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In this work, we design primal and dual bounding methods for multistage adjustable robust optimization
(MSARO) problems by adapting two decision rules rooted in the stochastic programming literature. This
approach approximates the primal and dual formulations of an MSARO problem with two-stage models.
From the primal perspective, this is achieved by applying two-stage decision rules that restrict the func-
tional forms of a certain subset of decision variables. We present sufficient conditions under which the
well-known constraint-and-column generation algorithm can be used to solve the primal approximation with
finite convergence guarantees. From the dual side, we introduce a distributionally robust dual problem
for MSARO models using their nonanticipative Lagrangian dual and then apply linear decision rules on
the Lagrangian multipliers. For this dual approximation, we present a monolithic bilinear program valid
for continuous recourse problems, and a cutting-plane method for mixed-integer recourse problems. Our
framework is general-purpose and does not require strong assumptions such as a stage-wise independent
uncertainty set, and can consider integer recourse variables. Computational experiments on newsvendor,
location-transportation, and capital budgeting problems show that our bounds yield considerably smaller

optimality gaps compared to the existing methods.
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1. Introduction

Many practical planning, design and operational problems involve making decisions under uncer-
tainty at consecutive stages, where the decisions in one stage affect the decisions of the future

stages. In such sequential decision-making problems, first-stage (here-and-now) decisions are the



ones that are immediately implementable. Subsequent recourse (wait-and-see) decisions depend on
the state of the system, which is a result of previous decisions and observations of the uncertain
parameters. A solution is then an adaptable policy or decision rule that takes the previous decisions
and history of uncertainty realizations as an input, and returns a new implementable decision. The

dynamics of a sequential decision-making problem is depicted in Figure 1.

Uncertainty Uncertainty Uncertainty

Decisions at Decisions at Decisions at Decisions at

stage 1 stage 2 stage t — 1 stage t

Figure 1 Sequential decision-making under uncertainty

There are several modeling frameworks for sequential decision-making problems under uncer-
tainty. With a known probability distribution, these problems may be addressed by the multistage
stochastic programming (MSP) paradigm, with the goal of optimizing some statistical performance
measure over the planning horizon. There is an extensive body of research on MSP problems of
various structures, with a rich literature on problems with continuous decision variables. Without
a precise distribution, Bertsimas and Thiele (2006) point out that an assumed probability distribu-
tion might heavily impact the results if it is different than the true one, even if both distributions
share the same first and second moments. To mitigate this effect, distributionally robust optimiza-
tion (DRO) models are proposed for making decisions that are based on a family of probability
distributions, often defined by using historical data (Goh and Sim 2010). These models aim to
hedge against tuning decisions to a perceived distribution. However, while some recent studies have
proposed tractable solution methods for linear DRO problems under certain conditions (Philpott
et al. 2018, Bertsimas et al. 2019), they remain largely challenging to solve. To the best of our
knowledge, the only such methodology for a multistage mixed-integer problem is developed under
the assumption of endogenous uncertainty (Yu and Shen 2020), meaning that the decisions impact
the underlying stochastic structure of the problem, an assumption that might not always hold.

Multistage adaptive robust optimization (MSARQ) is another framework for modeling sequen-
tial decision-making problems under uncertainty, when we do not have any knowledge about the
underlying probability distribution or when the underlying uncertainty is not stochastic in nature.
In designing such robust solutions, we protect ourselves against worst-case outcomes. While static
(i.e., single-stage) robust optimization is tractable for a considerable number of problem structures

(e.g. a linear problem with ellipsoidal uncertainty set, yielding a conic quadratic program (Ben-Tal



and Nemirovski 1999); also see Ben-Tal et al. (2009), Bertsimas et al. (2011a, 2015)), MSARO in
general remains computationally difficult to solve, even for two stages (Guslitser 2002, Ben-Tal
et al. 2004, Feige et al. 2007). Consequently, most solution methods rely on an approximation of
MSARO. In this work we present a new solution paradigm for MSARO problems by employing
primal and dual decision rules that result in two-stage approximations of MSARO and its dual
problem, respectively. This leads to a solution framework that returns an adaptable policy, and an
optimality gap to assess the quality of the proposed policy. In what follows, we provide an overview

of the existing literature on MSARQO, followed by a summary of our contributions.

1.1. Literature Review

Static robust optimization is computationally less demanding than MSARO. As such, a number of
studies attempt to find problem structures where the static optimal solution is also guaranteed to be
an optimal solution of the MSARO (Ben-Tal et al. 2004, Marandi and Den Hertog 2018, Bertsimas
et al. 2015). For example, this is the case for linear MSARO with constraint-wise uncertainty and
a compact uncertainty set, provided that it is also linear with respect to uncertain parameters.
In general, however, the solutions to the static and adaptive variants differ and the MSARO
solutions are preferable by virtue of being more flexible. Figure 2 presents a summary of existing
solution methods for obtaining exact, approximate, and dual bounds on the MSARO, with methods
developed specifically for two-stage adaptive robust optimization (2ARO) separately categorized.
In the following, we briefly discuss each method and the specific problem structure it can address.
Exact solution methods are scarce in the MSARO literature and the existing studies mostly
focus on two-stage adaptive robust optimization (2ARO). Bertsimas et al. (2012) designed a Ben-
ders decomposition and outer approximation approach for a two-stage unit commitment problem.
Zeng and Zhao (2013) developed constraint-and-column generation for 2ARO problems with fixed
recourse and finite or polyhedral uncertainty set. For small linear problems, Zhen et al. (2018)
used the Fourier-Motzkin elimination iteratively to remove the second-stage decisions in a 2ARO
problem with continuous fixed recourse, eventually forming a static robust optimization problem
that recovers optimal first-stage solutions. They extended their method to the multistage setting
by modifying the algorithm to make sure that at every stage, no decision depends on the future
information (these are the so-called nonanticipativity constraints). In the case of mixed-binary
recourse and only objective uncertainty, Arslan and Detienne (2022) proposed an exact method
based on a Dantzig-Wolfe reformulation of the recourse problem. In a rare instance of studies
addressing multistage decision-making in the literature of robust optimization, Georghiou et al.
(2019) developed robust dual dynamic programming (RDDP) for continuous MSARO problems

with a stage-wise rectangular uncertainty set, and proved finite/asymptomatic convergence for
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Figure 2 Solution methods for the MSARO

various problem sub-classes. RDDP is an adaptation of the stochastic dual dynamic programming
algorithm from the stochastic programming literature (Pereira and Pinto 1991), to the robust set-
ting. Georghiou et al. (2020) proposed a convergent method based on enumeration of the extreme
points of the uncertainty set combined with affine decision rules to provide gradually improving
primal and dual bounds for 2ARO problems with continuous recourse.

A commonly used approximation approach restricts adaptable/adjustable decisions to follow a
certain functional form. These are known in the literature as decision rules. Ben-Tal et al. (2004)
proposed the first decision rule for the MSARO, the affine/linear decision rule (LDR), where con-
tinuous recourse decisions are expressed as affine functions of uncertain parameters where the
parameters of this function are to be optimized. This approach was further generalized by introduc-
ing polynomial decision rules to construct more flexible policies. For the MSARO with continuous
fixed recourse, Bertsimas et al. (2011b) showed that polynomial policies with a predetermined
degree can be computed using a semidefinite program (comparable to the work of Bampou and

Kuhn (2011) for MSP). Xu and Hanasusanto (2021) proposed tighter approximations than that



of Ben-Tal et al. (2004) and Bampou and Kuhn (2011) (when using the same degree), by pre-
senting exact copositive programming reformulations of the LDR-restricted MSARO with random
recourse, and the quadratic decision rule-restricted problem with fixed recourse. Nonlinear decision
rules were also proposed for the MSARO with continuous fixed recourse, such as deflected and
segregated affine (Chen et al. 2008), extended affine (Chen and Zhang 2009), piecewise affine (Goh
and Sim 2010), truncated linear (See and Sim 2010), and piecewise affine with exponentially many
pieces (Ben-Tal et al. 2020). For a comprehensive list of nonlinear decision rules, interested reader
may refer to a recent survey by Yanikoglu et al. (2019).

With mixed-integer recourse, LDRs and most of its extensions are not applicable. For the mixed-
binary case, Bertsimas and Georghiou (2015) endogenously designed piecewise linear /constant deci-
sion rules. Later, Bertsimas and Georghiou (2018) introduced binary decision rules for the binary
MSARO problems with fixed or random recourse. Using Dantzig-Wolfe reformulation, for a sub-
class of 2ARO problems with mixed-integer recourse and a finite uncertainty set, Hashemi Doulabi
et al. (2021) proposed a static formulation which is amenable to Benders decomposition. A pop-
ular line of research for general mixed-integer problems uses the notion of finite adaptability first
introduced by Bertsimas and Caramanis (2010) for linear MSARO. In finite or K-adaptability, the
decision-maker a priori commits to K recourse decisions (while making the first-stage decisions),
and then chooses among them after observing the uncertain parameters. Hanasusanto et al. (2015)
tailored the method for problems with binary recourse, and Subramanyam et al. (2020) later gen-
eralized it for mixed-integer 2ARO. A related approach is based on the concept of uncertainty
set partitioning which returns a sequence of improving approximations (Bertsimas and Dunning
2016, Postek and Hertog 2016, Romeijnders and Postek 2020). Although these latter methods can
be used to approximate mixed-integer MSARQO problems, they do not provide a fully adaptable
policy.

The computational advantage obtained from the described approximation methods often comes
at the expense of optimality. In a few special cases, LDRs are shown to be optimal for the MSARO.
Bertsimas et al. (2010) showed that in a one-dimensional MSARO problem with no first-stage
decisions, linear second-stage costs, and a hyperrectangle uncertainty set, affine policies are optimal.
In a series of studies on 2ARO problems it was shown that the result still holds if we have only
random right-hand side and/or technology matrix and a simplex uncertainty set (Bertsimas and
Goyal 2012, Iancu et al. 2013, Zhen et al. 2018). Nevertheless, for the majority of the MSARO
problems, decision rules yield suboptimal policies.

In order to assess the quality of the solutions of an LDR-restricted problem, Kuhn et al. (2011)
applied LDRs on the dual variables associated with the linear programming dual of the original

problem with no integer decisions, obtaining a dual bound and thus an optimality gap. From



another perspective, Hadjiyiannis et al. (2011) solved an MSARO problem for a finite set of scenar-
ios sampled from the uncertainty set to reach a dual bound. Inspired by these studies, Bertsimas
and de Ruiter (2016) proposed a reformulation of MSARO models with polyhedral uncertainty,
by dualizing over the recourse decisions and then uncertain parameters, leading to an equivalent
problem that achieves a dual bound (potentially different than the one obtained from the original
nested formulation) for a finite set of scenarios, that is the binding scenarios in an LDR-restricted

approximation of the problem.

