220 — 1) - 20 >0,
so that we obtain

n(§)—2
3 e OOHEOE0) 5 0 as € - o,
p=0

and the result follows. O

Now let us prove that when C is small enough, when the time becomes large, at most three variants can survive
at the same time. Our precise lemma reads as follows.

Corollary 3.11. Fiz C satisfying (3.16) and let Assumption be satisfied. Define for t > 1, N(t) and R(t) the
closest integer part and the fractional part of Y (t) the solution of

Y(t) = éWO (iftS(t)) .

Then the following holds true:

N(t)—2 )
Z I,(t) + Z I(t) = o (Inw(t) ast— oo,
p=0 p=N(t)+2

Note that using the notations introduced above (see (3.10])) we have
N(t) =n(tS(t)) and R(t) =7 (tS(t)) .

Remark 3.12. The above corollary means that, at least for C' small enough, at most three variants can simultaneously
survive in the large time, the variants N(¢t) — 1, N(¢) and N(¢) + 1.

Proof. The proof is a direct consequence of on estimates (3.20) and (3.21)). Indeed we have for all n > 0 and ¢ > 0

L(1) _ e—A(nZ—N(t)Z)—B(e’C"—e*CN(”))tg(t) _ e—G(n,tE(t))JrG(N(t),tE(t))
In () 7
and the result follows from these two estimates. ]

Proof of Claim[3.8 Now let us show that most of the time, only one variants can survive. To see this, using the same
notations as above, note that we have

IN-1(t) AN =) = (N (D) +1)) = Be~ OV O=D _=CND+1))5 ()
Iney41(t)
_ efA(74N(t)fBe’CN(t)’CR(f')eCR(t)(ecfe’c))tg(t)

_ e4AN(t)72A/CY(t)eCR(t)(ecfe_c))

_ e2AN(t)(2—1/CeCR(”(ec—e’c)))-&-(?(l)’

while

In-a(t) _ e—A((N(t)—1)2—N(t)z)—B(e’C(N(‘)’”—e’CN(t)))tg(t)
In ()
— 2AN()(1-1/CeM M (e ~1)))+0(1)

and

Ini1(t) _ e*A((N(t)+l)27N(t)2)7B(67C(N(t)+1)*57CN(t)))t§(t)

Ine (1)
_ 672AN(t)(1+1/CeCR“‘)(e_cfl)))+0(1).
As a consequence, setting
1 C 1 C 1, 1—e ¢
X =—In———, X =—1 d X =——In——
1(0) C n Sinh(C)v Q(C) C n ec 1 a1 B(C) C n C )
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for all 6 > 0, we have

Tim IN*%: (3.22)
X1(C)1o<R(t) “N®F1
Jlim IN“(?t):o, (3.23)
R(H<xX1(C)—5 N1
and
im Pl =omd gm0 (3:24)
X>(C) 1O R(1) X5(C)Z6=R(2)

To understand the meaning of the above limits, observe that
1 1
X,(C) = —C/6+0(C?), X5(C) = —3 + O(C) and X5(C) = 5 +0O(C)as C = 0.
As a consequence, using ([3.24)), if C is sufficiently small then for some ¢ > 0 small enough we have

1
Ingy-1(t) = 0 (In@)(t)) for t>>1and — 3 +0<R(t)<

Q,, M\)—l

1 1

IN(t)+1(t) =0 (IN(t) (t)) fort > 1 and — 5 < R( ) 5

This means that most of the time (when R(t) is close to —1/2, only the variant N (¢)
(13.23)), if C is sufficiently small then then for some ¢ > 0 small enough we have

and N(t) —1 can survive. Using

1
IN(t)+1(t) =0 (IN(t)fl(t)) for t > 1 and R(t) S |:—2 + 6, —5:| .

For C' > 0 is small enough, there exists § > 0 small enough such that the following picture for the survival of the
variants holds
Ingy—1(t) + Iy (t) for t > 1and —1/2 < R(t) < —1/2+ 9,
D IL(t) ~ { Iny for t>1and —1/2+6 < R(t) < 1/2 -6,
IN(t)(t) + IN(t)-i—l(t) for t > 1 and 1/2 —0< R(t) < 1/2
This proves Claim O

3.2 Replacement dynamics 2: bivalent -,

We place ourselves in the case when the sequence 7, takes only two values, an more precisely we assume that there
exist two constants 0 < 1 < 72 such that vo,41 =71 > 0 and ~g,, = 72 for all n € N. Our goal is to give examples
of possible behaviors when Assumption is not satisfied; in particular, we will not assume that the total mass
converges.

Recalling that o := sup,,ey 7 ﬂ , we can write the total mass as
+oo _ _ _
Z L,(t) = Z ]geﬁn (8)=nt Z IO (L2 —a* ) yntS () +a (4o =7 IS (£)+a* Y £5(8) = (yn —7 " ) t—7"t
n=0

— Y U S(1)-1) Z 107 (5 —e" SIS+ (v 7" (@ (1) -1t

n=0

+oo _ —_
— VB 7 [0g=mm (@ = 52) BB (" ) (SO )t
n=0
— e’nt(a*s(t)*l)]:(t,?(t))’ (3.25)
where

ZIO —n (@ = E2)t8(t)—a" (7" —7a) (S(t)— 3= )t (3.26)

Since Yop41 = 71 and 72, = 2, We set
1._ 0,1 ._ 70 2 ._ 0,2 ._ 70
By = Bon+1, Iy =15,.1, B :i=Pwm, andly =1,
so we can rewrite (3.26) as

+oo

+o0 82\, @ =
(a5 s0 —a (0= 2 ) ()= =) (0B -1)t
1) =Y Iv'e (=) +Y I .
n=0 n=0
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= F(£5(1)) + e~ 012" SO-Dt By (175(¢)), (3.27)

W heI‘e
gl
n

= -7 (Ot* )5 = —72 (a**ﬁi)f
Fi(§) =) IN'e "7 and Fy(€) =) I ) (3.28)
n=0 n=0
To go a bit further, we notice that taking the logarithm of (3.25)) leads to
71 (a*S(t) — 1)t = —InF(t,S(t)) + InZ(t),
so (3.27) becomes

]-"(t,S(t)):Fl(tS(t))+<I(t)> h Fy(t5(t)). (3.29)

In the sequel we will assume v; = 275. In that case, (3.29) is a second-order polynomial equation in 4/F (t,g(t))
which can be inverted to give the following expression of F:

— 1

F(t,5(t) = Z0 (F2 (tS(t)) + \/ Fy (t?(t))2 +4F (tS(t))I(t)) . (3.30)

3.2.1 Bivalent example 1: unexpected selection

First let us explain the title of the subsection. Given Proposition we can prove that the phenotype that is
eventually selected by competition (after the selection for fitness) is the one that maximizes 7, (in our case, v1). In
this section we will prove that, for some carefully chosen initial data, selection can make all pathogen expressing the
v1 phenotype disappear. This strikes us as an unexpected result. We work under the following assumption.

2
,11 = ma* — Bie 1, 12’1 = ¢~ Ain , ﬂfl = ya* — Boe %" and

Assumption 3.13. We assume that v; = 27y,
IO,2 — e—Az’ﬂ
" .

Our claim is as follows.

