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Abstract—The available bandwidth of the underwater acoustic
channel is severely limited. Therefore, it is of interest to use
modulations with high spectral efficiency, such as rotated constel-
lations. These constellations offer better theoretical performance
than conventional constellations, without reducing the spectral
or energy efficiency of the system. However, in practice, when
conventional equalization algorithms are employed for a system
using rotated constellations, the theoretical gains are not fully
achieved. To address this issue, this paper proposes a new turbo
equalization algorithm that inherently considers the characteris-
tics of rotated signals and allows for a significant gain compared
to conventional methods, as demonstrated by simulations, in
particular over a real underwater channel.

Index Terms—Rotated constellations, Signal Space Diversity,
Inter-Symbol Interference (ISI), Turbo equalization, phase esti-
mation.

I. INTRODUCTION

Underwater acoustic communication rates are very limited
due to the low available bandwidth of the Underwater
Acoustic (UWA) channel [1]. Therefore, it is interesting for
UWA systems to use high spectral efficiency modulations such
as high-order modulation, faster-than-Nyquist modulation, and
rotated constellations. In particular, rotated constellations offer
better theoretical performance than conventional constellations
on fading channels thanks to its inherent diversity [2]–[7].
This technique consists first in correlating the in-phase (I) and
quadrature (Q) components of the conventional constellation
through rotation and then sending the obtained rotated
components separately over two independents channels.

As the UWA channel is doubly selective [1], using
rotated constellations is clearly a promising technique to
improve the performance of underwater communication
systems. However, in practice, the theoretical gain of rotated
constellations is not always obtained du to synchronization
issues. In particular, the frequency selectivity of the UWA
channel induces inter-symbol interference (ISI) that can
seriously limit system performance. Following the discovery
of turbo codes, turbo equalization was proposed: it allows a
significant improvement in Bit Error Rate (BER) compared
to previous classical approaches by iteratively considering
the correlations between bits introduced by channel coding
through exchange of information between the equalizer and

channel decoder [8]–[14].

In this article, we propose an original equalization
algorithm for rotated constellations that takes into account
not only the correlation between bits, but also the inherent
correlation between rotated symbols. Our algorithm uses
a feedforward-feedback temporal equalizer that works in
conjunction with a phase estimator, given the sensitivity of
reception quality to phase synchronization errors. Due to the
sparsity of the UWA channel and to reduce the complexity of
our algorithm, about 90% of the equalizer coefficients are set
to zero once convergence over the preamble is obtained. In
order to have a robust algorithm on UWA channels with low
coherence times, we propose a completely adaptive algorithm
where the step size is self-adapting to channel variations
continuously and not just on the preamble.

This article is organized as follows. The next section intro-
duces the system model. The proposed equalizer is detailed in
section 3. Section 4 presents simulation results, and section 5
concludes this article.

II. SYSTEM MODEL

The information bits b are first coded [15], then interleaved
and finally transformed into a sequence of symbols of an M-
QAM constellation sn, where n indicates the time index:

sn = sIn + jsQn , (1)

with sIn (resp. sQn ) is the in-phase (resp. quadrature) compo-
nent. Then, the symbols sn are rotated by a rotation angle α.
In our simulations, we use rotation angles α = atan( 1√

M
) as

they offer good performance in terms of Bit Error Rate (BER)
and for these rotation angles, a low-complexity soft demapper
has been proposed [2], [4]. The rotated symbols can be written
as follows:

xn = xIn + jxQn . (2)

Then, the transmitter cyclically delays the Q components of
x(n) as:

zn = xIn + jxQn+∆T
, (3)

where ∆T is an integer time delay; to fully benefit from the
time diversity of the ASM channel, ∆T should be greater than
the channel’s coherence time. Finally, a preamble is added at



Fig. 1. System model.

the beginning of each frame to enable good synchronization
performance at the receiver side [16], [17].

Assuming perfect time synchronization [18], [19], the re-
ceived signal can be written as:

rn =
∑
l

hlzn−l + wn, (4)

where wn represents the additive white Gaussian noise and
hl denotes the coefficient of the channel’s impulse response.