1.2. Contributions

In this work, we present decision rule-based approaches to obtain primal and dual bounds for an
MSARO problem. On the primal side, we apply two-stage decision rules that approximate the
multistage problem with a 2ARO, and leverage existing solution methods from the 2ARO literature
to solve the obtained approximate model. This results in feasible adjustable policies. On the dual
side, we use Lagrangian duality and Lagrangian dual decision rules for deriving a dual problem for
an MSARO problem, for which we develop reformulations and solution methods. Accordingly, we
obtain primal and dual bounds and an optimality gap for measuring the quality of the proposed

policies. Figure 3 provides an overview of our solution framework.
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Figure 3  Proposed bounding framework for MSARO

More specifically, our new policies are inspired by two numerically promising decision rules
recently developed in the stochastic programming community for MSP: two-stage linear decision
rules (Bodur and Luedtke 2018) and Lagrangian dual decision rules (Daryalal et al. 2021), that

approximate the MSP with a two-stage problem in the primal and dual space, respectively. On



the primal side we have generalized the idea of two-stage LDRs and designed a new decision
rule with a broader application, including some classes of MSARO with mixed-integer recourse.
Bringing this idea to the context of robust optimization makes it possible to benefit from the
rich literature of 2ARO in (approximately) solving multistage problems. On the dual side, the
literature of stochastic programming and distributionally robust optimization (DRO) prove to be
useful in the development of a new dual problem for MSARO, building a bridge between these
close communities. As in our work in Daryalal et al. (2021), dual solutions can also be potentially
used to derive primal policies, which we leave for future research. A summary of our contributions
is given below:

e For a broad class of multistage adaptive robust optimization problems, we propose a solution
framework that returns adaptable policies as well as a dual bound measuring the quality of
these policies. We do this by employing two-stage and Lagrangian dual decision rules, leading
to novel techniques that reveal new theoretical and practical avenues.

e We present the class of two-stage decision rules that impose a predefined structure on a subset
of the adaptable/adjustable decision variables, with the goal of building an approximate model
that returns feasible first-stage solutions. The result is a 2ARO approximation of the original
multistage problem. We show that in some special cases, constraint-and-column generation
algorithm converges to the exact solution of the 2ARO approximation, otherwise the K-
adaptability approach is applicable.

e For a general MSARO, we present a dual problem and prove that, under certain conditions,
strong duality holds. This is one of the few approaches for obtaining dual bounds for MSARO
with integer recourse. To the best of our knowledge, the only other approach that applies
to mixed-integer recourse is discretization/sampling. For this dual, we introduce Lagrangian
dual decision rules, resulting in a two-stage problem. We design a cutting-plane algorithm
that solves the restricted dual problem for MSARO with mixed-integer recourse. We also show
that in the case of continuous recourse, the problem can be reformulated as a monolithic
bilinear program. Additionally, we present an alternative dual problem that is decomposable
by scenario and offers computational efficacy.

e We have evaluated the performance of our solution framework over multistage versions of three
classical problems in the literature of MSARO: () the newsvendor problem, (i¢) the location-
transportation problem, and (7ii) the capital budgeting problem. Each of these problem classes
are suitable for a different solution method developed in this work and our analysis over
various instances attests to the quality of the returned primal and dual bounds.

The remainder of this article is organized as follows. In Section 2 we introduce the notion of a state

variable and design two-stage decision rules for retrieving feasible solutions and adaptable policies.



In Section 3 we reformulate the problem by employing the nonanticipativity constraints, and then
propose a dual problem through their Lagrangian relaxation. To solve this dual problem, we apply
linear decision rules on the Lagrangian multipliers of the relaxed nonanticipativity constraints.
We formalize the problem of obtaining the best such dual bound, and develop solution methods
depending on the nature of the recourse problem. This is followed by numerical experiments in
Section 4 and concluding remarks.

Notation. Throughout, we use [a] :={1,2,...,a} and [a,b] :=={a,a+1,...,b} for positive integers

a and b (with a <b), and (-)" for the transpose operator.

2. Primal Bounding

In this work, we study MSARO problems of the following form:

v*=min z (1a)
st Y el€)Tm(g) <z ¢hex (1b)

te[T]
A(€)z(€) 4 Bi(€) -1 (€77) <bi(€)) te2,T], & e (1c)
Dy(&")z,(€") < di(&") te[T), & = (1d)
z,(&") e R % 7 te[T), & e, (Le)

where T denotes the number of decision stages, ¢; : RY — R b, : RY — R™i d, : RY — R™ A, :
RY — Rmixm B, : RY — Rmixn—1 D, RY — R™>", The uncertainty is represented by {&,}7,
with support = where £, is an uncertain vector of random variables at stage ¢ with outcomes
& € ;= projg,(E) C R’ (where by convention & =1). A realization of uncertainty is referred to
as a scenario, {&}_,, which is a set of outcomes for all random variables at every stage such that
¢, € 2,. History of uncertainty at stage ¢ is characterized by & = (¢4, ...,&,). Decision variables are
denoted by z,(¢") € X,(¢") = {, € R™=" x Zni ;. D,(&z, < di(€")}, i.e., nonanticipative policies

that only depend on the history of uncertainty. Throughout, we make the following assumptions:

ASSUMPTION 1. The problem has relatively complete recourse, meaning that for all t € [1,T], &'
and a history of feasible decisions x,(€") made up to t, there always exists a feasible decision at

stage t.

ASSUMPTION 2. For t € [T] and &' € 2, the mazimum diameter of X,(£") is finite, i.c., the feasi-

bility sets are bounded.

When the set X,(£'),t € [T] does not have integrality restrictions (ni = 0), we have continuous
recourse, otherwise we are dealing with an MSARQO problem with mized-integer recourse. Together

with constraints (1b), the objective function (la) minimizes the worst outcome. Constraints (1c)



and (1d) are state and recourse constraints, respectively: while the former link different stages, the
latter are local restrictions for a specific stage.

For an MSARO with continuous recourse, it is quite common to restrict the decisions z,(£") to an
affine form, which, by breaking the temporal dependencies between stages, approximates problem
(1) with a static robust optimization problem. Let v“PR be the bound obtained by applying such
linear decision rules (LDRs) to the set of all decision variables. Our goal in this section is to employ
a new paradigm where a specific subset of the decision variables z,(£¢") are enforced to follow a
structured decision rule, leading to an approximation in the form of a two-stage adaptive robust

optimization problem.

2.1. Two-stage Decision Rules

In a similar manner to constraints (1c) and (1d), let us partition the decision variables z,(£¢"),t €
[2,T] into z5(¢") € R% and x7(£') € RP*, state and recourse variables, respectively, with ¢, + p, =
ng, with integrality restrictions, if any, embedded in the set X,(¢"). Then the MSARO can be

reformulated as follows:

v* =min z (2a)
st > es(eh) (e +aeh) w(e) < ¢Tez (2b)
te[T]
A3 (€)73(€") + B (€25 (67 + Aj(€Naf (€ <by(&)  te2,T), € eE (20)
(3(&"), 27(£")) € X, (&) te[2,T), €€ (2d)
I S Xl, (26)

where z%(¢') = 1, and c$(&"), A3(¢£"), B3 (¢') are sub-arrays/sub-matrices of c;(£"), A;(¢"), By(€")
associated with state variables with appropriate dimensions, while ¢f(£"), A7(£") have the same role
for the recourse variables. Let z5(£") be approximated by a decision rule, i.e., 23(£") = ©,(¢', 5,),
where O, : R x Rt — R% is a given decision rule, and 3, € R%* is its vector of design parame-
ters. By substituting the decision rule in problem (2), we obtain an approximation that can be

reformulated as:

v =min ¢! 2, + max min Z Ci(Et)T@t(Et, Be) + Ci(Et)Tx"; (3a)
eTes xrex(zl»ﬁvET)te[ZT]

S.t. T, € Xl (3b)

BeRE  tef2,T, )

where:

X(x17ﬂ>£T) = {(xi(gt))te[lT] cRP2 x RP3 x ... x RPT :
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A€ < bi(€") — (AFENOE"B) + BIEIO (€ Bin))  te[2T]
(©:(¢", 8,),27) € X, (&) te[2,T) }

Note that the decision rules are solely applied to the state variables, whereas recourse variables
remain fully adjustable to the uncertain parameters (see Figure 4). Problem (3) is a 2ARO and the
temporal dependency between stages is removed thanks to the application of the two-stage decision
rule. A practical result of such an approximation is that the resulting problem can be solved using
the existing solution methods for the 2ARO. In the following sections, we study two special cases
that directly benefit from this literature. The first one addresses MSARO problems with continuous
state variables, and the second can be applied to those problems that have only bounded integer
state variables. Together, they permit the approximation of a (bounded) mixed-integer MSARO
with a 2ARO.

- (i) (o) -
g x5 (€7 w3 (&) % (€7)
R x5 (€' z5(&")

l l’?(gt) = @t(Et» Bt)

21, {Bi e {xi(ft)}te[z,ﬂ

Figure 4  Two-stage decision rules

2.2. Two-stage Linear Decision Rules

If the state variables are continuous, we can approximate them with an affine function. Let ®,(£¢") =
(‘I’t1(€t)7 oy @i, (ft)) : R — RXt be a vector of basis functions. The two-stage LDR is enforced
by using ©,(¢",3;) = ®,(¢") 7B, in (3). The result is a two-stage mixed-integer linear program:
. . T T T r
2S5 LDR _ chl + max min Z c; (st) (I)t(ét)'l'ﬁt +c (gt) Ty (4a)
eTex xreX(m,ﬁ{T)te[Q’T]

s.t. T € X1 (4b)

B, € RE te[2,T). (4c)
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Since recourse variables x%(£') in problem (4) are fully adjustable, as opposed to the bound v"PR

obtained by restricting them to LDRs, it immediately follows for MSARO problems with continuous

state variables, that

v* S VQS—LDR S VLDR‘

In general, we can approximate the 2ARO problem (4) with the K-adaptability approach (see
Section 1.1 for an overview of the related literature), while under certain conditions it can be solved
exactly. The focus of the following is on the latter case, where we assume that the original MSARO
problem has fixed recourse, i.e., ¢;,(§') = ¢;, A(§') = Ay, By(§') = B,, D,(¢") = D,,t € [2,T).

For solving a 2ARO problem with = either a finite discrete set or a polyhedron, and only
right-hand side uncertainty, Zeng and Zhao (2013) proposed the constraint-and-column generation
(C&CG) method, by drawing on the fact that not all realizations in = contribute to the optimal
objective value. The C&CG strives to identify the most significant scenarios by starting from a
smaller uncertainty set and gradually expanding it, which leads to the generation of new columns
and constraints, respectively corresponding to recourse variables and second-stage constraints for
the newly identified scenario. The C&CG algorithm of Zeng and Zhao (2013) assumes fixed technol-
ogy matrix and first-stage costs, i.e., that the coefficients of the first-stage variables in the objective
function and constraints are deterministic. However, in problem (4), basis functions ®,(£") appear
as coefficients of ;, both in the objective function (4a) (in the term c§ (£t)T®t(€t)) and the second-
stage constraints (terms AS®,(£"), Bs®,_,(£'") and D;®,(£")). Next, we present the adaptation
of the C&CG algorithm for solving problem (4) when the technology matrix and first-stage costs
of the MSARO are not fixed, followed by a sufficient condition under which the C&CG algorithm

is finitely convergent.

Constraint-and-column Generation for Two-stage LDRs Consider a relaxation of prob-
lem (4) where instead of considering the uncertainty set =, a potentially empty subset of it, EC =,
is used. With an attempt to build a stronger relaxation, the C&CG gradually expands = with what

we call significant scenarios. The optimal objective value of the following problem is a lower bound

on p2S-LDR.
MP(ZE):
min clTxl +7n (5a)
s.t. n 2 Z (CiT(I)t(ft)Tﬁt +C§Tx;ft) gT c EFFIAS (5b)
te(2,T)
Aja} oo+ AP (ENT B+ Bi®, 1 (61T By < by(E1) te[2,T],¢ et (5¢)

(®(&") " By 2 er) € Xo(€") te[2,T],6 €= (5d)



12

r1€X;, neR (5e)
B, € R¥ te[2,7T], (5f)

where 2 = proj ¢t (2), and EF"* C = is the set of identified significant scenarios €7 for which there
exists a feasible first-stage solution B such that the feasibility space X (x4, B,fT) is not empty. In
order to have an exact solution to problem (4), we need to expand = with significant scenarios
(and consequently the set of recourse variable copies xfft), until it can be proven that adding
another scenario does not improve the optimal objective value of MP(E), at which point its optimal
objective value would be equal to ?“PR_ This implies that, at convergence, solving MP(Z) returns
an optimal solution (Z1, B ,7) such that 7 accurately measures the worst-case second-stage cost over
the complete uncertainty set =. To check whether the convergence criterion is satisfied, we solve the
adversarial problem for a given first-stage solution B, which results in the following subproblem:
SP(B) = max { Z ST, B+ min . Z ciT:vi}. (6)
£ €2 te2,7) TFEX (21,8,€ )te[Q,T]
Ifn= SP(B), then 7 exactly measures the worst-case cost of the second-stage problem and (2, B ,1)
is an optimal solution to problem (4), i.e., v25LPR = ¢T &, + 7. Otherwise, let €7 be the optimal
solution of subproblem (6) if it is feasible, or a scenario such that X (zy, A, éT) is an empty set. We
create new variables x: étr t € [2,T] and update the set of significant scenarios with E=Z2U {éT }, and
accordingly update (5¢) and (5d). If subproblem (6) is feasible, then we update EF#s = =ZFeasy {f }
and (5b) as well. In this case, constraints (5b)-(5d) make up the optimality cuts. If subproblem
(6) is infeasible, then (5c¢)-(5d) act as feasibility cuts. We repeat solving the master problem and
the subproblem in a cutting-plane fashion and add the appropriate cuts, until = includes all the

significant scenarios and 77 = SP(). The following proposition provides a sufficient condition for

finite convergence of the C&CG algorithm.

