N

N

Multidimensional Stein’s method for Gamma
approximation
Ciprian A Tudor, Jérémy Zurcher

» To cite this version:

Ciprian A Tudor, Jérémy Zurcher. Multidimensional Stein’s method for Gamma approximation. 2023.
hal-04090753

HAL Id: hal-04090753
https://hal.science/hal-04090753

Preprint submitted on 6 May 2023

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-04090753
https://hal.archives-ouvertes.fr

Multidimensional Stein’s method for Gamma approximation

Ciprian A. Tudor and Jérémy Zurcher

CNRS, Université de Lille
Laboratoire Paul Painlevé UMR 8524
F-59655 Villeneuve d’Ascq, France.
ciprian.tudor@univ-lille.fr
jeremy.zurcher@univ-lille.fr

May 6, 2023

Abstract

Let F(v) be the centered Gamma law with parameter v > 0 and let us denote by Py the
probability distribution of a random vector Y. We develop a multidimensional variant of the
Stein’s method for Gamma approximation that allows to obtain bounds for the second Wasserstein
distance between the probability distribution of an arbitrary random vector (X,Y) in R x R™ and
the probability distribution F'(v) ® Py. In the case of random vectors with components in Wiener
chaos, these bounds lead to some interesting criteria for the joint convergence of a sequence
((Xn,Yp),n >1) to F(v) ® Py, by assuming that (X,,n > 1) converges in law, as n — oo, to
F(v) and (Y,,n > 1) converges in law, as n — 0o, to an arbitrary random vector Y. We illustrate
our criteria by two concrete examples.

2010 AMS Classification Numbers: 60F05,60G15,60H05,60H07.
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1 Introduction

The Stein’s method represents a popular probabilistic collection of techniques that allows to evaluate
the distances between the probability distributions of random variables. Given two random variables
F, G, the Stein’s method allows to obtain sharp estimates for the quantities of the form

sup [E[h(F)] — E[h(G)]] (1)
heH

where H constitutes a large enough class of functions. Of particular importance is the case when
one of the two random variables follows the Gaussian distribution but the cases of other target



distributions are also of interest. We refer to the monographs and surveys [6], [7], [I7], [I§] for a
detailed description of the techniques of Stein’s method and for its applications.

Our work concerns a variant of the Stein’s method that allows to measure the distance between
two random vectors with the same marginals but with different correlations between their compo-
nents. This variant has been initiated in [I6], where the author, by combining the Stein’s heuristics
with the tools of Malliavin calculus, obtained bounds for the Wasserstein distance between the
probability distribution of a random vector (X,Y’) where X ~ N (0,1) and Y is an arbitrary random
variable and Pz @ Py, i.e. the law of the vector (Z,Y) where Z ~ N(0,1) and Z is independent by
Y. We denote by Px the probability distribution of a random vector X. In some sense, this approach
allows to evaluate how far are the components X and Y from being independent. The method has
been extended in [19], by giving asymptotic results and by focusing on the case of random vectors
with components in Wiener chaos.

Our purpose is to develop a similar theory for the case of the centered Gamma distribution with
parameter v > 0, denoted F'(v) in the sequel. The basic observation is that if X ~ F(v) and X is
independent from an arbitrary n-dimensional random vector Y, then
E|2(X + I/)gf

for a large class of differentiable functions f : R x R™ — R. Also, if (2)) holds true for a large class
of functions f, then X ~ F(v) and X is independent of Y. Then, we introduce a multidimensional
counterpart of the standard Sten’s equation for the Gamma law, i.e.

2w +) 2 (2,y) ~ S (2.y) = hia,y) ~ Blh(Z,y)) Q
where Z, ~ F(v) and h : R x R" — R belongs to suitable class of functions. We analyze in details
the existence, the uniqueness and the regularity of the solution to () and of its partial derivatives.
In particular, we prove that there is a unique bounded solution to (B]) and the infinity norm of this
solution and of its first order partial derivatives are controlled by the infinity norm of A and of its
first and second order partial derivatives. By combining the Stein’s equation with the Malliavin’s
integration by parts, we obtain bounds for

do (]P’( xx) Pz, ® ]P’Y) ,

whereds is the second Wasserstein distance (defined later in our work), Z, ~ F(v), and X,Y are
arbitrary random vectors in R and R"™ respectively, sufficiently regular in the sense of Malliavin
calculus. We also analyze the case of random sequences in Wiener chaos where those general results
translate into easy-to-apply criteria for Gamma approximation. We consider a sequence (X, k > 1)
and a sequence of n-dimensional random vectors (Yg, k > 1) such that for each £ > 1, X}, and the
components of Y belongs to a Wiener chaos and we assume that, in distribution, X converges
to Z, ~ F(v) and Y converges to an arbitrary random vector Y as k — oco. Under some rather
natural conditions (and easy to check in particular case), we prove that the vector ((X, Yg),k > 1)
converges in law, as k — oo, to F(v) ® Py. We also evaluate the corresponding rate of convergence
under the so-called second Wasserstein distance. The method is illustrated by some examples. Our



results extend the methods and findings in the literature related to the Gamma approximation, see
e.g. [, 121, [31, [, 5], [9], 8], [10], [T, [12], [13].

We organized our paper as follows. In Section 2 we give a characterization for the probability
distribution of a random vector whose first marginal is a centered Gamma law and the rest of the
vector is independent by the first component. This naturally leads to a multidimensional Stein’s
equation corresponding to the law of a such multidimensional random vectors. We then analyze in
details the solution to the Stein’s equation on the whole real line and we prove suitable bounds for
this solution and for its partial derivatives. In Section 3 we combine our findings on the solution to
the Stein’s equation with the techniques of Malliavin calculus, in the spirit of [12], in order to obtain
bounds for the second Wasserstein distance between an arbitrary random vector and a random vector
with the first component following the F'(v) law and the rest of the vector independent by this first
component. Section 4 is devoted to the study of sequences of random variables in Wiener chaos.
If (X,,n > 1) converges in distribution to F(v) and (Y,,n > 1) converges in distribution to an
arbitrary law U on R", we give criteria to check the joint convergence of the vector ((X,,Y,),n > 1)
to F(v) ® U. We illustrate our result by two concrete examples in Section 5. Finally, the Appendix
contains the basics of Malliavin calculus and the proof of as technical result.