The receiver must effectively suppress ISI as the system’s
performance and complexity depend heavily on the equalizer;
in particular, phase error can lead to a serious performance
degradation [20]–[23]. Similar to the conventional turbo equal-
izer, the extrinsic information provided by the decoder is used
by our equalizer iteratively; at the p-th iteration, we obtain the
following equalized symbols:

z̃pn = β0zn + vn, (5)

where β0 is an attenuation factor and vn includes both the
noise and the residual ISI [14].

Then, the receiver deinterleaves the quadrature components
and computes the Log-Likelihood Ratio (LLR) for each re-
ceived bit [2], [4]. The channel decoding is then performed.
The extrinsic information obtained by the decoder is used by
the Bit to Symbol Converter (BSC) to obtain soft estimates
on the transmitted symbols z̄(p−1)

k (for p > 1); additionally,
the symbols s̄(p−1)

k are used at the next iteration p of our
algorithm to improve equalization performance and phase
synchronization. Finally, after pmax iterations (i.e. channel
equalization/decoding), the receiver estimates the information
bits from the LLRs obtained at the output of the decoder.

III. PROPOSED TURBO EQUALIZATION AND PHASE
SYNCHRONIZATION ALGORITHM

We now briefly present the outline of our proposed joint
phase and equalizer estimator, as illustrated in Figure 2. Its
output can be expressed as follows:

z̃np = (FnpRn −Qp
nY

p
n ) e−jϕp

n , (6)

where: Rn=[rn+L1
, · · · rn · · · , rn−L1

]
T represents the re-

ceived symbols, F pn=
[
fp−L1

(n) , · · · fp0 (n) · · · fpL1
(n)

]
and

Fig. 2. The proposed joint equalizer and phase estimator.

Qn=[q−L2 (n) , · · · 0 · · · qL2 (n)]
T are transversal filters of re-

spective lengths 2L1+1 and 2L2+1, ϕpn is the estimated phase
error, and Y pn=

[
ypn+L2

, · · · ypn · · · , y
p
n−L2

]
with yn can be

either a known symbol zn during the preamble or an estimated
symbol as follows:

ypn =
∑

y ∈ χzyPr(y|γp−1, z̃n−∆T
p, z̃pn+∆T

), (7)

where χz is the set of all possible constellation points zn.

Note that during the first iteration, the extrinsic LLR
values γp−1 are not available and are therefore not taken into
account in Eq. (7). Furthermore, z̃pn−∆T

and z̃pn−∆T
may

also not be available, in which case they are replaced for
p > 1 by z̃p−1

n−∆T
and z̃p−1

n−∆T
, respectively. To fully take into

account and leverage the time correlation between symbols
(i.e., z̃pn−∆T

and z̃pn−∆T
), we propose to perform equalization

twice at each iteration p.

Furthermore, the filter coefficients are updated to minimize
the soft Mean Squared Error defined as follows:

J (F pn , Q
p
n, ϕ

p
n) = E

n
E

x∈χz

(
Pr(x|z̃pn)|x− z̃pn|2

)
. (8)

where E (d) denotes the expectation of d and:

Pr(x|z̃pn) =
Pr (x) Pr (z̃pn | x)∑

x′∈χ
Pr (x′) Pr (z̃pn | x′)

, (9)

and:

Pr (z̃pn | x̃) = 1

πσ2
v

exp

(
−| z̃pn − β0x̃ |2

σ2
v

)
. (10)

Using a gradient descent algorithm, we obtain an iterative
algorithm to jointly update the phase error ϕpn and filter
coefficients F pn and Qpn:

F pn+1 = F pn − µ∇Fp
n
J (F pn , Q

p
n, ϕ

p
n) (11)

Qpn+1 = Qpn − µ∇Qp
n
J (F pn , Q

p
n, ϕ

p
n) (12)

ϕpn+1 = ϕpn − γ∇Φ̂k
J (F pn , Q

p
n, ϕ

p
n) , (13)

where µ and γ are appropriate steps.
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Fig. 3. BER comparison over the KAU1 channel.

Moreover, we also propose to optimize the step-size µ and γ
along the coefficients’ trajectory to minimize the mean square
error (see eq. (8)). Using the gradient descent algorithm, the
step-sizes µ and γ are updated as follows:{

µk+1 = µk − α
2
∂J
∂µ .

