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In this paper, we succeed in integrating Strichartz estimates (encoding the dispersive effects of the equations) in Birkhoff normal form techniques. As a consequence, we deduce a result on the long time behavior of quintic NLS solutions on the circle for small but very irregular initial data (in H s (T) for s > 2/5). Note that since 2/5 < 1 we cannot claim conservation of energy and, more importantly, since 2/5 < 1/2, we must dispense with the algebra property of H s . This is the first dynamical result where we use the dispersive properties of NLS in a context of Birkhoff normal form.

Introduction

Schematically, the Birkhoff normal form method consists of a first algebraic step where we transform the Hamiltonian of the PDE on a space of functions depending only on the space variable, and then of a second dynamic step where we deduce a long time behavior of the solutions of this PDE. In most of the results using this approach, the first step essentially involves multilinear estimates based on algebraic properties of the function space used, here the Sobolev space on the d-dimensional torus H s (T d ), and in this case a minimal regularity is required, here s > d/2. In this paper, we develop a new approach: we use dispersion properties already in the first step. The time oscillatory nature of the solutions, encoded in the Strichartz estimates, allows us to improve the multilinear estimates (essentially by lowering the regularity) and to propagate them. As a result, combining normal form techniques and dispersive techniques, we are able to specify the dynamics of the quintic nonlinear Schrödinger equation (NLS) in H s (T) with s < 1/2, i.e. we can get rid of the algebra property so useful for non-linear equations. The proof is based on a normal form result without regularity, i.e. in L 2 , inspired by [START_REF] Bourgain | A remark on normal forms and "I-method" for periodic NLS[END_REF] appendix 7 (see also [START_REF] Colliander | A remark on normal forms and the "upside-down" I-method for periodic NLS: growth of higher Sobolev norms[END_REF] and section 1.2).

1.1. Main results and comments. To clarify our point we will focus on an example, the quintic NLS on the circle, but with two different linear perturbations:

• quintic NLS on the circle with a multiplicative potential (NLS) i∂ t u = -∂ 2 x u + W u + σ|u| 4 u, x ∈ T := R/2πZ, t ∈ R, • quintic NLS on the circle with a convolution potential (NLS*) i∂ t u = -∂ 2 x u + V * u + σ|u| 4 u, x ∈ T := R/2πZ, t ∈ R, where, in both cases, σ = ±1 allows considering both the focusing and the defocusing cases and the potentials W, V ∈ H θ (T) (θ ≥ 0 will be specified later) will be chosen to avoid resonances issues.

Before considering the long time behavior of the solutions, we recall that according to Bourgain [START_REF] Bourgain | Fourier transform restriction phenomena for certain lattice subsets and applications to nonlinear evolution equations[END_REF], (NLS), with W = 0, is locally well posed in H s (T) for s > 0 and according to Li-Wu-Xu (see [START_REF] Li | Global well-posedness for the mass-critical nonlinear Schrödinger equation on[END_REF]) it is globally well posed in H s (T) for s > 2/5. In section 6 we extend these results for both (NLS) and (NLS*) to obtain the following (the Bourgain spaces X s,b are defined in section 6 below).

Proposition 1.1. Let s > 2 5 . We assume that V ∈ L 2 (T; R), W ∈ H 4 (T; R). Then there exists β s ≥ 1 such that the following holds. For any initial datum u 0 ∈ H s (T) with 1 ∥u 0 ∥ H s ≤ 1 there exists a unique global mild solution u ∈ X s, 1 2 + -∂ 2

x +V * ,loc (resp. u ∈ X s, 1 2 + -∂ 2

x +W,loc ) with initial data u(0) = u 0 to (NLS*) (resp. to (NLS)) provided that ∥u 0 ∥ H s ≪ 1 in the focusing case σ < 0. Moreover, we have the growth estimate (1) ∥u(t)∥ H s ≲ s ⟨t⟩ βs ∥u 0 ∥ H s , t ∈ R.

We stress out that although this result is not surprising for specialists, it requires many generalizations of multilinear estimates in the I-method of the first and second generation. Moreover, due to homogeneity problems, the convolutional and multiplicative cases must be considered differently. We refer the reader to the introduction of section 6 for a general presentation of the method, and to appendices A and B for the technical details.

To state our dynamical results, which are the core of this work, we need to define the concept of strongly-non-resonant frequencies: Definition 1.2. Being given α > 0 and I ⊂ Z, we say that a family of frequencies ω ∈ R I is strongly-non-resonant if there exist α, ρ > 0 such that for all q ≥ 1, m ∈ (Z * ) q satisfying m 1 + • • • + m q = 0, h 1 , • • • , h q ∈ I all distinct, it satisfies q j=1 m j ω h j ≥ ρ 2 min 1≤j≤q ⟨h j ⟩ -exp(α|m| 1 )

where

|m| 1 := |m 1 | + • • • + |m q |.
1 Here, we only consider small initial data since this is the regime we are interested in to perform a Birkhoff normal form transformation. But the same global well-posedness result holds for large data in the defocusing case σ > 0.

The reader used to the non-resonance conditions for PDEs may be surprised by our definition: the estimate seems quite weak since, in the right-hand side, the exponent decreases exponentially with the length of the linear combination of frequencies considered. We are more used to a polynomial decay. However, one must keep in mind that here the control is done with respect to the smallest index of the frequencies involved whereas, more classically, it is done with respect to the largest index (weak non-resonance) or with respect to the third largest (condition used in [START_REF] Bambusi | Birkhoff normal form for partial differential equations with tame modulus[END_REF]). This type of condition was already used in [START_REF] Bernier | Birkhoff normal forms for Hamiltonian PDEs in their energy space[END_REF] but quantified in a less precise way. It is this additional precision in the exponent that will allow us to optimize the procedure and reach exponential times.

1.1.1. Results with a convolution potential.

Theorem 1.3. Let V ∈ L ∞ (T; C) be a potential whose Fourier coefficients2 , V j , j ∈ Z, are real. If the frequencies ω j = j 2 + (2π) -1/2 V j are strongly-non-resonant according to Definition 1.2, then the solutions of (NLS*) enjoy the following property. For all s > 2/5 and ν > 0, there exists ε 0 ∈ (0; 1] and µ > 0 such that, if u (0) ∈ H s (T) is a function satisfying ε := ∥u (0) ∥ H s ≤ ε 0 , then the global solution u ∈ C 0 (R; H s (T)) of (NLS*) with initial condition u(0) = u (0) provided by Proposition 6.1 satisfies, for all k ∈ Z and all t ∈ R,

|t| < ε -µ log log ε -1 log(2⟨k⟩) =⇒ |u k (t)| 2 -|u k (0)| 2 ≤ ε 6-ν
where u k = (2π) -1/2 T u(x)e -ikx dx. The next proposition states that, by randomizing the Fourier coefficient of V , with a reasonable law (we choose Gaussian law, but other choices are possible), the strong non-resonance condition is almost surely satisfied.

Proposition 1.4. Let s * > 0 and V (NLS*) ∈ D ′ (T; C) be the random potential defined by

(2) V (NLS*) (x) = k∈Z X k ⟨k⟩ -s * e ikx ,
where X k ∼ N (0, 1) are normalized independent real Gaussian random variables. For k ∈ Z, let ω

(NLS*) k := k 2 + (2π) -1/2 V (NLS*) k
be the frequencies of (NLS*). Then, almost surely, the frequencies ω (NLS*) of (NLS*) are strongly-non-resonant.

Remark 1.5. The constant µ in Theorem 1.3 depends only on the potential V through the parameter α (the exponent in Definition 1.2). Moreover, in Proposition 1.4, the parameter α depends only on the potential V though its regularity s * .

We postpone to section 1.1.3 the comments about Theorem 1.3. 1.1.2. Results with a multiplicative potential. Our result concerning (NLS) is a bit more complicated to state, essentially due to spectral complications: -∂ 2

x + V * diagonalizes in the Fourier basis but -∂ 2

x + W diagonalizes in its own Hilbert basis. To simplify the presentation, we will focus on the Dirichlet problem, and refer to [START_REF] Bernier | Birkhoff normal forms for Hamiltonian PDEs in their energy space[END_REF] to explain why the result is more complicated (but reachable) in the periodic case. We assume W to be even, so that we can identify the Dirichlet condition with a symmetry condition on the solution of the periodic problem: we are interested in solutions of (NLS) that satisfy u(x) = -u(-x) for almost any x ∈ T. This definition of the Dirichlet problem still makes sense in low regularity, u ∈ H s with s < 1/2. First, we need some results about the Dirichlet spectrum of the Sturm-Liouville operator. Given a potential W ∈ L 2 (T), we still denote by W its restriction on [0, π].

Proposition 1.6 (Thm 7 page 43 of [START_REF] Pöschel | Inverse spectral theory[END_REF]). For all W ∈ L 2 (0, π; R), there exist an increasing sequence of real numbers (λ n ) n≥1 and a Hilbertian basis (f n ) n≥1 of L 2 (0, π; R), composed of functions f n ∈ H 2 ∩ H 1 0 , such that for all n ≥ 1 we have f n (0) = f n (π) = 0 and (3) -∂ 2 x f n (x) + W (x)f n (x) = λ n f n (x), ∀x ∈ (0, π). Now we can state our result for (NLS):

Theorem 1.7. Let W ∈ H 4 (T; R) be a real valued even potential, (λ n ) n≥1 be the increasing sequence of eigenvalues of the Sturm-Liouville operator -∂ 2

x + W |[0,π] with homogeneous Dirichlet boundary conditions and (f n ) n≥1 be the associated eigenfunctions (see Prop 1.6). If the frequencies ω = (λ n ) n≥1 are strongly-non-resonant according to Definition 1.2, then the solutions of (NLS) enjoy the following property. For all s > 2/5 and ν > 0, there exists ε 0 ∈ (0; 1] and µ > 0 such that, if u (0) ∈ H s (T) is an odd function satisfying ε := ∥u (0) ∥ H s ≤ ε 0 , then the global solution u ∈ C 0 (R; H s (T)) of (NLS) with initial condition u(0) = u (0) provided by Proposition 6.3 satisfies, for all k ≥ 1 and all t ∈ R,

|t| < ε -µ log log ε -1 log(⟨k⟩) =⇒ |u k (t)| 2 -|u k (0)| 2 ≤ ε 6-ν
where u k = π 0 u(x)f k (x)dx. Proposition 1.8. Let s * > 3/2 and V (NLS) ∈ L 2 (T; R) be the even random potential defined by (4)

V (NLS) (x) = k≥1 X k ⟨k⟩ -s * cos(kx),
where X k ∼ N (0, 1) are normalized independent real Gaussian random variables. For k ≥ 1, let ω (NLS) k := λ k be the k-th smallest eigenvalue of the Sturm-Liouville operator -∂ 2 x + V (NLS) with homogeneous Dirichlet boundary conditions on [0, π] (see Proposition 1.6). Then there exists a constant η > 0 such that, almost surely, provided that ∥V (NLS) ∥ H 1 ≤ η, the frequencies ω (NLS) are strongly-non-resonant.

Remark 1.9.

• Remark 1.5 also holds in the case of Theorem 1.7 and Proposition 1.8. • The constant η is universal: it does not depend on s * .

• In Proposition 1.8, the average of the potential is equal to 0 (i.e. V (NLS) 0 = 0). Nevertheless, this assumption is not restrictive. Indeed, due to the condition m 1 + • • • + m q = 0 in Definition 1.2, if the frequencies associated with an even potential V ∈ L ∞ (T; R) are strongly-non-resonant then the frequencies associated with V + υ are also strongly-nonresonant for all υ ∈ R.

Comments on both results.

• Theorem 1.3 and Theorem 1.7 give a control on all the Fourier modes, but the time during which we have this control depends on the index of the considered mode: the higher this index is (high mode) the less the time is. The result is mostly interesting for the low modes: in that case we have a control during exponentially long time in the spirit of some Nekhoroshev results recently obtained (see [START_REF] Bernier | Almost global existence for some nonlinear Schrödinger equations on T d in low regularity[END_REF][START_REF] Biasco | An Abstract Birkhoff Normal Form Theorem and Exponential Type Stability of the 1d NLS[END_REF][START_REF] Faou | A Nekhoroshev-type theorem for the nonlinear Schrödinger equation on the torus[END_REF]). In fact, for the very high modes, the time becoming very short, the result is rather the consequence of the well-posed character of the equation in H s (see section 3.1). • In fact, if we would focus only on the low modes (concretely 2|k| ≤ ε -υα,s,ν ; see section 3.2), we would not have to assume u(0) to be small in H s norm but only in L 2 norm (i.e. u(0) ∈ H s with ∥u(0)∥ L 2 ≪ 1). The reason being that we develop the normal form in L 2 .

• The Strichartz estimate ([Bou93]) (5) T 2 |e it∆ φ| 6 dxdt 1/6 ≤ exp C log N log log N ∥φ∥ L 2 assuming supp φ ⊂ [-N, • • • , N ],
is used to initiate the Birkhoff normal form procedure (see the sketch of proof below). This is actually one of the reasons why we have to truncate to a finite number of modes from the very beginning. • As said above, the results are consequences of Birkhoff normal forms in H 0 + (or more precisely in L 2 with a logarithmic loss in terms of the order of the Fourier truncation).

The assumption on the regularity of the initial datum, u(0) ∈ H s , is used to have a control on the remainder term generated by the truncation to a finite number of modes of the nonlinear term. Unfortunately, we are not able to control such remainder for solutions that belong only in L 2 . • Once we assume u(0) ∈ H s , we need to control u(t) ∈ H s . This a priori control of u(t) for t large is a by-product of the argument used to globalize solutions in Li-Wu-Xu [LWX11]: using the I-method, their argument implies, in the case V = W = 0, that ∥u(t)∥ growths at most polynomially in time. In section 6 we extend this result to V ̸ = 0 in (NLS*) and to W ̸ = 0 in (NLS). • It is very likely that we could prove the same result for the cubic NLS

i∂ t u = -∂ 2 x u + V u + |u| 2 u, x ∈ T which is globally well-posed in L 2 [Bou93]
. Nevertheless, our method would require to deal with solutions at least in H 1/6 (to ensure the Sobolev embedding H s ⊂ L 3 used to control the error term coming from the Fourier truncation). To get a dynamic result even in L 2 more work is needed, but it seems conceivable... • In this paper, we really use the regularizing effect of the integration in time, since we crucially use the Strichartz estimate (5). But we transform this effect in a structural property on P 6 (u) = 1 6 T |u| 6 dx (see ( 6)). So we do not work in space-time (Fourier-Lebesgue spaces) but only in space. It is likely that by working on our normal forms directly in Bourgain spaces, and thus in space-time, the results would improve and in any case be more intrinsic. Nevertheless, the normal forms as we know them at the moment do not take into account the time variable, so it would be a non-trivial conceptual jump.

1.1.4. Related literature. Initiated by Bourgain [START_REF] Bourgain | Construction of approximative and almost-periodic solutions of perturbed linear Schrödinger and wave equations[END_REF], and refined by Bambusi [START_REF] Bambusi | Birkhoff Normal Form for Some Nonlinear PDEs[END_REF] and Bambusi-Grébert [START_REF] Bambusi | Birkhoff normal form for partial differential equations with tame modulus[END_REF], the Birkhoff normal form method has been widely used in the last decades to show, in its non-resonant version, stability over long times [Bou96, BG06, BDGS07, GIP09, Del12, BD17, BFG20, BMP20, FI21, BFM22, BMM22]. However, all these results have a major flaw, they only concern very regular solutions (in H s for s ≫ 1). The numerical simulations of [START_REF] Cohen | Conservation of energy, momentum and actions in numerical discretizations of non-linear wave equations[END_REF]) rather suggest that stability over long times is not related to the regularity of solutions. On the other hand, and at the same time, the dispersive PDE community has developed a lot of ingeniousness, based on linear (Strichartz) and multilinear estimates, to demonstrate the local well-posedness for less and less regular initial data. By working in space-time spaces to use the regularizing effect of the integration in time and by working in a neighborhood of the linear solutions (Bourgain space), one finally succeeds in showing the wellposedness in Sobolev spaces H s with s very small, even s = 0 [START_REF] Bourgain | Fourier transform restriction phenomena for certain lattice subsets and applications to nonlinear evolution equations[END_REF], for the cubic 1d-NLS; in any case below s = d/2 (d being the spatial dimension, which in this paper will always be d = 1). In this kind of space the nonlinear analysis becomes very delicate since the multiplication of two functions is not a stable operation anymore. Dispersive properties have been first used in the context of the whole space R d (see [START_REF] Klainerman | The null condition and global existence to nonlinear wave equations[END_REF][START_REF] Shatah | Normal forms and quadratic nonlinear Klein-Gordon equations[END_REF]) but then extended in the periodic case by Bourgain [START_REF] Bourgain | Fourier transform restriction phenomena for certain lattice subsets and applications to nonlinear evolution equations[END_REF] and more generally in a compact manifold [START_REF] Burq | Strichartz inequalities and the nonlinear Schr?odinger equation on compact manifolds[END_REF]. For a general overview, one could consult the book by Tao [START_REF] Tao | Nonlinear dispersive equations. Local and global analysis[END_REF] or the book by Erdoğan-Tzirakis [START_REF] Erdoğan | Dispersive partial differential equations. Wellposedness and applications[END_REF]. Recently (in [BG21, BGR21, Abou22]) we proved Birkhoff normal form results in the energy space (H 1 for NLS) leading to a control of the low actions of the equation. In [START_REF] Bernier | Almost global existence for some nonlinear Schrödinger equations on T d in low regularity[END_REF] we succeeded to control also the H s norm but only for NLS (in any dimension, s > d/2) with specific convolutional potentials.

1.2. Sketch of proof.

1.2.1. General strategy. Let us first briefly recall the general strategy of the Birkhoff normal form (see [START_REF] Bambusi | A Birkhoff normal form theorem for some semilinear PDEs[END_REF] or [START_REF] Grébert | Birkhoff normal form and Hamiltonian PDEs, Partial differential equations and applications[END_REF] for a more detailed introduction to Birkhoff normal forms for Hamiltonian PDEs). We begin with the Hamiltonian formulation of (NLS*) (in this section we focus on the convolution version of NLS which is a bit simpler). Identifying a function with the sequence of its Fourier coefficients

L 2 (T) ∋ u ≡ (u n ) n∈Z where u n := (2π) -1/2 T u(x)e inx dx, (NLS*) reads i∂ t u k = ∇H(u) k
where the Hamiltonian function of (NLS*) is given by

H(u) = Z 2 (u) + P 6 (u), Z 2 (u) = k∈Z ω k |u k | 2 and P 6 (u) = 1 6 T |u| 6 dx = 1 6 k 1 +k 2 +k 3 =ℓ 1 +ℓ 2 +ℓ 3 u k 1 u k 2 u k 3 u ℓ 1 u ℓ 2 u ℓ 3 . To a monomial u k 1 • • • u kq u ℓ 1 • • • u ℓq (q ≥ 3) we associate the small divisor Ω(k, ℓ) := ω k 1 + • • • + ω kq -ω ℓ 1 -• • • -ω ℓq ̸ = 0.
Given γ > 0, by solving a so-called cohomological equation, we can remove any monomials with |Ω(k, ℓ)| > γ replacing it by a higher order term. So, for a given r ≥ 3, we formally construct a change a variable τ such that

H • τ = Z r + R r
where Z r contains only monomials for which |Ω(k, ℓ)| ≤ γ (i.e. γ-resonant monomials in the sense of (15))and R r is of order r: R r (u) = O(u r ). We prove in section 3 that such γ-resonant polynomial Z r will not modify3 the dynamics of the low actions (the precise meaning of "low" depending on the value of γ). On the other hand, R r is small in the sense that it has a high order, but the precise meaning of this smallness will depend a lot on the topology in which we perform the normal form.

1.2.2. BNF in Euclidean topology. Here the idea is to perform the normal form step without any regularity, i.e. in L 2 . For that purpose, we use a strategy inspired by [START_REF] Bourgain | A remark on normal forms and "I-method" for periodic NLS[END_REF] appendix 7.

As explained above, we will need to truncate the nonlinear term to a finite number of modes. So we shall consider polynomials depending only on a finite number of complex variables u n , n ∈ M := -M, M (i.e. polynomials defined on the space of the trigonometric polynomials of degree smaller than or equal to M ≫ 1). The principal difficulty lies in the choice of the norm (let us call it ∥ • ∥ C ) that we can put on polynomials P homogeneous of degree 2q in order to have an estimate on its gradient of the form

∥∇P (u)∥ ≤ C∥P ∥ C ∥u∥ 2q-1 ,
with C independent of M or at most with a logarithmic dependency and ∥•∥ denotes the canonical Euclidean norm on C M (i.e. the L 2 norm of the associated trigonometric polynomial up to the usual Fourier identification). Because we work in Euclidean topology, we have that

∥∇P (u)∥ ≤ 2q∥ P ∥ L 2q ∥u∥ 2q-1 ,
where P ∈ L 2q is the 2q-linear map that we can naturally associate with the homogeneous polynomials of degree 2q. Furthermore, a standard result (due to S. Banach (1937)) says that

∥ P ∥ L 2q := sup ∥u∥ L 2 =1 |P (u)| = ∥P ∥ ∞ .
So the good norm could be ∥ • ∥ ∞ . But this norm is not controlled from the beginning (for P 6 ), and furthermore we cannot propagate such a control by Poisson brackets (which is necessary to implement a Birkhoff normal form). The idea, inspired by Bourgain, consists in considering the level sets of P according to

Ω (i) (k, ℓ) = k 2 1 + • • • + k 2 q -ℓ 2 1 -• • • -ℓ 2 q
, the small divisor associated to the integer part of ω k = k 2 + Vk . We define (see section 2.1 for a more intrinsic definition)

∥P ∥ H := sup a∈Z ∥Π a ⌊P ⌉(u)∥ ∞ , and ∥P ∥ C =: sup a∈Z ⟨a⟩∥Π a ⌊P ⌉(u)∥ ∞
where, given a polynomial

P (u) = k 1 +•••+kq=ℓ 1 +•••+ℓq P k,ℓ u k 1 . . . u kq u ℓ 1 . . . u ℓq we define ⌊P ⌉(u) = k 1 +•••+kq=ℓ 1 +•••+ℓq |P k,ℓ |u k 1 . . . u kq u ℓ 1 . . . u ℓq
(the so-called modulus of P ) and 4

Π a P (u) := k 1 +•••+kq=ℓ 1 +•••+ℓq k 2 1 +•••+k 2 q -ℓ 2 1 -•••-ℓ 2 q =a P k,ℓ u k 1 . . . u kq u ℓ 1 . . . u ℓq .
It is important to notice that, solving the cohomological equation, we transform a polynomial controlled by ∥ • ∥ H to polynomials controlled by ∥ • ∥ C (this is a consequence of Lemma 2.7). With these two topologies on homogeneous polynomials we prove in Lemma 2.9 that ∥P ∥ ∞ ≤ 5 log(2qM 2 )∥P ∥ C , which implies the desired estimate on ∥∇P (u)∥, and in Proposition 2.11 that

∥{P, Q}∥ H ≤ 40qq ′ log(2q ′ M 2 )∥P ∥ H ∥Q∥ C ,
4 Take care that in section 2.1 we have a more general definition of this projection, see (11).

which is perfect to implement the Birkhoff normal form procedure (up to an unessential log M loss).

Remark 1.10. The use of restrictions to level sets of the resonance function in multilinear estimates is also reminiscent of the estimates used in performing Poincaré-Dulac normal forms; see e.g. [BIT11, KO12, GKO13] and the abstract framework highlighted in [START_REF] Kishimoto | Unconditional uniqueness for the periodic modified Benjamin-Ono equation by normal form approach[END_REF]. These estimates are essentially just another facet of the multilinear estimates in Bourgain spaces, as was recently pointed out in [START_REF] Correia | Sharp local well-posedness and nonlinear smoothing for dispersive equations through frequency-restricted estimates[END_REF] (in the case of R d instead of T d ).