PROPOSITION 1. Assume that the uncertainty set 2 is either a finite discrete set or a compact
polyhedron, and the basis functions ®,(&") are affine in &'. Then the CECG algorithm converges

2S-LDR

tov of an MSARO with continuous and fized recourse in a finite number of iterations.

Proof Denote by f(z1,£",3), the objective function of the inner maximization in the two-stage

problem (4). Then, we can rewrite problem (4) as:
p2S-LDR min {¢| +n%axf(x1,£T,/B) | 21 € X1, B, eR™, te[2,T]}.
¢Tes

First, we show that f(z,,&",3) is convex in & for given z;, € X;. For &1 ,£2 € Z and A € [0, 1], the

following (in)equalities hold:

Af(*rlv&{?ﬁ)+(1_>‘)f(371)5576) =
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S gTRENT+H1-N)D(&) ) Bt

te[2,T]
A min clx (I—=X) min alat) = (7a)
(xrez\.’(m,ﬂ,&{) te[ZQ,:T] ! ) (afrEX($17,37§g) tE%,:T] ! t)
D GO+ (1-1)&) Bt
te[2,T]
A min clr (1-X) min alarf) > (7b)
(xrez\.’(mﬁ,&{) te[zz,:T] ! ) (xreX(m,/ﬂfg) te%:T] ' t)
D ETOOE +(1-0)&) B + min > gTa] = flen, M+ (1= V€5 B).
te ] TTEX (21,B,M€7 (1-A)€5 )t€[2 7]

Equality (7a) holds because ®(£°) is affine. Inequality (7b) follows from the convexity of the linear
minimization problem (by the fixed recourse assumption), since & appears only on the right-hand-
sides of constraints and z} are continuous (by the continuous recourse assumption).

Now, let ZFXT be the set of extreme points of = if it is a polyhedron, or that of its convex-hull
conv(Z) if it is a finite discrete set. In maximization of a convex function over a compact polyhedral
set, there is an optimal solution that is an extreme point (Hendrix et al. 2010). Then, the two-stage

problem becomes:

QSLDR_IHIH{C1 T 47 | 77>f(-1‘17€ 6) S e'—EXl7 ZL’1€X17 /Bt GIRKt7 tG[Q,T]}

C&CG is then the process of gradually adding constraints for each extreme point. Because |Z5¥7| <

400, iterating over all extreme points takes finitely many steps, which concludes the proof. O

In case the conditions of Proposition 1 are not satisfied, the constraint-and-column generation
algorithm can still converge asymptotically to the optimal solution of problem (4). This is because
the lower bound (optimal objective value of MP(Z)) improves with each iteration, and under the
Assumptions 1 and 2, the optimal value of problem (4) is finite. Consequently, the algorithm will

asymptotically approach this optimal value.

REMARK 1. With continuous recourse (i.e., ny =0,t¢ € [2,T]), the subproblem (6) can be reformu-
lated as a bilinear monolithic problem, using LP duality or Karush-Kuhn-Tucker conditions (Zeng
and Zhao 2013). Let 7% and 7* be the LP dual variables associated with the state and recourse con-
straints in X' (x, B, ¢"), in the inner minimization problem of (6), respectively. Then, subproblem

(6) with continuous recourse can be modeled as follows:

Z STD(ENT B+t (8a)
te(2,T)
st ATzl + A3, (&Y B+ B3®, 1 (€7 T B — by(€) <0 te[2,T) (8b)

®,(&")" By + Dia} — di(€') <0 te[2,7] (8c)
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ATy DY = te[2,T) (8d)
(Ao + 450,(6) Bt Biow s (€7) A~ b(€)) w=0  tef2T] (80
(Dr@u(€) B+ Diat — du(€)) m=0 teT) ()
£hez, feR™, rfe R™, e R™ tel[2,T). (8g)

Inequalities (8b)-(8c) are the primal feasibility constraints at f,, (8d) the dual feasibility con-
straints, and (8e)-(8f) are the complementary slackness constraints. The latter include bilinear
terms, as basis functions ®,(£") are functions of £&” which are decision variables in (8). They can
be linearized with the addition of binary decision variables via the so-called big-M constraints.
A detailed example of building a mixed-integer linear model for a multistage location-allocation

problem is provided in Appendix A.

2.3. Two-stage Piecewise-constant Decision Rules

In this section we study the application of two-stage decision rules in another special case of
MSAROs, where each state variable z%,(£') € Z,i € [¢,],t € [2,T] is a bounded integer with a given

domain [k,;,Ry;]. We define the two-stage piecewise-constant decision rule (PCDR) as follows:

Ky Tm‘(ﬁzv 5;) €Kn
ou(e = St T sk
.Eti ;rti(gta B) €Ki,
=R, and Y, (&', 3!) : R x REt » R are
functions defining the policy. We remark that the PCDR is presented for each individual variable

where K,; C R, j € [J] are disjoint sets with (J;c, Ks
73,(€"), and has its own decision variables 3i. Semantically, the PCDR partitions the set R into .J
subsets, and then assigns an integer value to each partition.

A special case of PCDRs can be defined by restricting the form of all mappings Y (¢, 5!) to
be a linear function of the history. In the following we show that such a decision rule results in a
model that is structurally very similar to (4), thus it can be solved via the C&CG method. Let
T.u(&', B1) = TA(E" )T B! be an affine function of basis functions YA (&"), and Ky; = (avj, by, € [J]
be intervals (in practice R is replaced by [—M,M] for M sufficiently large). Then problem (3)
becomes:

/25-PCDR Zmig{CI% —I—SPPCDR(xl,B) ‘ x1 € Xy, BreR®*Et ¢ [Z,T]},

z1,

where:

SPYPR(2,, ) = max Z Z chxy;,+  min Z & lat (9a)

T r T
£ e te[T] iclar] aTeX (21,8,€ )t6[2,T]



st > (ky+j— Doy =15 te(2,7),i€[q] (9b)
JEJ]
Z Wtij = T)ﬁ BZ le [2’T]7Z € [Qt] (9C>
JEJ]
(asj + €)vrij <wrij < byjv; te2,T]ielql,jelJ] (9d)
> wu=1 te[2,T],i€[q] (9e)
jelJ]
Utij € {07 1} le [27T]7’L € [qt]aj € [J] <9f)

In the outer maximization problem, the PCDR is modeled using the auxiliary variables vy;;, we;;
and constraints (9b)-(9f) (e is added to lower bound on wy;; to ensure that partitions K;; are dis-
joint). Note that, similar to Remark 1, if recourse decision variables z},t € [2,T] are continuous,
we can reformulate problem (9) as a monolithic mixed-integer linear program. Furthermore, apply-
ing the same arguments discussed in Section 2.2 shows that the C&CG algorithm will converge

asymptotically to the optimal solution of 1?5 FPCPR,

3. Dual Bounding

In this section, our goal is to introduce a new dual problem that provides a lower bound for MSARO
problems with mixed-integer recourse. Note that, the linear programming (LP) dual of continuous
MSARO problems has been studied before (Kuhn et al. 2011), showing that even then, establishing
strong duality is not straightforward. Recall that a random variable & € R™ is characterized by
its probability space (R™, F,P), in which F is a collection of subsets of R" and P: F — [0,1] is a
probability measure that assigns a value between 0 and 1 to each element of F' € F. Then, we define
the support of £ as the smallest closed set = in the Borel o-algebra such that P(Z) = 1. Obtaining
a strong LP dual is challenging due to a fundamental aspect of MSARO: the lack of knowledge
about the true probability distribution and therefore IP. To see the importance of P and its impact
on the dual, we formulate the LP dual of model (1), with no integer variables (only to demonstrate
the concept) for an assigned probability distribution. Denote by 7 (¢7), 719 (£"), n{'¥ (&), the
LP dual variables associated with constraints (1b), (1c¢) and (1d), respectively. Let p: Zf — R* be
the probability density function of &' with respect to P. First we multiply constraints (1b)-(1d) by
their associated p(£€'), and then apply the standard linear programming duality theory. The LP
dual of continuous MSARO for P is:

ELP (P) —
max Egr_p » [b(€)Tm ") (&) +di(€") Tm' (€)]

te[T]

st Eerp[10P(€7)] =1



16

EgTNP [ - ClTF(lb) (gT) + By (52)T7T£1C) (52)] + Dlﬂgld) =0

Eerp[—c(€) n"(€7) | €7 +p(€)A(€) Tm" ) (€)+
P B (€ mAY(ET) +p(€)Di(E) T w V(€ =0 te[2T-1]€ €E

—p(€ )er (€)M (ET) +p(€") Ar(€") Tny ) (€7)+

p(€")Dr(€")Tmi V(€T =0 Tez
Tt >0 ¢ ex
m'(€) <0 te[2,T),& c=!
ﬂ_t(ld)(gt)go tG[T],EtGEt.

Although we have used an assigned probability distribution PP in the derivation of the LP dual
bound, as mentioned, the underlying assumption in robust optimization is that we do not know
the true probability distribution. As discussed by Kuhn et al. (2011), when this dual bound is
used for robust optimization problems, the quality of the bound can be drastically different based
on the choice of the assigned distribution P. To obtain the best LP dual bound, denote by P =
{P | pP(¢") > 0,£" € E}, an ambiguity set including all probability distributions with support =,
i.e., every P € P has a density function that assigns a strictly positive value to all £ € Z. The
following distributionally robust optimization model returns the best lower bound over P:

sup LM (P).

PeP
This shows that, even in the continuous setting, there exists a trade-off between the quality of the
LP bound from an assigned probability distribution and the computational effort of searching over
the entire ambiguity set. To the best of our knowledge, such a lower bounding problem has not
been studied before. In the following sections, we introduce the nonanticipative (NA) dual problem
of an MSARO with mized-integer recourse, which relies on the use of linear decision rules in a

Lagrangian dual of problem (1).

3.1. Nonanticipative Dual of the MSARO

The NA dual is based on a reformulation of the MSARQO problem where we create a copy of every
decision variable for every realization and explicitly enforce nonanticipativity. To this end, we intro-
duce the copy variables y(£") = (y1(€"),...,yr(€")) as perfect information variables depending on
the entire realization £&* = (&,...,&;). We can reformulate the MSARO problem (1) as:

min z (10a)
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st Y€€ <2 ¢ ez (10b)
te(T)
At(gt)yt(gT) + Bt(gt)ytfl(gT) < bt(ét) te[T], fT €= (10c)
Dy(&)y(€7) < dy(€") te[T], ¢ €= (10d)
v (€T) =y, (€7 te[T], 7,67 €= with &' =¢" (10e)
g (€7) e R™ ™ x 7 telT), ¢' eE. (10f)

Constraints (10e) are nonanticipativity constraints which ensure that at stage t for every partial
realization of &, the decisions made are consistent (i.e., the decisions made in all realizations
sharing the history &' are the same). Before introducing the NA dual derived from (10), we present

the following lemma, which we use to reformulate the nonanticipativity constraints.

LEMMA 1. For given P € P, constraints (10e) are equivalent to the following:

w(€) =Egr, [u€”) | €' =¢], telm), ¢ e= (1)

Proof TFor a fixed t and &', and every S/T that shares the same history with &’ up to ¢ (includ-
ing ¢7), multiply both sides of (10e) by p(E/T). The corresponding constraint (11) is derived by
integrating over all such £’T scenarios, thus it is a valid equality for problem (10). Moreover, this
constraint makes sure that the decision variables under all the scenarios sharing the same history
take the same value, i.e., E,r_j [yt(E'T) ‘ £/t = 51 , which enforces the semantics of the nonantici-
pativity constraints (10e). O
Denote by Y (¢") the scenario feasibility space defined by constraints (10b)-(10d) and (10f) for all
t € [T] and some &”. For an assigned probability distribution P and with given dual functionals
Ae() R — R™ | relaxing the nonanticipativity constraints (11) results in the following nonantici-

pative Lagrangian relaxation problem:

LYAP (), A () =
min = 37 Eer o [N (€0) ((€) —Eer s [u€D]g" =€) aza)

te[T]

s.t. (Z7y1(£T)7"'7yT(€T)) EY(ET) ET €

(1

(12b)

LY is a lower bound for the original MSARO problem. The NA Lagrangian dual problem aims to
find the best bound among all such Lagrangian relaxation bounds:
LB = max  LYE M), M), (13)
A1()ye AT ()
The following proposition shows that, regardless of the choice of P, LN*(P) is an exact dual bound

for continuous MSARO problems.
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PROPOSITION 2. Let P be any probability distribution in P. For continuous MSARQO problems,
LNA(P) is a strong dual.

