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ABSTRACT. The aim of this book is to show that the use of f-analytic families
of finite type cycles (cycles having finitely many irreducible components, but not
compact in general) in a given complex space may be useful in complex geometry,
despite the fact that the corresponding functor is not, in general, representable, in
contrast to the compact case. This study leads to the notion of strongly quasi-proper
map which is characterized by the existence of a geometric f-flattening which is a
generalization of the Geometric Flattening Theorem for proper holomorphic maps.
As applications we prove an existence theorem for meromorphic quotients of reduced
complex spaces and a generalization of the classic Stein factorization.
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FOREWORD

About different notions of flatness for a surjective holomorphic map
Quelques platitudes en hors-d’oeuvre

Classically three notions of ”flatness” have been considered in complex geometry for
a holomorphic surjective map 7w : M — N between irreducible complex spaces

1. In algebraic sense: the map 7 is flat if the sheaf O, is flat as a module over
W*(ON).

2. In geometric sense: the map « is flat if there exists an analytic family of n-
cycles (where n := dim M — dim V) (X,),en parametrized by N such that for
each y in N we have 7 !(y) = | X, |, and also that X, is reduced for generic y
in V.

3. In topological sense: the map 7 is flat if it is an open map.

Note that 1) implies 2)®) which implies 3).

Of course, as such flat maps are considered in the respective points of view as an
”ideal situation” an important question is to know if a given holomorphic surjective
map can be "slightly transform” to such a flat map. This leads to the question of
existence of a flattening.

To find a flattening in the sense 1), 2 or 3) for 7 means for us to find a (proper)
modification 7 : N — N such that the strict transform # : M — N of 7 by 7 (so
M is the union of irreducible components of M x y N which dominate M) is flat in
the sense of 1), 2) or 3).

THE PROPER CASE. In his famous paper [17] H. Hironaka solves the problem of
finding an ”algebraic” flattening for any proper surjective holomorphic map with a
nice (succession of blow-ups with smooth centers) modification.

Few years after, D. Barlet in [2] proved the existence of a canonical ”geometric”
flattening for any proper surjective morphism (but with few information on the
corresponding modification).

In the proper case, the ”topological flattening” is not very interesting as it is already
obtained by the previous results.

NON PROPER CASE. The first attempt without the proper hypothesis (but of
course with some rather restrictive assumptions) was made in the sense of 3) by
H.Grauert (see [16]) in the middle of the eighties and continued by his student B.
Siebert (see [21] and [22]) in the early nineties. But it seems that their results are
not so easy to use.

(Wthis implication is not trivial; see [12] chapter X.
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THE QUASI-PROPER CASE. At the end of the nineties D. Mathieu consider the
setting of geometric f-flat maps which is defined by adding to the geometrically flat
condition the assumption that 7 is quasi-proper. Then, due to the fact that the
strict transform of a quasi-proper map by a modification is not always quasi-proper,
he introduces an extra condition on a holomorphic quasi-proper surjective map,
which is called now-days ”strongly quasi-proper map”, and then proves an ex-
istence theorem for a f-geometric flattening (meaning that the flattening produced
is a quasi-proper geometrically flat map) for this class of holomorphic maps (see [20]).

FINITE CYCLES’S SPACE. Then these notions of quasi-proper (and strongly quasi-
proper) maps put in light the fact that to consider the space C/¢(M) of all (closed)
n-cycles in a given complex space M was not the good point of view for the prob-
lem of existence of a geometric flattening in the quasi-proper case. This leads to
introduce the space CJ (M) of finite type n-cycles (so cycles with finitely many irre-
ducible components) with a topology which is stronger than the topology induced
by CY¢(M), and to define the corresponding notion of f-analytic family of finite
type n-cycles in M parametrized by a reduced complex space. In fact the only new
condition on an analytic family (X)seg of n-cycles in M to be an f-analytic is that
its set-theoretic graph

G| :={(s,2) € Sx G |z €|X{|}

is quasi-proper over S (of course this implies that each cycle X, is of finite type,
but it asks more). Then these tools allow to give a very simple reformulation of D.
Mathieu result.

Theorem .0.0.1 Any strongly quasi-proper surjective holomorphic map © : M — N
between wrreducible complex spaces admits a global canonical f-flattening.

In conclusion, this point of view makes appear a new kind of ”flat” morphisms,
the geometrically f-flat maps defined as follows: a holomorphic surjective map is
f-geometrically flat if it is quasi-proper and equidimensional and if there exists a f-
analytic family (X),en of finite type n-cycles in M such that | X,| = 7 !(y),Vy € N
with X, reduced for generic y € N. Then one of the characterization of strongly
quasi-proper maps which are given in the present monograph is that a holomorphic
surjective map m : M — N admits a geometric f-flattening if and only if it is strongly
quasi-proper. But we also show that the class of strongly quasi-proper holomorphic
maps has several interesting stability properties and may be useful, for instance, to
produce meromorphic quotients.



Introduction

The space of compact analytic cycles has been used successfully for the last decades
to study proper holomorphic maps in complex geometry, see [4]. It appears that one
important idea is to consider, for a holomorphic proper surjective map 7 : M — N
between two irreducible complex spaces, its fiber map which is a meromorphic family
of compact n-cycles (n := dim M —dim N) in M parametrized by N. This fiber map
is obtained by sending the generic point y in N to the reduced n-cycle given by the
set-theoretic fiber 771 (y) of m at y. Of course, the fact that this family of compact
n-cycles in M is given by a meromorphic map (in the usual sense: between reduced
complex spaces) from N to C,(M) (which is, in a natural way, a reduced complex
space locally of finite dimension) is an important tool for many applications (see
[10] ch.IV or [12] for instance).

We shall explain, in this article, that, despite the fact that for non compact cycles
the functor which associates to a reduced complex space S the set of analytic families
of n-cycles in M parametrized by S is, in general, neither representable in the cate-
gory of reduced complex spaces (see nevertheless [9]) nor in the category of Banach
analytic sets(? it is interesting and useful to consider fiber maps (holomorphic and
meromorphic) for a rather large class of surjective holomorphic maps 7 : M — N
between irreducible complex spaces.

Let us explain now what are the problems coming from the non compactness of the
cycles we are looking at.

The "local charts” used to classify n-cycles nearby a given n-cycle X, in a complex
space M are given by n-scales on M adapted to Xy. They allow to obtain Banach
analytic classifying sets for local analytic families of n-cycles in M. But when we
consider non compact cycles, a finite collection of such n-scales cannot control what
happens globally in M even near X,. And considering countably many scales is not
compatible with the Banach analytic setting. So we have to face two problems:

1. How can we ensure, for a given cycle Xy, that near infinity in M there are no
"extra” irreducible components belonging to cycles arbitrarily close to Xy 7
Note that such far away "extra” irreducible components cannot be detected

with a finite number of scales, which, by definition, stay in a compact subset
of M.

() This functor was introduced in [1] (see also [12]) but we shall consider a different one here
which coincides with the classical one for compact n-cycles. It associates to a reduced complex
space S the set of f-analytic families of (finite type) n-cycles in M parametrized by S.

7
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2. Assuming that no “extra irreducible component” appears near infinity for
nearby cycles in a neighborhood of a given finite type cycle X, (see the defini-
tion below), how to control all these nearby cycles with only a finite number
of scales adapted to Xy 7

The first problem is solved by restricting ourself to the subset
i CL(M) = Cle(M)

of finite type cycles, meaning that we consider only closed n-dimensional cycles
in M having only finitely many irreducible components, and also by choosing
a new topology on this subset which is stronger than the topology induced by the
inclusion 7, adding to the basis of open sets of the topology induced by the inclusion
¢ the finite intersections of subsets of the following type

QW) := {X € C/(M) / any irreducible component of X meets W}

where W is a relatively compact open set in M.

Let S be a Hausdorff topological space. We shall say that a family of finite type
n-cycles (Xs)ses in M is f-continuous when the corresponding classifying map
¢ : S — Cf(M) is continuous. We shall discuss below how to describe f-continuous
families of finite type n-cycles with this new topology.

The second problem will be solved by the following rather strong analytic extension
result.

Theorem .0.0.2 Let M be a complex space and fix a non negative integer n. Then
consider an f-continuous family (Xs)ses of finite type n-cycles in M parametrized by
a reduced complex space S. Fix a point sg in S and assume that there exists an open
set M'" in M meeting each irreducible component of | Xs,| and such that the family
(XN M')ses is analytic at 50>, Then the family (X,).es, is analytic at so™.

Note that this result is false in general when the parameter space is a Banach ana-
lytic set which is singular and not locally finite dimensional. See a counter-example
in [12] Chapter V section 2.4.

But clearly, the previous theorem will be enough in order to solve our second prob-
lem at least when we are dealing with a f-continuous family of of finite type n-cycles
in M parametrized by a reduced complex space.

Let us now return to the signification of the new topology introduced on CJ(M).

The first remark is that, with this topology, the tautological family of finite type
n-cycles parametrized by C/ (M) has a set-theoretic graph |G| C C/(M) x M which

(3)n the usual sense, so using C¢(M").
(1In fact in an open neighborhood of sg, see the Analytic Extension Theorem IV.3.0.1.
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is quasi-proper® on C/(M) by the natural projection. Moreover, it is easy to see
that a continuous family of n-cycles in M parametrized by a Hausdorff topologi-
cal space S such that all of them are of finite type, (by definition, this is simply a
continuous map ¢ : S — C¢(M) taking values in CJ(M)) factorizes as i o ¢ where
Y S — C/(M) is continuous for the topology defined above, if and only if the
graph of ¢ is quasi-proper on S. And then, we shall say that an analytic family® of
finite type n-cycles, parametrized by a reduced complex space S, is an f-analytic
family of n-cycles (of finite type) in M when its set-theoretic graph |G| C S x M
is quasi-proper over S.

This is the first step in defining an analytic structure (in a weak sense) on the
topological space C/(M): we say that a map ¢ : S — C/(M), defined on a Banach
analytic set S is holomorphic when the corresponding family is a f-analytic family
of n-cycles in M.

To compare with the case of compact n-cycles, recall that an analytic family of
n-cycles (Xs)ses in M, parametrized by a reduced complex space S, is a “proper
analytic family of compact n-cycles in M” if and only if its set-theoretic graph
|G| € S x M is proper over S. So we see that we simply replace the properness
condition of the graph in the compact cycles case by the quasi-properness condition
of the graph in the case of finite type n-cycles.

This leads, following the case of compact cycles (see the definition 1V.9.1.2 in [10]
of geometrically flat proper map), to consider the morphisms of irreducible complex
spaces m : M — N which are surjective, with fibers of pure dimension n such that
there exists a holomorphic f-fiber map ¢ : N — C/(M). That is to say that we
ask for a f-analytic family (F},),en, of (finite type) n-cycles parametrized by N,
with a quasi-proper set-theoretic graph, such that, for any y € N, we have the
set-theoretic equality 7~ '(y) = |F,| and such that for y generic in N the cycle F, is
reduced. These morphisms we be called geometrically f-flat maps.

Note that, in fact, the condition of quasi-properness of the set-theoretic graph (which
is isomorphic to M in such a case) is equivalent to the quasi-properness of 7, so a ge-
ometrically f-flat map 7 is simply a quasi-proper map which possesses an f-analytic
generically reduced fiber map.

Before explaining a major ingredient of this work, let us recall that in [18] Kuhlmann
proved that the image of a semi-propert™ holomorphic map between reduced complex
spaces is an analytic subset of the target space®. In [19] D. Mathieu generalized
Kuhlmann’s theorem to the case where the target space is an open subset of a

(5)The definition of a quasi-proper map is given below in such a context (not locally compact
target space).

(6)In the usual sense; see [10] Chapter IV section 3.

(MSee Definition 1.1.0.1 below.

(®))This is a generalization of the classical Remmert’s Direct Image Theorem.
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complex Banach space. Using this theorem and the strong analytic extension given in
section IV 3, we prove that the image of a semi-proper holomorphic map ¢ : S — U
from a reduced complex space S to an open subset U of C (M) is a reduced complex
space of U (see Definition IV 2.1.3 (vii)). This result has its roots in Mathieu’s thesis
(see [19] and [20]) and a weaker version of our result was proved and applied in [5],[6]
and [8].

But, in general, a quasi-proper surjective morphism 7= : M — N between two
irreducible complex spaces is only generically equidimensional, so f-geometrically
flat on the complement of a closed analytic subset ¥ C N with no interior points
in N: take for ¥ the union of the locus of “big” fibers (which is a closed analytic
subset with no interior points in N, thanks to the quasi-properness of 7) and of the
subset of non normal points of N. Then we have on the dense Zariski open set N\ X
a holomorphic reduced fiber map

0 : N\ — Cl(M)
and the question is now:

e Is this map ¢ meromorphic along 3, as it is the case when 7 is a proper map,
replacing CJ (M) by C,(M) ?

The answer if definitely NO !
We shall give an example below (see example 1 in Chapter V section 4).

The reason for this is that, unlike C, (M), the space CJ/(M) is not a complex space.
Let us precise what we mean by a meromorphic fiber map in this context. In the
situation above of a quasi-proper surjective morphism 7 : M — N between two
irreducible complex spaces, we want to find a (proper) modification 7 : N - N
with center contained in ¥ and a holomorphic map @ : N — CI(M) such that the
restriction of ¢ to N\ 7 (%) ~ N\ ¥ gives the f-fiber map of 7 restricted to
N\ X.

This implies that, defining T" as the closure in N x C/(M) of the graph T of the fiber
map ¢ : N\ ¥ — Cf(M), the projection pr : I' — N is proper(®.

In fact, what happens is the fact that the quasi-properness of 7 is not a strong enough
condition, in general, to ensure the properness of the projection of I' on N when N
has big fibers along 3. This means, assuming that 7= : M — N is a quasi-proper
surjection between irreducible complex spaces, that for some y € ¥ such that 7=1(y)

) Let us prove this point, because it lies at the heart of the problem which comes up when we
consider surjective quasi-proper maps with ”big” fibers:
To prove the properness of pr : I' — N, if such a modification 7 exists, consider a compact set K
in N. Then 771(K) is a compact set in N and then K x @(K) is compact in N x Cf(M). The point
is that this compact set contains pr—!(K) because if (y, X) is in pr~=!(K) with y € ¥ there exists
a sequence (y,),>0 in N \ ¥ converging to y such that the sequence (X, := ¢(y,)) >0 converges
to X in CJ(M). By taking a sub-sequence if necessary, we may assume that (y,), converges to §
in N. Then X = &(9) and 7(¢) = y proving our claim.
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has dimension strictly bigger than n, it may happen that, for a sequence (y,),en in
N\ X converging to y the subset {¢(y,)} of CI(M) is not relatively compact.
Another way to explain this phenomenon is to observe that the strict transform of
a quasi-proper surjective map 7 : M — N between irreducible complex spaces by a
(proper) modification of N may no longer be a quasi-proper map.

This leads to the notion of a strongly quasi-proper (or SQP map for short) which
is a quasi-proper map m : M — N having the property that the closure of of the
graph of the reduced holomorphic fiber map N\¥ — C/(M) is proper over N. Every
equidimensional quasi-proper map has this property, but this is no longer true, in
general, when the map admits big fibers.

We shall show that, in general, this notion corresponds exactly to the quasi-proper
surjective morphisms admitting a meromorphic f-fiber map in the sense described
above (but remark that it is not evident that I is a finite dimensional analytic subset
in N x C/(M)).

We prove that SQP maps have good functorial properties. Moreover we show that
the strict transform of an SQP map by a modification of the target space is an SQP
map. But quasi-proper maps do not, in general, have this stability property.

In fact we shall prove that a holomorphic surjective quasi-proper map © : M — N
between irreducible complex spaces is strongly quasi-proper if and only if it admits
a geometric f-flattening. This means that there exists a (proper) modification of N,
7: N — N, such that the strict transform by 7 of 7, 7 : M — N, is a geometrically
f-flat map.

Note that in such a case we may compose the f-fiber map @: N — C/ (M) with the
direct image by the proper projection p : M — M for finite type n-cycles

pe: CH(M) — CL(M)

in order to obtain a holomorphic map ¢ : N — C/(M) corresponding to the mero-
morphic f-fiber map of 7.

We give two applications of this study of SQP maps. The first one consists of proving
that a meromorphic equivalence relation on a reduced complex space M admits a
meromorphic quotient if it is strongly quasi-proper (in other words if the natural
projection of its graph onto M is an SQP map). The second application is a (opti-
mal) generalization of the classical Stein factorization for a proper holomorphic map
to the strongly quasi-proper maps.

We give now a brief description of the content of this monograph.

In chapter I, after proving the basic results on semi-proper maps we prove the gen-
eralization of Kuhlmann’s Direct Image Theorem with values in a Banach open set.
This result was originally proved in D. Mathieu’s thesis [19], but the proof we give
here is considerably simpler.
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In Chapter II we generalize the notion of quasi-proper map and prove some funda-
mental results on such maps. To illustrate this notion, we give a proof of the direct
image theorem with values in a Banach open set for a quasi-proper map defined
on an irreducible complex space which is a great deal shorter than the proof in the
semi-proper case. This uses an easy generalization of the classical Remmert-Stein
Theorem in a Banach open set.

In chapter I1I we discuss the topology on the space Cf (M) where M is a given com-
plex space. We compare relatively compact sets in C°¢(M) and CJ (M) and we give
a characterization of relatively compact subsets in these two topological spaces.

In chapter IV we introduce the notion of f-analytic families of finite type n-cycles
in a given complex space M and we define a ”"weak analytic structure” on the space
CI(M) for any given complex space M and any integer n > 0. This makes possible
to define the notion of a meromorphic map from a reduced complex space to
CI(M), notion which plays an important role in the following chapters.

The chapter V is devoted to f-geometrically flat maps (f-GF maps for short) and
to strongly quasi-proper maps (SQP maps for short). The latter being introduced
because the strict transform of a quasi-proper map by a modification of the target
space is not quasi-proper in general.

The main results in Chapter VI are the existence of meromorphic quotients for
strongly quasi-proper meromorphic equivalence relations and a generalization of the
classical Stein factorization.
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TERMINOLOGY AND NOTATIONS.

o A complex space is assumed to be countable at infinity and consequently
second-countable and metrizable.

e An analytic subset of a complex space is assumed to be closed.

e By convention, an irreducible complex space is reduced. An analytic cycle is
irreducible when it has exactly one irreducible component which has multi-
plicity 1. An irreducible component is non empty by definition. As the empty
n-cycle [n] has no irreducible component, it is not an irreducible cycle.

e An n-scale on a complex space M is a triple E = (U, B, ), where j is a closed
holomorphic embedding of an open subset V' of M,.q into an open subset W
of a numerical space C™, U and B are relatively compact open polydiscs in
C"™ and C™ ™ respectively such that U x B C W.

We call V' the domain of the scale and we call ¢(F) := j7'(U x B) the center
of the scale.

Such a scale is said to be adapted to an analytic subset X of M if
J(X)N (T x 9B) = .00

Note that in this situation, either X N5~ (U x B) is empty, or it has dimension
at most equal to n. Moreover the map 7 : j(X) N (U x B) — U is proper and
has finite fibers.

e We say that X = > k; X; is the canonical expression of an n-cycle X if k; are
il
positive integers and (X;);e; is a locally finite family of irreducible analytic
subsets such that X; # X for 7 # j.

e An open subset of a Banach space will be called a Banach open set.

e For a holomorphic map 7: M — N between complex spaces and for a natural
number k£ we put
Ye(m) :i={x e M / dim, 7 ' (n(z)) > k}

e A Zariski open subset in a reduced complex space M is, by definition, the
complement of a (closed) analytic subset in M.

e Recall that a modification between two reduced complex spaces will always
be a proper holomorphic map which induces an isomorphism between two
dense Zariski open sets.

(10)This is a generalization of the usual notion of an adapted n-scale since we skip the condition
that X is of pure dimension n.
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e We say that a holomorphic map 7 : M — N between two irreducible complex

spaces is dominant (or that M dominates N) if the image of 7 contains a
non empty open subset of N.

When M is not irreducible, we say that 7 is dominant if every irreducible
component of M dominates V.

We say that in a reduced complex space M a subset T"is M in very general
if its complement in M is a countable union of locally closed analytic subsets
with no interior point in M. So a countable intersection of very general subset
is a very general subset.

Remark that for any open set M’ in M the intersection M'NT is very general
in M’" when T is very general in M.

Also, if Z is a closed analytic subset with no interior point in M and assume
that T'C M \ Z is very general in M \ Z. Then T is very general in M.

Conversely, if for a subset T"in M and for every x € M there exists an open
neighborhood U of x in M such that U NT is very general in U, then T is
very general in M because M has a countable basis of open set.



Chapter I
Semi-proper maps

A very useful notion in topology is the notion of a proper map, which is the rela-
tive notion of compactness. For instance, in a continuous family of compact cycles
(Xs)ses in a given complex space M, parametrized by a Hausdorff topological space
S, the projection of the set theoretic graph,

|G| :={(s,2) € Sx M | z € |X,|}
of such a family is assumed to be proper on S.

As we want to generalize this notion to the case of a family of finite type n-cycles
in M, we shall demand that the projection on S of the set theoretic graph is quasi-
proper. The classical notion of quasi-proper map, which is discussed in Chapter II
below, is not purely topological as it takes into account the fact that the fibers of
the map are analytic subsets of M in order to consider the irreducible components
of the fibers.

It is remarkable that there exists a purely topological notion, the semi-properness,
such that quasi-proper maps are always semi-proper and which gives a sufficient
(topological) condition in order to obtain a Direct Image Theorem in the category
of reduced complex spaces. This result was proved by N. Kuhlmann in the early
sixties, generalizing Remmert’s Direct Image Theorem which corresponds to the
proper case. We shall give in section 4 of chapter IV a generalization of ’s result
in the case of a semi-proper holomorphic map f : N — C{(M) where M and N
are reduced complex spaces and where the space C/ (M) is equipped with its ”weak
Banach analytic set structure” which will be defined in section 2 of chapter IV. This
result will be the main tool in several applications, for instance, in the theorem of
existence of meromorphic quotients (see section 1 of chapter VI).

In the present chapter, after collecting some basic results on semi-proper maps, we
prove in section 2 the generalization of s result when the target space is a Banach
open set, which is a crucial step for the case where the target is C/(M).

The case when the target is a Banach open set is originally due to D. Mathieu in

15
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his thesis, see [19].

I.1 Definition and basic properties

Let us begin by recalling the standard definition of a semi-proper map.

Definition 1.1.0.1 Let S be a locally compact Hausdorff space, T be a topological
space and f: S — T be a continuous map. We shall say that f is semi-proper at
a point ty € T when there exists a neighborhood Ty of ty in T and a compact subset
L in S such that we have the equality

f(S)NTy = f(L) N Ty.
We say that f is semi-proper when it is semi-proper at every point in T'.

Proposition 1.1.0.2 Let f: S — T be a continuous map from a locally compact
Hausdorff space S to a Hausdorft space T'. Then the following properties hold true:

(i) If f is semi-proper, then the induced map f~1(X) — X is semi-proper for
every closed subset X of T.

(ii) The map f is semi-proper if and only if f(S) is closed in T and the induced
map S — f(S) is semi-proper.

(111) If the induced map S — f(S) is semi-proper, f(S) is locally compact.

(i) If f is semi-proper, then the induced map f~(T") — T' is semi-proper, for
every locally closed subset T" of T.

PRrROOF OF (i) Let X be a closed subset of T" and ¢y, be a point in X. Then
we take a neighborhood Ty of #y in T" and a compact subset L of S which satisfy
ToNf(L) = ToN f(S). Then, as f~1(X) is a closed subset of S, the subset f~}(X)NL
of f~1(X) is compact and consequently we get

TN fILNfHX)=Ton f(L)NX =ToN f(S)NX =Ton f(f7H(X)).
PROOF OF (ii) Suppose first that f is semi-proper. Then, due to (i), it is enough

to prove that f(.5) is closed in T'. To do so take a point ¢y in 7'\ f(S), an open
neighborhood T} of ¢y, in 7" and a compact subset L of S which satisfy the equality
ToN f(L) =TyN f(S). Then t, is not in the compact subset f(L) of T" and, as T is
a Hausdorff space, f(L) is a closed subset of T'. It follows that Ty \ f(L) is an open
neighborhood of ¢, which does not intersect f(S). So f(.5) is closed in T
Conversely, assume that f(.S) is closed in 7" and that the induced map S — f(5) is
semi-proper. For any ¢ty € T'\ f(5) the open set T :=T'\ f(5) satisfies the equality
f(S)NTy= f(0)NTy =0 and so f is semi-proper at to.

For any ¢y € f(S) there exists an open neighborhood Oy of ¢y in f(S) and a compact
set L in S with f(S) N Oy = f(L) N Oy. Now choose an open set Ty in T such that
To N f(S) = Oy. It satisfies Ty N f(S) = f(L) N Ty and f is semi-proper at to.
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PROOF OF (iii). For any ty € f(S) there is an open neighborhood Ty of ¢y in T’
and a compact set L in S with f(S)NT, = f(L) NT,. Then f(L) is a compact
neighborhood of ¢y in f(.59).

PROOF OF (iv). Let T" be a locally closed subset of 7. Then there exist a closed
subset X and an open subset V of T such that 77 = X N V. As the subset
YT = f~4X) n f7YV) is locally compact it is enough, due to (i), to show
that the induced map f~1(V) — V is semi-proper. To this end we take an arbitrary
point to in V' N f(S) and a compact subset L of S such that f(L) is a neighborhood
of tg in f(S). Since f(5) is a locally compact Hausdorff space there exists a compact
neighborhood C of t5 in V' N f(S). It follows that f~!(C) N L is a compact subset of
Y V)and f(f~Y(C)YNL)=CnNf(L) is a compact neighborhood of ¢, in V' N f(S).
This shows that the induced map f~1(V) — V' N f(S) is semi-proper so, by (ii), the
induced map f~*(V) — V is semi-proper since V N f(S) is closed in V. |

Proposition 1.1.0.3 Let f: S — T be a continuous map from a locally compact
Hausdorff space S to a Hausdorft space T'. Then the following properties hold true:

(a) Let X be a closed subset of T which contains f(S). Then the induced map S — X
1s semi-proper if and only if f is semi-proper.

(b) Suppose that f is an open map. Then the induced map S — f(S) is semi-proper.
Moreover, assuming that f is an open map, then f: S — T is semi-proper if
and only if it f(S) is a union of connected components of T

(c) If f is proper then it is semi-proper.

(d) Suppose that S is countable at infinity, T is first countable and that f is a closed
map. Then f is semi-proper.

Notice that (d) is no longer true if the hypothesis that S is locally compact is skipped.
For instance, if ' is an infinite dimensional Banach space, the identity map of E is
proper (i.e. a closed map with compact fibers) but does not satisfy the condition of
Definition I1.1.0.1.

PROOF OF (a) If f is semi-proper, then the induced map S — X is semi-proper
thanks to (i) in Proposition 1.1.0.2.

Conversely, if the induced map S — X is semi-proper, then (ii) in Proposition 1.1.0.2
implies that the induced map S — f(.S) is semi-proper and f(S) is a closed subset
of X. It follows that f(.5) is a closed subset of T" and consequently f is semi-proper
thanks again to (ii) in Proposition 1.1.0.2.
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PROOF OF (b). To prove the first assertion we consider a point ¢y in f(.S). Then
we pick a point sg in f~1(#y) and a compact neighborhood L of sy in S. Then f(L)
is a compact neighborhood of ¢y, in T since f is an open map. So f : S — T is
semi-proper at tg.

Let us prove the second assertion. If f : S — T is semi-proper, then f(.S) is both
open and closed in T" and consequently a union of connected components of T'.
Conversely, suppose that f is an open map and the subset f(S) of 7" is a union of
connected components of 7. Then f : S — f(S) is semi-proper by the direct part
and f(S) is closed in T, so, by (ii) in Proposition 1.1.0.2, f is semi-proper.

PROOF OF (c¢). By definition a proper map is a continuous map which is closed
and such that each fibers compact. So f(S) is closed. It is then enough to prove
that f is semi-proper at each point in f(S) thanks to (i7) in Proposition 1.1.0.2.
Choose any tg € f(S5) and let U be a relatively compact open set containing the
compact set f~!(tg). Then F := S\ U is a closed set in S and so f(F) is closed in
T. Define Ty := T \ f(F). This open set contains ¢, and let L := U. Then we have
To N f(S) = f(L) N Tp because if ¢ is in Ty N f(S) there exists a point s € F, so
s € U, with f(s) =t. As U is a compact subset of S the map f is semi-proper at tg.

PROOF OF (d). Take any ty € T and let (W,,)nen a basis of open neighborhoods
of tg in T'. Let (L, )men be an increasing exhausting sequence of compact sets in
S with tg € f(Lo). Assume that for each n > 0 there exists a point ¢, = f(s,)
with t,, € W, \ f(Ly). So s, is not in L, and f(s,) is in W,, and not equal to t.
Then the set F' := {s,,n > 0} is closed but f(F) is not closed because it closure
contains ¢y which is not in f(F'). Contradiction. So there exists an integer ng such
that W, N f(S) = Wy, N f(Ly,) concluding the proof. |

We shall need two more topological lemmas.

Lemma 1.1.0.4 Let S be a locally compact Hausdorff space and T be a Hausdorff
space. Let f: S — T be a continuous map. Then the semi-properness of f at the
point ty € T is equivalent to the following:

o There exists an open neighborhood Ty of to in T and a subset L of f~(T})
such that the map g: L — T} induced by f is proper and

FSNTy = f(L). (%)

PROOF. Suppose first that f is semi-proper. Then there exists an open neighbor-
hood Tj of ty and a compact subset K in S such that

f(S)NTy = f(K)NTy.

Then Ty := Ty and L := K N f~1(T}) satisfy condition (x).
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Conversely, assume that f satisfies condition (x). As S is locally compact the com-
pact subset f~1(to)NL = g~'(ty) admits a compact neighborhood C'in f~!(7}). Then
there exists an open neighborhood V of ¢y in T; such that f~(V)NL = g~ (V) is con-
tained in C since g is a closed map. It follows that f~(V)NL C f~1(V)NC C f~1(V)
and consequently VN f(L) =V N f(C) =V N f(S). |

Lemma 1.1.0.5 Let S and T be first countable Hausdorff spaces with S locally
compact and f: S — T be a semi-proper map. Then, for every open subset V of T,
the restriction f=Y (V) — T of f to the subset f~1(V) is a semi-proper map.

PROOF. By continuity f(f~1(V)) CV so thanks to (iii) of Proposition .1.0.2 it is
enough to prove that the induced map f~'(V') — V' is semi-proper. Now let y be a
point in V' and take a compact subset K of S such that f(K) is a neighborhood of y
in 7. In order to prove that the restriction of f to f=*(V') is semi-proper at y € f(5)
it is enough to show that f (f*l(V) N K> contains V N int(f(K)). So let 3o be a

point in V Nint(f(K)). Then there exists a sequence (y,)n>1 in VN int(f(K)) which
converges to yo and a sequence (z,),>1 in f~1(V) N K such that f(z,) = y, for all
n. By taking a subsequence we may suppose that (z,),>1 converges to a point z in

f~H(V)n K since f~1(V)N K is compact. It follows that f(z) = yo and as yp is an
arbitrary point in V this shows that V Nint(f(K)) C f <f—1(V) N K). Hence the

restriction of f to f~1(V) is a semi-proper map [ |

I.2 Generalization of ’s Direct Image Theorem

The goal of this section is to prove the following theorem, which is a generalization of
Kuhlmann’s theorem for semi-proper holomorphic maps between reduced complex
spaces. This result was proved by D. Mathieu in his doctoral thesis (see University
H. Poincaré, Nancy 1999). The main part of the thesis is contained in [20], but the
proof of this result is not given in this article.

We present here a proof which is simpler than D.Mathieu’s proof and our proof is
also self-contained in the sense that it does not use Kuhlmann’s theorem.

Theorem 1.2.0.1 Let M be a reduced complex space, U an open subset of a Banach
space E and w: M — U a semi-proper holomorphic map. Then w(M) is a reduced
complex subspace™™ of U.

To prove the theorem we need some preliminary results.

(D This means that, endowed with the sheaf of holomorphic functions obtained from U, 7(M) is
a reduced complex space. Moreover, w(M) is locally contained in a finite dimensional sub-manifold
of U, thanks to the Enclosability Theorem (see Theorem II1.7.4.1 in [10] or [11]).
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NoTATION. For a holomorphic map 7 from a reduced complex space M into a
Banach open set, we put

Sp(n) = {z € M | dim, 7~ (7(x)) > m}

for every integer m > 0.

Proposition 1.2.0.2 Let m: M — U be a holomorphic map from a reduced complex
space into a Banach open set. Let = be a point in M and put q := dim, 7~ (7 (z)).
Then there exists an open neighborhood W of x in M and an open neighborhood
V of m(x) in U having the following properties:

(i) dim, 7 Y (7(2)) <q forall z in W.

(i1) w(W NX,(m)) is a reduced complex subspace of V.

PROOF. Take a g—scale (U, B, j) adapted to 7! (7 (z)) near z. Let pr: Ux B — U
be the natural projection and consider the holomorphic map

g: 7 (UxB)—UxU, 2z (prj(z)),n(2)).

Then g~1(g(x)) is a finite subset of j7!(U x B) so there exists an open neighborhood
W, of z in j71(U x B), an open connected neighborhood U, of pr(j(z)) in U and
an open neighborhood U, of w(x) in U having the property that g induces a proper
map h: W, — U, X U, with finite fibers (see Proposition 2.1.6 in [11]). It follows
that, for each z in W,, the induced map W, N7~ (w(2)) — U, x {n(z)} is proper
with finite fibers. Hence the analytic subset W, N7~ !(7w(2)) of W, is of dimension
at most ¢ for each z € W, proving the point (7).

Moreover the dimension of W, N7~ !(7(2)) is equal to ¢ if and only if the restriction
of h to W, N w1 (x(2)) is surjective onto U, x {m(z)}.

Due to Remmert’s Direct Image Theorem, generalized to the case where the target
space is a Banach open set (see [10], ch. III, sect. 7), h(W,) is a reduced complex
subspace of U, x U,. Hence, by shrinking U, around n(j(z)) and U, around = (z)
and replacing W, by the inverse image of U, X U, by h, we may assume that h(,)
is the zero set of a holomorphic map ®: U, x U, — F where F' is a Banach space.
Now take a relatively compact open neighborhood V' of m(j(x)) in U, and let

®: U, — Hol(V, F)

be the holomorphic map defined by ®(¢) := ®(—,¢). The vanishing of this map at
a point z € U, means that V x {z} is in h(W,,), so that z = 7(x) with 7! (7(z)) of
dimension ¢, which implies z € X, ().

Then, since U, is connected, 7(W, N S, ()) coincides with ®~(0) and consequently
(W, NX,(m)) is an analytic subset of U,. |
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REMARK. The above proof implies in particular that X,(7) is a closed subset of
M for every g, because we proved that if dim,, (7~!(7(z)) = ¢ then there exists
an open neighborhood W of zy on which dim, (7~!(m(x)) is at most equal to ¢ for
each x € W. So the complement of ¥,;(7) in M is open for each ¢ > 0 (and
Yo(m) = M).

Proposition 1.2.0.3 Let w: M — U be a holomorphic map from a reduced complex
space into a Banach open set and let y be a point in w(M). Suppose we have a
compact subset K of M such that w(K) is a neighborhood of y in ©(M)® and put

p:=sup {dim, 7 '(y)}.
zeKNT—1(y)

Then there exists an open neighborhood U of 71 (y) N K in M and an open neigh-
borhood V of y in U having the following properties:

(a) 7 'V)NK C U C 7 (V)

(b) w(UNZX,(m)) is a reduced complex subspace of V.

ProOOF. Take an open neighborhood W of y in U such that 7(K)NW = (M )NW.
Then by Proposition 1.2.0.2 there exists, for each z in 77*(y) N K, an open neigh-
borhood W, of x in M such that W, N 3,(7) = 0 if dim, 7~ '(y) < p, and such that
(W, NXE,(m)) is a reduced complex space of an open neighborhood of y in & when
dim, (77 (y) = p. As 7! (y) N K is compact there exist 1, ..., z; in 77 (y) N K such
that the open set W := W, U---UW,, contains 7 !(y) N K. For each j let U; be an
open neighborhood of i in W such that A; := 7(W,, N X,(7)) is a reduced complex
subspace of U;. Then there exists an open neighborhood V of y in Uy N --- NY;
satisfying 7 '(V)NK C W, U---UW,,. Put U := 7 (V)N (W,, U---UW,,). Then
U clearly satisfies condition (a) and

W(Uﬂzp(ﬂ')) :Vﬂ(AlLJ"'UAl)
is a reduced complex subspace of V; so U satisfies condition (b) also. [

In the situation of Theorem 1.2.0.1, let C' be an irreducible component of M. Recall
that the maximal rank of mc on the smooth part of C' is called the generic rank
of 7 on C'. We observe that the generic rank of 7 on C'is equal to

magg(dim C — dim, 7! (7 (x))).
s

The map 7 is said to be of constant generic rank if it has the same generic rank
on every irreducible component of M.