1.2.3. End of the proof. For the first step of normal form, we have to prove that P 6 can be controlled by ∥ • ∥ H and this is a simple consequence of the Strichartz estimate (5) which leads to (see section 3.3) ( 6)

∥P (M ) 6 ∥ H ≤ exp C log M log log M ,
where

P (M ) 6
is the restriction of P 6 to the modes whose indices are in -M, M . At some point we have to take into account this truncation, i.e. we have to control the remainder term

∥Π M ∇P 6 (u) -∇P (M ) 6 (u))∥ L 2
where Π M denotes the projection on the modes whose indices are in -M, M (note that P (M ) 6 := P 6 •Π M ). Unfortunately, we were not able to estimate such quantity for solutions that only belong to L 2 . For solutions in H s , s > 2/5, this follows by using the Sobolev embedding H s ⊂ L 10 , which leads to (see section 3.4)

∥Π M ∇P 6 (u) -∇P (M ) 6 (u))∥ L 2 ≤ M -α(s) ∥u∥ 5
H s , with α(s) > 0 for s > 2/5. Then it suffices to control the growth of the H s norm of the solution, ∥u(t)∥ H s , and this follows from the argument in [START_REF] Li | Global well-posedness for the mass-critical nonlinear Schrödinger equation on[END_REF] for s > 2/5 when V = 0, a result that we extend to non-vanishing V in section 6. The last, but not least, step is to optimize the set of parameters as a function of ε as it is usual to obtain an exponential time (see section 3.5).
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A Birkhoff normal form theorem in Euclidean spaces

2.1. Functional setting. Let M be a finite set. We endow

C M with its canonical Euclidean structure ∀u, v ∈ C M , ⟨u, v⟩ = ℜ k∈M u k v k , ∥u∥ 2 = ⟨u, u⟩,
and with its canonical symplectic form ⟨i•, •⟩.

Being given two smooth real valued functions P, Q : C M → R, their Poisson bracket is defined by {P, Q}(u) = ⟨i∇P (u), ∇Q(u)⟩. In order to compute the gradients, it is useful to recall the usual formula

∀k ∈ M, (∇P (u)) k = 2∂ u k P (u) := 2(∂ ℜu k P (u) + i∂ ℑu k P (u))
of which we deduce, as usual, the formula

(7) {P, Q}(u) = 2i k∈M ∂ u k P (u)∂ u k Q(u) -∂ u k P (u)∂ u k Q(u).
Note that this formula also makes sense if P, Q are complex-valued.

2.1.1. Polynomials. Being given two real vector spaces, a map P : E → F is called homogeneous polynomial of degree d if there exists a d-R-linear symmetric map L : (E) d → F such that P (u) = L(u, • • • , u). Note that L is unique. In order to estimate these polynomials, we recall the following useful proposition:

Proposition 2.1 (Prop 1 page 61 of [START_REF] Bochnak | Polynomials and multilinear mappings in topological vector-spaces[END_REF]). Let E be a real Hilbert space, F be a real Banach space, P : E → F be a homogeneous polynomial of degree d and L be the associated d-linear symmetric map. Then we have

∥P ∥ ∞ := sup ∥u∥ E ≤1 ∥P (u)∥ F = sup ∥u (1) ∥ E ≤1,••• ,∥u (d) ∥ E ≤1 ∥L(u (1) , • • • , u (d) )∥ F .
Corollary 2.2. As a consequence, if P is real valued (i.e. F = R) we deduce that for all u, v ∈ E,

∥∇P (u)∥ E ≤ d∥P ∥ ∞ ∥u∥ d-1 E and ∥d∇P (u)(v)∥ E ≤ d(d -1)∥P ∥ ∞ ∥u∥ d-2
E ∥v∥ E . Being given q ≥ 1, we denote by P M K,2q the set of the K valued homogeneous polynomial of degree 2q which commute with the Euclidean norm, i.e.

P M K,2q := P : C M → K | P is a R-homogeneous polynomial of degree 2q and {P, ∥ • ∥ 2 } = 0 .
Note that the polynomials P ∈ P M C,2q are exactly those admitting a decomposition of the form P (u) = k,ℓ∈M q P k,ℓ u k 1 . . . u kq u ℓ 1 . . . u ℓq with P k,ℓ ∈ C satisfying the symmetry condition ∀ϕ, σ ∈ S q , P ϕk,σℓ = P k,ℓ .

Moreover thanks to the symmetry condition, this decomposition is unique. Furthermore, if P ∈ P M R,2q is real-valued, its coefficients satisfy the reality condition P ℓ,k = P k,ℓ .

Of course, as stated in the following lemma, thanks to the Jacobi identity, this class of Hamiltonian is stable by Poisson bracket.

Lemma 2.3. Let K ∈ {R, C}, q, q ′ ≥ 1, P ∈ P M K,2q and Q ∈ P M K,2q ′ be two R-homogeneous polynomials commuting with the Euclidean norm, then {P, Q} ∈ P M K,2(q+q ′ -1) is also a homogeneous polynomial commuting with the Euclidean norm.

2.1.2. Hamiltonian flows. We recall that a smooth map Ψ : C M → C M is symplectic if its derivative preserves the canonical symplectic form, i.e. ∀u, v, w ∈ C M , ⟨idΨ(u)(v), dΨ(u)(w)⟩ = ⟨iv, w⟩.

In the following proposition, we give some of the properties enjoyed by Hamiltonian flows generated by real valued homogeneous polynomials commuting with the Euclidean norm.

Proposition 2.4. Let q ≥ 2 and χ ∈ P M R,2q . Then the flow Φ t χ of the equation (8)

i∂ t u = ∇χ(u)
is smooth and global. Moreover, it enjoys the following properties:

• preservation of the Euclidean norm:

∀t ∈ R, ∀u ∈ C M , ∥Φ t χ (u)∥ = ∥u∥. • it is close to the identity: ∀t ∈ R, ∀u ∈ C M , ∥Φ t χ (u) -u∥ ≤ 2q|t|∥χ∥ ∞ ∥u∥ 2q-1 .
• it is symplectic: for all t ∈ R, Φ t χ is symplectic. • its differential is under control:

(9) ∀t ∈ R, ∀u, v ∈ C M , ∥dΦ t χ (u)(v)∥ ≤ exp(4q 2 t∥χ∥ ∞ ∥u∥ 2q-2 )∥v∥.
Proof. The local well-posedness of the equation (8) follows directly from the Cauchy-Lipschitz theorem. The preservation of the Euclidean norm comes directly from the commutation between χ and ∥ • ∥ 2 . This conserved quantity provides directly the global well-posedness of (8). Since ( 8) is Hamiltonian, it is well-known that its flow is symplectic. Integrating (8), thanks to Corollary 2.2, we get

∥Φ t χ (u) -u∥ = t 0 ∇χ(Φ τ χ (u))dτ ≤ 2q∥χ∥ ∞ [0;t] ∥Φ τ χ (u)∥ 2q-1 dτ = 2q|t|∥χ∥ ∞ ∥u∥ 2q-1 .
Differentiating (8), we have 

-i∂ t dΦ t χ (u)(v) = d∇χ(Φ t χ (u))(dΦ t χ (u)(v)
(u) = k,ℓ∈M q |P k,ℓ | u k 1 . . . u kq u ℓ 1 . . . u ℓq .
Of course, thanks to the triangle inequality, it is clear that ∥P ∥ ∞ ≤ ∥⌊P ⌉∥ ∞ . Furthermore, we have the following useful lemma.

Lemma 2.5. Let q ≥ 1 and c k,ℓ ∈ C be some coefficients, with k, ℓ ∈ M q . If P ∈ P M C,2q is the polynomial defined by

P (u) = k,ℓ∈M q c k,ℓ u k 1 . . . u kq u ℓ 1 . . . u ℓq then, for all u ∈ C M , we have |⌊P ⌉(u)| ≤ k,ℓ∈M q |c k,ℓ ||u k 1 . . . u kq u ℓ 1 . . . u ℓq |
Proof. Indeed, since the coefficients of P are given by P k,ℓ = (q!) -2 ϕ,σ∈Sq c ϕk,σℓ then, by the triangle inequality, we have

|⌊P ⌉(u)| = k,ℓ∈M q (q!) -2 ϕ,σ∈Sq c ϕk,σℓ u k 1 . . . u kq u ℓ 1 . . . u ℓq ≤ (q!) -2 ϕ,σ∈Sq k,ℓ∈M q |c ϕk,σℓ ||u k 1 . . . u kq u ℓ 1 . . . u ℓq | = k,ℓ∈M q |c k,ℓ |(q!) -2 ϕ,σ∈Sq |u k ϕ -1 1 . . . u k ϕ -1 q u ℓ σ -1 1 . . . u ℓ σ -1 q | = k,ℓ∈M q |c k,ℓ ||u k 1 . . . u kq u ℓ 1 . . . u ℓq |.
□ Moreover, we also have the following useful bilinear estimate.

Lemma 2.6. Let q, q ′ ≥ 1, P ∈ P M C,2q and Q ∈ P M C,2q ′ be two R-homogeneous polynomials commuting with the Euclidean norm, then {P, Q} enjoys the following estimate:

∥⌊{P, Q}⌉∥ ∞ ≤ 8qq ′ ∥⌊P ⌉∥ ∞ ∥⌊Q⌉∥ ∞ .
Proof. Thanks to the formula (7), setting q ′′ = q + q ′ -1, the polynomial {P, Q}, writes

{P, Q}(u) = k,ℓ∈M q ′′ c k,ℓ u k 1 . . . u k q ′′ u ℓ 1 . . . u ℓ q ′′ , with c k,ℓ = 2iq j∈M P k 1 ,••• ,kq,ℓ 1 ,••• ,ℓ q-1 ,j Q k 1 ,••• ,k q-1 ,j,ℓ 1 ,••• ,ℓq -P k 1 ,••• ,k q-1 ,j,ℓ 1 ,••• ,ℓq Q k 1 ,••• ,kq,ℓ 1 ,••• ,ℓ q-1 ,j .
Therefore, thanks to Lemma 2.5, we have

|⌊{P, Q}⌉(u)| ≤ k,ℓ∈M q ′′ |c k,ℓ ||u k 1 . . . u k q ′′ u ℓ 1 . . . u ℓ q ′′ |.
From now on, without loss of generality, we only consider vectors u ∈ (R + ) M with real nonnegative components. Then applying the triangle inequality on the expansion of c k,ℓ , we get (on

(R + ) M ) ⌊{P, Q}⌉ ≤ 2 j∈M ∂ u j ⌊P ⌉∂ u j ⌊Q⌉ + ∂ u j ⌊P ⌉∂ u j ⌊Q⌉.
Since all these partial derivatives are non-negative, applying the Cauchy-Schwarz inequality, we get (on

(R + ) M ) ⌊{P, Q}⌉ ≤ 2 j∈M (∂ u j ⌊P ⌉ + ∂ u j ⌊P ⌉)(∂ u j ⌊Q⌉ + ∂ u j ⌊Q⌉) = 2∥(∂ u j ⌊P ⌉ + ∂ u j ⌊P ⌉) j ∥∥(∂ u j ⌊Q⌉ + ∂ u j ⌊Q⌉) j ∥.
Finally, noticing that

(∇(⌊P ⌉ |R M )) j = ∂ u j ⌊P ⌉ + ∂ u j ⌊P ⌉.
and applying Corollary 2.2, we get that, for all u ∈ (R

+ ) M , ⌊{P, Q}⌉(u) ≤ 2∥∇(⌊P ⌉ |R M )(u)∥∥∇(⌊Q⌉ |R M )(u)∥ ≤ 8qq ′ ∥u∥ 2q ′′ ∥⌊P ⌉∥ ∞ ∥⌊Q⌉∥ ∞ . □ 2.1.4.
Frequencies and spectral projectors. Being given a vector of frequencies with real coefficients ω ∈ R M , we define the quadratic Hamiltonian (10)

Z 2,ω = 1 2 k∈M ω k |u k | 2 .
The following lemma describes the action of ad Z 2,ω := {Z 2,ω , •} on P M C,2q (it follows from a straightforward calculation).

Lemma 2.7. For all q ≥ 1, ad Z 2,ω is an endomorphism on P M C,2q which is diagonal is the basis of the monomials, i.e.

{Z 2,ω , u k 1 . . . u kq u ℓ 1 . . . u ℓq } = i(ω k 1 + • • • + ω kq -ω ℓ 1 -• • • -ω ℓq )u k 1 . . . u kq u ℓ 1 . . . u ℓq with u ∈ C M and k, ℓ ∈ M q .
For all a ∈ R and q ≥ 1, we define (11)

Π ω,a : P M C,2q → Ker(ad Z 2,ω -iaId) as the spectral projector on the eigenspace of ad Z 2,ω associated with the eigenvalue ia. More concretely, Π ω,a is also defined through the formula Π ω,a P (u) :=

ω k 1 +•••+ω kq -ω ℓ 1 -•••-ω ℓq =a P k,ℓ u k 1 . . . u kq u ℓ 1 . . . u ℓq .
Thanks to these projectors, as stated in the following, the Poisson bracket can be seen as a kind of convolution.

Lemma 2.8. Let q, q ′ ≥ 1, P ∈ P M C,2q and χ ∈ P M C,2q ′ then for all a ∈ R, we have

Π ω,a {P, χ} = b+c=a {Π ω,b P, Π ω,c χ}.
Proof. Decomposing P and χ as a sum of eigenvectors of ad Z 2,ω and then expanding the Poisson bracket, we get

{P, χ} = b,c∈R {Π ω,b P, Π ω,c χ}.
As a consequence, it is enough to see that {Π ω,b P, Π ω,c χ} is an eigenvector of ad Z 2,ω associated with the eigenvalue i(b + c). Applying the Jacobi identity, we have ) is weaker than the norm ∥⌊•⌉∥ ∞ and that the norm ∥ • ∥ C (ω (i) ) controls the norm ∥⌊•⌉∥ ∞ up to a logarithmic loss .

{Z 2,ω , {Π ω,b P, Π ω,c χ}} = -{Π ω,c χ, {Z 2,ω , Π ω,b P }} -{Π ω,b P, {Π ω,c χ, Z 2,ω }} = -ib{Π ω,c χ, Π ω,b P } + ic{Π ω,b P, Π ω,c χ} = i(b + c){Π
Lemma 2.9. Let P ∈ P M C,2q , q ≥ 1, and ω (i) ∈ Z M \ {0} be a vector of frequencies with integer coefficients. Then we have

∥P ∥ H (ω (i) ) ≤ ∥⌊P ⌉∥ ∞ ≤ 5q|ω (i) | ∞ ∥P ∥ H (ω (i) ) and ∥⌊P ⌉∥ ∞ ≤ 5 log(2q|ω (i) | ∞ ) ∥P ∥ C (ω (i) ) .
where

|ω (i) | ∞ = max j∈M |ω (i) j |.
Proof. First, we note that the projectors Π ω (i) ,a commute with the modulus ⌊•⌉. Therefore, we have

⌊P ⌉ = a∈Z Π ω (i) ,a ⌊P ⌉. As a consequence, since, if u ∈ (R + ) M , we have Π ω (i) ,a ⌊P ⌉(u) ≥ 0, for all a ∈ Z, we get directly that ∥P ∥ H (ω (i) ) ≤ ∥⌊P ⌉∥ ∞ . Then, we note that if |a| > 2q|ω (i) | ∞ , then Π ω (i) ,a ⌊P ⌉ = 0. As a consequence, we get directly that ∥⌊P ⌉∥ ∞ ≤ 5q|ω (i) | ∞ ∥P ∥ H (ω (i) )
. Moreover, in the same way, we have

∥⌊P ⌉∥ ∞ ≤ ∥P ∥ C (ω (i) ) |a|≤2q|ω (i) |∞ ⟨a⟩ -1 ≤ ∥P ∥ C (ω (i) ) (3 + 2 log(2q|ω (i) | ∞ )).
Finally, since |ω (i) | ∞ ≥ 1 and 2 log 2 ≥ 1, we get the second estimate. □

Remark 2.10. The logarithmic loss coming from the control of the

∥ • ∥ ∞ norm by the ∥ • ∥ C (ω (i) )
norm is different from that coming from the Strichartz estimate (5), and is rather comparable to the logarithmic difference between X s, 1 2 and C(R; H s ). This loss should be avoided by refining the choice of topology on P M C,2q , in particular the norm controlling the dependence in a for Π ω (i) ,a P . The following proposition provides a very useful refinement of the bilinear estimate given by Lemma 2.6. Proposition 2.11. Let ω (i) ∈ Z M \ {0} be a vector of frequencies with integer coefficients, q, q ′ ≥ 1, P ∈ P M C,2q and χ ∈ P M C,2q ′ , then {P, χ} enjoys the following bilinear estimate :

(12) ∥{P, χ}∥ H (ω (i) ) ≤ 40 qq ′ log(2q ′ |ω (i) | ∞ ) ∥P ∥ H (ω (i) ) ∥χ∥ C (ω (i) ) .
Proof. First, applying Lemma 2.8, we have

Π ω (i) ,a {P, χ} = b+c=a |c|≤2q ′ |ω (i) |∞ {Π ω (i) ,b P, Π ω (i) ,c χ}, the second condition coming from the fact that if |c| > 2q ′ |ω (i) | ∞ then Π ω (i) ,c χ = 0.
Then applying the triangle inequality and the bilinear estimate of Lemma (2.6), it comes

∥⌊Π ω (i) ,a {P, χ}⌉∥ ∞ ≤ b+c=a |c|≤2q ′ |ω (i) |∞ ∥⌊{Π ω (i) ,b P, Π ω (i) ,c χ}⌉∥ ∞ ≤ 8qq ′ b+c=a |c|≤2q ′ |ω (i) |∞ ∥⌊Π ω (i) ,b P ⌉∥ ∞ ∥⌊Π ω (i) ,c Q⌉∥ ∞ ≤ 8qq ′ ∥P ∥ H (ω (i) ) ∥χ∥ C (ω (i) ) |c|≤2q ′ |ω (i) |∞ ⟨c⟩ -1 .
Estimating this last sum as in Lemma 2.9, we get the estimate we aimed at proving (12). □ 2.2. Birkhoff normal form.

Theorem 2.12. Let H : C M → R be a polynomial of the form

H = Z 2,ω + P,
where ω ∈ R M is a vector of frequencies with real coefficients, Z 2,ω ∈ P M R,2 is the quadratic diagonal polynomial given by (10), and P ∈ P M R,2p is a real valued homogeneous polynomial of degree 2p ≥ 4 commuting with the Euclidean norm.

Let ω (i) ∈ Z M \ {0} be a vector of frequencies with integer coefficients and ω (f ) ∈ R M be the vector of frequencies with real coefficients such that

ω = ω (i) + ω (f ) .
For all r ≥ p -1 and all γ ∈ (0, 1), setting

(13) ε r := γ A B p r 5 ⟨|ω (f ) | ∞ ⟩∥P ∥ H (ω (i) ) log⟨|ω (i) | ∞ ⟩ 1 2p-2 ,
where A > 1 is a universal constant and B p > 1 depends only on p, there exists a symplectomorphism τ : C M → C M such that H • τ -1 is analytic on the ball B(0, ε r ) with an analytic expansion of the form

(14) H • τ -1 = Z 2,ω + j≥p Q (2j)
where Q (2j) ∈ P M R,2j is a real-valued homogeneous polynomial of degree 2j commuting with the Euclidean norm such that:

• for j ≤ r, Q (2j) is γ-resonant, i.e. ( 15 
) |ω k 1 + • • • + ω k j -ω ℓ 1 -• • • -ω ℓ j | ≥ γ ⇒ Q (2j) k,ℓ = 0; • for all j ≥ p, Q (2j) enjoys the estimate (16) ∥Q (2j) ∥ H (ω (i) ) ≤ ε -2(j-p) r ∥P ∥ H (ω (i) ) .
Moreover, the symplectomorphism τ enjoys the three following properties:

• it preserves the Euclidean norm, i.e. ∥τ (u)∥ = ∥u∥ for all u ∈ C M ;

• it is close to the identity, i.e.

(17

) ∥u∥ ≤ ε r ⇒ ∥τ (u) -u∥ ≤ ∥u∥ ε r 2p-2 ∥u∥;
• its differential enjoys the following estimate

(18) ∥u∥ ≤ ε r ⇒ ∀v ∈ C M , ∥dτ (u)(v)∥ ≤ exp ∥u∥ ε r 2p-2 ∥v∥.
Remark 2.13. Note that the convergence of the entire series (14) on B(0, ε r ) is ensured by estimate (16) and Lemma 2.9.

Proof of Theorem 2.12. We proceed by induction on r ≥ p-1. First, we note that the initialization is trivial. It is enough to choose τ = Id. Now, we assume that the theorem holds at the step r and we aim at proving it at the step r + 1. The object we are going to design at the step r + 1 will be identified by a subscript ♯ (e.g. τ ♯ will be the change of variable at the step r + 1 while τ denotes the change of variables at the step r). ▷

Step 1 : the new variables. Let χ ∈ P M R,2r+2 be the polynomial defined by

χ k,ℓ = Q (2r+2) k,ℓ iΩ ω (k, ℓ) if |Ω ω (k, ℓ)| ≥ γ and χ k,ℓ = 0 else,
where

Ω ω (k, ℓ) := ω k 1 + • • • + ω k r+1 -ω ℓ 1 -• • • -ω ℓ r+1 . Thanks to Lemma 2.7, it is clear that (19) Q (2r+2),♯ := Q (2r+2) + {χ, Z 2,ω } is γ -resonant (see (15)), because it satisfies (20) Q (2r+2),♯ k,ℓ = 0 if |Ω ω (k, ℓ)| ≥ γ and Q (2r+2),♯ k,ℓ = Q (2r+2) k,ℓ
else.

