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2Université Paris-Saclay, CNRS, Laboratoire de Physique Théorique et Modèles Statistiques (LPTMS),
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Networks of intermediate filaments (IFs) need to constantly reorganize to fulfil their functions at
different locations within the cell. The mechanism of IF assembly is well described and involves filament
end-to-end annealing. By contrast, the mechanisms involved in IF disassembly are far less understood.
In vitro, IFs are assumed to be very stable and their disassembly negligible. IF fragmentation has been
observed in many cell types, but it has been suggested to be associated with active processes such as IF
post-translational modifications. In this article, we uncover the contribution of filament spontaneous
fragmentation in the assembly dynamics of type III vimentin IF using a combination of in vitro
reconstitution probed by fluorescence imaging and theoretical modeling. We first show that vimentin
assembly at low concentrations results in an equilibrium between filament annealing and fragmentation at
times ≥24 h. At higher concentrations, entanglements kinetically trap the system out of equilibrium, and
we show that this trapping is reversible upon dilution. Taking into account both fragmentation and
entanglement, we estimate that the mean bond breaking time is ∼18 h. This translates into a mean breaking
time of ∼5 h for a 1-μm-long filament, which is a relevant timescale for IF reorganization in live cells.
Finally, we provide direct evidence through dual-color imaging that filament fragmentation and annealing
coexist during assembly. By showing that IF fragmentation can occur without cofactors or post-
translational modifications, our study provides new insights into the physical understanding of the IF
length regulation.

DOI: 10.1103/PhysRevX.13.011014 Subject Areas: Biological Physics, Soft Matter

I. INTRODUCTION

Intermediate filaments (IFs), actin filaments, and micro-
tubules are the three main components of the cytoskeleton,
which controls the mechanical properties and integrity of
living cells [1,2]. Cytoplasmic IF networks extend from the
cell nucleus to the cell periphery and act in coordination
with other types of cytoskeletal filaments to perform
common cell functions such as cell migration, division,
and mechanosensing [3–9]. To perform these functions at
different locations inside the cell, IFs need to constantly

reorganize and remodel their networks. The main drivers of
IF dynamics are active transport along F-actin (filamentous
actin) and microtubules [10–16] and a combination of
assembly and disassembly [14,17–20]. In the case of
vimentin, a type III IF, which is the major cytoskeletal
component of mesenchymal cells [21], the mechanism
responsible for filament assembly has been shown to
involve longitudinal end-to-end annealing of filaments
[14,18,22]. By contrast, the mechanisms involved in
vimentin disassembly are much less understood [23].
Depolymerization events have been shown to be negligible
in comparison with filament fragmentation [14], which is
also referred to as severing in the literature [14,17–19].
Vimentin fragmentation has been observed in many cell
types [14], but it is unclear whether it occurs spontaneously
or whether it requires other cues like cofactors or post-
translational modifications [20,24].
In vitro reconstitution experiments using recombinant

vimentin have been instrumental in describing vimentin
assembly, allowing us to distinguish three steps: (i) after
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addition of salt which initiates the assembly, the lateral
association of approximately 8 tetramers leads to the for-
mation of 60-nm-long unit-length filaments (ULFs) within
seconds, (ii) ULFs anneal end to end to form extended
filaments, and (iii) these filaments undergo radial compac-
tion, also referred to as maturation, within 10 to 30 min, thus
giving rise to 10-nm-diameter filaments [25–32]. Mature
filaments then further elongate by end-to-end annealing [30].
Spontaneous fragmentation has not been previously reported
for wild-type vimentin in purified systems reconstituted
in vitro [31].Basedon this experimental evidence, theoretical
models of vimentin assembly have consistently neglected the
possibility of filament disassembly [28,32–36]. They thus
predict unlimited filament assembly without a finite steady-
state length, in contrast to other cytoskeletal filaments.
Available data, however, suggest that these assumptions
may start to break down at a long time (over 4 h), where the
quantitative accuracy of these models deteriorates [34,35].
Data describing these long timescales are sparse, however,
which contributes to our lack of understanding of filament
disassembly.
Here,we investigate the reversibility of vimentin assembly

using in vitro reconstitution and fluorescence microscopy
coupled to theoretical modeling. We first study the assembly
of vimentin IFs over long timescales, and observe that
filament length gradually reaches saturation. This can be
explained quantitatively by taking into account filament
disassembly by fragmentation and, at high concentration,
entanglement effects in the theoretical description. We then
provide direct evidence that the assembly process is revers-
ible by demonstrating a progressive decrease of the filament
length after dilution. Finally, we show that filament dis-
assembly is triggered by the fragmentation of individual
filaments, which occurs concomitantly with end-to-end
annealing during the assembly process. The combination
of theoretical modeling and experiments allowed us to
provide an estimation of the bond breaking time between
twoULFs of∼18 h, which is of the same order ofmagnitude
as the breaking time observed in cells [14].

II. RESULTS

A. Vimentin filament length reaches a plateau
after ≥24 h assembly

To assess whether filament assembly can reach an
equilibrium, we monitored the length of recombinant
vimentin filaments over a period of more than 24 h after
the initiation of assembly. Experiments were performed at
37 °C in a sodium phosphate buffer (2.5 mM, pH 7.0),
conditions in which the radial compaction is negligible
[Fig. S1(a) of Supplemental Material [37] ]. Previous works
also showed that compaction is limited in this buffer
condition and takes place in the first 10 min of assembly,
which is very small compared to the timescale of our
experiments [31,38]. We used vimentin which was fluo-
rescently labeled at the cysteine-328 (20% labeling with

AF-488) to observe the filaments using fluorescencemicros-
copy. We imaged the filaments at multiple time points and
multiple concentrations from 0.01 to 1 mgmL−1 [Fig. 1(a)]
and quantified the mean length for each condition. The
assembly curves showed that the assembly rate decreases
over time and that the mean length reaches a plateau at
times ≥24 h [Fig. 1(b)]. For the highest concentration of
1 mgmL−1, we could not provide lengthmeasurements after
6 h assembly because the samples were too viscous to be
aspirated in a pipette. We verified that the position of the
fluorophore and the labeling rate had minor effect on the
assembly dynamics, and especially the saturation length,
using different fluorescence labeling methods (maleimide,
which reacts with the cysteine-328 versus succinimide ester,
which mostly reacts with N-terminal NH2 groups) and
different labeling rates [Fig. 1(c)]. We further verified that
filament assembly and length saturation were not impacted
in the complete absence of fluorescence labeling using
transmission electron microscopy (TEM) [Fig. 1(d)].
Additionally, we confirmed that the sample mixing methods
that we used in our experiments, i.e., pipetting and vortexing,
did not affect the estimation of filament mean length
[Fig. S1(b) of Supplemental Material [37] ]. Finally, we
verified that length saturation was not the consequence of
vimentin proteolysis (Fig. S2 [37]). Thus, the existence of a
plateau value for the mean length at long timescales suggests
that filaments may have reached either an equilibrium involv-
ing the simultaneous assembly and disassembly of freely
diffusing filaments or a nonequilibrium (quasi)steady state
where filaments are so entangled that their diffusion is severely
hampered, hindering both assembly and disassembly [39].

B. Modeling filaments as diffusing rods undergoing
annealing and fragmentation accounts for the time

evolution of filament lengths

To model filament growth in the presence of simulta-
neous assembly and disassembly, we used a mathematical
model where our system is represented as a set of filaments
of different lengths that randomly anneal end to end to form
longer filaments, or fragment into smaller filaments.
Filaments tend to become longer over time, implying that
their diffusion slows down over the course of an experi-
ment. As we are interested in the longtime behavior, we
thus model their assembly as diffusion limited; this
assumption is also supported by the experimental data,
as discussed below. We employed a generalization of the
Smoluchowski coagulation equation which takes into
account fragmentation [40] (detailed in Appendix A):

dck
dt

¼ 1

2

Xk−1
i¼1

ðKi;k−icick−i − Fi;k−ickÞ

−
X∞
i¼1

ðKi;kcick − Fi;kciþkÞ: ð1Þ
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Here, ck is the concentration of filaments of length k (in
number of ULFs), Ki;j is the annealing rate between two
filaments of respective lengths i and j, Fi;j is the rate at
which a filament of length (iþ j) fragments into two
filaments of respective lengths i and j, and diffuse away
[Fig. 1(e)].We note that events inwhich a filament is broken,
but the fragments reanneal before diffusing away, are not
counted as fragmentations in this description (see Sec. III).
The dependence of the two rates on i and j encapsulates the
key physical assumptions of ourmodel. In a first version, we
considered freely diffusing rigid filaments that associate end
to end [41], yielding