Claim 3.14. Under Assumption we have

0
Jim Jim P (Ro—1) >0,

n=0

+00 too
lim Z I'(t) =0and lim ZIZ(t) =
n=0

wherein I}(t) = Iy, 1(t) and I2(t) = Iz, ().
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Figure 4: Plots of the solution I,,(t) in the Bivalent case 1. The family I,,(¢) is divided in two groups:lo,,+1(t) = I} (t)
associated with y; which are plotted in a family of cold colors (blue to green), and I, (t) = I2(t) associated with
~2 which are plotted in a family of warm colors (red to yellow). Both figures (top and bottom) suggest that the v,
family becomes prevalent at first, but the o family eventually wins the competition (after t ~ 10?). Top figure:
Value of the density of variants I,,(t). Bottom figure: Relative frequencies of the variants as a function of time.
Parameters: A = 10, 0 = 107 SO = 1, ot = 2, Y1 = 10, Yo = 10, Al = 1, Ag = 3, Bl = 32 = 10, Cl = 02 = %
We used a total of Ny = 10 variants for the family 1 and Ny = 20 variants for the family 2. For interpretation of the
colors in the figure(s), the reader is referred to the online version of this article.

Proof of Claim[3.1], We rewrite (3.30) as:

) < 2050)° A(S)
F(6.50) =~z 1+ J O )
We know that Z(t) < 1, that Fy (t?(t)) =0le 20 In(tS(1)? ) by Lemma and that F3 (tS( )) (t?(t))_% by

Claim [3.6] In particular, we obtain

Fy(tS(t <
41(15)1(#())2 =0 (e 3oy In(tS ()% + ln(tS(t))) : 0,
Fy(tS(t)) o0

so that o
F(t,S(t) = %(1 +o(1))

and by _ _
Y1 (a*S(t) — 1)t = —2In (F2(tS(t))) + O(1).

Finally we obtain

+00 e _ Fi(tS(1))

Next we show the convergence of > I2(t) to a positive constant. We know that > I'(#) — 0 and, by Theorem [2.6}
S(t) — - and S'(t) — 0. Using the first equation in (L.1a) we have:

S0 “95 Zﬂnnt)=§ﬂifi(t)++26212 2/3212 +O<Zfl )
n=0 n=

18



+o0 2
=S (£ o) 20+ St 20+ o) = 3 220
n=0

where we used the fact that > (— -« ) I%(t) — 0, which will justify below. Admitting this fact temporarily, let us
finish the argument. We have now

+00 / _
DILCES (O o) -

Yo

i . (ga* - 1) +o(l) = 72604* (Ro —1) +o(1),

Yo

which is exactly the second part of Claim

There remains to show that Y (% —a*) I2(t) = 0 as t — +oo. Fix e > 0 arbitrarily. Let I> := ﬁ[(;%) so that
by Lemma [5.3| we have 3" I2(t) < I*° for ¢ sufficiently large. Let N be the set of indices defined by
2
N, = {n eN: B —af| < 5} .
Y2 21>
Then
(ﬁn ) € +§ 2 €
neN: 72 21 n=0 2

for ¢ sufficiently large. On the other hand, for n € N¢ := N\N;, we have a* — ’@—”

I2(t) = ]2’2672(’%*a*)§<t>t+vz(a*§<t>fl)t < [02e 3= SO (SO < 102 oy (_ V2 t>7

8I>°a*
whenever S(t) > 51 and [a*S(t) — 1| < 8[0‘%’ which is true for ¢ sufficiently large. Thus
: e
DR IURT ) py Cp—
neNs neNs e
and finally
+oo
DL =) I+ Y It <e,
n=0 neNe neNg
for t sufficiently large. This finishes the proof of Claim [3.14] O

3.2.2 Bivalent example 2: alternating persistence

In this subsection we provide an example which shows a very particular asymptotic behavior: the types v; and o
are both asymptotically persistent as ¢ — +00, and become alternatively prevalent in the population. This causes the
total mass of infected > I,,(t) to fluctuate between two distinct values. This shows, in particular, that an additional
assumption (like, for instance, Assumption is really necessary to obtain the asymptotic behavior of the mass and
that the conclusions of Theorem are, in some sense, sharp.

We work under the following assumption.

Assumption 3.15. We assume that v; = 279, 8% = ya* — Be ", %! = ]&e‘A"2, B2 = ya* — ge_%” and
102 = Ige_%”Q for some positive constants A > 0. B > 0 and C > 0.
Our claim is as follows.

Claim 3.16. Under Assumption there exist two sequences t; — 400 and 3 — +00 as k — 400, such that

kETmZIl th) = (R0—1)>Oand ngOZF th) =0,
and
kngZI (1) =0and  lim Z (R0—1)>O,

wherein I} (t) = Iy, 1(t) and I2(t) = Iz, ().
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Figure 5: Plots of the solution I,,(¢) under Assumption The family I,,(t) is divided in two groups:lo, +1(t) = I} (t)
associated with y; which are plotted in a family of cold colors (blue to green), and I, (t) = I2(t) associated with
~2 which are plotted in a family of warm colors (red to yellow). The top figure suggests that the total pathogen
population fluctuates in time. The bottom figure suggests that the v; and ~» families become alternatively prevalent.
Top figure: Value of the density of variants I,,(t). Bottom figure: Relative frequencies of the variants as a function
of time. The family associated with ~; (blue to green) and the family associated with 75 (red to yellow) become
alternatively dominant. Parameters: A =5, 0 =5 Sy =1, a* =2,y =10, 2 =5, I} =1, I = 0.1, A = 36,
B =2 C = 3. We used a total of N; = 6 variants for the family 1 and Ny = 15 variants for the family 2. For
interpretation of the colors in the figure(s), the reader is referred to the online version of this article.

Proof of Claim[3.16. Recalling (3.28) and Lemma we have in this case:
Fy (e~ (@) ~ emAm @ = 2an(@
Fg(e__”(&)f) ~ e —fina(8)’- 12(5)

where
21(§) = m(§) +m(§) = éWO (B;l g) and 2(€) = na(€) + r2(€) = g (BC 5),

n1(€),n2(€) € N and r1(£),72(€) € [-1,3). In other words, with z(¢) = %WO (BCQ §>, we have

m(©) =[x+ m(©) = 326+ 5 |.
n(© o0 - m(© € (~3.3). ra(€) =30(6) ~ na(€) € (5.3

Let ¢! and &2 be defined by the relation

€= é_‘é (n _ %) C(n=3) and €= ;_‘é <n+ %) (Cln+3),

so that we have, by definition,

(&) =n— % (&) = n, (&) = —é, na (&) = 3n— 1, ra(&a) =0,
W) =ntz  m@=n @)=ty mE@=d+l  nE@)=0



Since Wo(X) =In(X) —Inln X + o(1) (see Corless et al. [1996| (4.19) p.349), we have for n sufficiently large:
1 1 BC? 1 1 BC? 1
C""l(én) 1 —— C’I“l(gn) 1 _ C’Fl(gn) 1
T (e fn) c In (2A e §n> - Inln (2A e §n> +0(1)
1 BC? 1 BC? 1 Cri(€l)
= Ly — i S 10/
_rl(fn)+cln(2A£> Clnln(2A§> Oln(l—i—ln(BQiQ) +o(1)
. . 11 2

= x(fn) +T1(€n> +0(1) =n- g Y +0(1> =n- § +0(1)a

thus for n sufficiently large,

ny (ecmsi)&)

Similarly, for n sufficiently large, we have

(52 Cr(en )) =n+ % + o(1) and ny (ecrl(fi)fi) = {a: (ﬁecﬁ(fi)) + ;J

Thus, for n sufficiently large, we have

n+ 1.