γk+1 = γk − β
2
∂J
∂γ .

(14)

where ∂J
∂µ and ∂J

∂γ can be easily obtained with some basic
mathematical derivations. Note that, unlike conventional
methods, the proposed step-size optimization can be carried
out over all received symbols, not just over the preamble
thanks to chosen definition of the mean square error (8).

It is worth noting that at the first iteration, only the
Feedforward equalizer is used. Furthermore, the extrinsic
information provided by the channel decoding at iteration
(p-1) is used at iteration p, both to improve the channel
response estimation and to feed the Feedback equalizer to
better neutralize ISI interferences. After pmax iterations,
the receiver estimates the information bits from the LLRs
obtained from the channel decoding.

Finally, it should be noted that the response of the under-
water channel may be particularly important; thus, L1 and
L2 should also be sufficiently large, which has a significant
impact on the receiver’s architecture. Therefore, once con-
vergence during the preamble is established, we propose to
set the coefficients of filters F pn and Qpn that are below a
predefined threshold to zero; in practice, only about 10% of
these transversal filter coefficients need to be updated, allowing
a considerable reduction of the system complexity.

IV. SIMULATIONS RESULTS

This section compares the performance of the proposed
algorithm with that of the Turbo equalization method proposed
for conventional constellations [8]. In our simulations, each

Fig. 4. The multi-path KAU1 channel.

block of 1024 bits is encoded with a turbo code of rate 1/3.
The coded symbols are then transformed into a sequence of
QPSK constellation symbols. The length of the preamble is
fixed at 128 symbols, and pmax is set to 5.

We first tested our proposal on a synthetic channel. Similar
to [8], [9], [14], the channel response is modeled as follows:

hl (k) =

√
Pl
I

I∑
i=1

ej(kϵπ cosψl,i+ζl,i), (15)

where the Doppler shift is characterized by ϵ, Pl denotes
the average power of the l-th path, ψl,i and ζl,i are uniform
random variables on [0, 2π[; I is set to 10, and (15) includes
three paths of equal average power, with ϵ set to 0.002.
Figure 3 compares the Bit Error Rate (BER) performance
of the conventional QPSK with the Turbo equalization
algorithm [8], the rotated QPSK with the conventional Turbo
equalization algorithm [8], and the rotated QPSK with the
proposed equalization algorithm on the channel (15). We can
observe that, on this channel and with the chosen coding rate,
rotated constellations provide significantly better performance
in terms of BER, with a gain of about 0.7 dB compared
to conventional QPSK when the same Turbo equalization
algorithm is used. In addition, the proposed equalization
algorithm provides a gain of more than 0.6 dB compared to
the reference algorithm when rotated constellations are used.

Finally, we tested our method on a real underwater channel
measured at Kauai (KAU1), in the United States, over a
distance of 1080 m [24]. Figure 4 shows the multi-path delay
dispersion on this channel. In these simulations, the size of
the Feedforward (respectively Feedback) filter is set to 41
(respectively 21). Figure 5 compares the BER performance
between the same three configurations as in Figure 3. We
can again observe that the performance obtained with the
QPSK constellation for any equalization algorithm surpasses
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Fig. 5. BER comparison over the KAU1 channel.

that of the conventional QPSK. Moreover, the proposed Turbo
equalization algorithm provides an improvement in BER of
about 1 dB compared to the reference Turbo equalization
algorithm [8].

V. CONCLUSION

Rotated constellations improves the performance of un-
derwater communication systems thanks to their inherent
diversity. However, on the doubly selective UWA channel,
interference between symbols and phase synchronization er-
rors can prevent to achieve the full theoretical gain of ro-
tated constellations. To address this problem, we proposed
a new equalization algorithm for rotated constellations. This
algorithm uses a feedforward-feedback equalizer together with
a phase estimator to take into account both the correlation
between bits and the inherent correlation between rotated
symbols. Our simulation results have shown that our algorithm
provides a significant gain in terms of bit error rate compared
to conventional Turbo equalization, which could promote the
adoption of rotated constellations by underwater communica-
tion systems.
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