Proof The strength of a Lagrangian dual problem can be studied by its primal characterization,
derived by Geoffrion (1974) for a mixed-integer linear optimization problem. Then, using standard
Lagrangian duality theory (see, for instance, Wolsey and Nemhauser (1999)), the primal charac-

terization of (13) is:

min 2z (14a)
s.t. (z,yl(ﬁT), . ,yT(ET)) € conV(Y(ET)) ¢hex (14b)
w(€") =Egr s [m(€") | €' =¢] te[r).€ ez, (140)

The result follows from the equivalence of (11) and (10e), as well as the fact that for continuous
MSARO problems, we have that conv(Y (¢")) =Y (¢") for all ¢" € =. O
We remark that our construction of the dual postulates that we multiply the constraints with a
density function whose support is =. Therefore, the strictly positive density property of P € P is
necessary for the exactness of our formulation.

Proposition 2 suggests that the solution of problem (13) gives an exact dual bound for (10)
(hence for (1)) if all decision variables are continuous. Although this bound is not exact in the
case of mixed-integer recourse, the potential of leveraging the literature of multistage stochastic
programming in achieving a dual bound for MSAROQ is quite appealing.

The objective function of the Lagrangian relaxation problem (12) contains (conditional) expec-
tations of decision variables yt(ET), which is computationally challenging. Because of our initial
assumption of relatively complete recourse (Assumption 1), and the fact that X,(£") are bounded
(Assumption 2), so is Y (¢") and thanks to Lemma 1 of Daryalal et al. (2021) we can replace the
expectation term for ¢ in the objective function (12a) with:

T

Eere | (MED) ~Egr_, [MEDIE =€]) ()]

For given \,(£¢"), this exchange allows us to compute the coefficients of ,(£”) in the Lagrangian
relaxation problem. Still, the optimal form of the dual functionals A;(-) need to be determined,
making the problem (13) intractable. In the next section, we restrict these Lagrangian multipliers
to follow LDRs and obtain a restricted dual problem with decision variables of finite dimension.
Furthermore, this new dual problem is amenable to well-known solution techniques from the lit-
erature of two-stage stochastic programming, such as sample average approximation, which are

designed to approximately solve a problem with expectation in the objective function.
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3.2. Lagrangian Dual Decision Rules

The Lagrangian multipliers \,(¢") are infinite-dimensional. One way to obtain finite-dimensional
decision variables is to enforce LDRs on the Lagrangian multipliers of problem (13) with a fixed P.
This is referred to as Lagrangian dual decision rules (LDDRs). For a set of pre-determined basis
functions ¥, : = — R"*%+ and LDR. decision variables oy € R, we restrict the form of \,(¢") at

stage t as follows:
)\t(ﬁT) = ‘I’t(ST)Oét,

which gives us a restricted NA Lagrangian dual problem with respect to IP:
LMP)= max LR (P, Uy (§ ), ..., Ur (€ )ar). (15)

Since problem (15) is a restriction of (13), we have L}A(P) < LY*(P). An immediate question is
whether by this restriction the bound gets weaker. More importantly, whether the choice of P
affects the quality of the bound L}*(P). Using Lemma 2 in Daryalal et al. (2021), the primal

characterization of L}A(P) is:

min z (16a)
s.t. (z,y1 (€7),... ,yT(éT)) € conv(Y (€7)) ez (16b)
Eerp | Wi(€) T (0e(€") ~Egr_[0i(€) | £’t=£t])] =0 te(T) (16¢)

Comparing the problems (16) and (14), it is clear that for an assigned P, (16) is a relaxation of (14),
as constraints (16¢) are an aggregation of (14c). Consequently, unlike £LN*(PP), even for continuous
MSARO, LF*(P) is not a strong bound. Furthermore, as a result of constraints (16¢), the strength
of the restricted NA Lagrangian dual bound depends on the choice of probability distribution P.
Similar to the discussion on the LP dual at the beginning of the section, this observation motivates
us to optimize over a set of probability distributions and find the best bound among all possible
P and LDR variables a.. As such, we propose to solve the following DRO problem with ambiguity
set P:

vt =sup LF(P). (17)
PeP

We remark that (17) is a sup-max-min problem and is not in the familiar form of min-max-min
that DRO problems are often represented with. However, as the notion of optimization over a
family of probability distributions fits the field of DRO, we still refer to (17) as a DRO problem,
with a slight abuse of terminology.

In linear and mixed-integer programming, strict inequalities such as the ones required for P €

P (the strictly positive density property for all & € Z) often cause numerical and theoretical
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difficulties and in general are not desirable. To avoid these inequalities, in the following discussions
we modify the DRO model to improve its numerical behavior. Denote by P a superset of P that
also admits distributions with support = C Z, i.e., allows p(ﬁT) =0 for some &" € E. Consider the
problem:

P = max L3 (P). (18)

Because (18) is a relaxation of (17), it yields an upper bound for v}§*. Thus, it does not immediately
follow that such a bound is a valid lower bound for v*. In the following proposition, we prove that

problem (18) indeed leads to a valid dual (lower) bound for the MSARO problem (1).
PROPOSITION 3. UR is a valid lower bound for v*.

Proof We have shown that £3A(P) < v* for any P € P. Now we claim that, for any Pe P\ P =
{PeP| ¢ ez: pPPEh) = 0} where pf 2 = R, is the density function of P, the inequality
LYA(P) < v* also holds. Consider the nonanticipativity constraints (10e) in the NA reformulation
of the MSARO problem (1). For a fixed P and €7 in the uncertainty set, and all E'T € = sharing
the same history with £ up to t (¢ = S’t), multiply both sides of their associated constraint (10e)
by p@(flT) and integrate over all such E’T. Note that, any p* (E/T) =0 removes a nonanticipativity
constraint from the problem. Thus, constraints (11) obtained with respect to P are not equivalent
to constraints (10e) and are simply an aggregation hence a valid equality. Therefore, replacing the
nonanticipativity constraints with (11) obtained with respect to P, results in a relaxation of (1) and
not an exact reformulation. Subsequently, relaxation of (11) and construction of the Lagrangian
dual problem (13) with respect to P yields a relaxation of a relaxation of a minimization problem,
where for each fixed \,(-) we have LY (P, A\ (-)....,Ap(-)) < v*, and consequently £N*(P) < v*.
From the primal characterizations (14) and (16), the inequality £X*(P) < £LNA(P) follows, which
completes the proof. O
We refer to the DRO problem (18) as the restricted NA dual. It can be written explicitly as:

RN = max O(P,a) (19a)
st. a, e RFt T (19b)
PeP, (19¢)

where

Q(P,a) =min z+ Z Eer op

te(T)

s.t. (z,yl(ET), e ,yT(ET)) € conv(Y (¢7)) ¢ ez (20Db)

((vle") ~Egr s [we e = ¢ )%)Tyt@T)] (202)

Problem (19) is a two-stage stochastic program (2SP) and can benefit from its rich literature. In the
next section, we build on well-known stochastic programming techniques to design a decomposition

method for the restricted NA dual (19).
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3.3. Solving the Restricted NA Dual Problem

For a discrete set of scenarios and given «, the expectation terms in the objective function of
Q(P, ) in (19), i.e., the coefficients of the y variables, can be calculated. In the following sections
we use this fact to solve or approximate the restricted NA dual problem. We first present a solution
approach designed for finite discrete uncertainty sets. Then we show how we can use this method

for a general uncertainty set.

3.3.1. Discrete Uncertainty Set In a discrete uncertainty set with realizations ¢7 € 2, P
can be modeled by a set of (in)equalities, that is P = {p € ]lel |1Tp= 1}, where a vector p* € P
characterizes the probability measure P such that for all ¢7 € =, plgT is the probability of scenario
&7 with respect to P. Given that Z is discrete, the expectation term in the objective function (20a)

can be written as:

5 5 (0 5 sfrne)on) e
te[T) ¢Te= ¢Tez:
g't=¢t

Let Uy (€7) be the k™ column of the matrix W;(¢7). Then Q(P, ) can be expressed as:

min z+ Z Z p§T< Z (\I’tk Z pE/T\Ijtk )Oétk)Tyt(fT)

te[T) eTex ke[Ky)
5 75*

s.t. (Zayl(gT)V"vyT(gT)) EY(gT) gT SCH

Let yyer = PETOétk and Ber = Z <'ytk£T\lftk Z pg,T'ytkgT\I'tk(f )) Then with a change
kE[Kt] 5 e_“
f,t:'ft
of variables in the restricted NA dual (19) we have:

7Rt = max Q(p) (21a)
P08
> per=1 (21b)
¢Te=

,YtkET = pratk te [T], k € [Kt],fT ex (21C)
Ber= 3 (uer¥a6") = 30 prmer¥u(€”)  tellleTes  (1q)

kE[Kt] '5 E-_u

&'/t:ft
peR (21e)
o €RE )y e RT*EXEI g ¢ RrexTx (=] telT) (21f)

where

Q(B) =min{z+ 3" > Brru(€”) | (2m(€), - our(€) €Y (D), €7 €E} (22)

te[T] ¢Tex=
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Model (21) can be solved via a cutting-plane method in which Q(f) is approximated by a set of
linear inequalities. At each iteration, we solve the following bilinear program as the master problem:

max {n ‘ (21b) — (211), (n, ﬁ)eH}, (23)

P,

where 7 is an auxiliary variable representing Q(f3), and H is a set described by optimality cuts
approximating Q(f). Note that, as [ only parameterizes the objective function of Q(f), i.e., it
does not impact the feasibility space, there is no need for feasibility cuts. With (77,3) returned
from solving the master problem (23), we solve the subproblem (22) to compute Q(3), resulting
in §,(£7) as the optimal solution. If /) < Q(B), we have found the optimal solution of the restricted
NA dual. Otherwise we add the following optimality cut to the master problem:

1< @+ Y (Ber —Ber) i), (24)

te[T]¢Te=
This procedure continues until no more optimality cuts are found. The objective function of the
subproblem, Q(/3), is a concave function in 8 (pointwise minimum of linear functions with respect
o B). Each cut (24) is a hyperplane approximating the subproblem from above. The cutting-
plane method iteratively finds improving approximations of Q(f). Enforcing large lower and upper

bounds on LDR variables o can ensure that the algorithm converges to e-optimality.

Discrete Uncertainty in Continuous MSARO

As a special case, we study continuous MSARO with discrete uncertainty. Our goal here is to
use this particular structure and derive a monolithic formulation as an alternative to the cutting-
plane algorithm, to leverage off-the-shelf solvers. Denote by ucr, v,er and wyer, the dual variables
associated with the set of constraints described by Y (£7) for given ¢7 € = (corresponding to (10b),
(10c) and (10d), respectively). The LP dual of the inner minimization problem (22), i.e., the

subproblem of the cutting-plane algorithm, is:

QP (B) = max Z Z be(§7) Toger + Z Z di (") Twyer (25a)

te[T)eTc= te[T)eTex=
st > ur=1 (25b)
§T€:
— CT(£T)U£T + AT(§T)TUT§T + D;sTngT
= Brer fex= (25¢)
— (") uer + At(ﬁt)Tvth + Dt(gt)thgT—i—
Bi1 (7)) Ty yq er = Ber te[T—1),¢"e= (25d)

uer >0 ¢fe= (25¢)
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Vyer, Wyer < 0 te[T),¢" e=. (25f)

Merging the two maximization problems in (21), we get the following monolithic bilinear program:

DR = max Z bt(ﬁT)Tvth + Z Z dt({t)T’wth (26a)

te[T) te[T] el e=
s.t. (21b) — (21f) (26b)
(25b) — (25f). (26¢)

Recall that, in adapting the C&CG algorithm for two-stage LDRs and Remark 1, we use KKT
conditions to obtain a monolithic model of the subproblem and the bilinear terms in the constraints
can be linearized by adding big-M constraints. The same technique would not lead to a linear
reformulation of (21). Indeed, the source of nonlinearity in constraint (8e) and (8f) is the multi-
plication of a linear function and a dual variable. Thus, we are able to deal with them separately
(and make sure that at least one of the two terms is evaluated to zero) and derive a linear model.
However, in (21) the nonlinearity is rooted in the constraints of the outer maximization problem
itself and enforcing the complementary slackness through separate constraints does not resolve it.
Nevertheless, there is a large body of research on solution methods for bilinear problems that can
be used in solving model (26). Furthermore, many nonlinear optimization solvers such as MOSEK
(ApS 2022) include algorithms specifically tailored for large-scale quadratic problems and even
a commercial MIP solver, Gurobi, has recently added a bilinear feature that solves non-convex

quadratic optimization models to global optimality (Gurobi Optimization, LLC 2022).

