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ABSTRACT

In this paper we introduce modified versions of CMA-ES with the
objective to help to prove convergence of CMA-ES. In order to
ensure that the modifications do not alter the performances of
the algorithm too much, we benchmark variants of the algorithm
derived from them on problems of the bbob test suite. We observe
that the main performances losses are observed on ill-conditioned
problems, which is probably due to the absence of cumulation in
the adaptation of the covariance matrix. However, the versions of
CMA-ES presented in this paper have globally similar performances
to the original CMA-ES.
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1 INTRODUCTION

In black-box optimization, the derivative-free algorithm CMA-ES
(Covariance matrix adapation - Evolution strategies) [8] has shown
good performances [5, 7] on many optimization problems. Although
its theoretical foundations have progressed in the recent years,
establishing a proof of convergence, even for very simple objective
functions, remains very challenging.

In order to reduce the complexity of a theoretical analysis via the
stability of a normalized Markov chain [10], we introduce in this
paper small changes in the update equations. For instance, having
continuously differentiable updates allows the use of verifiable
conditions, in particular for the irreducibility of the forementioned
normalized Markov chain [2]. So far, this approach was succesful
to prove linear convergence for some algorithms in the ES class,
e.g., (1+1)-ES [9] or (u/pw, A)-ES [11]. However, the adapation
of a covariance matrix and cumulation increases the size of the
state space of a normalized Markov chain, since it must include
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these parameters in addition to a normalized mean. Furthermore, a
slightly different approach in the update of cumulative paths makes
the algorithm affine-invariant and may extend the class of objective
functions for which a proof of convergence exists.

In this paper, we examine modifications of the CMA-ES algorithm
to address these different issues and benchmark variants of the
CMA-ES algorithm with and without modifications. Our objective
is to see whether and how much the performance of the original
algorithm deteriorates.

All in all, we compare 10 variants of CMA-ES (including the
original one) on the COCO platform [6], on 24 problems in the
bbob suite.

This paper is organized as follows. In Section 2, we present the
algorithm update equations as well as the considered modifications.
Section 3 provides details on how the results were produced. We
give the CPU timings of each variant in Section 4. In Section 5 we
show the obtained results. We conclude in Section 6.

2 ALGORITHM PRESENTATION

The algorithm CMA-ES updates at each iteration t € N the mean
m: € Rd, the stepsize o; > 0 and the covariance matrix C; € Sir
—that s, Ct belongs to the set of positive definite symmetric matrices
of size d x d— of a multivariate normal distribution A/ (m;, otz Ct),
as shown by Egs. (2), (4) and (6) below. Besides, to better adapt the
stepsize and the covariance matrix, CMA-ES relies on cumulation,
that is it takes into account the favored directions in the previous
iterations to update the stepsize and the covariance matrix. This
is translated mathematically by the paths py R? and pf € RY,
which are updated according to Egs. (3) and (5).

Hence, at each iteration t € N, given current mean m; € Rd,
stepsize ot > 0, covariance matrix Cr € Sir, and cumulation paths
ps, pf, we generate a population of A € N i.i.d. candidate solutions
X ~’X?+1 ~ N (m¢,02Ct), and we rank them w.rt. their f-
values, i.e. we define indices i: A (for i = 1,...,A) such that

f(xeh) < £ (xEL) << (x50). 1)

We update then the algorithm parameters according to the following
equations

£ i
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Cre1=(1—c1—cuy wi)Cr+ 01[P§+1][P§+1]T

2 it i T
+ Cuot Z wi [Xt+l - mt] [Xt+1 - mt] (6)
i=1
where cq, ¢, > 0 are such that ¢y +¢; <1, ¢c,co > 0 and the weights
W12 Wy > ... Wy 202wy >0 > wy are such that Y w; =1
and Z?Zl w; ~ 0. Moreover, the integer A > 1is called the population
size, and p € {1,..., A} is the parent number.

First, a possible simplification of the algorithm is to remove
cumulation on the covariance matrix and/or the stepsize, i.e. set
cc = 1 and/or ¢ = 1. Second, we can assume that the updates are
continuously differentiable w.r.t. the current parameters. Only the
update of the stepsize in Eq. (4) is concerned, which we replace

then by
o 2
at+1:ot><exp(2c;(|m;”—l)). 7)
o

Note that this modification requires to change the value of dy. In
the default algorithm dy is chosen proportional to . /Il when p is
large since |p{ | scales with | /Jieg on linear selection. Therefore,
with this modification, we have to chose ds proportional to pg
when p is large, while applying Eq. (7) instead of Eq. (4).

Last, we introduce a modification the replacement of the path
pf by pf, ie., instead of Eq. (4) we have

|

EIN(0.1p)] )

Ot4+1 = Ot X €Xp di
o

This modification is indeed helpful in a theoretical context, as it
reduces the dimension of the state space of the chain produced by
the algorithm, since there would remain only one cumulation path
(instead of two in the original algorithm). Besides, it makes the
algorithm affine-invariant —we refer to [1] for a formal definition—
and allow to extend in some contexts an analysis on e.g. spherical
objective function to any (monotonic transformation of a) convex-
quadratic objective function. Note that this introduces a bias on the
log stepsize on uniformly random selection!, whose expectation is
0 with the standard stepsize update.

Therefore, we analyze in total 10 variants of CMA-ES, as described
here. We use the following labels to refer to them.