2 The multidimensional Stein’s equation and its solution

Let Z, be a random variable following the centered Gamma distribution F(v) with parameter v > 0,
whose probability density function is

e
pu(:E) = 2%F (%) 1(—1/,+oo)($)' (4)

When v is an integer, then Z, coincides in law with 3%, (N? — 1), where Ny, ..., N, are standard
Gaussian independent random variables. We recall that in the standard Stein’s method for Gamma
approximation, the development of the method is based by the fact that Z, ~ F(v) if and only if

E [2(Zu + V)+f/(Zu)} =E [Zuf(Zu)] (5)

for a large class of differentiable functions f : R — R, where x; = max(x,0). Let us state and
prove an analogous result in the multidimensional context. We recall that if X ~ F(v), then its
characteristic function 1 is the unique solution to the differential equation

VAER, (1—2iNy'(\)+ 2 wp(N) =0, (6)
with 9(0) = 1.
Lemma 1. Let Y = (Y1,...,Y,,) be a n-dimensional real random wvector.

1. Assume Z, ~ F(v) and Z, and Y are independent. Then

B[22, + 192, V)] = B12,5(2., V),



for any function f: R x R™ — R such that E H(Z,, + V)%(Z,,,Y)H < oo and E[|Z,f(Z,,Y)]] < oc.

2. Conwversely, assume that Z is an integrable random variable such that

of

E [2(2 +i)i ol

(2.Y)] = B(27(2,Y)), g
for any function f : R x R — R such that E H(Z—I—l/)%(Z,Y)H < oo and E[|Zf(Z,Y)]] < 0.
Then Z ~ F(v) and Z is independent of Y.

Proof: Assume that Z, ~ F(v) and Z, and Y are independent. Then, by the Stein’s characteri-
zation of the centered Gamma law (fl), we have for every y € R",
of
E |2(Z, + ”)a_x(Z”’Y) =E[Z,f(Z,,y)].
So,
2(3j + V)%(:Ev y)d]P)Zu (:E) = !Ef(!l?, y)d]P)Zu (:E)7
for every y € R™. We integrate the above relation with respect to Py on R™ and we find for the
left-hand side, by using the independence of Z,, and Y,

I3 (/w2<$+u>%<x,y>dpzu<x>>d%(y) = [ e AR P y)

9
- E [2(@ + ”)a_i(z”’y) .

Similarly for the right-hand side

[ (/Ooxf(%Y)dPZu(fﬂ))dPY(Y) = [ @i e y)

bt 2

= E [Zuf(ZwY)] .

Let us now prove the second point of the lemma. By taking a function f with support contained
in (—oo, —v), we found that P(Z, < —v) = 0. Let ¢ be the characteristic function of the random
vector (Z,Y), i.e.

oM\, X)) i=E [ei(,\lz+,\2-y)] 7

for A1 € R, Ay € R", where x - y denotes the Euclidean scalar product of x,y € R™. We take the
derivative of ¢ with respect to A; and we apply (7)) (for the real and imaginary parts of ¢). By
denoting g(z,y) = ¢!z +X2¥) then since Z is integrable, g satisfies the conditions to have (@) and
we get

22 (\X) = iE[zeMZH0Y) —iE[Zg(X, V)

O\
= B[22+ FLET)| = 2B [(Z+ e F0)
0
= 2Z)\1 _90 ()\1, /\2) — 2V/\1<,0(/\1, )\2)
)8



Consequently, for every A1 € R, Ay € R", we have

)
1- ZiAl)a—/i(/\l, o) + 22 1vp( A1, A2) = 0.

By noticing that for every Ay € R"
(0, 0) = E [ = v (ha),

where @y stands for the characteristic function of the random vector Y, we obtain from (@), for every
A ER X € R,

P(A1, A2) = Y(A1)pv(A2).
This means that Z ~ F(v) and Z is independent of Y. [ |

Let us introduce the multidimensional Stein’s equation for the centered Gamma law F'(v)

2w +0) 2 (2,y) S (2.y) = hia,y) ~ BIW(Z,.y). ¥

with Z, ~ F(v) and h : R x R" — R such that E[|h(F(v),y)|] < oo for any y € R". In order to
solve (8)), let us recall some facts concerning the one-dimensional Stein’s equation (on the whole real
line) for the Gamma law

2(x +v)f'(x) — o f(x) = h(x) - BL(F(v))], (9)

with h : R — R satisfying E [|h(F(v))|] < co. Recall that the density of this law is given by (@) and
let us also introduce the function

v

(o +v)Ele ™
2T (3)

qu(x) = 1(—oo,—)(T). (10)

Both functions p, and ¢, are positive. Note that, contrary to p,, the function ¢, does not define
a probability measure. We consider F;, the cumulative probability function of p,. We denote by F},
the following function defined on (—oo, —v/:

—v
F,(x) = / qy(u) du. (11)
xT
Then F,, is a positive decreasing map on (—oo, —v].
Lemma 2. Let h: R — R be measurable such that E[|h(Z,)|] < co. Then the Stein’s equation ({9)

admits a unique bounded solution given by

_ ’ pu(w)
fu(z) = [/_V N+ (@) (h(u) —E[n(Z))]) du] 1 yio0)(@)

™ - . )




Proof: See Section 2.2 in [9]. [ |

Remark 1. We can show that this unique solution is C' on R, by using the I’Hopital’s rule several
times, when h is C' with h' absolutely continuous. Indeed, for instance, for x going to —v from
above :

I 20z +v)p()h(x) + 2 [T, h(u)p, (u) du
Am fa@ =l 1@+ %)
( i 2(z +v)py(x)h/ (x) — a:p,,(x)ﬁ(a:) + ffu fl(u)p,,(u) du + xﬁ(az)pu(x)

zl—v 22 —z)(z +v)pu(x)

L 2 p W) + [, () du
24 val-v 2(z + v)py(x)

1 o 20" (z)(z + v)p, (z) — zp, (x)W (x) + h(z)p, (x)
2+ val-v —zpy ()

IS

A
Il
=

where h(x) = h(z) — E[h(Z,)],
fundamental property

" means that we used the ’Hépital’s rule and we also applied the

2(x +v)py(x) = — /x upy (u) du. (13)

—v

This works analogously when x goes to —v from below, via a similar relation for q, :

—v
2@ +v)g(z) = / uqy (u) du for every x < —v.
x
In a first step, we deduce the existence of a unique bounded solution of the multidimensional
Stein’s equation (8)).