(2)Note that the existence of such a K is equivalent to 7 being semi-proper at y.
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It should be noted that if 7 is of constant generic rank n and if (M) is a reduced
complex space, then (M) is of pure dimension n.

We shall now prove Theorem 1.2.0.1 in a special case.

Theorem 1.2.0.4 Under the assumptions of Theorem 1.2.0.1, suppose moreover
that dim E < oo and that m is of constant generic rank. Then w(M) is a reduced
complex subspace of U.

PROOF. As m(M) is closed in U and dim F < oo it is enough to show that every
point in 7(M) admits an open neighborhood W in U such that (M) N W is an
analytic subset of W.

Let y be a point in w(M) and choose a compact subset K of M and an open
neighborhood V' of y in U having the property that #(K)NV =7 (M) NV. Let M;
denotes the union of those irreducible components of M which intersect K. Since
M is a reduced complex space having only finitely many irreducible components the
fiber dimension of 7y, is bounded. Moreover, thanks to point (zi¢) in Proposition
1.1.0.2, the induced map 7=1(V) — V is semi-proper. But the pair (V, K) gives the
semi-properness of 7 at each point in V', and as K is contained in M; we conclude
that the induced map m; : M; N7 (V) — V is semi-proper. Then to prove that
7(M)NV is an analytic subset in V' it is enough to prove this result for the map 7.

Hence we may, without loss of generality, assume that the fiber dimension is bounded
and we shall prove the theorem by induction on the maximal fiber dimension of the
map .

Suppose that all fibers of 7 are 0—dimensional. Then ¥ (7) = M and in the setting of
Proposition 1.2.0.3 we have that 7(U) = VNn(K) = VN f(M) is a pure dimensional
analytic subset of V whose dimension is equal to dim M. Hence in this case 7(M)
is a reduced complex subspace of U.

Now suppose that f is of maximal fiber dimension p > 1 and suppose the theo-
rem proven for all semi-proper holomorphic maps whose mazximal fiber dimension is
strictly less than p.

Let T be the subset of all y in 7(M) such that there exists a compact subset K, of
M which satisfies the following properties:

(@) dim, 7 *(y) < p forall z in 77 (y) N K,
(8) m(K,) is a neighborhood of y in w(M).

Observe that (a) is equivalent to 7~ !(y) N K, N 3,(7) = 0. This means that the
fiber 77'(y) does not meet the compact set K, N X,(m). So for an open neighbor-
hood U of y in U, contained in the interior of 7(K,) and small enough, we have
m(K,)NU =7(M)NU and X,(m) N K, N7 (U) = 0. So T is an open subset in
w(M).

Moreover the induced map 7~ *(U) \ 3,(7) — U is semi-proper, since K, N7~ }(U)
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does not meet X, (m) and is proper over U. So we may apply Lemma 1.1.0.4.

But its maximal fiber dimension is less than or equal to p — 1. By the induction
hypothesis it then follows that 7(M) N U is an analytic subset of U. Hence every
point in 7" admits an open neighborhood in ¢ in which 7(M) is an analytic subset.

Now let y be a point in w(M) \ T" and let K be a compact subset of M such that
7(K) is a neighborhood of y in w(M). Then for at least one z in 7~*(y) N K we have
dim, 7= %(y) = p and, by Proposition 1.2.0.3, there exist an open neighborhood U of
71 (y) N K in M and an open neighborhood V of y in U satisfying the conditions

e 7 {(V)NK C U C 7 }(V)
o A:=n(UNX,(mr)) is a an analytic subset of V.
Since T(K NX,(7)) NV C A we have (m(M)\T)NV C A and consequently
a(M)N(V\NA) =Tn(V\A). (%)

Let n denote the (constant) generic rank of 7. Then T is either empty, in which case
A =7m(M)NV and the proof is completed, or 7(M) N (V' \ A) is an analytic subset
of pure dimension n of V'\ A and obviously dim A < n. Consider the decomposition
A = A; U Ay where which A; is the union of all n—dimensional irreducible compo-
nents of A and Aj is the union of the others. Then (w(M)N(V'\ A;))\ Az is an analytic
subset of pure dimension 7 in the open set V'\ A;. Since dim Ay < n it follows, due to
the Remmert-Stein Theorem®| that the closure X of m(M)N (V' \ A1)\ Az in V' \ 4,
is an analytic subset of pure dimension n of V'\ A; contained in w(M). Let Y be the
closure of 7 H(V'\ A;) = #71(X) in 7=1(V). Then Y is the union of those irreducible
components of 771(V) whose image by 7 are not contained in A;. In particular no
irreducible component of Y is send into an irreducible component of A;. Now by
Lemma [.1.0.5 the restriction 7y : Y — V is semi-proper and consequently 7(Y") is
a closed subset of V. It follows that 7(Y") is the closure X of X in V . As (V' \ X) is
an open set which intersects every irreducible component of A; the Remmert-Stein
Theorem tells us that X is an analytic subset of V. Hence 7(M) NV = X U A, is
an analytic subset of V. |

For the proof of Theorem 1.2.0.1 we will need some more or less known technical
results.

Lemma 1.2.0.5 Let M be a reduced complex space, U be an open subset of C" and
m: M — U be a holomorphic map whose generic rank on every irreducible component
of M is at most n—1. Then, for every compact subset K of M, n(K) is a b-negligible
subset of U.

(3)See section 3 or Theorem 2.4.75 in [11]
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PROOF. As only finitely many irreducible components of M meet a given compact
subset of M we may assume that M is irreducible. Let p denote the maximal fiber
dimension of 7 and consider the stratification 3,(r) C X, 1(7) C--- C X (7) = M,
where ¢ is the minimal generic fiber dimension of 7 on an irreducible component of
M.
Let K be a compact subset of M and let y be a point in 7w(K). For each z in
~!(y) N K there exists, thanks to Lemma 1.2.0.2, an open neighborhood W, of
in M and an open neighborhood U, of y in U such that A, := f(W, NX,(n)) is a
nowhere dense analytic subset of U,. As 771(y) N K is compact there exist 1, ..., z;
in 77!(y) N K such that W := W,, U---UW,, contains 7*(y) N K. Then there
exists an open neighborhood V of y in U,, N ---NU,, satisfying 7= (V)N K C W.
Hence we get

VAr(KNY,(r) = r(KNE(m)na (V) € VN(A, U - UA,)

and V N7(K NX,(m)) is a b-negligible subset of V since VN (A,, U---UA,,) is a
nowhere dense analytic subset of V. As y is an arbitrary point in 7(K) it follows
that 7(K N X,(m)) is b-negligible in U.

Now, let y be a point in U\ 7(KNX,(7)). Then there exists an open neighborhood V'
of y in U such that 7= (V)NKNE,(7) = 0, so 7~ (V)NK has an open neighborhood
M'" in M where the maximal fiber dimension of 7 is at most p — 1. With the same
reasoning as above we then see that 7(K N (X,-1(7)) NV is a b-negligible subset
of V. It follows that 7(K N (X,_1(m)) \ m(K N X,(7)) is a b-negligible subset of
U\ n(K NXEy(mr)) and consequently 7(K N (X,-1(m)) a b-negligible subset of U.
Continuing in this way we finally get that 7T(K N (X4(m)) = 7(K) is a b-negligible
subset of U. [

Corollary 1.2.0.6 Let M be a reduced complex space, U an open subset of C" and
m: M — U a holomorphic map. Let A be a nowhere dense analytic subset of M
and K be a compact subset of M. Then the closure of the subset of all y in U such
that one of the irreducible components of m1(y) meets K and is contained in A is
b-negligible in U.

PROOF. Since only a finite number of irreducible components of M and A intersect
K we may suppose M and A both irreducible. If the restriction 74 is of rank strictly
less than n the result is obvious thanks to Lemma [.2.0.5, so suppose it is equal to
n. Let g denote the generic fiber dimension of 7. Then the generic fiber dimension
of m4 is at most ¢ — 1 and consequently the restriction of 7 to X4(m ) is of rank
at most n — 1. Thus the subset 7(¥,(m4) N K) of U, which obviously contains the
subset in question, is b-negligible due to Lemma 1.2.0.5. |

Let E be a Banach space as before and let £ = G&® F be a topological decomposition
where (G is a finite dimensional subspace and let U be an open connected subset of
G and B an open ball in F'. A subset X in U x B is a reduced multigraph if it
satisfies the following conditions.
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e X isclosed in U x B.

e The projection onto G along F induces a proper®) surjection

pr: X — U.

e There exists a closed b-negligible subset R of U such that X is the closure of
X\ pr~'(R) in U x B and such that every point € U \ R admits an open
neighborhood V' in U \ R having the property that pr=*(V) is a finite union
of mutually disjoint graphs of holomorphic maps from V' into B.

A subset X of E is said to be locally a reduced multigraph if for every point x
in X there exists a topological decomposition £ = G @ F' with G finite dimensional,
an open connected subset U of G and an open ball B in F' such that x € U x B
and X N (U x B) is a reduced multigraph of U x B. Such a subset X has a unique
structure of a reduced complex space which has the property that the canonical
injection X < E induces a closed holomorphic embedding in an open set in E (see
Corollary 3.7.21 in [11]).

Moreover, if U is an open subset of F and X is a closed subset of I/, then X is a
reduced complex subspace of U if and only if it is locally a finite union of reduced
multigraphs (see loc. cit.).

Proposition 1.2.0.7 Let E = G & F be a topological decomposition where G is a
finite dimensional subspace, U is an open connected subset of G, B an open ball in
F and let m: M — U x B be a semi-proper holomorphic map of constant generic
rank from a reduced complexr space M to U X B. Suppose also that the projection
onto U induces a proper surjective map with finite fibers

pr:w(M) — U.

Then every point in U admits an open neighborhood V' such that pr=*(V') is a reduced
multigraph in V x B®).

PrROOF. Denote n the dimension of G. Then 7 and pr o w are both of constant
generic rank n. Let S(M) denote the singular locus of M, let S’ denote the analytic
subset of M \ S(M) consisting of those points where 7 is of rank at most n — 1 and
put S:=S"US(M).

Take a point y in U. Then, as 7 is semi-proper, there exists a compact subset K
of M such that 7(K) is a neighborhood of pr=1(y) in w(M). As pr is proper y has
an open neighborhood V' in U which satisfies pr=!(V) C f(K). Let R denote the

(Y Recall that proper means that the map is closed with compact fibers. Here X is not assumed
to be locally compact. Remark that here the compact fibers are necessarily finite because X is
then a locally finite dimensional analytic subset of U x B.

()1t can be shown that w(M) is in fact globally a reduced multigraph in U x B, but it is not
needed here.
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closure of the set of all points v in V' such that one of the irreducible components of
(pr o w)~}(v) meets K and is contained in S. Then, thanks to Corollary 1.2.0.6, R
is b-negligible in V. Now, take a point v in U \ R and let z1, ..., z; be the mutually
distinct points of pr=!(v). Then, for each z;, there exist a point x; in 7 *(z;) such
that z; is a smooth point of M and pr o 7 is a submersion at x;. Thus there exist
an open neighborhood W of v in V'\ R and k holomorphic sections o1, ..., oy of the
map (prow) Y (W) — W. It follows that, shrinking W if necessary, mooy,...,To0y
are k holomorphic sections of pr=!(W) — W whose images are mutually disjoint.
As pr o7 is a dominant map the set (pr o w)~'(R) is of empty interior in M and
consequently the interior of pr='(R) in (M) is empty. Thus we can conclude that
pr—1(V) is a reduced multigraph in V' x B. |

Lemma 1.2.0.8 Under the assumptions of Theorem 1.2.0.1 suppose moreover that
7w has maximal generic rank n and let My denote the union of all irreducible com-
ponents of M where m is of generic rank n. Then the restriction ma, - My — U is a
semi-proper map.

PROOF. Pick an arbitrary point y in w(M;) and choose a compact subset K of M
such that 7(K) contains an open neighborhood Z of y in f(M). We are going to
prove that 7(K N M) contains Z N 7(M;). To this end let M, denote the (finite)
union of those irreducible components of M which intersect K and where 7 is of rank
at most n — 1. Now, if on the contrary 7(K N M;) does not contain Z N f(M;), then
ZNw(My)\7(KNDM) is a non-empty open subset of w(M7). Then, by the constant
rank theorem, there exists an open subset 7" of the smooth part of M; such that 7(T)
is a locally closed complex sub-manifold of dimension n in Z N7 (M;) \ 7(K N My).
Hence the n-dimensional manifold 7(7") is contained in (M), which is absurd since
the rank of m on every irreducible component of M, is strictly smaller than n. W

Now we are ready to prove Theorem 1.2.0.1.

PrROOF OF THEOREM 1.2.0.1. Since for every point y in m(M) there exists a
compact subset K of M such that 7(K) is a neighborhood of y we may assume that
the generic rank of 7 is bounded.

We shall now prove the theorem by induction on the maximal generic rank of .

Suppose that the map 7 is of generic rank zero. Then 7 is constant on every irre-
ducible component of M, and each point in 7(M) has a neighborhood which only
contains a finite number of points in 7 (M) since 7 is semi-proper. As (M) is closed
in U it follows that (M) is a 0—dimensional reduced complex subspace of U.

Now suppose that, for a given integer n > 0, the image of every semi-proper holo-
morphic map from a reduced complex space M into a Banach open set is a reduced
complex subspace of this open set, if the generic rank of the map is at most n — 1
on every irreducible component of M.

Assume that the map 7: M — U has maximal generic rank n and let M; be the
union of all irreducible components of M where 7 is of generic rank n. Then by
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Lemma 1.2.0.8 the restriction ), : M; — U is a semi-proper map. Suppose for the
moment that we have shown that (M) is a reduced complex subspace of U and put
Z :=U\ w(My). Then M, := n~1(Z) is the union of those irreducible components
of M which are not mapped by 7 into m(M;). Moreover the generic rank of 7 is
bounded by n — 1 on M, and the restriction g, : My — U is semi-proper due to
Lemma 1.1.0.5. Hence 7(M>) is a reduced complex subspace of U by our induction
hypothesis and it follows that (M) = 7(M;)Un(Ms) is a reduced complex subspace
of U. This shows that we may, without loss of generality, assume that 7 is of constant
generic rank n.

Let E* denote the topological dual space of E. Take an arbitrary point z in M and

fix a compact subset K of M such that 7(K) is a neighborhood of m(x) in f(M).
As E* is a Hausdorff space we have

{y e n(M) | U(y) = U(n(2)), Vi€ E'} = {n(z)}

and consequently 7~ (7w(x)) = |J (low) ! (m(x)). Thus every 2’ in 7~ !(7(x)) has an
I€E”
open neighborhood W such that W N7~ (7(x)) is an intersection of finitely many

sets of the form W N (I o m)~!(7(x))) where | € E*. Since 7 !(7(z)) N K can be

covered by finitely many such neighborhoods, there exist [1,...,ly in £* and an
open neighborhood V of 77 (7(z)) N K in M such that 7! (7(z)) NV is the set of
common zeros of the holomorphic functions l; o — Iy (7(z)), ..., Iy o7 — Iy(7(z))

in V. It follows that the continuous linear map
L:E—CY oy (L(y),. .., Iny)

has the property that the fiber over L(m(x)) of the restriction L) is the singleton
{m(z)}. Hence there exists an open neighborhood V of 7(z) in U and an open
neighborhood W of L(n(x)) in CV such that the induced map 7=(M) NV — W is
proper. Now 7 is of constant generic rank n > 0 so no irreducible component of M
is contained in 7—!(f(x)). It follows that, for all z near enough to L(7(x)), none
of the irreducible components of M which meet K is mapped into L™!(z). So, by
shrinking W around L(w(z)) and replacing ¥V by V N L~Y(W), we obtain that 7
induces a semi-proper holomorphic map 7~'(L7%(z)) — L™(2) of maximal generic
rank at most n — 1 for all z in . By our induction hypothesis (M) N L~!(z) is
then a reduced complex subspace of L™!(z) of dimension at most n — 1. Replacing
M by 7=1(V) we have the following situation

M-—"—=g(M)NVY

N

w

where h denotes the restriction of L to w(M)NV. Now, h is proper and consequently
h=Y(y) = x(M) N L7 (y) NV is a compact analytic subset of V), for every y in W.
Hence h has finite fibers. It follows that hom is a semi-proper map of constant generic
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rank n and h(m(M)) is a reduced complex subspace of W, thanks to Theorem 1.2.0.4.
Shrinking W around h(7(z)) if necessary, we can find a projection of CV onto an
n—dimensional subspace of C which induces a proper map with finite fibers of W
onto an open subset U of the subspace. This enables us to reduce our situation to
the situation of Proposition 1.2.0.7 and consequently the proof is complete. [

COMMENT. As the reader may see, the generalization of the delicate theorem of
to the case where the target is a Banach open set uses the same tools than the
generalization of Remmert’s Direct Image Theorem (completed by the enclosability
theorem) due to [13] (see also [11] chapter III sections 7.3 and 7.4).

This result will be generalized again to the case where the target space is the space
CJ (P) of finite type m-cycles in a reduced complex space P endowed with its ” weak
Banach analytic structure” (see sections 2 and 4 in chapter IV).

But the result above is the fundamental key of the use of finite type cycles in the
present book.



Chapter 11

Quasi-proper maps

II.1 Definitions and examples

The classical notion of a quasi-proper map is as follows: Let 7 : M — N be an
holomorphic map between reduced complex spaces. The map 7 is quasi-proper
at a point yo € N when there exists an open neighborhood W of yp in N and a
compact set K in M such that for all y € W and every irreducible component C' of
7 (y) we have K N C # ().

But in our study of families of analytic cycles in a reduced complex space parametrized
by a Hausdorff topological space we need to generalize the notion of a quasi-proper
map. The main example we will be interested in and where this generalization is
needed is the following;:

Let g : N — C!¢(M) be a continuous map of a Hausdorff topological space N to the
(topological) space™ of closed n-cycles in the complex space M. Let |G| C N x M
be the set theoretic graph of the corresponding continuous family of cycles (so, by
definition, |G| := {(y,x) € N x M / x € |g(y)|}) and let pr : |G| — N be the
natural projection. Then pr is continuous and each fiber of pr is, in an obvious way,
identified with a closed analytic subset of M. So it makes sense to say that pr is
quasi-proper, even though neither G nor N is a reduced complex space.

Remark also that, in this case, the Hausdorff topological space C/¢( M) is not locally
compact in general. This leads to the following definition.

Definition I1.1.0.1 (i) A correspondence is a triple (M, N,G) where M is a
reduced complex space, N a Hausdorff space and G a closed subset of N x M
having the following property:

(x) For all y in N, GN ({y} x M) = {y} x G, where G, is an analytic
subset of M.

(ii) We shall say that a triple (M, N,G) is quasi-proper at the point y, € N
when (M, N,G) is a correspondence and when the following condition holds:

(D See chapter IIT section 1 here below for a brief reminder on the topology of C!°¢(M) or [11]
ch.IV section 2 for a systematic treatement of this topology.

29
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(xx) There exists an open neighborhood Ny of yo in N and a compact subset K

in M such that, for all y in Ny, every irreducible component of G, meets
K®,

We shall say that the triple (M, N, G) is quasi-proper when it is quasi-proper
at every point in N.

Let (M, N,G) be a correspondence, m: G — N be the canonical projection and C
be an irreducible component of G, for some y in N. Then we say that {y} x C is
an irreducible component of the fiber 77! (y).

Often we shall consider a continuous map 7 : M — N where M is a reduced complex
space and N a Hausdorff space such that any fiber of f is an analytic subset in M.
Then we shall associate to such a map = the triple (M, N, G,), where G, C N x M
is the subset

Gr:={(y,x) e Nx M [ y=m(z)},

and we say that 7 is quasi-proper at a point y, € N when the triple (M, N, G,) is
quasi-proper at yo. In this situation the condition (xx) is equivalent to the existence
of an open neighborhood Ny of yy in N and a compact set K in M such that every
irreducible component of every fiber of m over a point in Ny intersects K. The map
7 will be called quasi-proper if it is quasi-proper at every point in N.

When we consider a holomorphic map 7 : M — N between two reduced complex
spaces, the subset G, defined as above, always satisfies condition (%) and the quasi-
properness of 7 at yo € N reduces to the condition (xx). Obviously, a holomorphic

map between reduced complex spaces which is proper is quasi-proper. Moreover, a
quasi-proper map between reduced complex spaces is semi-proper.

EXAMPLES.

1. Let M and N be reduced complex spaces with M irreducible. Then the natural
projection pr : M x N — N is quasi-proper.

2. Let M and N be complex manifolds and let 7 : M — N be a holomorphic
submersion with connected fibers. Then 7 is quasi-proper.

3. Let M and N be reduced complex spaces and let 7 : M — N be a holomorphic
map with finite fibers. Then 7 is quasi-proper if and only if it is proper

4. Assume that the triple (M, N,G) is quasi-proper and that N is a singleton
{yo}. Then condition (*) of Definition I1.1.0.1 says that G = {yo} x X where
X is a closed analytic subset in M and condition (¥%) is equivalent to the fact
that X has only finitely many irreducible components. So we encounter in this
special case the notion of a cycle of finite type which we shall use intensively
in the sequel.

(?)Recall that, by definition, the empty set has no irreducible component.



II.1. DEFINITIONS AND EXAMPLES 31

5. Let M be a complex space and n be a natural number. Note C/(M) the
set of finite type cycles of dimension n. We shall see in section 4.1 that if
|G| € CJ(M) x M is the set theoretic graph of the tautological family of finite
type n—cycles in M,

|G| = {(X,2) € CL(M) x M / x € |X]},

then the topology we shall define in section 4.1 on CJ(M) is precisely chosen
in order to make the triple (M,C/ (M), |G|) quasi-proper.

Proposition I11.1.0.2 Let (M,N,G) be a correspondence and m: G — N be the
canonical projection. The following properties hold true:

(i) Assume that (M, N, Q) is quasi-proper at the point yo € N. Then (M, N,G)
s quasi-proper at each point of an open neighborhood of yo in N, so quasi-
properness for a given correspondence (M, N,G) is a local property on N.
More precisely, the correspondence (M, N,G) is quasi-proper if and only if,
for every open subset N' of N the induced correspondence (M, N',G"), where
G' = (N' x M) N G, is quasi-proper. It follows that, if we have an open
covering (N;)jes of N such that all the correspondences (M, N;, G;), where
G, = (N; x M) NG, are quasi-proper, then the correspondence (M, N,G) is
quasi-proper.

(i) Assume that (M, N,G) is quasi-proper. Then w(G) is a closed subset of N.

(iii) If m(G) is closed in N, then (M, N, G) is quasi-proper if and only if the induced
triple (M, w(QG), G) is quasi-proper. But w(G) is not locally compact in general.

(iv) Assume that (M, N,G) is quasi-proper. Then for any closed subset F of G
which is a union of irreducible components of fibers of w, the induced corre-
spondence (M, N, F) is quasi-proper.

(v) If (M,N,QG) is quasi-proper, then from (i) above we see that the following
condition 1s satisfied.

(@) For each compact set L in N there exists a compact set K (L) in M which
intersects every irreducible component of G for all y in L.

In the case where w(G) is a closed subset of N and also locally compact (in
particular if N is locally compact), then the correspondence (M, N, Q) is quasi-
proper if and only if it satisfies the condition (Q).

ProOF. The points (i) and (iv) are left to the reader as easy exercises.

Point (v) is obtained by a standard compactness argument.

So we shall only give more details for points (ii) and (7iz).

Let us first prove (ii). To see that 7(G) is closed, take a point y € N \ 7(G) and
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let N, and K, be respectively an open neighborhood of y € N and a compact set
in M such that for any ¢ € N, any irreducible component of 7='(y') meets K.
Then remark that the restriction of 7 to (N x K,) NG is a proper map. So its image
is closed, and as y is not in this closed set, for each ¢y’ in the open neighborhood
N, = N,N(N\7(N x K,) NG) of y in N we have ¢ € 7(N x K,) N G) and any
irreducible component of 7 (y’) must meet {y'} x K,. This implies that 7! (y') = 0
and it follows that the complement of the subset 7(G) in N is open.

To prove point (iii) we assume w(G) closed and (M, 7(G),G) quasi-proper. As the
quasi-properness of the triple (M, N,G) at y € w(G) is clear, let y be a point in
N\ 7(G). Then, as 7(G) is closed, the choices N, := N\ 7(G) and K, := ) give the
quasi-properness.

The example below shows that 7(G) is not locally compact, in general. [ |

ExamMpPLE. Put M := CxC, N := Hol(C,C), i.e. the space of all holomorphic
maps from C to C endowed with the topology of compact convergence, and let
G :={(f,(z,y)) € N x M | f(z) = y}. Then the triple (M, N,G) is quasi-proper
since for any non empty compact set K in C and any ¢ > 0, for each ¢ in the
neighborhood V(K ¢) := {g € Hol(C,C) / ||g— f||x < €} of f the graph of g meets

the compact set

K(f,K,e) ={(2,t) e CxC /| Kx{teC /d(t f(K)) <e}}.
But Hol(C, C) is not locally compact. O
The proof of the following very easy lemma is left to the reader.

Lemma I1.1.0.3 Let (M, N,G) be a correspondence and (M;);cs be a finite family
of open sets in M. For each j in J put G; := (N x M;) NG and suppose that the
correspondence (M;, N, G;) is quasi-proper. Then the triple (Uje M;, N,U;c;G;) is
quasi-proper. |

Now we shall concentrate on the construction of quasi-proper equidimensional holo-
morphic map, from a given equidimensional holomorphic map 7 : M — N.
Our first step will be a local result.

Lemma I1.1.0.4 Letw: M — N be a holomorphic map between irreducible complex
spaces and note n = dim M — dim N. Let yo be a point in N such that (o)
has pure dimension n and let K be a compact set in an open set My of M such
that m(K) is a neighborhood of yo. Then there exists a relatively compact open set
M (yo) C My, a relatively compact open set N(yo) in N containing yo such that the
following property holds:

1. The restriction of m to M (yo) defines a surjective equidimensional holomorphic
map 7(yo) : M(yo) = N(yo)-
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2. There exists a closed m(yo)-proper subset L(yo) in M(yo), containing K N
M (yo), such that for each z € N(yo) each irreducible component of m(yo)~*(2)
meets L(yo).

ProOF. Remark first that under our hypothesis the fibers of 7 has dimension at
least equal to n. For each point z € K choose a pair of n-scales on My, E, :=
(j2,U., B;) and E. = (j,,U., B.), where j, is a closed holomorphic embedding of
an open subset W (z) of My into an open neighborhood of U, x B, satisfying the
following conditions:

e B CB,
e zcj (U, x B)
o |7 (yo)| N (j_l(UZ x (B, \ B;))) = (), E, is adapted to 7 (o).

So each scale F, is adapted to 7 '(yp).
Now construct for each z € K an open irreducible neighborhood N, as follows:

N, := N\ (j-"(U. x (B.\ B.))).

When 2z describes K the open sets c¢(£,) cover K so we can choose finitely many
points 21, ..., 2, in K such that the relatively compact open set M := Uj" ,c(E,,)
of M, contains K.

Now choose for each h € [1,m] a point ¢, € U, and put L., := j;'({t,} x B.,).
Let N(yo) be the open neighborhood of yo in N defined as N(yo) := N, N,, and
define M (yo) := 7 (N (yo)) N M.

Then we define L(yo) := M (yo) N Up L, .

Now we shall prove that for each y € N(yy), each irreducible component I' of the
cycle 771 (y) N M (yy) meets the m(yo)-proper set L(yg) in M (yo)-

By definition such a I' is not empty, so there exists at least one h € [1,m] such
that T meets ¢(Ej). As the scale E,, is adapted to 7 '(y) it is adapted to I'. So
I' is of dimension n. Moreover, the degree of I" in this scale is positive as we know
that I meets ¢(E,, ). Then I' is a non empty union of irreducible components of the
multigraph defined by 7~*(y) in the adapted scale E,, and then has to meet the set
Ly. So I' meets L(yo).

The condition we proved implies that the map 7(yo) is quasi-proper and equidi-
mensional, so it is an open map. Then it is enough replace N(yy) by the image by
7w of M(yo) which is a relatively compact open set in N and to define L(yy) by
L(yo) := L(yo) U (K N M(yo)) to complete the proof. |

To globalize the previous lemma we need the following topological result.

Lemma I1.1.0.5 Letw: M — N be a continuous surjective map between two locally
compact and paracompact first countable Hausdorff spaces. Assume that N = N1UN,
where N; are open subsets of N and let M; := W‘l(Ni),i =1,2. Assume that L1 and
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Lo are respectively closed m-proper subsets in My and My which satisfy (L) = Ny
and m(Lq) = Nay. Then there exists a closed w-proper subset A in M with the following
properties (with the notations L;(y) := 7 (y)NL;,i = 1,2 and A(y) := 7 (y)NA):

1. A C L1 U LQ;
2. For each y € Ny \ Ny then A(y) contains Lq(y)

(y).
3. For each y € Ny \ Ny then A(y) contains Lo(y).

4. For each y € Ny N Ny then A(y) contains Li(y) or La(y).
Note that condition on the set A implies that 7(A) = N.

PROOF. First cover N by a locally finite countable family (K"),v € N, of compact
subsets such that each K is contained in N7 or in Ny (and may be in both for some
v). Then define the map ¢ : N — {1,2} and ¢ : N — {1, 2} as follows:

—p(v) = 1if K" is contained in N; and ¢(v) = 2 if K is not contained in V.
—p(v) = 2 if K is contained in Ny and ¢ (v) = 1 if K" is not contained in Ns.
Then define:

- A1 = ( Uw(y)zl 7T71(KV) N Ll) U ( U(p(y)zg 7T71<KV> N LQ) and also

— Ay = ( Uw(y)zg 7T71(KV) N LQ) U ( U¢(V):1 ﬂil(Ku) N Ll)

As each 771(K") N L; is a compact set in M and as this family is locally finite, A,
and A, are closed and m-proper and then A := A; U Ay is closed and m-proper and
m(A) = N. Moreover, it is clear that A satisfies the desired properties 1 to 4. [ |

Theorem I1.1.0.6 Let 7w : M — N be a surjective and n-equidimensional holomor-
phic map between irreducible complex spaces. Fix a closed m-proper subset K which
is surjective on N and an open set My in M which contains KC. Assume that for
each y € N there exists an open neighborhood N(y) of y in N, a relatively compact
open set M(y) in Mo N7 (N(y)) containing the subset 7= (N (y)) N K such the
restriction w(y) : M(y) — N(y) of m satisfies the following property

o There exists a m(y)-proper subset L(y) C 7 *(N(y)) such that for each z €
N(y), any irreducible component of 7=(z) N M(y) meets L(y).

Then there exists a closed mw-proper subset L in My, an open set M' in M such
that L C M' C My and such that, for each y € N, each irreducible component of
7 Hy) N M meets L.

So the restriction of @ : M’ — N is quasi-proper.

ProOOF. Thanks to the previous lemma, it is enough to consider a locally finite
covering N(y,), € N of N, extracted from the covering given by the relatively
compact open sets N(y),y € N, deduced from the hypothesis, and to argue by an

induction on u € N to construct step by step the open sets

M, = UZZOM(y#)
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and the closed m-propers subsets L, in M, by use of the previous lemma.
We conclude by letting

M" = UpzoM (yu) = UpzoM,

and £ = lim, ,, L, which is closed and m-proper in M thanks to the locally finite-
ness of our covering of M by the M(y,):

e for p given, we have to modify L,.; over N, := U._yN(y,) by applying the
previous lemma only for finitely many values of j > 1 since there are only
finitely many p > p+ 1 for which N(y,) intersect N,,. [

Note that, since an equidimensional holomorphic map is open and a quasi-proper
map has a closed image, the surjectivity assumption in the previous result is not
restrictive.

II.2  Stability properties of quasi-proper maps

In general the composition of two quasi-proper maps is not quasi-proper as can be
seen from the example below. Nevertheless quasi-proper maps have some important
stability properties with respect to composition.

EXAMPLE. Let f: M — C? be be blow-up of {0} x Z in C? and g: C* — C be
the natural projection (z,w) — w. Then f is proper and g is quasi-proper, but the
composition g o f is not quasi-proper.

Lemma 11.2.0.1 Let 7 : M — N and p : N — S be holomorphic maps between
reduced complex spaces.

(i) If m is quasi-propre and p is proper, then pom is quasi-proper.

(i) If pom is quasi-proper and 7 is surjective, then p is quasi-proper.

PROOF. (i) Every point s in S has a relatively compact open neighborhood V' in
S and p~1(V) is a compact subset of N. As 7 is quasi-proper there exists a compact
subset K of M which meets every irreducible component of every fiber of 7 over
p~1(V). Hence K intersects every irreducible component of every fiber of p o7 over
V', so pom is quasi-proper at s.

(ii) Let s be a point in S. Then there exists an open neighborhood V of s in S and
a compact subset K of M which meets every irreducible component of every fiber
of pom over V. Let us show that 7(K) intersects every irreducible component of
every fiber of p over V. So let C be an irreducible component of p~!(#) for some ¢ in
V. As 7 is surjective there exists an irreducible component €' of 7=1(C) such that
7(C) = C. As C has non-empty interior in p~'(t) the interior of C'in 7! (p~1(t))
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is also non-empty so C' is an irreducible component of 7='(p~1(t)). It follows that
K NC #( and consequently 7(K)NC # 0. |

The following result shows that quasi-proper triples are stable by base change.

Proposition 11.2.0.2 Let (M, N,G) be a quasi-proper triple. Then for any contin-
uous map g: S — N of a Hausdorff space S to N, the triple (M, S, (g x idy) "1 (G))
1S qUasi-proper.

PROOF. Let g: S — N be a continuous map and put I" := (g x idy;)"!(G). Then
we have I'y = Gy, for every s in S. Now take an arbitrary point sq in .S and choose
an open neighborhood U of ¢g(sg) in N and a compact set K in M such that, for
all y € U, every irreducible component of GG, meets K. Then, for all s in the open

neighborhood ¢~'(U) of sy in S, every irreducible component of I'y = Gy, meets
K. [

We end this paragraph by proving two more stability results for quasi-proper maps
between reduced complex spaces.

Lemma I1.2.0.3 Let m: M — N be a holomorphic map between reduced complex
spaces and T: M — M be a modification whose center is mw-proper. Then 7o T is
quasi-proper if and only if ™ is quasi-proper.

PROOF. Suppose that 7 is quasi-proper. Let C' denote the center of 7 and let K be
a compact subset of N. Then there exists a compact subset L of M which intersects
every irreducible component of 7~!(y) for all y in K. As 7 is proper and C is 7-
proper the subset 7~ (L)Ur~(CN7~(K)) of M is compact. Now take an arbitrary
point y in K and an irreducible component Z of 77}(77!(y)) and let us show that
Z intersects the compact subset 771(L) U 1(C N7 ! (K)). Indeed, if Z does not
meet 71(C' N7 Y (K)), then Z C M\ 77 1(C) so 7(Z) is an irreducible component
of 77(y). Hence 7(Z) N L # () and consequently Z N7 (L) # (.

Conversely, if 7 o 7 is quasi-proper then 7 is quasi-proper by point (ii) of Lemma
I1.2.0.1, since a modification is, by definition, surjective. [ |

Lemma 11.2.0.4 Let my : My — N and w : My — M; be quasi-proper maps
between reduced complex spaces and suppose moreover that mo s an open map. Then
the composed map w1 © Ty IS quasi-proper.

PROOF. Let K be a compact subset of N. As m; is quasi-proper there exists a
compact subset L; of M; such that int(L;) intersects every irreducible component
of 7' (y) for all y in K. As m, is quasi-proper there exists a compact subset Lo of
M, which intersects every irreducible component of m; ' (x) for all z in L;.

We are going to show that every irreducible component of 7 * (7, *(y)) meets L, for
all y in K.
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Now take an arbitrary point y in K. Since the map 5 is both open and quasi-proper
the same is true for the induced map 7, * (7, *(y)) — 7, * () and consequently every
irreducible component of 7, ' (7' (y)) is mapped surjectively onto an irreducible
component of 7; (). Hence for any irreducible component Z of 7, * (7, () we have
m(Z) Nint(L;) # () so there exists x in 7, ' (y) such that Z contains an irreducible
component of 7, ! (x). It follows that Z intersects Ls. [

I1.3 Direct Image Theorem for quasi-proper maps:
a simple proof

In this section we give a proof of Theorem 1.2.0.1 in the case where the map 7
is quasi-proper and the space M is irreducible. This special case of the theorem
illustrates the difference between semi-proper and quasi-proper maps. As the reader
will see, the proof is much simpler in the quasi-proper case than in the semi-proper
case. For the proof we use a generalization to an ambient Banach open set of the
“simple case” of the classical Remmert-Stein theorem, which is also proved in this
section.