According to Proposition 2.4, let Φ t χ the Hamiltonian flow generated by χ. We define the new change of variable by τ ♯ := Φ 1 χ • τ. Its properties will be studied in the last step of the proof. In order to have Poisson bracket estimates, for the moment, let us estimate ∥χ∥ C (ω (i) ) . First, we note that if

|Ω ω (k, ℓ)| ≥ γ then (21) |Ω ω (k, ℓ)| ≥ γ 8(r + 1)⟨|ω (f ) | ∞ ⟩ ⟨Ω ω (i) (k, ℓ)⟩. Indeed, • either ⟨Ω ω (i) (k, ℓ)⟩ ≤ 8(r + 1)⟨|ω (f ) | ∞ ⟩ and so (21) is trivial • or ⟨Ω ω (i) (k, ℓ)⟩ > 8(r + 1)⟨|ω (f ) | ∞ ⟩ and so 5 |Ω ω (k, ℓ)| ≥ |Ω ω (i) (k, ℓ)| -|Ω ω (f ) (k, ℓ)| ≥ 1 2 ⟨Ω ω (i) (k, ℓ)⟩ -|Ω ω (f ) (k, ℓ)| ≥ 1 4 ⟨Ω ω (i) (k, ℓ)⟩ + 1 4 ⟨Ω ω (i) (k, ℓ)⟩ -2(r + 1)⟨|ω (f ) | ∞ ⟩ ≥ 1 4 ⟨Ω ω (i) (k, ℓ)⟩ ≥ γ 8(r + 1)⟨|ω (f ) | ∞ ⟩ ⟨Ω ω (i) (k, ℓ)⟩.
Finally, as a consequence of (21) and the induction hypothesis (16), χ enjoys the estimate

∥χ∥ C (ω (i) ) ≤ 8(r + 1)γ -1 ⟨|ω (f ) | ∞ ⟩∥Q (2r+2) ∥ H (ω (i) ) ≤ 8(r + 1)γ -1 ⟨|ω (f ) | ∞ ⟩∥P ∥ H (ω (i) ) ε -2(r+1-p) r . (22) 
Therefore, defining

(23) η r+1 = 8(r + 1)⟨|ω (f ) | ∞ ⟩ γ 40(r + 1) log(2(r + 1)|ω (i) | ∞ ) ∥P ∥ H (ω (i) ) -1 2p-2 ,
as a consequence of Proposition 2.11, we get that for all q ≥ 1 and all

Q ∈ P M R,2q , ∥{χ, Q}∥ H (ω (i) ) ≤ qε -2(r+1-p) r η -(2p-2) r+1 ∥Q∥ H (ω (i) ) .
Therefore, noticing that (provided that A is chosen large enough)

(24) η -(2p-2) r+1 ≤ B -1 p r -2 ε -(2p-2) r , we get (25) ∥{χ, Q}∥ H (ω (i) ) ≤ q B p r 2 ε -2(r+1-p) r ε -(2p-2) r ∥Q∥ H (ω (i) ) = q B p r 2 ε -2r r ∥Q∥ H (ω (i) ) .
▷

Step 2 : the new expansion (algebra). We recall that by definition of

Φ -t χ , if K : C M → R is a smooth function then for all t ∈ R and u ∈ C M , we have ∂ t K(Φ -t χ (u)) = {χ, K}(Φ -t χ (u))
. Therefore, doing a Taylor expansion 6 , we get

H • (τ ♯ ) -1 (u) = N n=0 ad n χ n! (H • τ -1 )(u) + ad N +1 χ (N + 1)! Z 2,ω (u) + R (N ) (u) with R (N ) (u) := 1 0 (1 -t) N N ! ad N +1 χ (H • τ -1 -Z 2,ω )(Φ -t χ (u)) dt + 1 0 (1 -t) N +1 (N + 1)! ad N +2 χ Z 2,ω (Φ -t χ (u)) dt.
Recalling that the analytic expansion of H • τ -1 is given by ( 14), if ∥u∥ < ε r , we have 7

H • (τ ♯ ) -1 (u) = N +1 n=0 ad n χ n! Z 2,ω (u) + j≥p N n=0 ad n χ n! Q (2j) (u) + R (N ) (u).
Recalling that, by definition, χ solves the cohomological equation ( 19), we have

H • (τ ♯ ) -1 (u) = Z 2,ω (u) + N +1 n=1 ad n-1 χ n! (Q (2r+2),♯ -Q (2r+2) )(u) + j≥p N n=0 ad n χ n! Q (2j) (u) + R (N ) (u) = Z 2,ω (u) + j≥p N n=0 ad n χ n! Q (2j,n) (u) + R (N ) (u)
6 at the order N + 1 ≥ 3 for Z2,ω • Φ -t χ and at the order N for (H • τ -1 -Z2,ω) • Φ -t χ . 7 since the series ( 14) is analytic, we can permute sums and derivatives (here Poisson brackets) inside the domain of convergence.

where Q (2j,n) ∈ P M R,2r+2 is defined by

Q (2j,n) = Q (2j) if j ̸ = r + 1 and Q (2r+2,n) = (1 - 1 n + 1 )Q (2r+2) + 1 n + 1 Q (2r+2),♯ .
Note that, by definition of

Q (2r+2),♯ (see (20)), it is clear that ∀j ≥ p, ∀n ≥ 0, ∥Q (2j,n) ∥ H (ω (i) ) ≤ ∥Q (2j) ∥ H (ω (i) ) .
Then, ordering the terms by degrees, we get

H • (τ ♯ ) -1 (u) = Z 2,ω (u) + j≥p K (2j,N ) (u) + R (N ) (u)
where K (2j,N ) ∈ P M R,2j is given by ( 26)

K (2j,N ) = j=nr+k n≤N ad n χ n! Q (2k,n) .
Then, as usual, we also define its limit as ( 27)

Q (2j),♯ := K (2j,∞) = j=nr+k ad n χ n! Q (2k,n) .
Of course, it can be easily checked that this definition is consistent with (19) if j = r + 1 and that ( 28)

Q (2j),♯ = Q (2j) if j ≤ r.
As a consequence, Q (2j),♯ is γ-resonant for j ≤ r + 1 (see (15)).

Then, assuming for one instant that the series

Q (2j),♯ (u) converges if ∥u∥ < ε r+1 , we have proven that H • (τ ♯ ) -1 (u) = Z 2,ω (u) + j≥p Q (2j),♯ (u) + j≥p (K (2j,N ) -Q (2j),♯ )(u) + R (N ) (u).
Therefore, it remains to prove that

∥Q (2j),♯ ∥ H (ω (i) ) ≤ ε -2(j-p) r+1
(which will imply the convergence of the series) and that the last two go to zero as N goes to +∞. ▷ Step 3 : control of ∥Q (2j),♯ ∥ H (ω (i) ) . First, we note that thanks to the relations (20) and (28),

since ε r > ε r+1 , it is enough to estimate ∥Q (2j),♯ ∥ H (ω (i) ) when j ≥ r + 2.
Recalling that Q (2j),♯ is given by ( 27), by the triangle inequality, we have

(29) ∥Q (2j),♯ ∥ H (ω (i) ) ≤ j=nr+k ∥ ad n χ n! Q (2k,n) ∥ H (ω (i) ) .
Applying then the estimate (25) and the induction hypothesis (16), we get

∥Q (2j),♯ ∥ H (ω (i) ) ≤ j=nr+k k(k + r) • • • (j -r) n! (B p r 2 ) -n ε -2j r ∥P ∥ H (ω (i) ) ≤ j=nr+k j n n! (B p r) -n r r + 1 2j 5 2p-2 ε -2j r+1 ∥P ∥ H (ω (i) ) .
Then, using the estimate C -j j n ≤ e -n n n (log(C)) -n , C > 1, we get

∥Q (2j),♯ ∥ H (ω (i) ) ε -2j r+1 ∥P ∥ H (ω (i) ) ≤ r r + 1 5j p-1 + n≥1 n n (eB p r) -n n! log 1 + 1 r -n p -1 5 n .
Since r ≥ p ≥ 1, j ≥ r + 2 and n ≥ 1, we use the three following useful estimates:

r r + 1 j ≤ r r + 1 r+1 ≤ e -1 , n n e -n ≤ n!, log 1 + 1 r ≥ log(2) r , to get ∥Q (2j),♯ ∥ H (ω (i) ) ε -2j r+1 ∥P ∥ H (ω (i) )
≤ e

-5 p-1 + n≥1 B -n p (log(2)) -n p -1 5 n -→ Bp→+∞ e -5 p-1 < 1,
and so

∥Q (2j),♯ ∥ H (ω (i) ) ≤ ε -2j r+1 ∥P ∥ H (ω (i) ) provided that B p is chosen large enough. ▷ Step 4 : limit N → +∞. First, we note that by definition of K (2j,N ) (see (26)) if j ≤ N r then K (2j,N ) = Q (2j),♯ . As a consequence, by Lemma 2.9, if ∥u∥ < ε r+1 , we have | j≥p (K (2j,N ) -Q (2j),♯ )(u)| ≤ 5|ω (i) | ∞ j≥rN j∥K (2j,N ) -Q (2j),♯ ∥ H (ω (i) ) ∥u∥ 2j .
But applying the triangle inequality, we have

∥K (2j,N ) -Q (2j),♯ ∥ H (ω (i) ) ≤ j=nr+k ∥ ad n χ n! Q (2k,n) ∥ H (ω (i) ) ,
and so thanks to the estimate proved at the previous step (see ( 29)), we get

| j≥p (K (2j,N ) -Q (2j),♯ )(u)| ≤ 5|ω (i) | ∞ ∥P ∥ H (ω (i) ) j≥rN jε -2(j-p) r+1 ∥u∥ 2j -→ N →+∞ 0.
Now, it only remains to prove that R (N ) (u) goes to 0 as N goes to +∞. First, we note that using as previously the cohomological equation, the remainder term rewrites

R (N ) (u) = 1 0 (1 -t) N N ! j≥p ad N +1 χ Q (2j,N +1) t (Φ -t χ (u)) dt,
where

Q (2j,n) t ∈ P M R,2r+2 is defined by Q (2j,n) t = Q (2j) if j ̸ = r + 1, and Q (2r+2,n) t = (1 - 1 -t n )Q (2r+2) + 1 -t n Q (2r+2),♯ .
Note that as previously, we have ∥Q

(2j,n) t ∥ H (ω (i) ) ≤ ∥Q (2j) ∥ H (ω (i) )
. Then, since Φ -t χ preserves the Euclidean norm, we have

|R (N ) (u)| ≤ k≥p sup 0≤t≤1 ∥ ad N +1 χ (N + 1)! Q (2k,N +1) t ∥ ∞ ∥u∥ 2(k+(N +1)r) = j≥(N +1)r+p sup 0≤t≤1 ∥ ad N +1 χ (N + 1)! Q (2(j-(N +1)r),N +1) t ∥ ∞ ∥u∥ 2j ≤ j≥(N +1)r+p j=nr+k sup 0≤t≤1 ∥ ad n χ n! Q (2k,n) t ∥ ∞ ∥u∥ 2j .
Then applying Lemma 2.9 to control the ∥ • ∥ ∞ norm and proceeding as we did for the other remainder term8 , we deduce that R (N ) (u) goes to 0 as N goes to +∞. ▷ Step 5 : properties of τ ♯ . First, we note that, by composition, it is clear that τ ♯ is a symplectomorphism which preserves the Euclidean norm. Now, recalling the estimate (22) of ∥χ∥ C (ω (i) ) and the definition (23) of η r+1 and applying the last estimate of Lemma 2.9, we get

2(r + 1)∥χ∥ ∞ ≤ η -(2p-2) r+1 ε -2(r+1-p) r .
Therefore, as previously, provided that A > 1 is large enough (see ( 24)), we have ( 30)

2(r + 1)∥χ∥ ∞ ≤ B -1 p r -2 ε -2r r .
As a consequence, by Proposition 2.4, we have

∥Φ -1 χ (u) -u∥ ≤ B -1 p r -2 ∥u∥ ε r 2r ∥u∥.
Since Φ -1 χ preserves the Euclidean norm, applying the triangle inequality and the induction hypothesis (17), provided that ∥u∥ ≤ ε r , we get

∥τ ♯ (u) -u∥ ≤ ∥τ (Φ -1 χ (u)) -Φ -1 χ (u)∥ + ∥Φ -1 χ (u) -u∥ ≤ ∥u∥ ε r 2p-2 ∥u∥ + B -1 p r -2 ∥u∥ ε r 2r ∥u∥ ≤ r r + 1 5 (1 + B -1 p r -2 ) ∥u∥ ε r+1 2p-2 ∥u∥.
Since, provided that B p > 1 is large enough, we have r r+1

5 (1 + B -1 p r -2
) ≤ 1, we deduce that ∥τ ♯ (u) -u∥ is close to the identity.

Finally, it only remains to control dτ (u). Applying the estimate (9) of Proposition 2.4, for all v ∈ C M , we have

∥dΦ -1 χ (u)(v)∥ ≤ exp 4r 2 ∥χ∥ ∞ ∥u∥ 2r ∥v∥ (30) ≤ exp 2 B p r ∥u∥ ε r 2r ∥v∥.
Therefore, thanks to the induction hypothesis (18), if ∥u∥ ≤ ε r , we get

∥dτ -1 (u)(v)∥ ≤ exp ∥u∥ ε r 2p-2 + 2 B p r ∥u∥ ε r 2r ∥v∥ ≤ exp r r + 1 5 (1 + 2B -1 p r -1 ) ∥u∥ ε r+1 2p-2 ∥v∥.
Again, provided that B p > 1 is large enough, we have r r+1

5 (1 + 2B -1 p r -1 ) ≤ 1 for all r ≥ p, so we get the expected estimate on ∥dτ -1 (u)(v)∥. □ 2.3. Dynamical corollary.

Definition 2.14 ((k, r, γ) non-resonance). Being given k ∈ M, r ≥ 1 and γ > 0, a vector of frequencies ω ∈ R M is (k, r, γ) non-resonant if for all q ≤ r and all

Q ∈ P M R,2q , Q is γ-resonant (see (15)) ⇒ Q commutes with |u k | 2 (i.e. {Q, |u k | 2 } = 0).
Corollary 2.15. In the setting of the result of Theorem 2.12, if k ∈ M is an index such that the frequencies ω are (k, r, γ) non-resonant and u ∈ C 1 ([0, T ]; C M ) is the solution of an equation of the form

(31) i∂ t u(t) = ∇H(u(t)) + g(t),
with g ∈ C 0 ([0, T ]; C M ), and if it satisfies the bound

δ := ∥u∥ L ∞ (0,T ) := sup 0≤t≤T ∥u(t)∥ < ε r 2 ,
then we have

||u k (T )| 2 -|u k (0)| 2 | ≲ ε -(2p-2) r δ 2p + ∥P ∥ H (ω (i) ) |ω (i) | ∞ δ 2r+2 ε -2r r T + δ∥g∥ L ∞ (0,T ) T.
Remark 2.16. The first error term, ε

-(2p-2) r δ 2p
, is due to the difference between the change of variable and the identity. The second error term, ∥P ∥ H (ω

(i) ) |ω (i) | ∞ δ 2r+2 ε -2r
r , controls the growth of the remainder term in the new variables (that is why it is of high order δ 2r+2 ). Finally, the third error term δ∥g∥ L ∞ (0,T ) T is just due to the presence of the source term g.

Proof of Corollary 2.15. Let v = τ (u). By composition, since τ is a symplectomorphism, we have

i∂ t v = idτ (u)(-i∇H(u) -ig(t)) = ∇(H • τ -1 )(v) -idτ (u)(ig) and thus ∂ t |v k | 2 = {H • τ -1 , |v k | 2 } -2ℜ(v k [idτ (u)(ig(t))] k )
. Now, note that since τ preserves the Euclidean norm, we also have

∥v∥ L ∞ (0,T ) = δ < ε r 2 .
Therefore, on the one hand, thanks to the estimate (18) on dτ (u), we have

|ℜ(v k [idτ (u)(ig)] k )| ≤ ∥v∥∥dτ (u)(ig)∥ ≤ δe∥g∥.
On the other hand, since the frequencies ω are (k, r, γ) non-resonant and Q (2j) is γ-resonant for j ≤ r (see ( 15)), we have

|{H • τ -1 , |v k | 2 }| = j>r {Q (2j) , |v k | 2 } ≤ 2∥v∥ j>r ∥∇Q (2j) (v)∥.
Applying then Corollary 2.2 and Lemma 2.9, we get

|{H • τ -1 , |v k | 2 }| ≤ 2 j>r 2j∥v∥ 2j ∥Q (2j) ∥ ∞ ≤ j>r 2j∥v∥ 2j ∥Q (2j) ∥ ∞ ≤ 2 j>r 2j∥v∥ 2j 5j|ω (i) | ∞ ∥Q∥ H (ω (i) )
Next, using (16), we can continue with

≤ 20|ω (i) | ∞ ∥P ∥ H (ω (i) ) j>r j 2 δ 2j ε -2(j-p) r ≤ 20|ω (i) | ∞ ∥P ∥ H (ω (i) ) δ 2r+2 ε 2(r+1-p) r ∞ j=r+1 j 2 2 -j .
At the end, we have proven that

||v k (T )| 2 -|v k (0)| 2 | ≲ ∥P ∥ H (ω (i) ) |ω (i) | ∞ δ 2r+2 ε -2r r T + δ∥g∥ L 1 (0,T ) .
Finally, to conclude, it is enough to note that, since τ is close to the identity (see ( 17)), we have

||u k | 2 -|v k | 2 | ≤ ∥u -v∥(∥u∥ + ∥v∥) = 2∥τ (u) -u∥δ ≤ 2 δ ε r 2p-2 δ 2 . □ 3. Proof of Theorem 1.3
The proof of Theorem 1.3 relies on Corollary 2.15 of our Birkhoff normal form (Theorem 2.12). Therefore, we are going to provide a decomposition of (NLS*) of the form (31) and to estimate carefully each of its terms. Finally, Theorem 1.3 will follow from a careful optimization of all the parameters involved.

In all the proof we consider a potential V ∈ L 2 (T; C), whose Fourier coefficients are real numbers such that the frequencies

ω j = j 2 + (2π) -1/2 V j
are strongly-non-resonant according to Definition 1.2 (and so we get an exponent α > 0). Now, thanks to Proposition 1.1, we consider a global solution u ∈ C 0 (R; H s (T)), s > 2/5, of (NLS*) such that

∥u(0)∥ H s =: ε ≤ 1 100 .
Since the L 2 norm is a constant of the motion for (NLS*), we have

(32) ∀t ∈ R, ∥u(t)∥ L 2 = ∥u(0)∥ L 2 ≤ ∥u(0)∥ H s = ε.
Moreover thanks to Proposition 1.1, we know that there exists β s ≥ 1 such that (33) ∀t ∈ R, ∥u(t)∥ H s ≲ s ε⟨t⟩ βs .

3.1. Control of the high actions. When k is large enough, the normal form theorem is not well suited to prove Theorem 1.3. Nevertheless, in this case the time of stability is not too long and Theorem 1.3 is just a consequence of the local well-posedness of (NLS*). For simplicity (to avoid the use of Bourgain spaces), here we propose a simple proof of this point, relying only on the estimate (33).

Let k ∈ Z be such that

2⟨k⟩ ≥ ε -υα,s,ν
where υ α,s,ν ∈ (0, 1) is a positive constant depending only on α, ν and s that will be optimized later. Therefore, by assumption, we have

log ε -1 log(2⟨k⟩) ≤ υ -1 α,s,ν .
Consequently, it is enough to prove that there exists a constant µ depending on s, ν and α such that, provided that ε is smaller than a constant ε 0 depending only on V, s, ν, we have

(34) |t| ≤ ε µ log(υ -1 α,s,ν ) ⇒ ||u k (t)| 2 -|u k (0)| 2 | ≤ ε 6-ν .
To prove such a property, setting Lu := -∂ 2 x u + V * u, we control the variation of the actions uniformly with respect to k as follows:

||u k (t)| 2 -|u k (0)| 2 | = ||u k (t)| 2 -|e -itω k u k (0)| 2 | = ||u k (t)| 2 -|(e -itL u (0) ) k | 2 | = (|u k (t)| + |u k (0)|) |u k (t)| -|(e -itL u (0) ) k | ≤ (∥u(t)∥ L 2 + ∥u(0)∥ L 2 )|(u(t) -e -itL u (0) ) k | ≤ 2∥u∥ L ∞ t L 2
x ∥u(t) -e -itL u (0) ∥ L 2 On the one hand, using the preservation of the L 2 norm (see (32)), we have ∥u∥ L ∞ t L 2 x = ε. On the other hand, using the Duhamel formula, we have

∥u(t) -e -itL u (0) ∥ L 2 = t 0 e -i(t-τ )L |u(τ )| 4 u(τ )dτ L 2 ≤ [0;t] ∥|u(τ )| 4 u(τ )∥ L 2 dτ ≤ |t|∥u∥ 5 L ∞ ([0;t];L 10 x ) .
Then, since s > 2/5, using the Sobolev embedding H 2/5 ⊂ L 10 and the a priori estimate (33) on the growth of the H s norm, we get

∥u(t) -e -itL u (0) ∥ L 2 ≲ s ε 5 ⟨t⟩ 1+5βs .
Finally, plugging these estimates together, we have proven that

||u k (t)| 2 -|u k (0)| 2 | ≲ s ε 6 ⟨t⟩ 1+5βs .
which implies, as we wanted, the estimate (34), provided that

(1 + 5β s )µ log(υ -1 α,s,ν ) ≤ ν 2 (i.
e. that µ is small enough) and ε is smaller than a constant depending only on s and ν.

3.2.

Setting for the low actions. Now, and until the end of this proof, we aim at controlling the variations of |u k (t)| 2 when 2⟨k⟩ < ε -υα,s,ν . We consider a large parameter M ≥ ε -υα,s,ν that will be optimized later, and we define

E M := Span C {e ijx | |j| ≤ M }.
As usual, we identify E M with C M (through the Fourier transform) where

M = -M, M .
We denote by Π (M ) the L 2 -orthogonal projection on E M and we set

u (≤M ) := Π (M ) (u(t)).
Note that, L 2 norm being a constant of the motion and Π (M ) being an orthogonal projection, we have

(35) ∀t ∈ R, ∥u (≤M ) (t)∥ ≤ ∥u(t)∥ L 2 = ∥u(0)∥ L 2 ≤ ∥u(0)∥ H s = ε.
Moreover, u (≤M ) solves the equation

(36) i∂ t u (≤M ) = ∇H(u (≤M ) ) + g(t) with g(t) := σΠ (M ) |u(t)| 4 u(t) -|Π (M ) u(t)| 4 Π (M ) u(t)
where H = Z 2,ω + P with P = 1 12 (∥ • ∥ 6 L 6 ) |E M and Z 2,ω is given by (10).

3.3. Strichartz estimates. Now we aim at estimating ∥P ∥ H (ω (i) ) where ω (i)

j := j 2 . Let a ∈ Z, by definition, we have ∀u ∈ E M , ⌊Π ω (i) ,a P ⌉(u) = 1 12 k 1 +k 2 +k 3 -ℓ 1 -ℓ 2 -ℓ 3 =0 k 2 1 +k 2 2 +k 2 3 -ℓ 2 1 -ℓ 2 2 -ℓ 2 3 =a u k 1 u k 2 u k 3 u ℓ 1 u ℓ 2 u ℓ 3 .
As a consequence, following a remark of Bourgain [Bou04b, eq. (7.20)], we have

⌊Π ω (i) ,a P ⌉(u) = 1 24π T e ita ∥e it∂ 2 x u∥ 6 L 6 dt
and so, we have

|⌊Π ω (i) ,a P ⌉(u)| ≤ 1 24π
∥e it∂ 2 x u∥ 6 L 6 (Tx×Tt) . Then, applying the Strichartz estimate (5) to control this L 6 space-time norm, we get

(37) ∥P ∥ H (ω (i) ) = sup a∈Z sup ∥u∥ L 2 ≤1 u∈E M |⌊Π ω (i) ,a P ⌉(u)| ≲ e c log M log log M ,
where c > 0 is a universal constant.

3.4. Estimate of the remainder term. By definition of the remainder term g(t) (see(36)) and the mean value inequality, we have

|g| ≤ 5(|u| 4 + |Π (M ) u| 4 )|u -Π (M ) u|,
and so, by Hölder, we have ∥g∥ L 2 ≲ (∥u∥ 4 L 10 + ∥Π (M ) u∥ 4 L 10 )∥u -Π (M ) u∥ L 10 . Since by assumption s > 2/5 and since the Sobolev embedding H 2/5 ⊂ L 10 holds, we have

(38) ∥g∥ L 2 ≲ ∥u∥ 4 H s ∥u -Π (M ) u∥ H 2/5
. Therefore, by definition of Π (M ) , we deduce that

∥g∥ L 2 ≲ ∥u∥ 5 H s M -(s-2 5 ) .
Finally, using the a priori bound we proved on ∥u∥ H s , we get (39) ∥g∥ L 2 ≲ ε 5 ⟨t⟩ 5βs M -(s-2 5 ) .

Optimization of the parameters. ▷

Step 1 : Setting. Now we aim at controlling the variations of

|u k | where k ∈ Z satisfies 2⟨k⟩ < ε -υα,s,ν .
We recall that we dealt with the case 2⟨k⟩ ≥ ε -υα,s,ν at the beginning of the proof. Note that since M has to satisfy M ≥ ε -υα,s,ν , this implies that |k| ≤ M (i.e. k ∈ M).

We introduce an integer r ≥ p = 3 that will be optimized later, and we set

γ := ρ 2⟨k⟩ -e αr
, in such a way that, since, by assumption, the frequencies ω are strongly-non-resonant according to Definition 1.2, ω is (k, r, γ)-non-resonant according to Definition 2.14.