1 [ 1) 2
FF‘;((fln))g ~exp | —An, (eCTl(éb)é"}l)z + A (712(35”)) - %1‘1 (g}}eCTl(&,)) + ;é{.rg(fl)‘|
_ exp :A (le(;i) oy (ecn(gfl)&» (”2(35711) Ty (eCm(&,lz)g?ll)) n % (552(35711) o (eCn(Ei)grll)ﬂ
e o e N Bl
= exp 4:;4(n—§>+0(1):| m'FOOa
and similarly,
2 2\ 2
}}7;1((6?277,))2 ~ exp —An1 (ec’f'l(f )€ ) + A (nQ(:fn)) _ %1‘1 (EieCTl(gi)) + ;164’1;2<£721)‘|
~ exp < 2(&2) . (ecﬁ@i)giD (712(363) . (eml(si)ggL)) N % <:v2;é“i) o (ecmsi)gg)ﬂ
- 2
= exp A<n+:1))—(n+1)) <n+;+n+1> +% <n+;+7°2(3n)_ (n+1+7"1 (Siecmo))ﬂ
= exp 4;)4 <” + §> + 0(1)} P 0.

Now we conclude the proof. Let t. be a sequence of times such that t1S(¢})

Then, recalling (3.30)), we have:

=¢}. Clearly t} — +00 as n — +o0.

1 gyy _ FtS(E) Fz(tﬁ(ti)) I(t, Fz(tﬁ(ti))
and by ,
yith (a*S(th) — 1) = —In Fy (¢4 S(th)) + O(
Finally,

+oo
> ()
n=0

= Zenm@ SN g (11 5(1)) =
F(&)

=0 0,
( Fl(ﬁ%)) notoo

and by using (|1.1a)) together with Theorem we obtain
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as we did in the proof of Claim The first part of the Claim is proved. Proceeding similarly, let t2 be a
sequence of times such that t25(t2) = ¢L. Clearly t2 — 400 as n — +o0o. We have

R 5 - PESE) (H\/Hz(zm(tis(ti)) ) :W(HO(D)’

4 th) F2(t75(3))? 4
SO
Tty (@*S(t2) — 1) = —2In F>(25(t2)) + O(1),
and
ioll(tQ) _ (e S@) - (25(2)) = 12l Fi(£5(82)+0(1) o (25(2) = 0 ( Fi(&) ) 0
= Sl i F(E2)2) e
so finally
+00
i 3L = o (Ra - 1).
This is the second part of Claim [3.16] and the proof is finished. O

4 Discussion

Tt is a classical result in evolutionary epidemiology (Ewald|1983; Alizon et al. 2009) known as the ‘trade-off hypothesis’
that evolution favors variants that maximize the basic reproductive number Ry; here we show once again the robustness
of this prediction by considering an infinite number of variants competing for the hosts. Yet, we also go beyond the
standard prediction and show that a complexity persists in the asymptotic behavior of the epidemic even in our
simplistic model, with many possible outcomes ranging from the simple convergence to a global equilibrium (the case
of finite system as in Hsu (1978), or case of Theorem to an eternal transient state (the example given in Section
3.2.2)).

Our examples in section [3shed light on the variety of dynamics that can be observed for the diversity of pathogen
variants in the host population. It is likely to be dependent not only on the distribution of the parameters ~, and
ap = 5—:, but also on the initial number of infected corresponding to these parameters; depending on the choices we
make, we can observe an enhancement, preservation or erosion of the diversity of variants in the population. Example
1 shows the case of an algebraically converging fitness function with an algebraically decreasing initial data. Figure
(bottom) shows the numerical computation of the relative frequencies of the variants; the number of variants with
non-negligible proportion seems to be increasing with time, hence in this case the diversity seems to be increasing
with time (enhancement of diversity). In Figure [2| (bottom) we show the numerical computations for the case of a
fitness function converging exponentially fast with an exponentially decreasing initial data; here the diversity seems
to be approximately constant in time, with a constant number of variants that dominate the others (preservation
of diversity). Figure [3| (bottom) shows a similar fitness function but with Gaussian initial data; here the transition
between variants becomes steeper with time, and our analysis in Claim [3.8] suggests that only one variant dominates
all the other for increasingly large periods asymptotically (although this may happen in a larger time frame than the
one presented in Figure [3)). Thus in this case we observe an erosion of the diversity of variants. Those three different
types behaviors can be proved analytically, see Claim Claim and Claim

While Figure [T} Figure [2] and Figure [B] focus on the case when =, is a constant, in Figure [4 and Figure [ we
investigate the case when =, oscillates between two values and we show that surprising behaviors may occur then.
Figure [4] illustrates that, when Assumption does not hold, we cannot hope to generalize the results of Proposition
indeed the family of variants with the highest value of v, (in blue to green) gets extinct and the family of
variants with the lowest value of +,, (in red to yellow) dominates in this case. This is proved in Claim Figure
illustrates that in some particular cases, neither family uniformly dominates the population asymptotically, but they
both dominate the population alternatively. Claim [3:16] shows moreover that, in this situation, the total population
of infected does not converge to a limit but oscillates between two distinct values.

The assumption that an infinite number of variants exist at the same time corresponds to a creative simplification
of reality that allows us to describe possible behaviors occurring in nature. The classical theory for finite systems gives
us access to a single type of dynamics: convergence to a unique equilibrium. Yet practical observations in real-life
epidemics such as the COVID-19 epidemic suggest that it is not the case (Briissow [2022). In the end, a description of
the succession of infinitely many variants might give a more realistic description of the observed phenomenon than a
finite model.

We predict that, when there is equality between different types, the variants that are associated with a fast dynamics
are favored in the long run. This may seem counterintuitive since the parameter that is maximized, 7, incidentally
corresponds to the inverse of the infection period; however, we conjecture that the behavior that it selected is the one
associated with a fast transmission rather than low infection period. This could be checked by splitting the different
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coefficients associated with recovery, host mortality, and transmission in . We leave such a refined description for
future work.

Our work could be extended in several directions. An important addition would be to account for the influence of
the age of infection in our model, as in the original article of Kermack and McKendrick (1927) (see also Demongeot
et al. (2023))). We consider it an exciting motivation for future works.

5 Proof of the mathematical results

5.1 Proof of Proposition

We prove that problem is well posed. Thanks to Assumption we observe that the map F : R x £ — R x ¢!
defined by the right hand side of the system of equations is locally Lipschitz on the Banach space R x ¢!
Therefore problem admits a unique maximal solution (S(t), (In(t))nen) € C([0, Tmax), R) x C([0, Tnax), £*)
for some Tinax > 0 possibly infinite. Moreover, formula holds, i.e.

In(t) = (P50 =0) 10,

in particular I,, is a non-negative function for all n € N and (I)) _ € €% = (I,(t)), _ € £} is continuous for all
t>0.