Theorem I1.3.0.1 Let M be a irreducible complex space, U an open subset of a
Banach space E and m: M — U a quasi-proper holomorphic map. Then w(M) is a
reduced complex subspace of U.

PROOF. As we assume that M is irreducible we shall prove the theorem by induc-
tion on the maximal fiber dimension of 7.

If the maximal fiber dimension of 7 is 0 the map m is quasi-proper with finite fibers
and consequently it is a proper map. Then 7(M) is a reduced complex subspace of
U due to Remmert’s Direct Image Theorem (see Theorem 3.7.3 in [11]) .

Now let ¢ be a strictly positive natural number such that the theorem is true if the
maximal fiber dimension of 7 is at most g— 1. Suppose then that 7: M — U satisfies
the hypotheses of the theorem and has maximal fiber dimension q.

We begin by proving that 7(X,(7)) is a reduced complex subspace of U. To do so
we recall that, by Proposition 1.2.0.2, ¥,(r) is a closed subset of M and, as ¥,()
is a union of irreducible components of fibers of 7, it follows that the induced map
Yy(m) = m(X,(m)) is semi-proper. Consequently m(3,(7)) is a closed subset of U so
it is enough to show that every point y in 7(X,(7)) has an open neighborhood V in
U such that 7(X,(7)) NV is a reduced complex subspace of V. This is consequence
of Proposition 1.2.0.3.

Now, S := 77 }(m(X,(n))) is an analytic subset of M and to complete the prove we
have to consider two cases.

(3)Here we need only the simple case for proper holomorphic maps with finite fibers.
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If S= M, then n(M) = 7n(X,(m)) is a reduced complex subspace of U.
If S# M, then M \ S is an irreducible complex space and the map

MA\S — U\ 7(E(m)),

induced by m, is quasi-proper. As the maximal fiber dimension of this map is at
most ¢ — 1 its image, 7(M \ S) = 7(M) \ 7(S)), is a reduced complex subspace of
U\ 7(S) by the induction hypothesis. Now dim S < dim(M \ S) and all the fibers
of the induced map S — w(S) are of dimension ¢. As the maximal fiber dimen-
sion of the induced map M \ S — w(M) \ 7(S)) is at most ¢ — 1 it follows that
dim7(S) < dim7(M \ 5).

It then follows from Theorem I1.3.0.2 below that 7w(M) is a reduced complex sub-
space of U since (M) is the closure of 7(M \ S) in U \ 7(95). |

The following theorem is a generalization of the classical Remmert-Stein theorem in
the "easy” case.

Theorem I1.3.0.2 Let U be an open subset of a Banach space E, A be a reduced
complex subspace of U and X be an irreducible complex subspace of U \ A. Suppose
moreover that dim X > dim A and that the closure X of X in U is locally compact.
Then X is a reduced complex subspace of U.

For the proof of the theorem we use the following lemma.

Lemma 11.3.0.3 Let E be a Banach space of dimension at least 1 and let S be a
countable subset of £\ {0}. Then there exists a closed hyperplane in E which does
not contain any point of S.

PrROOF. Let E* be the topological dual of . Then, for every s € E, the subset
Vs :=={l € E* / I(s) = 0} is closed and with empty interior in E*. It follows that
the union |J, ¢ Vi has non-empty interior in £* since E* is a Baire space. Hence,
for each [ in the dense subset E* \ (J, g Vs, we have [(s) # 0 for all s in S. |

PROOF OF THEOREM I1.3.0.2. The case A = () being trivial, we suppose A # ()
and put n := dim A and d := dim X — dim A.

Obviously it is enough to show that every point @ in ANX has an open neighborhood
Y such that X NV is a reduced complex subspace of V. To this end we fix a point
ain AN X and by translating if necessary we may assume a = 0. Then we split the
proof into two steps.

FIrRsST STEP. Let us show that there exists a closed vector subspace H of codi-
mension n + d + 1 in E such that H N (AU X) = {0}. To do so we let S be a
set which contains exactly one point in X and one point in each irreducible com-
ponent of A. As S is countable there exists a closed hyperplane H; in E such
that H; N (51 \ {0}) = 0 thanks to Lemma I1.3.0.3. Hence dim AN H; = n — 1
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and dim(X N H,) = n+d — 1.9 Now, let S, be a set which contains exactly one
point in each irreducible component of X N H; and each irreducible component of
AN Hy. Then, by Lemma I1.3.0.3, there exists a closed hyperplane Hy in H; such
that Hy N (S2 \ {0}) = 0. Continuing in this way we end up with a closed vector
subspace H, .4 in E such that dim(X N H,.4) = 0 and AN H,,4 = {0}. But the
set X N H,.4 is countable so, again due to Lemma I1.3.0.3, there exists a closed
hyperplane H in H,, 4 such that H N (AU X) = {0}.

SECOND STEP. We conclude the proof by showing that X is a reduced multigraph
in a neighborhood of 0. To this end we let H be as above, L; be a complementary
vector subspace to H in E and m: E — L; denote the projection along H onto
Li. As 771(0) = {0} and X U A is locally compact, there exist connected open
neighborhoods, V; of the origin in £ and U; of the origin in Lq, such that 7 induces
a proper map V; — Uj. It follows that A; := m (AN V;) is a reduced complex
subspace in Uy, thanks to Remmert’s Direct Image Theorem, and dim A; = n since
the restriction of 7 to A; has finite fibers. Now X, := XN (Vi \ 7' (A;)) is a reduced
complex subspace of V; \ 77 '(A;) and the induced map V; \ 7' (A1) — Uy \ A; is
proper. As X7 is a complex subspace of pure dimension n + d it follows that m;(X})
is a reduced complex subspace of dimension n+d in Uy \ A;. The classical Remmert-
Stein theorem then implies that 71 (V3 N (X U A)) is a reduced complex subspace of
U;.®) A conveniently chosen linear projection of L; onto a hyperplane L in Ly then
makes 71 (V3 N (X U A)) into a branched covering over an open neighborhood of the
origin in L. Let m: E — L be the linear projection obtained by composing m; with
the projection of L; onto L. Then there exists an open neighborhood V' of the origin
in £ and a connected open neighborhood U of the origin in L such that 7 induces
a surjective proper map V N (X U A) — U, whose fibers are all finite.

Now Ay := (VN A) is, by Remmert’s Direct Image Theorem, an analytic subset of
dimension n in U and consequently a b-negligible subset of U since dimU = n + d.
As 71U\ 4p) NV N X is clearly equal to X NV it follows that V N X is a reduced
multigraph® in U x F, where F := 77(0). [

ExamMpPLES. Let H be a complex separable Hilbert space with orthonormal basis
€1,€2,...,€En, ...

1. Let C' be the union on the lines through the origin generated by e, eq, €3, .. ..
Then C \ {0} is a one dimensional smooth complex submanifold of H \ {0}
and, as C'is not locally compact near 0, C' is not a finite dimensional complex
subset in H.

This example already shows that without the local compactness hypothesis
for X U A (or equivalently for X) the Remmert-Stein theorem does not hold.

(YA priori we can not exclude the possibility that this set is empty, but the proof will bring into
light that this is impossible.

(5)In fact a hypersurface.

(6)See dicussion following Corollary 1.2.0.6
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2. The interest of our second example is to show that, even in the case where X

is smooth and connected, without the local compactness assumption X may
not be a reduced complex subspace of H.

Let v : D — H be the holomorphic map given by v(z) := Y > | z"e, where D
is the open unit disc in C.

Lemma 11.3.0.4 The map 7 is injective closed and of constant rank 1. So its

immage I' is a closed 1—dimensional connected smooth complex sub-manifold in
H.

PROOF. The rank is 1 because the component of 7/(z) on e; is equal to 1.
Also (z) = 7v(2’) implies the equality of the components on e; so z = 2’.

To see that v is a closed map, let v(z,) be a sequence in I' converging to a point
y € H. Then the component on e; of 7(z,) converges to y;. So the sequence
(z,) converges to y; € C. Then for each v > 1 the sequence (z/) converges
to y, = y¥. As y is in H the series (|y¥|?) is summable and this implies that
ly1] < 1. Then there exists a € [0, 1] such that |z,| < a for n large enough.
So we may extract a subsequence of the sequence (z,) converging to a point

x € D and then y(z) = y. |

Consider now the cone C over I" and let C' the closure of C in H.

Lemma I1.3.0.5 The subset C' \ {0} is a closed smooth connected complex
sub-manifold of dimension 2 in H \ {0}. But C is not an analytic subset of
finite dimension of H.

PROOF. Let ¢ : C x D — H be the holomorphic map defined by (), z) =
AY(z). Then it sends the open set C* x D* into C'\ {0}.

— This restriction of the map ¢ is bijective :

the surjectivity is clear. Moreover if Ay(z) = Nv(2’) with A, z, X', 2/ non zero,
we obtain that for each v the equality (2//z)” = A\/N which implies z = 2’ and
then A = \.

— This restriction has rank 2 at each point: we have d\p(A, z) = v(z) # 0 and
d:0(A, 2) = Av'(2).

But if, for some o« € C*, we have Ay (z) = ay(z) for some A € C* it implies
Azl = az¥ for each v > 1 and then az = Mv for each v > 1. This is
impossible as A is not zero.

— C'\ {0} is closed in H \ Ce;.

Assume that a sequence \,7y(z,) converges to y € H \ Ce;.

If the sequence ()\,) is bounded, we may pass to a sub-sequence which con-
verges to Ag. Then A, z, converges to y; and if Ay # 0 the sequence ((z,))
converges to y/A\o which is in T" because the map + is closed (see above). So y
isin C.
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If Ao = 0 then \,z, converges to y; = 0, because |z,| < 1 for each n, and so
we have, for each v > 2, the sequence (\,2% = (A\,2,)z%!) which converges to
Y, = 0.

So y = 0 in this case. Contradiction.

Now assume that |\,| goes to +00 when n — 4o00. Then the sequence (z,)
converges to 0 and if we assume that y; is not 0, we have again, for each v > 2,
the sequence (A\,2% = (An2,)2%~ ") which converges to y, = 0. So y is in Ce;.
Contradiction.

Note that C is the union C' U Ce;, because Ce; is the tangent to I' at the
origin. So we have for each A € C the equality Ae; = lim,, o, Any(1/n).

We shall prove now that C' is smooth around a point z%e; when 9 # 0.

Let m : H — C? be the projection on the coordinates of e; and e,. Take a point
(w1, 75) in C% near to (29,0). Then if 25 = 0 the only point in 7—!(x1,0) N C
is the point x1e;. If 25 # 0 a point in 7 1(x1,25) N C is in C so is of the form
Ay(z) with Az # 0; and so we must have z; = Az and xy = A2?. This implies
z = xy/x; and A\ = 22/x,. To prove that C is smooth near xle; it is enough
to show, as C' is the graph of the map 6 defined by:

O(x1,20) = ($%/$2)’Y([L‘2/l’1) for zo #0 and 6(z1,0) = z1€4

that 6 is holomorphic near (z9,0) with 2§ # 0.

We have for z € D the equality v(z) = 20(z) where §(z) := Y " 2"€,41 IS a
holomorphic function on D. This allows to write §(z1, x2) = x10(xe/x1) which
gives the holomorphy of § near (z9,0) when 29 # 0. So C\{0} = (CUCe;)\ {0}
is a closed connected 2—dimensional sub-manifold of H \ {0}.

We have to prove now that C'is not a finite dimensional analytic subset in H.
If this is not true, the Enclosability Theorem (see [11] ch.III section 7) gives
us a locally closed finite dimensional complex sub-manifold of H in an open
neighborhood I/ of 0 in H which contains C'NI{. But if a cone is contained near
0 in a complex sub-manifold W, then it is contained in the tangent space V' of
W at 0. Then C would be contained in the finite dimensional complex vector
space V. Then V has to contain each e,,n € N*, because it has to contain I
and then all the Taylor coefficients of the map v at the origin.

Contradiction. |
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Chapter 111

The space C,,ZZ (M)

In this chapter M will always be a reduced complex space.

We begin this section by giving a brief account of the topological space C/¢(M) with
emphasis on the characterization of compact subsets of Cl¢(M)M).

III.1 Compactness in C“(M): The bounded local
volume property

The set of all (closed) n—cycles in M is denoted C¢(M) and is endowed with the
topology generated by all subsets € (E) defined by

Q(E) ;= {X € C(M) / E is adapted to X and degy(X) = k}.

where F is an n-scale (see Terminology in section 1.3) on M and k a natural number.
With this topology Cl¢(M) is a second countable Hausdor{f space (see [11] Theorem
4.2.28).

For the study of the fibers of a holomorphic map 7 the subset of m-relative cycles
will be helpful.

Proposition 111.1.0.1 Let m: M — N be a holomorphic map between two reduced
complex spaces, let C2°°(r) denote the subset of Cl°°(M) consisting of those n-cycles
which are contained in a fiber of ©® and let C'°°(7)* denote the subset of all non

empty cycles in C°°(r), i.e. Cl¢(m)* := Cl¢(mr) \ {0[n]}.
(i) The subset C2°°(7) is a closed subset of C2¢(M).

(ii) The obvious map \: C\°°(m)* — N, which associates to each (non empty) -
relative n-cycle the unique point in N whose fiber contains the cycle, is con-
tinuous.

(W For a detailed discussion see chapter 4 of [11] of or [10].
)n other words Cl°°(7) is the set of 7-relative n—cycles in M.

43
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PROOF. To prove (i) we take a cycle Xg in C2¢(M) \ Cl°°(7r). Then |Xy| contains
two points x and y such that m(x) # m(y) so there exist disjoint open neighbor-
hoods, U of 7(z) and V of n(y), in N. Let £ and E’ be two n-scales adapted to
Xo such that z € ¢(E) C 7 '(U) and y € ¢(E") C 7 (V). It follows that the
degrees k := degp(Xo) and [ := degg/(Xy) are positive and consequently every
X € Q(E) N Q(E') intersects more than one fiber of 7. Hence Qi (E) N Q(E') is
an open neighborhood of Xy in Cl¢(M) \ Clo¢(r).

For the proof of (ii) we take Xj in C°°(7)*, put y := A(X) and fix an open neighbor-
hood V of y in N. Next we take a point x in |X,| and an n-scale E adapted to X
such that z € ¢(F) C #~1(V) and put k := degy(Xo). Then k is positive so every
X in Q(E) N Ce<(7) intersects 7~ 1(V) and consequently A\(X) € V. |

We shall now discuss compactness in C'°¢(M) and this discussion consists more or
less of summarizing material from [11] or [10].

We begin by observing that a subset of C/¢(M) is compact if and only it is sequen-
tially compact since C'¢(M) is second-countable.

The main tool to study compactness in C°°(M) is Bishop’s Theorem which gives
a very simple characterization of relatively compact subsets in C2¢(M) in terms of
the local bounded volume property (see Theorem I11.1.0.6 below).

A continuous hermitian metric on M is a positive definite continuous differential
(1, 1)-form on M which is locally induced in local embeddings of M into open subsets
of some affine space by positive definite continuous differential (1, 1)-forms on these
open sets. (See Chapter 3 of [11] or of [10])

If X is an n-cycle in M, W a relatively compact open subset of M and h a continuous
hermitian metric on M, then

volp (X NW) = / "
Xnw
is called the volume of X in W (with respect to h).
Definition II1.1.0.2 Let A be a subset of C°°(M). We shall say that A has the

bounded local volume property (or BLV property for short) when the following
holds:

o There exists a continuous hermitian metric h on M such that, for every rela-
tively compact open subset W of M, there exists a constant C(W) satisfying

/ " < C(W), forall X € A. (BLV)
xXnw

We say that a family (X))iea of n-cycles has the BLV property if the subset
{Xy / X € A} of C°°(M) has the BLV property.
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REMARKS.

(i) The BLV property is independent of the choice of a continuous hermitian metric
h because if k£ is another continuous hermitian metric then, for every relatively
compact open subset W of M, there exist two positive constants y(h, k, W)
and I'(h, k, W) such that

v(h, k, WA < KM < T(h,k, W)RM

on W where the inequality is taken in the sense of P. Lelong. Then for any
cycle X it follows that

/ < (b, W) / o
XNnW XNnW

(i) A subset A of C'¢(M) has the BLV property if and only if it satisfies the
following condition, which does not involve a choice of a hermitian metric.

e For every continuous Lelong-positive differential (n,n)-form ¢ with com-
pact support in M there exists a constant C'(p) > 0 such that for every
X in A we have

/Xso < Clp) (@)

It is clear that A satisfies condition (@) if it has the BLV property since, for
every continuous Lelong-positive (n,n)-form ¢ with compact support in M
and every hermitian metric h, there exists a constant C(p,h) > 0 such that
the estimate ¢ < C(p,h)h " holds in the sense of P. Lelong. Conversely,
suppose that A satisfies condition (@) and let W be a relatively compact open
subset of M. Then, for any continuous function o with compact support in M
and values in [0, 1] such that 0 = 1 on W, we have

/ h/\"ﬁ/ah/\"
XNnw X

for every n—cycle X in M. Hence A has the BLV property since oh”" is a
continuous Lelong-positive (n,n)-form with compact support in M.

Note that any continuous (n, n)-form ¢ with compact support may be written
as ¢ = Y + 1y where 1); are real for j = 1,2 continuous and with compact
supports contained in the support of ¢. Moreover any real continuous (n,n)-
form 1 with compact support may be written ¢» = ¢, —¢_ where ¥, and
1_ are continuous, positive in the sense of Lelong and with compact supports
contained in the support of 1.

(iii) Note that, by Proposition 4.2.17 in [11], the function X — [, ¢ is continuous
on C¢(M) for every continuous (n,n)-form ¢ with compact support in M. It
follows that a subset of C!°¢(M) has the BLV property if and only if its closure
in C'°(M) has the BLV property.
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ExXAMPLE. Let us give an example of the decomposition ¢/ = psiy —1_ mentioned
in Remark (i)

Z(fdl’l N dﬂ_ig — de.Q_Tl A\ d%g) = Z(fdl'l + dl‘g) AN (fdil'l + dl’g) — Z(ffdilj’l A di’l + diL‘Q VAN di’z)
= i(dzy + fdxa) A (dxy + fdxy) —i(day A dZy + ffdry A dTy)

We shall also use the following definition.

Definition I11.1.0.3 For two n-cycles X andY in M, we write Y < X when every
wrreducible component I' of Y is an irreducible component of X and the multiplicity
of I' in'Y 1is at most equal to the multiplicity of I' in X.

We leave the proof of the following lemma as an exercise for the reader.

Lemma II1.1.0.4 Let X and Y be two n-cycles in M. Then Y < X if and only
if for every continuous hermitian metric h on M and every relatively compact open

subset W of M we have
/ h/\n S/ h/\n'
Ynw XnW

A direct consequence of the lemma is that, for two n-cycles X and Y in M, we have

Y < X if and only if
/so < /w
Y b's

for every continuous Lelong-positive (n,n)—form ¢ with compact support in M.

Since, for every continuous (n,n)-form ¢ with compact support in M, the function
X — [, ¢ is continuous on Cloc(M) the following result is an immediate consequence
of Lemma I11.1.0.4.

Corollary II1.1.0.5 Let (Y,) and (X,) be sequences in C°(M) which converge
respectively to' Y and X and satisfy Y, < X, for all v. Then we have Y < X. N

Let us recall here Theorem 4.2.69 in [11] which is a rather simple consequence of
Bishop’s Theorem.

Theorem II1.1.0.6 A subset A in Cl¢(M) is relatively compact if and only if it
has the bounded local volume property. [

Corollary I11.1.0.7 Let (X,),en be a sequence of non empty cycles in C°(M)
converging to a cycle X. Choose for each v an irreducible component I', of X,.
Then {T, / v € N} is a relatively compact subset of C'°(M) and every cycle Y
which is a limit of a subsequence of the sequence (I',) satisfies Y < X.



III.1. COMPACTNESS IN Cl*¢(M): THE BOUNDED LOCAL VOLUME PROPERTY47

Proor. By Lemma II1.1.0.4 the set {I', / v € N} has the bounded local volume
property so it is relatively compact in C!°¢(M) due to Theorem I11.1.0.6, and every
cycle Y which is a limit of a subsequence of the sequence (I',,) satisfies Y < X thanks
to Corollary II1.1.0.5. |

We give now some examples.

FIRST EXAMPLE. For each integer n > 1 the O-cycle X, := {%, (anI), cee 1} in C
is compact and contained in the relatively compact open subset {z € C / |z| < 2}
of C. The volume of X, is n so it goes to infinity when n goes to infinity and

consequently {X,, / n > 1} is a discrete closed subset of Ci*¢(C). O

SECOND EXAMPLE. For each integer n > 1 consider the 0-cycle X,, := n.{0} in C.
These cycles have {0} as support, but {X,, / n > 1} is a discrete closed subset of
Cl¢(C) since the volume of X, tends to infinity as n tends to infinity. O

Even though these two simple examples are not very interesting they show what is
going on when a sequence of cycles does not have bounded local volume property;
namely that “local branches” of the cycles are piling up somewhere when counted
with their multiplicities.

Our next example, where we give a sequence of irreducible cycles (in fact smooth
and connected) whose local volume is not bounded, is much more interesting.

THIRD EXAMPLE. For every n € N* let X,, be the irreducible 1-cycle in M := C?
defined by 2z, = z}'. Choose a real number ¢ > 0 and put

W={1<|z| <100} x {140 < |2] <1+ 2§}

Then W is a relatively compact open set in M. Let h := %(dzl Ndzy + dze + dZy) be
the standard Kahler form on C2. Then the following lemma shows that the volume
of X,, in W with respect to h goes to infinity when n goes to infinity.

Note that on the open set V := {|z;| < 1} x C the sequence X,, NV converges in
Clo¢(C?) to the 1—cycle {z, = 0}.

It is easy to deduce from the lemma below that the local volume property is not
satisfied near any point of the unit circle.

Lemma I11.1.0.8 For n large enough we have

VOlh(X N W) = / E(dzl N dgl + dZQ + dEQ) == 7T(5<35 + Q)n + O(l)
WnNX,

when n goes to +00.
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PROOF. For n > 1 we have (1 +20)"/" <1+ 2§ so defining 2, := pe? we obtain

(1+25)1/n p2 np2n
vol,(WNX,)= 27?/ (p+n?p* Hdp = QW(E + )

(146)1/n 2

(1+26)t/m
(145)/n

-~ w((1 +28)2m — (14 5)2/“) + 7m<(1 4 26)% — (14 5)2>
= 7(36% 4+ 20)n + O(1)

and the proof is completed. [ |

COMMENT. This third example is not so easy to understand because in the real
world (we mean in R?), the length of the corresponding curves in WNR? are bounded.
The reason for this comes from the fact that in the real world the equation z" =y
has at most two roots for each given y; so the curve y = 2™ near the rectangle
]1,100[x]1 4 d,1 4 25[ for § > 0 has a nice limit given by the sub-manifold {z = 1}
in this rectangle. But in the complex world the trace of X,, on W has n branches
which goes to the real hyper-surface {|z| = 1} in W.

FOURTH EXAMPLE. Consider the Hironaka’s example which is described in [10]
page 433 or [11] p.444 (see also [7] which explains the construction of this example
with more details). Then, in this compact complex connected 3-dimensional manifold
Z (not projective but birational to P3(C)), we have an analytic family of compact
1-cycles parametrized by a smooth compact connected complex curve T such that
for a value ty € T we have the cycle A and for an other value t; we have the value
A+ B where A and B are two distinct smooth non empty 1-cycles meeting at one
point. Then it is possible to find a continuous map ~v: ]0,1] — 7" such that, in the
continuous family of compact cycle in Z parameterized by ]0,1] via 7, the cycle
~v(1/n) is equal to A + nB. Then, near the point in A N B the local volume of such
a continuous family of (compact) cycles in Z goes to infinity.

COMMENT. There are two important examples of families of n-cycles which have
the bounded local volume property.

e The connected components of the space C, (M) of compact n-cycles in a Kéhler
space are compact (see [11] Corollary 2.7.26 in chapter IV or [12] chapter XII
for more details) and consequently every subset of an irreducible component
of C,(M) has the BLV property.

e The theorem II1.1.0.9 below which says that if 7: M — N is a dominant
holomorphic map between irreducible complex spaces the family of general
fibers of f satisfies the local bounded volume property.

Note that in a projective complex space (i.e. a compact complex sub-space of some
Pxn(C)) the degree of the cycles is locally constant in a continuous family, so the
local bounded volume property holds when the parameter is connected. This is a
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special case of the first example above as a projective complex space is always a
Kahler space, the degree being the volume for a suitable Kéahler form defined by the
Fubini-Study Kéhler metric induced from an embedding in some Py (C). O

The following theorem is an easy consequence of the main result in [2] (see also
Theorem 3.6.6 in [11]).

Theorem II1.1.0.9 Letw: M — N be a holomorphic map between irreducible com-
plex spaces. Assume that 7 is of generic rank equal to the dimension of N and define
n :=dimM — dim N. Let N’ be the subset of those points in N where the fiber of
7 has dimension n. Then the subset {7~ (y) / y € N'} of C'*(M) has the bounded
local volume property. [ |

As a consequence of the previous two theorems, we obtain the following result, which
will be of great importance in the sequel.

Corollary II1.1.0.10 Let 7: M — N be a surjective holomorphic map between
irreducible complex spaces and define n := dim M — dim N. Let N’ be the subset of
those points in N where the fiber of © has dimension n®. Let ¢: N' — C¢(M)
be the map given by p(y) = 71 (y) (here 7= (y) is a reduced cycle), let T’ be the
graph of ¢ and let T' be the closure of T" in N x C2¢(M). Then the natural projection
7: I' = N is proper (and consequently surjective).

PROOF. The set ¢(N') is relatively compact in C}°°(M), thanks to Theorem I11.1.0.9
and Theorem II1.1.0.6, so I" is a closed subset of N x ¢(N') which is proper over N.
It follows that 7: I' — N is proper. |

In contrast with the definition of a strongly quasi-proper map (see Chapter V below)
where for a quasi-proper dominant holomorphic map 7 we require that the closure
in N x C/(M) of the graph of the maximal reduced fiber map is proper over N,
condition which gives a non trivial restriction on such a map 7, we see that when we
take the closure of the graph inside N x Cl¢(M) the properness over N is automatic !

The previous corollary can be formulated in terms of 7-relative cycles.

Corollary I11.1.0.11 Let 7: M — N be a holomorphic map between two irre-
ducible complex spaces and put n := dim M — dim N. Let N’ be a subset of N on
which there exists a continuous map @: N' — Cl°°(m)* such that p(y) is the reduced
cycle equal to 7= (y) for ally in N'. Then the closure o(N') in C'°(7) is a compact
subset in Cl°°(rr)

()Observe that under these hypotheses N’ is dense in N (see Proposition 2.4.60 in [11])
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PROOF. Since ¢ is a continuous section on N’ of the natural continuous map
A: Clo¢(m)* — N, defined in Proposition I11.1.0.1, ¢(N’) is compact thanks to The-
orem II1.1.0.9. [ ]

If 7 is equidimensional and if N is normal, there always exists (see [11] Corollary
4.3.13 ) a continuous map ¢ : N — C°°(7) which satisfies [¢)(y)| = 7~!(y) for each
y € N and a dense set N’ of points such ¢(y) is reduced. In this case the closure
of o(N') in Cl() is equal to ¥(N) U {@[n]} when N is not compact. So it is the
Alexandroff compactification of N, as the natural map C°°(w)* — N gives a contin-
uous inverse of 1.

II1.2 Topology of C/(M)

In the sequel we shall consider n-cycles of finite type, in other words the (closed)
n-cycles in M which have only finitely many irreducible components®. They form
a subset CJ (M) of C'¢(M) and we denote

i: CH(M) — Cl°(M)

the natural injection.

For every relatively compact open set W in M we put
QW) := {X € CI(M) / each irreducible component of X meets 1V}

and we endow CJ (M) with the coarsest topology which contains all such sets and
makes the the injection ¢ continuous. So this is the topology generated by the sets

Q(W) and the sets
QL(E) == Qu(E) NCl(M),

where W ranges over all relatively compact open subsets of M, E ranges over all
n-scales on M and k ranges over all natural integers.

For relatively compact open subsets Wy, ..., W, in M we put

QW W) == (] QW;).

JE[L,K]

Lemma I11.2.0.1 For any complex space M and any integer n the topology of the
space C{(M) has a countable basis.

(9 This corresponds to maps Irr, (M) — N having finite support, where Irr, (M) denotes the set
of all non empty analytic subsets of dimension n in M (See [11] Ch.4, Def. 4.1.1). In other words
the n—cycles of finite type in M form the free abelian monoid with basis Irr, (M)
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Proor. This an easy consequence of the analogous result for the topology of
Cloc(M) which is proved in section 4.2.4 of [11].

As M is second countable and locally compact its topology has a countable basis
of relatively compact open subsets. Let us fix such a basis and let (U,),en be the
countable family of all finite unions of sets belonging to this basis. Then, for any
n-cycle X in C/(M) and any relatively compact open subset V in M satisfying
X € Q(V), there exists n in N such that U, is contained in V' and intersects every
irreducible component of X, i.e. X € Q(U,) C Q(V). It follows that, if (U, ),en is a
countable basis for the topology of Cl°(M), then the family (Q(U,) NU,)(jenz 18
a countable subbasis for the topology of C(M). [

Lemma I11.2.0.2 Let M be a complex space and n a natural number. Let W be a
relatively compact open set in M and V' be an open subset of W. Then, Q(V') is an
open subset of Q(W) in the topology induced by C2°¢(M).

PROOF. Tt is enough to show that, for every X in Q(V'), there exists an open
neighborhood U of X in C!¢(M) such that

UNQUV)=UNQW).

Let us prove this by contradiction and assume that the result is not true. Then there
exists a sequence (X,),>o in Q(W)\ Q(V) which converges to X in C!°¢(M). No X,
is the empty n-cycle, because ([n] € Q(V'), so for each v at least one irreducible
component ', of X,, does not meet V. Then, by Corollary I11.1.0.7, there exists a
subsequence of the sequence (I',) which converges in C/*(M) to a non empty cycle
Y which satisfies Y < X. Note that Y is not empty because each I', meets W which
is relatively compact and so Y contains at least one point in W. Moreover each
irreducible component I" of Y does not meet V' because each I', lies in the closed
set M \ V. This contradicts the fact that ¥ < X since every irreducible component
of X intersects V. |

The following corollary is an obvious consequence of Lemma I11.2.0.2.

Corollary I11.2.0.3 Let M be a complex space and let (W, )men be an exhaustive
sequence of relatively compact open subsets in M. Then any open set in the topology
of CI(M) is a union of some open sets UNQ(W,,,) where U is an open set in C¢(M)
and m € N. |

Observe that Lemma I11.2.0.1 is a direct consequence of Corollary I11.2.0.3 since the
latter gives a simple way to construct a countable basis for the topology of C/ (M)
from a countable basis for the topology of C!°¢(M) and an exhaustion of M by
compact subsets. Note that the countable basis of the topology of C/ (M) obtained
in this corollary is a prior: “smaller” than the one given in Lemma I11.2.0.1.

Definition I11.2.0.4 We say that a family of n-cycles in a complex space M, pa-
rameterized by a topological Hausdorff space S, is f-continuous if its classifying
map induces a continuous map from S into C{(M).
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We end this paragraph by establishing a necessary and sufficient condition for a
family of n-cycles in a complex space M, parametrized by a first countable Hausdorff
space S, to be f-continuous.

Lemma I11.2.0.5 Let (X;)ses be a family of n-cycles in a complex space M, pa-
rameterized by a first-countable Hausdorff space S, and put

G:={(s,2) e Sx M | z €| X4}
Then (Xs)ses is f-continuous if and only if:
(i) The family (X,)ses is continuous in C¢(M).

(i) The correspondence (M, S, G) is quasi-proper®.

PROOF. Since the case S = () is trivial we may assume S # ().

Remark also that, if there exists sy € S such that X, has infinitely many irreducible
components, then the correspondence (M, S, G) cannot be quasi-proper at sg, so we
may assume that the classifying map for the family (X;)ses factorizes through a
map ¢: S — C/(M).

Hence it is enough to prove that ¢ is continuous if and only if (M, S, G) is quasi-
proper, assuming that the composition of ¢ and the canonical injection of C (M)
into Cl°°(M) is continuous.

Suppose first that ¢ is continuous and let sy be a point in S. To show that (M, S, G)
is quasi-proper at sg let us take a relatively compact open subset U of M which
intersects every irreducible component of the cycle ¢(sg). Then ¢~} (Q(U)) is an
open neighborhood of sy in S and every irreducible component of ¢(s) intersects
the compact subset U of M for all s € p~1(Q(U)). Thus (M, S,G) is quasi-proper
at sg.

Now suppose that (M, S, G) is quasi-proper and let (W) be an exhaustive sequence
of relatively compact open subsets of M. Then due to Corollary I11.2.0.3 the map ¢
is continuous if and only if ¢! (Q(WW,,)) is an open subset of S for all m.

Let us fix m and take a point sg in ¢~ 1 (Q(W,,)). Then, as (M, S, G) is quasi-proper,
there exists a neighborhood Sy of sy in S and a compact subset K of M such
that every irreducible component of ¢(s) intersects K for all s € Sy. But (W,,)
being an exhaustive sequence of relatively compact open subsets of M there exists
an integer m; > m such that W,,, contains K U W,,. It follows that ¢~ (Q(W,,,))
is a neigborhood of sy in S and consequently ¢~ (2(W,,)) is also a neighborhood
of sp in S since ¢~ 1(Q(WW,,,)) is an open subset of ¢~ (Q(WW,,,)) thanks to Lemma
[11.2.0.2. It follows that ¢~ (2(W,,,)) is an open subset of S. [

(5)In the case where S is locally compact this condition is equivalent to the quasi-properness of
the natural projection G — S.
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I11.3 Compactness in C/(M)

Introduction

The image in C°°(M) of the closure of a relatively compact subset A of CI(M)
is compact so it has the BLV property. Hence A has also the BLV property. But
an important difference between the topological spaces C'°(M) and Cf(M) is the
following;:

A sequence of non-empty n-cycles can converge to the empty n-cycle f[n] in C2¢(M),
and this can lead to many annoying problems. Fortunately this phenomenon can not
occur in the topological space C/ (M) since @[n] is an isolated point in C/(M). In
fact the singleton {@[n]} is a closed subset of CJ (M) since the space is Hausdorff,
but to see that it is also open we recall that the empty n-cycle does not have any
irreducible component (an irreducible component being non empty by definition)
and consequently Q(0) = {0[n]}. In fact @[n] is an isolated point in the open set
Q(V) of C/(M) for every relatively compact open subset V' of M.

To get a better understanding of the relative compactness of a subset in CJ (M) we
introduce two more notions. The first one, called the no escape to infinity property,
comes from the following result (see for instance Corolloray III 3.3.6 below):

e Let (X,),en be a sequence in Cf(M) of non empty cycles which converges
in C/(M) to a (finite type) cycle X. Let (T',),en be a sequence obtained by
choosing for each v € N an irreducible component of the cycle X,. Then
{T', / v € N} is a relatively compact subset of CI(M). Hence there exists
a subsequence of the sequence (T',),ey which converges in C/(M) to a non
empty cycle Y which, thanks to Corollary I11.1.0.5, satisfies Y < X.

Then, if a subset A of Cf (M) is relatively compact in CJ (M), it satisfies the following
property:

e No sequence (I')),en of irreducible components of cycles in A can escape to
infinity, in other words no such sequence satisfies:

VK compact in M Fug such that Vv > v TI', N K = 0. (EI)

We observe that such a sequence (I',),en satisfies condition (EI) if and only if it
goes to infinity in M as a sequence of closed subsets. It is also easy to see that the
sequence (I',),en escapes to infinity if and only if it converges to the empty n-cycle
in the topology of C°¢(M).

We shall define the N EI property as the negation of the condition EI above (see
Definition III 3.2 below).

The second notion we are going to introduce is simpler. Consider a subset A of
CI(M) and let (X,),en be a sequence in A which converges in Cl°¢(M) to a cycle
X which has infinitely many irreducible components. Then A cannot be relatively
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compact in Cf(M). So a relatively compact subset A of Cf (M) satisfies the following
property, called the finite type limit property:

e The closure of A in C'°¢(M) is contained in CJ(M). (FTL)
The main goal of this section is to prove Theorem I11.3.2.1 below which gives a char-

acterization of relatively compact subsets in C/ (M) in terms of the three properties,
BLV, NEI and FTL.