Ki;j ¼
K1;1

2
ði−1 þ j−1Þ ∝ bðDi þDjÞ: ð2Þ

Here,K1;1 denotes the annealing rate for two isolated ULFs,
and b is the ULF diameter. In general, K1;1 depends on
temperature, on the viscosity of the buffer, and on the size of
the ULFs. We assumed the filaments obey Rouse dynamics,
i.e., a simple model of free diffusion in the presence of a
viscous friction against the surrounding fluid [42]. This
yields a diffusion coefficient Di ∝ i−1 for a filament of
length i [42]. This set of assumptions implies that, in the
absence of fragmentation, the mean filament length hLðtÞi
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FIG. 1. Filament length reaches a plateau during vimentin assembly. (a) Fluorescence images of in vitro vimentin filaments
polymerized in assembly buffer at different initial concentrations, for a duration up to 28 h at 37 °C. For 0.03 mgmL−1, filaments were
fixed by mixing them with an equal volume of glutaraldehyde 0.5%. For 0.3 mgmL−1, filaments were first diluted 20 times in assembly
buffer before being fixed. Scale bar: 5 μm. (b) Graph of the mean length hLi of vimentin filaments at different initial concentrations c0
over time. The dashed lines correspond to theoretical fits from the model without entanglement, and the solid lines from the model with
entanglement. Both fits were obtained via numerical simulations. The condition assembled at 0.1 mgmL−1 was used as a reference for
(c). (c) Graph of the mean length hLi of filaments assembled at the initial concentration of 0.1 mgmL−1 with different fluorescence
labeling methods (succinimide ester which mostly reacts with vimentin N-terminal NH2 groups and maleimide which reacts with the
cysteine-328) and labeling rates over time. (d) Transmission electron microscopy image of unlabeled vimentin filament assembled at
initial concentration of 0.03 mgmL−1 for duration of 10 h at 37 °C and enlargement of the boxed region. Graph of the mean length of
unlabeled vimentin filaments as a function of time. Each data point in (b)–(d) represents the average over 200 filaments and error bars
represent the standard error of the mean. (e) Schematics illustrating the annealing at rate Ki;j and fragmentation at rate Fi;j used in the
theoretical model.
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increases as t1=2 [43], consistent with our experimental data
for time shorter than∼10 hwhen fragmentation is negligible
(see Appendix D). This sublinear increase of hLðtÞi implies
a dependence of the reaction rate on filament length,
supporting our assumption that the assembly is diffusion
limited. We note that the same model also gives a good
description of the end-to-end annealing of actin [44]. In a
passive system (e.g., in the absence of ATP hydrolysis), Fi;j

is connected toKi;j by the detailed balance requirement [40]:

Fi;j ¼
cbeϵb=kBT

2
Ki;j ¼

Kd

2
Ki;j; ð3Þ

where cb is a constant with the dimension of a concentration,
ϵb < 0 is the energy change associated to the formation of a
bond, kB is the Boltzmann constant, and T is the absolute
temperature. In the second equality, Kd is the equilibrium
dissociation constant. The mean length at equilibrium hL∞i
only depends on Kd and total concentration and not on the
specific form of Ki;j [40]. We note that as a consequence of
Eq. (3), the fragmentation rate depends on the size of the
fragments. We solved Eq. (1) numerically using Direct
Simulation Monte Carlo (DSMC) [45] (Appendix B). We
fitted the theoretical predictions to the low-concentration
experimental data by using two free parameters: the dis-
sociation constant Kd and the mean bond breaking time
(bond lifetime) τ ¼ F−1

1;1. The fitting was performed as
follows. For the three lowest concentrations (c ¼ 0.01,
0.03, and 0.1 mgmL−1) and for several Kd values, we
performed 50 independent simulations, from which an
average theoretical curve was obtained. We then fitted,
for each one of the three experimental repeats, the theoretical
curves to the experimental data. The fit was performed
simultaneously over the three concentrations, so that for
each experimental repeat we obtained, by minimizing the
rms residuals, a single best estimate of the dissociation
constant and of the bond lifetime (see also Table I). Finally,
the overall best estimates of Kd and τ were obtained by
averaging over the best estimates obtained for each exper-
imental repeat. These values were used to produce the

theoretical curves reportedwith dashed lines in Fig. 1(b). For
more details on the fitting protocol, see Appendix C.
As shown inFig. 1(b), dashed lines, for low concentrations

(c ¼ 0.01, 0.03, and 0.1 mgmL−1), the model is in good
agreement with the experimental data. The fitting procedure
described above yields a dissociation constantKd ¼ ð1.00�
0.05Þ × 10−5 mgmL−1 (mean� SD, N ¼ 3 repeats) equiv-
alent to 6.1� 0.3 pM, and a mean bond breaking time
τ ¼ F−1

1;1 ≃ 13� 5 h. The resulting ULF annealing rate is
K1;1 ¼ 2ðτKdÞ−1 ¼ ð7� 3Þ × 106 M−1 s−1. In Fig. 2(a), we
compare the theoretical curves corresponding toKd ¼ 1.0 ×
10−3 and τ ¼ 13 h (solid lines), also shown in Fig. 1(b), to
the curves obtained by settingKd ¼ 0, i.e., no fragmentation
(dashed lines). For these, we find a worse quantitative
agreement, i.e., a larger sum of square residuals (see
Table I and also Appendix C). We also report (dotted lines)
the comparison with the model of Hill [46] (here without
fragmentation), which has been used in the literature [28,32–
34]. The comparison of this model and ours is detailed in
Appendix E. We note that the Hill model gives an overall
poorer description of the experimental data compared toours.

C. Filament trapping by entanglement accounts
for arrested assembly at high concentrations

At higher concentrations (c ¼ 0.3 and 1.0 mgmL−1),
the filament lengths predicted by the model were consis-
tently longer than those observed in the experiments. This
led us to speculate that our assumptions of freely diffusing
filaments break down at such high concentrations, and that
filaments become increasingly entangled as they grow
longer. This would lead to a kinetically arrested state,
where steric interactions between the filaments prevent
them from annealing. One of us has previously shown that
the resulting slowdown in association rates due to the
kinetic trapping of entangled rigid rods is well described by
a simple analytical approximation [47]. A similar approach
is relevant in our experiment, where at high concentration
the persistence length of the filaments exceeds the mesh
size of the system. To test our hypothesis, we modified our
model to incorporate this mean-field kinetic trapping term
in addition to fragmentation. The rationale of the model is

TABLE I. Mean rms residual, averaged over the three experimental repeats, for the fits to the experimental data
using different models. Column 1:Kij used [our model, Eq. (2) or Hill model]. Column 2: fragmentation (yes or no).
No fragmentation corresponds to Kd ¼ 0. Column 3: entanglement (yes or no). No entanglement corresponds to
γ ¼ 0. Column 4: parameters used for the fit. Column 5: rms residual from the fit averaged over the three
experimental repeats. For more details on the fitting procedure, see Appendix C.

Kij Fragmentation Entanglement Fit parameter Mean rms residual

Eq. (2) Yes No Kd; τ 8.15
Eq. (2) Yes Yes γ; τ 11.7
Eq. (2) No Yes γ; τ 17.8
Eq. (2) No No τ (Kd ¼ 0) 15.6
Hill No No τ (Kd ¼ 0) 15.0
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that two filaments that come into contact at a finite angle
must align in order to achieve their annealing. The
annealing is blocked if the ambient concentration of
filaments is so high that other filaments stand in the way
of this alignment, leading to a smaller, density-dependent
reaction rate Kent

i;j . Here we summarize the derivation of
Kent

i;j , which is detailed in Appendix D.
To model the blocking resulting from entanglements, we

assumed that two filaments can only anneal if the angle
θ > 0 between them is smaller than some value γ. The
reaction will be blocked if any other filament intersects
the circular sector of area A ¼ ðblminÞ2θ=2, with blmin the
minimum length of the two reacting filaments (see Fig. 7 in
Appendix D). The probability that any given filament of
length k intersects this circular sector, thus blocking the
reaction, is Abk=V, with V the system’s volume. By
averaging over all possible angles θ, it is possible to obtain
an average blocking probability, hPbi ¼ 1 − gðx; γÞ, where
x ¼ cb3l2min=2, with c ¼ P∞

k¼1 kck (total ULF concentra-
tion). Finally, the annealing rate for this model was obtained
by multiplying Ki;j by 1 − hPbi ¼ gðx; γÞ, yielding

Kent
i;j ¼ K1;1

2
ði−1 þ j−1Þg

�
cb3l2min

2
; γ

�
; ð4Þ

The function gðx; γÞ ¼ ½1 − ðcos γ þ x sin γÞe−γx�=
½ð1þ x2Þð1 − cos γÞ� smoothly interpolates between 1
and 0 as x increases from 0 to ∞. This leads to an
annealing rate identical to the one of Eq. (2) for low c
and lmin, and accounts for the slowdown of inter-
filament reactions when these quantities are large. The
fragmentation rate is still given by Eq. (3), withKi;j replaced
by Kent

i;j , as is appropriate in the absence of ATP hydro-
lysis. We moreover kept the previously estimated value

Kd ¼ 1.0 × 10−5 mgmL−1, as kinetic trapping should not
affect the equilibrium properties of the system.A common fit
over the five concentrations (c ¼ 0.01, 0.03, 0.10, 0.30, and
1.00 mgmL−1) averaged over the three experimental repeats
yields γ ¼ ð7� 2Þ × 10−6 rad. This small value for the angle
γ suggests that filaments must be locally perfectly aligned in
order for annealing to occur. As shown by the solid curves in
Fig. 1(b), this improved model yields a significantly better
agreement with the experimental data, with effectively only
three free parameters being used to fit the five curves. We
note that all the theoretical curves reach a plateau at long
enough times; i.e., the system will eventually equilibrate.
The new best estimate for the mean bond lifetime for this
model is τ ¼ 18� 4 h (mean� SD,N ¼ 3) [ULFannealing
rate K1;1 ¼ 2ðτKdÞ−1 ¼ ð5� 2Þ × 106 M−1 s−1]. Note that
entanglement has little impact on assembly dynamics at
low concentrations, indicating that entanglement alone
cannot explain the apparent length saturation with time in
these conditions, and one must take fragmentation into
account. This is shown in Fig. 2(b), were we compare the
theoretical predictions of the model with entanglement with
and without (Kd ¼ 0) fragmentation. For a 1-μm-long
filament, this translates to a mean breaking time of 5�
1 h (mean� SD), as one can obtain by considering that the
mean fragmentation time for a filament of length k isF−1

tot ðkÞ,
where FtotðkÞ ¼

P
k−1
i¼1 Fi;k−i is the total fragmentation rate.

