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Lifted Aperiodic Hat and Turtle Other bricks, and grids, in the wall

The monotile known as the hat can cover the entire plane and only non-periodically. It is made of 8 kites glued together. This paper presents a version of the hat lifted in 3D. The corresponding polyhedron has some nice properties. In particular, it can be used to erect textured walls. Several versions can be defined but we concentrate on one that provides continuity on the surface of the wall. It is made by gluing together a lifted version of the double-kite. We define this module by integer coordinates on an irrational grid. We also present some layout for creating this module with a sheet of paper. And we show how to lift a variant of the hat called the turtle. Finally, we propose an alternate lift for the double-kite, and therefore also for the hat and the turtle, made only of square grids.

Introduction

A lot of literature exists on aperiodic tiling. See for example (1). In simple words, a tiling is said to be periodic when it is formed of the same tiles being placed the same way in a repeated manner along both dimensions. A tile set is said to be aperiodic when it can pave the entire plane and only non-periodically, The Ein-Stein problem is to find one tile that can cover the plane but only in a non-periodic manner. In other words, such a tile is not able to pave the plane in a periodic manner. See more details in (2). In particular, a recently discovered tile is presented as an answer to that problem, a tile known as the hat. It can be constructed by gluing 8 kites together. A variant of the hat, known as the turtle, is also made of kites; this one is made of 10 kites. Figure 1 shows (a) the kite, (b) three double-kites glued together to form an hexagon, (c) the hat and (d) the turtle. In this paper, we show how to lift the hat and the turtle in 3D. We first explain how to lift a cube. Then we explain how to lift a double-kite. And finally we explain how to lift the hat and the turtle.

Lifting a regular hexagon

Tile lifting is an operation that consists of going from a 2D space into a higher dimension. Our starting point is the regular hexagon shown in Figure 2. The vertices of the cube have integer coordinates in the (dx, dy, dz) grid space.

A regular hexagon can be seen as a projected cube. The coordinates of this cube are all integer values in the basis (dx, 0, 0), (0, dy, 0) and (0, 0, dz), where dx= sqrt(1/6), dy= sqrt(1/2) and dz= sqrt(1/3). These coordinate values are given in Figure 2.

In this document, we will be interested in tiles that are lifted into 3D polyhedrons with mirror sides. We now explain how to lift a regular hexagon this way. There are different possibilities.

Figure 3 shows one such example. Figure 3 also provides the integer coordinates of the lifted hexagon using the irrational (dx, dy, dz) grid. The result of the lift is a polyhedron of 12 faces shown in Figure 4. For a better understanding of this lifted regular hexagon, Figure 5 presents it in spaceframe mode. Lifting a double-kite

The method explained above for lifting a regular hexagon is now applied to lift a double-kite.

Figure 6 shows the double-kite made of rhombuses and half-rhombuses. Just like the regular hexagon, it fits on the irrational grid (dx, dy, dz) defined above. All the vertices of its lifted version can therefore fit on this grid. Like for the lifted hexagon, the vertices are split in two parts, the ones with a positive z value, and their mirror counterparts. The total number of distinct vertices is 15 as p8 and m8 are the same. The faces of the polyhedron created by lifting this way the double-kite are: -<p1, p2, p6 > and <m1 m2, m6> (i.e. its mirror counterpart) -<p2, p6, p7> and <m2, m6, m7> (i.e. its mirror counterpart) -<p2, p3, p7> and <m2, m3, m7> (i.e. its mirror counterpart) -<p6, p7, p3, p8> and <m6, m7, m3, m8> (i.e. its mirror counterpart) -<p3, p4, p8> and <m3, m4, m8> (i.e. its mirror counterpart) -<p4, p5, p6, p8> and <m4, m5, m6, m8> (i.e. its mirror counterpart) -<p1, p2, m2, m1>, <p2, p3, m3, m2>, <p3, p4, m4, m3>, <p4, p5, m5, m4> -<p1, p6, p5, m5, m6, m1> The polyhedron corresponding to this lifted double-kite can be created by folding a single piece of paper as shown in Figure 7. Please note here also the symmetry of the layout due to the way we decided to lift the double-kite. Using such a layout, one can create the polyhedron shown in Figure 8. 