Therefore, applying Corollary 2.15 and using the preservation of the L 2 norm (see (32)), we know that if ε ≤ εr 2 then for all t ∈ R, we have

||u k (t)| 2 -|u k (0)| 2 | ≲ ε -4 r ε 6 + ∥P ∥ H (ω (i) ) |ω (i) | ∞ ε 2r+2 ε -2r r |t| + ε∥g∥ L ∞ (0;t) |t|.
First, we aim at establishing a simple lower bound on ε r . Indeed, using the bound (37) on

∥P ∥ H (ω (i) ) (with |ω (i) | ∞ ≲ M 2 and |ω (f ) | ∞ ≲ 1), we have ε r = γ A B 3 r 5 ⟨|ω (f ) | ∞ ⟩∥P ∥ H (ω (i) ) log⟨|ω (i) | ∞ ⟩ 1 4 ≳ e -c log M log log M r 5 log M 2⟨k⟩ -e αr 1 4
.

Therefore, there exists a constant κ ∈ (0, 1), depending only on V , such that we have

2ε r ≥ κe -c 2 log M log log M 2⟨k⟩ -1 2 e αr =: η r .
As a consequence, provided that ε ≤ η r , we have

||u k (t)| 2 -|u k (0)| 2 | ≲ ε -4 r ε 6 + ∥P ∥ H (ω (i) ) |ω (i) | ∞ ε 2r+2 η -2r r |t| + ε∥g∥ L ∞ (0;t) |t|.
Hence, to prove that if |t| ≤ T ε (which will be optimized later), we have

||u k (t)| 2 -|u k (0)| 2 | ≤ ε 6-ν ,
it is enough to prove that the following estimates holds

ε ≤ η r , (I) η -4 r ε 6 ≲ ν,s ε 6-ν/2 , (II) ∥P ∥ H (ω (i) ) |ω (i) | ∞ ε 2r+2 η -2r r T ε ≲ ν,s ε 6 , (III) ε∥g∥ L ∞ (-Tε;Tε) T ε ≲ s,ν ε 6 . (IV)

▷

Step 2 : Simplification of the estimates. Now we aim at simplifying these constraints.

First, we note that since, by assumption, without loss of generality, we can assume that ν ≤ 2, we see that provided that ε is small enough, the first estimate (I) is a consequence of the second one (II). Therefore, these estimate reduces to the second one (II) :

(IIb) ε ν/8 ≲ ν,s η r .
Then plugging this estimate (IIb) in the third one (III) and using the estimate we proved on ∥P ∥ H (ω (i) ) (and using that, since r ≥ 3 and ν ≤ 2, we have 2r -4 -rν/4 ≥ r/3 ), the constraint (III) can be replaced by

(IIIb) M 3 ε r/3 T ε ≲ ν,s 1.
Finally, using the estimates we proved on ∥g∥ L ∞ (-Tε;Tε) , the last constraint (IV) can be replaced by

(IVb) T 5βs ε M -1 ≲ ν,s 1. ▷
Step 3 : Choice of the parameters. In order to satisfy the estimates (IIIb) and (IVb), it is enough to set T ε = ε -(30βs) -1 r and M = ε -r/12 . Now the only remaining constraint is (IIb), i.e.

ε ν/8 ≲ ν,s e -c 2 log M log log M 2⟨k⟩ -1 2 e αr .
Then, noticing that (since M = ε -r/12 ) provided that ε is smaller than a constant depending only on ν and α (i.e. uniform with respect to r ≥ 3), we have where α ν := α + 1 3 log(16ν -1 ).

Now, we set

r * := 1 2α ν log log(ε -1 ) log(2⟨k⟩) ,
in such a way that 2⟨k⟩ -e αν 2r * = ε, and so that if r ≥ 3 is an integer in the interval [r * , 2r * ] then the constraint (IIt) holds. To be able to choose such a r, it is enough to prove that r * ≥ 3/2. Fortunately, we recall that we are dealing with the case 2⟨k⟩ < ε -υα,s,ν where υ α,s,ν ∈ (0, 1) is a constant we have to optimize. Therefore, we know that r * ≥ 1 2α ν log υ -1 α,s,ν , and so it is enough to require that υ α,s,ν is small enough to have

1 2α ν log υ -1 α,s,ν ≥ 3 2 .
That is why we set (40) υ α,s,ν := ν 16 e -3α .

Note that therefore, since ν ≤ 2, we have υ α,s,ν ≤ 1/8. Moreover, since r/12 ≥ 1/4, the assumption |k| ≤ M is satisfied :

|k| ≤ ε -υα,s,ν ≤ ε -1/8 ≤ ε -1/4 ≤ ε -r/12 = M.
To conclude this proof, it is enough to note that by construction, we have proven that

||u k (t)| 2 -|u k (0)| 2 | ≤ ε 6-ν , while |t| ≤ T ε = ε -(30βs) -1 r where T ε ≥ ε -(30βs) -1 r * = ε -1 60βsαν log log(ε -1 ) log(2⟨k⟩) .

Proof of Theorem 1.7

The proof of Theorem 1.7 is very similar to the one of Theorem 1.3. It has the same structure, but some estimates are more involved.

In all the proof we consider a real valued even potential W ∈ H 4 (T; R) (i.e. W (x) ∈ R and W (-x) = W (x)) such that the frequencies ω = (λ k ) k≥1 are strongly-non-resonant according to Definition 1.2, where (λ k ) k≥1 is the increasing sequence of eigenvalues of the Sturm-Liouville operator -∂ 2

x + W |[0,π] with homogeneous Dirichlet boundary conditions. We denote by (f k ) k≥1 the associated eigenfunctions (see Prop 1.6). Now, thanks to Proposition 6.3, we consider a global odd solution u ∈ C 0 (R; H s (T)), s > 2/5, of (NLS) such that ∥u(0)∥ H s =: ε ≤ 1 100 .

Note that the existence of odd solutions is ensured by the assumption that the potential V is even. Without loss of generality, we assume that s ≤ 1. Since the L 2 norm is a constant of the motion for (NLS), we have

∀t ∈ R, ∥u(t)∥ L 2 = ∥u(0)∥ L 2 ≤ ∥u(0)∥ H s = ε.
Moreover thanks to Proposition 1.1, we know that there exists

β s ≥ 1 such that (41) ∀t ∈ R, ∥u(t)∥ H s ≲ s ε⟨t⟩ βs .
In this proof, being given an odd function v ∈ L 2 (T), we denote

v k = π 0 v(x)f k (x)dx.
Moreover, since (f k ) k≥1 is a Hilbertian basis of L 2 (0, π) (see Proposition 1.6), we know that

v(x) = k≥1 v k f k (x)
where f k is extended as an odd function on T.

4.1. Control of the high actions. Proceeding exactly as in the proof of Theorem 1.3 (see subsection 3.1), it can be proven that if ⟨k⟩ ≥ ε -υα,s,ν (where υ α,s,ν is also given by ( 40)) then there exists µ such that

(42) |t| ≤ ε -µ log log ε -1 log(⟨k⟩) ⇒ ||u k (t)| 2 -|u k (0)| 2 | ≤ ε 6-ν .
4.2. Setting for the low actions. Now, and until the end of this proof, we aim at controlling the variations of |u k (t)| 2 when ⟨k⟩ < ε -υα,s,ν . We consider a large parameter M ≥ ε -υα,s,ν that will be optimized later, and we define

E M := Span C {f k | k ≤ M }.
As usual, we identify E M with C M (through the Fourier transform) where

M = 1, M
We denote by Π (M ) the L 2 -orthogonal projection on E M and we set

u (≤M ) := Π (M ) (u(t)).
Note that, the L 2 norm being a constant of the motion and Π (M ) being an orthogonal projection, we have

(43) ∀t ∈ R, ∥u (≤M ) (t)∥ ≤ ∥u(t)∥ L 2 = ∥u(0)∥ L 2 ≤ ∥u(0)∥ H s = ε.
Moreover, u (≤M ) solves the equation

(44) i∂ t u (≤M ) = ∇H(u (≤M ) ) + g(t) with g(t) := σΠ (M ) |u(t)| 4 u(t) -|Π (M ) u(t)| 4 Π (M ) u(t) , and 
H = Z 2,ω + P with P = 1 12 (∥ • ∥ 6 L 6 ) |E M and Z 2,ω
given by (10).

4.3. Strichartz estimates. Now we aim at proving the same estimate on ∥P ∥ H (ω (i) ) (where

ω (i) k := k 2
) as in the case of (NLS*). In the paragraph Identification of the Hamiltonian structure page 737 of [START_REF] Bernier | Birkhoff normal forms for Hamiltonian PDEs in their energy space[END_REF], it is proven that (provided that k≥1 ⟨k⟩

2 |u k | 2 < ∞) ∥ k≥1 u k f k ∥ 6 L 6 = k,ℓ∈(N * ) 3 Q k,ℓ u k 1 u k 2 u k 3 u ℓ 1 u ℓ 2 u ℓ 3
where the coefficients Q k,ℓ are symmetric and satisfy

|Q k,ℓ | ≲ ∥W ∥ L 2 ν,µ∈{-1,1} 3 ⟨ν 1 k 1 + ν 2 k 2 + ν 3 k 3 + µ 1 ℓ 1 + µ 2 ℓ 2 + µ 3 ℓ 3 ⟩ -2 .
Therefore, for all a ∈ Z, we have

∀u ∈ E M , ⌊Π ω (i) ,a P ⌉(u) = 1 12 k,ℓ∈ 1,M 3 k 2 1 +k 2 2 +k 2 3 -ℓ 2 1 -ℓ 2 2 -ℓ 2 3 =a |Q k,ℓ |u k 1 u k 2 u k 3 u ℓ 1 u ℓ 2 u ℓ 3 .
and so

|⌊Π ω (i) ,a P ⌉(u)| ≲ ∥W ∥ L 2 ν,µ∈{-1,1} 3 k,ℓ∈ 1,M 3 k 2 1 +k 2 2 +k 2 3 -ℓ 2 1 -ℓ 2 2 -ℓ 2 3 =a ν 1 k 1 +ν 2 k 2 +ν 3 k 3 +µ 1 ℓ 1 +µ 2 ℓ 2 +µ 3 ℓ 3 =j |u k 1 u k 2 u k 3 u ℓ 1 u ℓ 2 u ℓ 3 | ⟨j⟩ 2 = ν,µ∈{-1,1} 3 T T w(x)e -ita 3 n=1 e -it∂ 2 x v (νn) (x)e it∂ 2 x v (µn) (x)dxdt, (45) 
where v (±1) (x) := 1≤k≤M |u k |e ±ikx and w(x) = k∈Z ⟨k⟩ -2 e ikx ∈ H 1 (T) ⊂ L ∞ (T). As a consequence, applying Hölder's inequality, we get

|⌊Π ω (i) ,a P ⌉(u)| ≲ ∥W ∥ L 2 ∥w∥ L ∞ ν,µ∈{-1,1} 3 3 n=1 ∥e -it∂ 2 x v (νn) ∥ L 6 (T 2 ) ∥e it∂ 2 x v (µn) ∥ L 6 (T 2 ) .
Finally, noticing that ∥v (±1) ∥ L 2 = ∥u∥ L 2 and applying the Strichartz estimate (5), we get

∥P ∥ H (ω (i) ) ≲ ∥W ∥ L 2 e c log M log log M ,
where c > 0 is a universal constant.

4.4. Estimate of the remainder term. As in subsection 3.4 (i.e. for (NLS*)), we aim at proving that, provided that s ≤ 1, we have

(46) ∥g∥ L 2 ≲ ∥u∥ 5 H s M -(s-2 5 ) ,
which, using the a priori bound (41) on the growth of the H s norm, provides

(47) ∥g∥ L 2 ≲ ε 5 ⟨t⟩ 5βs M -(s-2 5 ) .
First, we note that for the same reasons as in subsection 3.4, the remainder term enjoys the estimate

(48) ∥g∥ L 2 ≲ ∥u∥ 4 H s ∥u -Π (M ) u∥ H 2/5 ≃ ∥u∥ 4 H s ∥ k>M u k f k ∥ H 2/5 .
Then we note that (49)

∀s ′ ∈ [0, 1], ∀v ∈ ℓ 2 (N * ; C), ∥ k≥1 v k f k ∥ 2 H s ′ ≃ k≥1 ⟨k⟩ 2s ′ |v k | 2 .
Indeed, the case s ′ = 1 is proven in Proposition 6.2 page 733 of [BG21] while the case s ′ = 0 is just a consequence of the fact that (f j ) j≥1 is a Hilbertian basis. Therefore, the case 0 < s ′ < 1 follows directly by interpolation 9 . Finally, plugging (49) into (48), it comes (as expected)

∥g∥ L 2 ≲ ∥u∥ 4 H s ∥ k>M u k f k ∥ H 2/5 ≃ ∥u∥ 4 H s k>M ⟨k⟩ 4/5 |u k | 2 1/2 ≲ ∥u∥ 4 H s M -(s-2 5 ) k>M ⟨k⟩ 2s |u k | 2 1/2 ≃ ∥u∥ 5 H s M -(s-2 5 ) .
4.5. Optimization of the parameters. Since the estimates on g and P are the same as for (NLS*), the rest of the proof is exactly the same as in subsection 3.5. For completeness, it may be just relevant to mention that the estimates

|ω (i) | ∞ ≲ M 2 and |ω (f ) | ∞ ≲ 1
follow directly from [PT87, Theorem 4 p.35]. We also mention that since |k| ≥ 1 then ⟨k⟩ ≥ √ 2 > 1 and so the quantity 2⟨k⟩ of subsection 3.5 can always be replaced by ⟨k⟩ here.

Small divisor estimates

This section is devoted to the proof of Proposition 1.4 and Proposition 1.8. 5.1. Proof of Proposition 1.4. First, we recall the classical proof stating that, almost surely, the frequencies of (NLS*) for the random convolution potential V as in (2) enjoy a weak nonresonance condition.

Lemma 5.1. Almost surely, there exists γ > 0 such that, for all q ≥ 1, m ∈ (Z * ) q , h 1 , • • • , h q ∈ Z all distinct, we have

(50) ∀a ∈ Z, a + q j=1 m j ω (NLS*) h j ≥ γ min j ⟨h j ⟩ -s * q j=1 |m j | -4 ⟨h j ⟩ -4 .
Proof. Being given a, q, m, h satisfying the assumptions of the lemma, we recall that Therefore, for all γ > 0, we have

∀γ > 0, P a + q j=1 m j ω (NLS*) h j < γ ≲ γ min j ⟨h j ⟩ s * .
P ∃(a, q, m, h), a + q j=1 m j ω (NLS*) h j < γ⟨a⟩ -2 min j ⟨h j ⟩ -s * q j=1 |m j | -2 ⟨h j ⟩ -2 ≲ γ a∈Z q≥1 m∈(Z * ) q h∈Z q h 1 <•••<hq ⟨a⟩ -2 q j=1 |m j | -2 ⟨h j ⟩ -2 ≲ γ q≥1 m∈(Z * ) q h∈Z q (q!) -1 q j=1 |m j | -2 ⟨h j ⟩ -2 ≲ γ -→ γ→0 0,
where at the first line (a, q, m, h) have implicitly to satisfy the assumptions of the lemma. It means that, almost surely, there exists γ > 0 such that, for all q ≥ 1, m

∈ (Z * ) q , h 1 , • • • , h q ∈ Z all distinct, we have (51) ∀a ∈ Z, a + q j=1 m j ω (NLS*) h j ≥ γ⟨a⟩ -2 min j ⟨h j ⟩ -s * q j=1 |m j | -2 ⟨h j ⟩ -2 .
Then, we note that either

|a| ≥ 1 + q j=1 |m j ||ω (NLS*) h j |,
and so the small divisor is larger than or equal to 1 (and so the estimate (50) is satisfied with γ = 1) or (using that |ω

(NLS*) h j | ≲ ∥V ∥ L 2 ⟨h j ⟩ 2 ) |a| ≤ 1 + q j=1 |m j ||ω (NLS*) h j | ≲ q j=1 |m j |⟨h j ⟩ 2 ≲ ∥V ∥ L 2 q j=1 |m j | 2 ⟨h j ⟩ 2
and so, plugging this estimate in (51) we get (50). □ Now, we aim at improving the small divisor estimate (50) in order to prove that almost surely the frequencies of (NLS*) enjoy a strong non-resonance condition.

Step 1 : Setting. Let B > 0 be a constant such that ∀k ∈ Z, |ω

(NLS*) k -k 2 | ≤ B⟨k⟩ -s * . We fix q ≥ 1, m ∈ (Z * ) q , h 1 , • • • , h q ∈ Z all distinct such that |h 1 | ≤ • • • ≤ |h q |. We define q ⋆ ∈ 1, q as the maximal index such that ∀p ∈ 2, q ⋆ , B q j=p |m j |⟨h j ⟩ -s * ≥ γ 2 ⟨h 1 ⟩ -s * p-1 j=1 |m j | -4 ⟨h j ⟩ -4 .
Therefore it is enough to estimate a + q⋆ j=1 m j ω

(NLS*) h j
where a ∈ Z. Indeed, if q ⋆ < q, by maximality of q ⋆ we have

B q j=q⋆+1 |m j |⟨h j ⟩ -s * < γ 2 ⟨h 1 ⟩ -s * q⋆ j=1 |m j | -4 ⟨h j ⟩ -4 ,
and so applying the triangle inequality and the non-resonance estimate, we have

q j=1 m j ω (NLS*) h j ≥ q j=q⋆+1 m j h 2 j + q⋆ j=1 m j ω (NLS*) h j - q j=q⋆+1 |m j ||ω (NLS*) h j -h 2 j | ≥ 1 2 q j=q⋆+1 m j h 2 j + q⋆ j=1 m j ω (NLS*) h j + γ 2 ⟨h 1 ⟩ -s * q⋆ j=1 |m j | -4 ⟨h j ⟩ -4 -B q j=q⋆+1 |m j |⟨h j ⟩ -s * ≥ 1 2 q j=q⋆+1 m j h 2 j + q⋆ j=1 m j ω (NLS*) h j . (52) 
Now, to estimate a + q⋆ j=1 m j ω

(NLS*) h j
uniformly with respect to a ∈ Z, we are just going to use the lower bound given by Lemma 5.1, but in order to have a bound depending only on h 1 , we have to estimate ⟨h p ⟩ for all p ∈ 2, q * .

Step 2 : Estimation of ⟨h p ⟩ with respect to ⟨h 1 ⟩. By definition of q ⋆ , we deduce that if p ∈ 2, q ⋆ then

B|m| 1 ⟨h p ⟩ -s * ≥ γ 2 ⟨h 1 ⟩ -s * |m| -4(p-1) 1 p-1 j=1 ⟨h j ⟩ -4 .
Applying the log function to this estimate, we get (53)

y p ≤ log(C) + 4s -1 * q ⋆ log(|m| 1 ) + y 1 + 4s -1 * p-1 j=1 y j ,
where y j = log⟨h j ⟩ and C := (2Bγ -1 ) s -1 * . Here, we note that this last relation is also valid for p = 1. Therefore, as a consequence of the discrete Grönwall inequality, we have y p ≤ (log(C) + 4s -1 * q ⋆ log(|m| 1 ) + y 1 )e 4(p-1) s * , and so

⟨h p ⟩ ≤ C|m| 4s -1 * q⋆ 1 ⟨h 1 ⟩ exp( 4q⋆ s * )
.

Step 3 : Conclusion. Plugging this last estimate in the classical non-resonance condition (50) yield

a + q⋆ j=1 m j ω (NLS*) h j ≥ γ⟨h 1 ⟩ -s * |m| -4q⋆ 1 C|m| 4s -1 * q⋆ 1 ⟨h 1 ⟩ -4q⋆ exp( 4q⋆ s * )
.

Then, using the rough estimate q ⋆ ≤ q ≤ |m| 1 =: r, it comes

a + q⋆ j=1 m j ω (NLS*) h j ≥ γC -4r exp( 4r s * ) r -4r-16r 2 s -1 * exp( 4r s * ) ⟨h 1 ⟩ -s * -4r exp( 4r s * ) .
As a consequence, a standard asymptotic analysis proves that there exists a constant ρ > 0 and a constant α depending only on s * such that we have

a + q⋆ j=1 m j ω (NLS*) h j ≥ 2ρ 2⟨h 1 ⟩ -e -αr
, which plugged in (52) concludes this proof.

5.2. Proof of Proposition 1.8. The scheme of this proof is very similar to the previous one. First, we recall the classical proof stating that, almost surely, provided that the potential is small enough, the frequencies of (NLS) for the random multiplicative potential (4) enjoy a weak nonresonance condition.

Lemma 5.2. There exists η > 0 such that, almost surely, provided that ∥W (NLS) ∥ H 1 < η, there exists γ > 0 such that, for all q ≥ 1, m ∈ (Z * ) q , h 1 , • • • , h q ∈ N * all distinct, we have

(54) ∀a ∈ Z, a + q j=1 m j ω (NLS) h j ≥ γ max j ⟨h j ⟩ -s * q j=1 |m j | -4 ⟨h j ⟩ -4 .
Proof. Actually, we just have to prove that there exists η > 0 such that, being given a, q, m, h satisfying the assumptions of the lemma, we have

(55) ∀γ > 0, P a + q j=1 m j ω (NLS) h j < γ ∥W (NLS) ∥ H 1 < η ≲ γ max j ⟨h j ⟩ s * .
Indeed, the rest of the proof is the same as the one of Lemma 5.1 (the estimate |ω

(NLS) h j
| ≲ ⟨h j ⟩ 2 follows directly from [PT87, Theorem 4 p.35]). Moreover, the existence of η > 0 and the estimate (55) are proven in [START_REF] Bernier | Birkhoff normal forms for Hamiltonian PDEs in their energy space[END_REF]. More precisely, we refer the reader to the proof of Proposition 1.12 in [START_REF] Bernier | Birkhoff normal forms for Hamiltonian PDEs in their energy space[END_REF] and in particular to the last estimate page 703 of [START_REF] Bernier | Birkhoff normal forms for Hamiltonian PDEs in their energy space[END_REF]. □ Now, we aim at improving the small divisor estimate (54) in order to prove that almost surely the frequencies of (NLS) are strongly non-resonant. From now on we condition the potential W (NLS) in (4) to be small enough in H 1 (in any case ∥W (NLS) ∥ H 1 < η) in such a way that by [BG21, Proposition 2.7 p.700] (which is a variation of [PT87, Theorem 4 p.35]), almost surely ω (NLS) 1 ≥ 1/2 and there exists B > 0 such that

∀k ∈ N * , |ω (NLS) k -k 2 | ≤ B⟨k⟩ -1 .
Note that here we have used that

π 0 W (NLS) (x)dx = 0. We fix q ≥ 1, m ∈ (Z * ) q , h 1 , • • • , h q ∈ N * all distinct such that h 1 < • • • < h q . We define q ⋆ ∈ 1, q as the maximal index such that ∀p ∈ 2, q ⋆ , B q j=p |m j |⟨h j ⟩ -1 ≥ γ 2 ⟨h p-1 ⟩ -s * p-1 j=1 |m j | -4 ⟨h j ⟩ -4 .
Therefore it is enough to estimate a + q⋆ j=1 m j ω (NLS) h j where a ∈ Z. Indeed, if q ⋆ < q, by maximality of q ⋆ we have

B q j=q⋆+1 |m j |⟨h j ⟩ -1 < γ 2 ⟨h q⋆ ⟩ -s * q⋆ j=1 |m j | -4 ⟨h j ⟩ -4 ,
and so applying the triangle inequality and the non-resonance estimate, we have (as previously, see (52) for details)

q j=1 m j ω (NLS) h j ≥ 1 2 q j=q⋆+1 m j h 2 j + q⋆ j=1 m j ω (NLS) h j .
Now, as previously, to estimate a + q⋆ j=1 m j ω (NLS) h j uniformly with respect to a ∈ Z, we are just going to use the lower bound given by Lemma 5.2, but in order to have a bound depending only on h 1 , we have to estimate ⟨h p ⟩ for all p ∈ 2, q * . By definition of q ⋆ , we deduce that if p ∈ 2, q ⋆ then

B|m| 1 ⟨h p ⟩ -1 ≥ γ 2 ⟨h p-1 ⟩ -s * |m| -4(p-1) 1 p-1 j=1 ⟨h j ⟩ -4 .
Applying the log function to this estimate, we get

y p ≤ log(C)+4q ⋆ log(|m| 1 )+s * y p-1 +4 p-1 j=1 y j ≤ log(C)+(4+s * )q ⋆ log(|m| 1 )+y 1 +(4+s * ) p-1 j=1 y j ,
where y j = log⟨h j ⟩ and C := 2Bγ -1 . Note that this estimate is the same as (53) except that 4s -1 * is replaced by 4 + s * . Up to this change of constant, the rest of the proof is exactly the same as the one of Proposition 1.4.