D. Filament length distribution supports kinetic
trapping at high concentrations

The two mechanisms for the saturation of the filament
lengths imply differences in the filament lengths distribu-
tion in the longtime, plateau regime. At low concentration,
the system reaches thermodynamic equilibrium. Assuming
that the bonding free energy of two filaments does not
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FIG. 2. Comparison of different models at low concentrations (c ¼ 1, 3, 10 equivalent to 0.01, 0.03, and 0.1 mgmL−1 in
experiments). (a) Models without entanglement. Dashed lines: our model, i.e., Ki;j ¼ K1;1ði−1 þ j−1Þ=2, without fragmentation
(Kd ¼ 0). Solid lines: our model with fragmentation; Kd ¼ 1.0 × 10−3, τ ¼ 13 h. Dotted lines: Hill model without fragmentation
(Kd ¼ 0). (b) Models with entanglement. Dashed lines: model without fragmentation (Kd ¼ 0; γ ¼ 7 × 10−6). Solid lines: model with
fragmentation (Kd ¼ 1.0 × 10−3; γ ¼ 7 × 10−6). The values of Kd, τ, and γ used for the theoretical curves correspond to the average of
the best-fit estimates obtained by fitting each experimental repeat.
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depend on their lengths, this implies that the filament
lengths are exponentially distributed [40]. At high concen-
tration, small, highly mobile filaments react quickly, but the
mobility and annealing rate of intermediate-length fila-
ments is hindered by the surrounding tangle of other
filaments. This situation implies a nonmonotonic distribu-
tion of filament lengths, whereby short filaments are
depleted while intermediate-length filaments accumulate
due to their inability to react to form even longer fila-
ments. To confirm this prediction, we investigated the
distributions of filament length in the plateau regime (at
t ¼ 24 h) at low and high concentrations. Our observations
show a good agreement with our model in both regimes,
with the low-concentration distribution being purely expo-
nential [Fig. 3(a)] and the high-concentration distribution
showing a maximum [Fig. 3(b)], and thus confirm the
existence of two distinct regimes for filament length
saturation. Crucially, the maximum in the distribution at
high concentration is only successfully reproduced when
taking entanglement into account. It is due to the relatively
faster depletion of short filaments when the reaction rate
of the longer ones is heavily reduced by the entanglement,
and provides a further indication that entanglements
strongly influence the dynamic of polymer length in our
system.

E. Vimentin IF assembly is reversible

The fact that filament length reaches an equilibrium at
low concentrations implies that filament assembly should

be balanced by disassembly. To clearly demonstrate that
fragmentation is the mechanism responsible for disassem-
bly, we shifted the equilibrium in the direction of filament
shortening by diluting preassembled filaments. We diluted
preassembled filaments at different dilution ratios and
further incubated them at 37 °C for 6 h [Fig. 4(a)]. We
started from two different populations of filaments with a
similar mean length of ∼3 μm, obtained either (i) after 2 h
of growth with an initial concentration c0 ¼ 0.2 mgmL−1
where filament entanglement has limited effects on assembly
or (ii) after 0.5 h of growth with a c0 ¼ 1 mgmL−1, when
filament entanglement plays a role [Fig. 1(b)]. Filaments
shortened noticeably at low dilution ratio (1∶10), and the
shorteningwas evenmorepronounced at higher dilution ratio
(1∶100) in both conditions [Fig. 4(b)]. Length quantification
showed a gradual decrease of the vimentin IF length over
time following dilution. Higher dilution ratios resulted in
shorter filaments for the two populations of filaments, with
low and high density of filaments [Figs. 4(c) and 4(d)]. To
provide a direct observation of the fragmentation events in
the dilution experiments, we designed an assay which allows
us to observe the filaments in situ over time. We inserted the
diluted filaments mixedwith 0.2%methylcellulose in a glass
flow chamberwhose surfacewas passivated byF127 in order
to prevent filament attachment to the surface [Fig. 4(e)]. By
locating filaments close to the glass coverslips, methylcellu-
lose allows their length to be followed over time. We
observed fragmentation in time lapse movies of one frame
every 20 min [Fig. 4(f), red arrows)]. We ruled out the
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FIG. 3. Length distributions after 24 h assembly. (a) Low-concentration regime with initial concentration c0 ¼ 0.03 mgmL−1 and
assembly duration of 24 h; (b) high-concentration regime with initial concentration c0 ¼ 0.3 mgmL−1 and assembly duration of 24 h.
Because of limitations in fluorescence imaging, the filaments with L < 0.5 μm are excluded from both experiments and theory. Sample
size: ∼200 filaments. The theoretical curves have been obtained from two simulation models and averaged over 20 independent
simulations. Dashed lines show the distribution when only considering annealing and fragmentation. Solid lines show the distribution
with the addition of entanglement. Insets: cumulative distribution functions (CDF) of the filament lengths averaged over 3 experimental
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experimental repeats. The experimental and simulated distributions were found to be nonsignificantly different at the 5% level using the
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sample size of 971).
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possibility that the filaments fragmented due to phototoxicity
by controlling that continuous imaging did not induce
filament breaking even after a large number of illuminations
[Fig. 4(g)]. Note that methylcellulose was used only for the
experiments dedicated to the direct observation of fragmen-
tation events in Figs. 4(e)–4(g). Overall, these results
demonstrate the reversibility of vimentin IF assembly under
conditions that lead both to equilibrium and to the kinetically
arrested state.

F. Fragmentation and end-to-end annealing
of vimentin IFs occur concomitantly

To obtain direct, filament-level evidence of the mecha-
nisms at play during filament assembly, we performed
dual-color experiments that allowed us to follow the fate
of segments of filaments as previously done in cells
[14,19]. We mixed two preassembled (3 h at 37 °C and
0.2 mgmL−1) populations of vimentin filaments that were
fluorescently labeled in different colors (green and red) and
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incubated them for another 6 h at 37 °C [Fig. 5(a)].
Consistent with the observations of Fig. 1, we observed
an increase of filament total length over time resulting from
the annealing of filaments of different colors [Figs. 5(b) and
5(c)]. We furthermore compared the length of single-color
segments with the full length of the entire filaments and
found that the mean length of the full filaments increases

over time, the one of single-color segments decreases over
time [Fig. 5(c)]. These results show that vimentin filaments
continuously fragment into shorter pieces while concomi-
tantly reannealing during the elongation phase. Moreover,
we verified that fragmentation also takes place when
filament length reaches saturation by mixing red and green
filaments after 24 h assembly instead of 3 h [Fig. 5(d)]. We
observed a decrease of the single-color mean lengths,
although less important than in Fig. 5(c), while the filament
total length remains constant over time [Fig. 5(d)]. These
results indicate that filament entanglement obtained at long
timescales limits both annealing and fragmentation at high
concentrations as predicted by the theoretical model.

III. DISCUSSION

In this paper, we show that the vimentin filament
assembly is limited by fragmentation and entanglement.
We started by observing that the mean length of vimentin
IFs saturated after 24 h of assembly. There could be several
explanations for the filament length reaching a plateau:
(i) the filaments become too long to diffuse and anneal over
measurable timescales, (ii) the filament network becomes
too entangled, preventing annealing, or (iii) the filaments
disassemble, either by depolymerization from the extrem-
ities or by fragmentation, which would compensate the
effect of annealing at long times. We tested these different
mechanisms by theoretical modeling and accumulated
experimental evidence to show that the only way to fully
explain the experimental data is to take into account the
disassembly by fragmentation. The reduction of the
assembly rate due to the slower diffusion of long filaments,
which is included in our model, was not sufficient to
explain the length plateau without the inclusion of frag-
mentation (Fig. 2). Similarly, the effect of entanglement
was found to be important at high concentration
(>0.1 mgmL−1), but could not explain the plateau on
its own without fragmentation, especially at low concen-
tration (Fig. 2). Finally, the effect of depolymerization from
filament extremities would decrease over time as the
number of extremities decrease as a result of filament
annealing, which was not compatible with the slowdown of
assembly kinetics and the length saturation observed in the
experimental data at long times.
Fitting all the experimental curves using theoretical

modeling including fragmentation and entanglement
allowed us to give an estimate of the bond breaking time
between two ULFs of ∼18 h. This timescale is of the same
order of magnitude as the breaking time observed in cells
[14]. Our results suggest that spontaneous fragmentation
may play a role in intermediate filament reorganization
within cells, independently from cofactors and post-trans-
lational modifications [20]. Phosphorylation events or
proteins inducing fragmentation, like cofilin for actin
filaments [48] or katanin for microtubules [49], may not
be systematically involved in vimentin fragmentation in
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cells. Therefore, our results shed new light on the processes
involved in vimentin turnover.
While the long timescales necessary to observe the

impact of fragmentation are similar to those observed for
vimentin fragmentation and annealing in cells, they are 6
times longer than the timescales explored in previous
in vitro studies with comparable conditions (concentra-
tions, buffer, assembly at 37 °C), which may account for the
dearth of previous characterization of vimentin fragmenta-
tion [28,34,36]. Vimentin assembly has previously been
probed over long timescales (>144 h) in a study of the link
between filament length and mechanical properties of the
network. However, these experiments were carried out at
room temperature, which strongly slows down the
assembly dynamics [50]. It would be interesting to inves-
tigate the impact of temperature on filament fragmentation
in more detail in the light of our findings.
Our characterization of vimentin length saturation is

reminiscent of observations on microtubules [51] and
F-actin [52], although the lengths of the latter two reach a
plateau more quickly (<1 h) in comparable conditions of
protein concentration, salinity, and temperature. In addition,
the mechanisms involved there are different and fundamen-
tally active: dynamical instability in the case of microtubules
and filament treadmilling in the case of F-actin, although
annealing and fragmentation also play a non-negligible role
formicrotubules and actin aswell [52]. Previous studies have
shown that entanglements could induce kinetic arrest in
dense actin networks in the presence of actin cross-linkers
[39,47]. In these studies, entanglements were shown to
hinder the bundling of actin filaments. This bundling
proceeds through a large-scale motion of filaments that
become increasingly difficult in a dense network. The
assembly of individual actin filaments was, however, largely
unaffected by entanglement, due to the fact that it largely
proceeds through the addition of single monomers, which
can diffuse even in dense networks. By contrast, long
vimentin filaments form through the annealing of shorter
filaments, the diffusion of which can be severely hindered by
entanglement. In the cancer cell line Hela, the concentration
of intracellular vimentin has been estimated to be
>1 mgmL−1 [53], but this level depends on the cell type,
the differentiation state, and the environment. Most of the
vimentin proteins are assembled into filaments except a small
fraction which can be found as soluble tetramers [54]. This
suggests that filament entanglementmight have an impact on
vimentin assembly in the cytoplasm of cells with a dense
network like Hela cells. However, it may be overcome by
other processes, such as active transport. Unfortunately, the
high density of intracellular vimentin networks, the difficulty
to follow filament tips in cells, and resolution limitations of
live microscopy make the quantification of filament length
over time extremely challenging.Technological advances are
therefore still needed to investigate the regulation of vimentin
filament length in cells.