Proposition 1. Let h : R x R™ — R be a test function such that E[|h(F(v),y)|] < oo for any
y € R". Then (8) admits an unique bounded solution which can be expressed as

hay)= [ 0) - B @] 1o
- [/_V % (h(uvy) —-E [h(ZI/7 Y)]) du‘| 1(—00,—1/)('%)7 (14)
h(_y7 Y) _I:/E [h(ZI/7 Y)] 1{_[/} (ﬂj)

Proof: Let us prove first that (I4]) satisfies (8). For z > —v, we have by differentiating (I4]) with
respect to x:



afi

o (x7Y) = pu(u)(h(x7Y) - E[h(Zl/ay)]) du,

Wz, y) — E[h(Z,,y)] x :
2(zx +v) * 4(x +v)?p,(x) /—u

and so we conclude that we have (§) in (—v,+00). For z < —v :
Ofn hz,y) — E[h(Zy,y)] x

(oy) = MR [ ) (.y) ~ Bl Z,.y)) du,

giving the same conclusion on (—oo, —v). Finally, we can check by ’'Hopital’s rule, in the same way
as in [8], that when z goes to —v, the solution () goes to M=Y=BMZY)l “either the taking the

14
Ift or the right limit. Hence, x — f5(x,y) is continuous on R. Moreover, we can prove, when h is

C! with % absolutely continuous, by the same argument as in Remark [I], that is also the case of

%. So f is C! with respect to z. This concludes the existence part.
Let us prove the unicity. Assume fj, g, are two bounded solutions to (§). Then for every
(x,y) € R x R",
O(fn—9gn
2a + 29N 0 ) oy~ g)(wy) =0

By solving the above equations, we get

1 (y) et 7 if (z,y) € (—v,00) x R"
(Fn— gn)(@,y) = by
co(y) ——— if (z,y) € (—o0, —v) X R",
(=(z+v))Z
S
gh(x,Y)+Cl(Y) 2 if (a;,y)e(—y,oo)XR"
fulw,y) = ey
gn(z,y) + Cz(Y)W if (v,y) € (—o0, —v) x R™.
Consequently, fj, is bounded if and only if ¢1(y) = ¢2(y) = 0 for every y € R™. [ |

The next step is to find suitable estimates for the solution (I4)) and for its partial derivatives.
We follow the methodology proposed in [9] and [§] in the one-dimensional case. Let us start by an
useful result that gives an alternative expression for the solution to (). The proof of the below
lemma. can be found in the Appendix.

Lemma 3. 1. Let fj, be given by (I4]). Then for x > —v and y € R",

i) (15)
ARG fron o R [fSon
= | G dw e [ S )1 Fuw) du

and for every x < —v and y € R", we have:

1 Y Oh N .
In(z,y) = W g %(w,}’) [Fu(fﬂ) - Fu(w)} dw
+Fu($)/_ %(wa.‘)’)(l — F,(w)) dw] . (16)



2. If F,, denotes the cumulative distribution function of the centered Gamma law F(v), then for
any x € (—v,00) :

’ F,(s)ds=xzF,(z) — /w spu(s) ds.

-V -V

and

“+00

+o0o
/ (1—F,(s)) ds = —z(1 — F,(z)) +/ spy(s) ds.

T

3. Let F,, be given by (I1). Then we have for x € (—oo, —v),

| R dv= [ g du-afi ),

Let us now obtain some estimates for the solution to the Stein’s equation. The idea of the proof
is based on the proof of Theorem 3.13 in [g].

Proposition 2. Let h: R x R™ be a C? map with bounded partial derivatives. Let fy, be the unique
bounded solution to (8) corresponding to h. We have the following estimates :

oh
< i
Il < €| 52 a7)
and for every j € {1,...,n},
Ofn d’h 0 fn ‘ oh
Ha—yj - h C| 0x0y; - H oo 07 || oo (18)

Proof: Let us prove the estimation (I7). Let z > —v. By using Lemma B, we have

‘fh(xvy)’
T too _ "
%/ %(w,y)(l Fy(w)) dw+f1up+(())du : %(w,y)Fy(w) dw! .

Note that [* up,(u) du = —2(x + v)p,(x) < 0. Then, via point 2. in Lemma [3]



Oh 400 z
eyl < _IJ SNOXD (Fu(x)/ (1= Bw) dot (1= Fe)) [ Fyfw) dw)
dh

ox

+00
— fm up,,c(qu) T <F,,(x) </ spy(s) ds —x(1 — F,,(a:)))
+(1—F,(x)) <a:F,,(m) — /_x spy(8) ds))
|2

- u_p,, <FV($) /:‘X’ spy(s) ds — /jj spu(s) ds) .

By using the fact that f > spu(s) ds = E[Z,] = 0, we conclude the estimation (7)) on (—v,+00).
Now, we proceed in the same way for x < —v. By Lemma [3]

1

fale,y)] = ‘ o

Gy [Re) -

- f UQV V(w)} e

~ +oo
—l—F,,(a:)/ %(w,y)(l — F,(w)) dw] .

—v

Since F,, is decreasing on (—oo, —v) and since [ ugy(u) du = 2(z + v)q,(z) < 0, we have

oh

= OXT _ [ [B@ - Aw] dos Al [

—+00

i

(1—Fy(w)) dw]

oh

~ too v
—f_”qu (a) du (—(m—i—u) +/_ (1—F,(w)) dw) —/ F,(w) dw}

oh

%2 Jloo -—:EF,,JJ —< _Vu,,u du—:nF,,:E)]
e | | (@)
oh

dx

N
8

b

&

N

[e.9]

We used Lemma [3] to express the integral of F,, and the fact that fjfo(l — F,(u) du = v.
Hence, we proved the bound (7)) on (—oo, —v). Using the continuity of f3, this inequality also holds
for x = —v. So, the inequality (I7) is true.