3.3.2. Continuous Uncertainty Set If the uncertainty set of MSAROQO, =, is not discrete,
objective function (20a) includes the expectation of a nonsmooth concave function, making (19)
unsuitable for many existing solution methods for 2SPs. The literature of two-stage stochastic
programming addresses this difficulty by means of sampling-based approaches that approximate the
underlying problem. Sample average approximation (SAA) is a well-known method that replaces
the expectations in the objective function of a 2SP with the average of a given sample and has
favorable theoretical convergence results (see e.g., Shapiro et al. (2009)). In this section we show
that (approximately) solving the 2SP (19) over a sample returns a valid dual bound for the original
MSARO problem (1).

From the discussions in Section 3, for any P € P, we have:

LEAP) < oRA < v (27)
T i
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First inequality 1 is valid because the bound v}* is the result of maximization over all P € P,
and the second inequality I is from Proposition 3. For a given finite sample 2 C =, we define a
probability measure Pg with P (€2) =1 such that the density function assigns zero to any scenario

not in :

proE") =0, €' c=\Q, and p™ (") >0, €M €.

Clearly Pg, € P, thus inequalities (27) hold for Pg, i.e., L} (Pg) < 73A <v*, and LY (Pg) is a valid
dual bound on v*. As ) is a finite set, we can represent P, with pfe € le‘ such that 17 pfe =1.
Denote by P9, the set of all such vectors p. Consequently, solving the DRO problem (21) with
discrete uncertainty set € finds the best bound over all probability measures P € P, which is a
valid dual bound on v*. Calling the optimal value of this new DRO problem v3*(Q), the following
proposition establishes the validity of the bound Z}*(€2).

PROPOSITION 4. For any given sample Q C =, weak duality holds between vX*(Q) and v*, i.e.,

So, for a continuous uncertainty set, we can get a discrete sample {2 which turns the problem into a
case of discrete uncertainty. As such, we can use the arguments in Section 3.3.1 to obtain v}*(£2).

Figure 5 provides a summary of the methods presented in this section for solving the restricted
NA dual problem. For continuous MSARO with a discrete uncertainty set, the restricted NA dual
bound can be computed by solving a bilinear program, while for mixed-integer MSARO, the devised
cutting-plane method is applicable. For MSARO with a continuous uncertainty set, we use SAA,
i.e., we first take a sample and then approximately solve the restricted NA dual problem using the

methods developed in the discrete setting.

[ Discrete uncertainty set ] < [ Continuous uncertainty set ]

=~ T
N O~ |
~
RN v
~

[ Continuous MSARO ] [ Mixed-integer MSARO ] ) "( Sampling

Cutting-plane method \‘

:[ Solve master problem (23) )

| Cut (24) < ) 3 :

|
\ ( Solve subproblem (22) ) I
\\

/

Figure 5 Solution methods for the restricted NA dual problem
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3.4. Restricted Decomposable NA Dual Bound

In solving problem (21) using the cutting-plane method, we frequently optimize (22) to compute
Q(). This can become computationally demanding when there is a large number of scenarios (i.e.,
large size of a discrete uncertainty set or a sample). Furthermore, we cannot decompose Q(/3) by
the scenarios, as they are linked through the z variables. In this section, we present an alternative
NA dual problem that can yield a potentially weaker bound than the one provided by (19), but
is decomposable by scenarios, thus offering a computational advantage. With decision variables
y:(€") defined as before, we introduce copy variables z(¢") and explicitly enforce them all to be
equal. For an assigned probability distribution P which has a strictly positive density function for
every realization of the uncertainty set, the alternative NA reformulation for the MSARO problem

(1) is:

min E.r_p [z(ET)} (28a)
st Y e(€) w(€") <=(¢") ¢'ex (28b)
te[T)
A& =Egr p [2(€)] ¢'ex (28¢)
(10c), (10d), (10f), (11). (28d)

Together, constraints (28b) and (28c) capture the semantics of the worst-case outcome, which is
minimized in the objective function (28a). Relaxation of the nonanticipativity constraints (11) and
(28¢) with the Lagrangian multipliers AY(-) and A\*(-), leads to the decomposable NA Lagrangian

dual problem £LPNA(P) = Jmax, LORAPNY ... A%, A7), where

EONNPAY, N, A7) =min Bgr g | (14 X7(€7) ~ B, [X(€7)] ) 2(67)]+

S Eers [(M(EN) ~Egr_, [M€T)E =€) wnieD)]
]

te[T"

st (2(67),m(€"),-- . yr(€1)) €Y(E") € €5

with Y (£€”) the scenario feasibility space described by constraints (28b), (10c), (10d), and (10f).
We remark that, in the first expectation term in the objective function the inner expectation is
not conditional, since constraints (28c) (and accordingly their associated dual functions) are not
defined at every stage t € [T] as decision variable z(¢") € R captures the cost of an entire scenario
at T. After substituting the decision rules \!(£") = U, (¢")a?,t € [T] and A\*(¢7) = U, (€")a* in

LPNA(P), where o € RE7 | the restricted decomposable NA dual problem is:

v = e L2 (P, W ()ad, ., Ur()ag, Ur(-)a’).
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The restricted decomposable NA dual problem can be solved using the same methods developed
in the previous sections for the non-decomposable problem. Due to the relaxation of the nonan-
ticipativity constraints on z variables, for given P and \Y(-), subproblem L£LP%*(-) is a relaxation
of LY%(+). Therefore vENA < VR4 ie., v} is a potentially stronger bound. However, the fact that
LPRA(.) is decomposable is highly desirable. Particularly for continuous uncertainty sets where we
rely on sampling, and the quality of the bound varies based on the selected sample. Since the
decomposable model can afford samples of larger sizes it can potentially yield better bounds com-

pared to the bound obtained from non-decomposable model over a smaller sample. We explore this

possibility in our numerical section.

4. Numerical Experiments

In this section we evaluate the performance of the proposed bounding framework over multistage
versions of three classical decision-making problems under uncertainty: (i) the newsvendor problem,
(7i) the location-transportation problem, and (i) the capital budgeting problem. Depending on
their structure, each problem is solved by using the appropriate models and methods described in
Sections 2 and 3, illustrating the applicability of the developed concepts to a large array of problem

classes.

4.1. Benchmarks and Implementation Details

To assess the quality of the primal and dual bounds, we measure the relative distance of the bounds
from the true optimal value when an exact solution of MSARO is available (in small-size instances).
Otherwise, we report the optimality gap between the bounds obtained from the proposed methods,
and compare it against a gap obtained via traditional bounding methods if one exists. In continuous
problems, we consider LDRs (i.e., their application to all decision variables) as the benchmark for
the primal decision rules. On the dual side, we use the perfect information (PI) bound (denoted
by vF1) for comparison, which often can be conveniently evaluated for a general MSARO problem.
The PI bound corresponds to the optimal objective value of the MSARO problem reformulated as
in (10) without the nonanticipativity constraints (10e), i.e., it finds the cost of every scenario in
the uncertainty set individually, and then selects the one with the worst-case cost.

The algorithms are implemented in Python and use the Gurobi Optimizer 9.5.1 (Gurobi Opti-
mization, LLC 2022) as the MIP /bilinear program solver. The computational experiments are
carried out on the Niagara supercomputer servers (Loken et al. 2010, Ponce et al. 2019). The pro-
grams stop if the running time reaches 10 hours, at which point we report the best valid observed
lower /upper bound on the instance. As a common design choice for the basis functions of the LDRs,
we use the uncertain parameters themselves, i.e., the standard basis functions. Any implementation
nuances and enhancements used for improving the performance of the algorithms are discussed for

each problem class in a dedicated section, along with the characteristics of the studied instances.
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4.2. Robust Budgeted Newsvendor Problem

In this section, we extend the two-stage newsvendor problem studied in Xu and Hanasusanto (2021)
to the multistage setting. In this problem, a decision-maker (the newsvendor) needs to order from
a set of items to be sold (only) at the next decision stage, with the objective of maximizing the
worst-case profit over the planning horizon. Let d;(£') be the uncertain demand of item i € [I] at
stage t € [2,T], ¢; and s; the purchase and shortage costs of item 14, respectively, and r; its sale
price. To meet the customers’ demands of stage ¢, at stage t — 1 the decision-maker decides on the
amounts to be ordered from each item, such that the total spending over the T' stages does not
exceed a predetermined budget of B. Denote by z;(£¢") the decision variable for the amount of

item ¢ ordered at stage t € [T'— 1]. The multistage multi-item budgeted newsvendor problem is:

max 2z (30a)
s.t. z<ZZyzt ez (30b)
ie[I] te[2,T]
it( ) ~ (Ti — Ci)$i7t_1(€t_l) —T; ($i7t_1(€t_1) — dl(st)) ) S [I],t S [Q,T],St S Et (30C)
yit( t) = (Ti - Ci)wi,t—l(gtil) — S (dz(ét) - fUz‘,t—l(étil)) (XS [I],t € [27T]a£t €=’ (30d>
> zu(€)<B gtezrt (30e)
€[] te[T— ]
T, (€N eR te[T—1],¢ e =" (30f)

where 7, (£") is an auxiliary decision variable capturing the profit from item i at stage ¢, by means
of the constraints (30c) and (30d). Constraints (30e) impose a budget of B over the order amounts
throughout the planning horizon. The objective function is the worst-case profit of the newsvendor,
modeled via (30a) and (30b).

4.2.1. Problem Instances Our instance generation loosely follows the procedure described
in Ardestani-Jaafari and Delage (2021) for the two-stage robust newsvendor problem. The deter-
ministic parameters r;, s; and ¢; are drawn uniformly from the intervals [140,160], [80,90] and
[50,70], respectively. We consider a discrete uncertainty set modeled as a stagewise-dependent sce-
nario tree with branching factor BR (i.e., every node of the tree prior to the leaves has BR many
child nodes). The demand realizations d;,(£'),i € [I], € [2,T] at a child node are drawn uniformly
from [p;; — 04, pie + 03], where p;; and oy are deterministic parameters uniformly drawn from the
intervals [20,40] and [10,20]. We have generated 26 small-size instances with 7' € [3,5], I € [2,5],
B € {100, 150, 200, 250,300}, and BR € {2,3,4,5,10}, such that the number of scenarios |Z| = BRT !
is less than 150. Additionally, we have generated 18 large-size instances with 7" € [4,8]. For T' =4,
the number of items I lies in the set [3,5], with a budget B € {200,300} and Br € {10,15,20}. For
T € [5,8], our instances have I € {3,4} items, budget of B € {300,400,500,600}, and BR € [3, 6],
restricted to the cases with |Z] < 3000.
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4.2.2. Quality of the Bounds The small-size instances can be conveniently optimized by
solving model (10) over all the scenarios in the uncertainty set. Using this, we can examine the
quality of a primal/dual bound by measuring its relative distance to the optimal objective value v*.
For this problem, all primal and dual problems are solved by the extensive form (i.e., monolithic)
of their respective models. Figures 6 and 7 present the gap between the bound and the optimal
value of the exact solution, defined as 100(”_7"()) and 100( ()_ ) for primal and dual bounds,
respectively, and presented as a percentage (detailed results are given in the e-companion). In each
figure, the solid bars depict the performance of the newly proposed bounds, while the hatched

25-LDR

bars represent the benchmarks. The results show that v and v3* outperform the benchmark

2S5-LDR

bounds by orders of magnitude. More precisely, v on average achieves 84% improvement
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Figure 7 Quality of the bounds from the PI and LDDRs for small-size newsvendor instances

over v"PR with reductions in relative distance ranging from 64% to 98%. Interestingly, the quality
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of the bound v?5'PR remains rather stable with changes in the number of items I and budget B,

LPR with variations in the inputs. The notable performance

compared to the drastic changes of v
of the two-stage LDRs for the newsvendor problem contrasted with the LDRs can be explained
by the nature of the recourse variables y. In model (30), y;;(£") variables determine the profit of a
given realization at stage t for item ¢, which for the newsvendor problem is by definition nonlinear.
In fact, y;(£") is an auxiliary variable, defined to linearize the following net profit at stage ¢ from

item 1:
7 min {$i,t71(€t71)7 dit(ft)} - Ci-xi,tfl(&til) — §;max {dit(ﬁt) - xi,t71(£t71)> 0}-

Therefore, for the newsvendor problem LDRs always return suboptimal decisions as they restrict
the form of the nonlinear profit function to be affine, while two-stage LDRs allow them to take any
form, giving them an immediate advantage over LDRs.