Global well-posedness of the full dynamics

In this section, we give the proof of Proposition 1.1. We first review the general strategy of the I-method and the argument of [START_REF] Li | Global well-posedness for the mass-critical nonlinear Schrödinger equation on[END_REF], and then give the necessary modifications, first in the case of a convolution potential, and then in the case of a multiplicative potential. The proofs of the technical lemma will be postponed to Appendix B. 6.1. Strategy of the proofs. We will thus closely follow the argument in [START_REF] Li | Global well-posedness for the mass-critical nonlinear Schrödinger equation on[END_REF] which dealt with the periodic quintic NLS without potentials. This argument relies on the so-called "second generation I-method", introduced in [CKSTT01, CKSTT02, CKSTT03, CKSTT08] and widely applied to nonlinear dispersive equations both on tori or on Euclidean spaces; see for example [START_REF] Bourgain | A remark on normal forms and "I-method" for periodic NLS[END_REF][START_REF] Silva | Global well-posedness for the L 2critical nonlinear Schrödinger equation in higher dimensions[END_REF][START_REF] Silva | Global well-posedness for a periodic nonlinear Schrödinger equation in 1D and 2D, Discrete Contin[END_REF][START_REF] Silva | Global well-posedness and polynomial bounds for the defocusing L 2 -critical nonlinear Schrödinger equation in R[END_REF]] and references therein. The (classical) I-method exploits the almost conservation of the modified energy E(I N u) for some appropriate choice of parameter N ≫ 1, where E is the standard energy functional associated with the Hamiltonian structure of NLS, and I N is a smooth Fourier multiplier which behaves like the identity on frequencies smaller than N and like a smoothing operator of order 1 -s for higher frequencies, s < 1 being a regularity where local well-posedness holds. Indeed, the standard energy E is conserved but cannot be used at this level of regularity. Then the core of the argument is to prove that E(I N u) is almost conserved, in the sense that its time derivative decays sufficiently fast with N . Moreover, a faster decay yields a smaller threshold for the admissible regularity on the initial data. Interestingly, regarding the case of the periodic quintic NLS without potential, in order to extend globally the local solutions of [START_REF] Bourgain | Fourier transform restriction phenomena for certain lattice subsets and applications to nonlinear evolution equations[END_REF] when the regularity is s < 1, Bourgain [START_REF] Bourgain | A remark on normal forms and "I-method" for periodic NLS[END_REF] combined the I-method with Birkhoff normal form transformations in order to get a better decay of the time derivative of E(I N u). This idea was also exploited in [START_REF] Colliander | A remark on normal forms and the "upside-down" I-method for periodic NLS: growth of higher Sobolev norms[END_REF] where the authors implemented the upside-down I-method together with Birkhoff normal forms to study the growth of Sobolev norms H s (T) for s > 1; namely, replacing the fractional integration operator I N of order 1 -s by a fractional derivative D N of order s -1. However, in the aforementioned seminal paper [START_REF] Bourgain | A remark on normal forms and "I-method" for periodic NLS[END_REF], the argument could only deal with regularity s * < s < 1 for some s * smaller but very close to 1 2 . It was later pointed out in [START_REF] Silva | Global well-posedness for a periodic nonlinear Schrödinger equation in 1D and 2D, Discrete Contin[END_REF][START_REF] Li | Global well-posedness for the mass-critical nonlinear Schrödinger equation on[END_REF] that one can improve on the range of s by letting aside the Birkhoff normal form transformation, and by resorting instead to both rescaling and a "second" modified energy. The former point relies on the observation that in the Euclidean space R d , one has an improved bilinear estimate for the Schrödinger flow of type (56)

e it∆ f N 1 e it∆ g N 2 L 2 t,x ≲ N -1 2 2 N d-1 2 1 ∥f N 1 ∥ L 2 ∥g N 2 ∥ L 2
for any N 1 ≪ N 2 and functions f N 1 (resp. g N 2 ) whose Fourier transform is supported in the region {|ξ| ∼ N 1 } (resp. {|ξ| ∼ N 2 }). This in turn provides some gain of negative powers of N in the context of the I-method when estimating multilinear interactions where one input function has dominant frequencies. The refined bilinear estimate above is however known to be false on T d . One of the crucial observation in [CKSTT08, dSPST07b, LWX11] is that, after a proper rescaling to work on a very large torus, one can still get an estimate which gets closer to (56) and allows to get some decay in N ; see [LWX11, Proposition 2.1] and Lemma B.1 below. The latter point is the introduction of correcting terms in the modified energy, which cancel the interactions having less decay in the time derivative of E(I N u). This actually amounts to performing one step of a Poincaré-Dulac normal form transformation, but at the level of the energy functional instead of the equation; see for example the discussion in [START_REF] Guo | Poincaré-Dulac normal form reduction for unconditional well-posedness of the periodic cubic NLS[END_REF]. Implementing this method in the context of (NLS*)-(NLS) yields the following results (see (60) below for the definition of the Bourgain type space X s,b L ). Proposition 6.1. Let V ∈ L 2 (T). Then for any 2 5 < s ≤ 1 2 and any u 0 ∈ H s (T) with ∥u 0 ∥ H s ≤ 1, there exists a unique global mild solution u ∈ X s, 1 2 + -∂ 2

x +V * ,loc with initial data u(0) = u 0 to (NLS*) provided that ∥u 0 ∥ H s ≪ 1 in the focusing case σ < 0. Moreover, we have the growth estimate

(57) ∥u(t)∥ H s ≲ s C(t, ∥u 0 ∥ H s )∥u 0 ∥ H s , t ∈ R,
where

C(t, ∥u 0 ∥ H s ) =          ⟨t⟩ 1 2 , |t| ≲ ∥u 0 ∥ -1 H s ; ∥u 0 ∥ -1 H s , ∥u 0 ∥ -1 H s ≲ |t| ≲ ∥u 0 ∥ -2 s - α(s) 1-s - H s |t| 1-s α(s) ∥u 0 ∥ 2(1-s) sα(s) H s , |t| ≳ ∥u 0 ∥ -2 s - α(s) 1-s - H s with α(s) = 3 -2 1-s s .
In particular, note that the second regime gives the bound

∥u(t)∥ H s ≲ 1 ≲ |t|∥u 0 ∥ H s .
Thus (57) implies the more standard growth estimate10 ∥u(t)∥ H s ≲ ⟨t⟩ βs ∥u 0 ∥ H s (58) with

β s = max( 1 -s α(s) , 1).
Remark 6.2. (i) Proposition 6.1 only deals with the case s ≤ 1 2 . This is not restrictive since the point in this paper is to run the Birkhoff normal form at regularity s ≤ 1 2 , the standard theory covering the case s > 1 2 . (ii) We point out again that we only consider initial data satisfying ∥u 0 ∥ H s ≤ 1 since this will be the case to apply the Birkhoff normal form. But in the defocusing case σ > 0, the same result as in Proposition 6.1 holds for any initial data. Moreover, the above remarks also apply to Proposition 6.3 below.

We have a similar result in the case of a multiplicative potential. Proposition 6.3. Let W ∈ H 4 (T). Then for any 2 5 < s ≤ 1 2 and any u 0 ∈ H s (T) with ∥u 0 ∥ H s ≤ 1, there exists a unique global mild solution u ∈ X s, 1 2 + -∂ 2

x +W,loc with initial data u(0) = u 0 to (NLS) provided that ∥u 0 ∥ H s ≪ 1 in the focusing case σ < 0. Moreover, we have the growth estimate

(59) ∥u(t)∥ H s ≲ s ⟨t⟩ βs ∥u 0 ∥ H s , t ∈ R.
The proof of Propositions 6.1 and 6.3 will occupy the rest of this section. There are some slight but essential modifications compared to the argument in [START_REF] Li | Global well-posedness for the mass-critical nonlinear Schrödinger equation on[END_REF] in order to prove the results above. First, for the local well-posedness theory, in order to get existence of local solutions beyond times of order O((∥V ∥ L 2 + ∥W ∥ L 2 ) -1 ) for small initial data (the case we are interested in), we need to remove the linear terms from the nonlinearity by incorporating them in the linear operator. This requires to prove that the X s,b spaces adapted to lower order perturbations of -∂ 2 x still have the same properties (see Lemma 6.4 and 6.10 below), in particular Strichartz estimates. This also explains why we deal with (NLS*) and (NLS) separately in Propositions 6.1 and 6.3.

As for the globalization part, the extra linear terms V * u and W u are also dealt with differently. The potential term W u is treated as a perturbation term with respect to the nonlinearity. Indeed, as detailed below, the rescaling performed in the argument of [START_REF] Li | Global well-posedness for the mass-critical nonlinear Schrödinger equation on[END_REF] is very favorable on the potential and one gains for free a factor O(λ -2 ) when estimating terms with W in the time variations of the modified energy, where λ ∼ N 1-s s is the scaling factor. This is not quite enough though, as the lower bound s > 2 5 in [START_REF] Li | Global well-posedness for the mass-critical nonlinear Schrödinger equation on[END_REF] comes from the use of a modified energy where one gains a factor N -3 . But since the operator I N at the base of the I-method does not commute with W , terms with W only appear in commutators where one can gain an extra N -1 factor at the expense of requiring more regularity for W , which we can afford. In comparison, we do not incorporate it in the linear operator as the eigenfunctions of the Sturm-Liouville operator -∂ 2

x +W , though localized on complex exponentials (see ( 91) and (94) below), only satisfy convolution relations

T f k 1 f k 2 f k 3 ≈ δ k 1 +k 2 =k 3 up
to error terms. This is good enough to handle trilinear interactions. However, the argument in [START_REF] Li | Global well-posedness for the mass-critical nonlinear Schrödinger equation on[END_REF] is really tailored to the precise restrictions on frequencies in the multilinear forms, and in particular to the null moment condition k 1 +• • •+k 6 = 0. But this is destroyed when replacing -∂ 2

x by -∂ 2 x + W (see e.g. ( 45) above), and so it is not clear to us how to implement the second generation I-method for the quintic equation without treating the term W u as part of the nonlinearity as we do here.

On the contrary, the convolution potential V scales as W but commutes with I N . Thus, we need to view it again as part of the linear operator and use the argument in [START_REF] Li | Global well-posedness for the mass-critical nonlinear Schrödinger equation on[END_REF] with -∂ 2

x + V * in place of -∂ 2

x . This brings small changes in all the parts of the argument which rely on the particular form of the symbol of -∂ 2

x .

6.2. Proof of Proposition 6.1.

Notations and local well-posedness.

We first recall some notations. We will build the solution u to (NLS*) in the Bourgain type space X s,b -∂ 2

x +V * adapted to the linear Schrödinger equation with convolution potential, namely the Banach space defined through the norm

(60) ∥u∥ X s,b := ⟨ω k ⟩ s 2 ⟨τ -ω k ⟩ b ûk (τ ) L 2 τ ℓ 2 k ,
for any s, b ∈ R, where ûk (τ ) = R×T u(t, x)e -i(tτ +kx) dxdt is the space-time Fourier transform of u : (t, x) ∈ R × T → u(t, x) ∈ C, and

ω k = k 2 + (2π) -1 2 V k .
In the rest of this section we will drop the subscript -∂ 2 x + V * in the notation of the Bourgain type space since there is no risk of confusion. We also define its time-localized version

(61) ∥u∥ X s,b (T ) = inf{∥v∥ X s,b , v ≡ u on [-T, T ]}.
Next we collect some linear estimates in the space X s,b .

Lemma 6.4. The following properties hold:

(i) (X s,b as a resolution space) If u ∈ X s,b for some s ∈ R and b > 1 2 , then u ∈ C(R; H s (T)) and ∥u∥ L ∞ t H s ≲ ∥u∥ X s,b . (ii) (Time localization) For any T ∈ (0; 1] and s ∈ R, -1 2 < b ′ ≤ b < 1 2 , it holds ∥u∥ X s,b ′ (T ) ≲ T b-b ′ ∥u∥ X s,b (T ) . (iii) (Linear estimate) It holds ∥e it(-∂ 2 x +V * ) u 0 ∥ X s,b (T ) ≲ ⟨T ⟩ 1 2 ∥u 0 ∥ H s uniformly in T > 0, for any s ∈ R and b > 1 2 . (iv) (Energy estimate) For any s ∈ R and b > 1 2 it holds t 0 e i(t-t ′ )(-∂ 2 x +V * ) F (t ′ )dt ′ X s,b (T ) ≲ ⟨T ⟩ 2 ∥F ∥ X s,b-1 uniformly in T > 0. (v) (L 4 Strichartz estimate) It holds ∥u∥ L 4 t,x ≲ ∥u∥ X 0, 3 8 + . (vi) (Equivalence of norms) For any s, b ∈ R, there exists C(∥V ∥ L 2 ) ≥ 1 such that it holds 1 C ∥u∥ X s,b -∂ 2 x ≤ ∥u∥ X s,b -∂ 2 x +V * ≤ C∥u∥ X s,b -∂ 2 x for any u ∈ X s,b -∂ 2 x +V * .
The general properties (i), (ii), and (v) of X s,b spaces in Lemma 6.4 in the case V = 0 are standard, and we refer to [START_REF] Tao | Nonlinear dispersive equations. Local and global analysis[END_REF] and [START_REF] Erdoğan | Dispersive partial differential equations. Wellposedness and applications[END_REF]. See Appendix A for the modifications in the case V ̸ = 0. Note however that the estimates (iii) and (iv), due to the factors ⟨T ⟩ 1 2 and ⟨T ⟩ 3 2 , are somewhat less standard; see also Remark 6.6 below and Appendix A for the proofs. In the case V = 0, the Strichartz estimate (v) is due to Bourgain [START_REF] Bourgain | Fourier transform restriction phenomena for certain lattice subsets and applications to nonlinear evolution equations[END_REF]. The last estimate (vi) shows that X s,b norms with respect to V = 0 or V ̸ = 0 are equivalent, which in particular implies properties (i), (ii), and (v) for the case V ̸ = 0 from the classical case V = 0. Let us also emphasize that in order to close the fixed point argument, one needs to get a small factor of T . In this perspective, (ii) is used for the large data local theory, whereas (iv) when T > 1 is more suited for the small data theory.

As a consequence of the estimates in Lemma 6.4, we then have the following small 11 data local well-posedness result for (NLS*).

11 Here we only treat the case of small initial data as this is the setting for the proof of Theorem 1.3. Of course a similar local well-posedness result holds for large data, with a different time of existence, and with a proof which relies on Lemma 6.4 (ii) on top of Lemma 6.4 (iv) to get a small power of T ∈ (0; 1]. 

(t)| 2 -|u k (0)| 2 ≪ ∥u 0 ∥ 2 H s up to time O(1) instead of times O(∥u 0 ∥ -4
H s ) compared to the local well-posedness theory at regularity s > d 2 . This loss of ⟨t⟩ 1 2 may be avoided by using refined versions of X s,b spaces (U 2 /V 2 type spaces) used in the Cauchy theory at scaling critical regularity, but we do not pursue this refinement here, as (59) suffices for our purpose.

Proof of Lemma 6.5. Note that here we do no try to cover the best possible range for the regularity of the initial data, namely s > 0, since we will be restricted to the range s > 2 5 by the globalization argument. The proof would follow from a straightforward adaptation of Bourgain's argument [START_REF] Bourgain | Fourier transform restriction phenomena for certain lattice subsets and applications to nonlinear evolution equations[END_REF]; see also [START_REF] Erdoğan | Dispersive partial differential equations. Wellposedness and applications[END_REF]. Let δ > 0 and R ∼ ⟨δ⟩ 1 2 ∥u 0 ∥ H s , and let B(R) be the ball of radius R in X s, 1 2 + (δ). Setting

Γ : u ∈ B(R) → e it(-∂ 2 x +V * ) u 0 -iσ t 0 e i(t-t ′ )(-∂ 2 x +V * ) (|u| 4 u)(t ′ )dt ′ ,
we will prove that Γ is a contraction on B(R) for δ appropriately chosen. Let then u ∈ B(R), and take v to be an extension of u such that ∥v∥

X s, 1 2 + ≤ 2∥u∥ X s, 1 2 + (δ)
. First, using Cauchy-Schwartz inequality, we have the Sobolev type estimate

∥v∥ L ∞ t,x ≤ ∥v k (τ )∥ L 1 τ L 1 (dk) λ ≤ ∥⟨τ -k 2 ⟩ -1 2 -⟨k⟩ -1 2 -∥ L 2 τ ℓ 2 (dk) λ ∥v∥ X 1 2 +, 1 2 + ≲ ∥v∥ X 1 2 +, 1
2 + . Interpolating this estimate with the L 4 -Strichartz estimate of Lemma 6.4 (v), we get

∥v∥ L 8 t,x ≲ ∥v∥ X 1 4 +, 7 16 + . (63) 
Then, we first use Lemma 6.4 (iii) and (vi) to estimate

Γu X s, 1 2 + (δ) ≲ ⟨δ⟩ 1 2 ∥u 0 ∥ H s + ⟨δ⟩ 2 |v| 4 v X s,-1
Next, using the dual version of the L 4 Strichartz estimate of Lemma 6.4 (v), we can continue with

≲ ⟨δ⟩ 1 2 ∥u 0 ∥ H s + ⟨δ⟩ 2 |v| 4 v L 4 3 t W s, 4 3 .
Now, by the fractional Leibniz rule (see e.g. [ET16, Lemma 1.11]), it holds

|v| 4 v L 4 3 t W s, 4 3 ≲ ∥v∥ W s,4 x |v| 4 L 2 x L 4 3 t ≲ ∥v∥ L 4 t W s,4 ∥v∥ 4 L 8 t,x
, where the second step follows from Hölder's inequality. Using now (63), we finally get

Γu X s, 1 2 + (δ) ≲ ⟨δ⟩ 1 2 ∥u 0 ∥ H s + ⟨δ⟩ 2 ∥v∥ 5 X s, 1 2 + ≲ ⟨δ⟩ 1 2 ∥u 0 ∥ H s + ⟨δ⟩ 2 ∥u∥ 5 X s, 1 2 + (δ)
.

Therefore, with R ∼ ⟨δ⟩

1 2 ∥u 0 ∥ H s , we get that Γ maps B(R) to B(R) provided that δ ∼ ∥u 0 ∥ -1 H s in case ∥u 0 ∥ H s ≤ 1.
The contraction property follows from similar estimate. This proves (62). □ 6.2.2. Rescaling. In order to implement the I-method to globalize the local solution provided by Lemma 6.5, recall that for N ≫ 1 to be chosen later, the I operator is defined as the Fourier multiplier with symbol m(k) = m s (N -1 k) for some smooth even function m s which equals 1 on [0, 1] and behaves like ⟨k⟩ s-1 for |k| ≥ 1. In particular, for u 0 ∈ H s (T), we have

I N u 0 ∈ H 1 (T)
and it holds

∥u 0 ∥ H s ≲ ∥I N u 0 ∥ H 1 ≲ N 1-s ∥u 0 ∥ H s . (64) 
However, as we mentioned above, in order to benefit from the improved bilinear Strichartz estimate and get a better decay of the modified energy E(I N u), we will use a rescaling procedure. Indeed, recall that (NLS*) has the following scaling property :

u(t, x) solves (NLS*) on [-T, T ]×T if and only if u λ (t, x) = λ -1 2 u(λ -2 t, λ -1 x) is a solution of (65) i∂ t u λ = -∂ 2 x u λ + V λ * u λ + σ|u λ | 4 u λ on [-λ 2 T, λ 2 T ] × T λ , where T λ = R/(2πλ)Z and V λ (x) = λ -3 V (λ -1 x), x ∈ (-πλ, πλ). (66) 
Following [START_REF] Colliander | Sharp global well-posedness for KdV and modified KdV on R and T[END_REF][START_REF] Silva | Global well-posedness for the L 2critical nonlinear Schrödinger equation in higher dimensions[END_REF][START_REF] Li | Global well-posedness for the mass-critical nonlinear Schrödinger equation on[END_REF], let us then recall some properties of λ-periodic functions. Define (dk) λ to be the normalized counting measure on 1 λ Z:

a(k)(dk) λ = 1 λ k∈ 1 λ Z a(k).
We define the Fourier transform of u ∈ L 1 ([0, 2πλ]) by

û(k) = 2πλ 0 e -ikx u(x)dx.
Fourier inversion formula reads u(x) = e ikx û(k)(dk) λ , and the following identities are true:

(1)

∥u∥ L 2 ([0,2πλ]) = ∥û∥ L 2 ((dk) λ ) , (Plancherel) 
(2)

2πλ 0 u(x)v(x)dx = û(k) v(k)(dk) λ , (Parseval) (3) uv(k) = û ⋆ λ v(k) = û(k -k 1 )v(k 1 )(dk 1 ) λ ,
The Sobolev space of λ-periodic functions is H s λ = H s ([0, 2πλ]) defined by the norm ∥u∥ H s λ = ∥⟨k⟩ s û(k)∥ L 2 ((dk) λ ) . We also denote by X s,b λ = X s,b (T λ ×R) the Bourgain type space of space-time functions λ-periodic in x endowed with

∥u∥ X s,b λ = ∥⟨k⟩ s ⟨τ -k 2 ⟩ b ûk (τ )∥ L 2 τ L 2 (dk) λ ,
where as above ûk (τ ) is the space-time Fourier transform. Then (64) implies

∥u λ (0)∥ H s λ ≲ ∥I N u λ (0)∥ H 1 λ ≲ N 1-s ∥u λ (0)∥ H s λ ≲ N 1-s λ -s ∥u 0 ∥ H s . ( 67 
)
Before starting to get long-time bounds on I N u λ , we recast the local estimate (62) in terms of

I N u λ . Lemma 6.7. Let V ∈ L 2 (T), λ ≥ 1, s > 1 4 and u λ (0) ∈ H s (T λ ). Then for δ ∼ ∥V ∥ L 2 ⟨∥I N u λ (0)∥ H 1 λ ⟩ -8-, it holds (68) ∥I N u λ ∥ X 1, 1 2 + λ (δ) ≲ ∥V ∥ L 2 ∥I N u λ (0)∥ H 1 λ .
Proof. Again, we do not try to cover the whole range of regularity s > 0 where local well-posedness of (NLS*) holds. The proof of (68) relies on the fact that, since u λ solves (65), I N u λ solves

i∂ t I N u λ = -∂ 2 x I N u λ + V λ * (I N u λ ) + σI N |u λ | 4 u λ (69)
with initial data I N u λ (0) ∈ H 1 (T λ ). Thus, we will use estimates similar to that in the proof of Lemma 6.5. Note that the estimates (i)-(iv) of Lemma 6.4 are unchanged for λ-periodic functions, uniformly in λ ≥ 1. This is also the case for Lemma 6.4 (v) (see for example [START_REF] Silva | Global well-posedness for the L 2critical nonlinear Schrödinger equation in higher dimensions[END_REF] or Appendix A below), which will be enough for our purpose as mentioned above. Indeed, note first that we have the Sobolev type inequality

∥u∥ L ∞ t,x ≤ ∥û k (τ )∥ L 1 τ L 1 (dk) λ ≤ ∥⟨k⟩ -1 2 + ⟨τ -k 2 ⟩ -1 2 + ∥ L 2 τ L 2 (dk) λ ∥u∥ X 1 2 +, 1 2 + λ .
Interpolating this bound with the L 4 Strichartz estimate of Lemma 6.4 (v) gives

∥u λ ∥ L 8 δ,x ≲ ∥u λ ∥ X 1 4 +, 7 16 + λ (δ)
for any δ > 0. Together with Lemma 6.4, duality, Hölder's inequality and the fractional Leibniz rule, this yields again (note that δ ≤ 1 now)

|u λ | 4 u λ X s,-1 2 + λ (δ) ≲ δ 1 8 -|u λ | 4 u λ X s,-3 8 - λ (δ) ≲ δ 1 8 -|u λ | 4 u λ L 4 3 δ W s, 4 3 ≲ δ 1 8 -∥u λ ∥ L 4 δ,x ∥u∥ 4 L 8 δ,x ≲ δ 1 8 -∥u λ ∥ X s, 3 8 + λ (δ) ∥u∥ 4 X 1 4 +, 7 16 + λ (δ) (70) ≲ δ 1 2 -∥u λ ∥ 5 X s, 1 2 + λ (δ) (71) 
for s > 1 4 . Now, from the mild formulation of (69) and Lemma 6.4, we have

∥I N u λ ∥ X 1, 1 2 + λ (δ) ≲ ∥I N u λ (0)∥ H 1 λ + I N (|u λ | 4 u λ ) X 1,-1 2 + λ (δ) . Setting U (t, x) = R e i(tτ +kx) m(k)⟨k⟩ 1-s |û k (τ )|(dk) λ dτ,
we can estimate the last term above by

I N (|u λ | 4 u λ ) X 1,-1 2 + λ (δ) ≤ M 5 (U ) X s,-1 2 + λ (δ)
where the multilinear operator is

M 5 (U ) k (τ ) = τ 1 +•••+τ 5 =τ k 1 +•••+k 5 =k m N (k)⟨k⟩ 1-s 5 j=1 m N (k j )⟨k j ⟩ 1-s 5 j=1 U k j (τ j )(dk j ) λ dτ j . But since m N (k)⟨k⟩ 1-s ∼ ⟨k⟩ 1-s , |k| ≲ N N 1-s , |k| ≫ N , in particular m N (k 1 + • • • + k 5 )⟨k 1 + • • • + k 5 ⟩ 1-s ≲ 5 j=1 m N (k j )⟨k j ⟩ 1-s
and thus the symbol of M 5 is bounded uniformly in λ, N . Together with (70), this yields

I N (|u λ | 4 u λ ) X 1,-1 2 λ (δ) ≲ M 5 (U ) X s,-1 2 + λ (δ) ≲ |U | 4 U X s,-1 2 + λ (δ) ≲ δ 1 2 -∥U ∥ 5 X s, 1 2 + λ (δ) = δ 1 2 -∥I N u λ ∥ 5 X 1, 1 2 + λ (δ)
.