Let us now prove the inequalities (I8]). We start by dealing with the derivative of f;, with respect
to x. Since fj solves (8)), we have for z # —v and for y € R,

Afn T hz,y) — E[h(Z),y)]
%(z’?y)_z(m_’_y)fh(x?y)—i_ 2(1,_’_1/) :

(19)



We again separate the cases ¢ > —v and = < —v.

e Assume x > —v. By Lemma[3] point 1. and by relation (@8]) in the proof of this lemma, we get

+ h(z,y)
0 R o
Y upy(u) d / (w,y)F, (w) dw +

+ 5 gh( ) Ey (w) dw—/x a—x(w,y)(l — F,(w)) dw
v T 400
fy((:v)) _ %(w’ %/ %Ww)(l - Fy(w)) dw,

T fn(r,y)

xF,(x teo
D [ S w1 - Fyw) du

where we used the notation

Ay(z) = ff,, upy(u) du = =2(z + v)p,(z) <0

Gz) = Ay(z)+z(1-F,(x))

H(zx) —A,(z) + zF,(x).
Notice that H'(z) = F,(z) and H(—v) = 0. Hence, H(z) = [* F,(u) du. We also have G(z) =
[F°(1 = F,(u)) du, since G'(z) = 1 — F,(z), G(~v) = —v and f_JrVOO 1 — F,(u)) du = v. Therefore,
we have the following bound for af b

O ol < 2(f2, Fo(w) du) ([0 - B, (w) du)
ar Y| S 6z o (z + V)[4, (z)] '
To conclude, we need to prove that the function S, defined by

2 (/2, Fulw) du) (701~ Fy(w) du)
(o + V)[4 (2)

is bounded on (—v, +o00). We will prove that S, is bounded on R and admits a finite limit at —v.
For z > 0, we use Lemma [B] to have

Sy(z) = (20)

+0o0
[ G-R@) di= 2 n ) o Ra)
< 2z +v)pu(x).
Consequently, for every x > 0, we have (by using that F,, is increasing and ffi(l — F(u))du = v),

2z +v)F,(z) - 2(x + v)p,(x)

v(T) S =2F,(z) < 2.
Su(@) 2(z 4+ v)?%p,(x) (z)
Now, for x going to —v, notice first that :
lim S,(z)=2v li Jo Bl
A e T u)m( >

10



Since both numerator and denominator go to zero, we apply I’Hopital’s rule several times to conclude.
We use the relation (I3]) to differentiate in (20).

. , Fy(z) oo Fy(x)
1 () = 2v 1 =
x_ﬂn_l,,s () Voan, 2—-x)(x+v)p,(x) 2+4+v T 2(z + v)pu(7)
_ v lim Py (@) = 1

24 vasy —axp, () 2+

Hence, S, is continuous, bounded on R, and admits a finite limit at —v, so S, is bounded in
(—v,400) and so we conclude that

afn

Vo > —v, o

Oh
< S —1 .
@] < 1| 52|
e For x < —v. We follow the same computations. We get

zfn(z,y) + h(z,y)

G(z) [+ 0h x [TV Oh ~
Bu(:c)/x 55 (W y) [1 = Fy(w)] dw - B,,(x)/x o (W ¥)Ey (w) duw,

where we denoted

{ By(z) = [ "ug(u) du=2(z+v)g(z)
G(x) = zF,(x)— B,(x).

Then, we have G(x) = [ F,(u) du. Set for all z < —v :

ooy o U Pt 00) (17— Fw)) dw =) =20 ([ Bl du)
v\T) = (x + V)B,/(x) o 2(]1/(1’)(1’ 4 I/)2 .

Then we have by (I9), for every < —v and for every y € R",

oh
Oz

We need to prove that R, is bounded. Here, we will prove that R, admits finite limits at —oco
and at —v. We will use again the fundamental equality ([I3]). In —v :

Oy < g

[e.9]

T Fy(u) d
lim Ry(z) = 2v lim I () du

T——v T——v 2(x + y)2qu(x)
= 2v lim —Fy() = dv lim —Fy()
e——v (2—z)(x+v)q(x) v+2s-—v2x+rv)q(x)
@w(x) 4

v+2as—v —xq,(x) 2+v

11



In —oo, we proceed in a similar way,

. [TV E,(u) du
1 v = -2 1 =z
Lom Ry (z) e 2(x + v)q, ()
~ 9 lim L v@) _ —4 lim b (@)
2——o00 x4, (z) z——o00 2(z + v)q, ()
~ 4 m 2

z——o0 xq,(x)
This proves that R, is bounded on (—oo, —v), and so that for every x < —v,y € R",

I LN

Since fj, is C! with respect to z, this holds on —v by continuity. Hence, we proved that

|51

Oh
< max {150l 1R} | 5|

and the first inequality in (I8]) is done.
To deal with the second bound in (I§]), by differentiating the Stein’s equation (§]) with respect
to y;, we observe that we have in fact

Afn
dyj ff%;
Since h is C2, the estimation made in (I7) directly yields the second estimation of (IS]). [ |

3 Multidimensional Stein-Malliavin calculus for the Gamma dis-
tribution

We use the multidimensional Stein’s equation and the properties of its solution proven in Proposition
2lin combination with the techniques of Malliavin calculus in order to obtain bounds for the distance
between the probability distributions of random vectors. Actually, we will evaluate the second
Wasserstein distance between the law of an arbitrary random vector (X,Y) in R x R™ and the
random vector (Z,,Y), where Z,, ~ F(v) and Z, is independent by Y.

Let us first introduce the distances that we use in the sequel. Let H the set of functions
h : R"*! — R which are C! such that every partial derivative of h are Lipschitz with

Wi + 1Pl < 1

where

100 | 93h(x) — ()]

hll;:, == su .= max su
o B T ] i 1SN g ot [[x =yl
XAy x#y

12



Then, for every integrable random vectors X and Y of R"*!, we define the second Wasserstein
distance defined by

dy(Px, Py) := sup [E[R(X)] — E[L(Y)]]. (21)

(By convention, if X or Y are not integrable, we set it equal to co: we cannot measure anything with
this distance). We also recall the classical Wasserstein distance. Let

A={h:R" = R, his Lipschitz continuous with ||h[|r;p < 1}.
Then the Wasserstein distance between the probability distributions of X and Y is defined by

dw (Px,Py) := sup [E[R(X)] — E[R(Y)]] . (22)

We can show the following fact: the convergence for the distance dy implies the convergence for the
classical Wasserstein distance.

Lemma 4. For every integrable random vectors X and Y, we have

321,
dW(va) < ﬁ Y d2(X7Y)7
—[lu)?

z  du.

where I, := \/ﬁ Jgn llulle

Proof: Let h be a 1-Lipschitzian map on R”. Then by Rademacher’s theorem, h is Lebesgue
almost-everywhere differentiable. We can consider a version of its partial derivatives. For o > 0, we
consider the n-dimensional Gaussian kernel with variance o2 given by

1 —[Ix[*
Gy(x) := ,
() (2mwo?)n P ( 202
and the following approximation of h: h, := h * G,. In a first step, let us prove that there exists a

constant a, such that a,h, € H. The function h, is C*° and its first partial derivatives are given by
O;hy = 0;h * G,. Hence, we conclude that

105h0 |l o < [[llpyp < 1.