Next, the following a priori estimate proves that the solution (S(t), (In(t))nen) is uniformly bounded in R x £} so
that Thax = 00:

Lemma 5.1. Suppose that Assumptz'on holds true. For allt € [0, Trnax),

0<5(t) < Soe™ " + % (1—e%) < max (Sm 2) , (5.1)
< [ 0 — min(@,’yo)t- 9
0<5(t)+ 7% ~ min( 9 ,70) (SO + % min(6 fyo)> € (5:2)

Proof. Using the first equation of (1.1al), we have S(¢) > 0 and due to the positivity of I,(¢) we readily prove the
Lemma inequalities for S(t).
Next, adding equations of (|1.1a) we remark that

% <S(t) + an(t)> SA—0S(t) =0 Y In(t)

neN neN

which yields the inequality for S(t) + >, .y In(t). The Lemma is proved. O

5.2 Proof of Proposition
We first assume that Rg < 1. Let € > 0 such that

0
=1—-Ro |1 —
m o(+EA>>O,

there exists to(¢) > 0 such that

S(t)<%+s

Recall that the equations of ([L.1a) for I,, write for all n € N

d

or, by definition of Ry, as
d 0
— < — - .
dtI”(t) < Y (ROAS(t) 1) I,(t)

For all n € N and ¢ > ()
d

—IL,(t) < —=mynla(t),
CI(t) <~ (0)

therefore

0< Z In(t) < e—m’Y(J(t—to(E))[n(730(5))7
neN
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which proves that lim;_, 1 o ::8 I,(t)=0.

Next, as S(t) is bounded, we consider S := liminf; , . S(¢). Let (¢x)n>0 be a sequence that tends to co as k — oo
and such that limy_, 0 S’ () = 0 and limy 4o, S(tx) = S. Since (8,,) is bounded, from the following equality for all k

+oo
%S(tk) — A —05(t) - nz:;)ﬁns(tk)ln(tk)

passing to the limit, we obtain lim inf;_, ., S(t) = %. Similarly, lim sup,_, . S(t) = %, therefore
. A
tginoo S(t) o g’

which concludes the first part of the proof of the proposition. The second part of Proposition will be proved in
section [5.5] because we need more tools to prove it.

5.3 Proof of Theorem 2.6

Before we start the proof of Theorem we introduce a few notions that will be useful along this Section. Indeed,
in order to get a compactness of the orbits, we need to include our dynamical system in a larger space. We define the

distance on N: ) )
Trnil w + |an — am| + | — Yml, for all n,m € N.

d(n,m) = '

We let N be the topological completion of N for the distance d. It is essentially the smallest closed set for the distance
d containing N. Because of Assumption the sets w(a) and w(vy) are finite and we have, up to a topological
isomorphism which we will omit in the rest of the proof,

(N,d) = ([~ K, +00) N Z,d),
wherein we have set K := #w(a) x #w(y),
w(Oé) X w(’Y) = {(O‘—ia’y—i)ai =1,... 7K}7

and
L,>0  ILy>o

d = —
(n,m) 1+4n 14+m

+ |an — am| + |0 — Yml, for all nym € ZN [ K, +00).

In particular N is Hausdorff and countable, which implies that the Borel o-algebra is the set of all parts of N, and
therefore any Borel measure 1 € M(N) can be represented by a summable sequence:

—+oo
n= Z PO s
n=—K

where §,, is the Dirac mass concentrated on n € N and (n)n>—k 1s a summable sequence of real numbers. Finally, N
is compact for the topology generated by d.

In what follows we will obtain the compactness of the orbit by using the weak-* topology on the space of measures
M(N). To mark the difference, we will write M*(N), M7 (N) instead of M(N), M, (N) when the space is equipped

with the weak-* topology. Recall the topology on M(N) is generated by the norm

1) el ey = 3 litals

neN

and that the topology on M*(N) is that of the weak-* convergence: convergence of a sequence u™ — p for this topology
holds if, and only if,
“+o0 “+o0
n
Z Pr by m Z Pk,
k=—K k=—K

for all () € C (N) the space of continuous sequences over N, which is characterized by

[(pr) € C(N)] = [Brf @k, = @—; whenever ay, — a_; and y, — y—; with k; = +oo and i > 0/ .
st . :

In what follows we will consider equation (L.1)) with an initial data (1,,), .z € M+ (N). Because of our construction
of N, Assumptions and need not be adapted to the new framework. Assumption [2.2 however, does. Let us

the replace Assumption [2.2] with the following:
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Assumption 5.2. We let Sp > 0, (12)
ni € N with

nen € M (N) be given and assume that there exists a sequence of indices

ng > 0and lim B =a*.
k—+00 Yn,

As before the sequence of indices (ny) need not be strictly monotone and can be eventually stationary.
The following lemma holds true.

Lemma 5.3. Suppose that Assumption [2.] holds true. Then we have

min (6, o) . A
< < <
0<Mmmwwmww*%2§“> limsup §(f) < G < oo,
A
1 I —_— < +00.
mswp 2, 1n(®) < g gy <

neN

Proof. The upper bounds are proved as in Lemma Next we return to the S-component of equation (1.1) and let
€ > 0 be given. We have, for ¢y sufficiently large and ¢ > tq,

A
=A— E > A — co_
Sy =A 0+ 7ﬂnIn(t) S(t) > A (9 + i (0.70) —|—5) S(t),
neN
therefore
AB®

(04D ) - Amin(6, o) — (04 2L +¢) (t—to)
t > (9+ min(6,vg) + )(t to) t ’ 1 — min(0,vg) 0
5tz e S0+ G2 min(0,70) + A= ‘ ’

so that finally by letting ¢ — 400 we get

min (6, o)A
li f
tlgl—ggo S(t) 2 (6 + &) min(6, o) + AB>"
Since € > 0 is arbitrary we have shown
min(6, yo)A
glinig S5t 2 O min(6,70) + AB>"
The Lemma is proved. O

Lemma 5.4. Suppose that the Assumptions and hold true. Let (S(t),Ii(t)) be the corresponding solution of
(1.1). Then

Proof. Let us remark that the second component of l) for any n € N can be written as

In(t) = I Jo SO0,

= Iy ex t s)ds ot
=1y p(wn/o S(s)d [% fJS(s)dsD' (5.3)

Assume by contradiction that the conclusion of the Lemma does not hold, i.e. there exists ¢ > 0 and a sequence
T,, — oo such that

—/ dt>—+€foralln€N

Then T )
n < S O(* _ 6/7

Jorswar Ly
o

for some ¢’ > 0. Since a* = sup,, f—“ there exists some k € N with I > 0 such that '% —a*+¢ >0, and

ﬁk T,

€N
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Tn
> I¥exp (fyk (g —a* + 5')/ S(s)ds) :
0

Since fo t)dt — 400 when n — +o0o, we have therefore
lim sup I;(t) > limsu Ii( = +o00,
t——+oo Z n—)-‘ro};)z
ieN ieN

which is a contradiction since I,,(t) is bounded in M (N) by Lemma This completes the proof of the Lemma. [

Remark that, in the Lemma above, Assumption is essential. Indeed, were this assumption not true, we could
not guarantee that the index k defined in the proof corresponds to a strictly positive I}, hence the contradiction would
not be guaranteed either.

The following weak persistence property holds.

Lemma 5.5. Suppose that Assumptions cmd hold true. Let (S(t), In(t)) be the corresponding solution of (1.1)).
Then
lim su I,( R —-1)>0. 5.4
t~>+oop Z 0 ) ( )
neN
Proof. Let us recall that we made the hypothesis that

ROZ%Q* > 1.