Lifting the aperiodic hat

By gluing together 4 lifted double-kites, we can obtain the lifted hat shown in Figure 9. Figure 10 shows the positive z values and the corresponding vertices p1 to p24. In the irrational (dx, dy, dz) grid, the vertices of the lifted hat of Figure 10 are:

The final values of the vertices in the 3D space can be easily calculated by multiplying the integer values of the vertices given above by the definition of dx, dy and dz. Take for example p1= (1, 0, 2). Since dx= sqrt(1/6), dy= sqrt(1/2) and dz= sqrt(1/3), its final coordinates become: (sqrt(1/6), 0, 2 sqrt(1/3)). The same conversion can be done for all other vertices.

The polyhedron corresponding to this lifted hat can be used as a brick. By assembling many of these bricks, one can erect a wall. The surface of this wall is continuous, and its texture creates interesting patterns. In order to demonstrate this, we mark the lifted double-kite as shown in Figure 11a. The hat created with 4 of these double-kites is shown in Figure 11b. The logic of this marking is as follows. A red circle is placed on the pyramid pointing outside, ie. of z-value equal to 2. . (We could have decided to mark the pyramid pointing inside, i.e. of z-value equal to zero, what's important is to remain consistent.) The partial pyramids are marked in blue. The patterns created with such marks are well structured, with hexagons in green, all containing 3 red dots and surrounded by blue triangles. The position of the red dots changes from one hexagon to the next and this makes the structure non-periodic.

By creating the lifted version with the proposed 3D layout and no marking, we obtain the same structure: the blue triangles and the red dots are pointing-out 3D pyramids, while the green triangles are pyramids pointing inside.

Lifting the aperiodic turtle

The aperiodic turtle is made of 5 double-kites. The lifted turtle can be obtained by gluing together 5 lifted double-kites. Using the same marking as above, we can compare the lifted turtle to the lifted hat. See Figure 12. The definition of the lifted turtle can make use of the irrational grid (dx,dy,dz) introduced above.

Figure 13 shows the turtle. On the left, the assembly of the 5 double-kites and the positive z values for the vertices. On the right, the simplified version as all z-value is the same at any given vertex, ie. its surface is continuous. 

Now with square grids

We now show an alternate implementation of the lifted double-kite that is only made of square grids. The idea here is to create the module for the hat and for the turtle that is not a polyhedron but assembled square-grid surfaces instead. Note that there is a corresponding polyhedron but it is a more complicated one.

In other words, instead of creating the lifted double-kite with folded paper, we make the lifted double-kite out of grids, by bending them and assembling them, without anything else than grids. The application is a space-frame module made of grids. This module can be used as a building block to create large planar frame structures.

Figure 14 shows the lifted double-kite using the same the (dx, dy, dz) as before. On the left, the positive z values, in terms of dz, are provided at every vertex. The vertices are numbered on the right. As an example, the coordinates of p1 are in this case: (2, 0, 3). Figure 14 provides the coordinates of all vertices of positive z value. As before, there is a mirror image as well with minus z values instead. As an example, the coordinates of m1, the mirror vertex of p1, are (2, 0, -3).

Figure 14: A lifted double-kite that can be implemented with square grids.

Here the number of vertices is 20, i.e. 2x7+6, as 6 of them are of zero z coordinate. In order to create this object with grids, one can bend a single grid. Figure 15 shows the grid layout of this object.

Figure 15: Grid layout of the lifted double-kite.

Figure 16 shows the result of using the layout of Figure 15. Finally, when removing the colors of Figure 17 and keeping only the grid, we obtain the grid modules and structures of Figure 18. 

Conclusion

There are many ways to lift the aperiodic hat monotile. This paper presents a polyhedron that is a lifted version of the hat made by gluing together 4 times a lifted version of a double-kite. It can be used to erect walls and its texture is continuous with patterns that never repeat. A variant of the hat, known as the turtle, was also lifted the same way.