Concerning the second derivative of h,, we have:

o? (2ma?)n

_ \/?HhHLip <. ] 2 .
T o ~ \Vwo?

This implies that for every o € [0, % , tho eH.

17l —lul? du
aﬁjh”(x)‘ - 05t % 0, G (x)] < —5 2 /Rn |uj|exp 2H02H
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Let us next evaluate the difference between h and h,. We can write

h(x) = he(x)]

d
60 = )G =)o < il | G
o—"“HhHLip %uu? 1 7”;”2 -
W o [lulle du < (7(271)” . |lulle du) o:=I,0.

Therefore, for every o € {0, \/g], we have

du
(2mo?)n

[E[L(X)] = E[R(V)]] < [E[A(X)] = E[he (X)]] + [E[(Y)] = E[hq (Y]]
+ [E[he (X)] - Efho (Y)]]

< 2Hh—hUHoo+m/gd2(X,Y)
1 /2

< 20 + — 1] Zdo(X,Y).
g ™

The left hand side, seen as a function of o, can be optimized on [O, \/g] by taking

o9 = A\ \/g%jme{&\/].

Note that since (I,,), is increasing, we have indeed oy < 4/ w < \/g , since the distance is lower
than 1. This value of ¢ yields to

I3

81,
dw (X, Y) < 2,/ 22 dy (X, Y),
w(X,Y) ﬁ2( )

which is the desired conclusion. [ |

Let us state and prove the main result of this section.

Theorem 1. Let X a centered random variable and Y = (Y1,---,Y,) a centered random vector
of R™ such that X € D2 and Y; € DY2 for every j € {1,--- ,n}. Then there exists a constant
C = C(v) > 0 such that

d2 (]P(X,Y)a F(V) X ]Py) (23)

< CE[P2(X+v)—(D(-L)7'X,DX)|| +C zn:E [(D(=1)~'x,DY;)|] .
j=1

If moreover we suppose that X € D and Y; € DY for every j € {1,--- ,n}, then

14



d2 (P(X,Y)a F(V) & ]Py) (24)
< CE {(2(}( +v) — (D(-L)"'X,DX)) } +C ZE [< )7'X,DY;) ]

Proof: Let suppose first that h € C2(R" x R) with 1Al + ||h’HLip < 1. Let fp, be the corresponding
solution to the Stein’s equation (8). Then

/ h(x7Y) d]P)(X,Y)(‘Tay) _/ h(x7Y) dPZV ®dPY(‘Tay)
(—v,+o0)xR™ (—v,+o00)xR™

= ey ey [ B )
v +(X) n n
—  ERXY)-BhZ,Y)].
So, by the Stein’s equation (§]), we have

/ h(.ﬁl’,y) d]P)(X,Y)(‘Tay) - / h(x,y) dPZV ® dPY(‘Tay)
(—v,+o0)xR™ (—v,+o00)xR™

Ofn

— 2B+ ZEEY)| - BXAX Y. (25)

Since X is centered, we can write X = ¢ [D(—L)~'X], and by plugging this into (25))

/ h(.ﬁl’,y) d]P)(X,Y)(‘Tay) - / h(xay) dPZV ® d]Py(.Z',y)
(—v,+o00)xR™ (—v,+o00)xR™

= 9B | (X + )%fh (X, \y) ~B (5 [D(-L)7'X] f,(X, V)]
= 2B [(x + )%f" (X, \Y) ~ B |[(D(-L)"'X,Dfi(X,V))]
_ 2B | (X + )af" (X, Y) ~E aafh (X,Y) (D(-L)"'X, DX>]

zn:E lg—";f(X, ¥) (D(-L)7'X, Dyjﬂ .
j=1 J

Since [|h/|y;, + 17|l < 1, we have H% .

< C and Hg—af < 1 by using Lemma Bl So, we obtain
(o]

for a generic constant C'

(—v,+o00)xR™ (—v,+o0)xR™

< CE H(X+u)—<D(—L)‘1X,DX>H+CZEH< )X DY )]

15



To conclude the bound (23]), we need to have the above inequality for every h € H. If h is one of
those functions, we approach it by the sequence
N
Y + —= )

hi(x,y) ::E[h <$+% NG

where N ~ AN(0,1) is independent of N ~ N, (0,1,,). Then (hy); uniformly converges to h and we
still have [|hy|ly;, + [|7%[l;, < 1. Consequently, we have:

’/ h(x7y) d]P)(X,Y)(‘Tay) _/ h(x,y) d]P)ZI/@d]P)Y(x?y)
(—v,+o0)xR™ (—v,+o0)xR™

< 2||h — hi|l + CE H(XJFV)— <D(—L)_1X7DX>H
+ O E[(pn)x.oy)].
j=1

Taking the limit as k — oo, ([23)) is obtained. For (24), it suffices to notice that if X,Y; € D14,
then the scalar products (D(—L)"'X,DX) and (D(—L)~!X,DY;) are in L?, so that we can apply
Cauchy-Schwarz’s inequality. |

4 Asymptotic independence on Wiener chaos

We now focus on random variables in Wiener chaos and we give an asymptotic variant of the result
proven in Theorem [II We will consider a sequence (X, k > 1) that converges in distribution when
k — oo to the centered Gamma law F'(v) and a sequence of random vectors (Y, k > 1) converging
in law as K — oo to an arbitrary random vector Y. We assume that for each £ > 1, X, and the
components of Y belong to a Wiener chaos of fixed order. Under some pretty natural assumptions,
we deduce, by using Theorem [I] and the properties of random variables in Wiener chaos, that the
random sequence ((Xg, Yg), k > 1) converges in law to (Z,,Y), where Z, follows the centered Gamma
distribution with parameter v > 0 and Z, and Y are independent. This means that the sequences
(Xk,k > 1) and (Y, k > 1) are asymptotically independent. We obtain bounds to quantify this
asymptotic independence under the dp-distance defined by (21).

Let us first recall, that if a sequence (Xx,k > 1) in the gth Wiener chaos converges to F(v),
then the order g of the chaos must be an even integer. Indeed, if ¢ is odd then we have E [X ]‘:’] =0
for any k > 1 and it contradicts the fact that E [Z3] = 8v > 0 if Z, ~ F(v).

Before stating our result, let us recall the following criterion for the Gamma approximation on
Wiener chaos. We refer to [13] for its proof.