The spontaneous fragmentation of vimentin filaments
may appear at odds with their well-characterized mechani-
cal resilience, which allows them to undergo stretching by
up to 300% without breaking [55–59]. This apparent
contradiction can however be resolved by noting the very
different timescales involved in experiments where these
behaviors are observed. Fragmentation is observed over
several hours, while the mechanical properties of vimentin
are typically probed over a few minutes at room temper-
ature [55–59]. While the molecular mechanism responsible
for vimentin longitudinal stretching has been shown to
involve the unfolding of vimentin subunits [58,60,61], the
molecular mechanisms responsible for filament fragmen-
tation need to be characterized in more detail. One possible
hypothesis builds on the observation that vimentin fila-
ments can exchange subunits along their length during
filament assembly [31], implying that subunits can sponta-
neously dissociate from the filament structure and reasso-
ciate with other binding sites. We speculate that these
association-dissociation events could randomly result in the
appearance of weak spots along the filaments, which could
be responsible for filament fragmentation. Filament frag-
mentation may occur only if a large enough number of
subunits are missing locally, which could account for its
low rate of occurrence (timescale of tens of hours) if we
take into account the fact that the subunit exchange rate is
already very slow, i.e., ∼1% exchange per hour [31]. This
mechanism of fragmentation would also corroborate a
previous report of vimentin filament polymorphism [62].
Measurements of the lifetime of tetramers within filaments
could help validate this hypothesis at the molecular level.
Moreover, since the phosphorylation of vimentin has been
shown to regulate vimentin assembly by modifying the
exchange rate of subunits toward a high off rate in cells
[63], it would be interesting to probe the impact of
these post-translational modifications on the fragmentation
mechanism. The softening of vimentin filaments observed
after phosphorylation [64] may also be associated with
an increased fragmentation rate. Other modifications like
S-gluathionylation at cysteine-328 have already been
shown to induce vimentin fragmentation [65].
The vimentin assembly dynamics observed in our

experiments is well described by a mean-field model based
on the Smoluchowski equation, which is based on the
assumption that positions and orientations of the filaments
are fully randomized within the network. In the model, the
annealing rate of two filaments decreases when their
lengths increase. This reflects the slower diffusion of long
filaments compared to short ones, due to their larger friction
with the surrounding fluid [see Eq. (2)]. Based on this
assumption and the detailed balance condition of Eq. (3),
the total fragmentation rate FtotðkÞ ¼

P
k−1
i¼1 Fi;k−i of a

filament of length k does not increase linearly with k, as
would be intuitively expected if all bonds broke independ-
ently and with the same rate. Instead, it increases much
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more slowly, specifically as lnðkÞ, for long filaments. This
behavior is however not incompatible with the aforemen-
tioned intuition. To understand this, we must note that the
Smoluchowski formalism does not record microscopic
bond breaking events, but instead the instances where a
bond breaks, then the resulting two filaments diffuse away
from each other “to infinity,” i.e., by a length equal to
several times their individual sizes. These latter instances
are much rarer than the former in long, slowly diffusing
filaments. Indeed, most bond breaking events are followed
by a rebinding event, rendered very likely by the resulting
proximity of the filament ends. Likewise, the detailed
balance condition [Eq. (2)] imposes that the kinetic slow-
down factor gðcb3l2min=2; γÞ introduced in Eq. (4) applies
equally to the fragmentation rate. Indeed, any physical
process that hinders annealing must equally hinder the
separation of the filaments following a bond breaking
event, which increases the probability of their rapid
rebinding. The success of this coarse mean-field approach
to entanglements [Fig. 1(b)] suggests that the orientations
of the filaments within the network remain largely random
and isotropic throughout their assembly dynamics.
The annealing rate Ki;j used in our model is distinct from

that of the Hill model [46], which is often used in the
literature [28,32–34] and posits Ki;j ¼ f½lnðiÞþ 0.312�=iþ
½lnðjÞþ 0.312�=jg=ðiþ jÞ for rigid polymers undergoing
end-to-end annealing. In particular, the Hill model predicts
a slower filament growth than ours. To the best of our
knowledge, none of the works that have made use of the
Hill model to study the growth kinetics of vimentin have
included fragmentation effects [28,32–34]. We compared
our model to a version of Hill’s with fragmentation and
found that ours results in a better fit of the experimental
data, especially in the early times <10 h (Appendix E).
This could be related to the implicit assumption in the Hill
model that rotational and translational diffusion are
decoupled. The Hill model without fragmentation displays
an even worse agreement with the experimental data
(Fig. 2). Our entanglement model with fragmentation
improves the prediction of the experimental data compared
to the Hill model, but the mean-field approach we used
does not entirely catch the kinetic slowdown. A more
refined model could be developed to describe more
accurately the high-concentration conditions, although this
is beyond the scope of our current study.
Our study provides new evidence that vimentin filaments

can fragment spontaneously, making the assembly process
reversible. In the future, it would be of interest to provide a
molecular understanding of filament breakage and probe
how it can be regulated by post-translational modifications,
which are known to impact filament disassembly.
Moreover, the existence of fragmentation could also be
tested in other types of IFs such as desmin or keratins to see
to what extent it is a general feature. Finally, since more
than 90 diseases have been associated with mutations of IF

proteins and most impact the assembly process, it would
also be interesting to probe specifically the effect of these
mutations on the fragmentation rates. Overall, our results
pave the way to new studies aiming at understanding the
regulation of IF length, which plays a crucial role in IF
dynamics and its related cellular functions.

IV. MATERIALS AND METHODS

A. In vitro reconstitution of vimentin wild type

We purified vimentin wild-type protein from E. coli
bacteria as described previously [66]. In short, vimentin
wild type was expressed in BL21 star (Sigma-Aldrich)
cultured in Terrific Broth medium overnight at 37 °C, after
induction at a optical density of 1.2. We then centrifuged
the culture medium to obtain the bacteria, then lysed them
with lysozyme in the presence of DNase (Roche), RNase
(Roche), and protein inhibitors (pefabloc and PMSF). We
collected the inclusion bodies, washed them five times by
successive steps of centrifugation and resuspension using a
cooled douncer. After the last washing step, inclusion
bodies were resuspended in a denaturing buffer (8 M urea,
5 mM tris pH 7.5, 1 mM EDTA, 1 mM DTT, 1% PMSF)
and centrifuged at high speed (100 000 × g) for 1 h. After
collecting the supernatant, we conducted vimentin purifi-
cation after two steps of exchange chromatography, using
first an anionic (DEAE Sepharose, GE Healthcare) then a
cationic (CM Sepharose, GE Healthcare) column. The
vimentin protein was collected in 2 mL Eppendorf tubes,
and the concentration was monitored by Bradford. Only the
most concentrated fractions were selected and mixed
together. We stored the vimentin at −80 °C with additional
10 mM methylamine hydrochloride solution.
To obtain vimentin wild-type proteins for experiment,

the denatured proteins were transferred to a dialysis tubing
(Servapor, cutoff at 12 kDa) and renatured by stepwise
dialysis from 8, 6, 4, 2, 1, 0 M urea into sodium phosphate
buffer (2.5 mM, pH 7.0, 1 mM DTT) with 15 min for each
step. The final dialysis step was performed overnight at
4 °C with 2 L of the sodium phosphate buffer.

B. Fluorescence labeling of wild-type vimentin

For the standard assembly assays, we labeled vimentin
proteins by coupling their cysteine-328 with an AF-488 dye
following a protocol that was described previously [30]. In
detail, denatured wild-type vimentin in 8 M urea was
dialyzed for 3 h in a buffer containing sodium phosphate
50 mM, pH 7.0 and 5 M urea. Then, fluorescence dye
(either AF-488 C5 maleimide or AF-555 C2 maleimide,
ThermoFisher) dissolved in DMSO was added to the
vimentin with a ratio between dye and vimentin molecule
of 12∶1, and mixed gently for 1 h at room temperature. The
reaction was then quenched by addition of 1 mM DTT. The
excess dye was removed from the mixture using a dye
removal column (no. 22858, ThermoFisher). Vimentin
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collected after the dye removal was renatured by stepwise
dialysis from 8, 6, 4, 2, 1, 0 M urea to sodium phosphate
buffer (2.5 mM, pH 7.0, 1 mM DTT). Renatured vimentin
proteins were stored at 4 °C for up to a week. In our
experiment, we noticed a small difference in assembly
kinetics between two fluorescence dyes, AF-488 and AF-
555, as shown in Fig. 4(c). To investigate the effect of the
dye position on vimentin assembly kinetics, we used
another labeling method with N-Hydroxylsuccinimide
(NHS) ester. In a solution at pH 7.0, the succinimide
dye compound forms a covalent bond mostly with the
amino group at the N-terminal ends of the vimentin
proteins. We followed the same labeling procedure except
that we used AF-488-NHS ester instead of maleimide, and
used a ratio between dye and vimentin molecule of 2∶1.