II1.3.1 No Escape to Infinity property

Definition I11.3.1.1 We say that a subset A of C\°(M) has the no escape to
infinity property (or NEI property for short) when the following condition holds:

e There exists a compact subset K of M such that for every X in A and every
irreducible component I' of X we have ' N K # () (NET)

The fact that a subset A does not have the NEI property is then equivalent to the
following, which explains our terminology.

e There exists a sequence (X, ),>0 in A and for each v an irreducible component
I, of X, such that the sequence (I',),>¢ escapes to infinity.

REMARKS.
(i) If a subset A of Cl°(M) has the NEI property, then it is contained in CJ(M).
(ii) Every subset of A has the NEI property if A has the NEI property.
(iii) A finite union of subsets having the NEI property has again the NEI property.
(iv) The singleton {@[n]} has the NEI property. If A has the NEI property and

contains {@[n]}, then A\ {0[n]} has again the NEI property. O

Let X be a finite type n-cycle in a complex space M in which there exists a sequence
of irreducible n-cycles converging to the empty n-cycle [n]. Then in any neighbor-
hood of X in C'¢(M), the property EI is true.

On the contrary, the lemma below shows that the topology defined on CJ (M) avoids
this pathology.

Lemma I11.3.1.2 Any X in C/(M) has a neighborhood in C{ (M) which has the
NEI property. So any compact subset A in CI(M) has the NEI property.
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PROOF. For each X in CJ(M) there exists a relatively compact open subset W (X)
of M which intersects every irreducible component of X and then any irreducible

component of any Y € Q(W (X)) meets W(X) and Q(W (X)) has the NEI property.
When A is compact the open subsets Q(W (X)), X € A of C{(M) form a covering
of A and consequently there exist X7,..., X} in A such that A C U§:1 QW (X)),
since A is compact. Hence every irreducible component of any Y in A intersects the
compact subset L := J;cp 4 W(X;) of M. |

REMARK. It is important to notice that if a subset A in C/(M) has the NEI
property, its closure A in C/(M) may not have this property. This means that we
might have a sequence (X,),>o in A and for each v an irreducible component I,
of X, such that the sequence (I',),>0 escapes to infinity, as is shown in the following
example.

ExXAMPLE. Let A be the subset of C{ (C?) which is defined by the family of ir-
reducible conics X5, = {(z,y) € C* / xz(sy + 1) —t = 0} parameterized by
(s,t) € D* x D*, where D is the unit disc with center 0 in C. Then it is easy
to see that X, ; contains the point z = ¢,y = 0 so that it meets the compact set D.
So the subset A has the NEI property. For any s € D* the closure of A in C{ (C?)
contains the l-cycle X;o := {z = 0} + {y = —1/s}. The irreducible component
{y = —1/s} escapes at infinity when s — 0 so A does not have the NEI property.

II1.3.2 The Finite Type Limit property

Suppose A is a relatively compact subset of C/(M). Then, as the natural injection
CI(M) — C¢(M) is continuous and Cl°°(M) is a Hausdorff space, A satisfies the
following condition:

e The closure of A in C}°(M) is contained in CI(M). (FTL)

We shall say that a subset A of C/(M) has the finite type limit property (or the
FTL property for short) if it satisfies the condition above.

The following example shows that a subset of CI(M) (even a closed one) can have
the properties BLV and NEI without without having property FTL.

EXAMPLE. Let 7: M — C? be the blow-up of Z x {0} in C* and let 7: M — C
be the composition of 7 and the second projection C* — C. Denote A the the set of
fibers of  over D* := D\ {0}. Then the closure of A in Cl°(M) contains the cycle
7~1(0) which has infinitely many irreducible (compact) components. It is also easy
to see that A is closed in C{ (M) (thanks to the uniqueness of limits in C!¢(M))
and satisfies the NEI property since every cycle in A is irreducible and intersects
the compact subset 771({1/2} x D) of M. Now the sequence (7~(1/n)),>; in A
has clearly no convergent subsequence in Cf (M) so A is not (relatively) compact in

cl (. O
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Theorem I11.3.2.1 A subset of C{(M) is relatively compact if and only if it has
the BLV property, the NEI property and the F'TL property.

PROOF. We have already seen that every relatively compact subset of C/ (M) has
these three properties.

Conversely, suppose that A is a subset of C/(M) which has the three properties.
Take an arbitrary sequence (X,),>o in A and let us show that it has a subsequence
which converges in CJ(M). As A satisfies the BLV property, it is relatively compact
in Cl°¢(M) and consequently (X,),>o has a subsequence (X,,);>0 which converges
in Cl°(M) to an n-cycle X. Moreover X is in C{(M) since A has the FTL property.
To show that (X,,);>0 converges to X in C/ (M) it is enough to prove that, for every
relatively compact open subset V' of M which intersects every irreducible component
of X, there exists jir > 0 such that X, € Q(V) for all j > jy. To this end we fix
such an open subset V' of M. As A has the NEI property there exists a compact
subset K of M which intersects every irreducible component of X, for all j, so if
we take a relatively open subset W of M which contains V' and K, then X € Q(W)
and X, € Q(W) for all j. Then, due to Lemma III.2.0.2, there exists an open
neighborhood U of X in C'°°(M) having the property that

UNQV)=UNQW).

But (X,,);>0 converges to X in Cl(M) so there exists jir > 0 such that X, € U
and consequently X, € Q(V) for all j > jy. |

We shall show now that if a subset of C/(M) has the BLV property then the num-
ber of irreducible components of individual cycles belonging to this set cannot be
unbounded without presenting some escape to infinity. This is precisely formulated
in the proposition below.

Proposition I11.3.2.2 Let A be a subset of C/(M) having properties BLV and
NEI. Then there exists an integer N such that every cycle X in A has at most N
irreducible components (counted with multiplicities).

The proof will use the following lemma.

Lemma I11.3.2.3 Let M be a complex space and h be a continuous hermitian met-
ric on M. Let K be a compact set in M and W be a relatively compact open
neighborhood of K in M. Then there exists a positive number a(h, K, W) such
that for any irreducible n-dimensional analytic set I' in M which meets K we have

voly(D N W) > a(h, K, W).

PROOF. Assume the lemma is wrong. Then for each integer m > 1 there exists an
irreducible analytic subset I',, of dimension n which meets K and satisfies

vol, (I, NW) < 1/m
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In particular the sequence (I',, N W),,>1 has the BLV property so, by Theorem
II1.1.0.6, it has a subsequence (I'y,, N W);>1 which converges to an n-cycle X in
Cloc(W). Tt follows that vol,(X N W') = 0 for every relatively compact open subset
W' of W and consequently X is the empty n-cycle in W. But, for every j, there
exists a point x; in I'y,, N K and a subsequence of (z;);>1 which converges to a point
x in K. This implies that « € | X| in contradiction to the fact that | X| is empty. B

PROOF OF ProOPOSITION I11.3.2.2. As A has the NEI property there exists a
compact subset K of M such that every irreducible component of every cycle in A
meets K. Let W be a relatively compact open neighborhood of K in M and h be a
continuous hermitian metric on M. Then there exists a positive constant C'(h, W)
such that, for every X in A, we have vol,(X NW) < C(h, W) since A has the BLV
property. Now, let p(X) denote the number of irreducible components of an n-cycle
X and let a(h, K, W) be the constant introduced in Lemma I11.3.2.3. Then, as every
X in A intersects K, we obtain the inequalities

p(X)a(h, K, W) < volpy(X N W) < C(h, W)

and consequently p(X) < a%h]{m;&) for all X in A. [ |

Corollary I11.3.2.4 Let (X,),>0 be a sequence in CJ (M) which converges in C}°¢(M)
to a cycle X which has infinitely many irreducible components. Assume moreover
that {X, / v > 0} has the NEI property. Then there exists a subsequence (X,,);>o
and for each j an irreducible component I'; of X,,, such that the sequence (I';) ;>0 con-
verges in C°(M) to a cycle Y < X which has also an infinite number of irreducible
components.

PROOF. As (X,),>0 converges in C°°(M) the subset {X, / v > 0} has the BLV
property. Then, thanks to Proposition I11.3.2.2, the number of irreducible compo-
nents of the cycles X, is uniformly bounded. Hence, by taking a subsequence if
necessary, we may assume that every X, has exactly N irreducible components
(counted with multiplicities) so we can order the irreducible components and write
X, =TL+ ...+ T for each v. Then, by taking a subsequence, we may assume
that, for each j, the sequence (I'}),>q converges in CX°°(M) to an n—cycle Y. It
follows that X = Zjvzl Y; and so there exists at least one j € [1, N] such that Y;
has infinitely many irreducible components. |

Let us finish this paragraph by giving two consequences of Theorem II1.3.2.1 which
are easier tools to use for applications.

Proposition II1.3.2.5 Let M be a reduced complex space and (Xp,)m>o be a se-
quence of finite type n-cycles in M having the following properties:

(i) There exists a compact subset K in M such that, for every m > 0, every
wrreducible component of X,, meets K.
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(ii) The sequence (X,,)m>o0 converges in C2°¢(M) to an n-cycle X.
(iii) The cycle X is in C{(M).

Then the sequence (X,)m>o0 converges to X in CL(M).

Proor. Put F := {X,, / m € N}. Then F' is a relatively compact subset of
Cloc(M) by (ii) and its closure in C1°¢(M) is contained in CJ(M) by (iii). It follows
that F' has the BLV and FTL properties. Moreover it satisfies the property NEI by
(i). Hence F is a relatively compact subset of CI(M) and, as any subsequence of
(Xon)m>0 which converges in CJ (M) must converges to X by uniqueness of the limit
in Cl°¢(M), the conclusion follows. |

Corollary II1.3.2.6 Let M be a reduced complex space and let A be a subset of
CH(M)\{0[n]}. Then A is compact in CI(M) if and only if the following conditions
are satisfied.

(i) A is a compact subset of CX°(M).

(ii) There exists a compact subset K of M such that every irreducible component
of every X in A intersects K.

Proor. Condition (ii) is equivalent to the NEI property so these conditions are
necessary.

Conversely, suppose that A satisfies conditions (i) and (ii). Condition (i) implies that
every sequence in A has a subsequence which converges in C°°(M) to an n-cycle in
A, and thanks to Proposition I11.3.2.5 condition (ii) implies that the subsequence
converges in CI (M) to this same n-cycle. Hence A is a sequentially compact subset
of C/(M) and consequently compact since CJ (M) is second-countable. |



Chapter IV

f-Analytic Families of Cycles

IV.1 Introduction

It is easy to define the notion of f-analytic family of n-cycles in a complex space
M parametrized by a Banach analytic set S by adding to the classical definition a
quasi-properness condition on the set theoretic graph G of the family (when S is not
locally compact we ask that the triple (M, S, G) is quasi-proper). This is similar to
the proper condition added in the case of compact cycles. But one crucial point in
the compact case is the fact that all cycles nearby a given cycle Xy may be described
using a finite set of scales adapted to Xj.

In the finite type case, it is also possible to have a finite numbers of adapted scales
such that each irreducible component of X meets at least one center of these scales
and then, there exists an open neighborhood of Xy, in the topology introduced on
CI(M), such that each irreducible component of any X in this neighborhood meets
at least one center of these scales.

The crucial point, in order that the weak analytic structure (defined mainly by the
notion of f-analytic family introduced above) to be close to the structure of a Ba-
nach analytic set, is the Analytic Extension Theorem proved in section 3. It implies
that, in the case where the parameter space S is a reduced complex space,
for a f-continuous family, the analyticity of the family in a finite set of adapted
scales to the cycle Xy (corresponding to sy € S) whose centers meet any irreducible
component of X, ensures the analyticity at the point sy of the family. Note that this
demands the analyticity at the point sy of the corresponding family of multigraph
defined by this family in any n-scale on M adapted to Xj.

But it is important to be aware that this analytic extension theorem does not hold
when the parameter space S is not (locally) finite dimensional, that is to say when
the Banach analytic set S is not a reduced complex space near sg.

This is the reason for which the local classifying spaces we shall define in analogy
with these used in the compact cycle case, are universal only for f-analytic families
parametrized by reduced complex spaces.

Nevertheless it is interesting to define holomorphic maps from CJ (M) with values in
a Banach space and to consider analytic subsets defined (locally) by such holomor-

29
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phic equations because by pull-back by a holomorphic map ¢ : S — Cf{(M) they
will produce analytic subsets of S even in the case where S is a Banach analytic set.
But of course, for our main applications, S will be assumed to be a reduced complex
space.

This weak analytic structure, which is not locally isomorphic to a Banach analytic
set in general, will enable us to prove in section 4 a Direct Image Theorem for a
semi-proper holomorphic map

gp:S—>C7J:(M)

where S is a reduced complex space, generalizing again Kuhlmann’s Theorem. This
is a major tool for applications.

We shall introduce, in section 5 below, the notion of a meromorphic map from a
reduced complex space S to C/(M) and this will be used to enlighten the notion of
strongly quasi-proper map which will be introduced in the next chapter.

IV.2 Weak analytic structure on C/(M)

IV.2.1 Basic definitions

In this section M will be a reduced complex space and i: C/ (M) < Cl¢(M) will
denote the canonical injection.

Although there is no hope to have, in general, even locally a Banach analytic set
structure on the space CJ (M), it is possible to define the notion of holomorphic map
S — CI(M) when S is a Banach analytic set, and also the notion of a holomorphic
map defined on an open set U of C/(M) with values in a Banach space FE.

Definition IV.2.1.1 Let S be a Banach analytic set and (Xs)ses be an analytic
famaly of cycles in M. We say that the family is f-analytic if X is of finite type
for every s € S and the classifying map ¢ : S — C/(M) is continuous.

We say that a map v = S — C{(M) is holomorphic when it classifies an f-analytic
family.

To decide whether or not an analytic family (Xj)ses of n-cycles is an f-analytic
family of finite type n-cycles in M it is sufficient to verify that the triple (M, S, G)
is quasi-proper, where G C S x M is the set-theoretic graph of the family.

We now show that the graph of an f-analytic family of cycles in M parameterized
by an irreducible complex space is again of finite type.
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Lemma IV.2.1.2 Let M be a complex space and N an irreducible complex space.
Let o : N — C{(M) be a holomorphic map. Let G C N x M be the set theoretic
graph of the f-analytic family of n-cycles in M classified by the map p. Then G has
finitely many irreducible components.

PrRoOOF. The natural projection 7: G — N is a holomorphic map which is both
quasi-proper and open. As 7 is equidimensional each irreducible component of |G| is
a union of irreducible components of the fibers of 7 and consequently the restriction
of m to each irreducible component of GG is a quasi-proper map. Hence it is surjective
since N is irreducible. Let us now fix one of the fibers of w. Then each irreducible
component of G contains at least one of the irreducible components of this fiber. But
the map 7 is quasi-proper so there exists a compact set in G which intersects every
irreducible component of the chosen fiber and intersects therefore every irreducible
component of G. It follows that G has only finitely many irreducible components.ll

IMPORTANT COMMENT. Although we define above the notion of an holo-
morphic map f : S — C/(M) for S a Banach analytic set, we shall now use only
the case where S is a reduced complex space in the definition of the weak analytic
structure on Cf (M) (see Definition 1V.2.1.3). The reason is the following:

It may not be too difficult to prove the continuity of a map f : S — C/(M) even
when S is a Hausdorff topological space, but when S is a Banach analytic set and
when the cycles are not compact, to prove that such a map f composed with the
inclusion 4 : C/(M) — Cl°(M) classifies an analytic family of cycles at a point
sg € S is rather difficult. First because we cannot use the easy criterium when the
parameter space is normal (see Theorem 4.3.12 in [11]) because the Riemann exten-
sion theorem is valid only on non singular Banach analytic sets (that is to say for
Banach manifolds) in the infinite dimensional case. So, in the infinite dimensional
singular case, to verify the analyticity of a family of non compact cycles at a point sg
demands to check all scales in a covering of the cycle X;,. When X, is not compact,
infinitely many scales will be necessary, and it is very difficult in practice to check
the isotropy of the given family in each of these scales. Moreover, the intersection of
the infinitely many neighborhood of sy in S which appears in such a verification will
intersect, in general, only in {sg}, so that analyticity at this point will not implies
the analyticity of the family at each point of an open neighborhood of s,.

At the first glance, it seems that these difficulties have nothing to do with the fact
that S is a Banach analytic set or a reduced complex space. But in the case of a
reduced complex space the situation will be much better thanks to the Analytic
Extension Theorem which will be proved in the next section. It allows to show that
it is enough to check the isotropy of the family in a finite set of scales. And so we can
also deduced from this result that the analyticity condition is an open condition
on such an S.

But in the case of a Banach analytic set which is not a reduced complex space (and
not a complex Banach manifold) this Analytic Extension Theorem is not true (a
counter-example is described in [12] Chapter V, Proposition 2.4.2). This explains
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why we consider the ”weak analytic structure” on CJ(M) as a functor defined only
on the category of reduced complex spaces. 0

Definition IV.2.1.3 Let U be an open set in C(M) and E be a Banach space.

(i) A mapping g: U — E is called holomorphic if it is continuous and if, for
every reduced complex space S and every holomorphic map p: S — U, the
composed map

goyp: S—FE

s holomorphic.

(ii) We shall say that a subset X of U is analytic if it is closed and if every point
in X has an open neighbourhood V in U such that X NV is the zero set of a
holomorphic map with values in a Banach space.

(111) Let X be an analytic subset of U. A map g: X — FE is said to be holomorphic
if, for every point x in X, there exists an open neighbourhood V of x in U and
a holomorphic map G:V — E such that g and G coincide on X N'V.
A holomorphic function on X is a holomorphic map with values in C.

(iv) Let X be an analytic subset of U and T be a Banach analytic subset of an
open subset of E. A map g: X — T is called holomorphic if it induces a
holomorphic map X — FE.

(v) Let X be an analytic subset of U, P be a reduced complex and m be a natural
number. We say that a map g: X — CI(P) is holomorphic if for every
open subset V of CJ (P) and every holomorphic function h on V the function
ho g1y is holomorphic on g~ (V).

(vi) Let N be a complex space, k a natural number andV an open subset ofC,{(N). A
map g: V — CL(M) is holomorphic if for every holomorphic map ¢: S — V,
where S is a reduced complex space, the composition g o ¢ is holomorphic.

(vii) Let X be an analytic subset of U. We shall say that X is a (reduced) com-
plex subspace of U if, endowed with the sheaf of holomorphic functions
which is defined above, it becomes a reduced complex space.

REMARKS.

(i) The sheaf of holomorphic functions Oy, on CJ(M) determines the weak
holomorphic structure.

(i) Let X be a closed subset of an open set U of CI(M) such that (X,Oy) is a
reduced complex space, where Oy is the restriction of Oc,{( My O X, then X is
an analytic subset of U.

Note a ajouter (JON).



IV.2. WEAK ANALYTIC STRUCTURE ON CI(M) 63

IV.2.2 Some analytic subsets

In this subsection we give the important examples of (closed) analytic subsets in
CI(M) which will be used in the sequel.

Proposition IV.2.2.1 Let NR := {C € C{(M) | C # |C|} be the subset of non
reduced cycles. Then NR is a (closed) analytic subset in CL(M).

PROOF. As the empty n-cycle is an isolated point in CJ(M) it is enough to show
that every non empty cycle in C/ (M) has an open neighborhood in which N R is the
zero set of a holomorphic function with values in a Banach space. Let Cy be a non
empty cycle in Cf (M) and Cy = >, ; k:I'; be the canonical expression of C. Choose,
for each ¢ in I, an n-scale E; := (U;, By, j;) on M adapted to Cj such that the degree
of |Cy| and T'; in E; are equal to 1. Remark that Cj is reduced if and only if we have
ki =1foreachi € I. Let W := Uscr j; "(U; x B;) and V := Q(W) N (ﬂig le(EZ))
Then a cycle C' € V is not reduced if and only if there exists at least one i € [
such that C N j; ' (U; x B;) is not reduced. As, for each i in I, the natural map
V — H(U;,Sym"(B;)) is holomorphic, the proof is a consequence of the following
claim :

CLAIM.  The subset of H(U, Sym*(B)) corresponding to non reduced cycles in U x B
is a closed analytic subset. It is empty for k = 1.

For k =1 the claim is clear. To prove the claim for £ > 2 consider the discriminant

map Ag: Sym*(CP) — S¥*=1D(CP) defined by
($1,...,3§'k) — H (il?i—fli'j)z.
1<i<j<k

It is induced by a polynomial map @¥_, S*(C?) — S*E=1(CP) thanks to the standard
Symmetric Function Theorem (see [10] Theorem I 4.2.7 or [11] Theorem 1.4.8), and
so we have a holomorphic map

A : H(U,Sym*(B)) — H(U, S*&=1(cP))

given by f +— Ago f. Of course, if f € H(U,Sym"(B)) defines a non reduced cycle
in U x B we have Ago f =0 in H(U, S¥*=D(CP)).
Conversely, if f € H(U,Sym"(B)) defines a reduced cycle X in U x B, then there

exists an open subset V' of U above which X is the union of mutually disjoint graphs
of k holomorphic functions fi,..., fr: V — B. Thus, for all £ in V', we have

(Ago f)(t) = H (fi(t) = f;(1)* #0

and consequently Ag o f is not identically zero on U. [ |

Before we give more examples of analytic subsets of C/(M) we have to prove the
following lemma.
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Lemma IV.2.2.2 Let U and B be relatively compact open polydiscs in C* and C?,
and let m: W — F be a holomorphic map of an open neighborhood W of U x B to
a Banach space F'. Then we have:

(i) The multigraphs in H(U,Sym*(B))Y) | which are contained in the analytic sub-
set m=1(0) of U x B, form a (closed) Banach analytic subset of H(U, Sym"*(B)).

(i) The subset X of H(U,Sym*(B)) of multigraphs contained in a fiber of T is
a Banach analytic subset of H(U,Sym"(B)). Moreover, for k > 0, the map
p: X — F defined by sending X € X to the unique point in 7(|X]), is holo-
morphic.

(i4) The multigraphs in H(U,Sym®(B)), which have at least one irreducible compo-
nent contained in the analytic subset 7710) of U x B, form a Banach analytic
subset Y of H(U,Sym"(B)).

PROOF.  The only element in H(U,Sym®(B)) is the empty multigraph which is
contained in every fiber of 7 and does not have any irreducible component so we
will henceforth assume that & > 0.

For each h € [1, k] we have the holomorphic map

Nyu(7): Sym*(W) — S"(F)
given by the h-th Newton symmetric function (zy,...,z;) — Zle m(2;)", where
Sh(F) is the h-th symmetric power of F'®. Hence we get the holomorphic map

Nu(m): Sym*(W) — &5 S"(F)

h=1

>
Il E
—

Each f in H(U,Sym*(B)) determines a map f in H(U,Sym*(W)), defined by
f@t) = ((t,z1), ..., (t,x)) if  f(t) = (z1,...,21),

and it is easy to see that the map f — f is holomorphic.
(i) By compositon we obtain a holomorphic map
®: H(U, Symk(B)) — H(U7@]}€L:15h(F))v [ (@]fileh(W)) Of

and the Banach analytic subset ®'(0) consists of those multigraphs in H (U, Sym*(B)),
which are contained in the analytic subset 71(0).

(ii) Consider a fixed non empty open polydisc U" CC U and let
v: H(U,@;_S"(F)) — H (U, L(C" &;_,5"(F)))

(D'We identify each element in H (U, Sym"*(B)) with the multigraph it determines in U x B.
(2)That is to say the Banach space generated by the family (2")zer in the Banach space of
continuous homogeneous polynomials of degree h on the dual Banach space F™* of F.
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be the holomorphic map which associates to each g in H (U, dF_,S"(F)) the restric-
tion to U’ of the derivative of g. Then the Banach analytic subset U~1(0) consists
of all constant maps in H(U, ®F_,S"(F)). Now fix a point ¢, in U and let

x: H(U,@;_,S"(F)) — @ s"F)

be the holomorphic map defined by

wlg) == (K" Nag(te)) = (Ni(g(t0))")

Then the Banach analytic subset Z := ¥~'(0)Nx~'(0) of H(U, &j_,S"(F)) consists
of all constant maps U — @%_, S"(F)) whose value is of the form k.a®k.a*®- - -®k.a*
for some a € F. It follows that ®~'(Z) is exactly the subset X of H(U, Sym"(B)).
To show that ¢: X — F' is holomorphic, it is enough to notice that ¢ is the restric-

tion to X of the holomorphic map % (evy o @), where ® is the map defined in (i)
and evi: H (U, ®F_,S"(F)) — F is defined by evi (g1, .., %) := g1(to).

(iii) As above we let f denote the element in H(U, Sym*(1W)) which is determined
by f in H(U,Sym*(B)). By composition with the holomorphic map

Ni(r): Sym* (W) — S*(F),  (21,....2) = [[ ()

we then get a holomorphic map
A: H(U,Sym"(B)) — H(U, S*(F)), f—=Nr(m)of

It follows that ) = A='(0) since Nr(7) o f is identically zero on U if and only if 7
is identically zero on at least one of the irreducible components of f. |

Proposition 1V.2.2.3 Let m7: M — N be a holomorphic map between two reduced
complex spaces. Let CI(r) be the subset of CJ(M) consisting of those n-cycles which
are contained in a fiber of ¥® and let Cf(7)* be the (open) subset of all non empty

cycles in CI(r), so CL(m)* .= C/(m) \ {0[n]}.
(i) The subset C{ () is a (closed) analytic subset of CI(M).

(ii) The obvious map p: C(7)* — N, which associates to each (non empty) -
relative cycle the unique point in N whose fiber contains the cycle, is holomor-
phic.

(®)In other words C/ (7) is the set of w-relative n-cycles of finite type in M.
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PROOF. First we show that the complement of C/(7) is open. To do so we take
a cycle Xo in C/(M) \ CI(w). Then |X;| contains two points z and y such that
m(x) # m(y) so there exist two n-scales F and E’ adapted to X, with disjoint
centers, one containing x and the other y. It follows that the degrees k := degg (X))
and [ := degp(X,) are strictly positive and consequently Qf(E) N QJ(F') is an
open neighborhood of Xy in C/(M) \ C/ (). In order to obtain a local holomorphic
equation for C/(x) in C/(M) we observe that, for every n-scale E := (U, B, j) the
natural map

rer: Q(E)NCH(M) — H(U,Sym*(B))

is holomorphic. Indeed, if (X;)scs is an f-analytic family of n-cycles, parameterized
by a reduced complex space S, such that F is adapted to X for all s, then the
natural map S — H(U,Sym"(B)) is holomorphic®. Hence 75 is holomorphic by
(i) of Definition 4.2.2.

Now let Cyy be a cycle in C/ (7). As {@[n]} is an open subset of C/ (7) we may assume
that Cj is not the empty n-cycle. Then there exist finitely many arbitrary small n-
scales, £y = (U1, B1,71), -y By = (U, By Jm), on M which satisfy the following
conditions:

e For each i, E; is adapted to Cy and k; := degy, (Cp) > 0.

e Every irreducible component of Cy intersects the union of the centers of the
scales, W := U™ c(E;).

It follows that U = [ﬂie[l’m]Qki(Ei)} N Q(W) is an open neighborhood of Cj in
CJ(M) and the holomorphic map

r:d — [ H(U,Sym"(B)),

i€[1,m]

induced by the product of the maps (rg, ,)ic1 > 1 injective. As Co is in Cl(m)*
the set 7(|Cy|) is a singleton and the n-scales can be chosen in such a way that =
maps their domains into a single chart on S. This means that there exists an open
subset Sy of S and a holomorphic embedding p: Sy — CV, for some N, such that
7 1(Sp) contains the domains of the scales. By applying Lemma IV.2.2.2 (ii) to the
map p o7 with F = CV we see that, for each 7, the subset X; of H (Ui, Symki(Bz-)),
consisting of all multigraphs which are contained in a single fiber of po, is analytic.
For each jin {1,...,m} let ¢;: X; — CY be the map which associates to X in X;
the unique point in (p o 7)(]X|). By Lemma 4.2.4 (ii) this map is holomorphic and
consequently the map
G Xy X X Xy — (CV)"

defined by ¢ := ¢ X - -+ X ¢,, is also holomorphic. Let A,, denote the small diago-
nal® of (CV)™ and put X := ¢~1(A,,). We clearly have C/(7) N\U = r~1(X) and

()This comes directly from the definition of an analytic family of cycles.
(5)The subset of vectors (x,z,...,z) for z € CN.
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r~1(X) is an analytic subset of . Hence we have proved that C/(r) is an analytic

subset of C/(M).
The point (ii) can be easily deduced from (ii) of Lemma IV.2.2.2. ]

The next lemma is quite easy but it will be important in the sequel;
Lemma 1V.2.2.4 Let w: M — N be a holomorphic map between two reduced com-

plex spaces and let V' be an open subset in N. Note my : n= (V) — V the map
induced by . Then the obvious map

Cf (my )" L=l ()"

lav la

V N

15 an open embedding which induces an isomorphism between the corresponding weak
analytic structures of CI(my) and of the open set a~1(V) C Cf(m)*

ProoFr. First we shall prove that iy, is an homeomorphism onto its image which
is the open set a~1(V) in C/(7)*. This map is clearly open and bijective on a=1(V).
It is continuous because if X € o~ (V) and if E is a scale adapted to X we may
always cover ¢(FE) by finitely many scales (Ep)neq on 71 (V) which are adapted to
X such that Y € NyepQy, (En) N CI(my) implies Y € Qx(E). Moreover, if W is a
relatively compact open set in M and if Vj is a relatively compact open set in V' we
have the inclusion ay,' (Vo) N QW Nna~1(Vp)) C Q(W).

The fact that a f-analytic family (X)ses of m-relative cycles in M parametrized by
a reduced complex space S which are contained in a=!(V) is a f-analytic family of
my-relative cycles in a~! (V) is obvious because the quasi-properness of its graph of
a family of m-relative cycles is a local property in V. [ |

So when we shall consider a holomorphic fiber map over an open set V in N (see for
instance section V.2) we always may consider that it takes its values in o= (V) C
CJ(m)* rather than in CI(my)*.

The next proposition gives an analogous result, but for the inclusion of an analytic
subset in M.

Proposition I1V.2.2.5 Let T be a closed analytic subset of the complex space M.

(i) The natural injection CI(T) — C{(M) is holomorphic and its image is an
analytic subset of C(M).

(ii) The subset T of C{(M), consisting of all cycles having at least one irreducible
component contained in T, is a (closed) analytic subset in CJ(M).
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PROOF. Since the singleton {@[n]} is an open subset of C/(M) it is enough to
show that every non empty cycle in CJ (M) has an open neighborhood in which both
subsets are analytic. To this end let Cy be a non empty cycle in CJ/ (M) and consider
a finite collection of n-scales on M, Ey = (U1, B1,71), .- Emy = (U, B, Jm) With
domains Vi,...,V,,, satisfying the following conditions:

e For each i, E; is adapted to Cy and k; := degy, (Cy) > 0.

e Every irreducible component of Cy intersects the union of the centers of the
scales, W := U™ c(E;).

e For each i, there exists a holomorphic map g;: V; — C"™ such that the set
T NV is equal to g; ' (0).

Then U := [Nicp1,m %, (E:)] N QW) is an open neighborhood of Cy in /(M) and
we let, for each 1,

denote the restriction of 7z, .. Let ©; be the analytic subset in H (U, Sym*(B)) of
the multigraphs contained in (g; o 7;*)~!(0) (see Lemma IV.2.2.2 point (7)). Then
r71(©;) is an analytic subset of U, for each i, and, to prove (i), we only have to

observe that
m

UNCHT) = (0)).

=1

Let us now prove (ii). By Lemma IV.2.2.2 point (iii), the subset ); of H ((_Ji, Sym"i (Bi)),
consisting of those multigraphs which have at least one irreducible component con-
tained in the zero set of g; o j; ', is Banach analytic, so to finish the proof it is
sufficient to show that

Tnu=Jr ' (M)
=1

To this end suppose first that C' € T NU. Then C' has an irreducible component I'
which is contained in T'. Hence TNW # () and it follows that T'N¢(E;) # 0 for some
t. Consequently the multigraph defined by I' in U; X B; is non-empty and contained
in the zero set of g; 0 j; . As every irreducible component of this multigraph is also
an irreducible component of the multigraph defined by C' in U; x B; it follows that
Cer; ().

Conversely, if C € U r () then C € r;'();) for some i and at least one of the
irreducible components of C'NV; is contained in T". This component is contained in
a unique irreducible component I' of C' and consequently I' C T". Hence C € TNU. A

Note that Proposition IV.2.2.5 may not be true for an analytic family of cycles which
is not f-analytic as the following example shows.
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EXAMPLE. Let M :=D ={z€C /|2 <1}, T:={1- 1 n e Nn >3} and
consider the family of O-cycles in D parametrized by D :

s+1

s+m

We have Xy = T and a necessary and sufficient condition on s € D in order that
X, meets T is that there exists m,n € N\ {0,1,2} with £ = =L This gives that

s+m

X, meets T if and only iff s = 2 with p € Z, ¢ € N\ {0,1} and [E] < 1. This is a
dense set in | — 1, +1[! O

X :={1—-

,meNm>3tNnD for seD.

Proposition 1V.2.2.6 The graph of the tautological f-analytic family of n-cycles
of finite type in M

ClM)IM = {(C,x) € Ci(M) x M [ z €|C]}
is an analytic subset of CI(M) x M©).

PROOF. Obviously CJ(M)4M is a closed subset of Cf (M) x M.

Suppose (C,x) € CI(M)4M and let E = (U, B, j) be an n-scale on M adapted to C
such that z € ¢(E). Put k := deg(C). Then QI (E) x ¢(E) is an open neighborhood
of (C,x) in C/ (M) x M and the map

reg X j: QE) x ¢(E) — H(U,Sym"*(B)) x (U x B)
is holomorphic. By composing this map with the holomorphic map
H(U,Sym"(B)) x (U x B) — Sym*(B) x B, (f,t,z) — (f(t),x)
we obtain a holomorphic map ¥: Qi(E) x ¢(E) — Sym*(B) x B. As the subset
Symt(B)B = {(€,2) € Sym*(B) x B / x € €}

is analytic in Sym"*(B) x B it follows that

U (Sym* (B)EB) = ((E) x e(E)) 1 (CL(M)£M)
is an analytic subset of CJ (M) N (Q(E) x c(E)). |

IV.2.3 Complements

We begin this subsection by showing that the natural inclusion C,(M) < CI(M) is
an open (holomorphic) embedding of the reduced complex space C,,(M) of compact
analytic n-cycles in M (see [12] Chapter V).

Proposition IV.2.3.1 Let M be a complex space. Then C,(M) is an open subset
of CI(M) and the induced topology coincides with the natural topology on C,(M).
Moreover its structure sheaf is the restriction of the sheaf of holomorphic functions
on CI(M) for the weak analytic structure defined in IV.2.1.3 .

(6)We leave to the reader the definition of a weak analytic structure on Cf (M) x M.
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PROOF. Recall that the natural topology on C, (M) is generated by all sets of the
form Qi (E) N C,(M), where E is an n-scale on M and k is a natural number, and
all sets of the form

QW) :={X e Cu(M) / [X| €W}

where W is a relatively compact open subset of M.

Now fix a compact n-cycle Xg in M, a relatively compact open subset W of M
containing X, and a finite collection, Ey,..., E,, of n-scales adapted to X,. Put
kj := degp, (Xo) and consider the open neighborhood ¢ := Q(W)N(NE_ , (E;)) of
Xy in C,(M). To complete the proof it is enough to construct an open neighborhood
V of Xy in C{(M) such that V C U.

To do so we cover the compact set OW by the centers of n-scales Fi, ..., F, which
are adapted to X, and satisfy the condition degp (Xo) = 0 for all h in {1,...,q}

and put

Now, if X € V, then degp, (X) = 0 for all A and it follows that |X| N 0W = 0. So
every irreducible component of X meets W but not 0W and consequently X is a
compact cycle contained in W. Hence X is in Q.(W).

The last assertion is obvious. |

In general, it is difficult to check whether a given function on a given subset of C (M)
is holomorphic with our definition (see IV.2.1.3 point (i) ). So it is interesting to
have a simple method to build, at least locally, holomorphic functions. This is the
content of our next proposition.

Proposition 1V.2.3.2 Let E := (U, B, j) be an n-scale on M, let g : U x B — C
be a holomorphic function and let ¢ € €>(U)™™. Then the function defined by

G(X) = /X P o (9)) = / Tracex u(g)- (@)

U
for X € QL(E) is holomorphic on the open set QU (E).