Theorem 2. Let (X, k > 1) be a sequence of random wvariables such that for every k > 1, X}, =
I,(fi) where q is an even integer and fr € H®. Assume that E [X7] — 2v. Then the following
—00

are equivalent:

1. The sequence (Xi,k > 1) converges in distribution to F(v).

16



2. For everyp € {1,...,q — 1} with p # 4,

e @p filone 2o —— 0 and g fi—cofil|, ., —=0.

H®1 k—oo

where cqg > 0 is an explicit constant.

3. As k — oo,
IDX%|I% — 2 X5 — 2qv —— 0 in L(Q).
—00

Other equivalent conditions to 1.-3. (not needed in our work) are stated and proven in [13].
We apply this theorem in our context, about asymptotic independence with a component going
to a centered Gamma law. We have the following result.

Theorem 3. Let n, q and qi,--- ,q, strictly positive integers such that q is even and q > gj,
for every j € {1,--- ,n}. We consider a sequence (Xp,k > 1) = (I,(fx),k > 1) converging in
distribution, as k goes to 400, to a random wariable X following F(v). We consider a sequence
of random wvectors (Yg)r = (Y, -+, V")) such that Yk] = I,,(g,,) and and there exists a random
vector Y = (Y1, --- | Y™) such that (Yk, k > 1) converges in dzstmbutzon to Y. We suppose that, for

every j € {1,--- ,n} :
E [X,Y]] —— 0 and | fi®g gi]| — 0. (26)
k—o0
Then we have the following convergence in distribution :

(Xk, Vi) — 2 (X, V), (27)

k——+o0

where X ~ F(v) and X is independent of Y. Moreover, if we denote

Ok :=Px,,v,) and n:=Px ® Py,

then we have the following estimation of the second Wasserstein distance between those two measures:

dy (0, m) < CE {(2(Xk ) — <D(—L)‘1Xk,DXk>)2]% (28)
+ C ZE[< )71 X, DY) } +da (Py,, Py).

Proof: For k > 1, let us consider the probability measure n;, := Px @ Py, = F(v) ® Py,. Then we
have for every h € H (the set defined at the beginning of Section [3)),

17



/R/nh(w,y) dnk(w,y)—/R/nh(x,Y) dn(z,y)
_ / | /R ha,y) dPx(@) ) dB, () - / | /R ha.y) dPx(x) ) dIP’Y(y)\
_ e [ /R Wz, Vi) dIP’X(x)] —E[ /R h(z, Y) dIP’X(x)]

< da(Py,, Py),

the last inequality being true because the function y — fR h(z,y) dx also belongs to H (on R™).
Hence,

da (i, ) < da(Py,, Py). (29)
Now by using the triangle inequality, (29) and the bound (24]) in Theorem [

do(0r,m) < d2(Ok,nx) + do(nk, )

CE [(Z(Xk +v) = (D(-L)7' Xy, DXk>)2]

1
2

IN

" ZZ: R le,DY]>]l+d2(PYkaPY)

which is nothing else but ([28]). Let us now prove that the right-hand side of (28)) converges to zero
as k — o0o. For the first term, the convergence to zero comes from Theorem 2. Indeed,

E [(Z(Xk +v) = (D(-L)7'X), DXk>)2} = qiz E [(\|DXk||2 — 20X, — 2ql/)2} ——0

due to point 3. in Theorem[2l About the second term, we will use some classical computations about
Wiener chaoses. We have:

N\ 2 1 -\ 2
E[ D(—L)"'X,, DY/ ]:—E[ DX, DY/ ]
(o0 0v7)'| = L (o ovy)
Then, by using the product formula (@5]), and the assumption ¢ > ¢;, we conclude that
[\ 2
E [<D(—L)_1Xk,DYkJ> }
qj ¢ 1) 1k
z e (") ) (1) @ a2 Bl
% g -1\ (a¢-1
2 (=Y (r_1> <r_1> (q+q;—20)![ £ &0 ol (30)
Suppose first that ¢ > g;. We estimate the norm of the symmetrical tensor product.

18



ka ®r 9%”2 < ka ®r giHQ = <fk ®r gl fi @r gi>
= fk ®q—r fkagi ®Qj—T gi < ka ®q—r fk“ ' gi ®qj—r gi

< ) | |

E [(y,gf]

q;!

< e ®qr fill - llgsl® < I fx @q—r fill-

Hence, we obtain :

E [<D(—L)‘1Xk,DY]j>2]

E|(Y/ 2 qj 2 2
MZ((T1)1)2(QJ1> (q_1> (q—|—qj—27’)!”fk Og—r fk”

?q! = r—1 r—1
Then, if for every j, ¢ > g;, then by point 2. in Theorem [2] and the second condition of (28]), the

whole expression converges to zero as k — oo , and so we get (27)).
Suppose now that ¢ = ¢;. We isolate the term r = ¢; = ¢ in 30} giving :

E [<D(—L)‘1Xk,DYg>2}

1 2q—14 ~ 12 5 ~ 2
= pX(r=m T_1> (2a = D! i & gl]|” + (@ = VY| B i
q—1 4
- SB[y 45 <<r—1>!>2<fj}> 2la— )| 1s @ ]
r=1

By both conditions in (26]), and by point 2. of Theorem [2] we also conclude in this case that this
expectation goes to zero, and so we have (27)). |

Remark 2. The assumption (20) is necessary to get the result in Theorem[3 and it cannot be avoided.
To argue this, consider the following trivial example. Let (W (h),h € H) be an isonormal process
and let hy,he € H with ||hi|lg = ||h2]|lg = 1 and (h1,ho)g = p € (0,1). Define

X =Wh)?—1=0L(A and Y = W (hy).

Then X ~ F(1),Y ~ N(0,1) and all the assumptions in the statement of Theorem [3, except (20),
are satisfied. Notice that hY%®1hy = phy and |hS% @1 hallg = pllhillzr = p # 0 so (28) does not hold
true. On the other hand, the components of the vector (X,Y) are not independent since h?z ®1 ho
does not vanish almost everywhere on H, see [20)].
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5 Examples

We illustrate the results stated in Section Ml by two examples. In these examples we consider a two
-dimensional sequence of random variables which has on its first component the sequence U,, defined
below by (BI) and which converges in law to F(1). On the second component, we first consider
a fixed random variables in the second Wiener chaos and then another sequence, correlated with
U, which also converges to the centered Gamma law F'(1). We obtain the joint convergence of the
two-dimensional sequence to a vector with independent components and we derive the associate rate
of convergence under the do-distance.