C. Assembly assays and sample fixation for imaging

For assembly of fluorescence-labeled vimentin fila-
ments, nonlabeled vimentin proteins were first mixed with
AF-488-labeled proteins in sodium phosphate buffer
(2.5 mM, pH 7.0) to the desired concentrations of 0.01,
0.03, 0.1, 0.3, and 1.0 mgmL−1 with a labeling rate of
20%. The assembly was initiated by the addition of KCl at
the final concentration of 100 mM. Incubation was per-
formed at 37 °C for up to 28 h using a thawing water bath
(Julabo Corio C, Seelbach, Germany). During the
assembly, samples were taken from assembly solutions,
then fixed with an equal volume of glutaraldehyde 0.5% in
the assembly buffer (2.5 mM sodium phosphate, pH 7.0,
100 mM KCl). In particular, for the high concentration of
0.1, 0.3, and 1.0 mgmL−1, samples were first diluted in the
assembly buffer at ratio 1∶10, 1∶20, and 1∶100, respec-
tively, then fixed with an equal volume of glutaraldehyde
0.5% in the assembly buffer. Similar to labeled filaments,
nonlabeled filaments were assembled at 0.03 mgmL−1 at
37 °C for a duration up to 30 h in the assembly buffer.
During the assembly, small samples were taken at different
time points, then fixed with an equal volume of gluta-
raldehyde 0.5% in the assembly buffer. The fixed samples
were then ready for imaging. No methylcellulose was used
in the assembly assays.

D. Fluorescence microscopy imaging

We transferred 3 μL of fixed vimentin filaments labeled
with AF-488 or AF-555 onto a glass slide and put on a
coverslip. The samples were then observed using an inverted
microscope (Nikon Eclipse Ti) and imaged using an sCMOS
camera (C11440-42U30, Hamamatsu Photonics, Japan).

E. Dilution experiment

We used vimentin labeled with AF-488 and a labeling
rate of 20%. We conducted the assembly experiments with
an initial concentration of 0.2 mgmL−1 for 2 h and
1.0 mgmL−1 for 30 min, at 37 °C. Assembled filaments

were then diluted at different ratios, from 1∶10 to 1∶1000 in
the assembly buffer. We continued to incubate the diluted
sets of filaments at 37 °C for another 6 h. Samples for
imaging were taken every 1–2 h. No methylcellulose was
used in the dilution assays.

F. Direct observation of diluted filaments

We demonstrated the filament fragmentation during
dilution by direct observation of single filaments in a flow
chamber. The flow chamber was constructed from silanized
coverslips following a previously described protocol [67].
In detail, we incubated cleaned coverslips with dichlor-
odimethylsilane 0.05% in trichloroethylene for 1 h at room
temperature. The coverslips were sonicated 3 times in
methanol, each for 15 min. We then heated two silanized
coverslips sandwiching pieces of parafilms up to 50 °C. The
melted parafilm binding to the two coverslips resulted in a
flow chamber. We passivated the flow chamber by flowing
Pluronics F127 1% in the assembly buffer and incubating
for 1 h. Then, we thoroughly rinsed off the F127 by flowing
an extensive amount of the assembly buffer. Finally, we
diluted preassembled vimentin filaments (10% fluores-
cence labeling rate, initial concentration 0.2 mgmL−1,
assembly duration 3 h) 1000 times in the assembly buffer
with addition of 0.2% methylcellulose and flowed them in
the chamber. We sealed the chamber and imaged the
filaments using TIRF (total internal reflection fluorescence)
microscopy with heated objective and heating stage to
maintain the temperature of the chamber at ∼35 °C. We
captured images of the filaments every 5 min for the first
20 min, then every 20 min for the rest of the experiment.
We performed a phototoxicity control where filaments were
imaged every 1 s with the same number of illumination
times as in the main experiment.

G. Dual-color experiment

We prepared two separate sets of vimentin, both at the
same concentration 0.2 mgmL−1, but labeled in two
different colors: one with AF-488 (green) and the other
one with AF-555 (red). Both have the same 20% fluores-
cence labeling rate. We conducted the assembly of the two
sets for 3 h at 37 °C. Then, we mixed the two sets of
filaments together (mixing ratio 1∶1), and continued to
incubate the mixture at 37 °C for another 6 h. Samples for
imaging were taken every 2 h. No methylcellulose was used
in the dual color assays.

H. Transmission electron microscopy imaging

We pipetted 4 μL of each fixed sample onto a carbon-
coated grid primarily glow discharged and incubated it at
room temperature (25 °C) for one minute. Then, we
performed negative staining by injecting 2% uranyl acetate
in water to contrast the grids and continue to incubate for
one minute. The grids were then air dried and observed
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under 120 kV using a Tecnai microscope (Thermofisher)
and imaged using a 4096 × 4096 pixels Eagle camera
(Thermofisher).

I. Filament length analysis

Length quantification of vimentin filaments imaged in
fluorescence microscopy and electron microscopy was
conducted manually using Fiji. Only filaments above
0.5 μm length were considered for analysis in the fluores-
cence microscopy experiments.
Note that the codes are available on github at the

following address: [68].
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APPENDIX A: SMOLUCHOWSKI THEORY OF
ANNEALING AND FRAGMENTATION

In this appendix, we introduce the Smoluchowski
formalism to describe the annealing and fragmentation
of vimentin filaments, and give more details on the
interpretation of Eqs. (1)–(3). The Smoluchowski equation
allows us to describe a system of objects—here polymeric
filaments—which undergo aggregation and fragmentation
reactions. Each filament is characterized by its length (or,
equivalently, mass) k, measured in ULFs, and the number
density of filaments of length k is denoted ck. We assume
that ULFs, i.e., filaments of length k ¼ 1, cannot break
apart. The annealing rate between two filaments of lengths i
and j is denoted Ki;j, whereas the fragmentation rate is
denoted Fi;j.
We make three main assumptions [40]. (i) No branching

is allowed (each ULF can bind to two others at most), nor
the formation of loops. (ii) The same free-energy difference
Δfb < 0 is associated with the formation of any bond.

(iii) Detailed balance is respected, so that at equilibrium the
rate of losing k-mers to fragmentation into i- and j-mers is
exactly compensated by the rate of gaining k-mers from the
annealing of i- and j-mers. Mathematically, condition
(iii) is expressed as follows:

Fi;j

Ki;j
¼ ceΔfb=kBT

2
¼ Kd

2
; ðA1Þ

where kB is Boltzmann’s constant, T is the absolute temper-
ature, and c is the total number density of ULFs [similar to in
Eq. (3)]. Here Kd is the equilibrium dissociation constant
characterizing the reaction. We note that this quantity does
not depend on the total ULF density c. To show this, we
start by expressing Kd, from Eq. (A1), as

Kd ¼ ceΔfb=kBT: ðA2Þ

We can write the free energy change as the sum of an
energetic term ϵb < 0 and an entropic term TΔsb < 0:

Δfb ¼ ϵb − TΔsb; ðA3Þ

with

Δsb ¼ kB ln

�
c
cb

�
; ðA4Þ

where cb ∝ v−1b , with vb sometimes called the “bonding
volume” [69]. We thus conclude that

Kd ¼ cbeϵb=kBT: ðA5Þ

From the last expression, it is apparent thatKd only depends
on the physics of the bonding process and on temperature,
and not on the total density c.
Under the assumptions (i)–(iii) reported above, the

concentrations ckðtÞ of filaments of length k are governed
by the Smoluchowski equation Eq. (1) [40] where all the ck
depend implicitly on time and we have additionally
assumed that Ki;j ¼ Kj;i and Fi;j ¼ Fj;i. Here we consider
a reaction rate which is appropriate for freely diffusing rigid
filaments which undergo Rouse dynamics and anneal end
to end. For this system, we expect Ki;j ∝ bðDi þDjÞ [41],
where b is the ULF diameter and Di is the Rouse diffusion
coefficient, which scales as Di ∝ i−1 [70]. This amounts to
applying the Smoluchowski formula, Ki;j ∝ ðDi þDjÞRi;j,
with Ri;j the target size (reaction radius) [71], to a target of
size b diffusing with the diffusion coefficient of the whole
filament. The modeling of the assembly process as dif-
fusion limited is justified experimentally by the fact that
even at short times, the mean filament length increases
sublinearly with time (approximately as t1=2), implying that
the reaction rate depends on filament length. For reaction-
limited assembly, we would expect the reaction rate to be

QUANG D. TRAN et al. PHYS. REV. X 13, 011014 (2023)

011014-12



independent of filament length [71], and thus the mean
length to increase linearly with time.
Following these assumptions, we have Ki;j ¼ K1;1=

2ði−1 þ j−1Þ [Eq. (2)]. The dynamics is additionally con-
strained by the requirement that no ULFs are created or
destroyed, i.e., the total mass of the system is conserved:

X∞
k¼1

kck ¼
N
V

¼ c; ðA6Þ

where N is the total number of ULFs and V is the system’s
volume.
Equation (1) implies that in a time interval Δt and in the

volume V we will have

Ki;jcicj

�
1 −

δi;j
2

�
VΔt ðA7Þ

annealing events between an i-mer and a j-mer and

Fi;jciþj

�
1 −

δi;j
2

�
VΔt ðA8Þ

fragmentation events producing an i-mer and a j-mer,
where δi;j is the Kronecker δ. The quantity in parentheses is
introduced to avoid double counting of reactions involving
filaments of the same length (i ¼ j). This is due to the fact
that reactions with i ¼ j are twice as rare as those with
i ≠ j. This can be understood by considering, for example,
a 4-mer and denoting the probability per unit time that any
of the three bonds in the 4-mer breaks as pbreak. One can
then easily see that the probability per unit time that the
4-mer breaks into a 1-mer and a 3-mer is 2pbreak, whereas
the probability that it breaks into two 2-mers is pbreak.
An important quantity we are interested in is the mean

filament length at equilibrium, defined as

hL∞i ¼
P

kkckð∞ÞP
kckð∞Þ : ðA9Þ

This quantity does not depend on the form of Ki;j (and
Fi;j), but only on the equilibrium constant Kd and on c, and
it can be computed analytically. One finds [40]

hL∞i ¼
1þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 8ðc=KdÞ
p

2
≃

ffiffiffiffiffiffi
2c
Kd

s
; ðA10Þ

where the approximation is valid for large c=Kd (weak
fragmentation). We will see in what follows that for the
experimental system studied in this work, this approxima-
tion is valid.
In what follows, we will use for simplicity dimensionless

quantities, defined by rescaling times by τ ¼ F−1
11 (the

average breaking time of a bond between two ULFs) and all

ULF densities by c0, the lowest ULF number density used
in the experiments (corresponding to a vimentin concen-
tration of 0.01 mg=mL). This yields, denoting the dimen-
sionless quantities by a tilde,

K̃i;j ¼ c0τKi;j; F̃i;j ¼ τFi;j; K̃d ¼ c−10 Kd: ðA11Þ

We note that with this choice of dimensionless quantities
one has F̃1;1 ¼ 1 and, thus,

K̃i;j ¼ K̃−1
d ði−1þ j−1Þ and F̃i;j ¼

1

2
ði−1þ j−1Þ: ðA12Þ

In the following appendixes, we will drop the tilde when
referring to dimensionless quantities for clarity.