From the dual perspective, 7¥* achieves an average improvement of 55% compared to v*!, and in
9 instances fully closes the gap. From the results of Figure 7, a common observation is that LDDRs

return a bound of higher quality for smaller values of the ratio which is an estimate of

B
(T—1)x1°
the average budget available per product at every stage. This trend suggests that the restricted
NA dual bound performs better with tighter budget, when there is a higher dependency between

stages, in which case the importance of intermediate decisions becomes more pronounced.

4.2.3. Optimality Gap For instances with larger number of scenarios, we compare the opti-
mality gap from the benchmark methods (OpPT") with the gap obtained by applying the newly
proposed methods, namely two-stage LDRs and LDDRs (opT"):

PI _ LDR
JLDR

~NA _ . 2S-LDR

), opT" = 1OO(L>.

p25-LDR

oprT! =100 < Y

Table 1 presents the optimality gaps from the benchmark and proposed models (whose running
times are provided in the e-companion). Achieving an average gap reduction of 82%, there is a
considerable value in using the two-stage LDRs and LDDRs in devising policies for the multistage
newsvendor problem. The optimality gaps OPT" range from 4% to 46%, with some interesting cases
such as instances 3, 5 and 14 where using LDR policies can even lead to a loss of profit in the
worst-case. In the majority of the instances, both two-stage LDRs and LDDRs contribute to the
improvement of the gap, although the primal side clearly has the larger impact, to the point that in
five instances, the dual bound 7}* and the benchmark vF! are the same. In some instances, the PI
bound might already be strong enough so that using LDDRs does not make a tangible difference
in strengthening the bound. This is, for instance, the case for instances 8, 12 and 18 that attain a

small optimality gap without significantly improving v*!. As discussed for the small-size instances,
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Table 1 Optimality gaps for larger instances of the newsvendor problem

Primal Bounds Dual Bounds = Optimality Gap

Instance T BR || I B Gap reduction

JLDR 28 pNA PT opT" opT?
1 3 200 5648.8 81429 8876.4 9353.0 9.0% 65.6% 86.3%
2 3 300 9143.5 13687.6 17853.0 17853.0 30.4% 95.3% 68.1%
3 4 10 1000 4 200 -104.4 440.0 642.4 919.0 46.0% 980.4% 95.3%
4 4 300 11029.5 15854.7 18400.7 18432.0 16.1% 67.1% 76.1%
5 5 300 724.9 6125.5 6748.6 7368.0 10.2% 916.5% 98.9%
6 4 15 3375 3 200 5111.3 7072.0 7646.6 8222.0 8.1% 60.9% 86.7%
7 4 20 8000 3 300 9030.9 13040.7 17615.0 17615.0 35.1% 95.1% 63.1%
8 5 5 625 3 300 11134.5 15053.4 16191.6 16680.0 7.6% 49.8% 84.8%
9 4 300 3651.5 9494.8 10553.8 10628.0 11.2% 191.1% 94.2%
10 5 6 1296 3 400 15013.4 20271.7 25157.0 25157.0 24.1% 67.6% 64.3%
11 3 400 15492.3 21457.9 28163.0 28163.0 31.2% 81.8% 61.8%
12 6 4 1024 4 400 7124.3 14805.2 15426.2 15473.0 4.2% 117.2% 96.4%
13 4 500 14445.4 24887.7 32946.9 32973.0 32.4% 128.3% 74.8%
14 3 300 24.3 14959 2137.3 2383.0 42.9% 9692.2% 99.6%
15 7 3 729 3 400 12994.7 17774.1 19554.5 19983.0 10.0% 53.8% 81.4%
16 4 400 3267.5 4303.1 5354.3 5427.0 24.4% 66.1% 63.0%
17 8 3 2187 3 500 16149.1 25321.4 30259.0 30259.0 19.5% 87.4% 77.7%
18 4 600 16892.3 27608.1 28717.7 28747.0 4.0% 70.2% 94.3%

depending on the number of stages, items, and available budget, in some instances the PI bound
can indeed be weak. In such cases v3* can be potentially improved by a better design of the basis
functions for LDDRs that better captures the correlation among all items imposed by the budget

restriction.

4.3. Robust Location-Transportation Problem

The two-stage robust location-transportation problem studied by Zeng and Zhao (2013) is as
follows. Given a set of I potential facilities with fixed building cost f; and unit capacity cost a;,i €
[I], we have to meet the uncertain demand of a set of customers J with unit transportation cost
¢ij i € [I],j €[J] . The goal is to decide which facilities to open, as well as their initial capacities,
such that the worst-case total cost of facility deployment and future transportation is minimized.
We expand the problem to a multistage setting by defining djt(ft) as the demand of customer j at
stage t. The MSARO model is then:

min z (31a)

s.t. z> Z fiyi + Z Z a;si(€)+ Z Z Z CijTi (€ ¢fex (31b)
ie[I] te[T)ie[l] te[2,T)ie[I] je[J]

si(€) =518 =D miju(€ ic[I,te2,T),& €= (31d)

JEJ]
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> i€ > dn(€) je[J,te[2, T, €= (3le)
i€[1]

ye{0,1}, s; eRL (31f)
s (&) eRL, z,(€") e RIXY tc[2,T),& €=, (31g)

where y; is a binary variable equal to 1 if facility ¢ is built, s;; determines the initial capacity of
facility 4, s;(£€") is the state variable calculating the remaining capacity of facility i at stage t,
and azijt(ﬁt) is the amount of goods transported from facility ¢ to customer j at stage t. Objective
function (31a) together with constraint (31b) measures the worst-case cost. Constraints (31¢) bound
the initial capacity of the facilities, whereas constraints (31d) are the state equations calculating

the remaining capacities. Constraints (31e) ensure that the customer demands are met.

4.3.1. Problem Instances Our instances are generated using the instance parame-
ters described in Zeng and Zhao (2013) for the two-stage problem. For number of stages
T € [3,5], we have five combinations for the number of facilities and customers, (I,J) €
{(5,5),(5,7),(5,10),(10,10),(20,20)}. Fixed installation, unit capacity, and unit transportation
costs are drawn from f; € [100,1000],a; € [10,100],¢;; € [1,1000], respectively. Maximal capacity
is set to K; =2 x 10* based on preliminary experiments to make sure the instances are feasible.
Customer demands are random parameters with support [,ujt, (1+ ad),ujt], where p;; € [10,500]
and o € {0.1,0.3,0.5} are given, with a? a parameter controlling the variation among demand
realizations of customer j. For this problem, we have generated 32 instances with a? = 0.5 over
small scenario trees to compare the bounds with the optimal objective value. To demonstrate the
versatility of our solution methods, in addition to the described scenario-tree instances, we have

generated 85 instances where the demands belong to the following budgeted uncertainty set:

== {dGRiXTl djt:ﬂjt"i_éjto'jt; (5th [0,1], jEe [J], te [2,T], Z Z 5]tSF}

te[2,T) j€[J]

We remark that, I' correlates the demands of all customers and stages together, which results in
stagewise (temporal) dependence between the decision stages. In our instances we use I' = a1,

with a* € {0.1,0.4,0.7,1}.

4.3.2. Scenario-Tree Instances In solving the primal (2S-LDR) and exact models of the
scenario-tree instances, we have used their respective extensive forms, while for computing the
restricted NA dual bound we implemented the cutting-plane method described in Section 3.3. Table
2 presents the gap between the bound and the optimal value of the exact solution, 1OO(M) and

v*

100(”**”(-)) for the primal and dual problems, respectively. Results show that, among the group of

*

instances with similar characteristics, as the branching factor or the number of stages increases, the
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Table 2: Quality of the primal and dual bounds for the scenario-tree instances of the location-
transportation problem

T I J BR |E| I/LDR VQS-LDR lng I/PI
3 9 29% 0.0% 1.4% 4.7%
4 16 08% 0.0% 3.4% 3.4%
5 25 4.6% 0.0% 1.5% 13.2%
3 5 10 6 36 56% 0.0% 174% 27.5%
7 49 82% 0.0% 9.4% 9.4%
8 64 88% 0.0% 5.2% 14.6%
9 81 6.5% 0.0% 6.1% 6.1%
10 100 6.6% 0.0% 8.0% 10.2%
3 9 23% 0.0% 2.8% 13.2%
4 16 2.7% 01% 1.2% 8.4%
5 25 6.1% 0.0% 12.0% 19.3%
3 10 10 6 36 9.8% 0.0% 10.2% 22.6%
7 49 13.7% 0.1% 6.7% 14.1%
8 64 13.9% 0.3% 55% 5.5%
9 81 122% 0.2% 8.1% 15.5%
10 100 12.3% 02% 10.1% 19.0%
3 9 25% 0.7% 9.5% 11.3%
4 16 3.9% 0.5% 7.0%  7.0%
3 20 20 5 25 58% 05% 284% 28.4%
6 36 6.6% 0.5% 13.0% 19.2%
7 49 91% 05% 11.7% 31.3%
3 27 8.0% 0.0% 2.3% 8.0%
4 5 10 4 64 6.8% 0.0% 2.0% 2.0%
5 125 13.5% 0.1% 50% 5.0%
3 27 11.9% 01% 17.3% 17.3%
4 10 10 4 64 133% 0.0% 104% 21.0%
5 125 13.1% 0.4% 9.4% 10.0%
4 920 20 3 27 9.0% 0.9% 8.5% 18.1%
4 64 11.9% 0.5% 9.7% 21.7%
5 5 10 3 81 14.7% 1.0% 4.4% 6.3%
4 256 13.9% 0.5% 11.2% 19.1%
5 10 10 3 81 16.8% 0.7% 82% 8.2%

25-LDR otays very close to the optimal value, with

VPR hound gets noticeably worse. In contrast, v
an average relative distance of 0.2% among all the instances (compared to 8.7% for v*P®). We do
not observe the same trend among the dual bounds, and their relative distance to the optimal value
fluctuates even between two instances that only differ in the number of scenarios. Nevertheless,

XA considerably outperforms the gap from PI, with an average improvement of 39.4%.

4.3.3. Budgeted-Uncertainty Instances The v*1IPR  bound for the location-
transportation instances of this section is obtained using the C&CG method of Section 2.2 and

detailed models are given in Appendix A.l. Similar to the scenario-tree instances, we use the
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A

cutting-plane method for obtaining the dual bound vj*, using a sample of size 50(7 — 2). For
both algorithms, we stop when the optimality gap of the method falls below 5% or we reach the

2S5-LDR and

10-hour time limit. Figure 8 shows the value of OPT", the optimality gap between v
vRA, for our 85 instances (detailed results are provided in Appendix B.2). In this figure, every bar
represents an instance. All instances of a block (characterized by T', (I,J) and a?) share the same
parameters except a*, and the instances within a block appear in an increasing order of the value
of their a. Our methods return an average optimality gap of 17.4% among all the instances, with
a minimum gap of 5.2% and a maximum gap of 29.2%. Given the strength of the primal bound in
the scenario-tree instances, and the fact that the bound remains strong despite increasing the size
of the tree, we believe that the larger gaps in most instances are caused by weak ¥* bounds. Since
the value of 7¥* depends on the sample on which it is solved, not having a large enough sample
can lead to a poor bound. However, because of the bilinear form of the cutting-plane master
problem, we were not able to solve the model with large samples using off-the-shelf commercial
solvers. By employing specialized algorithms developed for bilinear problems, it could be possible
to increase the size of the sample and improve the 73" bound, which we leave for future research.