5.1 Example 1

Let (h;,i > 1) be orthonormal elements of the Hilbert space H. For n > 2, set

n—1, =,

Un:I2( ¥ hiéhj) — L(f), (31)

where I is the multiple integral with respect to an isonormal process (W (h),h € H). Then the
sequence (Up,n > 1) converges in distribution to the centered Gamma law F'(1) (see e.g. [1]). It
follows from Section 4 in [4] that for n large enough,

s1Q

E [(2(Un +1) - (D(—L)‘lUn,DUn>)2} <

In particular,

da(Upn, F(1)) < % (33)

We regard the asymptotic behavior of the two-dimensional sequence (U, G) where

G = 2Hy(W (b)) = I (h§?) .

Let us check (26). Concerning the first part of (26]), we have for every n > 1,

_ 4 ey ®2
E[U,G] = — 1<;<n<h,®h],hl >H®2
_ 2 R Py
-1 1§;gn<hl®hj 1y @ hi, hy >H®2
4
— 1riop = 0.
n-l 1<;<n =
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Also,

fa@1h$? = —— 3 ((hi@hy) @1 )
= i<n
1
= 1 Z ((hz ® hj + hj @ h;) @1 hi@2)
= cii<n
1 1 n
=1 <igi<n n—=195
and
an @1 h?2H2 2 : 2 Z (hj ® h1, hi; ® hy) go2
e (n—1) 2<j,k<n
2 2(n —1)
1, 2, I G s

It then follows from Theorem B] that for n large enough,

da (P(U7L,G)v F(1)® IP’G)

< C{E

(200 +1) - <D<—L)‘1UmDUn>)2]% +E [<D<—L>‘1UmDG>2F} '

For any two multiple integrals X = Ir(f), Y = Iy(g) with f,g € H®?,

E |(D(~L)"'X.DY)’| = ELXYP? + 81 &1 glfyes.

Thus, from (B4) and (33)),

E [<D(—L)_1Un,DG>2] -

16

n—1

By plugging the estimates ([82) and (B7) into (36]), we obtain for n sufficiently large,

5.2 Example 2
Let H = L?(Ry) and for i > 1 set

d (P, F(1) @ Pg) <

hi == 1(9; 2i41]-

C

NG

(35)

(37)

Then (h;,i > 1) are orthonormal elements in H. Consider the sequence (U,,n > 1) given by (BI)).

Now define for ¢ > 1,

9i == 1[2i—1+%,2i+iia]
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with a > 0. The family (g;,7 > 1) is also orthogonal in H. Notice that for every i,k > 1,

1
(hisgi) i = 2 Lii=ry-

We consider the sequence (V,,,n > 1) given by

n—1, =

Vo =1 ( 2 > gz@gj) =: Iz(ion). (38)

We know that both (U,,,n > 1) (defined at previous example) and (V;,,n > 1) converge to the centered
Gamma law F'(1). We consider the two-dimensional sequence ((Uy,,V,),n > 1) and we prove that
it converges in law to the vector (Fi, Fy), where Fy, Fy ~ F(1) and Fi, F» are independent. We will
also deduce the rate of convergence under the do-distance associated to this limit theorem.

We compute the quantities in (26]).

EUVa = —— Y. > (hi®hy, gr@gr)

12
(n—1) 1<i<j<n1<k<l<n

T 12 > Y (i@ hy+hy @ hiygr © g1+ 91 @ gr)
T icici<ni<k<i<n

2
T (n—1)2 > > W(l{i=k,j=z}+1{i:z,j:k})

1<i<j<n 1<k<i<n

2
4 1 4 "1 C

2 . .
(’I’L - 1) 1<i<j<n (Z])a i=1

Next, let us calculate || f, ®1 gpn||%1®2. We compute first the contraction :

_ ﬁ oY ((i®hy) @1 (968a1))

1<i<j<n 1<k<l<n

- (n—11)2 > X /[R [hi(@) R (w) + hy(z)hi(w)] {9k (y)gi(w) + g1(y)gr (w)] du

1<i<j<n 1<k<l<n

1
= o > 2 (hi ® gklij=iy + hi @ gilgj=ky + 1 @ grlii=y + N @ gll{z’:k})
n 1<i<j<n 1<k<l<n
1
= o1 Z hi @ gr + Z h; @ g1 + Z hj ® gr + Z hj @ g (41)
n= 1<i<j<n 1<i<j<i<n 1<k<i<j<n 1<i<j<n
1<k<j<n 1<i<I<n

and for n large enough,

> hi®gk

1<i,k<n

C
’fn ®1 Spn’ § -
n
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and then

N

S (i ® gk by ® gi) ez
1<4,k,i" k' <n
1 C
= 3 Z 'ak;aS 2a p—
n—00
n lgi,kgnz n

12 ®1 @nll o2

Q A

0.

Consequently, from ([B9) and I it follows that (28] is verified and ((U,,V,),n > 1) converges in
law, as n — oo, to FI(1) ® F(1) and

E [<D(—L)‘1Un,DVn>2] < % (42)

By Theorem [3]

d2 (]P’(Un,vnwF(l) ® F(l)) < CE [(2(Un 1) - <D(—L)‘1Un, DUn>H)2] 2

1
2

+ CE[(D(=L)"'Up, DU} + da(Py,., F(1)).

The estimates ([B2), (33) and [@2) give, for n large,

2 (P, v, F() @ F()) < C (078 +n7)

6 Appendix

Here we present the basics of Malliavin calculus and the proof of Lemma [3l

6.1 Wiener-Chaos and Malliavin derivatives

Here we describe the elements from stochastic analysis that we will need in the paper. Consider H
a real separable Hilbert space and (W (h),h € H) an isonormal Gaussian process on a probability
space (€2, A,P), which is a centered Gaussian family of random variables such that E [W (o)W (¢)] =
(p,9¥) . Denote by I, the multiple stochastic integral with respect to W (see [15]). This mapping
I, is actually an isometry between the Hilbert space H®"(symmetric tensor product) equipped with
the scaled norm \/—1n—'|] - ||gen and the Wiener chaos of order n which is defined as the closed linear

span of the random variables H, (W (h)) where h € H,||h||gz = 1 and H,, is the Hermite polynomial

of degree n € N
(=) 22\ d" x?
VeeR, Hy(z)= P | 5 | o exp 5 .