In fact we shall prove that the map
G:H(U,Sym*(B)) xU — C, (X,t) = Tracexu(g)(t)
is holomorphic. Then it is easy to conclude that for any holomorphic map
h:S — Ql(E)

where S is a Banach analytic set, the map G is holomorphic using the holomorphy
of an integral which depends holomorphically of a parameter(".

mﬁsee [12] Chapter V paragraph 2.4. Here the fact that the map G is globally induced on
H(U, Symk(B)) allows to apply the positive result in this case.
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CrAmM. The map G is induced on H (U, Symk(B)_ x U by a holomorphic map on
the ambient Banach open set H(U,Ug) x U C H(U, ®f_,S"(CP) x C"

G:H(U,Ug) x U = C.

Here we assume that B = Bp is the polydisc with center 0 and radius R in C? and
U is the open set in ®F_,S"(CP) defined in Proposition V. 3.1.2 in [12].

To buid up the function G on H(U,Ug) x U let N, (X) for X € H(U,®%_,S"(CP))
be the a-component of the |a|-th Newton function of X, for a € NP. Now write the
Taylor expansion of g at the point (¢,0) for any ¢ fixed in U:

g(t,x) == Z ga(t).x®, for x € Bg.

aeNP

Then define

G(X, 1) == galt).Na(X), for (X,t)€ H(U,Up) xU.

aeNP

Then the definition of the open set Ug (see Proposition 3.1.2 in [12]) gives the con-
vergence of this series and the holomorphy of the function G. It is easy to see that
for (X,t) € H(U,Sym"(Bg)) we have G(X,t) = G(X,t) using the relation (@).This
completes the proof. [ |

REMARK. [t seems ”a priori” that we may obtain locally more holomorphic func-
tions on CI (M), using isotropy and the classifying spaces ¥y (k) for isotropic mor-
phism, by integration of d’-closed €>(U’ x B)(™™-differential forms with support
in K x B for K a compact set in U’. In fact, results in Chapter V of [12] implies
that this does not produce more local holomorphic functions than finite sums of
functions obtained by using the previous proposition with enough adapted scales
corresponding to several different linear projections of U’ x B to U, sufficiently near
the natural (vertical) one.

EXAMPLE. Let Xy be in C/(M) and let E := (U, B, j)) be a scale on M adapted
to Xy with degy(Xo) = k. Let o be a point in U. Then the map

f:QL(k) — Sym*(B), X~ j.(X)N ({te} x B)

is holomorphic.

We leave to the reader the proof of the fact that this kind of holomorphic func-
tions is obtained as uniform limits of holomorphic functions on H(U,Ug) using an
approximation of the Dirac mass at ¢y on U by elements of €>(U)™™. O
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REMARK. Let f be a holomorphic map defined on a open set ¢ in C'°(M). For any
f-analytic family of n-cycles (X;)ses with X in U for each s € S, so a holomorphic
map ¢ : S — UNCL(M), f induces, by composition with ¢, a holomorphic map on
S and then f is a holomorphic map on U N CI(M).

For instance, assuming that M is a connected m-dimensionnel complex manifold,
if Y is a compact g-cycle in M, the subset U(Y) in C°(M) of n-cycles which cut
properly Y is open in C!°°(M) and we have a holomorphic intersection map (see [12]
chapter VII) from U(Y") to C4(M) where d satisfies

m—d=m-n+m-—gq, so d=n+q—m.

So this defines a weakly holomorphic map from U(Y) N C/(M) to the reduced
complex space Cq(M).
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IV.3 The Analytic Extension Theorem

Let S be a reduced complex space and f be a function on S. Then, by definition, f
is analytic at a point sy when there exists an open neighborhood Sy of sy in S such
that f is holomorphic on Sy. But a family of n-cycles (X;)ses in a complex space
M which is analytic at a point sq is not necessarily analytic in a neighborhood of s
(even if the cycles are compact) as the following example shows.

On the other hand, if the family (X;)ses is properly analytic at sq, then it is analytic
in an open neighborhood of sy (See Theoreme V.1.0.3 in [12]). In the sequel we shall
prove that this is also true if the family (X;)ses is f-analytic at sg. This result is
part of the Analytic Extension Theorem below.

EXAMPLE. Let D denote the open unit disk in C and put X := ({0}+{1—|s|})NnD
for every s in C. Then the family (X)sec of 0-cycles in D is analytic at 0, but it is
not analytic in any neighborhood of 0. Note that in any scale on D adapted to X
there exists an open neighborhood V' of s = 0 in C such that in the scale chosen the
family coincides on V' with the constant family equal to Xj. 0

Theorem IV.3.0.1 [Analytic Extension Theorem/

Let M be a complex space and n be a natural number. Consider an f-continuous
family (Xs)ses of n-cycles in M parametrized by a reduced complex space S. Fiz a
point so in S and assume that there exists an open subset M’ of M meeting every
irreducible component of | Xs,| and such that the family (X5 N M')ses is analytic
at sg. Then there exists an open neighborhood Sy of sg in S such that the family
(Xs)ses, 18 f-analytic in M at each point in S.

Let us make explicit the situation of the previous theorem in terms of classifying
maps : we have a continuous map ¢ : S — CJ/(M) such that the composed map
7 o ¢ is holomorphic at sy, where r : C/(M) — C¢(M’) is obtained by restriction.
Then the statement is that, assuming that the open set M’ meets each irreducible
component of | X, |, the map ¢ is holomorphic on an open neighborhood of sg.
Remark that the map r is holomorphic® so that the holomorphy at sy of r o ¢ is
a necessary condition for the holomorphy of ¢ at sg. The theorem says that this
condition is not only sufficient but also open on S.

A key point in the proof of the previous theorem is given by the following analytic
continuation result.

Proposition I1V.3.0.2 Let S be a reduced complex space and let Uy C Uy be two
open polydiscs in C" with Uy # 0. Let f : S x Uy — C be a continuous function,
holomorphic on {s} x Uy for each s € S and assume also that the restriction of f
to S x Uy is holomorphic. Then f is holomorphic on S x Us,.

(®8) This means that for any holomorphic map v : T' — CI (M) of a reduced complex space T the
composed map r o 1) is holomorphic.
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PrOOF. Consider first the case where S is smooth. As the problem is local on S it
is enough to treat the case where S is an open set in some C™. Fix then a relatively
compact open polydisc P in S. The function f defines a map F : U, — ¢°(P,C),
where ¢°(P,C) is the Banach space of continuous functions on P, via the formula
F(t)[s] = f(s,t) for t € Uy et s € P. The map F is holomorphic: this is an easy
consequence of Cauchy’s formula on a polydisc U CC U, with fixed s € S which
computes the partial derivatives in t := (t1,...,t,):

af 1 dri AN -+ Ndm,

8_751'(87 t) a (2@71')" /88U f(S’ 7-). (Tl — tl) e (Ti — tZ)Q Ce. (Tn — tn)

This shows that F' is C —differentiable and its differential at the point ¢ € U is given
by h— > Fi(t).hi, h € C", where F; is the map associated to the function
of

(s,t) — a—ti(s,t) i€ [l,n]

VieU Viell,n].

which is holomorphic for any fixed s € S thanks to the Cauchy formula above as
t — f(s,t) is holomorphic for each s € S.

Let H(P,C) be the (closed) subspace of €°(P, C) of continuous functions which are
holomorphic on P. Our assumption implies that the restriction of F' to U; takes its
values in this subspace.

Let us show that for each point t € Us, F(t) is still in H(P,C). Assume this is not
true. Then there exists to € Uy with F(ty) ¢ H(P,C), and so, by the Hahn-Banach
theorem, there exists a continuous linear form A on €°(P, C), vanishing on H(P,C)
and such that A(F(t9)) # 0. But the function ¢t — A(F(¢)) is holomorphic on U, and
vanishes on U;. So it vanishes identically, contradicting the fact that A(F(ty)) # O.
So F is a holomorphic map with values in H(P,C) and f is holomorphic on S x Us
when S is smooth.

The case where S is a weakly normal complex space is then an immediate conse-
quence of the smooth case, as the continuity of f on S x U, and the holomorphy of
f on S,.4 x Us, obtained above, are enough to conclude.

When S is a general reduced complex space the function f is then a continuous
meromorphic function on S x Us which is holomorphic on S x U;. So the closed
analytic subset Y C S x U, of points at which f is not holomorphic has empty
interior in each {s} x Us. So the criterium 3.1.7 of analytic continuation of chapter
IV in [10] allows to conclude. |

REMARKS.

1. It is an easy exercise to weaken the hypothesis of the previous proposition
replacing the continuity of f by the hypothesis “f is measurable and locally
bounded on S x U,”. In the first step the Banach space €°(P, C) is replaced
by the Banach space of bounded measurable functions on P and in the second
step S is assumed to be normal. Then the final conclusion is obtained following
the same lines as above.
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2. It is not difficult to extend the proposition above to the case where S is a
Banach open set. But this is not true, in general, for singular Banach analytic
sets.

The reader will find in [12] p.33 a counterexample where S is a (infinite di-
mensional) Banach analytic set which has only one singular point (so it is a
Banach manifold outside this point). 0

Proor or THEOREM IV.3.0.1. Consider the graph G C S x M of the f-
continuous family (X;)ses and let A be the open subset of G consisting of all points
(0, ¢) which satisfy the following condition:

e There exist an open neighborhood S, of ¢ in S' and an open neighborhood M,
of ¢ in M such that the family (X, N M)ses, is analytic at each point of S,.

Remark that our assumption implies that the open set A meets every irreducible
component of {so} X | X, |. This point is consequence of the fact that isotropy at sq
in an adapted scale implies analyticity of the family in the isotropy domain of the
scale at any point in an open neighborhood of sy (see [12] Chapter V).

We prove now that A contains | X, | which implies the analyticity of the family at
the point sq.

Assume now that there exists a smooth point of | X, | in the boundary of the set
AN ({so} x |Xs|). Consider now such a point (sg, z9) and choose an n-scale E :=
(U, B, j) which is adapted to X, and satisfies the following conditions:

degp(|Xsl) =1, 20 €57 (U X B), j(z) = (to,0),

Ju (Xsg NJTHU x B)) = k(U x {0}).

Then we have a continuous classifying map f : Sy x U — Sym*(B) where S; is an
open neighborhood of sq in S. The map f is holomorphic for each fixed s € 5;.
As the point (sg, z0) is in the boundary of the open subset A N ({so} x |X,|) of
{so} x| X,|, there exists a (non empty) polydisc U; C U such that the restriction of
f to S x Uy is holomorphic near sy. So, by shrinking S if necessary, we can assume
that f is isotropic on S; x U;. Applying Proposition 1V.3.0.2 to each scalar compo-
nent of f, we conclude that f is isotropic on Sy x U (see [12] Chapiter V section 5).
This contradicts the fact that (sg, z0) is in the boundary of AN ({so} x |Xs,])-

If the boundary of AN ({so} X |Xs,|) is contained in the singular set of | X,,|, then
we can apply the criterium ([10] Chapter IV Criterium 3.1.9) to obtain directly that
A contains | X, | and the family is analytic at s.

We shall prove now that there exists an open neighborhood Sy of sy in .S such that
the family is analytic at each point of Sy:

Let M” be a relatively compact open subset of M’ which intersect every irreducible
component of X . As (X;)ses is f-continuous, sy admits an open neighborhood S’
in S such that M"” meets every irreducible component of X, for all s in S’. Then,
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by Theorem V.1.0.3 in [12], there exists an open neighborhood Sy of sy in S’ such
that (Xs N M")ses, is an analytic family of n-cycles in M”. Hence (X;)ses, is an
f-analytic family of n-cycles in M due to the first part of the proof applied to each
point s € Sp. |

To conclude this section, let us give an example of ”"weak analytic map” between

CI(M) and CI(N).

Theorem IV.3.0.3 Let q: M — N be a proper holomorphic map between complex
spaces. Then the map
¢ : CH(M) — CI(N)

given by the direct image of finite type cycles is holomorphic in the sense that for any
holomorphic map o : S — CJ(M) where S is a reduced complex space, the composed
map q. o @ is holomorphic.

ProoF. The only points which are not already contained in Direct Image Theo-
rem IV 3.5.3 in [10] is the fact that the direct image of a finite type cycle is a finite
type cycle, and the fact that the direct image of a f-continuous family of cycles is
f-continuous. The first point is trivial. To prove the second point, remark that if a
compact set K in M meets every irreducible component of a cycle X in M then the
compact set ¢(K) meets each irreducible component of the cycle g.(X). [ |

IV.4 The semi-proper direct image theorem.

The aim of this paragraph is to extend the Direct Image Theorem for semi-proper
maps (see Theorem 1.2.0.1) to the case where the target space is C{ (M) for a given
complex space M. This is not obvious because, as we have already remarked above,
the weak analytic structure on CJ(M) which is defined in the previous section is
not, even locally, a structure of Banach analytic set. We give here an improvement
of Theorem 5.0.5 in [6]. It is also an opportunity to give a more elaborated proof of
this delicate result.

First we recall that an analytic subset X of an open subset U of CJ (M) is called a
reduced complex subspace of U if, endowed with the sheaf of holomorphic functions
of C/(M), it becomes a reduced complex space (see definition IV.2.1.3 (viii)).

Theorem IV.4.0.1 Let M and S be reduced complex spaces and n be a natural
number. Assume that we have a holomorphic map ¢: S — U which is semi-proper,
where U is an open set in CL(M). Then ¢(S) is a reduced complex subspace of
Ucci(M)

The main tools for the proof of Theorem 1V.4.0.1 are Theorem 1.2.0.1 and Theorem
IV.3.0.1 but the following topological result is also needed.
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Lemma IV.4.0.2 Letp: S =T and f: T — Z be continuous maps between Haus-
dorff spaces. Suppose moreover that S is locally compact, p is semi-proper and f is
injective. Then, for every ty in ¢(S), there exists an open neighborhood Ty of to in
T and an open subset U of Z such that Ty C f~'(U) and such that the map

e (To) — U, s fe(s))

is semi-proper and such that the map ¢(S) N1y — f(w(S) NThy), induced by f, is a
homeomorphism.

PROOF. Let £y be a point in ¢(S). As ¢ is semi-proper and ¢(.5) is locally compact
to admits a relatively compact open neighborhood V; in ¢(.S). Hence the map Vy —
f(Vo), induced by f, is a homeomorphism and it follows that the map

(Vo) — f(Vo), s fle(s)

is semi-proper and surjective. In particular f(V}) is locally compact and consequently
locally closed in Z, so there exists an open subset U of Z such that f(15) is a
closed subset of U. Then for any open neighborhood Ty of tg in T', which satisfies
Vo = ¢(S) N Ty, the map

e HTo) — U, s flels))

is semi-proper. |

PrROOF OF THEOREM 1V.4.0.1. First recall that, for an n-scale £ = (U, B, j)
on M, a relatively compact open polydisc U’ in U and an integer k& > 0, there
exists a Banach analytic subset Xy ¢/ (k) of a Banach open set and a holomorphic
homeomorphism

pur: Suw(k) — H(U,Sym*(B))
having the following properties*:

(a) For every holomorphic map from a reduced complex space into Xy (k), the
corresponding family of multigraphs in U x B is an analytic family of cycles
in U’ x B.

(b) If (Xs)ses is an analytic family of n-cycles in M such that X € Qi (FE) for all
s in S, then the natural map S — Yuu(k), obtained by composing the classi-
fying map Qi (F) — H(U,Sym*(B)) with the inverse of py v, is holomorphic.

Now fix Cp in ¢(S) and let us show that Cy admits an open neighborhood V in U
such that ¢(S) NV is a reduced complex subspace of V. The case Cy = ()[n] being
trivial we suppose that C is not the empty n-cycle.

) These sets were introduced in [1] and are essential for the construction of the reduced complex
space of compact analytic cycles in a given complex space. For a detailed discussion of these sets
see Chapter V section 7.2 in [12].
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First we choose (as we did in the proof of Proposition 1V.2.2.5) finitely many n-
scales, By = (U1, B1,71), -+, Em = (Un, Bm, jm), which are all adapted to Cy and
let k; > 0 be the degree of C in E;, for each i. Assume also that every irreducible
component of Cy intersects the relatively compact open subset U™, ;' (U; x B;) of

M. Then we choose for each 7 a relatively compact open polydisc U/ of U; in such a

way that every irreducible component of Cy meets W := |J j; (U} x B;).
i=1

W= QW) N ((m] Qki(Ei)>

of CJ(M) the injective map f: W — [[:~, ¥y, vr(k:), induced by the product of the
classifying maps, is holomorphic according to property (b) above. Then, by Lemma
IV.4.0.2, there exists an open neighborhood V of Cjy in W and an open subset U of
[T~ Xu, v (ki) such that the map

On the open subset

e V) — U, s f(e(s))

is semi-proper and such that the map ¢(S) NV — f(p(S) NV) induced by f
is a homeomorphism. As [, ¥y, 7(k;) is a Banach analytic subset of a Banach

open set there exists an open subset U of the ambient Banach space such that
U=UNTIZ, Xy, v:(k;). Then the restriction of f to V composed with the natural

inclusion U < U is an injective holomorphic map f Y —» U and the map
e V) — U, s fels))

is semi-proper. Hence f(p(S) NV) is a reduced complex subspace of U, due to
Theorem 1.2.0.1.
To sum up the situation let us consider the commutative diagram

P(S) NV~ f(p(S) N V) (@)

|

where g: ¢(S)NV — f(p(S)NV) is the homeomorphism induced by f and the ver-
tical arrows are the natural inclusions. As p(S) NV is a subset of C{ (M) the homeo-
morphism ¢! defines an f-continuous family of n-cycles in M and, by property (a)
of the Banach analytic sets EUi,U;(ki), this family is analytic on W. But W meets ev-
ery irreducible component of every C' in ¢(S) NV so we can apply Theorem 1V.3.0.1
and conclude that the family is analytic. This means that vog~': f(p(S)NV) = V
is a holomorphic map. We then deduce from (@) that ¢(S) NV, endowed with the
sheaf induced by the sheaf of holomorphic functions on C (M), is a reduced complex
space and g is an isomorphism between ©(S)NV and the reduced complex subspace

fe(S)NV) of U. |

~

V
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IV.5 Meromorphic maps to C/(M).

In this section we introduce, for reduced complex spaces M and N, the notion of
a meromorphic map from N to C/(M). It is a generalization of the notion of a
meromorphic map between reduced complex spaces. But to define the graph of a
meromorphic map in this context we have to use the Semi-Proper Direct Image
Theorem proved in the previous section.

Definition IV.5.0.1 Fiz a complex space M and an integer n. Let N be a reduced
complex space and let X C N be a nowhere dense analytic subset in N. We shall
say that a holomorphic map p: N\ ¥ — C/(M) is meromorphic along % (or
more simply that o: N --» C{(M) is meromorphic) if there exists a modification
o: Ny — N whose center is contained in ¥ and a holomorphic map 1: Ny — CI (M)
extending the holomorphic map ¢ o ojo-1(n\x)-

To define the graph of such a meromorphic map we need the following corollary of
Theorem 1V.4.0.1.

Corollary IV.5.0.2 Fix a complex space M and an integer n > 0. Let N and P be
reduced complex spaces and ¢: N — P x CI(M) be a semi-proper holomorphic map.
Then o(N) is a reduced complex subspace of P x CL(M).

For the proof we use of the following lemma.

Lemma 1V.5.0.3 Fix a complex space M and a natural number n. Let P be a
reduced complex space. Denote p: P x M — P and q: P x M — M the canonical
projections. Then the analytic subset CI(p)* of CL(P x M)* is biholomorphic to the
product P x Cf(M)*.

PROOF. Let a: C/(p)* — P be the natural holomorphic map (see Proposition
IV.2.2.3) and 3: Cf{(p) — C/(M) be the map induced by the direct image of n-
cycles by ¢ (see Theorem IV.3.0.3). Let us first show that /3 is holomorphic.

Indeed, every n-cycle in C/(p)* is of the form {z} x C where C' € CI(M)* and
¢.({z} x C) = C. It follows that, for every f-analytic family (X;)ses of p-relative
n-cycles in P x M, the family (¢.X;)ses of n-cycles in M is well defined and f-
analytic. Hence the map (o, 8): C/(p)* — P x C/(M)* is bijective and holomorphic.
The inverse map v: P x CI(M)* — CI(p)*, given by ~(p,C) := {p} x C, is also
holomorphic thanks to the product theorem for analytic families of cycles!?) (See
Theorem 4.6.4 in [11] or Theorem IV.6.2.3 in [10]). |

(10 This theorem, which was first proved in [1], is even not obvious in this simple case because an
n-scale on P x M adapted to a cycle like {p} x C is not necessarily given by the product of an
n-scale on M with a local embedding for P.
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PROOF OF COROLLARY IV.5.0.2. Note that P xCJ (M) is the union of the disjoint
open subsets P x {0[n]} and P x C{(M)* and it follows that the maps

o H(P x {0[n]}) — P x {0[n]} and o NP xCH(M)*) = P xCl(M)*

induced by ¢, are semi-proper and holomorphic. As Kuhlmann’s theorem implies
that o(N)N(P x {@[n]}) is a reduced complex subspace of P x CJ (M) it is enough to
consider the case where ¢ takes its values in P x C/(M)*. But, with the notation of
Lemma IV.5.0.3, the spaces P x C/(M)* and C/(p)* are biholomorphic so Theorem
IV.4.0.1 gives us the required result. |

Proposition 1V.5.0.4 Let M and N be reduced complex spaces, > be a nowhere
dense analytic subset of N and n be a natural number. Let o: N\ X — CI(M) be a
holomorphic map and let T' denote the closure of its graph in N x CI(M). Then ¢
is meromorphic (along X2) if and only if T is an N-proper reduced complex subspace

of N x CI(M).

PROOF. Suppose first that I is a reduced complex subspace of N x C/ (M) which is
N-proper and let o: I' = N denote the natural projection. Then ¢ is a holomorphic
surjection and o~!(X) is nowhere dense in T'. It follows that o is a modification
whose center is contained in ¥, and then the natural projection I' — C/(M) is a
holomorphic extension of ¢ o gj,-1(3\x). So ¢ is meromorphic along X.

Conversely, suppose that ¢ is meromorphic along . Then there exists a modification
o: Ny — N, whose center is contained in Y, and a holomorphic extension

Y1 N1 —>C7{(M)

of ¢ 0 oj,-1(n\s). The map (o,¢1): Ny — N x CI(M) is proper since it is the
composition of the proper maps? (idy,,¢1): N1 — Ny x C{(M) and

0 X ides s N1 X CH(M) = N x CJ(M).

It follows that the image of (o, ;) is closed in N x C/(M) and consequently equal
to T, as Ny \ o~ (2) is dense in N;. Then, by Corollary IV.5.0.2, the image of (o, ¢;)
is a reduced complex subspace of N x CJ(M). As the natural projection I' — N is
clearly proper the proof is completed. [ |

Definition IV.5.0.5 In the situation of Proposition IV.5.0.4 suppose that o is a
meromorphic map. Then the N-proper reduced complex subspace I' of N x C (M)
with its natural projection on N (which is a modification) is called the graph of the
meromorphic map .

REMARK. Under the hypotheses of Proposition IV.5.0.4 the mapping ¢ is mero-
morphic along ¥ if and only if, for every open subset V' of N, the restriction ¢y is
meromorphic along X N V. O

(IDRemember that a proper map between Hausdorff spaces is a closed map with compact fibers.



IV.6. COMPLEMENTS 81

IV.6 Complements

IV.6.1 Connected cycles

In the cycle space C, (M) of compact n-cycles of a complex space M the connected
cycles form a (closed) analytic subset (see Theorem 4.7.4 in [11] or Theorem IV.7.2.1
n [10]), but this is no longer true for the space Cf(M) of n-cycles of finite type in
M. This is easily seen in the family of conics

Co={a*+sy*=1},5€C

in C{(C?) : for s # 0 the conic C, is smooth and connected and Cj is the disjoint
union of two lines.

In this paragraph we shall give a few results on connected cycles of finite type and
give some examples which show the difference between C,(M) and CJ/(M) in this
regard.

Definition IV.6.1.1 For a finite type cycle X in a complex space M with canonical
expression X =Y n;.X; the integer

w(X) = an

iel
will be called the weight of X.

The weight function on C/(M) is characterized by the fact that it is additive and
takes value 1 on every irreducible cycle, with the convention w(@[n]) = 0.

Proposition IV.6.1.2 Let M be a complex space and let n and k be two non-
negative integers. Then the subset

F,={XeC/(M)/wX)>k}

is a closed subset in CI(M).

PROOF. It is enough to consider the case k > 2 because Fy = C,(M) = FyU{0[n]}
and {0[n]} is open and closed in C,(M).

Let X be a non empty n-cycle of finite type in M having the canonical expression
X =3 ,c;n-X;. We intend to show that there exists an open neighborhood of X in
CI(M) in which every cycle is of weight at most w(X). To this end choose, for each
i € I, an n-scale E; on M adapted to X such that degp, (X;) = 1 and degp, (X;) =0
for all j € I'\ {i}. Denote c(E;) the center of E; and put U := U;csc(E;). Then U
is a relatively compact open subset of M and we claim that every cycle in the open

neighborhood
U = Q)N (ﬂwm)
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of X in CI(M) is of weight at most w(X). To see this, let Y be a non empty cycle
in U with canonical expression Y = Eae 4 Nq.Yy and let A; denote the set of all a in
A such that Y, intersects c¢(E;). Then degp (V) = > .4 na-degp, (Ya) = n; so that
> aca, Mo < ni. Hence w(Y) =30 o4y na < i i = w(X). |

The set F,NC, (M) ={X € C,(M) | w(X) > k} is an analytic subset of the reduced
complex space C,(M) (see Proposition 4.7.2 in [11] or Proposition IV.7.1.2 in [10]).
This is no longer true for F}, in general, as we can see from the following example.

ExaMpPLE. Let N be a complex connected manifold, A be a closed subset of N
and consider the following open subset of N x C

M = (NxC)\(AxR) = (Ax (C\R))U((N\ A) x C).

Then the fibers of the natural projection M — N form an f-analytic family of (re-
duced) 1-cycles (Xs)sen- It is clear that w(X,) =1 for all s € N\ A and w(X;) =2
for all s € A.

Remark that in this example the map 7 : M — N is a submersion between two
complex connected manifolds if we assume that N \ A is connected.
Note also that A may be quite far from being an analytic subset in V.

In general, a limit of a convergent sequence of connected cycles in C/ (M) is not con-
nected, as it may be seen on the example above. Nevertheless we have the following
result.

Proposition IV.6.1.3 Let (X,),>; be a sequence in CL (M) converging to a cycle X
in CL(M). Let M' be a relatively compact open set in M such that every irreducible
component of X meets M' and such that X, N M’ is connected for every v. Then
| X| N M’ is connected.

PROOF. Suppose, on the contrary, that | X| N M’ is not connected. Then we can
write X N M’ = K; U Ky where K; and K, are non-empty, compact and disjoint.
It follows that there exist disjoint open neighbourhoods, L; of K; and L, of Ko,
in M’. Thus the set K := M’ \ (L, U Ly) is compact and does not meet |X|N M’
Since the set of cycles in CJ (M) which do not intersect the compact set K form an
open set, there exists vg such that |X,| N K = 0 for all v > 1. This implies that
there exists a subsequence (X, )i of (X, ),>1 having the property that | X,, | N M’ is
either contained in L for all k or in Ly for all k. Let us show that this contradicts
the fact that (X,, ), converges to X:

So assume that |X,, | N M’ is contained in L, for all k. Then take a point z; in
X NM' N K;. As there is a sequence of points in X N M’ converging to xy there
exists a point yo in X N M’ N L}, where L) is the interior of Ly. Take a scale £ on
M' N LY adapted to X with yy € ¢(E). Then degy(X) > 1 and for k large enough
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the scale E will be adapted to X,, and we shall have degp(X,,) = degp(X) > 1.
But this implies X,, N M' N L}, # (. Contradiction. So | X|N M’ is connected. W

REMARKS.

(i) In the above situation, | X| N M’ is connected if | X| N M’ is connected, but not
vice versa. Observe also that the cycle X is connected if | X | N M’ is connected.

(ii) Proposition 1V.6.1.3 is false if we replace X, N M’ by X, N M’ and | X| N M’
by | X| N M’. This can be seen from the examples below.

EXAMPLE 1. Let M be C? and put
M':=(D\R) x D, X, :=Cx{1/v} and X :=Cx{0}

where v € N* and D is the unit disc in C.

EXAMPLE 2. Let M :=C? and M" := {|z|* + |y|* < 4} and consider the 1-cycle
C:={(z,y) € C* ) 4(x —1)* +y* = 4}.
It is easy to see that C'N M’ is smooth an connected so that C' N M’ is connected,

but that C' N M’ has an isolated point (2,0), thanks to the following elementary
computations, where we put u := x — 2:

Y =4 —4(1+u)?=—4u(2+u) onC so
24 ul® + 4ful|2 4+ u| — 4 =2+ u|[|2 + u| + 4]ul] — 4> |u|(4 — 3|u])
and this is positive for 0 < |u| < 4/3.
It is easy to see that for 0 < A < 1 the conic C'y obtained from C by the translation

of vector (), 0) does not meet M’ in a neighborhood of the point (2,0). And of course
when A — 0 the cycle Cy converges to C' in CJ (M).

Corollary IV.6.1.4 Let M be a reduced complex space and M’ be a relatively com-
pact open subset of M. Then the set

{X eQ(M') /|X|NnM" is connected}

is a closed subset of Q(M').

Proor. This follows directly from Proposition IV.6.1.3. |
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EXAMPLE. Let (z,w) denote the standard coordinates of C*. Then for any open
neighborhood U of the connected cycle X := 2.({0} x C) in C/(C?) there exists a
complex number a # 0 such that, for every n € N*, the union of the complex line
through the points (a,0) and (0,7) and the complex line through the points (—a, 0)
and (0,n), henceforth denoted by Y, is an element of &. Moreover, the sequence
(Y,)n>1 of connected 1-cycles converges to the non-connected cycle

Y ={z=a}+{z=—a}

in C{ (C?) and satisfy w(Y,) = w(Y") = 2. This shows that the set of connected cycles
in the closed subset Fy is not locally closed. Hence the set of connected cycles in
C/(C?) is not locally closed.

IV.6.2 Restriction

We consider an irreducible complex space M and a closed analytic subset 1" which
has no interior point in M. Then we define

CHM,T):={CecC/(M)/dim(|C|NT)<n-1}.

Then for C' € CI(M) the cycle r/(C) := C \ (|C|NT) is an element of C{(M \ T).
Hence we have the following result.

Lemma IV.6.2.1 The subset CI(M,T) is a Zariski open subset in C/ (M) and
the injective map
plCLHM,T) — CH(M\T),

induced by the restriction map v/, is holomorphic.

PROOF. The fact that the complement 7 of CI(M,T) is a closed analytic subset
in Cf (M) is proved in Proposition IV.2.2.5 point (ii).

The only point to prove to obtain that p/ is holomorphic is the continuity of p/,
because a scale on M \ T is also a scale on M.

But a relatively compact open subset in M \ T' is also open and relatively compact
in M and the fact that for X € C/(M,T) the irreducible components of X are the
closure of their intersection with M \ T implies that for any relatively compact open
set W in M \ T the inclusion Q(W) C C/(M,T) in C/ (M) holds. |

Note that the map r/ is not continuous at a point C' € 7 when C is a limit of a
sequence (C,) such that there exists, for each v, an irreducible component I, of C,
with the property that the sequence (T',) converges in C/ (M) to a cycle contained
inT.

(12)This means it is the complement of a (closed) analytic subset in Cf (M).
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Theorem IV.6.2.2 Let M be a compact complex space which is strongly Kahler
(see [12]) and T be a compact analytic subset with no interior point in M. Denote
by voly, the volume of n-cycles for the Kdhler form h of M%), Then let Sy be the
union of the connected components of C,,(M) such that the volume of their members
is bounded by a constant d > 0 and note i : Sy — C,,(M) the inclusion map.

Then the image of the map p’ oi : SyNCo(M,T) — CL{(M \ T) induces a closed
analytic subset which is a reduced complex space in the open set

CHMN\T)\r/(i((T N Sa))

of CL(M\T).

PROOF. We begin by proving that the subset r/(i(7 N Sy)) of CI(M \ T) is closed
in C/(M\T).

The subset S; NT and then i(S; N T) are compact because T is closed and i is
continuous. But remember that r/ is not continuous in general.

So take Cy € CI(M \ T) and assume that Cj is the limit in C/ (M \ T') of a sequence
r/(i(X,)) where i(X,) are in i(Sqy N T). By taking a subsequence we may assume
that the sequence (X,) converges to a cycle X in S; N7 and all the cycles have
the same volume. Fix an open relatively compact subset W in M \ T such that any
irreducible component of C' meets W. Let now (Y,) be the sequence obtained from
X, by deleting all irreducible components of X, disjoint from W. In particular we
delete at least the irreducible components of X, contained in T, and there exists at
least one such component, so the h-volume of Y, is strictly less than the h-volume of
X,. Then 'Y, is in Sy \ SqNT for each v. Again by taking a subsequence if necessary,
we may assume that the sequence (Y,) has a fix h-volume and converges to a cycle
Y in Sy. Then it is clear that the sequence r/(i(Y,)) converges to C' in C/(M \ T)
because the limit of the sequence r/(i(Y,)) exists in CJ (M \ T') thanks to Corollary
I11.3.2.6 and coincides with Cy on W.

Remark that the volume of Y is strictly less that the volume of X. So Y # X and
X has at least one irreducible component I' in 7" which is not in Y. Then the cycle
Y +T'isin Sy and so are the cycles Y, + 1" which have the same volume than Y +T'.
Then the sequence (Y, +T") is in SqN7T and 7/ (i(Y, +1T")) converges to Cy in C(M\T)
concluding the proof that r/(i(S; N T) is closed in C/(M \ T).

So the target set CZ (M \ T)\ r/(i((T N Sg)) is open in CS (M \ T') and we may apply
the Semi-Proper Direct Image Theorem IV.4.0.1 to the map pf o if we are able to

prove that it is a semi-proper map.

The main point is now to show that the map p/ o4 is a semi-proper map.

(13)Recall that in this situation the volume of compact cycles is constant on a connected component

of C,,(M).
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We shall prove first that the image of the map p/ o i induces a closed subset in the
target open set

CHMN\T)\ ! (i(T N Sy)).

So let (Y, = p/(i(X,))) be a sequence of cycles in this image converging to a cycle
Y in C/(M\ T). By compactness of Sy we may assume that the sequence (X,) con-
verges to a cycle X in Sy and if X is not in Sy N 7T the continuity of p/ o4 implies
that Y = p/(i(X)) and we are done.

So assume that X = Z+ A where A is a cycle in Sy;N7T and Z is in Sy\ SqN7T. Then
the cycle r/(Z) is equal to Y by uniqueness of the limit in C'°¢(M \ T) and this is
impossible because we assumed that Y is not in r/(S3 N 7). So the image of p/ o
is closed in C/ (M \T)\ r/(i(T NSy)) and it is enough to check the semi-properness
of the map at points in its image.

To complete the proof we shall use the following lemma.

Lemma IV.6.2.3 Let A be an analytic subset of T' of dimension at most n—1 and
let U a (n — 1)-complete neighborhood of A, Let W be an open neighborhood of
T\TNU and let IC be the subset of Sq of cycles disjoint from W. Then K is a
compact set in Sq\ (SgNT).

Proor. First remark that K does not intersect S; N T because if a cycle 7 is
disjoint from W has an irreducible component in 7" this component has to be inside
U which is (n — 1)complete. This is not possible. Then, as Sy is compact and K is
disjoint from 7T it is enough to prove that I is closed in Sy. So assume that we have
a sequence (Z,) in K which converges to a cycle Z in Sy. Then Z is not in K; it
means that Z meets W. But then we may find an n-scale £ in W adapted to Z
with degp(Z) > 1. And in the open neighborhood 4 (E) of Z any cycle meets W;
so Z, is not in KC for v large enough. Contradiction. |

END OF PROOF OF THEOREM IV.6.2.2. To prove the semi-properness of the
map p’ oi let Y be the restriction to M \ T of a cycle X € S;\ SqN T with
Y & r/(i(SgNT)). Let A:=|X|NT. This is an analytic subset of T' of dimension at
most (n — 1). Then define U and W as in the previous lemma but small enough in
order that any irreducible component of Y does not meet W but meets the relatively
compact open set M \ V in M \ T where V := W UU. We want to prove that there
is a neighborhood V of Y in CJ (M \ T') such that any Y’ € V which is in the image
of p! o i is in fact image of a cycle in K.

So assume that Q(V) N p/(i(K)) is not a neighborhood of Y in the image of p/ o .
Then there exists a sequence (Y, = p/(i(X,)) in Q(V) which converges to Y in
C/(M \ T), where X, is in Sy \ (SqN T) for each v and not in K. Passing to a

(11)See [3] where the existence of a basis of such open neihgborhood is proved. See also [12] Chapter
XI Theorem 3.1.1.
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sub-sequence we may assume that the sequence X, converges to a cycle X in S; and
we have r/(i(X)) = Y which implies that X is not in Sy N 7T because Y is not in
! (i(SaN'T)).