All in all, we get

∥I N u λ ∥ X 1, 1 2 + λ (δ) ≲ ∥I N u λ (0)∥ H 1 λ + δ 1 2 -∥I N u λ ∥ 5 X 1, 1 2 + λ (δ)
. Thus (68) follows from the previous estimate with our choice of δ as in the proof of Lemma 6.5. □ 6.2.3. Modified energy and globalization. Now we set up the I-method for rescaled functions. Let T ≫ 1 be a target time of existence, and N = N (T ) ≫ 1 to be chosen later. Note that it is enough to consider the case T ≥ ∥u 0 ∥ -1 H s , the other case being dealt with by the local theory (Lemma 6.5). Then in view of (67), we take

λ ∼ N 1-s s ∥u 0 ∥ 1 s H s , so that ∥I N u λ (0)∥ H 1 ∼ 1,
and thus (68) holds with δ ∼ 1 by Lemma 6.7. From now on, we drop the subscript λ.

The "first generation" I-method then corresponds to the use of the modified energy

E 1 (u) = E(I N u) = 1 2 ∥∂ x I N u∥ 2 L 2 + γ 2 ∥I N u∥ 2 L 2 + 1 2 T λ V λ * I N u • I N udx + σ 6 ∥I N u∥ 6 L 6 .
Here the mass γ > 0 is chosen such that γ > sup k |V k |, which ensures that

ωk := ω k + γ ≥ c > 0 and so that E 1 controls ∥ • ∥ 2 H 1 .
To estimate the time variations of the modified energy, let us recall some notations on multilinear forms from [START_REF] Colliander | Sharp global well-posedness for KdV and modified KdV on R and T[END_REF][START_REF] Silva | Global well-posedness for a periodic nonlinear Schrödinger equation in 1D and 2D, Discrete Contin[END_REF][START_REF] Li | Global well-posedness for the mass-critical nonlinear Schrödinger equation on[END_REF]. For n ∈ N, Γ n ⊂ (λ -1 Z) n denotes the space

Γ n := {(k 1 , . . . , k n ) ∈ (λ -1 Z) n , k 1 + . . . + k n = 0}.
For a smooth M n : Γ n → C, we define the n-linear functional

Λ n (M n ; u , . . . , u n ) := Γn M n (k 1 , . . . , k n ) n j=1 ûj (k j )(dk j ) λ ,
and for n even we simply write

Λ n (M n ; u) := Λ n (M n ; u, u, . . . , u, u). Then E 1 (u) = E(I N u) = Λ 2 (σ V 2 ; u) + Λ 6 (σ 6 ; u), where, as in [LWX11], σ 6 = 1 6 m N (k 1 ) • • • m N (k 6 ), and 
σ V 2 = 1 4 m N (k 1 )m N (k 2 )( ωk 1 + ωk 2 ).
Recall that ωk are the eigenvalues of

-∂ 2 x +γ+V * . In particular, σ V 2 = σ 2 = -1 2 m N (k 1 )m N (k 2 )k 1 k 2 as in [LWX11] when V = 0.
Similarly to the computation (3.35) in [START_REF] Li | Global well-posedness for the mass-critical nonlinear Schrödinger equation on[END_REF], using (65), we have that for any symbol M n ,

d dt Λ n (M n ) = Λ n (M n α V n ) + iσΛ n+4 n j=1 (-1) j X j (M n ) ,
where in our case

α V n = i n j=1 (-1) j ωk j , (72) 
and as in [LWX11]

X j (M n ) = M n (k 1 , . . . , k j-1 , k j + • • • + k j+4 , k j+5 , . . . , k n+4 ). Since α V 2 = 0 on Γ 2 (recall that V is real-valued), this yields d dt E 1 (u) = Λ 6 (M V 6 ; u) + σΛ 10 (M V 10 ; u) with M V 6 = 1 6 6 j=1 (-1) j+1 m(k j ) 2 ωk j + σ 6 α V 6 = M V,1 6 + M V,2 6 , (73) 
and

M V 10 = 6 j=1 (-1) j X j (σ V 6 ).
To treat the main term Λ 6 (M V 6 ), we follow [START_REF] Li | Global well-posedness for the mass-critical nonlinear Schrödinger equation on[END_REF] and make the non-resonant/resonant decomposition M

V 6 = 1 Ω M V,1 6 + 1 Υ M V,2 6 and M V 6 = M V 6 -M V 6 .
Here the sets of frequencies Ω, Υ ⊂ Γ 6 are the same as in [START_REF] Li | Global well-posedness for the mass-critical nonlinear Schrödinger equation on[END_REF], namely

Υ = {(k 1 , . . . , k 6 ) ∈ Γ 6 , |k 1 | ≥ |k 3 | ≥ |k 5 |, |k 2 | ≥ |k 4 | ≥ |k 6 |, |k 1 | ≥ |k 2 |, |k * 1 | ∼ |k * 2 | ≫ N }, (74) 
Ω 1 = {(k 1 , . . . , k 6 ) ∈ Υ, |k 1 | ≫ |k 2 |}, (75) 
Ω 2 = {(k 1 , . . . , k 6 ) ∈ Υ, |k * 3 | ≫ |k * 4 |}, (76) 
Ω 3 = {(k 1 , . . . , k 6 ) ∈ Υ, |k 1 | ∼ |k 5 |, |k 5 | ≫ |k 4 |}, (77) 
Ω 4 = (k 1 , . . . , k 6 ) ∈ Υ, |k 1 | ∼ |k 6 | ≫ |k 3 |, ||k 1 | -|k 2 || ≪ |k 1 | or k 2 k 4 > 0, k 2 k 6 > 0 , (78) 
and

Ω 5 = (k 1 , . . . , k 6 ) ∈ Υ, |k 1 | ∼ |k 2 | ≳ N ≫ |k * 3 |, | ωk 1 -ωk 2 | ≫ 6 j=3 (-1) j+1 ω k j , (79) 
and Ω = ∪ 5 j=1 Ω j , where |k * 1 | ≥ . . . ≥ |k * 6 | denotes the decreasing rearrangement of (k 1 , . . . , k 6 ). With the decomposition above, the "second generation" I-method consists then in using the modified energy

E 2 (u) = E(I N u) -Λ 6 M V 6 α V 6 .
Indeed, from the conservation of the L 2 -norm and (67) it holds

∥u(t)∥ H s ≲ ∥u(0)∥ L 2 + ∥∂ x I N u∥ L 2 ≲ ∥u(0)∥ H s + E 1 (u(t)) 1 2 ≲ ∥u(0)∥ H s + E 2 (u(t)) 1 2 + N 0-E 2 (u(t)) 3 , (80) 
where the second estimate follows from the positivity of E in the defocusing case and the Gagliardo-Nirenberg inequality with the smallness assumption on ∥u 0 ∥ H s in the focusing case, and the last estimate is a direct consequence of the following lemma, which is the exact analogue of [LWX11, Lemma 3.3] (see Appendix B for a proof). Lemma 6.8. The following estimate holds for any 1 3 < s < 1 and t > 0: Λ 6

M V 6 α V 6 ; u(t) ≲ N 2(s-1) ∥I N u(t)∥ 6 H 1 .
Thus, (80) implies that it is enough to prove the almost conservation of E 2 in order to globalize the solution provided by Lemma 6.5. Now, with the previous computations and the fundamental theorem of calculus we have

E 2 (u(t)) = E 2 (u(0)) + t 0 iΛ 6 (M 6 V ) + iΛ 10 (M 10 V ) dt ′ (81) with M 10 V = M V 10 + 6 j=1 (-1) j X j M 6 V α V 6 .
Then we can estimate the terms above similarly as in [LWX11, Proposition 3.2 & 3.3].

Lemma 6.9. For any 2 5 < s ≤ 1 2 and δ ∈ (0, 1), the following estimates hold uniformly in λ, N :

(i) δ 0 Λ 6 (M 6 V )dt ≲ N -3 λ 0+ ∥I N u∥ 6 X 1, 1 2 + (δ) ; (ii) δ 0 Λ 10 (M 10 V )dt ≲ N -3 λ 0+ ∥I N u∥ 10 X 1, 1 2 + (δ)
.

We also postpone the proof of Lemma 6.9 to Appendix B and conclude the proof of Proposition 6.1. Indeed, from (80), and (81) with Lemma 6.14 and 6.9, we get that there exists a constant C(V ) > 0 such that for 12 any t ∈ [0, 1],

∥I N u(t)∥ 2 H 1 ≲ E 2 (u(t)) = E 2 (u(0)) + O(N -3 λ 0+
). We can iterate this bound for t ∈ [0; λ 2 T ] as long as ∥I N u(t)∥ H 1 ≲ 1. Thus, after λ 2 T iterations we get

∥I N u(t)∥ 2 H 1 ≲ E 2 (u(t)) = E 2 (u(0)) + O(T N -3 λ 2+ ), |t| ≤ λ 2 T. Since λ ∼ N 1-s s ∥u 0 ∥ 1 s H s and s > 2 5 , by setting α(s) = 3 -2 1 -s s > 0 and 13 N = max T 1 α(s) ∥u 0 ∥ 2 sα(s) H s , ∥u 0 ∥ -1 1-s H s
, we obtain that I N u can be extended as a solution on [-λ 2 T ; λ 2 T ] × T λ which satisfies

∥I N u∥ 2 L ∞ λ 2 T H 1 λ ≲ 1. (82)
Reversing the scaling, this shows that the local solution u to (NLS*) provided by Lemma 6.5 can be extended on [-T ; T ] × T, thus proving global well-posedness and the estimate

∥u∥ L ∞ T H s ≲ λ s ∥u λ ∥ L ∞ λ 2 T H s λ ≲ λ s ∥I N u λ ∥ L ∞ λ 2 T H 1 λ ≲ λ s ∼ N 1-s ∥u 0 ∥ H s ∼ C(T, ∥u 0 ∥ H s )∥u 0 ∥ H s with C(T, ∥u 0 ∥ H s ) ∼          ⟨t⟩ 1 2 , |t| ≲ ∥u 0 ∥ -1 H s ; ∥u 0 ∥ -1 H s , ∥u 0 ∥ -1 H s ≲ |t| ≲ ∥u 0 ∥ -2 s - α(s) 1-s - H s |t| 1-s α(s) ∥u 0 ∥ 2(1-s) sα(s) H s , |t| ≳ ∥u 0 ∥ -2 s - α(s) 1-s - H s .
This proves (57).

12 Recall that the local time is δ ∼ 1 by our choice of λ and Lemma 6.12, and ∥IN u∥

X 1, 1 2 + (δ)
≲ 1. 13 Recall that the last lower bound on N comes from the need to have λ ≥ 1 together with the definition

λ = N 1-s s ∥u0∥ 1 s
H s . This condition is only restrictive when ∥u0∥Hs ≪ 1, but this is the case we are interested in.

6.3. Proof of Proposition 6.3. We now move on to the proof of the global well-posedness for (NLS). We keep the same notations as for Proposition 6.1, except that now the Bourgain type space X s,b -∂ 2

x +W is defined with respect to the eigenvalues λ k and eigenfunctions f k of the Sturm-Liouville operator -∂ 2

x + W for an even potential W ∈ L 2 (T; R) (see Proposition 1.6):

∥u∥ X s,b -∂ 2 x +W = ⟨λ k ⟩ s 2 ⟨τ -λ k ⟩ b ⟨û(τ, •), f k ⟩ L 2 L 2 τ ℓ 2 k , (83) 
where now û is only the temporal Fourier transform of u, and the coefficients ⟨u, f k ⟩ L 2 now play the role of the Fourier coefficients.

In the rest of this subsection, however, we will keep the subscript -∂ 2 x + W , and simply write X s,b (without subscript) when W = 0. The time-localized version is defined as in (61), and we have the same linear estimates as in Lemma 6.4. Lemma 6.10. The following properties hold:

(i) (X s,b -∂ 2 x +W as a resolution space) If u ∈ X s,b -∂ 2 x +W for some s ∈ R and b > 1 2 , then u ∈ C(R; H s (T)) and ∥u∥ L ∞ t H s ≲ ∥u∥ X s,b -∂ 2 x +W
.

(ii) (Time localization) For any T ∈ (0; 1] and s ∈ R, -

1 2 < b ′ ≤ b < 1 2 , it holds ∥u∥ X s,b ′ -∂ 2 x +W (T ) ≲ T b-b ′ ∥u∥ X s,b -∂ 2 x +W (T ) . (iii) (Linear estimate) It holds ∥e it(-∂ 2 x +W ) u 0 ∥ X s,b -∂ 2 x +W (T ) ≲ ⟨T ⟩ 1 2 ∥u 0 ∥ H s uniformly in T > 0, for any s ∈ R and b > 1 2 . (iv) (Energy estimate) For any s ∈ R and b > 1 2 it holds t 0 e i(t-t ′ )(-∂ 2 x +W ) F (t ′ )dt ′ X s,b (T ) ≲ ⟨T ⟩ 2 ∥F ∥ X s,b-1 uniformly in T > 0. (v) (L 4 Strichartz estimate) It holds ∥u∥ L 4 t,x ≲ ∥u∥ X 0, 3 8 + -∂ 2 x +W
.

(vi) (Equivalence of norms) If W ∈ H σ (T), σ ≥ 0, then for any s, b, β ≥ 0 satisfying b < 1 2 + β, 2b < 1+β+σ and 2b+s < 3 2 +β+σ, there is

C(∥W ∥ H σ ) ≥ 1 such that 1 C ∥u∥ X s-β,b ≤ ∥u∥ X s,b -∂ 2 x +W ≤ C∥u∥ X s+β,b .
Note that compared to Lemma 6.4 (vi), here we have a loss of derivatives in the embeddings between X s,b and X s,b -∂ 2

x +W . Indeed, in the following we build the local solution to (NLS) in X s,b -∂ 2

x +W (Lemma 6.11 below) but after rescaling we extend it globally by iterating the local theory in X s,b (Lemma 6.12 below), both with b > 1 2 . Thus, we need β > 0 in Lemma 6.10 (vi). Again, we refer to Appendix A for the proof of this statement. In particular, as in Lemma 6.5, the estimates above imply the following local well-posedness result. Lemma 6.11. Let W ∈ L 2 (T), and s > 1 4 . Then for any u 0 ∈ H s (T) with ∥u 0 ∥ H s ≤ 1, letting δ ∼ ∥u 0 ∥ -1 H s , there exists a unique mild solution u ∈ X

s, 1 2 + -∂ 2 x +W (δ) to (NLS) on [-δ, δ] × T with u(0) = u 0 , which satisfies (84) ∥u∥ X s, 1 2 +ϵ -∂ 2 x +W (t) ≲ ⟨t⟩ 1 2 ∥u 0 ∥ H s for any 0 ≤ t ≤ δ.
The proof is exactly the same as for Lemma 6.5, as the latter only relied on the estimates of Lemma 6.4 (i)-(v), which remain true in this context.

Next, we define again the I operator as the Fourier multiplier (now back to the usual Fourier basis) with symbol m(k) = m s (N -1 k) for some smooth even function m s which equals 1 on [0, 1] and behaves like ⟨k⟩ s-1 for |k| ≥ 1. We will then make the same rescaling procedure and set

u λ (t, x) = λ -1 2 u(λ -2 t, λ -1 x) which now is a solution of (85) i∂ t u λ = -∂ 2 x u λ + W λ u λ + σ|u λ | 4 u λ on [-λ 2 T, λ 2 T ] × T λ , where W λ (x) = λ -2 W (λ -1 x), x ∈ (-πλ, πλ). (86)
Again, we start with a local in time estimate for I N u λ . Lemma 6.12. Let W ∈ H 4 (T), λ ≥ 1, s > 1 4 and u λ (0) ∈ H s (T λ ). Then for

δ ∼ W (1 + ∥I N u λ (0)∥ H 1 λ ) -8-, it holds (87) ∥I N u λ ∥ X 1, 1 2 + λ (δ) ≲ ∥I N u λ (0)∥ H 1 λ .
Proof. Note that this time we work in the standard X s,b space, namely the one corresponding to W = 0. In particular, the solution u to (NLS) with initial data u 0 obtained from Lemma 6.11 belongs to X s, 1 2 + -∂ 2

x +W (T ), T ∼ ∥u 0 ∥ -1 H s . By Lemma 6.10 (vi), it thus belongs also to X s-, 1 2 + (T ).

Then by rescaling u λ ∈ X s-, 1 2 + λ (λ 2 T ) and I N u λ ∈ X 1-, 1 2 + λ (λ 2 T ). On the other hand, we can apply a fixed point argument to the equation solved by I N u λ :

i∂ t I N u λ = -∂ 2 x I N u λ + I N (W λ u λ ) + σI N |u λ | 4 u λ (88)
with initial data I N u λ (0) ∈ H 1-(T λ ). We then proceed as in the proof of Lemma 6.7, except that we have to deal with the extra term I N (W λ u λ ) as part of the nonlinearity. To estimate this term, we write it as

I N (W λ u λ ) = W λ I N u λ + [I N , W λ ]u λ .
The first term is straightforward to estimate with the fractional Leibniz rule:

∥W λ I N u λ ∥ X 1-,-1 2 + (δ) ≲ δ 1 2 -∥W λ I N u λ ∥ L 2 δ H 1- ≲ δ 1-∥W λ ∥ W 1-,∞ ∥I N u λ ∥ X 0, 1 2 + (δ) + ∥W λ ∥ L ∞ ∥I N u λ ∥ X 1-, 1 2 + (δ) ≲ δ 1-∥W λ ∥ H 4 ∥I N u λ ∥ X 1-, 1 2 + (δ)
.

As for the second term, we exploit that it is a commutator between I N and W λ to gain a factor N -1 at the expense of putting a derivative on W λ . Indeed, for fixed t ∈ R we can write its Fourier coefficient as

([I N , W λ ]u λ ) k (t) = k 1 (m N (k) -m N (k 1 ))u k 1 (t)W k-k 1 (dk 1 ) λ ≲ N -1 |k|+|k 1 |≳N 1 0 ⟨N -1 (k 1 + θ(k -k 1 ))⟩ s-2 dθ|u k 1 (t)||(k -k 1 )W k-k 1 |(dk 1 ) λ
where we used that the commutator vanishes if |k| + |k 1 | ≲ N , and the mean value theorem to estimate its symbol. Thus, we can estimate for fixed t ∈ R

[I N , W λ ]u λ (t) 2 H 1- ≲ N -2 k ⟨k⟩ 2- |k|+|k 1 |≫N 1 0 ⟨N -1 (k 1 + θ(k -k 1 ))⟩ s-2 dθ|u k 1 (t)||(k -k 1 )W k-k 1 |(dk 1 ) λ 2 (dk) λ ≲ N -2 k ⟨k⟩ 2- |k-k 1 |∼|k 1 |≳max(|k|,N ) |u k 1 (t)||(k -k 1 )W k-k 1 |(dk 1 ) λ 2 (dk) λ + N -2 k ⟨k⟩ 2- |k-k 1 |∼|k|≳max(|k 1 |,N ) |u k 1 (t)||(k -k 1 )W k-k 1 |(dk 1 ) λ 2 (dk) λ (89) + N -2 k ⟨k⟩ 2- |k|∼|k 1 |≫max(|k-k 1 |,N ) (N -1 |k 1 |) s-2 |u k 1 (t)||(k -k 1 )W k-k 1 |(dk 1 ) λ 2 (dk) λ ≲ N -2 ∥W λ ∥ 2 W 2-,∞ ∥u λ (t)∥ 2 L 2 + N -2 ∥∂ x W λ ∥ 2 L ∞ ∥I N u λ (t)∥ 2 H 1-. Thus [I N , W λ ]u λ X 1,-1 2 + (δ) ≲ δ 1-λ -2 ∥W ∥ H 4 ∥I N u λ ∥ X 1-, 1 2 + (δ)
.

Then we can finish as in the proof of Lemma 6.7 to get

∥I N u λ ∥ X 1, 1 2 + (δ) ≲ ⟨δ⟩ 1 2 ∥I N u λ (0)∥ H 1-+ δ 1-λ -2 ∥W ∥ H 4 ∥I N u λ ∥ X 1-, 1 2 + (δ) + δ 1 2 -∥I N u λ ∥ 5 X 1-, 1 2 + (δ)
.