APPENDIX B: DESCRIPTION OF THE
DSMC ALGORITHM

Since the Smoluchowski equation Eq. (1) can only be
solved analytically for certain forms of Ki;j, we use here a
numerical approach, called Direct Simulation Monte Carlo
[45]. DSMC is a powerful stochastic method to solve
differential equations such as Eq. (1), which samples the
correct dynamics in the limit of large system sizes or large
number of samples. We will here mainly follow the
algorithm described in Ref. [45]: The starting point is an
array m of length N, each element α of which contains a
number mα which represents the length of filament α:

m ¼ ðm1; m2;…; mNÞ:

An element mα ¼ 0 represents the absence of a filament;
moreover, we have

P
N
α¼1 mα ¼ N (total number of ULFs)

because of mass conservation. Here, we choose N ¼ 105.
To reflect the initial conditions in experiments, we addi-
tionally assume that the initial state of the system is

m0 ¼ ð1; 1;…; 1Þ;

i.e., only monomers are present.
After the array m is initialized, we run the DSMC

simulation, which consists in repeating a large number of
times a Monte Carlo step (described below). The execution
is arrested when the simulation time exceeds the equivalent
experimental time.
With reference to Eq. (1), we define two quantities

which will be useful in the description of the MC step
below: n≡ V

P∞
i¼1 ci (total number of filaments) and l≡

V
P∞

i¼2 ci as (total number of filaments of length ≥ 2). We
recall that only filaments of length 2 or more can undergo
fragmentation.
Before the start of the simulation, we give an estimate of

the maximum annealing rate Kmax and of the maximum
fragmentation rate Fmax. The exactness of the algorithm
does not depend on this initial choice; however, choosing
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values which are too far from the actual maximum rates can
lead to a reduced efficiency [45]. For the annealing rate,
Eq. (2), the maximum is by definitionKmax ¼ K1;1 ¼ 2K−1

d
in dimensionless units. We thus have Fmax ¼ F1;1 ¼ 1 as
an estimate for the maximum fragmentation rate.
During every MC step, we attempt to perform either an

annealing reaction (with probability p) or a fragmentation
one (with probability 1 − p). The value of p is calculated
initially and then updated during the course of the simu-
lation in such a way that the average number densities ck
satisfies Eq. (1). At the beginning of each MC step, p is
evaluated as

p−1 ¼ 1þ lNFmax

nðn − 1ÞcKmax
: ðB1Þ

Wewill show below that this choice also guarantees that the
simulation samples the correct number of fragmentation
and annealing events per unit volume and unit time as are
required by Eq. (1).
We define a waiting time variable that is set to zero at the

beginning of the simulation. After each reaction, a waiting
time increment is generated: These increments are also
chosen in order to guarantee the correct number of
annealing and fragmentation reaction per unit time and
unit volume, as detailed below.
We can now describe the MC step, during which the

following actions are performed.
(1) We evaluate the probability of annealing p accord-

ing to Eq. (B1). The explicit form of p, Eq. (B1),
will be discussed in detail below.

(2) We pick a random number 0 ≤ R ≤ 1 from a uni-
form distribution. If R ≤ p, we attempt a coales-
cence event as follows.
(a) We pick a pair of elements of the array m,

denoted α, β at random. Since there are nðn − 1Þ
ordered pairs of elements to choose from, the
probability to pick a specific pair is ½nðn − 1Þ�−1.
Let the length associated with these elements be
mα ¼ i and mβ ¼ j.

(b) We evaluate the annealing rate (in dimensionless
units) as Ki;j ¼ K−1

d ði−1 þ j−1Þ. If Ki;j > Kmax,
we set Kmax ¼ Ki;j and return to (1). Otherwise,
we continue.

(c) We pick another random number 0 ≤ R0 ≤ 1
from a uniform distribution, and perform coa-
lescence if R0 ≤ Ki;j=Kmax. If coalescence is
unsuccessful, we return to (1). Otherwise, we
continue.

(d) We increment the waiting time by Δtai;j ¼
½2AN=nðn − 1ÞcKi;j�. Here A is a parameter,
the only condition on which is that it must be
between 0 and 1, as we will discuss in more
detail below.

(e) After updating the waiting time, we also update
the array m by setting mα ¼ 0 and mβ ¼ iþ j.

(3) If R > p, we attempt to perform a fragmentation
event as follows.
(a) We pick at random an element γ of the array m,

with the condition that its lengthmγ is equal to or
larger than 2. The probability of choosing a
particular element under this condition is l−1.

(b) We pick the length i of the first of the two
fragments in which the filament will be
fragmented (1 ≤ i ≤ k − 1) with probability
ðmγ − 1Þ−1. The length of the second fragment
is then k − i.

(c) We evaluate the fragmentation rate as Fi;k−i ¼
½i−1 þ ðk − iÞ−1�=2. If ðk − 1ÞFi;k−i > Fmax, we
set Fmax ¼ ðk − 1ÞFi;k−i and return to (1).
Otherwise, we continue.

(d) We extract another random number 0 ≤ R00 ≤ 1
from a uniform distribution, and perform frag-
mentation if R00 ≤ ðk − 1ÞFi;k−i=Fmax. If frag-
mentation is unsuccessful, we return to (1).
Otherwise, we continue.

(e) We increment the waiting time by Δtfi;k−i ¼½2ð1 − AÞ=lðk − 1ÞFi;k−i�, with A defined above
in step (2). We will show below that choosing
1 − A here guarantees that the correct number of
fragmentation events per unit time is obtained.

(f) After updating the waiting time, we also update
the arraym by setting the length of an element at
random which has length 0 to i and setting mγ

to k − i.
Below, we prove that the definition of p [Eq. (B1)] and

the waiting time incrementsΔtai;j (for annealing) andΔt
f
i;k−i

(for fragmentation) give a number of annealing and
fragmentation events per unit time which is consistent
with the Smoluchowski equation, Eq. (1).
Over a single MC step, the mean number of annealing

events involving the pair ðα; βÞ of elements of m with
masses mα ¼ i, mβ ¼ j is

h#aα;βi≡ p
nðn − 1Þ

Kmα;mβ

Kmax
: ðB2Þ

We note that in the algorithm we consider ðmα; mβÞ as an
ordered pair, and thus in Eq. (B2) we consider the reaction
ði; jÞ → k as distinct from ðj; iÞ → k. The mean number of
annealing events involving any two filaments with lengths
i, j can be obtained by multiplying the above quantity by
2ð1 − δi;j=2ÞV2cicj. The factor 2ð1 − δi;j=2Þ takes into
account the fact that, as mentioned above, for i ≠ j there
are two ways to perform the annealing, whereas for i ¼ j
there is only one. The factor V2cicj is the product of the
volume fractions of filaments of lengths i and j. We thus
have
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2V2cicj

�
1 −

δi;j
2

�
p

nðn − 1Þ
Ki;j

Kmax

¼ Ki;jcicj

�
1 −

δi;j
2

�
VΔt; ðB3Þ

where we have equated the mean number of annealing
events involving any two filaments with lengths i, j to the
value required by the Smoluchowski equation, Eq. (A7).
From the equality Eq. (B3) we obtain, recalling that
c ¼ N=V,

Δt ¼ 2pN
nðn − 1ÞcKmax

: ðB4Þ

Equation (B4) relates the time interval Δt to the probability
of annealing. We will now obtain a second equality
involving p and Δt, which will allow us to prove that
the expression Eq. (B1) for p guarantees the correct number
of fragmentation and coagulation events per unit time.
When performing a fragmentation event of a filament γ

with mass mγ , we consider the two fragments of size
i; mγ − i in which it breaks as an ordered pair and thusmγ →
ði; mγ − iÞ is distinct from mγ → ðmγ − i; iÞ. The mean
number of fragmentation events involving filament γ where
the first fragment of the ordered pair has length i is thus

h#fγ;ii≡ ð1 − pÞ
lðmγ − 1Þ

ðmγ − 1ÞFi;mγ−i

Fmax

¼ ð1 − pÞ
l

Fi;mγ−i

Fmax
: ðB5Þ

To obtain the mean number of fragmentations of a generic
k-merwhere any one of the fragments has length i, weneed to
multiply this quantity by 2ð1 − δi;k−iÞVck, similarly to what
we have done in the case of annealing:

2Vck

�
1 −

δi;k−i
2

� ð1 − pÞ
l

Fi;k−i

Fmax

¼ Fi;k−ick

�
1 −

δi;k−i
2

�
VΔt: ðB6Þ

We have thus obtained a second equality involving Δt:

Δt ¼ 2ð1 − pÞ
lFmax

: ðB7Þ

By equating the two expressions for Δt, Eqs. (B4) and (B7),
we find Eq. (B1). We have thus proven that the latter is the
correct expression of p, which gives the correct number of
fragmentation and annealing events per unit time and unit
volume, as required by the Smoluchowski equation.
Finally, we will prove that the constants A and 1 − A

introduced when calculating the waiting time increments

are consistent with Eqs. (B4) and (B7). To show this, it is
sufficient to observe that the total time increment during a
MC step is

Δt ¼
X

0≤α<β≤n−1
h#aα;βiΔtamα;mβ

þ
Xl−1
k¼0

Xmγ−1

i¼1

h#fγ;iiΔtfi;mγ−i

¼
X

0≤α<β≤n−1

�
pKmα;mβ

nðn − 1ÞKmax

��
2AN

nðn − 1ÞcKmα;mβ

�

þ
Xl−1
k¼0

Xmγ−1

i¼1

�ð1 − pÞFi;mγ−i

lFmax

��
2ð1 − AÞ

lðmγ − 1ÞFi;mγ−i

�

¼ 2ANp
nðn − 1ÞcKmax

þ 2ð1 − AÞð1 − pÞ
lFmax

: ðB8Þ

One can see that this equality is consistent with Eqs. (B4)
and (B7). We note that the algorithm samples on average
the correct kinetics independently of the value of A, as long
as 0 ≤ A ≤ 1. Here we take A ¼ 1, meaning that the
waiting time increment is calculated only after a successful
annealing reaction, but not after a successful fragmentation
reaction. This choice reduces the statistical noise on the
data at short and intermediate times, where fragmentation is
negligible and the filaments mostly undergo annealing
reactions.