Assume by contradiction that for ty sufficiently large we have

ZI <n<i(Ro—1) for all t > tg,

ieN
with n > 0.
As a consequence of Lemma [5.4] we have
liminf S(t) < hmsup—/ S(t)dt < — (5.5)
t—+oo Tstoo T

Let S :=liminf; ,~ S(¢). L ( n)n>0 be a sequence that tends to co as n — oo and such that lim, o S'(¢,) =0
and limy, 1o S(tn) = S. As Y, Li(tn) <7 for n large enough we deduce from the equality

S (t,) = A —6S(t tn) Y Bili(t

ieN
that
0>A—-0S—55"n
so that
5> A A A 1
=T 04+ Booy 9—}—50017_9730_04*7
which contradicts (5.5). O

Proposition 5.6 (Compactness of the orbit and concentration). Suppose that Assumptions and hold true.

Then, the map t — (S(t), (In(t))neN) € R x M (N) is continuous and the corresponding orbit,

0 (S0, (1)) = { (S®), (1a(1) ,c7) = £ = 0} CRx M (N),

is precompact for the weak-x topology. Moreover if Rg > 1 and if ty, — +00 is an arbitrary sequence along which
+oo
lim inf I,(tx) > 0,

k—
oo n=—K

then one can extract from (t;) a subsequence (ty,) such that the shifted orbits

ts (S 4t (In(t+ th,)) em)
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converge pointwise in R x M* (N) to a complete orbit ( S>(t), (IS°(t ~ | that satisfies the following properties:
ge p + n neN

Z I*(t) > 0 and S*(t) > 0 for allt € R, (5.6)
and
> IX(t)=0forallteR. (5.7)
{n:ap<a*}

Finally, the convergence S(ty, +t) — S(t) is locally uniform in C*(R).
Proof. First of all let us remark that

Lo(t) = P Jo 5@t o _ an (o [ 5(ds=t) po

Since «,, and 7, are in C(N) the map ¢ + ¢'" (a" fo S(S)ds_t) is continuous from RT to C(N), and therefore t —
(In(t)),,cx is continuous from R to M (N). Thus t — (S(t), (In(t)) eN) is indeed continuous from R* to R x M* (N).
Since S(t) is uniformly bounded and (,,(t)),, . is uniformly bounded in total variation norm by Lemma [5.3} it follows
from the Prohorov Theorem (Bogachev 2007, Vol. 1T Theorem 8.6.2 p. 202) that the orbit is precompact in R XM* (7)

Let tj, be a sequence such that t;, — +o00. Because Y, _= I,,(t) is bounded, we can extract from (t) a subsequence
still denotes tx, along which

neN

S(te) = Sg° and (In(tr)), o5 — (I20°),en-
We remark that S’(t + t) is bounded thanks to Lemma |5.3[ and
S"(t+tr) = =08 (t+tx) = S'(E+1x) Y Buln(t + 1) = St +16) D Br (BuS(E+ tr) — vn) Inlt + t)
neN neN

is also bounded, locally uniformly in ¢. Thus up to a further extraction and diagonal extraction process, the shifted
orbit S(t + t;) converges locally uniformly in C*(R). Because

e'yn (an fttk S’(tk+a')d0'7(t7tk)) —

L(ty +1) = In(tk), n €N,

we can pass to the weak-* limit in the above formula and we get
12°(t) = et (o0 Jy 5 @do—t) o0 R p e R, (5.8)

so that (S>(t), (I;°(t)),,cx) is a solution of (LI with starting from the initial data (S§°, (I;°)) and with ¢ € R: a

n n
complete orbit. That S>°(t) > 0 is a consequence of Lemma Since the constant function n +— 1 € C'(N) we have

SNt =3"1.17"= ETOOZLIn(tk)

neN neN neN
so if
liminf Y I,(tx) > 0,
k——+oo il
neN
then we have
> 120 >0,
nEN

and thanks to , is proved.
Next we show the concentration property . Recalling that lim 1nftﬂ+oo 7 fo s)ds > S for a positive constant

= and thus

S >0 and limsup, ,, ., 7 fo s)ds < L, we have for ¢, sufficiently large - fo

Y L= Y, Ifexp {%t <atl " S(o)do —1 - (a fan)ti Otk S(J)do)]

{n:a,<a*—¢} {n:ap<a*—c} kJo k

1
< Z I exp {’ynt (a* (a* + ;i) -1- 55)}

{n:a,<a*—e}
_ 6—7025?5 § IO
k~>+oo
neN

Since € > 0 is arbitrary, (5.7) is proved.
This finishes the proof of Proposition O
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We are now ready to state our uniform persistence result.

Proposition 5.7 (Uniform persistence). Suppose that Assumptions and hold true, and that Ro > 1.
Then,
1t1§-ﬁgof 7In(t) > 0. (5.9)
neN
Proof. Let us show the uniform persistence property. We adapt the argument of Magal and Zhao (2005} Proposition
3.2) in our non-metric context. Assume by contradiction that (5.9) does not hold. Then, there exists a sequence
tr — +oo such that

+oo
1i I (ty) = 0. 1
Jm, 2 Bt =0 10

By Lemma we have infy S(tx) > 0. Because of (5.4), for eack k sufficiently large and up to replacing ¢ by a
subsequence, there exists s with tp_1 < si < tj such that

+o0 too
1 0 1 6
n:E_K In(Sk) = 5 . ﬁ?(RO — 1) and Ues[llk}?tk] n:E_KIn( ) < 5 /87(720 — 1) (511)

By Proposition there exists a subsequence of sy, still denoted sy, such that S(s; +t) — S5°(¢t) and (I, (sk +1t)) —
(Iﬁ"(sk + t)), and moreover and hold for the limit orbit.

Next we show that (S*(t), (I2°(¢))) satisfy the assumptions and The assumptions and are
readily checked since the values of the coefficients «,, and ~,, have not changed (neither have 3, := y,ay,). We deduce

from (5.7)) that

+oo +oo

Soort= Y 2 Y L= Y Iﬁ°’°=%-ﬁ%(Ro—1)>0’

{n:ap=a*} n=—K {n:ap<a*} n=—K

thus in particular the set {n € N : 120 > 0 and «,, = o*} is nonempty. Hence, up to removing the terms for which
1229 = 0, we have

*

sup  — = sup o, =a’,
1200} T {n: 12050}
Assumptions and are still satisfied along the subsequence I3 > 0. In particular we can apply Lemma
E.5 and thus
o 0
lim sup Z I>X(t) > ?(RO -1). (5.12)

t——+o0

Now we conclude the argument. Let T} := tp — si. There are two possibilities.
e T} is bounded. In that case, we further extract a subsequence so that T, — 7. Then we have

+oo +oo
S E@ = dim Y L) =0,
n=—K n=—K

and by the uniqueness of the solution to (1.1}, we have I2°(¢) = 0 for all ¢ > T. This contradicts ([5.12)).
e T} is unbounded. In that case, we further extract a subsequence so that Ty, — 4o00. But since