A similar estimate holds for the difference equation, allowing to close a fixed point argument with our choice of δ. This shows local well-posedness of (88) in X 1-, 1 2 + (δ) with initial data I N u λ (0), and which thus agrees with I N u λ on [-δ; δ]. Moreover, similar estimates as above replacing 1-by 1 show propagation of regularity, namely that since I N u λ (0) ∈ H 1 (T) it actually holds I N u λ ∈ X 1, 1 2 + (δ). Together with a similar estimate as above shows local well-posedness in X 1, 1 2 + (δ) and (87) by our choice of δ. □ Remark 6.13. Note that the local well-posedness results in Lemmas 6.5, 6.7, 6.11, and 6.12 are conditional, meaning that we cannot claim uniqueness of the solution in C([-T ; T ]; H s (T))

but only in the smaller space

X s, 1 2 + -∂ 2 x +V * (T ) (respectively X 1, 1 2 + (δ), X s, 1 2 + -∂ 2
x +W (T ), and X 1, 1 2 + (δ)). In particular, we can only compare I N u λ , where u is provided by Lemma 6.11, to the solution of (88), if they both belong to X 1, 1 2 + (δ). But the embeddings of Lemma 6.10 (vi) can only guarantee that I N u λ ∈ X 1-, 1 2 + (δ). So we need both local well-posedness of (88) in X 1-, 1 2 + (δ) and the propagation of regularity to obtain that actually I N u λ ∈ X 1, 1 2 + (δ).

We can then proceed with the second modified energy as above, by introducing

E 2 (u) = E(I N u) -Λ 6 M 6 α 6 = Λ 2 (σ 2 ) + Λ 3 (σ 3 ; u, u, W ) + Λ 6 (σ 6 ) -Λ 6 M 6 α 6
where

σ 3 = 1 2 m N (k 1 )m N (k 2 ).
From (NLS), we thus get

d dt E 2 (u(t)) = Λ 2 (σ 2 α 2 ) + Λ 6 (M 6 ) + Λ 10 (M 10 ) + F (u, W ) (90)
where

F (u, W ) = ⟨-∂ 2 x I N u, iI N (W λ u)⟩ L 2 + ⟨W λ I N u, -i∂ 2 x I N u + iI N (W λ u) + iI N (|u| 4 u)⟩ L 2 + ⟨|I N u| 4 I N u, iI N (W λ u)⟩ L 2 + Λ 7 (M 7 ; u, . . . , u, W ) = I + II + III + IV + V + Λ 7 (M 7 ; u, . . . , u, W ),
where

M 7 = 6 j=1 (-1) j M 6 α 6 (k 1 , . . . , k j-1 , k j + k 7 , k j+1 , . . . , k 6 ).
Again, recall that α 2 ≡ 0 on Γ 2 , and moreover

I + II = ⟨∂ x I N u, ∂ x [I N , W λ ]u⟩ L 2 , III = -⟨W λ I N u, iI N (W λ u)⟩ L 2 = ⟨iW λ I N u, [I N , W λ ]u⟩ L 2 ,
and

IV + V = -⟨iW λ I N u, I N (|u| 4 u)⟩ L 2 -⟨I N (W λ u), |I N u| 4 I N u)⟩ L 2 = -⟨iW λ I N u -iI N (W λ u), I N (|u| 4 u)⟩ L 2 -⟨iI N (W λ u), I N (|u| 4 u) -|I N u| 4 I N u⟩ L 2 .
The term Λ 7 (M 7 ; u, . . . , u, W ), and the commutator terms I + II, III, and IV + V, are then perturbation with respect to the analysis in [START_REF] Li | Global well-posedness for the mass-critical nonlinear Schrödinger equation on[END_REF]. Indeed, we have the following lemma, whose proof is postponed to Appendix B.

Lemma 6.14. The following estimates hold uniformly in λ, N and t ∈ [0; 1]:

(i) I + II ≲ ∥W ∥ H 4 λ -2 N -1 ∥I N u∥ 2 H 1 ; (ii) III ≲ ∥W ∥ H 4 N -1-s λ -4 ∥u∥ 2 L 2 ; (iii) IV + V ≲ ∥W ∥ H 4 λ -2 N -1 I N u 6 H 1 ; (iv) Λ 7 (M 7 ; u, . . . , u, W ) ≲ ∥W ∥ H 4 N 2(s-1) λ -2 ∥I N u∥ 6 H 1 .
Since the remaining main terms in (90) are the same as those treated in [START_REF] Li | Global well-posedness for the mass-critical nonlinear Schrödinger equation on[END_REF], and s ≤ 1 2 , we can finally estimate the increments of the modified energy by

E 2 (u(t)) = E 2 (u(0)) + O(N -1 λ -2 ) + O(N -3 λ 0+ ) for |t| ≤ δ ∼ 1. Then, iterating λ 2 T times yields E 2 (u(t)) = E 2 (u(0)) + O(T N -1 ) + O(T N -3 λ 2+ ).
We can thus conclude as in the proof of Proposition 6.1.

Appendix A. Estimates related to X s,b spaces In this section, we give a proof of the standard estimates in X s,b spaces as stated in Lemma 6.4 and 6.10.

A.1. Proof of Lemma 6.4. We start by proving the equivalence of norms, i.e. Lemma 6.4 (v). Similarly, as in (99), we have

1 + |τ -k 2 -V k | 2 ≤ 2(1 + ∥V ∥ 2 L 2 )(1 + |τ -k 2 | 2 ) ≤ 4(1 + ∥V ∥ 2 L 2 ) 2 (1 + |τ -ω k | 2 ), for any τ ∈ R and k ∈ Z. This shows that ∥u∥ 2 X s,b -∂ 2 x +V * = R k∈Z (1 + |τ -ω k | 2 ) b (1 + ω 2 k ) s | ûk (τ )| 2 dτ ≲ ∥V ∥ L 2 R k∈Z (1 + |τ -k 2 | 2 ) b (1 + k 2 ) 2s | ûk (τ )| 2 dτ = ∥u∥ 2 X s,b -∂ 2 x ≲ ∥V ∥ L 2 ∥u∥ 2 X s,b -∂ 2 x +V *
for any s, b ∈ R. This proves Lemma 6.4 (vi). In particular, it suffices to prove Lemma 6.4 (i), (ii), and (v) in the case V = 0, which we now recall for completeness.

To show (v), we will use a dyadic decomposition in the modulation variable. Namely, for K ∈ 2 N running on dyadic integers, let χ K be a smooth dyadic partition of unity: χ K is a smooth compactly supported function such that χ K (x) = 1 on K ≤ |x| ≤ 2K and χ K is supported on

3 4 K ≤ |x| ≤ 5
2 K, and K χ K ≡ 1. Then for u ∈ X s,b define the smooth projector P K u(τ, k) = χ K (τ -k 2 )û(τ, k). Then, using Cauchy-Schwarz inequality, we get

∥u∥ 2 L 4 t,x = ∥u 2 ∥ L 2 t,x ≤ K 1 ,K 2 ∥P K 1 uP K 2 u∥ L 2 t,x = K 1 ,K 2 R k∈Z R k 1 ∈Z P K 1 u(τ 1 , k 1 ) P K 2 u(τ -τ 1 , k -k 1 )dτ 1 2 dτ 1 2 ≤ K 1 ,K 2 sup τ,k |A τ,k |∥P K 1 u∥ 2 L 2 t,x ∥P K 2 u∥ 2 L 2 t,x 1 2 , where A τ,k = {(τ 1 , k 1 ) ∈ R × Z, ⟨τ 1 -k 2 1 ⟩ ∼ K 1 , ⟨τ -τ 1 -(k -k 1 ) 2 ⟩ ∼ K 2 }.
In particular, using that τ 1 varies in a set of size min(K 1 , K 2 ) and that for (τ

1 , k 1 ) ∈ A τ,k , |τ -k 2 1 -(k -k 1 ) 2 | ≤ |τ 1 -k 2 1 | + |τ -τ 1 -(k -k 1 ) 2 | ≲ max(K 1 , K 2 ), we get |A τ,k | ≲ min(K 1 , K 2 )#{k 1 ∈ Z, |τ -k 2 1 -(k -k 1 ) 2 | ≲ max(K 1 , K 2 )} = min(K 1 , K 2 )#{k 1 ∈ Z, (k 1 - k 2 ) 2 = τ 2 - k 2 4 + O(max(K 1 , K 2 ))} ≲ min(K 1 , K 2 ) max(K 1 , K 2 ) 1 2 . Since min(K 1 , K 2 ) max(K 1 , K 2 ) 1 2 ≤ (K 1 K 2 ) 3 4 , using Cauchy-Schwarz inequality to sum on K 1 , K 2 ∈ 2 N and using that K K 0-< ∞ and K K 2b ∥P K u∥ 2 L 2 t,x ∼ ∥u∥ 2 X 0,b concludes the proof of (v) in the case V = 0. Note that the estimate on A τ,k remains valid if k 2 is replaced by k 2 + V k for V ∈ L 2 (T).
Next, if u ∈ X s,b for some s ∈ R and b > 1 2 , we have by Cauchy-Schwarz inequality ∥u

(t)∥ H s ≤ ∥⟨k⟩ s ûk (τ )∥ ℓ 2 k L 1 τ ≤ ∥⟨τ -k 2 ⟩ -b ∥ ℓ ∞ k L 2 τ ∥u∥ X s,b ≲ ∥u∥ X s,b , uniformly in t ∈ R. This shows (i).
For (ii), if we take u ∈ X s,b (T ) and v ∈ X s,b be an extension such that ∥v∥ X s,b ≤ 2∥u∥ X s,b (T ) , then for a smooth cut-off function η such that η ≡ 1 on [-1; 1], η(T -1 t)v is also an extension of u. Thus,

∥u∥ X s,b ′ (T ) ≤ ∥η(T -1 •)v∥ X s,b ′ = ∥η(T -1 •)f ∥ H b ′ t , with f (t) = R e itτ ∥⟨k⟩ s v(τ -k 2 )∥ ℓ 2 k dτ such that ∥f ∥ H b t = ∥v∥ X s,b .
Thus, the estimate of Lemma 6.4 (ii) is reduced to the general estimate for functions of time only:

∥η(T -1 •)f ∥ H b ′ t ≲ T b-b ′ ∥f ∥ H b t ,
for any T ∈ (0; 1], the proof of which is given in [START_REF] Erdoğan | Dispersive partial differential equations. Wellposedness and applications[END_REF]Lemma 3.11].

It remains to prove (iii) and (iv). Just as for (ii), these estimates follow from

∥η(⟨T ⟩ -1 •)∥ H b t ≲ η ⟨T ⟩ 1 2 and η(⟨T ⟩ -1 •) t 0 f (t ′ )dt ′ H b t ≲ η ⟨T ⟩ 3 2 ∥f ∥ H b-1 for any f ∈ H b-1 (R).
The first one follows from a direct computation. As for the second one, we first compute

t 0 f (t ′ )dt ′ = R e itτ -1 iτ f (τ )dτ, so that η(⟨T ⟩ -1 •) t 0 f (t ′ )dt ′ 2 H b t = R ⟨τ ⟩ 2b R ⟨T ⟩ η(⟨T ⟩(τ -τ 1 )) -η(⟨T ⟩τ ) iτ 1 f (τ 1 )dτ 1 2 dτ = R ⟨τ ⟩ 2b |τ 1 |≤1 ⟨T ⟩ η(⟨T ⟩(τ -τ 1 )) -η(⟨T ⟩τ ) iτ 1 f (τ 1 )dτ 1 2 dτ + R ⟨τ ⟩ 2b |τ 1 |>1 ⟨T ⟩ η(⟨T ⟩(τ -τ 1 )) -η(⟨T ⟩τ ) iτ 1 f (τ 1 )dτ 1 2 dτ.
As for the first term, using the mean value theorem, that η is a Schwartz function, and Cauchy-Schwarz inequality,

R ⟨τ ⟩ 2b |τ 1 |≤1 ⟨T ⟩ η(⟨T ⟩(τ -τ 1 )) -η(⟨T ⟩τ ) iτ 1 f (τ 1 )dτ 1 2 dτ ≲ R ⟨τ ⟩ 2b |τ 1 |≤1 ⟨T ⟩ 2 1 0 | η ′ (⟨T ⟩(τ -θτ 1 ))|dθ| f (τ 1 )|dτ 1 2 dτ ≲ η |τ |≫1 |τ | 2b |τ 1 |≤1 ⟨T ⟩ 2 ⟨⟨T ⟩τ ⟩ -10 | f (τ 1 )|dτ 1 2 dτ + |τ ′ |≲⟨T ⟩ |τ 1 |≤1 ⟨T ⟩ 2 | f (τ 1 )|dτ 1 2 ⟨T ⟩ -1 dτ ′ ≲ (⟨T ⟩ -16 + ⟨T ⟩ 4 ) |τ 1 |≤1 | f (τ 1 )|dτ 1 2 ≲ ⟨T ⟩ 4 ∥f ∥ 2 H b-1 .
For the second term, we use instead (recall that b > 1 2 ) ⟨τ ⟩ b ≲ ⟨τ -τ 1 ⟩ b ⟨τ 1 ⟩ b to estimate with Young and Cauchy-Schwarz inequalities together with b > 1 2 and that η is a Schwartz function:

R ⟨τ ⟩ 2b |τ 1 |>1 ⟨T ⟩ η(⟨T ⟩(τ -τ 1 )) -η(⟨T ⟩τ ) iτ 1 f (τ 1 )dτ 1 2 dτ ≲ R |τ 1 |>1 ⟨T ⟩ ⟨τ -τ 1 ⟩ b ⟨τ 1 ⟩ b-1 | η(⟨T ⟩(τ -τ 1 ))| + ⟨τ ⟩ b ⟨τ 1 ⟩ -1 | η(⟨T ⟩τ )| | f (τ 1 )|dτ 1 2 dτ ≲ ⟨T ⟩ 2 ∥⟨τ ⟩ b η(⟨T ⟩τ )∥ 2 L 1 ∥f ∥ 2 H b-1 + ⟨T ⟩ 2 ∥⟨τ ⟩ b η(⟨T ⟩τ )∥ 2 L 2 ∥⟨τ 1 ⟩ -1 f ∥ 2 L 1 ≲ ⟨T ⟩∥f ∥ 2 H b-1 .
This finally shows Lemma 6.4 (iii) and (iv).

A.2. Proof of Lemma 6.10. Contrary to the previous case, in the case of a multiplicative potential we could only prove the equivalence of norms with a derivative loss, see Lemma 6.10 (vi). So instead we show the L 4 Strichartz estimate of Lemma 6.10 (v) directly. Indeed, note that the other estimates of Lemma 6.10 apart from (vi) are proved exactly as those for Lemma 6.4. Recall from [BG21, Proposition 2.7] that for an even W ∈ H σ (T) small enough, σ ≥ 0, the operator -∂ 2

x + W has eigenvalues

λ n = n 2 + 1 π π 0 W (x)dx + O( 1 n ), n ∈ Z.
Its eigenfunctions f n are odd (resp. even) when n is positive (resp. nonpositive) and satisfy for any k ∈ Z

f n (k)1 |n|̸ =|k| ≲ ⟨|n| + |k|⟩ -1 ⟨|n| -|k|⟩ -1-σ ∥W ∥ H σ (1 + ∥W ∥ H σ ). (91) 
Indeed this follows by writing

λ n f n (k) = ⟨(-∂ 2 x + W )f n , e ikx ⟩ L 2 = ⟨f n , (-∂ 2 x + W )e ikx ⟩ L 2 = k 2 f n (k) + ⟨f n , W e ikx ⟩ L 2 for any n, k ∈ Z. This yields f n (k)1 |n|̸ =|k| = 1 |n|̸ =|k| λ n -k 2 k 1 ∈Z W k-k 1 f n (k 1 ) = 1 |n|̸ =|k| λ n -k 2 W k±n f n (±n) + |k 1 |̸ =|n| W k-k 1 1 λ n -k 2 1 k 2 ∈Z W k 1 -k 2 f n (k 2 ) , from which we indeed infer f n (k)1 |n|̸ =|k| ≲ ⟨n 2 -k 2 ⟩ -1 ⟨|n| -|k|⟩ -σ ∥W ∥ H σ + ⟨n 2 -k 2 ⟩ -1 k 1 ⟨k -k 1 ⟩ -σ ⟨n 2 -k 2 1 ⟩ -1 ∥W ∥ 2 H σ ≲ ⟨|n| + |k|⟩ -1 ⟨|n| -|k|⟩ -1-σ ∥W ∥ H σ + ∥W ∥ 2 H σ k 2 ⟨k 2 ⟩ -σ ⟨n ± (k -k 2 )⟩ -1 ⟨|n| + |k -k 2 |⟩ -1 ≲ ⟨|n| + |k|⟩ -1 ⟨|n| -|k|⟩ -1-σ ∥W ∥ H σ + ∥W ∥ 2 H σ |n ± k| -σ |k 2 |∼|n±k|≫|n±(k-k 2 )| ⟨n ± (k -k 2 )⟩ -2 + |k 2 |∼|n±(k-k 2 )|≳|n±k| ⟨k 2 ⟩ -σ-1 + |n ± k| -1 |k 2 |≪|n±k|∼|n±(k-k 2 )| ⟨k 2 ⟩ -σ ≲ ⟨|n| + |k|⟩ -1 ⟨|n| -|k|⟩ -1-σ ∥W ∥ H σ (1 + ∥W ∥ H σ ).
This shows (91).

On top of the estimate (91) on the eigenfunctions, we also have from the expansion of the eigenvalues that

⟨λ n ⟩ 2 ≲ ⟨∥W ∥ L 2 ⟩ ⟨n⟩ 4 ≲ ⟨λ n ⟩ 2 (92) and ⟨τ -λ n ⟩ 2 ≲ (⟨∥W ∥ L 2 ⟩ ⟨τ -n 2 ⟩ 2 ≲ ⟨τ -λ n ⟩ 2 (93)
for any τ ∈ R and n ∈ Z.

To show Lemma 6.10 (v), we will then proceed as for Lemma 6.4 (v) and use a dyadic decomposition in the modulation variable:

∥u∥ 2 L 4 t,x = ∥u 2 ∥ L 2 t,x ≤ K 1 ,K 2 ∥P K 1 uP K 2 u∥ L 2 t,x = K 1 ,K 2 R n 0 ∈Z R n 1 ,n 2 ∈Z P K 1 u(τ 1 , n 1 ) P K 2 u(τ 0 -τ 1 , n 2 )⟨f n 1 f n 2 , f n 0 ⟩ L 2 dτ 1 2 dτ 0 1 2 .
Now the main difference with the previous subsection is to estimate the coefficient ⟨f n 1 f n 2 , f n 0 ⟩ L 2 . Using Plancherel's theorem and (91) with σ = 0, we have

⟨f n 1 f n 2 , f n 0 ⟩ L 2 = k 1 ,k 2 f n 1 (k 1 ) f n 2 (k 2 ) f n 0 (k 1 + k 2 ) = k 1 ,k 2 c n 1 1 |n 1 |=|k 1 | + O(⟨n 2 1 -k 2 1 ⟩ -1 )1 |n 1 |̸ =|k 1 | c n 2 1 |n 2 |=|k 2 | + O(⟨n 2 2 -k 2 2 ⟩ -1 )1 |n 2 |̸ =|k 2 | (94) × c n 0 1 |n 0 |=|k 1 +k 2 | + O(⟨n 2 0 -(k 1 + k 2 ) 2 ⟩ -1 )1 |n 0 |̸ =|k 1 +k 2 | , with |c n j | ≤ 1. Letting a n j ,k j denotes either 1 |n j |=|k j | or ⟨n 2 j -k 2 j ⟩ -1 1 |n j |̸ =|k j | , we have R n 0 ∈Z R n 1 ,n 2 ∈Z P K 1 u(τ 1 , n 1 ) P K 2 u(τ 0 -τ 1 , n 2 )⟨f n 1 f n 2 , f n 0 ⟩ L 2 dτ 1 2 dτ 0 ≲ R n 0 R n 1 ,n 2 ,k 1 ,k 2 P K 1 u(τ 1 , n 1 ) P K 2 u(τ 0 -τ 1 , n 2 ) (95) × 1 Aτ 0 (τ 1 , n 1 , n 2 )a n 1 ,k 1 a n 2 ,k 2 a n 0 ,k 1 +k 2 dτ 1 2 dτ 0 ,
where similarly as before

A τ 0 = {(τ 1 , n 1 , n 2 ) ∈ R × Z 2 , |τ 1 -λ n 1 | ≲ K 1 , |τ 0 -τ 1 -λ n 2 | ≲ K 2 }.
To end the proof of Lemma 6.10, we do a case-by-case analysis on (95) depending on the value of the a n j ,k j 's. We say that a n j ,k j is of type I if a n j ,k j = 1 |n j |=|k j | , and of type II otherwise. Case 1: I-I-I. In the diagonal case, we have n 0 = ± 1 n 1 ± 2 n 2 for some choices of signs ± j , so that we can estimate (95) as above by Cauchy-Schwarz inequality in τ 1 , n 1 :

R n 0 R n 1 P K 1 u(τ 1 , n 1 ) P K 2 u(τ 0 -τ 1 , ∓ 2 (n 0 ∓ 1 n 1 ))1 Aτ 0 (τ 1 , n 1 , ∓ 2 (n 0 ∓ 1 n 1 ))dτ 1 2 dτ 0 ≲ ∥P K 1 u∥ 2 L 2 t,x ∥P K 2 u∥ 2 L 2 t,x sup τ 0 ,n 0 |{(τ 1 , n 1 ) ∈ R × Z, (τ 1 , n 1 , ∓ 2 (n 0 ∓ 1 n 1 )) ∈ A τ 0 }| ≲ (K 1 K 2 ) 3 4 ∥P K 1 u∥ 2 L 2 t,x ∥P K 2 u∥ 2 L 2 t,x . Case 2: II-I-I. If a n 0 ,k 1 +k 1 = ⟨n 2 0 -(k 1 + k 2 ) 2 ⟩ -1 and a n 1 ,k 1 = 1 |n 1 |=|k 1 | , a n 2 ,k 2 = 1 |n 2 |=|k 2 |
, we use Cauchy-Schwarz inequality and then sum on n 0 , n 2 to estimate (95) similarly as above by

R n 0 n 1 ,n 2 P K 1 u(τ 1 , n 1 ) P K 2 u(τ 0 -τ 1 , n 2 ) 1 Aτ 0 (τ 1 , n 1 , n 2 )⟨n 2 0 -(± 1 n 1 ± 2 n 2 ) 2 ⟩ -1 dτ 1 2 dτ 0 ≲ ∥P K 1 u∥ 2 L 2 t,x ∥P K 2 u∥ 2 L 2 t,x sup τ 0 R n 0 ,n 1 ,n 2 1 Aτ 0 (τ 1 , n 1 , n 2 )⟨n 0 ⟩ -2 ⟨n 0 ∓ 1 n 1 ∓ 2 n 2 ⟩ -2 dτ 1 ≲ ∥P K 1 u∥ 2 L 2 t,x ∥P K 2 u∥ 2 L 2 t,x sup τ 0 ,n 2 |{(τ 1 , n 1 ) ∈ R × Z, (τ 1 , n 1 , n 2 ) ∈ A τ 0 }| ≲ (K 1 K 2 ) 3 4 ∥P K 1 u∥ 2 L 2 t,x ∥P K 2 u∥ 2 L 2 t,x
.

The cases I-II-I and I-I-II are dealt with similarly.

Case 3: II-II-I. In this case we use Cauchy-Schwarz inequality and then sum on n 0 , n 2 , k 1 to estimate (95) by

R n 0 n 1 ,n 2 ,k 1 P K 1 u(τ 1 , n 1 ) P K 2 u(τ 0 -τ 1 , n 2 ) × 1 Aτ 0 (τ 1 , n 1 , n 2 )⟨n 0 -(k 1 ± 2 n 2 ) 2 ⟩ -1 ⟨n 2 1 -k 2 1 ⟩ -1 dτ 1 2 dτ 0 ≲ sup τ 0 R n 0 ,n 1 ,n 2 ,k 1 1 Aτ 0 (τ 1 , n 1 , n 2 )⟨n 0 ⟩ -2 ⟨n 0 -k 1 ∓ 2 n 2 ⟩ -2 ⟨k 1 ⟩ -2 ⟨n 1 -k 1 ⟩ -2 dτ 1 × ∥P K 1 u∥ 2 L 2 t,x ∥P K 2 u∥ 2 L 2 t,x ≲ ∥P K 1 u∥ 2 L 2 t,x ∥P K 2 u∥ 2 L 2 t,x sup τ 0 ,n 2 |{(τ 1 , n 1 ) ∈ R × Z, (τ 1 , n 1 , n 2 ) ∈ A τ 0 }| ≲ (K 1 K 2 ) 3 4 ∥P K 1 u∥ 2 L 2 t,x ∥P K 2 u∥ 2 L 2 t,x
.