Next we analyze the performance of the algorithms in solving our instances. Solution times and
number of iterations for both algorithms are given in Appendix B.2. Here, we study the final
optimality gap of the algorithms (C&CG and the cutting-plane), that could have a negative impact
on the quality of the bounds. Figure 9 shows that in all instances, the C&CG stops at a solution
of the 2ARO model with less than 5% gap. In fact, the method proves to be quite powerful in
detecting the significant scenarios for the 2ARO approximation, such that in 69 out of 85 instances
it achieves this gap after only two iterations. On the other hand, in 39 instances the cutting-plane

method is not able to reach the optimality gap of 5% within the time limit of 10 hours, meaning
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Figure 9 Optimality gaps of the solution algorithms for v and D%A at convergence/interruption.

that we use the best lower bound on vx* obtained at the end of 10 hours in calculating oPT". This
can further contribute to a weak dual bound. This suggests that, in addition to having a difficult
nonlinear master problem, the cutting-plane method itself requires algorithmic enhancements, such

as the design of stronger cuts.

4.4. Robust Capital Budgeting Problem

In the capital budgeting problem, a company wants to invest in a subset of I projects with uncertain
cost and profit, subject to an initial budget of B that can be increased by getting a loan. A variant
of the two-stage problem is studied by Subramanyam et al. (2020). In the following, we formulate
the multistage capital budgeting problem as an MSARO. Over a planning horizon of T stages, let
r4(&") be a binary decision variable taking the value of 1 if the company decides to invest in the
project i € [I] at stage t € [T], with a cost of ¢;(£") and profit of ry(£"). Further, let L,(£¢') be a
continuous decision variable determining the amount of loan the company decides to get at stage

t € [T] with a unit cost of epu’~*, > 1. The MSARO model is as follows:

max 2 (32a)
st. 2 < Z Z ri (& a:zt Z cLutflLt(Et) ez (32b)
te[T)iell] te[T]
B,(&") —Bt,l(g )+CH(§H) —L,(&H=0 te[T), & €& (32¢)
Z ci(€)wi (&) = Cu(€) te[T),¢ =t (32d)
ie[I]
B,(€") —Cy(€") >0 te[T),¢ ex! (32¢)

z, (€N e {0,1} L, (&) eR, te[T),¢ ez, (32f)
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where B,(¢') is the amount of available funds at stage t € [T, and is determined by constraints
(32¢), while C;(¢") is the expenditure calculated through constraints (32d), with initial values of
By(€°) = B and Cy(£") = 0. Constraints (32¢) make sure that the expenditure amount is bounded
by the amount of available funds. The objective is to maximize the worst-case profit over the

planning horizon, measured by constraints (32b).

4.4.1. Problem Instances Our instance generation loosely follows the procedure of Subra-
manyam et al. (2020) for the two-stage problem. For T € [3,5] and I € {5,8,10}, uncertain costs
and profits (cit(ﬁt),rit(ﬁt)) belong to the following uncertainty set

0

== {(C,T) GR_IFXT X RiXT ‘ Cit :C?t+5z'ct0ita Tit = %+5:to-ita ; 05,05, €[0,1], i€[I], te [T]}’

where the nominal costs ¢ and perturbations o are drawn uniformly from [0,10]° and [0, 5],
respectively. Loan purchase cost is cppu’™' = 0.8(1.2)"~! per unit of loan. For every combinations
of T" and I we have considered two levels of initial budget to analyze the impact of this parameter
that impacts the dependence between stages.

4.4.2. Optimality Gap Due to to presence of binary variables x,(£"), with the existing meth-

ods in the literature of 2AR0O we cannot calculate v?5-LPR

exactly. Therefore, we solve an approx-
imation of it using the K-adaptability method of Subramanyam et al. (2020) with K =2 and use
the obtained bound * in measuring the optimality gap. On the dual side, we study three options:
(i) v, the upper bound from solving the model (32) with a sample |Q|= 100, (i7) the NA bound
vRA with the same sample Q, (i) the decomposable NA bound 72" with a sample of size 300.
For each option, when the model is not solved to optimality within the time limit, the best valid
bound is used in the calculations. Note that, if we can solve both options (i) and (i) to optimality,
we should expect a better bound from option (7).

Table 3 presents the optimality gaps of the capital budgeting instances between the bound
V¥ and the three choices of upper bound. Results show that, even though the bound v should
theoretically be at least as good as the bound ¥¥*, on average the NA bound returns a better upper
bound within the same time limit. This is testament to the difficulty of the multistage problem
even when it is solved for a discrete set of scenarios. The decomposable NA bound vR™* further
improves the results by using a larger sample which is viable because of its superior computational
performance. Note that, the best gaps in Table 3, ranging between 15% to 34%, are obtained from
approximations over approximations on both primal and dual side. Accordingly, these rather large
gaps can be attributed to both bounding methods. v* can be further improved by using larger

values of K, whereas the NA bounds might benefit from implicit enumeration techniques in solving

the relaxation models without resorting to sampling.
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Table 3 Optimality gaps for the capital budgeting instances

X

T 1 B (Z% (Ehg (%

VK v

50 17% 20% 16%

5 100 27% 25% 18%

100 24% 25% 24%

3 8 150 34% 21% 21%
100 33% 28% 16%

10 150 38% 29% 19%

100 35% 26% 20%

5 150 46% 33% 15%

) 150 43% 30% 34%
8 200 57% 37% 30%

150 48% 36% 31%

10 900 44% 33% 20%

200 65% 42% 20%

5 250 42% 39% 37%

250 40% 39% 31%

5 8 300 43% 40% 21%
250 55% 31% 31%

100 300 65% 31% 25%

5. Conclusion

Robust optimization models are built on a different premise than stochastic programming in the
sense that they do not assume any knowledge about the probability distribution, focusing instead on
optimizing the worst-case outcomes. We adapt two decision rules from the stochastic programming
literature (namely two-stage LDRs and LDDRs) to MSARO, which result in two-stage approx-
imation models for which we design several appropriate solution methods. More specifically, for
two-stage linear decision rules we present sufficient conditions that make the approximation mod-
els amenable to the constraint-and-column generation method. In order to solve LDDR-induced
models, we build a cutting-plane method for mixed-integer MSAROs, as well as a monolithic
bilinear program for continuous problems. Our numerical experiments on the newsvendor, location-
transportation and capital budgeting problems reveal that our methods considerably reduce the

optimality gap from commonly used approaches in the literature.
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Appendices

A. Detailed Models for the Location-Transportation
A.1. Column-and-constraint Generation with Two-stage Linear Decision Rules

Applying LDRs on the state variables of model (31), s;;(& o+ Z Z d; (€8 il te
t'e[2,t] jE[J]
[2,T7], results in the following 2ARO problem in monolithic form:

min z

s.t. Z>Zfzyz+zazszl+ Z Zaz + Z Zdjt/ /fﬂ

i€ (1] te[2,T) €[] €[2,t] je[J]

Z Z Z CcijTiji (& ET €=

te[2,T]ie[I] je[J]

sin < Ky iell]
b D dn(€)BE =sn— ) wipn(€’ ic(n,ee=?
Jj€EJ] Jj€lJ]
+Z > (€)Y = t1+ 2 2 dwlE” ERLEHEE PP
€[2,t] j€[J] €[2,t—1] j€[J] jE[J
€I],te3,T),¢ =
> wi(€') > dju(€) jeltel2,T),¢ €=
ze[[]
v+ Z > dw(€) > ie(l],te[2,T),€ e
€[2,t] j€[J]

ye {0,1}1, z,2>0.

For better clarity, let us re-write the above formulation in the more common min-max-min form

of 2ARO:

min thyl+zaz Si1 + Z ﬁ +maX min Z ZZ (61]$17t+ Z a7 ]f’ )

i€[I] i€[1] te(2,T] te(2,T)i€(I] je[J]
st sn <Ky, i€l st Z Tijo =i — B — Z dﬂ B2 €[]
ye{0,1}!, z>0. ‘
Z%t Bler = Z > du(€)By
Jel e,
+Z PR ACRL
€[2,t—1]
ie[l],te[3,T)
Z%’ijtzdjt(ﬁt) JjeJ)te2,T)

S Y dwl€)sl 20 jellte[2T)
t'e[2,t] jE[J]
x>0
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Denote by 7!, 72, 73 the dual variables associated with three constraint sets of the inner minimiza-
tion problem. After taking its LP dual and the adding the KKT conditions, we get the following

as the subproblem of the column-and-constraint generation:

IDID I D IIIT D DD IPI

te[2,T]ie[I] je[J) t’€[2t te[2,T]ie[I] je[J)

s.t. Z Tijo2 = Si1 — i - Z djgﬁﬂ 1€ [I]
J€EJ] jE[J]
Z it = Biyo1 — Z Z div B + Z Z djt’ﬁz -1 i€([l],te[3,T]
J€[J] JE[J]t €[2,1] je[J) ' e[2,t—1]
sz]t > dgt ] € [J]7t € [27T]
€[]
T+, < iell],jelJ]
w4, < cyj i€lll],jelJ),te[3,T]

linearization
(dje— 3 i), = 0 Hneereation,
i€[I]
mh S ML —L8), Y @i —dj < MO jelJ,te[2,T)
i€(I]
0 linearization

1 3 _
(’ﬂ'i + 7Tj2 — Cij)xijZ =

Tij2 SM( ££2) Cij 7T1 —7T <M€£2

iell],jelJ]
linearization

(7T2'2t + ﬂ-?t — Cij)ﬂfijt =0

x5 < M(1 fﬁt) Cij =Ty 7T <M€Zt

eI],jel[J],te[3,T)

S+ >0 N dwBl >0 jelJ),tel2,T)
t'e(2,t] je[J]
djr = pjt + 05101 jelJ],te[2,T]
> Yaer
te(2,T] jelJ]
Zij > 0, eme{o,l} iell],jelJ],te(2,T]
0<d; <1, 0< 7}, £ €{0,1} je),te2,T).

Then, the column-and-constraint generation master problem at x'" iteration is:

min nyz—i-z 11‘1‘253)‘“7

i€[I] ie[I] te(2,T)
s.t. Si1 < szz 1€ [[]

n= >0 33 (eveli+ D adisl) kelx]

te[2,T) i€l jE[J] t’'e(2,t]
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§ ngZ

J€J]

§ : xzjt

J€EJ]

E : xz;t

i€(I]

=51 —Bh— » dhBh iel,ke k]
J€lJ]
Do = Bh= D0 DO B+ Y diuBl,
JE[J]t €[2,1] Jje[J]t' e[2,t—1]

e [I],t€[3,T),k € [K]
>d§t jelJ),tel2,T),k e [x]

S+ N dBl >0 eI),t€[2,T),k € [x]

JEJIt €[2,1]
¥ >0 k€ [k]
ye{0,1}, 2>0,
where xfjt and dft are the column and significant scenario generated at iteration k.
A.2. Restricted NA Dual
The Q(5*, 5*) function for the location-transportation problem:
Q(p*,B%) =
min Z+ Z ZB S?t Z Z Z ﬁz]t ZUt )
te[2,T)ie[l] te[2,T)i€[I] j€[J]
SERED SRS SO WIATITD S 3 R B
€[] te[T)ie[l] te[2,T)ie[I] j€[J]
Si1 S K1y17 1€ [I]
si(€) =s-1(87 ) =D mije(€ ie[l],te(2,T),¢" e=
J€[J]
> (€)= dn(€) icI,tel2,T)," €=
€[]

ye{0,1}, 2 e RXT g e R,

For this mixed-integer subproblem, the cutting-plane method presented in Section 3.3 is applicable.
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B. Detailed Results