= 1 6
aes[ll,ftk] n;}( In(0) < 5 570(730 - 1),
we have
= 1 0
ae[st}}foo) n;K hrto) = 2 ﬁ?(RO - 1)

and this, again, contradicts (5.12]).
These contradictions prove that (5.10]) cannot hold, hence (5.9) holds. The proof of Proposition is finished. [

Lemma 5.8. Suppose that Assumptwnsn and. hold true and let (S(t), (I,,(t))) be the corresponding solution
of . Assume that Rg > 1. Then

with o given in (2.1)).
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Proof. Assume by contradiction that the conclusion of the Lemma does not hold, i.e. there exist ¢ > 0 and a sequence
tr, — +oo such that

[ 1
— | S@)dt< — —-e.
tk 0 o*
Then
Zln(tk) — Zlgeﬁn k S(s)ds—nt ZIO Yntk %i f[) S(s)ds— 1 < Zloe"/ntk(B (776)71)
neN neN neN neN
< 0 _,—efntr < —eBotr 0
> Ine DI e
neN neN
Therefore
liminf » I,(¢t) < lim I, (tx) = 0,
t—+o0 - k— 400
neN neN
which is in contradiction with Lemma This proves the Lemma. O]

Next we give a Lyapunov functional that works for a special case in our model. It is close to the Lyapunov
functional given for the Lotka-Volterra case of Hsu [1978] although in our case it is not possible to factorize S(t) in

the first equation of ( -7 which makes the computations intractable when 2 = is not a constant.

Proposition 5.9 (Lyapunov functional). Let Assumption hold true and assume that Ro > 1. Let (S*, 1), 5 be
a stationary solution of (L.1a), i.e. S*:= L and (I:L)neﬁ satisfies
> ol =—(Ro—1).

neN

Assume furthermore that 5” = a* is constant whenever I} > 0 and let N1 be the set of indices for which I} > 0,.
Define g(x) = x — In(x), and let

D(V) = {(S, (In)n) = S> 0,1, =0 whenever I =0, and ir}\ff % > O} CRx (1)),
neN4

n

f . Then the functional

where (> ((I%)7") is equipped with the norm ||(¢n)n|| SUp,, oy

e (1) T

V(S, (1) == S*g (5) s+ Y {I* <§"> 1;;]. (5.13)

neNL

is well-defined and continuous on the open set D(V') for the topology induced by R x 6“((];‘;)’1).
Moreover, if (S(t), (In(t))nen) is a solution of such that (S(0), (I,(0))) € D(V), then (5(t), (I,(t))n) € D(V)
forallt >0, t — V(S(t), (I.(t))n) € C' and we have

%V(S(t), (In() ) = —W —0 n§+ armly |- (5.14)

Proof. First we check that (S*, (I)nen) is a stationary solution of (L.1]). Indeed,

d * Qk *
a(I) 0=y,(a*S* —1)I,

and d
*\ _ * * * TYn 70
(8 =0=A-05"-$ Za Yn€ 10,
neN
Let (S(t), (In(t))nen) be such that (S(0), (1,(0))) € D(V), we check that (S(t),(I,(t))) € D(V) for all t > 0.
That S(t) > 0 is a consequence of Lemma Then, we remark that

In(t) _ In(o)eﬂn fo S(s)ds—ynt > In(o)eﬂo fol S(S)ds—’Yoot’

therefore

t
inf IL(t) > 650 fo S(s)ds—7oot inf In(O) >0,
neNy Ij neNy I}

n n
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and we have proved that (S(t),(I,(t))) € D(V) for all t
t = V(S(t), (In(t))) follow from classical arguments.

Next, writing V;(t) = S*g (S(t)) and Va(t) =5

7 *
5~ I

neN

)- (A o5

S(t) Y Buln(t)

St

5*"(
(A 0S(t

S(t)

S o

Vit) =

> 0. The continuity and continuous differentiability of

In (t)

o ("

), e e
S0 3 il )( -

) (-

S*
o)
S*
S(t)

—A+0S* 4+ 5* Zﬂnl*

)

neN neN
_ o (80) —5)? . s
=50 (S > Buli =S t)%ﬁnw)) (1 S(t)> ,
-0 50 S’(t) %a ’yn(InS — In(t)S(t)),
and
A In(t . I
% i ( ff’;)) :Ze;,””(a HOmDhe (1‘In<t>)
= (@S(t) = 1) (In(t) = I},)
neN
= ma’ S7) (In(t) = 1) -
neN
Recalling §* = ?, we have therefore
SISO, (1)) = SV + Sva(n)
- SO, S “2,(;)5 %m (138" ~ L(OS(H) + L)) - LS(0)
_ 8@ -5 (S .
—0 50) — %a Yn -

Proposition is proved.

Lemma 5.10. Suppose that Assumptwnsm - and- holds true and assume that there exists an index i € N such

that I? > 0 and

Bn

o =sup —
neN Tn

For s < t, let
n(t;s) :==

(t —s)(a*S(t;s) — 1), where S(t;s) :

_ B

Vi

/S t S(o)do.

t—s

Then there exists a constant 7 > 0 such that for any 0 < s <t one has

- <n(t;s) <7 < +o0.

If moreover (S(t), (In(t))n) € R x M(N) is a uniformly bounded complete orbit such that hm mf

then for any s <t one has

D

{kak a*}

— 7 < tys) <7 < +oo.

Proof. Let us write I,,(t) as

30

) S(t; s))} = ]n(5)6%77(75;5)*(04**an)g(t;S).

I,(t) >0,



We claim that 7(¢; s) is uniformly bounded in ¢, s. Indeed, recalling «,, = f—", we have by Jensen’s inequality

In(s) t: In(s)
exp | > qunlls) e < > e
{n:a,=a*} Z Ik(s) {n:ap=a*} Z Ik(s)

{k:ar=a*} {k:ar=a*}

hence

> Ikls)

{k:ar=a*} In Z e’Yn,n(t§$) In(S)

Yo whk(s) |y S Lls)

{k:ar=a*} {k:ar=a*}

n(t;s) <

> In(s) > L

{k:ar=a*} In {n:ap=a*}
Z Vi lk(5) Z Ii(s)
{k:ap=a*} | {k:ar=a*}

Applying Lemmaﬁ the total mass ) & In(t) is bounded above, and by Proposition i the sum Z I(s) is
{k:ar=a*}

bounded below when s — +00; therefore there exists 77 < +00, independent of s, such that
n(t; s) < 7.

If (S(t), (In(t))n) € R x M1 (N) is a complete orbit and ltim inf E I,(t) > 0, then there exists an upper bound
——00
{k:ar=a*}
valid for all ¢, s € R.

On the other hand, we claim that ltim Jrinf n(t;s) > n for a constant 7. Indeed, assume by contradiction that there
—+00 - -+

exists a sequence ty — oo and s; > 0 such that n(¢g; sg) — —oo. Then

Z I,(t) = Z In(Sk)e’)’nn(tk;Sk)_(a*_an)g(thsk) < eron(trisk) Z I(sx) — 0,

—= — il t——+o0
neN neN neN
which contradicts Proposition We have proved (5.16)). (5.17)) is proved by identical arguments. O

Next we derive a kind of LaSalle principle (LaSalle [1960)) that shows that complete orbits concentrated on the set

5 ~ = o* are “almost” stationary.