Then each irreducible component of X is an irreducible component of ¥ and then
does not meet W. So for v large enough any irreducible component of X, does not
meet W and then X, is in I for v large enough. This contradicts our hypothesis.
Then the holomorphic map p/ o4 is semi-proper and the conclusion follows.. |

For instance, for M := P, and let h be the Fubini-Study metric on it; let 7" be a
hyperplane so that M\ T is C™. We obtain that algebraic cycles in C™ of dimension
n and of degree at most the integer d > 1 form a closed analytic subspace in CJ (C™)
which is a reduced complex space. As the subset S; N7 in this case contains all
n-cycles in P, of dimension n which are of degree at most d — 1, we see that this
reduced complex space in Cf(C™) is isomorphic (**) via the restriction p/ to the
space of n-cycles in P, of degree d with no irreducible component in 7.

REMARK. It is easy to extend such a result in the case where M is a compact
complex space of the class ¢ of Fujiki-Varouchas (see [12] chapter XII).

(15)The fact that this holomorphic bijective map is an isomorphism may be obtained as in Theorem
V.3.0.5 below.

formulation pre-
cise 77
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Chapter V

Geometrically f-flat maps and
strongly quasi-proper maps

V.1 Preliminaries

In this section we give some technical results which will be used later on.

Lemma V.1.0.1 Let f : M — N be a holomorphic map between reduced complex
spaces and let A be a closed analytic subset in M with empty exterior. Then the set
of points in M such that f~(f(x)) has no irreducible component contained in A is
very general in M.

Proor. It is clearly enough to treat the case where M is irreducible because a
countable intersection of very general subsets is again very general (see Corollary
2.4.55 in [11] for a proof). Then we may assume that N is also irreducible

Let g: M xny M — M be the second projection. Then for each x € M we have

¢ (2)=f(f(2)) x {z} and ¢ '(z) N (Axy M) =(f(f(z))NA) x {z}.

So A contains an irreducible component of f~1(f(z)) if and only if A Xy M contains
an irreducible component of ¢! (z).

For each irreducible component C' of M x M let T be the subset of points x in
M such that (A xy M) N C contains an irreducible component of ¢~!(z). Again it
is enough to prove that for each C' the subset M \ T is very general in M.

So fix an irreducible component C' of M xy M. First remark that if C' does not
dominate M then M\ ¢(C) is very general in M thanks to Proposition 2.4.60 in [11]
and it follows that M \ T¢ is also very general because T C ¢(C) .

So consider now the case where C' dominates M. Then, applying Corollary 2.4.61
of [11] to the map ¢¢ : C — M, it is enough to prove that (A xy M) N C has no
interior point in C.

Assume on the contrary that there exists a point (a,z) € A xy M which is an

89
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interior point of C.
Define k := mingeyr dim,, f(f1(f(z)) and recall that 35 (f)\Xx11(f) is a dense open
subset in M. Hence ¥x(qc) \ Lr+1(gc) is a dense open subset in C' as C' dominates
M. Let S(M) be the singular locus of M. Then M \ S(M) is a dense open subset in
M so we may assume that a and x are smooth points of M, that (a, z) is a smooth
point in C' and that

dim, f~!(f(a)) = dim, f*(f(z)) = k.

Then the first projection po : €' — M is an open map near (a,x) because it is
equidimensional and a is a smooth point of M. Consequently pc((A xny M) N C)
contains a neighborhood of a and this contradicts the fact that A has empty interior
in M. |

The following characterizations of a dominant map between irreducible complex
spaces are useful.

Lemma V.1.0.2 Let m: M — N be a holomorphic map between two irreducible
complex spaces. Then the following conditions are equivalent:

(i) The map 7 is dominant.
(ii) The pullback by m of any dense subset in N is dense in M.

(i1i) There ezists an open dense subset M’ of M such that the restriction of w to
M’ is an open map.

(iv) The generic rank of m is equal to dim N .

For the proof of this lemma uses the following more or less standard result.

Lemma V.1.0.3 Let m: M — N be a holomorphic map between reduced complex
spaces, where N is irreducible. Assume that the generic rank of ™ on every irreducible
component of M s strictly less than the dimension of N. Then w(M) has empty
interior in N.

ProOF. Remark first that, as the singular locus of N is of empty interior in N, we
may assume N smooth. Hence it is enough to prove the result in the case where N
is an open subset of a numerical space. To do so we take an exhaustion by compact
subsets, M = (J;5, K. Then, thanks to Lemma 1.2.0.5, each compact subset m(K})
of NV is b-negligible for all j and consequently 7(M) = [, f(K;) has empty interior
in NV since N is a Baire space . [ |
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PrRoOOF OF LEMMA V.1.0.2. Due to Lemma V.1.0.3, (i) implies (iv), and by def-
inition of the generic rank, (iv) implies (iii). To show that (ii) follows from (iii) let
us take a dense subset A of N. Then for any non-empty open subset U in M we get

rUNa Y A) Dr(M' NUNTHA) =7n(M NU)NA

and (M’ NU) N A is non empty since 7(M’' N U) is a non-empty open subset of N.
Finally, to show that (i7) implies (i) we only have to notice that the set N \ (M)
is dense in N if 7 is not dominant. [ |

Definition V.1.0.4 Let w: M — N be a holomorphic map between reduced complex
spaces, where N is irreducible, and consider a holomorphic map f: Z — N where
Z is an irreducible complex space. We define the strict transform of © by f as
the holomorphic map 7 : Z — Z which is the natural projection onto Z of the union
Z of those irreducible components of the fiber product Z x y M which dominate Z.
We shall denote Z by Z Xnstr M.

In the situation above the space Z x y s M will be called the strict fiber product
(of M over N by f). Note that Z Xy, M is empty if and only if the image of
the natural projection Z xy M — Z has empty interior, which is equivalent to
f~Y(m(M)) being of empty interior in Z.

Hence in general we have Z Xy g M C Z X M.

One can easily find examples where Z x y M — Z is surjective and where the inclu-
sion Z Xy sr M C Z X M is strict. For instance, if 7: M — N is a modification
which is not injective, the fiber product M x M has at least one irreducible com-
ponent which is not contained in the corresponding strict fiber product. And the
strict fiber product is naturally isomorphic to M in this case.

It should also be noted that there is a natural isomorphism between the fiber prod-
ucts Z xy M and M Xy Z but the corresponding strict fiber products Z X y g M
and M Xy s Z need not be isomorphic.

It is an easy exercise left to the reader to prove that, in the case where 7: M — N
is a modification and f: Z — N a dominant map, the projection Z Xy g, M — Z
is a modification.

Of course, each of the natural projections of Z X y o, M onto M and Z factorizes the
natural mapping Z Xy s M — N, and when we write the commutative diagram

Z XNstr M ——= M
A N

the horizontal arrow above denotes the natural projection unless otherwise explicitly
stated.

f

If M = |J M; is the decomposition of M into irreducible components, then Z X y o M

i
is the union of the Z X y s, M,;.
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Lemma V.1.0.5 Consider the following diagram of holomorphic maps between ir-
reducible complexr spaces

Z—>M

1)

w4tz 1.N

where Z = 7 XNstr M and g is a dominant map. Then we have a canonical iden-
tification between the strict transform of @ by g and the strict transform of m by

feg.
PROOF. As there is a canonical identification between the fiber products :
WXNMZWXZ(Z XNM),

it is enough to show that an irreducible component A of W X M which dominates
W is an irreducible component of W X Z.

Let B be an irreducible component of Z xy M containing the image of A by the
natural projection W x, (Z xny M) — Z xy M. Then B dominates Z because A
dominates W and g is assumed to be dominant. So B is in Z and A is an irreducible
component of W x ; Z which dominates W. [ |

Lemma V.1.0.6 For finitely many modifications of a reduced complex space there
exists a modification which factorizes through each of them.

PROOF. It is enough to prove the result for two modifications, so let 7: Ny = N
and 75: Ny — N be modifications of a reduced complex space N. Then the strict
transform 7»: No — N; of 7 by 7 is a modification of N; and it follows that
TLOTy: ]\72 — N is a modification of N which has the desired properties. [ §

V.2 Holomorphic fiber maps and pull-back of cy-
cles

We recall here the notion of a geometrically flat map (see [12] chVI def. 4.6.7).

Consider a holomorphic map 7 : M — N where N is irreducible and define
n := dim M —dim N. We say that 7 is geometrically flat if it admits a holomorphic
fiber map, that is to say a classifying map of an analytic family of cycles in M

0 : N — Cl°(M)

which satisfies |¢(y)| = 7 (y) for every y € N and, for y very general) in N, the
cycle ¢(y) is reduced.

(UThis implies that the cycle ©(y) is reduced for all y in a dense subset of N.
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Then for an irreducible analytic subset X C N of dimension ¢ the pull-back cycle
7*(X) in M is defined as the graph-cycle (see [10] or [11] Chapter IV section 3.3) of
the analytic family of n-cycles in M parametrized by X and given by its classifying
map |x which is the restriction of ¢ to X. This is a (n + ¢)-cycle in M.

For a general q-cycle in N the pull-back by 7 is defined by additivity (note that
™ (0lg]) = O[n + q))-

Then the following result is proved in [12] ch.VI th. 4.8.1:

Theorem V.2.0.1 Letnw: M — N be a geometrically flat holomorphic map between
irreducible complezx spaces and let (X)ses be an analytic family of q-cycles in N
parametrized by a reduced complex space S. Then the family (7*(Xs))ses of (n+q)-
cycles in M 1is analytic. [

We shall adapt this result to the case of quasi-proper maps in Theorem V.2.0.4
below, using the space of finite type cycles.

Definition V.2.0.2 Let 7 : M — N be a quasi-proper holomorphic map between
reduced complex spaces with M pure dimensionnel and N irreducible. Define n =
dim M — dim N. An f-fiber map for 7 is a holomorphic map ¢ : N — CI (M)
which satisfies |o(y)| = 71 (y) for all y € N. We shall say that the f-fiber map
is reduced when for y generic in N the cycle p(y) is reduced.

Note that under the hypothesis above the map 7 is equidimensional and surjective
when M is not empty.
Remark that when a (holomorphic) reduced f-fiber map exists it is unique.

Lemma V.2.0.3 Let @ : M — N a quasi-proper holomorphic map with N ir-
reducible and assume that there exists a reduced holomorphic f-fiber map for w,
©: N — CIH(M). Let X be a finite type q-cycle in N. Then n*(X) is a finite type
(n+ q)-cycle in M.

PROOF. It is enough to treat the case where X is irreducible. Then 7*(X) — X
is quasi-proper so 7(X) has finitely many irreducible components. |

The adapted version of Theorem V.2.0.1 is now easy.

Theorem V.2.0.4 Let 1 : M — N be a quasi-proper holomorphic map with N
irreducible and assume that there exists a reduced holomorphic f-fiber map for m,
0 : N — CIH(M). Let (X,)ses be an f-analytic family of q-cycles in N parametrized
by a reduced complex space S. Then the family (7*(X;))ses of (n + q)-cycles in M
18 f-analytic.



94CHAPTER V. GEOMETRICALLY f-FLAT MAPS AND STRONGLY QUASI-PROPER MA.

Proor. Thanks to Theorem V.2.0.1, the only point to prove is the continuity of the
classifying map of the family (7*(X;))ses which takes its values in ¢l +q(M) thanks
to the previous lemma. Let G be the set-theoretic graph of the family (X;)ses. Then
G C S x N is quasi-proper over S. The set-theoretic graph I' € S x M of the family
(7*(X5))ses s equal to (idg x7) (@) and the point is to prove that I is also quasi-
proper over .S. But this is an immediate consequence of Lemma I1.2.0.4. [

REMARK. We may reformulate the previous theorem as follows, using the definition
of a f-GF map which will be given in the next section (see Definition V.3.0.1)

e Let m: M — N be a f-GF map, n the dimension of its fibers and ¢ > 0 an
integer. Then there exists a natural pull-bak map for finite type cycles

m CHN) — ¢, (M)

n-+q

which is holomorphic for the weak analytic structures of these cycle spaces.

We give now two example of f-fiber maps.

EXAMPLE 1. We define
N:={(z,y) €C* /2> =¢*} and M :={((z,y),2) € NxC /2* =y}

Then the natural projection 7 : M — N gives a proper finite surjective map of
degree 2 which has a reduced holomorphic f-fiber map ¢ : N — Sym?(M) c CJ (M)
which associated to (z,y) € N the cycle of degree 2

p(a,y) = {(z.y,vy)} +{(z,5,—vy)} € N x Sym*(C).

The holomorphy of this map is easily checked using the fact that the image of 7 is
contained in the closed analytic subspace N x Sym?(C) ~ N x C? of C] () which is
isomorphic to N x C? via the isomorphism Sym?(C) ~ C? given by the elementary
symmetric functions S; and S, since

SiVH—VI) =0 and S5, —5) = .

Let My :={(z,y),2) € NxC /x =yz}and M_ = {(x,y),2) € NxC /x = —yz}.
They are closed analytic subsets in N x C and as we have 2% = y?2? in M we see
that M, UM_ = M and they are the irreducible components of M. The projections
my My — N and m_ = M_ — N are holomorphic homeomorphisms and admits
continuous inverses given by ¢4 (z,y) = (z,y, £z /y) which are not holomorphic at
(0,0), but are continuous meromorphic fiber maps for 7. respectively.

Remark that 7. does not admit a f-holomorphic fiber map, reduced or not.

This example show that even if a (quasi-)proper geometrically flat holomorphic fiber
map 7 : M — N with N irreducible, has a reduced f-holomorphic fiber map, it may
happen that the restriction of 7 to an irreducible component of M does not admit
a holomorphic map (reduced or not).
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ExAMPLE 2. We keep the same irreducible complex space N as in Example 1 but
we define now the non reduced complex space

M = {((z,y),z) € N x C / z* — 3yz + 22 = 0}.

Then again the natural projection 7 : M — N gives a proper finite surjective map,
which is now of degree 3 and which has a non reduced holomorphic f-fiber map

Uz, y) = 2{(z,y.z/y)} + {(z,y, —2z/y)} € N x Sym’(C).

The holomorphy of v is easy to prove, as above, because the elementary symmetric
functions of the cycle X (x,y) := 2{z/y} + {—2x/y} € Sym*(C) are respectively
equal to

Sl(X(mvy» - 07 SZ(X(x7y)) - _3y7 53(X(x7y) = —2zx for (may) €N.
If we define the analytic subsets of M by
M, :={(x,y),2) € NxC Jz =yz} and M_y:={(z,y),2) € NxC /| -2z = yz}.

We again find two irreducible components of M which are, respectively the graph of
the continuous meromorphic functions (x,y) — z/y and (z,y) — —2x/y on N. This
gives an example of a (quasi-)proper geometrically flat holomorphic map = : M — N
with NV irreducible but M non reduced, which has a non reduced f-holomorphic fiber
map, such that M does not admit a holomorphic reduced f-fiber map and such its
irreducible components does not admit any holomorphic f-fiber map, reduced or
not reduced.

Note that the natural non reduced structure ( we have in (M, \ {(0,0,0})) the
identity

2 —3yz+ 21 = (2 —x/y)*(z +22/y) = (y — 2% (2 + 22/y)

does not help !

V.3 Geometrically f-flat maps

Among the holomorphic quasi-proper surjective maps, the equidimensional maps
between two irreducible complex spaces are certainly the simplest. Suppose that we
have such a map 7: M — N and put n :=dim M — dim N.

Definition V.3.0.1 We shall say that a map m: M — N s geometrically f-flat
if the following conditions are satisfied:

(i) M is a reduced complex space, N is an irreducible complex space and m is
holomorphic and surjective.
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(ii) There exists a reduced holomorphic f-fiber map for m (see Definition V.2.0.2)
which will be called the reduced f-fiber map for .

Geometrically f-flat maps will often be called f-GF maps for short.
The simplest examples of f-GF maps are given by the following lemma.

Lemma V.3.0.2 Let 1 : M — N be a quasi-proper holomorphic map between
wrreducible complex spaces. Let n := dim M — dim N and assume N s normal and
7 18 equidimensional. Then there exists a reduced f-fiber map for m.

PrOOF. This an immediate consequence of Theorem 3.4.1 of [10] ch.IV taking into
account the quasi-properness of . |

REMARKS. Let m: M — N be a holomorphic mapping from a reduced complex
space to an irreducible complex space.

(i) If the map 7 is geometrically f-flat, then it is both quasi-proper and open.
This is an immediate consequence of the continuity of a fiber map. Moreover,
if M # (), the map 7 is surjective (remember that {()[n]} is open and closed in
CI(M)) and the space M has pure dimension.

(ii) If M # 0 and 7 is geometrically f-flat, then the reduced fiber map for =
takes its values in the analytic subset CJ(7)* and hence induces a holomorphic
section of the natural map C/(7)* — N which takes it generic values in the
analytic subset of reduced cycles in CI(7)*.

(iii) When 7 is a quasi-proper equidimensional map which does not have a reduced
f-fiber map we can always take the fiber product of © with the normalization
map v: N — N and obtain an f-GF map 7#: M — N, where M = N xy M,
and then the mapping 7 admits a reduced fiber map ¢: N — CI(M). Moreover,
composing ¢ with the direct image map 7, : C/(M) — C/(M) we obtain a
meromorphic reduced fiber map for 7 parametrized by N. This will be explain
later.

(iv) If M is pure dimensional but not necessarily reduced and 7 is flat (in the al-
gebraic sense), then 7 induces an analytic family (X,),en of n—cycles in M,
where n := dim M — dim N, such that |X,| = 77 1(y) for all y in N®. Hence
the map 7 is geometrically f-flat if and only if it is quasi-proper and M is
generically reduced.

The following lemma and its corollary give an easy way to recognize an f-GF map.

()This follows from Theorem X.3.3.5 in [12]
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Lemma V.3.0.3 Letw: M — N be a holomorphic map between irreducible complex
spaces. Put n := dim M — dim N and assume that the canonical map CI(7)* — N
admits a holomorphic section @ whose generic values are reduced cycles. Then the
map m 1s geometrically f-flat and @ is the reduced f-fiber map for m.

PrROOF. Let G denote the graph of w in M x N, let I" denote the graph cycle in
N x M of the analytic family of n-cycles which ¢ classifies and let p: M xN — NxM
be the canonical isomorphism. Then I' = |I'| and p(G) are (closed) analytic subsets
of the same dimension in N x M and I' C p(G). Since G is irreducible it follows
that I' = p(G) and consequently ¢ is the reduced f-fiber map for . [ |

Corollary V.3.0.4 Let m: M — N be a holomorphic map between irreducible com-
plex spaces. Put n := dim M — dim N and assume that there exists a holomorphic
map p: N — C{(M) such that the restriction of ¢ to a non-empty open set N' in
N s the reduced f-fiber map for the map 7= (N') — N’ induced by 7. Then w is an
f-GF map and ¢ s the reduced f-fiber map for m.

PROOF. The case where M = () is trivial so we assume M # (). Then ¢(N’) is
a subset of CI(r)* and it follows that p(N) C Cf(n)* since N is irreducible and
CI(m)* is an analytic subset of CJ(M). Moreover, the composition of the canonical
map C/(m)* — N with ¢ is a holomorphic map N — N which coincides with idy
on N, so it is the identity map on N. Hence ¢ induces a holomorphic section of the
canonical map and Lemma V.3.0.3 allows us to conclude. [ |

The following easy consequence of the Direct Image Theorem IV.4.0.1 shows that
the reduced fiber map of an f-GF map 7 : M — N gives a realization of N as a
reduced complex subspace of the space of finite type cycles in M.

Theorem V.3.0.5 Let 7 : M — N be a f-GF map and let ¢ : N — C/(M) be
its reduced f-fiber map. Then ¢ is a closed holomorphic embedding of the reduced
complez space N©®).

PROOF. As the map ¢ induces a holomorphic section of the holomorphic map
a : Cl(m)* — N it is a closed topological embedding. It follows that ¢(N) is a
complex subspace of C/(M) due to the Direct Image Theorem®. Hence the map
N — (N), induced by ¢ is biholomorphic since its inverse is induced by «, is
holomorphic. [ |

(3)This means that the map N — (N) is an isomorphism of reduced complex spaces when ¢(N)
is endowed with the sheaf of holomorphic functions induced from CJ (M).
(Y'Here we consider only the case of a proper map with finite fibers.
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V.4 Stability properties of f-GF maps
Theorem V.2.0.4 has the following corollary.

Corollary V.4.0.1 Let m: M — N and 0: N — P be two geometrically f-flat
maps. Then the map o o 7 is geometrically f-flat.

ProoOF. It is enough to apply the theorem V.2.0.4 to the map 7 and to the reduced
f-fiber map for ¢ in order to show that o o m admits a holomorphic reduced f-fiber
map. [

Corollary V.4.0.2 Let 7: M — N be a geometrically f-flat map and consider a
holomorphic map g: Z — N where Z is an irreducible complex space. Assume that
g(Z) is not contained in the subset of non-reduced fibers of 7. Then the projection
7 4 Xy M — Z is geometrically f-flat.

PROOF. Let ¢: N — CJ/(M) be the reduced f-fiber map of 7. Then the map
V: Z — CIH(Z xn M) by ¥(z) := {2} x ¢(g(2)) is holomorphic , thanks to the
Product Theorem (see Theorem 4.6.4 in [11]). As we have |¢(z)| = 7 !(z) for all
z € Z, 1 is the reduced f-fiber map for 7. [ |

It should be noted that, without our hypothesis on g(Z), the corresponding f-fiber
map ¢ is still an f-fiber map for 7 (but not reduced in general). So, in the case
where Z is normal, it admits nevertheless a reduced fiber map using Theorem 4.2.12
in [11].

Definition V.4.0.3 Let m: M — N be a surjective holomorphic map from a pure
dimensional reduced complex space to an irreducible complex space. A geometric
f-flattening (or simply f-flattening) of 7 is a modification 7: N — N such that
the strict transform, 7: M — N, of w by 7© is an f-GF map.

In the situation of Definition V.4.0.3 it leads from (ii) of Lemma I1.2.0.1, that the
map 7 is necessarily quasi-proper if it admits an f-flattening. On the other hand
this condition is not sufficient as is shown in Example 1 below. In section 6 we
study in detail the so-called, strongly quasi-proper maps, which are exactly
those quasi-proper maps that have a geometric f-flattening. Moreover, we will show
that a strongly quasi-proper map has a “natural” f-flattening.

EXAMPLE 1. Let
Y :={((a,b),(z,y)) € C*xC* / P(a,b,x,y) := a.x® + b.x — a*.y* =0}

and let 7 : Y — C? be the first projection onto C*. Then we have the following
properties:

(5)Recall that this is an analytic subset with no interior points in N.
(6)See Definition V.1.0.4 above
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(i) The (algebraic) hypersurface Y of C* is irreducible (in fact normal and con-
nected).

(ii)) The map 7 : Y — C? is quasi-proper.

(iii) After blowing-up the origin in C* the strict transform of 7 is no longer quasi-
proper.

PROOF OF (i). The critical set of the polynomial P(a,b,z,y) is given by the fol-
lowing equations

22 —2a1*=0, =0, 2azx+b=0, 2a°y=0. (1)

So the subset S :={a=0b=2=0}U{x =y = b= 0} which is one dimensional is
the singular set of Y. As it has codimension 2 in Y, the hypersurface Y is normal.
We shall see below that each fiber of 7 is connected and then the existence of a
holomorphic section (id,0) : C* — C? x{0} of m implies that Y is connected. Hence
Y is irreducible.

PROOF OF (ii). First we shall describe the fibers of 7 as subsets of C*. For a.b # 0
the fiber 771 (a, b) is a smooth conic containing the origin in C?. For a # 0 and b = 0
the fiber 7~ *(a,b) is the union of two distinct lines through the origin. For a = 0
and b # 0 the fiber 771(0, b) is the line x = 0 which also contains the origin. Finally
the fiber 771(0,0) is C*. So each fiber is connected and contains the origin. Then
the m-proper set C* x{0} meets every irreducible component of any fiber of 7, so
this map is quasi-proper.

PROOF OF (iii). Consider now the blow-up 7 : X — C? of the (reduced) origin in
C2. The complex manifold X is the sub-manifold

X = {((a,b), (o, B)) € C* xP; / a.8 = b.a}.

It will be enough to show that the strict transform of 7 over the chart {5 # 0} of X
is not quasi-proper to achieve our goal. So let s := a/f. Then we have coordinates
(s,b) € C? for this chart on X. The total transform of Y is given by the equation

sha’+bax— sy =0

and, as the function b is not generically zero on the strict transform Y of Y by 7.
Then we have

Vazo = {((5,b), (,9)) € C*x C* / z.(s.x + 1) — b.s>.y* = 0}.

So the fiber of the strict transform 7 at the point (s,0) is the union of the two lines
{z =0} and {x = —1/s} for s # 0. Then it is clear that this map is not quasi-proper
as an irreducible component of the fiber at (0, s),s # 0 avoids any compact set in
C? when s # 0 goes to 0. O
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CrLAIM. The quasi-proper map 7 in the previous example does not admit a f-
flattening.

The proof is a consequence of the following useful criterium, which will be proved
later (see Proposition V.5.2.2).

CRITERIUM. Let w: M — N be a quasi-proper surjective map between irreducible
complex spaces and put n := dim M — dim N. Let z a point in N and assume that
there exists a sequence (y,),eny which converges to z and satisfies the following

property:

e There does not exists a compact subset K of M which meets every irreducible
component of the set 77 !(y,) for all v.

Then the map 7 does not admit an f-geometric flattening. O

PrROOF OF THE CLAIM. Now, consider the double sequence vy, , = (1/qv,1/q) €
C%\ {(0,0)} for (v,q) € (N*)2. It converges to (0,0).

The fiber of 7 at y,, is the smooth conic C,, := {2* + vz — y*/qv = 0}. Now the
set

{Coq [ (v,q) € (W)} C C(C?)

contains the sequence ({z = 0} + {z = —1/v}),>1 of cycles which has the sequence
(x = —1/v}),>1 of irreducible components escaping at infinity when v — 400. So
this closure cannot be a compact subset in C (C?) (see I11.3.1).

The following criterium whose proof of this fact is an immediate consequence of
V.5.2.2, implies that the quasi-proper map 7 does not admit a geometric f-flattening
in any open neighborhood of the origin in C2. |

REMARK. Even though the blow-up of the origin in C? gives a geometric flattening
of m, it is not quasi-proper and so, it is not a geometric f-flattening.

The following example shows that a quasi-proper map can behave badly in another
way.

EXAMPLE 2. We shall give an example of a reduced hypersurface M in C* x C?
which has two irreducible components M; and M, such that the natural projection
p: M — C? is quasi-proper but such that the restrictions p; and py of p to M; and
M, are respectively quasi-proper and not quasi-proper.

Let
M, = {(z,y,z,u,v) € C*x C* / yv = z.u}

and
My = {(z,y, z,u,v) € C* xC* / z.u’® 4+ y.v* 4+ z.v —u = 0}
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and define M := M; U M,. Let us begin by the description of the fibers of p; and p,
as subsets of C?.

The fiber of p; at a point (z,y, z) when (y, z) # (0,0) is a line passing through the
origin. When y = z = 0 the fiber is equal to C*. So all fibers are irreducible and
contain the origin in C?. Hence they meet the O-section of p; and p; is quasi-proper.

The fiber of py at a point (z,y,2) when (y,z) # (0,0) and = # 0 is an irreducible
conic passing through the origin. This is also the case if x = 0 and y # 0. For
x =y = 0 the fiber is a line passing through the origin of C%. When y = z = 0 and
x # 0 the fiber is a couple of lines, one through the origin (u = 0) but the second
one (u = 1/x) is going to infinity™ when x goes to 0. This shows that p, is not
quasi-proper at the origin.

For the map p the fiber at a point (x,y, z) when (y, z) # (0,0) and z # 0 is the union
of an irreducible conic passing through the origin and of a line passing through the
origin. For z = y = 0 and 2z # 0 the fiber is the union of two lines passing through
the origin {u = 0} and {z.v = u}. For y = z = 0 the fiber is C*. So each irreducible
component of a fiber of p contains the origin and so p is quasi-proper. |

REMARK. If we replace, in the above example, My by
My = {(x,y, z,u,v) € C* xC* / zuwv+yv*+zv—u=0}

and denote p},: M, — C? the restriction of p we obtain an similar example but where
all fibers of the projection p}, are connected. O

V.5 Strongly quasi-proper maps

V.5.1 Definition and a characterization of strongly quasi-
proper maps

As is shown by Example 1 above, the notion of quasi-proper map is not stable by
base change (even by a modification of the target space) in presence of ”big fibers”.
We shall introduce in this section a stronger notion, called strongly quasi-proper
maps (in short SQP maps) which has better functorial properties and is equivalent
to quasi-properness when the map is equidimensional. It will be characterized by
the fact that its maximal reduced fiber map (see definition below) is a meromorphic
map from N to CI(M).

(") This means that this line avoids any given compact set if x is near enough to 0 but not equal
to 0.
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Our setting is now the following : we consider quasi-proper surjective holomorphic
maps. The lemma below shows that they are always f-GF over a dense Zariski open
set N’ in the target space N which is assumed to be irreducible.

Lemma V.5.1.1 Letw: M — N be a holomorphic quasi-proper and surjective map
between a pure dimensional complex space M and an irreducible complex space N.
Then there exists a (closed) analytic subset ¥ with empty interior in N such that
the map induced by T,

7. M\7m (%) — N\Z

18 an f-GF map, which admits a reduced f-fiber map.

PrROOF. Set n:=dim M —dim N and let S be the analytic subset of points z in
M such that the dimension at z of the fiber 7=!(7(z)) is strictly bigger than n. As
this analytic subset is a union of irreducible components of the fibers of © which is
assumed to be quasi-proper, ’s theorem implies that the image >y of S is a closed
analytic subset in N. Moreover, ¥, is of empty interior since dim¥, < dim N.
Let ¥; be the set of non normal points in N and put ¥ := ¥y U ;. Then,
w: M\ 7 1X) - N\ X is a quasi-proper n—equidimensionnal map and N \ X
is a normal space, so it is an f-GF map due to Lemma V.3.0.2). |

In the situation above we say that the reduced f-fiber map for 7’ is a reduced
f-fiber map for 7 on N' = N\ X.

REMARK. If in Lemma V.5.1.1 we suppose that 7 is quasi-proper and dominant,
then 7 is surjective and 7—!(X) is a nowhere dense analytic subset of M. Moreover,
if we have two dense Zariski open subsets N7 and Ny of N and, on each one of them,
areduced f-fiber map for m, then these two f-fiber maps coincide on the intersection
N7 N Ny. Consequently there exists a largest dense Zariski open subset N’ of N on
which we have a (unique) reduced f-fiber map ¢ for m. Moreover, every reduced
f-fiber map for 7w on a dense Zariski open subset of N is a restriction of ¢. We call ¢
the maximal reduced f-fiber map for 7. Thanks to Lemma IV.2.2.1 the cycle
¢(y) is equal to the reduced fiber 7—!(y) for y generic in N’. O

Even though the restriction of a quasi-proper holomorphic map to an irreducible
component is in general not a quasi-proper map (see Example 2 following Corollary
V.4.0.2), we still have the following result.

Lemma V.5.1.2 Let m: M — N be a quasi-proper holomorphic map between a
reduced complex space M and an irreducible complexr space N, and let C be an
wrreducible component of M. Then we have:

(i) The restriction mc: C — N is semi-proper.

(ii) Suppose moreover that mc is dominant and put n := dimC — dim N. Then
mc is surjective and there exists a dense open subset N' of N and, on N' a
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holomorphic f-fiber map p: N' — CL(m)* for mc such that p(y) is reduced for
all y in N'.

PrOOF. To prove (i) it is enough to show, thanks to Proposition 1.1.0.3 (a), that
¢ is semi-proper at every point in 7(C), so let us fix a point yo in 7(C). As 7 is
quasi-proper, there exists an open neighborhood V' of yg in N and a compact subset
L of M which intersects every irreducible component of 71 (y) for all y in VN7 (C).
So it is sufficient to show that the compact subset L N C' intersects 7! (y) for all
yin VN rx(C). Now, for every point y in V, there exists a sequence (y,),>1 which
converges to y and such that C' contains an irreducible component of 7—!(y,) for
all v > 1. Consequently there exists a sequence (x,),>1 in C'N L such that, for all
v>1, 2, € my,)NCNL and, by taking a subsequence, we may assume that
(7,),>1 converges to a point z in L N C. Hence 71 (y) N LN C # 0, since 7(z) =y
by continuity, and the proof of (7) is completed.

For the proof of (ii) we observe first that the singular part of N is b-negligible so we
may assume that N is smooth. Hence it is enough to prove the result in the case
where N is an open subset of a numerical space, since a subset of N is b-negligible
if and only if it is locally b-negligible in N.

Let S(M) denote the singular part of M and T be the set of points y in N such that
S(M) contains at least one irreducible component of 771(y). Now, for a fixed point
Yo in N, there exists an open neighborhood V' of yy in N and a compact subset K
of M which meets every irreducible component of 7~(y), for all y in V| since 7 is
quasi-proper. Then T'NV is a b-negligible subset of V', thanks to Corollary 1.2.0.6.
Hence T is a b-negligible subset of N and consequently N \ 7" is a dense open subset
of N. As 7 is dominant, it follows that C" := C'N (M \ 7=!(T')) is a dense open
subset of C' and, for each y in N\ T, the fiber 7r|_cl, (y) is the union of those irreducible
components of 77! (y) which intersect C. Thus mc: C" — N \ T is a quasi-proper
map and, and by Lemma V.5.1.1, there exists a dense open subset N’ of N\ 7" and
a holomorphic map ¢: N’ — C/(m)* such that p(y) is reduced for all y in N’. W

Definition V.5.1.3 We say that m: M — N is a strongly quasi-proper map
(an SQP map for short) if the following conditions are satisfied:

(i) M is a reduced complex space of pure dimension, N is an irreducible complex
space and 7 18 a holomorphic quasi-proper dominant map.

(ii) The closure in N x CI(M) of the graph of a reduced fibermap for © over a
dense Zariski open subset N' is proper over N.

REMARK. Suppose m: M — N is a map, which satisfies condition (i) of Defini-
tion V.5.1.3, and let ¢: N’ — C/(M) be the reduced fibermap for 7 on N’. Denote
respectively I' the closure of the graph of ¢ in N x Cf(M) and ¢(N’) the closure
of ¢(N") in CI(M). As ¢ induces a holomorphic section of the natural holomorphic
map «a: C{(7)* — N, the canonical projection N x C/(M) — C/(M) induces a
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homeomorphism from I" to ¢(N’). It follows that 7 is an SQP map if and only if the
map ¢(N’) — N induced by « is proper. O

The following proposition gives a characterization of SQP maps. It is an improvement
of the criterium given in [6] for a holomorphic map to be an SQP map.

Proposition V.5.1.4 Let m: M — N be a dominant holomorphic map between
a pure dimensional complex space M and an irreducible complex space N. Define
n := dim M — dim N. Assume that there exists a dense subset A in N such that
for each y € A the fiberm—1(y) is non empty, and of pure dimension n with finitely
many irreducible components. Let v: A — CI(M) be the map which associates to
every y in A the reduced n-cycle 7=1(y). Let T be the graph of the map v and T be
the closure of T in N x CI(M). Our main assumption is now the following:

o The natural projection 7: I — N is proper.

Then the map 7 s strongly quasi-proper.

PROOF. As 7(I') is closed and contains A we have 7(I') = N. Now recall that the
singleton {(@[n]} is open (and closed) in C/(M). Then by Proposition 1V.2.2.3 the
set

{w.O eNxCl(m) /] gl S (y)}

is closed in N x CJ(M) and contains I". Hence it contains I' also and it follows that
7 is surjective.

Our second step of the proof (which is infact the main step) we are going to show
that the map 7 is quasi-proper. To do so let p: N x C/(7) — C/(r) be the natural
projection, let y be an arbitrary point in N and let V' be an open relatively compact
neighborhood of y in N. Fix ¢y € V and choose an irreducible component C' of
7~ 1(y)®). Let 2’ be a point in C such that 2’ does not belong to any other irreducible
component of 771(y'). Then, as 7 is dominant, 7—!(A) is dense in M (see Lemma
V.1.0.2) and we can choose a sequence (,),>o in 7~ *(A) converging to z’. For v > 1
we have 7(x,) € V so the cycles y(w(x,)) are in the compact subset p(7—1(V)) of
CI(r). By taking a subsequence, we can assume that the sequence (y(m(z,))),0
converges to a cycle § in Cf (7). As we have x,, € v(7(x,)) for each v we have 2’ € |4].
Since p(771(V)) is a compact subset of CJ(M) there exists a compact subset K in
M such that each irreducible component of every cycle in p(7=%(V)) meets K. So
this is the case for each irreducible component of the cycle vy(w(z,)), for every v,
and for every irreducible component of |d|. Let dp be an irreducible component of §
containing x’. Then dy is contained in C' since C' is the only irreducible component
of 77!(y’) which contains 2. As dy meets K so does C.