B.1. Newsvendor Problem

Table 4: Detailed results for the newsvendor problem

T B |2 I B PR v oA VP!
3 100 656.6 970.2 975.3 975.3 1457.0
3 150 6668.5 8410.4 8647.2 9794.5 10036.0
s 5 o5 3 200 86620 114462 11569.7 13709.0 13709.0
4 150 51548 53844 5466.8 5466.8 57810
4 200 10049.4 12452.0 12759.9 14501.9 14525.0
5 200 5944.7 7120.6 7402.4 7402.4 7713.0
3150 57521 7620.9 7984.6 84649 8895.0
3200 6279.6 9199.0 9700.9 11833.0 11833.0
3 10 100 4 150 3502.7 4886.5 4910.2 5002.5 5323.0
4 200 79229 10961.1 11273.4 14036.5 14060.0
5 200 28655 5877 6063.1 6063.1 6737.0
2 100 669 1047 1214 1214 1337
3 200 7807 9198 9491 9492 10157
4 4 64 3 300 13421 16414 17317 19188 19188
4 200 2034 2297 2447 2447 2640
4 300 13645 17860 18721 20095 20139
3 200 6643.8 8070.1 8295.6 8760.0 9249.0
3300 11854.3 150354 16606.8 18240.0 18240.0
4 5 125 4 200 1443.7 1700.8 1739.8 1917.7 2122.0
4 300 13186.4 17579.4 18450.8 19618.0 19635.0
5 300 5142.0 10494.4 11299.5 11607.6 12343.0
3200 5648.8 8142.9 8876.4  9353.0
3300 91435 13687.6 17853.0 17853.0
4 10 1000 4 200 -104.4 440.0 642.4 919.0
4 300 11029.5 15854.7 18400.7 18432.0
5 300 7249 61255 6748.6  7368.0
3200 51113 7072.0 7646.6  8222.0
4 15 3375 3 300 9030.9 13040.7 17615.0 17615.0
2 150 2490.9 2673.5 27634 27633 29754
5 3 81 2 200 8888.4 11192.5 11313.7 11448.6 11525.6
3250 7809.0 8800.3 90654 9065.5 9382.3
3 300 14702.3 16898.8 17214.3 17308.7 18156.1
5 4 256 3 300 12367.7 15591.0 15989.0 162525 17192.6
s 5 g5 3 300 111345 150534 16191.6 16680.0
4 300 3651.5 9494.8 10553.8 10628.0
5 6 1296 3 400 15013.4 20271.7 25157.0 25157.0
3400 154923 21457.9 28163.0 28163.0
6 4 1024 4 400 7124.3 14805.2 15426.2 15473.0
4 500 14445.4 24887.7 32946.9 32973.0
3300 243 1495.9 2137.3  2383.0
73 720 3 400 12994.7 17774.1 19554.5 19983.0
4 400 3267.5 4303.1 5354.3  5427.0
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Table 4: Detailed results for the newsvendor problem (continued)

T BR |E] I B yLPR V28 v* pRA PI
8 3 9187 3 500 16149.1 253214 30259.0 30259.0

4 600 16892.3 27608.1 28717.7 28747.0
Table 5 Running time for the larger size newsvendor problem instances

T B [E| I B Time (s)
I/LDR 1/28 ﬁII;A PI
3 200 38 31 7561 1
3 300 50 31 24 1
4 10 1000 4 200 47 28 625 1
4 300 o8 30 2385 1
5 300 59 33 3311 2
15 3375 3 200 158 140 642 3
20 8000 3 300 726 675 1077 7
3 300 16 15 1426 1
o 5> 025 4 300 22 19 5053 1
5 6 1296 3 400 54 54 53 1
3 400 97 33 48 1
6 4 1024 4 400 70 67 5911 2
4 500 74 69 3846 2
3 300 37 38 525 1
7 3 729 3 400 37 36 13010 1
4 400 50 50 12874 1
3 500 364 335 358 4
8 3 2187 4 600 462 464 37409 5




46

B.2. The Location-Transportation Problem

Table 6: Detailed results for the location-allocation problem

(T,I,J,a%) at s URA

0.1 763055.2  682934.4
0.4 763053.2  651647.4

(3,10,10,0.1) 'z 7630523 577630.6
1 7630547 569238.8
0.1 15776943 1464100.3
04 15776943 1364705.6
(3,10,10,0.3) "7 1510050.0 1206126.4
1 1575438.6 1224115.8
0.1 15758135 1426111.2
04 15776943 1363127.9
(3,10,10,0.5) 0.7 1577694.3 1181693.0
1 15553867 1474506.6
0.1 11710359 857108.3
04 11710359 831435.5
(3,10,15,0.1) 0.7 1158076.3 1073536.8
1 11580761 961203.2
0.1 1171035.9 1067984.7
04 11710359 863053.5
(3,10,10,0.3) 0.7 11710359 1092576.5
1 11710359 994209.5
0.1 11710359 829093.4
04 11710359 978986.0
(3,10,10,0.5) 0.7 11580764 942674.2
1 11710359  930973.5
04 1672246.0 1282612.7
(3,10,20,0.5) 1 1675102.0 1457338.7
0.1 78193140 7248528
04 7819340 573157.6
(4,5,5,0.1) 0.7  781934.0 687320.0
1 7819340 727980.6
0.1 7819340 710778.0
0.4 7819340 627111.1
(4,5,5,0.3) 0.7 7819340 6669897
1 7819340 701394.8
0.1 7819340 5333228
(4.5.5,05) 04 7819340 711559.9

0.7  781934.0 620073.7
1 781934.0  728762.5

0.1 1044144.0 909449.4
(4,5,7,0.1) 0.4 1044144.0 848889.1
1 1044144.0 829050.3
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Table 6: Detailed results for the location-allocation problem (continued)

(T,I,J,a%)

u

(67

VQS

_NA
VR

(4,5,7,0.3)

0.1
0.4
0.7

1

1044144.0
1044144.0
1044144.0
1044144.6

847844.9
825917.9
984627.8
855154.4

(4,5,7,0.5)

0.1
0.4
0.7

1

1044144.0
1044144.8
1044144.3
1044144.7

829050.3
772667.2
864551.5
816521.2

(4,5,10,0.1)

0.1
0.4
0.7

1

2327093.7
2327093.7
2327093.7
2327093.7

2008281.8
1738339.0
2168851.3
1954758.7

(4,5,10,0.3)

0.1
0.4
0.7

1

2327093.7
2327093.7
2327093.7
2327094.0

1912871.0
1663872.0
1752301.5
20641324

(4,5,10,0.5)

0.1
0.4
0.7

1

2327093.7
2330349.6
2327093.7
2327093.7

1733684.8
2078671.9
1959412.9
1824441.4

(4,10,10,0.1)

0.1
0.4
0.7

2408515.07
2408515.14
2408515.1
2408515.4

2071323.0
1854556.7
1719679.8
2237510.8

(4,10,10,0.3)

0.1
0.4
0.7

2359826.5
2408515.1
2408515.5
2377021.4

2189919.0
2083365.6
2083365.9
1739979.6

(4,10,10,0.5)

0.1
0.4
0.7

2359826.5
2408515.1
2359826.5
2359826.5

2130923.4
2203791.3
1923258.6
1781669.0

(5,5,10,0.1)

0.1
0.4
0.7

3436537.5
3478066.7
3442732.0
3442731.5

3075701.1
2855492.7
2785170.2
3256824.0

(5,5,10,0.3)

0.1
0.4
0.7

3478066.1
3442731.5
3478066.1
3427190.6

2695501.3
2840253.5
2483339.2
2450441.3

(5,5,10,0.5)

0.1
0.4
0.7

3442732.0
3478066.2
3469376.2
3436537.5

2478767.0
2625940.0
2976724.8
2543037.8
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Table 7: Algorithmic details for the location-allocation problem

V25IPR CECG

A Cutting-plane

(T,I,J,a%) at
#iterations Time (s) #iterations Time (s)
0.1 14 1473 612 1077.9
0.4 9 55.6 795 11095
(3,10,10,0.1) o7 9 84.0 718 9554
| 9 1048 1313 >10h
0.1 12 8342 1000 > 10h
0.4 9 A7.9 992 037.4
(3,10,10,03) 7 9 64.1 726  >10h
| 9 66.6 976 541.0
0.1 2 1046 267 > 10h
0.4 9 1028 655 > 10h
(3,10,10,05) 7 9 81.2 1045 6794
| 9 94.5 1387 > 10h
0.1 5 1461 240 2584.8
0.4 2 1076 333 >10h
(3,10,15,0.1) 7 8 91.6 414 >10h
] 5 28.3 808 >10h
0.1 9 1957 766 4155.8
0.4 9 93.6 959 4206.4
(3,10,10,03) 7 2 90.6 455 4640.6
] 2 1139 1186 5003.7
0.1 9 93.1 1240 3458.0
0.4 4 1513 802 2402.3
(3,10,10,05) 7 2 108.0 870  >10h
| 9 $5.9 1085 3419.8
04 2 3558.8 1137 8746.5
(3,10,20,0.5) 1 2 19158 492 7273.0
0.1 2 04 950  887.6
0.4 9 0.5 1477 >10h
(4,5,5,0.1) 0.7 2 0.5 626  1182.8
| 9 0.5 1241  >10h
0.1 5 04 1360 1186.9
0.4 9 0.4 552 >10h
(4,5,5,0.3) 0.7 9 0.4 1010 739.6
] 9 0.4 543 > 10h
0.1 9 0.3 546 > 10h
0.4 9 0.5 982 >10h
(4,5,5,0.5) 0.7 2 0.8 873 7912
1 9 0.4 900 > 10h
0.1 11 76.2 315 1184.0
(4,5,7,0.1) 0.4 9 1318 419 >10h
1 7 1538 1049 > 10h
0.1 9 1132 851 838.7
0.4 9 189.4 1341 916.0
(4,5,7,0.3) 0.7 2 1747 783 >10h
| 2 1508 965 > 10h
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Table 7: Algorithmic details for the location-allocation problem (continued)

V25IPR CECG

A Cutting-plane

(T,I,J,a%) @
#iterations Time (s) #iterations Time (s)
0.1 9 1119 1226 742.0
0.4 9 97.3 381 8314
(4,5,7,0.5) 0.7 17 1318 550 704.9
| 2 196.7 588 > 10h
0.1 5 78.7 1499 >10h
0.4 11 87.8 721  >10h
(4,5,10,0.1) 0.7 11 1002 478 4062.0
| 9 1154 547 > 10h
0.1 2 1963 1021 7742.2
0.4 9 99.5 652  11814.1
(4,5,10,0.3) 0.7 9 48.2 572 11408.6
| 9 1061 403 88807
0.1 2 1797 358 > 10h
0.4 9 34.9 1427 >10h
(4,5,10,0.5) 0.7 2 71.6 608 11996.6
] 9 39.1 737 10706.6
0.1 2 130548 1822 >10h
0.4 9 12710.6 2147 > 10h
(4,10,10,0.1) 7 2 43525 758 > 10h
] 9 7139.0 1238 13663.5
0.1 6 107095 868 9490.9
0.4 10 7592.3 746 > 10h
(4,10,10,03) 7 2 120704 1330 >10h
1 o T 842 129375
0.1 2 8261.0 758 10538.8
0.4 2 8988.9 791 > 10h
(4,10,10,05) 7 9 5248.9 1461 14107.7
| 2 30496 684 > 10h
0.1 2 3496 1401 >10h
0.4 2 9785 9248 >10h
(5,5,10,0.1) 0.7 2 6476 586 149881
| 2 576 884 >10h
0.1 2 8635 779 > 10h
0.4 2 5800 1053 16150.2
(5,5,10,0.3) 0.7 2 4029 757 12702.8
| 9 o417 997  14375.6
0.1 2 1008.4 409 > 10h
0.4 4 7917 1310 12800.1
(5,5,10,0.5) 0.7 12 379.6 011  15108.2
| 4 7203 518 13741.1




	Introduction
	Literature Review
	Contributions

	Primal Bounding
	Two-stage Decision Rules
	Two-stage Linear Decision Rules
	Two-stage Piecewise-constant Decision Rules

	Dual Bounding
	Nonanticipative Dual of the MSARO
	Lagrangian Dual Decision Rules
	Solving the Restricted NA Dual Problem
	Discrete Uncertainty Set
	Continuous Uncertainty Set

	Restricted Decomposable NA Dual Bound

	Numerical Experiments
	Benchmarks and Implementation Details
	Robust Budgeted Newsvendor Problem
	Problem Instances
	Quality of the Bounds
	Optimality Gap

	Robust Location-Transportation Problem
	Problem Instances
	Scenario-Tree Instances
	Budgeted-Uncertainty Instances

	Robust Capital Budgeting Problem
	Problem Instances
	Optimality Gap


	Conclusion
	Appendices
	Detailed Models for the Location-Transportation
	Column-and-constraint Generation with Two-stage Linear Decision Rules
	Restricted NA Dual

	Detailed Results
	Newsvendor Problem
	The Location-Transportation Problem