Lemma 5.11. Let Assumption and hold true and assume that (IS)REN is non-trivial. Assume furthermore

that ’3—" = o is constant whenever I3 > 0 and that Ro > 1. Let (S(t), (In(t))n) be a complete orbit of (L1)) passing
through (So, I0) at t = 0 and suppose that

ltl§_1£10f I,(t) > 0. (5.18)
nEN
Then we have 1
S(t) = — forallt € R.
«

Proof. Because of our assumption we have

liminf » I, (t) = lim inf > L) >o. (5.19)
neN {n:ap=a*}

therefore Lemma implies that n(¢; s), as defined by (5.15)), is uniformly bounded. Let n(t) := n(t;0). We define
the distribution: 5

o 0 if e <al,
" emI0if Bu — a*,
Tn

where 7 > 0 is the unique solution of the equation

Z Y€ " Lo, o I = e (Ro—1).
neN
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JO
Then (I) is a stationary distribution with iniI—Z > eI therefore Proposition [5.9) implies that V' (S(t), (I.(t))n)
neN 4n
defined by ([5.13) is well-defined along the orbit and decreasing.
We claim that V' (S(t), (I,(t))n) is constant along the orbit. Indeed, let t;, — —oo be an aribtrary sequence; since
S(t) and n(t) are uniformly bounded, we extract from ¢, a subsequence, still denoted t, such that S(tx) — S~°° and
n(ty) — n~°°. Then, we have

I(ty) —— I7;%°:= 197"~ in M (N) and ¢°((I;)7Y).

k— oo

Moreover ¢ — V(S(t), (I,(t))) is decreasing and bounded so there exists V°° such that

lim V(S(t), (In(t)) = V™.

t——o0

The shifted orbits (S(¢+tk), (I (t+tx))rs) converge, up to a further extraction, to a complete orbit (S™°°(t), (I, °°(t))n);
we have V(S™°(t), (I;°°(t))n) = V= for all t € R, therefore V'(S™>°(t), (I,,°°(¢))») = 0 and, by (5.14]),

ST>(t) = (S™)(t) =0, for all t € R,

1
a*’
and by the second line in (|1.1al),
0 — 00 0
I™t)=A—— pe? 10 = = —1). 2
YrEm=A- e Y TR = LR ) (5:20)
neN neN

Since 1 — Y 5 Yn€ ™I} is strictly increasing, the equation (5.20) has a unique solution which is 7 = 7; therefore
n*®=71,1°=1I"and
V(ST (I;7°), )= min V(S,(I,)) = 0.
(S () ) = g min, V(S (1)

Back to the original complete orbit, by the continuity of V in R x ¢£°°((I*)~!) we have that

lim V(S(tk)a (In(tk))n) = V(S_oo7 (I_Oo)neN) = V(S’ (In))a

" min
k—+o0 (S,(In))eD(V)

and since V(S(t), (I,(t))n) is decreasing this means that

1
S(t) = s
Lemma [5.11] is proved. O
We are now in the position to prove Theorem [2.6
Proof of Theorem[2.6] Recall that (I,)nen € @_ is given as a sequence over N; without loss of generality, we set
w(a) xwy) = {(a—;,v—) :i=1,..., K},

as described as the beginning of Section and 1%, = 0, so that (I,,), i
the new system is strictly equivalent to the original system for all ¢ > 0.

is well-defined as a member of M (N) and

We start by dealing with case[i)|and assume that there is ng € N such that fﬁ = o*. Thanks to Lemma |5.10 we
"o
know that

In(t) = Ige%ﬂl(t;o)f(anfa*)§(t;0)

and n(¢; 0) is uniformly bounded for ¢ € [0, +00). Let t; be a sequence such that ¢t — 400 and n(tx; 0) — n> € [0,7).
Then
0 if ap, < *,

In ) = IO Ynte(@*S(tr)—1)—yn(a® —an)te S(ts) — (0) = N
( k) ne n ( ) 1267"" lf oy = a*.

By Propositign we can extract from (i) a subsequence, still denoted (¢ ), such that (S(t+tx), I(t+1tx)) converges
in R x M* (N) to a complete orbit (S>°(t), (15°(t))) with S > 0, and by Proposition the limit I°° is non-trivial.
By Proposition we have that I2°(¢) = 0 whenever a,, < a*; thus §, = a*y, whenever I2° > 0. Hence we can
apply Lemma to show that

1
a*

S°(t) = and (S*)(t) = 0.
Thus

o0 o0 o0 o0 A *
0=A—0S%—8%>" B,I°(0) = Y _ Bnl (O)—9<9a _1>

neN neN
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and finally
0
Z’)/n an —qreTmT IO (RO - 1)

neN

This equation has a unique solution 7 > 0, since the left-hand side is a strictly increasing function of n°>°. Thus we
have proved that 7(¢;0) converges to this value 7 > 0 and, finally,

lim Io(t) = lim %@ S@-Dm( —anid® _ |0 ifan <ar,
>+ o0 ttoo ™ 0™ if a, = a*.
This finishes the proof of Theorem case
/B’V'L

Next we deal with case and assume that for all n € N we have o< a*. Let ty — 400 be arbitrary. By
Proposition [5.6| we can extract from t) a subsequence, still denoted t;, such that the shifted orbits (S(t + tx), (In(t +
tr)),ei) converge pointwise in R x M (N) to a complete orbit (S*(t), (I:°(t)), o5) and the limit (I5°), 5 is non-
trivial by Proposition Because of our assumptlon that 5" < a* we have I?° = 0 for all n > 0 therefore ﬁ" =a*
whenever I12°(0) > 0. Hence we can apply Lemma and get

1

S*®(t) = et (S>)(t) =0, for all t € R.

Because the original sequence is arbitrary, we have proved that

1
—, S'(t) —— 0, I,(t) —— 0 for all n € N,
t—4oo a* t—+o00 t—+0o

S(t)

the fact that the mass does not vanish is a consequence of Proposition and the concentration property is a
consequence of ([5.7)) in Proposition This finishes the proof of item |[ii)| and ends the proof of Theorem O

5.4 Proof of Proposition
Now under the additional assumption [2.8] we prove Proposition [2.9]

Proof of Proposition[2.9 We decompose the proof in several steps We let S(t) := 1 fo s)ds. Our method is the
following: we fix & > 0 and show that the set of indices C. := {n : a, > a* — ¢ and Yn 2 ~v* — e} concentrates
asymptotically all the mass.

Step 1: We show that

Z 1o, 5(ty<1ln(t) — 0. (5.21)

t——+o0

Indeed since S(t) — ﬁ, the function 1, g(¢)<11n(t) converges pointwise to 0 as t — +o00 because of our assumption
that % = a,, < o for all n (in fact, this function is asymptotically stationary equal to 0 for all fixed n € N). Moreover

we have 1, g()<1ln(t) = ]lans(t)<1et”“'(“*g(t)_l)lg < 19, so the sequence is uniformly dominated by (Ig)neN el
By the Lebesgue dominated convergence Theorem, we have therefore

dim 2_% La,s(t)<t1n(t) = 0,

which proves (5.21)).