APPENDIX C: FITTING THE
EXPERIMENTAL DATA

In this appendix, we describe the procedure followed to
fit the experimental data shown in Fig. 1(b) of the main text
(mean filament length L as a function of time) using the
numerical results obtained with the DSMC simulations
(Appendix B).
The objective of this fit is to determine the values of Kd

(equilibrium dissociation constant) and τ (average bond
breaking time) that best describe the experimental data.
Since the data for c > 10 (corresponding to 0.1 mg=mL in
experimental units) display the signature of a kinetic
slowing-down due to entanglement, as discussed in the
main text, we have decided to fit only the data correspond-
ing to the three lowest densities (c ¼ 1, 3, and 10) to
determine the values of Kd and τ. This is also justified
a posteriori by comparing the fit results obtained by
considering the three lowest, four lowest, or all the
densities, as we discuss below.
We have run for each one of the densities c ¼ 1, 3, 10

DSCM simulations for different values of the equilibrium
dissociation constant Kd. For each pair of ðc; KdÞ values, in
order to improve the statistics we have performed 50
independent simulations, in each one of which the random
number generator was initialized with a different seed.
From each simulation, we have obtained the mean length as
a function of time hLðt=τÞi; we have then averaged the
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hLðt=τÞi curves produced from these simulations to obtain
a single theoretical curve hLsimðc; Kd; t=τÞi.
For each one of the three experimental repeats R1, R2,

R3, we have then performed a common fit of the theoretical
curves to the three experimental datasets corresponding to
the densities c ¼ 1,3, and 10, in order to determine the best-
fit value of τ. The experimentally measured mean filament
length (in μm) has been converted to ULFs using the
following relation, which takes into account the different
effective length of a ULF when found along (49 nm) or at
the extremity (59 nm) of a filament [61]:

hLULFi ¼
hLμmi − 0.059 μm

0.049 μm
þ 1: ðC1Þ

We note that, whereas fitting the three densities separately
would result in three different estimates of τ, the common fit
results in a single estimate of this parameter. The fit was
performed using the nonlinear least-squares method, imple-
mented through the function optimize.curve_fit of the open-
source PYTHON library SciPy [72], which employs the
Levenberg-Marquardt algorithm [73]. We note that, in order
to perform the fit, it has first been necessary to obtain
continuous a representation of hLsimi, so that its value could
be calculated for an arbitrary t=τ. This was achieved by
interpolating hLsimiwith a cubic b-spline [74] (SciPy function
interpolate.splrep).
The procedure described above has allowed us to find for

each repeat and each Kd the value of τ which best fits the
experimental data. We note that the fit has not been
performed simultaneously on Kd and τ due to the fact
that, whereas τ is a simple scaling factor of time, changing
the value of Kd requires us to perform a new simulation. In
order to find the overall best-fit values of Kd and τ, for each
value of Kd and for each repeat we have calculated
explicitly the sum of the squared residuals [75], defined as

SðKd; τÞ ¼
XN1

k¼1

r2kð1; Kd; τÞ þ
XN3

k¼1

r2kð3; Kd; τÞ

þ
XN10

k¼1

r2kð10; Kd; τÞ; ðC2Þ

where

r2kðc; Kd; τÞ ¼ ½hLik − hLsimðc; Kd; tk=τÞi�2 ðC3Þ

is the kth squared residual, with ðtk; hLikÞ, k ¼ 1;…; Nc
the experimental data points for a given density c and for
the selected repeat. Each of the three functions SðKd; τÞ
corresponding to R1, R2, and R3 has then been minimized
in order to determine the best-fit value of Kd, denoted K�

d.
The corresponding τ value is also taken as the best-fit value
of τ and denoted τ�.

In Fig. 6(a), we show for each of the repeats R1–3 the
root-mean-squared residual,

½hr2kðc; Kd; τÞi�1=2 ¼
�
SðKd; τÞ
nNtot

�
1=2

; ðC4Þ

where Ntot ¼ N1 þ N3 þ N10 and n is the number of
densities considered [in the case of Eq. (C2), n ¼ 3]. By
direct inspection of the curves, we have found for K�

d
the values that are reported in Table II alongside the
corresponding τ� values. We have taken the overall best-
fit value of Kd (τ) as the average over the K�

d (τ�); the
final result is Kd¼ð1.00�0.05Þ×10−3 (mean� SD).
Converting this value to experimental units, one obtains
Kd¼ð1.00�0.05Þ×10−5 mg=mL. The corresponding value
of τ is τ¼13�5 h.
The corresponding total fragmentation rate for a filament

of k ULFs can be computed as

(a)

(b)
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FIG. 6. rms residual, Eq. (C4), as a function of the equilibrium
dissociation rate Kd. (a) Solid lines: results from the common fit
of the experimental datasets c ¼ 1–10 for the three repeats R1–3.
Dotted lines: results for the Hill model with fragmentation; see
Eq. (E2) and Appendix E. (b) Results from the common fit of the
experimental datasets for c ¼ 1–30 (dashed lines) and c ¼ 1–100
(solid lines) for the three repeats R1–3.
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FtotðkÞ ¼
Xk−1
i¼1

Fi;k−i ¼
1

2τ

Xk−1
i¼1

½i−1 þ ðk − iÞ−1� ¼ Hk−1

τ
;

ðC5Þ

where Hk is the kth harmonic number. For a filament of
1 μm, corresponding to k ≃ 17 ULFs, for example, we
obtain a mean fragmentation time F−1

tot ¼ ð5� 1Þ h.
In Fig. 6(b) we also show the functions ½hr2kðc; Kd; τÞi�1=2

obtained by performing for each repeat a common fit
including the density c ¼ 30 (dashed lines) and one
including c ¼ 30 and 100 (solid lines). One can see that
the values of S obtained from to these fits are overall
significantly larger than those obtained by fitting the three
lowest densities. This is due to the kinetic slowing-down
which affects the system for c > 10, as it was discussed in
the main text (see also Appendix D), and justifies a pos-
teriori the choice of determining Kd and τ from the three
lowest densities only.

APPENDIX D: EFFECT OF ENTANGLEMENT
(KINETIC ARREST)

Comparing with the experimental data the theoretical
results obtained via the DSMC algorithm [dashed lines in
Fig. 1(b) of the main text], one can see that the theory
systematically and severely overestimates the mean fila-
ment length at equilibrium for the two highest densities
(c ¼ 30 and c ¼ 100). We have speculated that this is due
to the fact that at high density the experimental system
becomes entangled, and thus the Smoluchowski description
detailed in Appendix A becomes inadequate. Indeed, this
theory is based on the assumption that annealing and
fragmentation are purely two-body processes, which is a
good approximation only in a dilute system. In a concen-
trated or entangled system, the presence of neighboring
filament will likely hinder the annealing and fragmentation
reactions. In the limit of very long filaments or very high
concentrations, this will lead to a dramatic slowing down of
the assembly, i.e., to a kinetic arrest. The objective of this
appendix is to propose a simple theoretical description of
the microscopic mechanism of this slowing-down. Since it
would be very complex to extend the Smoluchowski theory
to comprehend three-body interactions explicitly, we will
adopt an “effective medium” description, in which the

effect of the neighboring filaments on the annealing and
fragmentation reaction is captured by a mean-field term.
Our model follows a similar approach to the one

described in Ref. [47], which considers excluded volume
interactions between rigid filaments undergoing bundling.
In Ref. [47], all filaments are assumed to have the same
length L, and to coalesce by lateral association. Here, we
will assume the filaments to undergo end-to-end annealing
and fragmentation as already described in Appendix A.
The microscopic mechanism that we propose for the

hindering (blocking) of the microscopic annealing or frag-
mentation reactions is schematically represented in Fig. 7. In
what follows, we assume that two filaments (modeled as
diffusing rigid rods as detailed in Appendix A) can anneal or
fragment only if the angle between them is smaller than γ,
where γ is an adjustable parameter of the theory. We
additionally assume an annealing or fragmentation reaction
between two filaments of lengths (in ULFs) i, j will be
blocked if at least another filament intersects the circular
sector of area A. With reference to Fig. 7, one can see that

A ¼ ðblminÞ2θ
2

; ðD1Þ

where b is the ULF size and θ the angle between the two
reacting filaments, and we have defined lmin ¼ minði; jÞ.
The probability that a given filament of length k intersects
this surface is

pðA; kÞ ¼ Abk
V

: ðD2Þ

Thus, the probability that none of the n filaments in the
system intersects the surface is, denoting the blocking
probability with Pb,

1 − Pb ¼
Yn
k¼1

�
1 −

Abk
V

�
≃ exp

�
−
Ab
V

Xn
k¼1

k

�
¼ e−cbA;

ðD3Þ

TABLE II. Best-fit parameters K�
d and τ� from the common fit

of the experimental datasets c ¼ 1, 3, 10 for the three repeats R1–3
[see Fig. 6(a)].