Thus we have proved that for all y € N there exists an open neighborhood V' of
y in N and a compact set K in M such that for every ¥/ € V and any irreducible

(®)From the surjectivity of m proved above, 7~1(3') is not empty.
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component C' of 771(3/) the intersection C'N K is not empty. This means that the
map 7 is quasi-proper.
To prove that 7 is strongly quasi-proper let

o: N’ —>CTJ:(M)

be the reduced fibermap for 7 over N’. Then ¢(y) is reduced for generic y in N'. It
follows that ¢ and 7 coincide on a dense subset of N. Hence the closure of the graph
of p in N x C{(M) is contained in I'. Then, by definition, the map 7 is strongly
quasi-proper. [

V.5.2 Basic properties of SQP-maps

Proposition V.5.2.1 Let m: M — N be an SQP map, ¢: N' — Cl(w) be its
reduced fibermap over N’ and T' be the closure of the graph of v in N x C/(M).

Then we have
U Kl ="

gery,

for all y in N,

PROOF. For yin N’ the assertion is obvious; so suppose y € N\ N’ and z € 7 !(y).
Then there exists a sequence (z,,) in 7—'(N’) which converges to x because 7 is a
dominant map. Since I" is proper over N we may assume, by taking a subsequence
if necessary, that the the sequence (p(w(z,)) of n—cycles in M converges to an
n—cycle £ € I'y. Then we have x € |{|. The other inclusion is obvious. [ |

Proposition V.5.2.2 Let m: M — N be a holomorphic map from a pure dimen-
sional reduced complex space to an irreducible complex space which admits a fibermap
¢0: N' — CI(m)*, where N’ is a dense open set and where ¢(y) is reduced for all y
in N'. Let T denote the closure of the graph of ¢ in N x C°¢(M) and let 7: T — N
and p: T' — C°°(M) denote the natural projections. Then 7 is an SQP map if and
only if it satisfies the following condition:

(%) For every compact subset K of N there exists a compact subset L of M which
intersects every irreducible component of every & in I'y for all y in K.

PRrROOF. Let I'/ denote the closure of the graph of ¢ in N x C/(M).

Suppose that 7 is an SQP map. Then I'Y is a closed subset of I since I'/ is proper
over N and consequently I'y = I'. Now, let K be a compact subset of N. As 7 is
a proper map the subspace p(77'(K)) = Uyexl', of CJ(M) is compact and, due
to Corollary I11.3.2.6, there exists a compact subset L of M which intersects every
irreducible component of every £ in I'y for all y in K. Hence (*) is satisfied.

(D Recall that the equality ({y} x Cf(M))NT = {y} x ', gives the definition of T,.
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Conversely, suppose that condition (x) is satisfied and fix a compact subset K of V.
Let us show first that p(77!(K)) is a compact subset of C'°°(M). We observe that
p(771(K)) is a closed subset of C°¢(M), since the natural projection

K x C°(M) — C°°(M)

is a closed map, so it is enough to show that p(77(K)) is a relatively compact
subset of C1¢(M). By Theorem II1.1.0.6 the set p(771(K)) is a relatively compact
subset of Cl°¢(M) if for every continuous positive definite (1,1)—form w on M and
every relatively compact open subset M’ of M the function

€ s vl (€1 M) = /g o (@)

is bounded on p(77!(K)). Now let us fix such w and M’ and show that the function
v, defined by (@), is bounded on p(77(K)). To do so we take a relatively compact
open neighborhood W of K in N and recall that, by Proposition 4.2.17 in [11], v
is continuous on C¢(M) and moreover bounded on p(7~'(N’ N W)) by Theorem
3.6.6 in [11]. As 771 (N NW) is dense in 7~ 1(W) it follows that v is bounded on
p(77Y(W)) and consequently also on p(7~(K)).

It then follows from (*) and Corollary I11.3.2.6, that p(7—(K)) is a compact subset
of C/(M). This implies that the subset '/ of N x C/(M) is equal to " and is proper
over N. Hence 7 is an SQP map. [

ExAMPLE. In Example 1 following Corollary V.4.0.2 the mapping 7: Y — C? is

quasi-proper and has a reduced fibermap ¢ on C*\{(0,0)}. Let I" denote the closure

of its graph in C? xC/(Y) and let s # 0 be a complex number. Then Pr% o(t, s.t)
—

is the union of two lines given by z = 0 and =z = —% in [(g). It follows that no
compact subset of Y intersects every irreducible component of every & in I'( ), so
the map 7 is not strongly quasi-proper. O

The following result shows that strong quasi-properness of a map can be tested with
any of its fiber maps, not only the reduced one.

Corollary V.5.2.3 Let m: M — N be a quasi-proper and dominant holomorphic
map from a pure dimensional reduced complex space to an irreducible complex space
and 1. N' — C/(n) be a fiber map for © (reduced or not) on an open dense subset
N’ of N. Denote Ty, the closure in N x CI(M) of the graph of 1. If Ty, is proper
over N, then m is an SQP map.

PROOF. Let ¢ denote the maximal reduced fiber map for 7 and let N” be a dense
open subset of NV where both ¢ and 1 are defined and holomorphic. Let I, denote the
closure in N xCf (M) of the graph of ¢. Let 7,: Ty, — N and p: NxCJ (M) — CI(M)
denote the natural projections. Notice first that we have:



V.5. STRONGLY QUASI-PROPER MAPS 107

(%) Every y in N” satisfies the inequality p(y) < ¥(y).

Let K be a compact subset of N. Then 7, '(K) is compact and it follows from
Corollary I11.3.2.6 that there exists a compact subset L of M which intersects every
irreducible component of every cycle in (I'),, for all y in K. Now, for a fixed point y in
K and a fixed cycle n in (I',),, there exists a sequence (y,) in N” which converges to
y and such that p(y,) — 1. As 7, is proper we may assume, by taking a subsequence,
that (¢(y,)) converges to a cycle £ in (I'y),. Thanks to (x) we then have n < ¢ and
it follows that each irreducible component of 7 is an irreducible component of &.
Hence L intersects every irreducible component of 1 and consequently 7 is an SQP
map by Proposition V.5.2.2. [

Corollary V.5.2.4 Let m: M — N be an SQP map and put n := dim M — dim N.
Suppose T is an irreducible subspace of N which is not contained in 7(X, 41 (7)),
Then the induced map 7=1(T) — T is an SQP map.

PROOF. Let ¢: N’ — CI(M) be the reduced fibermap for 7 and let I' denote the
closure of its graph. The restriction of ¢ to T\ (2, 11(7)) is then a (not necessarily
reduced) fibermap for the induced map 7=(7') — T and the closure of its graph is
a closed subset of I". Thus 7= (T) — T is an SQP map thanks to Corollary V.5.2.3. B

We would like to point out that Theorem V.6.0.1 below is a generalization of the
above corollary to the case where T is contained in the ”big fibers locus” 7(X,,11(7)).

Corollary V.5.2.5 Let m: M — N be a dominant holomorphic map from a pure
dimensional reduced complex space to an irreducible complex space. Suppose also
that M has only finitely many irreducible components. Then 7 is an SQP map if
and only if the restricion of ™ to each irreducible component of M is an SQP map.

Proor. Putn:=dim M —dim N and let M = M;U---UM, be the decomposition
of M into irreducible components.

Suppose first that 7 is an SQP map. Then, thanks to (ii) of Lemma V.5.1.2, there
exists a dense open subset N’ of N and, for each j € [1,k|, a holomorphic map
@;: N' = Cf(M;) such that p;(y) = ﬂﬁ}[j (y) for all y in N’. Hence

o: N — CL(M), y o1(y)+- + or(y)

is a reduced fibermap for m. Denote I'y, ...,y and T the closures in N x C/(M) of
the graphs of vy,..., ¢, and . Let K be any compact subset of N. If 7 is an SQP
map, then there exists a compact subset L of M which intersects every irreducible
component of every cycle in I'; for all y in K. Now, take a point y in K and a cycle
n in (I';), for some j. Then there exists a sequence (y,) in N’ such that (y,, ¢;(y.))

(10 Recall that Y,+1(7) is a union of fibers of 7, so its image by m, which is quasi-proper, is a
closed analytic subset of N.
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converges to (y,n). By taking a subsequence we may assume, since I' is proper over
N, that (¢(y,)) converges to a cycle £ in I'y. Then n < ¢ and it follows that L
cuts every irreducible component of 1. Hence we have proved that the restrictions
T\Mys - - - T, are all SQP maps.

The converse is proved in a similar way. [

V.6 Stability properties of SQP maps

We begin by showing that SQP maps are stable by strict transform in any base
change.

Theorem V.6.0.1 Let m: M — N an SQP map and let g: Z — N be a holo-
morphic map where Z is an irreducible complex space. Let w: Z — Z be the strict
transform of ™ by g and consider the decomposition Z = UjZ(j) where Z9) is the

union of all j-dimensional irreducible components of Z. Then, for each j such that
ZW) £ (), the map 7;: ZU) — Z, induced by =, is an SQP map.

PROOF. Let us first prove the result in the case where Z is a subspace of N and
g is the natural injection. Then, by (i) of Lemma V.5.1.2, Z is the union of those
irreducible components of 771(Z) which are mapped surjectively onto Z.

Consider a fixed j such that Z0) % () and put ¢ := j — dim Z. As ZY) has only
finitely many irreducible components there exists, due to (ii) of Lemma V.5.1.2; a
dense open subset Z’ of Z and a holomorphic fibermap ¢;: Z' — C/(7;)* for 7; over
Z' such that ¢;(y) is reduced for all y in Z’. Denote I'; the closure of the graph of
@;in Z x Cg(Z(j)). Then, thanks to Proposition V.5.2.2, it is enough to prove that

for any compact subset K of Z there exists a compact set L; of Z@ having the
following property:

If (y,), is a sequence in Z" which converges to a point yo in K and such that
;i (y,) converges to a g—cycle £ in C/(Z1), then every irreducible component
of £ meets Lj;.

Before proving this we put n := dim M —dim N and denote ¢ the reduced fibermap
for 7 over a dense open subset N’ of N and T the closure of its graph in N x CJ(M).
Now let K be a compact subset of Z. Then there exists a compact subset L of M
which, for all y € K, intersects every irreducible component of every n-cycle g € Iy,
because 7 is an SQP map.

Let (y,,), be a sequence in Z’, which converges to a point y, in K and such that ¢;(y,)
converges to a g—cycle £ in C({ (Z (1)), and & be any irreducible component of £. Pick
a point z in & which does not belong to any other irreducible component of ¢ and
choose, for each v, a point z, in |p;(y, )| such that lim,_,,, x, = =. Then there exists,
for each v, an n-cycle 3, € Iy, which contains x,, thanks to Proposition V.5.2.1.
As I is proper over N we may assume, by taking a subsequence, that the sequence
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(B,) converges in C/(M) to an n-cycle 3. Moreover every irreducible component of
B intersects L.

For each v let ~, be an irreducible component of 3, which contains x,. Then we have
Y C lei(y)| = 7 (yy) for all v and, due to Corollary I11.3.2.6, we may assume,
by taking a subsequence, that (7,), converges in C/(M) to an n-cycle § such that
d < B. Now, for all v, we have z, € 7, C |p(y,)| and hence z € || C |£], because
(¢(y»)), converges to & in Cf (ZV)).

Let dp be an irreducible component of |§| which contains z. Then §y C & and it
follows that () # dp N L C & N L, so we can set L; := LN Z),

The general case is now easily obtained from the case where Z is a subspace of N.
Indeed, the map idz x7: Z x M — Z x N is the strict transform of 7 by the natural
projection Z x N — N and it is clearly an SQP map. Then notice that we can
factorize g by the canonical inclusion of its graph G — Z x N for which the above
case gives the result. [ |

Lemma V.6.0.2 Letw: M — N be a quasi-proper and dominant holomorphic map
between reduced complex spaces where M is of pure dimension and N s irreducible.
Let 7: M — M be a modification whose center is m-proper. Then there exists a
nowhere dense analytic subset > of N and a reduced fibermap ¢ for mot on N\ X
such that 7, o ¢ is a reduced fibermap for m on N \ 3, where T, is the direct image
map by T.

PROOF. Set n := dimM — dim N and let C' denote the center of 7. As C has
empty interior in M, dimC < n + dim N and dim77'(C) < n + dim N we have,
thanks to Proposition 2.4.60 in [11] and Kuhlmann’s Theorem, that 7 (X, (7)) and
(mo7) (En(m 0 Tjr-1(¢))) are nowhere dense analytic subsets of N. Let &’ denote their
union. Then, for every y in N \ ¥', no irreducible component of 7~1(y) is contained
in C' and no irreducible component of 77!(77(y)) is contained in 77(C). Now,
by Lemma I1.2.0.3, 7 o 7 is quasi-proper and consequently there exists a nowhere
dense analytic subset ¥” of N and a reduced fibermap ¢ for mo 7 on N \ ¥". Put
Y =3 UX and let ¢ denote the restriction of ¢ to N \ X. It follows that, for
every y in N\ X, the map 771 (77 *(y)) — 7~ !(y) induced by 7 is a modification and
consequently 7,(p(y)) is reduced if ¢(y) is reduced. Hence 7, 0 ¢: N\ ¥ — C/ (M)
is a reduced fibermap for 7 since 7,: C/(M) — CJ(M) is a holomorphic map (see
Theorem IV.3.0.3). [

Theorem V.6.0.3 Let m: M — N be a holomorphic map between reduced complex
spaces where M is of pure dimension and N is irreducible. Let 7: M — M be a
modification whose center is w-proper. Then 7 is an SQP map if and only if mo T
is an SQP map.

PRrROOF. Set n:=dim M — dim N and let C denote the center of 7. From Lemma
I1.2.0.3 we have that 7 is quasi-proper if and only if 7 o 7 is quasi-proper so we may
assume that 7 is quasi-proper. Now let > and ¢ be as in Lemma V.6.0.2 and let T,
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T denote respectively the closures of the graphs of 7, o ¢ in N x CI(M) and ¢ in
N x CI(M).

Suppose first that 7 is an SQP map and let us show that 7 o 7 is an SQP map. To
do so we consider a compact subset K of N. Then there exists a compact subset L
of M which intersects every irreducible component of every v in I'y for all y in K.
We shall show that the compact subset L := 7~ (LU (7~ (K)NC)) of M intersects
every irreducible component of every ~ in fy for all y € K. So let’s take a point ¥ in
K and an n-cycle v in fy. Then 7,(7) is in Iy since 7 is continuous. Now let § be an
irreducible component of v which does not intersect 7=!(7~!(K) N C). Then § does
not intersect 771 (C') and consequently 7 maps ¢ bi-holomorphically onto 7(8). Thus
7(0) is an irreducible component of 7.(v) and it follows that 7(§) N L # (. Hence
D#6nr Y (L)=6NL.

Conversely, suppose that 7o 7 is an SQP map and consider a compact subset K of
N. Then there exists a compact subset L of M which intersects every irreducible
component of every n-cycle in T, for all y in K. Set L := 7(L) U (z~'(K) N C).
Take a point y in K and an n-cycle v in I'y. Then there exists a sequence (y,),>¢ in
N\ ¥ such that the sequence (7.(p(y,))),>0 converges to v in Cf(M). Since 7o 7 is
strongly quasi-proper we may assume, by taking a subsequence, that the sequence
©(y,))>0 converges to an n-cycle 4 in T',. Then by continuity we get 7.(3) = v
and with the same arguments as above it is clear that L intersects every irreducible
component of ~. [

Proposition V.6.0.4 Let my : M1 — N be an SQP map and 7y : My — My be an
f-GF map between reduced complex spaces. Then the composition m oy s an SQP
map.

PrROOF. Denote respectively I'y and I' the closures of the graphs of the reduced
fibermaps, ¢ and ¢, for m; and 7 o me. By Lemma I1.2.0.4 the map 7 o ms is quasi-
proper, so, thanks to Proposition V.5.2.2; it is sufficient to show that, for every
compact subset K of N, there exists a compact subset Ly of My which intersects ev-
ery irreducible component of every cycle in I', for all y in K. Fix a compact subset K
of N. Then there exist a compact subset Ly of M; such that int(L;) intersects every
irreducible component of every cycle in (I'y),, for all y in K and a compact subset L,
of M, which intersects every irreducible component of 7, ' (z) for all  in L;. We are
going to show that every irreducible component of every cycle in I'y meets Ly for all
y in K. Consider a cycle v in I'y. In a dense Zariski open subset of N where both ¢
and ¢ are defined and holomorphic we can find a sequence (y,),>o which converges
to y and such that ¢y, ) converges . By taking a subsequence we may also suppose
that ¢ (y,) converges to a cycle B in (T'y),. Then |y| C 7, *(|3]). Moreover |y| and
75, (| 3]) are of the same pure dimension so || is a union of irreducible components
of 7, '(|B]). As the induced map 7, *(|8|) — |3 is open and quasi-proper it maps
each irreducible component of v onto an irreducible component of |/3|. Hence for an
irreducible component § of v we get m(d) Nint(L;) # 0, so there exists a point z
in 7, () such that & contains an irreducible component of 7, *(z). It follows that §
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intersects Ls. H

Note that the composition of any two SQP maps is not an SQP map in general.
Even in the simple case where 7 : M — N is an f-GF map and 7 : M — M is
a modification, the composition 7 o 7 is not necessarily an SQP map, without the
assumption that the center of 7 is mw-proper. This is the content of the following
example.

In fact a proper modification of M for a f-GF map 7 with center C' not w-proper is
enough to give a counter-example, as follows:

EXAMPLE. Put M := C? N := C and let 7 : M — N be the projection
m(z,y) = x. Let 7 : M — M be the blow-up of M at each point of {0} x Z.
Then 7 is a (proper) modification and = is clearly a f-GF map. But mo7: M — N
is not an SQP map because its fiber at the origin is not a finite type cycle. So mo 7
is even not quasi-proper (but it is equidimensional ! )

V.7 Further characterizations of SQP maps

NOTATION. In this section we use the following notation for a continuous map
m: M — N.If V is an open subset of N we write My instead of 7~1(V) and we
denote my: My — V the map induced by 7. ]

The main result of this section is the following characterization of SQP maps in
terms of f-GF maps which is a variant of Theorem 2.4.4 of [6] (see also [20]).

Theorem V.7.0.1 Let m: M — N be a quasi-proper holomorphic dominant map
between reduced complex spaces where M is of pure dimension and N is irreducible.
Then the following three conditions are equivalent.

(i) The map 7 is strongly quasi-proper.
(ii) The mazimal reduced fiber map of © is meromorphic map from N to CI (M) ).
(i1i) The map m admits an f-flattening.

The proof is given in Subsection 7.2 below.

V.7.1 The local f-flattening theorem

Lemma V.7.1.1 Let m: M — N be a surjective holomorphic map between reduced
complex spaces of pure dimensions and put n := dim M — dim N. Let yo be a point

(11)Gee Definition IV.5.0.1.
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in N such that the fiber 7=(yo) has only finitely many irreducible components and
dim 7~ t(yo) > n. Then there exists an open neighborhood V of y and a modification
7.V — V such that the strict transform 7y : M(, — V of my by T has the property
that dim 7y,' (§) < dim 7~ (yo) for all § € 771 (yo).

PROOF. Write dim 7! (yp) = n+k with & > 0 and let I'y, ..., 'y be the irreducible
components of 77 (y) which has dimension n+k. For each i € [1, N| choose a point
x; in I';, which is a smooth point of dim 771 (yy), and an (n+k)—scale E; = (U;, By, j;)
adapted to 771 (yp) in such a way that the following conditions are satisfied:

i) z; € j; (Ui x By) and j;(2;) = (0,0).
iii) degp, (I';) = 1 and degg, (I';) = 0 if j # 4.

As the compact set UY, j7 1 (U; x 0B;) does not meet 7~ 1(yo) there exists an open

neighborhood Vj of 3o in N such that 7=1(V5) N j; '(U; x 0B;) = 0 for each i. Put
Wi =771 (Vo) Nj; H(U; x By). Let pry: U; x B; — B; be the natural projection and
let 0;: W; — Vi x U; be the map induced by (7, pr; o j;). Clearly 6; is a proper
map with finite fibers and consequently 6;(W;) is a nowhere dense analytic subset
of Vo x U; since dim W; < dim Vj x U;. Then, due to Proposition 3.6.5 in [11] (or
Proposition I11.6.1.5 in [10]), there exists an open neighborhood V; of yy in Vj and
a modification 7;: V; — V; such that the fibers of the strict tranform W, — V;
are at most of dimension n + k — 1. Moreover, we may assume that 7,..., 7y are
modifications of the same neighborhood V' of yq in V{. Hence, for each 7, we then
have the commutative diagrams

6; T éz ¥

W, ——=V x U, and W, —=V, x Uj;

can.incl.l can.incl‘l
MV can.proj. Ml can.proj.
Wl i l
U

174 ~
Vi

where the latter is obtained by taking the strict transform of the former by 7;.
Let C be an irreducible component of #; () where § is a point in 7, *(o). Then
from the above we see that dimC < n + k if C N W; # §. By Lemma V.1.0.6
there exists a modification 7: V — V such that, for each i, we have a factorization

7. V—2-V,—"+V . Hence the commutative diagram

Mv —— Mz —— MV
ﬁvj ﬁ'ij jﬂ'V
"7 (o3 "‘/‘; Ty V
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where 7y : MV — V is the strict transform of my: My — V by 7. Now, let i be
a point in 77!(y) and let us show that every irreducible component of 7#71(g) is at
most of dimension n+ k — 1. We argue by contradiction and assume that there is an
irreducible component C' of #71(¢) such that dim C = n + k. Then the proper map
My — My maps C biholomorphically onto an irreducible component of 7 “yo), say
I';. Consequently the image of C' in M, is an irreducible component of 7 T (al(g)) and
intersects WW;. This is a contradiction since every irreducible component of 7. (03 ())
which intersects WW; is at most of dimension n + k — 1 |

REMARK. In the situation above 7;,'(§) can have infinitely many irreducible com-
ponents, even when 7 is quasi-proper. O

EXAMPLE. Consider C? with coordinates (z, y, ) and define the two smooth hyper-
surfaces M; := {y = 0} and M, := {y = z?} in C3. Note that the set-theoretic
intersection D := Mj N My is the line {x = y = 0} and that M; and M, are tangent
at each point of this line.

Let 7 : Z — C3 be the blow-up of C* at each point (0,0,n) with n € Z. Denote
respectively M1 and Mg the strict transforms of M; and M,. Then 7; : M — M;
is the the blow-up of M; at each point (0,0,n) with n € Z for ¢ = 1,2. Moreover
the intersection Ml N MQ in Z is the union of the strict transform of D with the
exceptional Py in M (or in My) over the points (0,0,n) with n € Z.

Let M := Ml U MQ and let 7 : M — C be the holomorphic function defined by
p2 © 77 where pe(x,y, 2) == y.

The fiber of 7 at the point yy # 0 is the pull-back by 7 of the couple of lines given
by the equations y = 22,y = yo in C3. The fiber at 0 of 7 is equal to M; which is
irreducible (smooth and connected) of dimension 2.

Then 7 is quasi-proper because the analytic subset X = 77'({z = 1/2}) N M,
in M is proper (and finite of degree 2) on C via 7w and it meets every irreducible
component of each fiber of 7 : for 771 (yy) with 3o # 0 this is clear as it contains the
points (£4/Jo, ¥, 1/2) and for yo = 0 it contains the point (0,0,1/2) € M.

But the strict transform of 7 by the blow-up of the origin in C (which is the identity
map) is the (equidimensional) holomorphic map

p20T|M22M2—>C

whose fiber at the origin has infinitely many irreducible components: the strict trans-
form of the line D and each exceptional P; over the points (0,0,n),n € Z. O

The following theorem is originally due to D. Mathieu (see [20]).

Theorem V.7.1.2 Let w: M — N be an SQP map and y be a point in N. Then
there exists an open neighborhood of y in N such that my: My — V admits an

f-flattening.
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PrROOF. Define n := dim M — dim N. By iterated use of Lemma V.7.1.1 we get
an open neighborhood Vi of y and a modification 7: V4 — V; such that, for all
j in 77 (y), the fiberover § of the strict transform, 7y, : My, — V4, is of (pure)
dimension n. Let T' denote the image of 3,,,1(7v,) by #y,. Then TN7; ' (y) = 0 and,
due to Theorem V.6.0.1, 7y, is an SQP map. Hence T is an analytic subset of Vi
and consequently V; \ T is an open neighborhood of 7, *(y). As 71 is a proper map,
there exists an open neighborhood of V of y such that 7,7 1(V) € V4 \ T and the
induced map 7; '(V) — V is a modification. By composing this modification with
the normalization map V — 771(V') we get a modification 7: V — V which has the
property that the strict transform, 7 : My — V, of my by 7 is an equidimensional
SQP map. It follows that 7y is an f-GF map since V is normal. |

V.7.2 Proof of the main theorem

For the proof of Theorem V.7.0.1 we need some technical results.

Lemma V.7.2.1 Let m: M — N be a quasi-proper holomorphic dominant map
between reduced complex spaces where M is of pure dimension and N 1is irreducible.
Let n be the relative dimension of «, let a: C{(7)* — N be the natural map and let
be the mazximal reduced f-fiber map for m over N' := N\ X. Then ¢ is meromorphic
along Y if and only if the closure of the image of  in CI(7)* is an a-proper reduced
complex subspace of CI(m)*.

PROOF. Let T, be the closure of the graph of ¢ in N x Cf(M) and T be the clo-
sure of the image of o in C/(M) (which is the also its closure in Cf(7)*). Then, by
Proposition 1V.5.0.4, the map ¢ is meromorphic if and only if I', is an N-proper
reduced complex subspace of N x C/(M) and, due to the remark following Defini-
tion V.5.1.3, I, is proper over N if and only if I' is a-proper. Now, the canonical
projection N x C/(M) — CJ/(M) is a holomorphic map, which induces a homeo-
morphism I', — T, and its inverse I' — I', is induced by the holomorphic map

<a, idcji(ﬂ*) : C(m)* — N x Cf(m)*. From Theorem IV.4.0.1 it then follows that

[ is an a-proper reduced complex subspace of C/(7)* if and only if I', is an N-
proper reduced complex subspace of N x CI(M) (and in that case I', and I' are
biholomorphic). [ ]

PROOF OF THEOREM V.7.0.1. Define n :=dim M — dim N. Let a: CJ(7)* — N
be the natural map, ¢ be the maximal reduced f-fiber map for 7 and I" denote the
closure of the image of ¢ in C/(m)*.

We have a natural identification Cf(my) = a~}(V) so we denote ay : Cf(my) — V
the map induced by o and put 'y :=T'NCI(my) = (Oé|1")_1 (V).

To prove that (i) implies (ii) we fix a point yo in N. By Proposition V.7.1.2 we get
an open neighborhood V' of yy and an f-flattening 7: V' — V of my. Hence the
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commutative diagram

My —~ My
frvj lﬁv
V——=V

where ¢ is the natural projection. Let ¥y denote the center of 7 and ¢: V — Cl(7v)
be the reduced fibermap for 7. As the map V' \ 77 1(Xy) — V \ &y induced by 7
is biholomorphic, the holomorphic map ¢, o v induces the reduced fibermap for my
on V '\ By and consequently we have (g, o 1)(V) = I'y by continuity.

Consider the commutative diagram

Cl(my)*

e
ay

V———V

Observe that ¢, o is proper, since ay o g, 01 = 7 is proper, so ['y is an ay-proper
reduced complex subspace of C/(my)* due to Theorem IV.4.0.1. Tt follows that T is
an a-proper reduced complex subspace of C/(m)* and ¢ is meromorphic.

In order to show that (ii) implies (iii) we observe that, by Lemma V.7.2.1, T" is an
a-proper reduced complex subspace of C/ (7)*. Let M denote the set-theoretic graph
in I' x M of the f-analytic family of n-cycles defined by I' < CJ(M) and consider
the commutative diagram

M

11

'—N

where # and M — M are induced by the natural projections I' x M — I' and
I'x M — M. Then ar: I' — N is a modification and 7: M — I is the strict
transform of 7 by ajp. As the map 7 is geometrically f-flat, the proof is completed.

Finally we prove that (iii) implies (i). To this end let o: N — N be a modification
such that the strict transform 7: M — N of 7: M — N by o is an f-GF map and
let ¥: N — cl (M ) be the reduced f-fibermap for 7. Then we have a commutative
diagram of holomorphic maps (see (i) implies (ii))

I
/ja'r
N—T-=N

where N — T' is surjective. It follows that apr: I' = N is proper since 7 is proper.
Hence 7 is an SQP map. |
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REMARK. Under the hypotheses of Theorem V.7.0.1 suppose that 7 is an SQP
map. Then (using the same notation as above) the f-flattening oir: I' = N is
“optimal” in the sense that every f-flattening of 7 factorizes through oyr. More
precisely, it has the following property (see (iii) implies (i)):

e If 7: N — N is a modification such that the strict transform of = by 7 is
geometrically f-flat, then 7 = aqjr o ¢, 0 9.

Definition V.7.2.2 Let m: M — N be an SQP map, put n := dim M —dim N and
let ¢ be the mazximal reduced f-fiber map of w. The closure of the image of ¢ in
CJ(M) will henceforth be denoted by N, and the f-analytic family of n-cycles in M
classified by the canonical injection N, < CI(M) will be called the (meromorphic)
family of fibers of .

Lemma V.7.2.3 Letw: M — N be a dominant and quasi-proper holomorphic map
from a pure dimensional to an irreducible complex space. Let 6 : My — M a proper
finite and surjective map. Then wo 0 : My — N is SQP if and only if m is an SQP
map.

PrROOF. First assume that 7 is a SQP map. Let K be a compact set in N. Then
there exists a compact set L in M such that any irreducible component of any n-
cycle in C/(m) which is in the meromorphic family of fibers of 7 and over K has
to meet L. Let T’ be an irreducible component of a cycle in Cf(m o #) and which is
over a point in K. The image by 6 of I' is an irreducible component of a n-cycle in
CJ () which is in the meromorphic family of fibers of m because the direct image of
cycles by 6 is continuous and the generic fibers of 7 o 8 are the pull-back by 6 of
generic fibers of 7. Then T' has to meet the compact set 6~(L) in M;. This gives
the compactness of the subset of C/ (7 0 §) which is the closure of generic fibers over
K of the map 7 o #. This implies that 7w o # is SQP.

The converse is proved in a similar way. [

Corollary V.7.2.4 Let m: M — N and g: N — P be two SQP maps. Let > C N
denote the locus of big fibers of m and assume that it is g-proper. Then the map
gom: M — P 1is also an SQP map.

Proor. Consider first the case where N is normal. By Theorem V.7.0.1 there

exist~s a mgdiﬁcation 7: N — N whose center is ¥ such that the strict transform
7: M — N of m by 7 is an f-GF map. Then we have the following commutative

diagram
]\f
N "~

!
N
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where p is a modification since 7 is a dominant map. Now thanks to Proposition
V.6.0.4 the map g o 7 is strongly quasi-proper so go 7o = go mo p is equally an
SQP map by Theorem V.6.0.3.

Hence g o 7 is an SQP map due to Theorem V.6.0.3.

When N is not normal, let v : N; — N the normalization of N and m; : M; — N;
the strict transform of 7 by v. Then 7 is a SQP map Thanks to Lemma V.7.2.3
the map g := gov is an SQP map. Now v~1(X) is the locus of big fibers for 7;. We
conclude from the previous case that g; o 7y is an SQP map. Let ¢ : M7 — M be
the natural projection. It is a finite modification. Then g o 7 is an SQP map again
by Lemma V.7.2.3. |

REMARK. In the case where the locus ¥ C N of big fibers of 7 is compact it is of
course proper over P. In particular this is the case when 7 is equidimensional.

Corollary V.7.2.5 Let 7 : M — M be a modification with center C' of an ir-
reducible complex space M and let (Xs)ses be an f-analytic family of n-cycles in
M parametrized by a reduced complex space S. Assume moreover that the following
conditions are satisfied:

(i) For s generic in S the n-cycle Xy is reduced and has no irreducible component
contained in C.

(ii) The projection G N (S x C') — S is proper, where G C S x M ‘s the graph of
the famzly (Xs>s€S

Then there exists a modification 0: S — S and an f-analytic family of n-cycles
(Y3)seg in M parametrized by S such that

1. for § generic in S the cycle Ys is the strict transform by T of the cycle Xo(3),

2. for each 5 € S we have T.(Yz) = Xp().-

PrROOF. Remark first that normalizing S we may replace our initial family by
a finite sum (may be with multiplicities) of f-analytic families having irreducible
generic cycles. We may also assume then that S is irreducible. So it is enough to
consider the case where the graph G is irreducible. Let G C S x M be the strict
transform of the natural projection G — M by the modification 7. Then G — G is
a modification whose center is GN (S x C'). The restriction of the natural projection
p:G— S toGN(S x C)is proper by assumption (ii) and for s generic in S the
fiber of p is not contained in S x C' by assumption (i). Then by Theorem V.6.0.3 the
natural projection p: G — S is an SQP map. Now, using the notation introduced
in Definition V.7.2.2, we put S := S; and let #: S — S and ¥: S — C/(G) be the
natural projections. Then we get ¥(5) = {0(5)} x Yz, where (Y;)zg is an f-analytic
family in M which has the required properties. |



118CHAPTER V. GEOMETRICALLY f-FLAT MAPS AND STRONGLY QUASI-PROPER M/

V.7.3 Extendable cycles

We shall discuss now the converse of the restriction problem considered in chapter
V subsection 6.2.

Recall the classical important theorem of E. Bishop (see [14] Theorem 3 p.299).

Theorem V.7.3.1 Let M be a complex space, n be a non negative integer and fix
a closed analytic subset T C M with no interior point in M. Fix a continuous
hermitian metric h on M. Let X be a pure n-dimensional analytic subset in M\ T
Assume that for each point to in T there exists a relatively compact open subset V (to)
of to in M such that the integral

/ h" < +o00.
V(to)NX

Then X, the closure of X in M, is a complex analytic subset of pure dimension n
m M.

In the situation of the theorem, since X has pure dimension n, it has no irreducible
component contained in 7.

Definition V.7.3.2 Let M be a complex space, n be a non negative integer and
fix a closed analytic subset T C M with no interior point in M. Fiz a continuous
hermatian metric h on M. Let S be a pure dimensional complex space with dimension
o and let (Xs)ses be a f-analytic family of n-cycles in M \T. We say tha the family
(Xs)ses is pre-extendable along T if for each sy € S and each to € T there exist
relatively compact open neighborhoods U(sg) and V (ty) respectively of so in S and
of to in M and a constant C' > 0 such that

/ h* < C Vs e Uls).
V(to)ﬁXs

REMARKS.

1. The condition above is automatic for ty ¢ T because in a n-scale F := (U, B, j)
on M\T adapted to X, the fact that for s near s, the scale F is still adapted to
X with degp(Xs) = degp(X,,) implies that the volume of X in the relatively
compact open set (U x B) is uniformly bounded in a neighborhood of s
in S (see Lemma 4.2.3 in Chapter IV of [11]) .

2. As an obvious consequence of Bishop’s result, in the situation of the definition
above, for each s € S the closure of | X,| is a pure n-dimensional analytic set
in M. Note Y, the n-cycle in M defined by |Y;| := |X,| and such that, for
each irreducible component I' of X, the multiplicity of " in Y} is equal to the
multiplicity of I' in X. Then, in general, the family (Yj),es is not f-continuous.
See the simple example below.

But if the family (Y;)ses is f-continuous on an open set S” in .S, then it is
f-analytic on S’ thanks to Analytic Extension Theorem IV.3.0.1.
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EXAMPLE. Let M be the blow-up of the origin in C? and let T' be the exceptional
divisor. Let (X;)sec be the family of lines obtained by translating a line X, through
the origin in C2. Then the limit of Y, when s goes to sg, s # sg, is the total transform
of X, which contains the exceptional divisor. But Y, is only the strict transform
of the line through the origin.