Step 2: We show that for any € > 0,
+o00o
s 371, 502060 9TO 2 < o

t——+oo n—0

Indeed let (A,)nen be a strictly increasing enumeration of the set {«, : n € N}. We remark that, by changing
the order of summation, we have

Z Lo, 5)>11 Z Z et (SO 1,

n= O{k: = An}

so that, according to Step 1, we have for ¢ sufficiently large

Z In(t) = Z (]lan§(t)<1 + lang(t)zl) In(t)

{n:yn2>y*—¢} {n:yn2>v*—¢}
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o 1it(AnS(t)—1) 10

{n:A, > }{k ar=A, and v, >v*—¢c}
Z ('y*—s)t(Ang(t)—l)Ik
I

>o(1) + Z
{n:A, 2?}{1@ ap=A, and y,>vy*—¢e}
(" —)(4,5(0)-1) 3
{k:ar=A, and v, >v*—¢}

> o
(v* —e)t(AnS(t)—1) {k:ar=An and yp 27" —c} 0
6 > 4 e
k {k:ar=A,}

{k:ar=A,}

o(1) +
=)
AS0-1)

SPOREIED VD DI
{n: An>==} {ok=An}
wherein m > 0 is the constant provided by Assumption and the error term o(1) collects terms going to 0 as
—e)t(AnS
(7 =)t (AnS (1)~ )Ig

)(ang(t)fl)]—g _ Z Z
{’I’L A,L>7 }{(Xk An}

*

t — +oo. Thus
{n:ap>a*—¢}
{n:yn>y*—e}
This proves ((5.22)).
Step 3: We show that, for all € > 0
> el (5.23)
—+00
{n:a,>a*—e and v, <y*—c}
Indeed, we have for ¢ sufficiently large
nt(AnS(t)—1
> La5wz1ln ZlAnsu SooemtlasOy L
{n:ap>a*—e and v, <v*—¢} {ar=A,}
Oo —
*—e)(A,S(t)—1
S Z ]lAn§(t)21 Z et gl ® )lwﬁv*—efk
{ar=An}
+00 _
AnS(t)—1 0] t(v—£)(A,St)-1
< 3 e T (3 g ) B aT0-
n=0 {ar=A,}
+o0 _
=Y eSOy o tOTmE) SOy 10
Reducing ¢ if necessary we may assume that — > 1. Hence by Hélder’s inequality we have
+o0 . 7*;% B} _ w*?%
3t gl (3 (150500) T g 07 S0 )
{n:a,>a*—e and ’yn<'y 75} n=0
too —
an,S(t)—1
(Z Lo 50)>1¢ (=201 )
2(v*—¢)
+oo _ 2y¥—¢
( *_%)(ans(t)—l)l )

0 t
I ) (Z L., 5@>1
n=0

< (Srsont
is uniformly bounded by a summable sequence and converges to 0 for each n € N, we have by

Since nang(tm[;{
Lebesgue’s dominated convergence Theorem
Jr
0
Z lanE(t)an ; 0,
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and in Step 2 (with € replaced by §) we proved that

+oo _
limsup Y~ 1, pp5,¢ (DT < oo,

t—4o0 n—0

hence
> Lo, 5wz tn(®) > 0.

t—+o00
{n:ap>a*—e and v, <vy*—¢}

We have shown (5.23)).

Step 4: We show the convergence of the mass. To do so, we consider the equivalent system set on N by setting 1%, = 0
for i € {—K,...,—1}, as in the beginning of Section Let (tr) be any sequence such that t;; — +oo. Thanks to
Proposition we can extract a subsequence, still denoted ¢y, such that (S(tx + t), (I.(tr + 1)), o) converges to a
complete orbit (S°°(t), (I7°(t)),,cx)- Thanks to Theorem [2.6/ we know that I2°(¢) = 0 whenever a,, < a* and thanks
to Step 3 we know that I2°(t) = 0 whenever 7, < v*. By Lemma we have then S°°(¢) = - hence

d = 1 X 0
—S5C)=0=A—-05"(t) — S nQn I °(t) <= — o IO(t) = A — —,

< 5(1) (0= 8¥0 L manl ¥ = - 3 e IO =A-

from which we deduce .

S L) = —— (Ro 1),

a*~*
n=—K v

Moreover for sequence of indices (n;) satistying (2.6)), the omega-limit set of the sequence ((anj,%j))j ey 18 the set
{(a—iy,v=ir), -5 (@—iy,Y—iy)} for some N < K and with v;, <~*,i=1,...,N. Thanks to Step 3, we have then

400 N 00
Z%Inj (1)~ Z;fzzj(t) + Zofgj(t) =0 for all t € R.
1= JI= J=

Since the sequence (tx) is arbitrary, we have indeed proved that Z::f) I,,(t) converges and that the limit is given by
(2.5), and that for any sequence of indices (ny) satisfying (2.6]), holds. Proposition is proved. O

5.5 Extinction in the case Rg =1

We continue the proof of Proposition [2.5] in the limit case Ry = 1 and we shall show that the infection dies out in this
situation.

Proposition 5.12. Let Assumption and be satisfied. Then for all initial data (So,(I2)nen), the solution
(S(t)v (In(t))nEN) satz’sﬁes
. A B~ B
lim S(t) = — and tlggo Z()In(t) =0.
n=

t—o0 9

Proof. To prove this proposition, as in Subsection we extend the system withn € N={-K,-K+1,-K+2,---}.
Fix an arbitrary sequence (t;) with ¢, — oo as k — oco. Then, up to extraction, the sequence of functions (S(t +
tr), (In(t+tr)),, o) converges to a complete orbit (S°°(t), (I5°(t)),, o) locally uniformly in ¢ with values in R x M(N).
Now recall that due to Lemma one has

A
S¥(H) < 5, VEER,

and t — (S%(t), (I7°(t)),,cx) is solution of

n

‘iSOO(t) = A —05=(t) — S>(t) i Bil°(t)

dt S
d
3in @) = (anSF() = D) IF(F), Yn 2 —K

Now to complete the proof of the proposition, let us show that

> IX(t)=0,VteR.
n>—K

To that aim consider the quantity

¢ =sup Z I (t)

S
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and assume by contradiction that £ > 0. Next consider a sequence (s,) C R such that

14 :pIL%o Z I (sp).

n>—K

As above consider the sequence of functions (t+ sp), (I°(t + 8p)),cx) and assume that, possibly along a sub-

( OO
sequence, it converges to a complete orbit (S(t), (I, (t ))per) locally uniformly in ¢ € R with values in R x M(N).
Hence it becomes a solution for ¢t € R of

d ., YT e
S5 = A—05(t) - 3() ‘;K Bili(t)
d .

together with

L= Z 1,(0) = sup Z In(t).

n>—K

Now observe that for all n > — K one has

d . A A
—1 < ——1]1 R.
T < (ang ~1) (o) vt e

Hence, since Ry = 1 we have % = al An(t) =0 for all n > — K such that «,, < a*. Nowset J={n>-K: «a, =
a*} and the above system of equations reduces to

d A N
oM =1 0S(t) — S(t) Y el

jeJ
S ) = m (a*S(t) - 1) L.(t), Yn e J.

Now summing-up the fnfcomponents, we get

T %fn(o) =0=(a"5(0) = 1) > 7l (0)

neJ neJ

so that, since S(t) < 4 for all t, we obtain:

Substituting ¢ = 0 into the S—equation yields

d 4 * oo
= 50y =A- of— Z%a I°
nEJ
This ensures that
o (mf 'yn) < Z'yn *I°(0) =0,
neJ
a contradiction that proves that £ = 0 and completes the proof of the proposition. O
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