There are many different ways of lifting the double-kite. Another way is presented that makes use of square grids. This module can be used as a building block to create large planar frame structures. By choosing the proposed lifted aperiodic hat as a module, or the proposed lifted aperiodic turtle as a module, one can create aperiodic structures.

Interesting markings of these lifted structures were presented that highlight this. Further analysis of these marks may provide more insights on their properties, but this is outside the scope of this paper. One brick at a time...
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 1 Figure 1: (a) The kite, (b) a regular hexagon made of 3 double-kites, (c) the aperiodic hat monotile and (d) its variant called the turtle.

Figure 2 :

 2 Figure 2: On the top left corner, a cube projected into a regular hexagon. At the bottom left corner, the cube shown from above. All the vertices of the cube are on a grid of size (dx, dy, dz).The vertices of the cube have integer coordinates in the (dx, dy, dz) grid space.

Figure 3 :

 3 Figure 3: On the top left corner, the regular hexagon. Just below, its lifted version that is seen from the top; it is symmetrical along the z axis. For any vertex (x,y,z) with a positive z value, there is a vertex (x, y, -z). The positive z vertices are noted p1 to p7. The minus z vertices are noted m1 to m7. The layout for a paper version of the corresponding polyhedron is shown at the center. Please note the mirror symmetry of the layout.

Figure 4 :

 4 Figure 4: Polyhedron obtained by lifting a regular hexagon.

Figure 5 :

 5 Figure 5: Spaceframe version of the polyhedron obtained by lifting a regular hexagon.

Figure 6 :

 6 Figure 6: A way to lift the double-kite.

Figure 7 :

 7 Figure 7: Layout for creating the polyhedron of the lifted double-kite in paper. Note that the line in the middle is only there to show the symmetry.
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 8 Figure 8: Lifted version of the double-kite. Paper version and spaceframe mode.
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 9 Figure 9: (a) The lifted double-kite and (b) the lifted hat obtained by gluing together 4 lifted double-kites. At any given vertex, all z values are the same, ie. its surface is continuous.

Figure 10 :

 10 Figure 10: The lifted hat created by gluing together 4 lifted double-kites. Its vertices of positive z value are shown. On the left, for each vertex, the integer value is the number of its dz units. On the right, a label is provided for each vertex of positive z value.
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 11 Figure 11: (a) Double-kite with a marking that creates interesting patterns, (b) hat using such a marking, and (c) pattern obtained by assembling several hat tiles together.

Figure 12 :

 12 Figure 12: (a) The aperiodic hat made of 4 double-kites with lifting decoration vs (b) the aperiodic turtle using 5 of the same double-kite.

Figure 13 :

 13 Figure 13: The aperiodic turtle and its integer coordinates on the (dx, dy, dz) irrational grid.

Figure 16 :

 16 Figure 16: Handmade lifted double-kite using one single grid layout.

Figure 17 :

 17 Figure 17: Grid-based implementation of (a) the hat and (b) the turtle and the corresponding non-periodic patterns created when tiling.

Figure 18 :

 18 Figure 18: (a) the lifted hat made of square grids and (b) the lifted turtle made of square grids, and tilings created using them.

  

  