The cases II-I-II and I-II-II are dealt with similarly. Case 4: II-II-II. Finally, in this last case we use Cauchy-Schwarz inequality and then sum on n 0 , n 2 , k 1 , k 2 to estimate (95) by R n 0 n 1 ,n 2 ,k 1 ,k 2 P K 1 u(τ 1 , n 1 ) P K 2 u(τ 0 -τ 1 , n 2 )

× 1 Aτ 0 (τ 1 , n 1 , n 2 )⟨n 0 -(k 1 + k 2 ) 2 ⟩ -1 ⟨n 2 1 -k 2 1 ⟩ -1 ⟨n 2 2 -k 2 2 ⟩ -1 dτ 1 2 dτ 0 ≲ ∥P K 1 u∥ 2 L 2 t,x ∥P K 2 u∥ 2 L 2 t,x sup τ 0 R n 0 ,n 1 ,n 2 ,k 1 ,k 2 1 Aτ 0 (τ 1 , n 1 , n 2 ) × ⟨n 0 ⟩ -2 ⟨n 0 -k 1 -k 2 ⟩ -2 ⟨k 1 ⟩ -2 ⟨n 1 -k 1 ⟩ -2 ⟨k 2 ⟩ -2 ⟨n 2 -k 2 ⟩ -2 dτ 1 ≲ ∥P K 1 u∥ 2 L 2 t,x ∥P K 2 u∥ 2 L 2 t,x sup τ 0 ,n 2 |{(τ 1 , n 1 ) ∈ R × Z, (τ 1 , n 1 , n 2 ) ∈ A τ 0 }| ≲ (K 1 K 2 ) 3 4 ∥P K 1 u∥ 2 L 2 t,x ∥P K 2 u∥ 2 L 2 t,x
.

This concludes the proof of Lemma 6.10 (v). It remains to prove the double estimate of Lemma 6.10 (vi). By duality, we can assume b ≥ 0. Using (91) together with (92)-( 93) and Cauchy-Schwarz inequality, we then find

∥u∥ 2 X s,b = R k∈Z ⟨τ -k 2 ⟩ 2b ⟨k⟩ 2s |û k (τ )| 2 dτ ≲ R k∈Z ⟨τ -k 2 ⟩ 2b ⟨k⟩ 2s n∈Z ⟨û, f n ⟩ L 2 x fn (k) 2 dτ ≲ ∥u∥ 2 X s,b -∂ 2 x +W + R k∈Z ⟨τ -k 2 ⟩ 2b ⟨k⟩ 2s |n|̸ =|k| |⟨û, f n ⟩ L 2 x |⟨|n| -|k|⟩ -1-σ ⟨|n| + |k|⟩ -1 2 dτ ≲ ∥u∥ 2 X s+β,b -∂ 2 x +W 1 + sup τ ∈R n,k∈Z |n|̸ =|k| ⟨τ -k 2 ⟩ 2b ⟨τ -n 2 ⟩ 2b
⟨k⟩ 2s ⟨n⟩ 2(s+β) ⟨|n| -|k|⟩ -2-2σ ⟨|n| + |k|⟩ -2 .

To estimate the last sum, we treat separately different contributions. We have ⟨k⟩ 2s ⟨n⟩ 2(s+β) ⟨|n| -|k|⟩ -2-2σ ⟨|n| + |k|⟩ -2 ≲ n,k |n|≫|k| ⟨n⟩ 4b-2s-2β-4-2σ ⟨k⟩ 2s ≲ 1 provided again that 2b + s < 3 2 + σ + β and 2b < 1 + β + σ. This proves Lemma 6.10 (vi).

Remark A.1. (i) In the case V = 0, the Strichartz estimate of Lemma 6.4 (v) is due to Bourgain, and is an improvement on the corresponding L 4 -Strichartz estimates proved in [Z74]:

(96) ∥e it∂ 2 x u 0 ∥ L 4 t,x (T×T) ≲ ∥u 0 ∥ L 2 . Indeed, for u space-time periodic, expanding the space-time Fourier series and making a change of variables we can write u(t, x) = j e itj e it∂ 2

x U j (x) with U j (x) = k∈Z e ikx u k (j + k 2 ). Together with (96) and Cauchy-Schwarz inequality we get

∥u∥ L 4 t,x ≤ j∈Z ∥e -it∂ 2 x U j (x)∥ L 4 t,x ≲ j∈Z ∥U j ∥ L 2 x ≲ ∥⟨j⟩ 1 2 + U j ∥ ℓ 2 j L 2 x = ∥u∥ X 0 , 1 2 + .
Thus Lemma 6.4 (v) gains almost 1 8 regularity in modulation. On the contrary, (96) does not hold directly anymore for lower order perturbations of -∂ 2

x , since the Schrödinger semigroup is no longer time periodic. However, the estimate of Lemma 6.4 (v) remains true, as we have seen above.

(ii) As a consequence of the equivalence of norms in Lemma 6.4 (vi), we also have the L 6 Strichartz type estimate in X s,b

-∂ 2 x +V * space for 0 < T ≤ 1 ∥u∥ L 6 T,x ≲ ∥u∥ X 0+, 1 2 + -∂ 2 x +V * (T ) (97) 
since it holds for the case V = 0 from the L 6 estimate (5) and the argument in (i) above. Note however that the corresponding L 6 Strichartz estimate for linear solutions ∥e it(-∂ 2 x +V * ) u 0 ∥ L 6 T,x ≲ ∥u 0 ∥ H 0+ cannot be proved directly with the original proof of Bourgain [START_REF] Bourgain | Fourier transform restriction phenomena for certain lattice subsets and applications to nonlinear evolution equations[END_REF] since it relied crucially on the fact that the symbol of the linear operator is integer valued. In particular, it is not clear if these estimates hold in the case of a multiplicative potential.

We postpone the proof of Lemma B.1 to the end of this subsection and continue with the proof of Lemma 6.9. With the same arguments as for the proof of (98), it is straightforward to check that [LWX11, Lemma 3.4] remains true with M V 6 in place of M 6 . Then, since the proof of [LWX11, Proposition 3.2] only relies on the bound on the symbol, Lemma B.1, Sobolev inequality and (97), the exact same arguments prove (100) and thus Lemma 6.9 (i).

The same argument holds for the proof of [LWX11, Proposition 3.3] which relied again on Lemma B.1, Sobolev inequality, (97), and (98), and thus remains true when replacing M 10 by M V 10 . This concludes the proof of Lemma 6.9 (ii). □

Finally, we give the proof of Lemma B.1.

Proof of Lemma B.1. We proceed as in the proof of Lemma 6.4 (v) given in Appendix A above and decompose dyadically

k 1 +k 2 =k 1 |k 1 ±k 2 |≳N u(k 1 ) v(k 2 )(dk 1 ) λ L 2 t,(dk) λ ≤ K 1 ,K 2 k 1 +k 2 =k 1 |k 1 ±k 2 |≳N P K 1 u(k 1 ) P K 2 v(k 2 )(dk 1 ) λ L 2 t, (dk) λ 
, where P K j is the smooth projector on the modulation |τ j -ω k j | ∼ K j . Then proceeding as in the proof of Lemma 6.4 (v),

R τ 1 +τ 2 =τ k 1 +k 2 =k 1 |k 1 -k 2 |≳N P K 1 u(τ 1 , k 1 ) P K 2 v(τ 2 , k 2 )dτ 1 (dk 1 ) λ 2 dτ (dk) λ ≲ ∥P K 1 u∥ 2 L 2 t,x ∥P K 2 v∥ 2 L 2 t,x sup τ,k 1 λ |A N,λ,τ,k |,
where

A N,λ,τ,k = (τ 1 , k 1 ) ∈ R × 1 λ Z, |k 1 -(k -k 1 )| ≳ N, |τ 1 -ω k 1 | ∼ K 1 , |τ -τ 1 -ω k-k 1 | ∼ K 2 .
In case max(K 1 , K 2 ) ≳ N 2 , we proceed as in the proof of Lemma 6.4 (v) to get

A N,λ,τ,k ≲ min(K 1 , K 2 )# k 1 ∈ 1 λ Z, |k 1 -(k -k 1 )| ≳ N, |τ -ω k 1 -ω k-k 1 | ≲ max(K 1 , K 2 ) ≲ min(K 1 , K 2 )# k 1 ∈ 1 λ Z, 2k 2 1 + 2kk 1 = τ -k 2 = O(max(K 1 , K 2 )) ≲ min(K 1 , K 2 )λ max(K 1 , K 2 ) 1 2 ≲ λ N K 1 K 2 .
In case max(K 1 , K 2 ) ≪ N 2 , noting that

(k 1 -(k -k 1 )) 2 = 2τ -k 2 -2(τ 1 -ω k 1 ) -2((τ -τ 1 ) -ω k-k 1 ) + O V (1), (101) 
we get

A N,λ,τ,k ≲ min(K 1 , K 2 )# k 1 ∈ 1 λ Z, |k 1 -(k -k 1 )| ≳ N, |(k 1 -(k -k 1 )) 2 -4τ + k 2 | ≲ max(K 1 , K 2 ) ≲ min(K 1 , K 2 )# k 1 ∈ 1 λ Z, |k 1 -(k -k 1 )| ≳ N, k 1 = k 2 ± 1 2 2τ -k 2 + O(max(K 1 , K 2 )) .
But for k 1 , k 1 in the above set, we have from (101) and the lower bound on |k 1 -(k -k 1 )| that

|k 1 -k 1 | ≲ 2τ -k 2 + O(max(K 1 , K 2 )) -2τ -k 2 + O(max(K 1 , K 2 )) ≲ O(max(K 1 , K 2 ) 2τ -k 2 + O(max(K 1 , K 2 )) ≲ max(K 1 , K 2 ) N .

This finally gives

A N,λ,τ,k ≲ min(K 1 , K 2 ) 1 + λ max(K 1 , K 2 ) N .

All in all, this yields

R τ 1 +τ 2 =τ k 1 +k 2 =k 1 |k 1 -k 2 |≳N P K 1 u(τ 1 , k 1 ) P K 2 v(τ 2 , k 2 )dτ 1 (dk 1 ) λ 2 dτ (dk) λ ≲ 1 λ 1 + λ 1 N K 1 K 2 ∥P K 1 u∥ 2 L 2 t,x ∥P K 2 v∥ 2 L 2 t,x
. This is enough to prove Lemma B.1 after summing on K 1 , K 2 . When v is replaced by v, we have similarly

R τ 1 +τ 2 =τ k 1 +k 2 =k 1 |k 1 +k 2 |≳N P K 1 u(τ 1 , k 1 ) P K 2 v(τ 2 , k 2 )dτ 1 (dk 1 ) λ 2 dτ (dk) λ = R τ 1 -τ 2 =τ k 1 -k 2 =k 1 |k|≳N P K 1 u(τ 1 , k 1 ) P K 2 v(τ 2 , k 2 )dτ 1 (dk 1 ) λ 2 dτ (dk) λ ≲ 1 λ sup τ,k | A N,λ,τ,k |∥P K 1 u∥ 2 L 2 t,x ∥P K 2 v∥ 2 L 2 t,x , with A N,λ,τ,k = (τ 1 , k 1 ) ∈ R × 1 λ Z, |k| ≳ N, |τ 1 -ω k 1 | ∼ K 1 , |τ 1 -τ -ω k 1 -k | ∼ K 2 .
Proceeding as above,

| A N,λ,τ,k | ≲ min(K 1 , K 2 )# k 1 ∈ 1 λ Z, |k| ≳ N, |τ -ω k 1 + ω k 1 -k | ≲ max(K 1 , K 2 ) ≲ min(K 1 , K 2 )# k 1 ∈ 1 λ Z, |k| ≳ N, k 2 1 -(k 1 -k) 2 = τ + O(max(K 1 , K 2 )) ≲ min(K 1 , K 2 )# k 1 ∈ 1 λ Z, |k| ≳ N, k 1 = τ + k 2 + O(max(K 1 , K 2 )) 2k ≲ min(K 1 , K 2 ) 1 + λ max(K 1 , K 2 ) N .
This finishes the proof of Lemma B.1. □ B.2. Estimates in the case of a multiplicative potential. We finish this section by giving the proof of Lemma 6.14. First, from similar computations as for (89) we have for any t ∈ R

⟨∂ x I N u, ∂ x [I N , W λ ]u⟩ L 2 x ≤ ∥I N u∥ H 1 ∥∂ x [I N , W λ ]u∥ L 2 ≲ N -1 ∥W λ ∥ H 4 ∥u∥ L 2 + N -1 ∥∂ x W λ ∥ L ∞ ∥I N u∥ H 1 ∥I N u∥ H 1 ≲ N -1 λ -2 ∥W ∥ H 4 ∥I N u∥ 2 H 1 .

This proves (i).

Similarly,

⟨W λ I N u, [I N , W λ ]u⟩ L 2 ≲ ∥W λ ∥ L ∞ ∥I N u∥ L 2 ∥[I N , W λ ]u∥ L 2 ≲ N -1 ∥W λ ∥ L ∞ ∥∂ x W λ ∥ L ∞ ∥I N u∥ L 2 ∥u∥ L 2 ≲ N -1 ∥W λ ∥ 2
H 4 ∥u∥ 2 L 2 . This proves (ii).

With Sobolev embedding and similar computations, we also have Together with Hölder and Sobolev inequalities, we get

⟨[I N , W λ ]u, I N (|u| 4 u)⟩ L 2 ≲ N -1 ∥∂ x W λ ∥ L ∞ ∥u∥ L 2 ∥|u| 4 u∥ L 2 ≲ N -1 ∥W λ ∥ H 4 ∥u∥ 6 H s ≲ N -1 ∥W λ ∥ H 4 ∥I N u∥ 6 H 1 , since s >
⟨I N (W λ u), I N (|u| 4 u) -|I N u| 4 I N u⟩ L 2 ≲ N -1 ∥W λ ∥ L ∞ ∥u∥ L 10 ∥⟨∂ x ⟩ -s U ∥ 4 L 10 ∥U ∥ L 2 ≲ N -1 λ -2 ∥W ∥ H 4 ∥u∥ H s ∥U ∥ 5 L 2 ≲ N -1 λ -2 ∥W ∥ H 4 ∥I N u∥ 6
H 1 . This proves (iii). (-1) j M 6 α 6 (k 1 , . . . , k j-1 , k j + k 7 , k j+1 , . . . , k 6 ) ≲ 1,

  log M ≥ ε ν/16 2 -1 2 e αr , the constraint (IIb) can be replaced byε ν/16 ≲ ν,s 2⟨k⟩ -e αr. and so by (IIt) ε ≲ ν,s 2⟨k⟩ -e αν r
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  we refer the reader to [Tri78, Thm page 130] and [Agra15, Thm 13.2.2 page 198 and Thm 13.2.1 page 197] for specific results of interpolation well suited to this setting.

supτ

  ∈R n,k |n|≪|k| ⟨τ -k 2 ⟩ 2b ⟨τ -n 2 ⟩ 2b ⟨k⟩ 2s ⟨n⟩ 2(s+β) ⟨|n| -|k|⟩ -2-2σ ⟨|n| + |k|⟩ -2 ≲ n,k |n|≪|k| ⟨k⟩ 4b+2s-4-2σ ⟨n⟩ -2(s+β) ≲ 1 provided that 2b + s < 3 2 + σ and 2b < 1 + β + σ. Next, sup τ ∈R n,k |n|∼|k|≳|n±k| ⟨τ -k 2 ⟩ 2b ⟨τ -n 2 ⟩ 2b ⟨k⟩ 2s ⟨n⟩ 2(s+β) ⟨|n| -|k|⟩ -2-2σ ⟨|n| + |k|⟩ -2 ≲ n,k |n|∼|k|≳|n±k| ⟨k⟩ 2b-2-2β ⟨n ± k⟩ 2b-2-2σ ≲ 1 provided that b < 1 2 + β and 2b < 1 + β + σ. Finally, sup τ ∈R n,k |n|≫|k| ⟨τ -k 2 ⟩ 2b ⟨τ -n 2 ⟩ 2b

  2 5 . Moreover,⟨I N (W λ u), I N (|u| 4 u) -|I N u| 4 I N u⟩ L 2 = Γ 6 m 6 (k 1 , . . . , k 6 )(W λ u) k 1 (dk 1 ) λ 6 j=2 U k j (dk j ) λ ,where the symbol is given bym 6 = m(k 1 ) m(k 2 + • • • + k 6 ) -6 j=2 m(k j ) 6 j=2 m(k j )⟨k j ⟩ and U k j (t) = m(k j )⟨k j ⟩|û k j (t)|. In particular, if |k j * | = max(|k j |, j ≥ 2),then m 6 vanishes unless |k j * | ≳ N , and since m(k)⟨k⟩ ∼ N 1-s |k| s , |k| ≳ N, ⟨k⟩, |k| ≪ N, we have the rough bound |m 6 | ≲ N -1 j̸ =j * ⟨k j ⟩ -s .

Finally, it remains to estimate Λ 7 7 6

 77 (M 7 ; u, . . . , u, W λ ) = Γ j=1 (-1) j M 6 α 6 (k 1 , . . . , k j-1 , k j + k 7 , k j+1 , . . . , k 6 ) 6 j=1 m(k j )⟨k j ⟩ (W λ ) k 7 (dk 7 ) λ 6 j=1 U k j (dk j ) λ , with U k j = m(k j )⟨k j ⟩| ûk j |. Recall from [LWX11, Lemma 3.2] that | M 6 | ≲ |α 6 |,and thus the symbol above is bounded by 6 j=1

  ω,b P, Π ω,c χ}.

	2.1.5. Spectral norms. Being given a vector of frequencies with integer coefficients ω (i) ∈ Z M , we
	define the two following norms
	∥P ∥ H (ω (i) ) := sup a∈Z	∥⌊Π ω (i) ,a P ⌉∥ ∞ and ∥P ∥ C (ω (i) ) := sup a∈Z ⟨a⟩∥⌊Π ω (i) ,a P ⌉∥ ∞
	for all P ∈ P M C,2q . First, we note, in the following lemma, that the norm ∥ • ∥ H (ω (i)
		□

  Lemma 6.5. Let s > 1 4 . Then for any u 0 ∈ H s (T) with ∥u 0 ∥ H s ≤ 1, letting δ ∼ ∥u 0 ∥ H s , there exists a unique mild solution u ∈ X s, 1 2 + (δ) to (NLS*) on [-δ, δ]×T with u(0) = u 0 , which satisfies The point in the previous lemma is the dependence of the local time δ on ∥u 0 ∥ H s . Note that the estimates (iii) and (iv) in Lemma 6.4 are somehow non-standard, since at scaling subcritical regularity one is usually concerned with local well-posedness for large initial data, for which the local time in the fixed point argument is taken to be δ ≤ 1. Here we have a time of existenceδ ∼ ∥u 0 ∥ H s ≥ 1,which is crucial to get the growth estimate (58) needed to control the high modes in the proof of Theorem 1.3. (ii) Note also that on the local time of existence, we can only get the local estimate (62) with a loss of the factor ⟨t⟩ 1 2 due to the linear estimate (iii) in Lemma 6.4, which is sharp. This is different from what happens at higher regularity (s > d 2 ) where one can perform a fixed point argument directly in C([-δ; δ]; H s (T)) without having to use X s,b spaces, which in particular provides a longer local time δ ∼ ∥u 0 ∥ -4 H s and an estimate ∥u∥ L ∞ δ H s ≲ ∥u 0 ∥ H s . In particular, (68) only provides stability of Fourier modes |u k

					-8 7
	(62)	∥u∥	X s, 1 2 +ϵ (t)	≲ ⟨t⟩	1 2 ∥u 0 ∥ H s
	for any 0 ≤ t ≤ δ.				
	Remark 6.6.				
	(i) -8 7				

defined by Vj := (2π) -1/2 T V (x)e -ijx dx

see in particular the beginning of the optimization procedure, section 3.5.

note that for the last estimate we have used the assumption γ ≤ 1.

note that we have the same estimates as for the term in (29) (the bound are uniform with respect to t ∈ [0, 1]).

Recall that α(s) increases in s, with α( 2 5 +) = 0+ and α(12 ) = 1.

Appendix B. Proof of some technical lemmas

In this section we give the proofs of Lemmas 6.8, 6.9, and 6.14. B.1. Multilinear estimates in case of a convolution potential. We start with the proof of Lemmas 6.8 and 6.9. These are straightforward adaptations of [LWX11, Lemma 3.3, Propositions 3.2 & 3.3], that we detail here for completeness.

Proof of Lemma 6.8. We start with the proof of the equivalence of the modified energy E 1 and E 2 in the sense of (80), which is the analogue to [START_REF] Li | Global well-posedness for the mass-critical nonlinear Schrödinger equation on[END_REF]Lemma 3.3]. The latter relied mainly on the bound on the symbol | M 6 | ≲ |α 6 |. Thus, we start by showing

where the symbols are defined in (72) and (73). In particular,

where the sets of frequencies have been defined in (74)-( 79). Since σ 6 = 1 6 6 j=1 m(k j ), we have directly

so that we only need to estimate 1 Ω 6 j=1 (-1) j+1 m(k j ) 2 ωk j . We then follow the proof of Lemma 3.2 in [START_REF] Li | Global well-posedness for the mass-critical nonlinear Schrödinger equation on[END_REF]. We will frequently make use of the equivalence between k 2 and ωk . Indeed, recalling that the eigenvalues of -∂ 2

Then (99) implies the bound

In particular in Ω 1 (75), we have 

For the case Ω 4 \ Ω 1 , [LWX11, (3.49)-(3.50)] are replaced by

and by the mean value theorem

This proves (98). Recalling that |k

we can then use (98) with Hölder and Sobolev inequalities and (67) to finally bound for s > 1 3 :

where F -1 {a k } = a k e ikx (dk) λ is the inverse spatial Fourier transform. This concludes the proof of Lemma 6.8. □

Proof of Lemma 6.9. Let us start with the multilinear estimate on Λ 6 (M 6 V ). First, we decompose dyadically

where the N j run over dyadic integers, and P N j is the projector on frequencies N j ≤ |k j | < 2N j . Writing similarly as for the k j 's N * 1 ≥ N * 2 ≥ . . . ≥ N * 6 the decreasing rearrangement of the N j 's, by definition of Υ it holds N * 1 ∼ N * 2 ≳ N . Moreover, we can replace u ∈ X s, 1 2 + λ (δ) above by an

. To simplify notations, we still write u in place of v.

Then, to deal with the sharp time truncation restricting the time integral to [0; δ], since multiplication by an indicator function is not bounded on X s,b when b > 1 2 , we proceed as in [CKSTT01] and decompose

for some smooth cut-off χ satisfying χ ≡ 1 on [-1; 1]. To estimate the contribution of the second term to the integral, since we can bound crudely

we have by Hölder and Sobolev inequalities

for s > 1 3 . This is enough to sum on N j 's since by the mean value theorem

To estimate the contribution of the first term, since H

and, since χ is a Schwartz function,

and

U N j (τ j , k j ) = 1 [N j ;2N j ) (k j )m(k j )⟨k j ⟩| u(τ j , k j )|, j = 2, . . . , 6, and seek to prove

In order to prove estimate (100), we will need the refined bilinear estimates for λ-periodic functions that we alluded to before.

Lemma B.1. The bilinear map

2 + . The same property holds for

thus proceeding as in [LWX11, Lemma 3.3] or equivalently as in the proof of Lemma 6.8, we get

This shows (iv). This concludes the proof of Lemma 6.14.
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