Repeat K�
d τ� (h)

R1 1.05 × 10−3 8.32
R2 9.50 × 10−4 14.3
R3 1.00 × 10−3 17.3 i

j

A

b i
j

A

b

FIG. 7. Schematic representation of an annealing reaction
between two filaments of i and j ULFs (green) being blocked
by a third one (purple). The size of the ULF is b, and the angle γ
represents the minimum angle required for the annealing to take
place. If the third filament lies in the shaded circular sector of area
A ¼ ðbjÞ2θ=2, the reaction is blocked.
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where c is the total concentration of ULF, and we have used
the fact that Abk=V ≪ 1 for large volumes V. The proba-
bility of Eq. (D3) was calculated for a given configuration of
two filaments; thus, the average probability will be obtained
by averaging over all the possible angles 0 < θ < γ between
two filaments i and j undergoing annealing:

1 − hPbi ¼
R γ
0 expð− cb3l2minθ

2
Þ sin θdθR γ

0 sin θdθ
: ðD4Þ

Solving the two integrals, we finally obtain

1 − hPbi ¼ g

�
cb3l2min

2
; γ

�
; ðD5Þ

where

gðx; γÞ ¼ 1 − e−γx½x sinðγÞ þ cosðγÞ�
ð1þ x2Þ½1 − cosðγÞ� : ðD6Þ

Thus, in conclusion, we propose that the annealing rate in the
entangled regime is modified as follows:

Kent
i;j ¼ g

�
cb3l2min

2
; γ

�
Ki;j; ðD7Þ

where Ki;j is given by Eq. (2). We note that
limx→0 gðx; γÞ ¼ 1, and thus in this limit we recover the
model without entanglement.
To find the value of γ which best fits the experimental

data, we have run DSMC simulations for different values of
γ, while keeping the equilibrium dissociation constant the
same as the one that was estimated by fitting the model
without entanglement to the data for the three lowest
densities. In particular, we have set Kd ¼ 1.0 × 10−3, since
this is the value which minimizes the sum of squared
residuals when fitting the three lowest densities. The reason
to keepKd constant is that the kinetic slowing-down caused
by entanglement cannot modify the equilibrium properties
of the system.
For each value of γ, we have run 50 independent

simulations, in each one of which the random number
generator was initialized with a different seed. We have
then fitted the experimental data following the same
procedure described above, considering this time the whole
range of concentrations, c ¼ 1, 3, 10, 30, and 100. When
performing this fit,Kd has been treated as a constant, with γ
and τ the fit parameters. As shown by the solid lines and
filled symbols in Fig. 8(a), we have found that the best-fit
parameters, obtained by calculating the average and stan-
dard deviation over the three experimental repeats R1–3, are
γ ¼ ð7�2Þ×10−6 rad and τ ¼ 18�4 h. From Eq. (C5), the
corresponding mean fragmentation time for a 1 μm fila-
ment is F−1

tot ¼ ð5� 1Þ h. Since we had found

Kd ¼ ð1.00� 0.05Þ × 10−3, we have also analyzed the
effect that this 5% on Kd has on the estimates of γ
and τ, finding that these do not change significantly
(not shown).
Finally, it is interesting to compare the experimental data

with the same model as Eq. (D7), but without fragmenta-
tion (i.e., Kd ¼ 0). We have thus fitted the data with this
model, finding, as shown by the dashed lines and empty
symbols in Fig. 8(a), γ ¼ ð7� 2Þ × 10−6 rad. The value of
γ for the model without fragmentation is thus identical
(within the error bars) to the one found for the model with
fragmentation. However, one can see that the rms residual
is significantly higher, and thus the model without frag-
mentation provides a worse description of the data. This is
also shown in Fig. 8(b), where the fit results for the two
models are compared. One can see that the model without
fragmentation fails to capture especially the longtime
saturation for c < 100, which is expected since fragmen-
tation is more relevant at longer times.
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FIG. 8. (a) rms residual, Eq. (C4), as a function of the minimum
angle required for annealing γ (results from the common fit of
the experimental datasets c ¼ 1–10 for the three repeats R1–3).
Solid lines: model with fragmentation and entanglement.
Dashed lines: model without fragmentation, with entanglement.
(b) Fit of the experimental data. Solid lines: model with frag-
mentation and entanglement (Kd ¼ 1.0 × 10−3; γ ¼ 7 × 10−6).
Dashed lines: model without fragmentation, with entanglement
(Kd ¼ 0; γ ¼ 7 × 10−6).
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APPENDIX E: COMPARISON WITH THE
HILL MODEL

In this appendix, we will discuss how the experimental
data compare to numerical results obtained using the Hill
model [46] for the annealing rate Ki;j. We find it especially
relevant to discuss this model since it has been widely used
for the analysis of vimentin growth kinetics [32–34]. We
note that all of the previous studies have assumed the
absence of fragmentation, whereas here we consider the
Hill model with fragmentation.
The Hill model assumes that the two reacting filaments

can be treated as diffusing rigid rods with diffusion
coefficients Di, Dj and lengths li; lj ¼ b · i; b · j (b ¼
ULF size). Here Di ∝ lnðiÞi−1: although this relation
describes somewhat more accurately the diffusion of thin
rigid rods than the one used in this work [70], i.e.,Di ∝ i−1,
the two have the same asymptotic behavior for large i.
Moreover, the diffusion coefficient used by Hill vanishes
for reactions involving single ULFs (i ¼ 1 or j ¼ 1), and
thus in order to perform numerical calculations using this
formula one must consider corrections to the logarithmic
term [33,34]. Here, following Portet [34], we will use the
following expression for Di when discussing the Hill
model:

Di ∝
lnðiÞ þ 0.312

i
: ðE1Þ

The constant 0.312 is a zero-order correction in i−1 for the
diffusion coefficient of short filaments [76]. In the Hill
model, two filaments that are at a distance ri;j < ðli þ ljÞ=2
from each other will react with probability pi;j. This
probability is evaluated by Hill as the fraction of surface
of the sphere of radius ri;j which is reactive. Since the
area of the reactive site is ≈b2, one obtains pi;j ∝ b2=
r2i;j ∝ ðiþ jÞ−2. As we discuss below, this leads to a faster
decrease of the reaction rate with filament length compared
to our model. The reaction rate of Hill is thus

KH
i;j ¼ ðDi þDjÞ

li þ lj
2

pi;j

¼ C
�
lnðiÞ þ 0.312

i
þ lnðjÞ þ 0.312

j

�
ðiþ jÞ−1; ðE2Þ

where C does not depend on i, j nor on density.
We have performed DSMC simulations of the

Smoluchowski equation with fragmentation with the annea-
ling rate given by Eq. (E2). We recall that the fragmentation
rate is derived from the detailed balance condition, Eq. (A1).
The simulations have been performed for the reduced
densities c ¼ 1, 3, 10, corresponding to the three lowest
experimental densities, and for different values of the
equilibrium dissociation constant Kd. For each value of c
and Kd, we have run 50 independent simulations by

initializing the random number generator with different
seeds. In order to determine the best-fit value of Kd and
the associated mean fragmentation time τ, we have followed
the same procedure described in Appendix C. For the best-fit
values, we find Kd ¼ ð8.0�0.8Þ×10−4, corresponding to
ð8.0�0.8Þ×10−6 mg=mL, and τ ¼ 22�9 h. The Hill model
thus predicts a slightly smaller but comparable equilibrium
dissociation constant and a larger mean bond breaking time
than the one predicted by our model, Eq. (2).
In Fig. 6 we show the rms residual from the fit, Eq. (C4)

(dotted lines, empty symbols), compared to the same
quantity obtained with our model (solid lines, filled
symbols). One can see by comparing the two curves that
fitting the experimental data with the Hill model results in a
larger value of the rms residual in the range of Kd around
the minimum K�

d.
The fit is shown in Fig. 9(a), where it is compared with

the one obtained with our model. We note that the Hill
model predicts a slower filament growth at short and
intermediate times. This can be understood as follows:
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FIG. 9. (a) Fit of the experimental data (symbols) obtained
using our model for the annealing rate, Ki;j ¼ K1;1ði−1 þ j−1Þ=2
(solid lines), and the Hill model with fragmentation [Eq. (E2),
dashed lines]. (b) Same data as in (a) in double-logarithmic scale.
For our model, Kd ¼ 1.00 × 10−3, τ ¼ 13 h. For the Hill model,
Kd ¼ 8.0 × 10−4, τ ¼ 22.0 h. Note that all the data shown in (a)
and (b) are for models without entanglement, as the latter are not
relevant in this range of densities.
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If one replaces for simplicity i and j with a single typical
length L in Eq. (E2), it is easy to see that for intermediate or
long filaments the reaction rate scales as K ∝ L−2. In our
model, Eq. (2), on the other hand, the scaling is K ∝ L−1.
Thus, the Hill model predicts a faster decrease of the
reaction rate with increasing filament length.
It can actually be shown that, in the absence of

fragmentation, a scaling K ∝ L−λ leads to an increase of
the mean filament length with time as LðtÞ ∝ t1=ð1þλÞ [77].
This results in LðtÞ ∝ t1=2 for our model and LðtÞ ∝ t1=3 for
the Hill model. These two regimes are indeed observed at
times<10 h, when fragmentation is less relevant, as shown
in Fig. 9(b), where we show the same data as in Fig. 9(a) in
double-logarithmic scale. The experimental data follow a
slope much closer to the value 1=2 predicted by our model
than to the 1=3 predicted by the Hill model. We thus
conclude that our model captures the assembly kinetics
better than the Hill model.
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