-p1= (1, 0, 2) and m1= (1, 0, -2) (ie. its mirror counterpart) -p2= (0, 1, 1) and m2= (0, 1, -1) (ie. its mirror counterpart) -p3= (3, 2, 1) and m3= (3, 2, -1) (ie. its mirror counterpart) -p4= (3, 4, 1) and m4= (3, 4, -1) (ie. its mirror counterpart) -p5= (5, 4, 2) and m5= (5, 4, -2) (ie. its mirror counterpart) -p6= (6, 5, 1) and m6= (6, 5, -1) (ie. its mirror counterpart) -p7= (9, 4, 1) and m7= (9, 4, -1) (ie. its mirror counterpart) -p8= (9, 2, 1) and m8= (9, 2, -1) (ie. its mirror counterpart) -p9= (11, 2, 2) and m9= (11, 2, -2) (ie. its mirror counterpart) -p10= (12, 1, 1) and m10= (12, 1, -1) (ie. its mirror counterpart) -p11= (9, 0, 1) and m11= (9, 0, -1) (ie. its mirror counterpart) - p12= (6, 1, 1) andm12= (6, 1, -1) (ie. its mirror counterpart) -p13= (5, 0, 2) and m13= (5, 0, -2) (ie. its mirror counterpart) -p14= (3, 0, 1) and m14= (3, 0, -1) (ie. its mirror counterpart) -p15= (2, 1, 2) and m15= (2, 1, -2) (ie. its mirror counterpart) -p16= (4, 1, 0) = m16 -p17= (5, 2, 2) and m17= (5, 2, -2) (ie. its mirror counterpart) -p18= (4, 3, 0)= m18 -p19= (6, 3, 1) and m19= (6, 3, -1) (ie. its mirror counterpart) -p20= (7, 2, 2) and m20= (7, 2, -2) (ie. its mirror counterpart) -p21= (7, 4, 2) and m21= (7, 4, -2) (ie. its mirror counterpart) -p22= (8, 3, 0)= m22 -p23= (8, 1, 0)= m23 -p24= (10, 1, 2) and m24= (10, 1, -2) (ie. its mirror counterpart)

We can now list the faces of the polyhedron corresponding to this lifted hat:

-<p1, p2, p14> and <m1, m2, m14> (ie. its mirror counterpart) -<p2, p14, p15> and <m2, m14, m15> (ie. its mirror counterpart) -<p2, p3, p15> and <m2, m3, m15> (ie. its mirror counterpart) -<p3, p16, p14, p15> and <m3, m16, m14, m15> (ie. its mirror counterpart) -<p3, p12, p16> and <m3, m12, m16> (ie. its mirror counterpart) -<p12, p13, p14, p16> and <m12, m13, m14, m16> (ie. its mirror counterpart) -<p3, p4, p18> and <m3, m4, m18> (ie. its mirror counterpart) -<p3, p16, p12, p17> and <m3, m16, m12, m17> (ie. its mirror counterpart) -<p3, p18, p19, p17> and <m3, m18, m19, m17> (ie. its mirror counterpart) -<p4, p5, p19, p18> and <m4, m5, m19, m18> (ie. its mirror counterpart) -<p12, p17, p19> and <m12, m17, m19> (ie. its mirror counterpart) -<p4, p5, p19> and <m4, m5, m19> (ie. its mirror counterpart) -<p6, p19, p21> and <m6, m19, m21> (ie. its mirror counterpart) -<p12, p19, p20> and <m12, m19, m20> (ie. its mirror counterpart) -<p6, p7, p21> and <m6, m7, m21> (ie. its mirror counterpart) -<p7, p22, p19, p21> and <m7, m22, m19, m21> (ie. its mirror counterpart) -<p8, p20, p19, p22> and <m8, m20, m19, m22> (ie. its mirror counterpart) -<p8, p23, p12, p20> and <m8, m23, m12, m20> (ie. its mirror counterpart) -<p11, p12, p23> and <m11, m12, m23> (ie. its mirror counterpart) -<p8, p23, p11, p24> and <m8, m23, m11, m24> (ie. its mirror counterpart) -<p8, p9, p10> and <m8, m9, m10> (ie. its mirror counterpart) -<p8, p10, p24> and <m8, m10, m24> (ie. its mirror counterpart) -<p10, p11, p24> and <m10, m11, m24> (ie. its mirror counterpart) -<p1, p2, m2, m1> -<p2, p3, m3, m2> -<p3, p4, m4, m3> -<p4, p5, m5, m4> -<p5, p6, m6, m5> -<p6, p7, m7, m6> -<p7, p8, m8, m7> -<p8, p9, m9, m8> -<p9, p10, m10, m9> -<p10, p11, m11, m10> -<p11, p12, m12, m11> -<p12, p13, m13, m12> -<p1, p14, p13, m13, m14, m1>