The isometry of multiple integrals can be written as follows: for m,n positive integers,

E[L(f)In(9)] = ni{f.§)gen ifm=n,
E[L,(f)In(g)] = 0 ifm#n. (43)
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It also holds that

where f denotes the symmetrization of f defined by the formula

1
f(xla"'axn) - m Z f(xo(1)7"'7'ro(n))‘

: UGSTL
We recall that any square integrable random variable which is measurable with respect to the
o-algebra generated by W can be expanded into an orthogonal sum of multiple stochastic integrals

F=3 L(f) (44)
n=0

where f, € H®™ are (uniquely determined) symmetric functions and Iy(fo) = E [F].
Let L be the Ornstein-Uhlenbeck operator
LF == nl,(fy)

n>0

if Fis given by (#4) and it is such that Y>0%; n®n!|| f,||3,e. < 00. The pseudo-inverse of L, denoted
(—L)~1, is given by,
(~L)7(F) = X ()
n>1
for F' as in (@) with E[F] = 0.
For p > 1 and a € R we introduce the Sobolev-Watanabe space D®P as the closure of the set of
polynomial random variables with respect to the norm

1l = (1 = L)% Fll ooy

where I represents the identity. We denote by D the Malliavin derivative operator that acts on
smooth functions of the form F = g(W(hy),...,W(hy)) (g is a smooth function with compact
support and h; € H)

DF = ; gfi (W(hy),...,W(hp))h;.

The operator D is continuous from D%P into D* %P (H).
We will intensively use the product formula for multiple integrals. It is well-known that for
fe H® and g € HO™

In(f)lm(g) = rin’r' <Z> <T:> Im+n—2r(f Rp g) (45)
r=0

where f ®, g means the r-contraction of f and g (see e.g. Section 1.1.2 in [15]).
We also need to introduce the Skorohod integral integral (or the divergence operator), denoted by 4,
which is the adjoint operator of D. Its domain is

Dom(8) = {u € L* (2 H) ,E [[(DF, u)u]] < C||F| () }
and we have the duality relationship

VF € S,%u € Dom(s), E[Fé(u)] = E[(DF,u)z]. (46)
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6.2 Proof of Lemma

Proof: Let us first prove point 1. Concerning the denominators in (I4]), notice that their new
expressions come from the following equality easily derived by differentiating the left sides (and by
being careful with the bounds which change signs) :

{ 2@+ v)py(x) = —[° up,(u) du on (—v,+00) (47)

2@ +v)g(x) = [ uq,,( )du  on (—oo,—v).
We will only focus on the numerator part.
e Assume x > —v. Remember that we have, for every y € R",

1 z ~
In(z,y) = @+ (@) /_Vpu(U)h(U,y) du,

where h(u,y) = h(u,y) — E[h(Z,,y)]. We will prove the expression (IG) in two steps. First, we
will use Fubini’s theorem to have an expression of k in terms of ‘% and then we use again Fubini’s
theorem to get the desired formula for fj,.

Let us Fubini’s theorem for /& by writing the expectation as :

—+00

E[h(Z,.y)] = / Bz, y)pu(2) de.

—v

Hence, we have for every u > —v, we can write

hi(u,y) = /jopy(z)(h(u,y)—h(z,y)) dz = / U

Oz
ol o] - [nol[ Sresru]

The last line allows us to switch the integrals. We get :

o o

h Y +o0 +o0
Muy) = | gh(w 9) /_ () dz] dw_/ oh ., l 1 "
400
N _,,gh( Y)Ey (w) dw — /u %(WY)(l—Fu(w)) dw. (48)

We now plug this last equality into (I4]) to have our expression.

(z +v)pu () fr(z,y) = /w P (u) gh(w y)F,(w) dw du

—v —v

[T [ Ry B v du

—Uv

The first term can have its integrals switched, whereas for the second one, we need to write
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L =L

We obtain
(&4 V)l e, y) = e IEw) [ pu(w) dude

_ B a—x(w,}’)(l — Fy(w))/ py(u) du dw

-V

+oo .
_ /x %(w,}’)(l—Fy(w))/ pu(u) du dw.

bt 2

In terms of F),, it writes

(@ +v)py () fu(, y)
¥ Oh

N /_i %(w’Y)FV(w)(Fv(x) — Fy(w)) dw - /_V 55 (0 Y) (1 = F, (W) F, (w) dw

— [T R w0 - R Re) du

ox
T Oh T 9h

= — (1-F,(z)) 3 %(w,y)Fy(w) dw — F,,(:E)/ %(w,y)(l — F,(w)) dw. (49)

By combining (47)) and (49]), we obtain the expression (I6]).

e Assume x < —v. From ([I4]), we have

m /_V q(uw)h(u) du.

Since the integral is on (z, —v), we cannot use the expression of A derived on (—v, +00). In fact, we
need to compute it again, on (—oo, —v) this time.
Let u < —v. We write

Iu(x,y) =

E(U,Y) = - /+Oopy(z) [ ’ @(w,y) dw] dz.

— w 0%
By writing fjfo [r= fjfo [0+ fjfo J7,, we use Fubini’s theorem to have

/_ioopu(Z) dz] dw — /:OO %(’w’w [/;oopy(z) dz} dw

o +o0 g
- - [ G- [ Rw - Fw) o

E(uay) - = /_V %(wvy)

And again, we plug this expression into the expression (I4) of f5,, we find
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—(x+v)q () fr(z,y) = — /_V qu(u) - %(w,y) dw du

— oo
- / qV(U)/ %(w,y)(l — F,(w)) dw du.

bt 2

The minus signs cancel. For both terms, both integrals can be switched by Fubini’s theorem without
using any Chasles relation this time. We get

(x‘i_’/)qy(x)fh(%y)
—v w —v 400
= [Py [ qu(u)dudw%—(/w W)du) (/ %w,y)(l—Fy(w))dw)

—v

L i ) 3 +oo
= [ R [ - Bw] dwr B [ Sy - Bw) d.

so [T6)) is proven.
We now prove 2. (actually the proof is slightly adapted from [8]). Let € R. Then

/_; Fy(s) ds = /_i /_sypu(U) du ds = /jpy(u) /um ds du

N o / " up () du.

-V

We proceed in a similar way for the second equality and we get

/;00(1 — F,(s)) ds = /;OO /:oop,,(u) du ds = /;oop,,(u) /xudw du
= [ i - e B,

Concerning the point 3. in the statement, we use the same idea as before,

/w_y Fy(w) dw = /w_y /w_y ¢ (u) du dw = /m_y av(u) /mu dw du

_ /x () du— 2By ().
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