Theorem V.7.3.3 Let M be a complex space, n be an integer and fix a compact
analytic subset T" C M with no interior point in M. Let (Xs)ses be an f-analytic
family of n-cycles in M\'T which is pre-extendable. Then there exists a modification
7:8 = S and an f-analytic family (Z3); € S of n-cycles in M with the following
properties:

(i) For each 5 € S we have Zs N (M\T) = X3

(ii) For § generic in S we have Zs = Xr(5)-

PROOF. Let G be the graph-cycle of the family (X;)ses in S x (M \ T'). Then
our hypothesis implies, thanks to Bishop’s theorem recalled above, that the closure
of |G| in S x M is a complex analytic set of pure dimension ¢ + n, and the com-
pactness of T" implies that its projection to S is strongly quasi-proper, thanks also
to the theorem of [2](see Theorem 3.6.6 [11]) to bound the volume of its generic
fibers. Then the existence of a geometric f-flattning (see paragraph V.7.2) for the
projection onto S of the closure of |G| in S x M allows to conclude. |

EXAMPLE. Let (X;)ses be an f-analytic family of n-cycles in C? parametrized by
an irreducible complex space S. Then this family is pre-extendable to P, if and only
if each cycle is algebraic. Then the previous result explains that, up to a modification
of S, we obtain a proper family of compact cycles in [P, which is given, on a dense
Zariski open set of S, by the closure of these cycles.

We conclude this subsection by giving a simple case where we have a nice restriction
map without assuming that the cycles are compact. It is an obvious corollary of
subsection 6.3.

Corollary V.7.3.4 Letw: M — N be an f-geometrically flat map between reduced
complex spaces and let T'be a closed analytic subset in M. Let © be the analytic sub-
set of points y in N such that T contains at least one irreducible component of the
fiber m=Y(y). Then the induced map 7wy : M\ (771 (©)UT) — N\ O is a geometrically
f-flat map. [ |

Note that when © = () the map 7p : M \ T — N is geometrically f-flat.

Il faut encore es-
timer le volume
pres de linfini
II' c’est faisable
via le degré voir
probleme Ya.
Ajout du 8/3/23.
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Chapter VI

Applications

V1.1 Application to meromorphic quotients

Let M be an irreducible complex space. Classically, an analytic equivalence rela-
tion on M is defined by its graph which is an analytic subset R C M x M. In his
fundamental paper [15] Henri Cartan studies the case of a proper analytic equiva-
lence relation, which is the case where the first projection p; : R — M is a proper
holomorphic map. In his article he gives a necessary and sufficient condition for
the existence of a holomorphic quotient. Such an existence means that the quotient
space endowed with the sheaf of invariant holomorphic functions is a complex space.
But this condition is not always true even assuming that M is compact.
Nevertheless, under this compactness condition, assuming for instance that R is
irreducible, there is always an irreducible complex space which is an ”almost” quo-
tient for such an equivalence relation using the reduced complex space of compact
analytic cycles in M as follows:

Let n := dim'R — dim M. Then we have, thanks to the fact that p; : R — M is
proper and surjective, an analytic subset ¥ in M and a holomorphic fiber map

o: M\X — C,(M)

classifying the compact n-cycles in M which are the (generically reduced)n-dimensional
fibers of p;. Moreover this map is meromorphic along > which means that there exists
a modification 7 : M — M with center in ¥ and a holomorphic map ¢ : M — C, (M)
which coincides with ¢ on M\ ¥ ~ M \ 771(X). Assuming now that M is compact
(or more generally that ¢ is proper) Remmert’s Direct Image Theorem ensures that
gb(]\7[ ) = @(M \ ¥) is an analytic subset @ in the reduced complex space C,(M).
Then, it is clear that there exists an open and dense subset )’ in (Q which is in bijec-
tion with the generic equivalence classes for the given analytic equivalence relation.
These considerations motivate the introduction of the notion of meromorphic quo-
tient.

As the reader may see, the tools introduced in the previous chapters are precisely
those which allow us to generalize to strongly quasi-proper analytic equivalence re-
lations this point of view, in order to obtain an existence theorem for meromorphic

121
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quotients in a rather large context.

A simple way to produce an analytic equivalence relation on an irreducible complex
space M is to look at a holomorphic action of a complex Lie group G on M. In such
a case we often encounter the following situation:

there exists an open dense set {2 which is G-stable and in which the G-orbits are
closed (in §2), but these orbits are not closed in M in general. This is already the case
for the obvious action of G := C* on C". This kind of situation and the existence of
meromorphic quotients for some of these actions are studied in [16] and in [8]. They
motivate the definitions of meromorphic equivalence relations and of meromorphic
quotients which are given below, although they may seem a little more complicated
than necessary after the comments we give above in the case of a proper equivalence
relation. We do not present the results of [8] in this book, but nevertheless it seems
interesting to treat the general situation in which the tools introduced in the previ-
ous chapters may be used with success.

V1.1.1 Holomorphic quotient

In this paragraph we collect some basic facts on holomorphic quotients with respect
to analytic equivalence relations defined by holomorphic maps.
First let us recall the basic definitions concerning holomorphic quotients.

In the sequel M will always be a reduced complex space.

Definition VI.1.1.1 We say that an equivalence relation, R C M x M, on M is
analytic if R is an analytic subset of M x M.

Let R be an analytic equivalence relation on M and ) be the topological quotient
of M by R. For every open subset U of @ we let A(U) denote the C —algebra of
all functions g on U such that g o ¢ is holomorphic on ¢~ }(U). Then A is a sheaf
of C-algebras on Q. If the ringed space (@, .A) is a reduced complex space, then we
call it the holomorphic quotient of M by R. In this case we say that M admits
a holomorphic quotient with respect to R.

Now suppose we have a reduced complex space T" and a holomorphic map f: M — T.
Let Ry be the equivalence relation determined by f and let (@, .A) be the correspond-
ing ringed space (as defined above). Then we say that f is a holomorphic quotient
map if the canonical morphism of ringed spaces from (Q,.A) to (7, Or) is an iso-
morphism. In other words f is a holomorphic quotient map if (Q,.A) is a reduced
complex space and moreover isomorphic to (7', Or).

The proposition below is proved in [16] without being explicitly stated there. It
gives a necessary topological condition for M to admit a holomorphic quotient with
respect to an analytic equivalence relation.
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Proposition VI.1.1.2 Let R is an analytic equivalence relation on M and denote
respectively @ := M/R and q: M — @ the corresponding toplogical quotient and
quotient map. Then the map q is semi-proper if and only if Q) is a first countable
Hausdorff space.

Proor. We first notice that the saturation with respect to R of a compact subset
of M is closed. Indeed, if p; and p, denote the first and second projections of M x M
onto M and K is a compact subset of M, then p;((M x K) N R) is the saturation
of K. But, as R is closed, the map (M x K)N R — M induced by p; is proper and
consequently p1((M x K)N R) is closed.

It follows that ¢(K) is closed in @ for every compact subset of M.

Now, suppose that ¢ is semi-proper and let  and y be two distinct points in ). Then
there exists a compact subset L of M such that ¢(L) is a neighborhood of {z,y}.
Let V, and V,, be disjoint open neighborhoods of the compact subsets ¢~ *(z) N L
and ¢~ '(y) N L. Then K, := L\ V, and L\ V,, are compact subsets of M such that
¢ Hx)N K, =0and ¢ '(y) N K, = 0. Hence ¢(K,) and ¢(K,) are closed subsets of
@ and it follows that ¢(L) \ ¢(K,) and ¢(L) \ q(K,) are disjoint neighborhoods of
and y in Q).

In fact we have shown that, for every neighborhood V of ¢~ (z)NL in L, there exists
an open neighborhood W of z in @ such that ¢~ '(1W)N L C V. This implies that =
has a countable basis of neighborhoods in @ since ¢~*(x) N L has a countable basis
of neighborhoods in L. Hence @) is first countable.

Conversely, suppose that @ is a first countable Hausdorff space and let us prove by
contradiction that ¢ is semi-proper. So assume that ¢ is not semi-proper. Then there
exists a point x in ) which is not an interior point of ¢(L) for any compact subset L
of M. Let (L,)nen be an exhaustion of M by compact subsets such that x € ¢(L,)
for all n, and let (W,,),en be a decreasing neighborhood basis of z in ). Then, for
each n € N, there exists a point x,, in W, such that ¢~!(z,) N L,, = 0. It follows that
M\ U ¢ (z,) is an open saturated subset of M. This contradicts the hypothesis

neN
that ¢ is a quotient map because ¢ (M\ U q_l(:vn)) =Q \ {z, | n € N} is not an
neN
open subset of (). [ |

The following result is a direct consequence of Proposition VI.1.1.2.

Corollary VI1.1.1.3 In the situation of Proposition VI.1.1.2 assume that q is a
semi-proper map. Then Q) is a locally compact Hausdorff space. [ |

Now suppose that we have a surjective holomorphic map f: M — T. Then, by
Proposition VI.1.1.2, a necessary condition for the map f to be a holomorphic quo-
tient map is that it is semi-proper. Moreover we have the following result.
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Lemma VI.1.1.4 Let f: M — T be a semi-proper surjective holomorphic map.
Let Ry be the analytic equivalence relation determined by f and let (Q),.A) be the
corresponding ringed space. Then the canonical morphism of ringed spaces f Q=T
mduces a homeomorphism.

Proor. We have a commutative diagram of ringed spaces

M-t

| A4

Q

where f is bijective and continuous so it is enough to show f is a closed map. To
this end let K be a compact subset of T'. As f is semi-proper there exists a compact
subset L of M such that f(L) = K and consequently f~!'(K) = ¢(L). It follows that

f is proper and hence a homeomorphism. [

Proposition VI.1.1.5 Let f: M — T be a dominant semi-proper holomorphic
map between reduced complex spaces and suppose moreover that M is weakly normal.
Let Ry be the analytic equivalence relation determined by f and let (Q,.A) be the
corresponding ringed space. Then (Q,.A) is the weak normalization of (T, Or).

PROOF. Since the the normalization map v: M — M is obviously a holomorphic
quotient map it is not restrictive to assume M normal and, due to Lemma VI.1.1.4,
we may identify the topological spaces ) and T'. Thus the proof consists of showing
that A is the sheaf of continuous meromorphic functions on 7.

Let us first prove that, in the case where T is a connected manifold, we have A = O.
Put n := dim7T and let S(M) denote the singular locus of M. Let A be the set of
those ¢ in T which satisfy f~!(t) € S(M) and let B be the set of all ¢ in T\ A
such that f is of rank strictly less than n at every point in f~'(¢). Due to Lemma
[.2.0.5, the set A is b-negligible in 7" and the set B is b-negligible in 7"\ A, since f
is semi-proper. It follows that A U B is a b-negligible subset of 7. Now let U be an
open subset of 7" and g be a holomorphic function on f~(U) which is constant on
every fiberof f over U. As f is a topological quotient map there exists a (unique)
continuous function §: U — C satisfying g o f = g. But, for every y in U \ AU B,
the map f admits a holomorphic section o, in an open neighborhood V,, in U and
consequently § = g o o, on V. It follows that g is holomorphic on U \ AU B and
hence on U as AU B is a b-negligible subset of T". This shows that A = O7.

So, in the general case, the sheaves A and Or are identical on 7'\ S(T').

Now let T denote the weak normalization of T and U be an open subset of T'. If
g € A(U), then g is continuous on U and holomorphic on U \ S(T). It follows that
A(U) C O4(U). Conversely, suppose that g € O7(U). Then go f is holomorphic on
YUY\ f7YS(T)) and continuous on f~1(U). It follows that g o f is holomorphic
on f~1(U) since M is normal and f is dominant. Hence g € A(U). This shows that
O#(U) C A(U). |
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Corollary VI1.1.1.6 In the situation of Proposition VI.1.1.5 suppose moreover that
T is weakly normal. Then f: M — T is a holomorphic quotient map.

PrROOF. Due to Proposition VI.1.1.5, the induced map () — T is the weak nor-
malization of 7" and hence an isomorphism since 7' is weakly normal. |

Corollary VI.1.1.7 Let f: M — T be a dominant semi-proper holomorphic map
between reduced complex spaces. Then M admits a holomorphic quotient with respect
to Rf.

PROOF. Define the sheaf A as above and let O denote the sheaf of continuous
meromorphic functions on 7'. Then we have O C A C Or and A is an Or—algebra
of finite type. Consequently A is Or—coherent and consequently the ringed space
(T, A) is a reduced complex space. [

REMARK. Under the hypotheses of Corollary VI.1.1.7 the map f is in general not
a holomorphic quotient map.

VI.1.2 Meromorphic equivalence relations and meromorphic
quotients

We first give the main definitions.

Definition VI.1.2.1 Let M be an irreducible complex space and let R C M x M
be an analytic subset and S be a dense open set in M. We shall say that (R, ) is
a meromorphic equivalence relation if it satisfies the following conditions:

(i) The subset R N (2 x Q) is an equivalence relation on €.

(ii) There exists a dense subset ' in Q such that for each x € Q' we have Q, = R,
where 2, is the equivalence class of x in 0 and where R, is defined by the
relation {x} x R, = RN ({x} x M).

As the choice of the dense set ' in Q is not so important (but its existence is
important) we often omit it in the definition of a meromorphic equivalence relation.

REMARK. Let (R,) be a meromorphic equivalence relation on an irreducible
complex space M. By density of €' in M the set R is both reflexive and symmetric.
In particular we have for all « in M the equality R N (M x {z}) = R, x {z}.
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ExaMPLE. Let g : M --» N be a meromorphic map where M is an irreducible
complex space and N is a reduced complex space, or a Banach analytic set or CJ (P)
where P is a reduced complex space (see subsection 1V.2). Then let 7 : M — M
be the modification given by the graph of ¢ and let § : M — N be the natural
projection. Let R € M x M be the graph of the analytic equivalence relation given
by G and R be the image of R on M x M by 7 x 7. Then R is a closed analytic
subset of M x M thanks to Remmert’s Direct Image Theorem and if X is the center
of 7 the open dense set 2 := M \ ¥ satisfies the condition (i) of Definition VI.1.2.1..
Moreover the set of point x in 2 where the condition (i7) is satisfied contains a dense
subset because 771(X) is a closed analytic subset with empty interior in M and due
to Lemma V.1.0.1, there exists a dense set of points y in M such that §~(§(y)) NQ
is dense in §7*(g(y)), so condition (i) is also satisfied. O

Definition VI.1.2.2 Let (R,2) be a meromorphic equivalence relation on an irre-
ducible complex space M. We say that (R,) admits a meromorphic quotient
if there exists a modification T: M — M with center & C M \ Q and a holomorphic
quotient map q: M — Q which satisfy the following condition:

(i11) There exists a dense open subset Q' of Q such that for every y € Q' Nq Q')
the set Tfl(RT(y)) NQ is dense in ¢ (q(y))

In this case we say that q: M —Q (or simply q : M --» Q) is a meromorphic
quotient of M by (R,().

Definition VI.1.2.3 We say that a meromorphic equivalence relation (R,) on
an irreducible complex space M is strongly quasi-proper (resp. geometrically
f—flat) if the natural projection p1 : R — M is an SQP map (resp. an f~-GF map).

Our main existence result for meromorphic quotients is the next theorem.

Theorem VI.1.2.4 Let (R, ) be an SQP meromorphic equivalence relation on an
irreducible complex space M. Then (R, ) admits a meromorphic quotient q: M —
Q, where q is an f-GF map. Moreover, in the case where (R,$2) is geometrically
f-flat the modification M — M is finite.

Proor. Putn:=dimR—-dimM.Let 7: R — M and my: R — M be the natural
projections onto the first and second components of M x M, ¢: M’ — CI () be the
maximal reduced fiber map for 7; and T' be the closure of the image of ¢ in CJ ().
Let v: T' — M be the restriction of the natural holomorphic map a: Cf(m)* — M
and 7: I' = CJ/(M) be the restriction to I' of the direct image morphism

(T9)«: CL(R) — CL(M).



VI.1. APPLICATION TO MEROMORPHIC QUOTIENTS 127

Then, by assumption, v is a modification and we shall now show that 7 is semi-
proper. To do so we first observe that, by identifying C/(m;)* with the analytic
subset

{(z,C) e M xCI(M)" / |C] € R},

7: I' — CJ(m) is induced by the natural projection M x CI(M)* — CI(M)*.
Next we notice that I' is contained in the analytic subset

M3Cl(M) = {(z,C) € M x CI(M) / = €|C]}
since = € |o(z)| for all x in M’. For A C M and B C C/(M) we put
AtB:= (A xB)n(M4Cl(M))

and let p;: M4CIH(M) — M and py: M #CJ (M) — CI(M) be the natural projec-
tions. Observe that, for ) # W CC M, we have po(W) QW) = Q(W) and that,
for every C € C{(M), we have p; '(C) = |C| x {C}. As for any (z,C) in T and any y
in |C| there exists a sequence (z,) in M’ such that the sequence (z,, ¢(z,)) tends to
(y,C) in M x CI(M) the subset " of M §CJ (M) is py-saturated, i.e. p; ' (po(I')) =T.
Now, let C € C/(M) and let W be a relatively compact open subset of M which
intersects every irreducible component of C. Then, keeping in mind that m = pyr,
we get

F( W) NQW) = po(D 0 (W ECH(M))) N QW)
— pCNOTEQW)) = 7(T) N QW)

The last equality being valid because I is py-saturated and po(W § Q(W)) = Q(W).
Hence 7 is semi-proper.

Due to Theorem IV.4.0.1 it then follows that 7" := 7(I") is a reduced complex sub-
space of C/ (M) and T is the graph of the f-analytic family of n-cycles classified by
the natural inclusion T' < C/(M). Now, let M and @Q denote the weak normaliza-
tions of ' and 7', and let 7: M — M and q: M — Q be the holomorphic maps which
are determined by v and 7. Then 7 is a modification and ¢ is geometrically f-flat.
Moreover, ¢ is a quotient map by Proposition VI.1.1.5. As 7 and ¢ clearly satisfy
condition (ii) of Definition VI.1.2.2 it follows that ¢: M — Q is a meromorphic
quotient of M by R.

In the case where R is geometrically f-flat the modification M — M constructed
above is clearly finite. [ |

The next result shows that in the situation of the previous theorem, and in particular
when an f-GF meromorphic quotient exists, the meromorphic quotient factorizes
any holomorphic map on M which is constant on the equivalence classes in ).

Proposition VI.1.2.5 In the situation of Definition VI.1.2.2 and with the same
notation, suppose that (R,€Q) is strongly quasi-proper and that q: M — @ is an
f-GF meromorphic quotient of M by R. Then, for every reduced complex space N
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and every holomorphic map m: M — N which is constant on R N2 for all x in
V'Ng 1 (Q"), there erists a unique holomorphic map g: Q — N such that goq = mworT.

M—1-Q

l |

M-~ N

PrOOF. Let N be a reduced complex space and m: M — N be a holomorphic
map which is constant on R, ;) N for all  in Q' Mg (Q’). As ¢ is a holomorphic
quotient map it is enough to show that m o 7 is constant on every fiber of ¢. By
assumption the set 771 (R, ;) N Q) is dense in ¢ '(¢(z)) for all z in Q' N ¢ (Q’) so
7o T is constant on ¢ '(¢(x)) for all z in Q' N ¢ *(Q’). Hence by continuity the
conclusion follows. |

VI.2 Reparametrization of an f-analytic family

An (analytic) equivalence relation on a reduced complex space M may be seen as a
collection of (closed analytic) subsets") (X,)scas parametrized by the set M itself.
The corresponding quotient is then obtained by identifying two points s and s’
when the subset X and X! are the same. With this point of view the fact that
the subsets X, define a partition of M looks useless. Moreover, in the case of a
meromorphic equivalence relation we no longer have the condition that the subsets
| X 5| are mutually disjoint.

This point of view highlights the fact that the space M plays two very different
roles:

e M is the ambient space in which live the closed analytic sets | X|.
e M is the parameter space for the family (X;)sens-

In what follows, we shall keep M in its first role (as the ambiant complex space) and
we shall introduce a reduced complex space S, in general without any relation with
M, to parametrize the analytic subsets in M (in fact finite type n-cycles in M). The
graph G C § x M of the family will play the role of the graph of the equivalence
relation, requiring that G satisfies the following condition:

The projection m : G — S is quasi-proper equidimensional map whose fibers de-
fine an f-analytic family of n-cycles in M parametrized by S. Recall that this last
condition is automatic when S is normal. Then we want to find a reduced complex
space which is an analytic quotient of S by the equivalence relation associated to
the holomorphic map ¢ : S — C/(M) classifying the f-analytic family (X,)scs of

('We give here a translation in english of a part of the introduction of [5] which gives some light
on the relations between ”reparametrization” and existence of some quotients in complex geometry.
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n-cycles in M.

So as a set, such a quotient is the image ¢(S) C C/(M) and we look for a structure
of reduced complex space on ¢(.5), compatible with the weak analytic structure de-
fined above on CJ(M). The key tool for such a result is of course the generalization
of Khulmann’s Direct Image Theorem I1V.4.0.1 proved in chapter IV.

Theorem VI.2.0.1 Let M and S be reduced complex spaces and let (Xs)ses be a
franalytic family of n-cycles in M parametrized by S. Assume that the classifying
map ¢ : S — CL(M) of this family is semi-proper. Then the image T = ¢(S) is
a reduced complex space (endowed with the structure sheaf induced from the weak
analytic structure of C{(M)) and the restriction to T of the tautological family of
CI(M) has the following universal property:

e For any f-analytic family (Y,)ev of n-cycles in M parametrized by a reduced
complex space V' such that for each v € V' there exists a s € S with Y, = X,
there exists a holomorphic map h : V' — T such that we have Y, = X, for
each v € V.

PROOF. Theorem IV.4.0.1 gives the fact that T = ¢(5) is a closed analytic subset
in CJ (M) which is reduced complex space. Then the classifying map of the f-analytic
family (Y,)vev takes its values in T' so defines the holomorphic map h. [

REMARK. In fact, the previous theorem gives the existence of a weak quotient(® of
S in the category of reduced complex spaces for the equivalence relation associated
to the holomorphic classifying map ¢ : S — CJ(M).

If G C S x M is the set theoretic graph of this family, we may also look at this re-
sult as a existence of a weak quotient of G in the category of complex spaces for the
analytic equivalence relation defined by the holomorphic map pg o ¢ : G — C(M).

If we begin with a f-meromorphic family of n-cycles in M parametrized by the
reduced complex space S, assuming that the map ¢ : S — CJ(M) is semi-proper
(where the modification 7 : S — S is the projection on S of the graph of the
meromorphic classifying map ¢ : S --» C/(M) of our family) we obtain a f-GF
meromorphic quotient of S by the meromorphic analytic equivalence relation defined
by the set theoretic graph of the family, the open dense set {2 in S corresponding to
the complement of the polar set of ¢.

()Tt may be necessary to normalize weakly S and T to get a holomorphic quotient in the sense
defined in section VI 1.
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V1.3 Generalized Stein factorization

In the first paragraph of this section we give an extension to the case of an SQP map
of a weak version of the Stein factorization of a proper holomorphic map. As in this
context the factorization obtained does not give, in general, a map with irreducible
generic fibers, we give in the second paragraph a necessary and sufficient condition
for the existence of a factorization with a map having irreducible generic fibers.

VI.3.1 The general case

Let us begin by considering the following weak version of the classical Stein factor-
1zation for a proper holomorphic map.

Theorem VI1.3.1.1 Let m: M — N be a proper surjective holomorphic map be-
tween connected normal spaces. Then there exists, a surjective holomorphic map
g: M — T with connected fibers, where T is a normal complex space, and a proper
holomorphic map h: T — N with finite fibers such that @ = h o g. Moreover the
generic fibers of g are irreducible. [

Notice that the surjectivity condition on 7 can be skipped since w(M) is a reduced
complex subspace of N by Remmert’s Direct Image Theorem. Observe that both
g and h are proper maps since their composition is proper and ¢ is surjective. In
addition, it is easy to see that the triple (g, 7, h) is unique in the sense that it is
determined by a universal property (see Theorem VI.3.1.2 below).

The following result is an extension of the previous theorem to the case of a SQP
map.

Theorem VI1.3.1.2 Let m: M — N be an SQP map between connected normal
complex spaces. Then there ezists, an SQP map g: M — T, where T is a (connected)
normal space, and a proper holomorphic map h: T — N with finite fibers such that
7w = hog. Moreover, the triple (g,T,h) has the following universal property:

o If M-2>Ty MUN isa factorization of w, where T} is normal and hy is a
proper surjective map with finite fibers, then there exists a unique morphism
0:T — T, such that gy =0 og and h = hy 06.

M = N

Before proving the theorem it is interesting to point out that for a map 7 which is
either proper or SQP we get the “optimal” factorization m = h o g, but the main
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difference between these two cases is, that in the SQP case the fibers of g are not
necessarily connected (See the remark following the proof).

The factorization m = h o g shall henceforth be called the (generalized) Stein
factorization of 7.

For the proof of the theorem we need the following lemma.

Lemma VI1.3.1.3 Let m: M — N be a holomorphic map between wrreducible com-
plex spaces and let R, be the equivalence relation which w defines on M. Then exactly
one of the irreducible components of R, contains the diagonal.

PROOF. Denote respectively Ay, and Ay the diagonals of M x M and N x N.
Then R, = (7 x m) " (Ay).

Since M is irreducible A, is also irreducible and consequently contained in at least
one irreducible component of R,.

To prove that A, is contained in exactly one irreducible component of R it is not
restrictive to assume that 7(M) is not contained in S(NV). Otherwise we may replace
N by S(N) and so on. Next we observe that, for every smooth point xz in M, the
point (z,x) is a smooth point of M x M so the points (z,z) in Ay such that (z, x)
is a smooth point of M x M and (7 (z),n(z)) is a smooth point of N x N form a
dense open subset U of Ay;. Now, for every (z,z) in U such that = is of maximal
rank at z, the map 7 x 7 is of maximal rank at (z,z). Hence there exits a point in
Ay at which m x 7 is of maximal rank and such point is a smooth point of R,. It
follows that this point is contained in exactly one irreducible component of R, and
the proof is completed. [ |

Proor oF THEOREM VI.3.1.2. Putn:=dimM —dim N and let R C M x M
denote the analytic equivalence relation defined by 7, i.e. R := M xy M. Let R,
denote the union of those irreducible components of R which dominate M by the
projection M x M — M onto the first factor. The map R; — M, induced by the
projection onto the first factor, is the strict transform of 7 by 7 so it is an SQP map,
due to Theorem V.6.0.3. Exactly one irreducible component Ry of R contains the
diagonal of M x M, due to Lemma VI.3.1.3, and we denote my: Ry — M the map
induced by the projection onto the first factor. Then, thanks to Corollary V.5.2.5,
m is an SQP map.

We shall now prove the theorem in two steps.

FIRST STEP. Suppose that 7 is an f-GF map. As 7 is an equidimensional map and
M is normal it follows from Corollary 4.3.13 in [11], that 7 is an f-GF map. Let
¢o: M — CJ(m)* denote the reduced fibermap for m; and let T' denote its image.
Now, following the same line as in the proof of Theorem VI.1.2.4, we identify C/ (m;)*
with the analytic subset

{(z,C) e M xCl(M)" [ |C] € (Ro)s} -
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Then, as it is shown in the above mentioned proof, the direct image morphism
CI(m)* — CI(M)* is induced by the natural projection M x C/(M)* — C/(M)*
and its restriction v: I' — C/(M)* is semi-proper. Hence (T') is a reduced complex
subspace of CJ(M)* thanks to Theorem IV.4.0.1. Let T denote the normalization of
~(I'). Then, as M is normal, there is a unique holomorphic map g: M — T which

makes the diagram
T
e

M —=~(T)

Yoo

commutative and we observe that g is surjective. Hence we obtain the commutative

diagram
J T
N

where h is the composition of the normalization T — ~(I') and the restriction to
7(T') of the natural map C/(r)* — N.

Now, let y be a point in N and let 7'(y) = [U,.;Ci be its decomposition into
irreducible components. For each ¢ we have C; x C; C Ry so g is constant on C; and
consequently g(m~1(y)) is a finite subset of T'. Hence the map h has finite fibers and
since it is also quasi-proper, by Lemma I1.2.0.1 , A is proper. It is then easily seen that
g is a quasi-proper map and consequently an f-GF map since ¢ is equidimensional
and 7' is normal.

M

Let us now show that this factorization has the universal property. To do so suppose

that M -2~y M_ N is another such factorization of w. Then the equivalence
relation defined by g; on M contains Ry and it follows that g is constant on the
fibers of g;. Thus there exist a unique holomorphic map 6: T" — T} such that
0 o g = gy since ¢g; is a holomorphic quotient map by Corollary VI.1.1.6. Obviously
this implies h1 0 0 = h.

SECOND STEP In the general case there exists, thanks to Theorem V.7.0.1, a modi-
fication 7: N — N such that the strict transform 7: M — N of m by 7 is an f-GF
map. Hence the commutative diagram

M N
M N
where 7 = hy o ¢;, is the Stein factorization, whose existence is assured by the
first step of the proof. As 7 o hy is a proper map it admits a Stein factorization

h
g1 Tl 1

™

T, —=T-l>N , due to Theorem VI.3.1.1, and consequently we get the commu-
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tative diagram

N

M
b
M-—"sN
where g is quasi-proper and h is proper with finite fibers. Now, let [ be the graph
of gin M x T and put I' :== (0 x idr)(I"). Then I' is a reduced complex subspace
of M x T. Moreover, the natural projection I' — M is a modification with finite
fibers and consequently a biholomorphic map since M is normal. Hence there exists
a unique holomorphic map ¢g: M — T whose graph is I'. It follows that ho g = 7 is
a (generalised) Stein factorization of 7. |

REMARK. Assume that in the example preceding Proposition IV.6.1.3 the space
N is irreducible and () ## A # N. Then the natural projection 7: M — N is clearly
an SQP map and the equivalence relation defined by 7 has only one irreducible
component. Consequently the (generalized) Stein factorization of 7 is trivial, i.e.
m = idy o7, even though all the fibers of 7w over A have two connected components.

Based on the same idea one can even construct SQP maps with trivial Stein fac-
torization but such that the number of connected components in the fibers is not
limited.

V1.3.2 The useful case

A necessary condition in order that the theorem proved in the previous paragraph
gives a map g : M — T which has irreducible generic fibers is that there exists an
integer k£ > 1 such that the initial map 7 has generic fibers with exactly k irreducible
components. The following theorem shows that this condition is sufficient for an {-GF
map between connected normal complex spaces.

Theorem VI1.3.2.1 Let m: M — N be an f-GF map between connected normal
spaces and let

M7 s N
be the generalized Stein factorization of m. Assume, moreover, that there exists a
dense Zariski open subset Q) of N and an integer k > 1 such that, for every fibery in

Q, the fiber 71 (y) has ezactly k irreducible components. Then there erists a dense
open subset T' of T such that g=*(t) is irreducible for all t in T.

REMARK. We leave to the reader as an exercise on the f-flattening theorem, the
proof of the analog result for SQP map.

For the proof of the theorem we need the following lemmas.
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Lemma VI1.3.2.2 Let m: M — N be an f-GF map between normal connected
spaces. Then there exists a nowhere dense analytic subset A of N, a nowhere dense
analytic subset B of N \ A and an open subset My of M which satisfy the following
conditions:

o Ifx € My, then w(x) is a smooth in N and 7 is a submersion at x.

e Forally in N\ (AUB), every irreducible component of 7' (y) intersects My.

PRrROOF. Let Ay be the set of all y in N such that S(M) contains an irreducible
component of 771(y). Then A; is a nowhere dense analytic subset of N, due to
Proposition 1V.2.2.5, since 7 is an f-GF map. Put A := A; U S(N). Now let 3 be
the analytic subset of M\ (S(M)Un~1(A)) consisting of all of points where 7 is not
a submersion

Put n :=dim M — dim N and let ¢: N — C/(M) be a fiber map for 7. Then Plaa
induces (by restriction of cycles) a holomorphic map

Y N\A = CHMN\ (S(M)Un~!(A)))
thanks to Corollary V.7.3.4. The cycles in C/(M \ (S(M) U 7 1(A))) which have
at least one irreducible component contained in > form an analytic subset B of
CI(M\ (S(M)Un=Y(A))) so if we put B :=~}(B) and

My =M\ (S(M)Ur ' (AUB)UY)

the sets A, B and M, have the required properties. [ |

Lemma VI1.3.2.3 Let M be a reduced complex space and (Y,) be a sequence in
CI(M) which converges to X. Assume, moreover, that X is reduced and has exactly
k irreducible components and that Y, s also reduced and has exactly k irreducible
components for every v. Write, for each v,

k
Y, => TV
j=1

If for each j € {1,...,k} the sequence (TY)converges in CJ(M) to a cycle T;, then
each I'; is an irreducible component of X and X = Zle r;.

PROOF. As the addition of cycles is continuous we obtain X = 2521 I';. It fol-
lows that each I'; is irreducible since X is reduced and has exactly % irreducible
components. [ |
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ProOF OF THEOREM VI.3.2.1. Then @ = N\ Z where Z is a closed analytic
subset of empty interior in N. Let A, B and M, be as in Lemma VI.3.2.1 and put
V= N\(AUZUB) and M' := 77 1() N My. Then M’ and ' are complex
connected manifolds and 7 induces a surjective submersion 7’: M’ — €)',

Now, as in the proof of the Generalized Stein factorization Theorem VI1.3.1.2, we
let R denote the analytic equivalence relation defined by 7 and Ry be the unique
irreducible component of R which contains the diagonal A,,.

We observe that M’ is constructed from M by first taking away an analytic subset
with empty interior and then from the dense Zariski open subset which is left as
the complement of a nowhere dense closed analytic subset. Hence (M’ x M) N Ry is
dense in R.

For every z in M’, the set M’ N 7! (x(z)) = M’ N R, is the union of k mutually
disjoint connected manifolds so z is contained in exactly one of them. It follows that
x is contained in exactly one irreducible component of R, which we shall denote by
Cy.

Cramm. For every x in M’ we have (Ry), = C;.

PROOF OF THE CLAIM. It is clear that C, C (Ry), for all z € M.

To prove that C, = (Ry)., for all x € M’ it is enough to show that (C,)zepr is
an analytic family of n-cycles in M, because then the graph G of this family is an
analytic subset of M’ x M, which is contained in Ry and of the same dimension
as Ry. As (M’ x M) N Ry is irreducible it follows that G = (M’ x M) N Ry and
consequently (Ry), = C, for all x € M'.

Let us now show that (C,)zenr is an analytic family of n-cycles.

The main point here is to prove that the family is continuous®. To do so it is
enough to prove that every sequence (z,) in M’ converging to a point z in M’ has
a subsequence (z,, )i such that the sequence of n-cycles (C, )i converges to C,.

nE
Let (x,) be a sequence in M’ converging to a point z in M’ and write, for every v,

() =T7 + -+ T,

where C,, = I'}. For each j, every subsequence of (z,,) has a subsequence (z,, ) such
that the sequence (I, ), converges in Cf (M), because 7 is a f-GF map. It follows that
(z,,) has a subsequence (z,, )i such that, for every j, the sequence (I ); converges
in CJ(M) to an n-cycle I';. Due to lemma VI.3.2.3 it then follows that C,, =T},
converges to an irreducible component of 77 (7(2)) when & goes to infinity. But x,,
is in O, for all k and converges to z as k goes to infinity so C, converges to C,
when k goes to infinity because C. is the unique irreducible component of 7= (7 (z))
which contains z. Hence we have proved that (C,).enr is an f-continuous family of
n—cycles in M.

Now the analyticity of this family is an easy consequence of the fact that the family
of fibers of 7 is an f-analytic family of cycles in M:

(3)The error in [6] is at this point.
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It is enough to consider the analyticity of this family near a point (zg, zg) € Ry using
the criterium IV 3.1.9 in [10] . And in this case this family locally coincides with
the family of fibers of 7. |

PrOOF OF THEOREM VI1.3.2.1 CONTINUED. As Ry is an analytic subset of M x M
such that Ry N (M’ x M’) is an analytic equivalence relation on M’ and such that
Ro N ({x} x M’) is dense in Ry N ({x} x M) for all « € M’ it follows that Ry
is a meromorphic equivalence relation on M. Moreover, the canonical projection
Ry — M is an f-GF map so, due to Theorem VI.1.2.4, it admits a meromorphic
quotient ¢: M — @ where M — M is a modification and ¢ is an f-GF map. But
m: M — N is an f-GF map so this modification is finite and hence an isomorphism
since M is a normal space. It then follows from Lemma VI.1.2.5 that there exists a
unique holomorphic map h: () — N such that hog=m

M-—"sN

| A

Q

and this completes the proof. [

The following example shows that Theorem VI.3.2.1 is not correct if the normality
condition on M is skipped.

ExaMPLE. Consider the surface M := {(u,v,w) € C* / vw?® = v?} and let
m: M — C be the projection (u,v,w) — u. Then the following is easily seen.

e The surface M is irreducible and its normalization is

v: CxC— M, (w,y)+—>(172,96y,y)

e The map 7 is geometrically f-flat and 7~'(u) consists of two reduced lines
which intersect at the origin if u # 0 and 71(0) is a double line.

REMARK. In the classical case (proper case) of the Stein factorization the con-
ditions of Theorem VI.3.2.1 are always fulfilled so, if M and N are normal, the
irreducible components of the fibers are generically disjoint.
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