(a) The affine-invariant variant, i.e. when applying Eq. (8).
(s) The variant without cumulation on the stepsize, i.e. cs = 1.
(c) The variant without cumulation on the covariance matrix,
ie.cc=1.
(d) The continuously differentiable variant, i.e. when applying
Eq. (7).
Moreover, we consider variants which are combinations of the
previous ones, e.g., (ad) refers to the variant of CMA-ES applying
Egs. (7) and (8). Note that if we do not have cumulation, it is
already affine-invariant, so we don’t have to analyze variants that
combine (a) with (s) and/or (c). Finally, the original CMA-ES is
labeled (default).

{1,..., )L}
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CPU timings per function evaluation (in 10_45)
Dimensions 2 3 5 10 | 20 | 40
(default)-CMA-ES 28124120 23| 26| 3.0
a-CMA-ES 281 24|23|23| 24|30
ad-CMA-ES 30| 24| 20| 15| 14| 17
s-CMA-ES 2412211915 14| 17
c-CMA-ES 251212013 14| 17
sc-CMA-ES 45|35 29|30(50]( 3.2
d-CMA-ES 311 26|21]16| 15| 18
sd-CMA-ES 30| 24| 21|15| 14| 18
cd-CMA-ES 2912318 14| 14| 17
scd-CMA-ES 2612411915 13| 18

Table 1: Average CPU timings for each variant

3 IMPLEMENTATION AND EXPERIMENTAL
PROCEDURE

The code used for the benchmarking of the variants presented in
this paper is available online [3]. This is based on the Python module
of cma, and used options available in the development — branch
which can also be found online [4]. To run the different variants
we use respectively the following options in Python.

(a) CSA_invariant_path = True

(s) es.adaptsigma.damps += 1 — es.adaptsigma.cs
es.adaptsigma.cs =1

(c) es.sp.cc=1

(d) CSA_squared = True
CSA_damp_mueff_exponent =1

The option CSA_damp_mueff_exponent = 1 for the variant (d) is
due to a wrong scaling of do with pg := > w;? when the stepsize
update follows Eq. (7). We refer to e.g. Figure 1 where we see that the
variant (d) with ds chosen as by default (labeled as (dm)) has lower
performances, in particular on the Rastrigin function in higher
dimensions. Note that the scaling of ds with ¢ when using this
update is not changed by default in v.3.3.0. of the cma module in
Python [4]. The budget used for all experiments here was 2 x 10°xd
function evaluations (where d is the dimension of the problem),
with possibly up to 9 restarts with doubling the population size. We
have used 15 instances, and analyzed 24 objective functions from
bbob suite in dimensions 2, 3, 5, 10, 20, 40.

We performed the experiment using COCO [6] v.2.6.2, and post-
processed the results (as shown in Section 5) with COCO v.2.6.3.

4 CPU TIMINGS

In order to evaluate the CPU timing of the algorithm, we have run
each variant presented above with restarts on the entire bbob test
suite for the entire budget. The Python code was run on a Linux
machine with 32 cores, Intel ®Xeon ®E7 to E3 v4 processor, with
Python 2.7.5. The time per function evaluation for dimensions 2, 3,
5, 10, 20, 40 for each variant is presented in Table 1.
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5 RESULTS

Specific results for each algorithm variant presented in this paper
are available online [3]. They notably include empirical cumulative
distributions of the number of evaluations for a certain number of
targets, expected runtimes measured in number of required function
evaluations, and how they scale with dimension, on 24 objective
functions of the bbob suite. We focus here on the main differences
in the performances introduced by the modification presented in
this paper w.r.t. the original CMA-ES.

Figure 5 shows how the expected runtime (measured in number
of function evaluations) to reach given targets scales with the
dimension of the problem when optimizing bbob functions with
the default CMA-ES and the affine-invariant versions of CMA-ES
(a) and (ad). We observe that (a) and (ad) performs well on many
of these problems, in particular the sphere, Rastrigin, Weierstrass,
Gallagher 101 peaks and Katsuuras. This is particularly significant
for Katsuuras, where the affine-invariant variants solve up to three
times more targets than the default, see Figure 3. Note that there
is no remarkable performance loss for these variants, as on most
objective functions, they perform about as fast as the default.

In Figure 5 are shown the scaling of the expected runtime with
dimension for the modified CMA-ES algorithms without cumulation
—(c), (s) and (sc)- compared to the default CMA-ES. The main
differences are in favor of algorithms with cumulation on the
covariance matrix especially on highly ill-conditioned problems, see
Figure 4. This is particularly significant on the Bent cigar function,
for which we show in Figure 2 the empirical cumulative distribution
(ECDF) of the number of evaluations to reach several targets in
dimension 40. We see there that variants with cumulation on the
covariance matrix perform about twice faster in dimension 20 and
thrice faster in dimension 40.

Figures 6 and 7 compare the algorithm variant (d), whose stepsize
update is continuously differentiable, with the default CMA-ES.
We can see that (d) performs slightly worse than the default on
some functions, especially on high dimension, see e.g. Schwefel or
Rastrigin separable, for which this is significant for some targets
in larger dimensions. As explained in Section 3, Figure 1 shows a
possible undesirable effect on the performance when we do not
rescale the value of ds with p when using the variant (d).

All in all, when applying all modifications, the algorithm (scd)
still performs well on most functions of the bbob suite, with the
same observations that as for the variants (sc) and (d), with results
presented in Figures 6 and 7 and Table 2. Note that, on most
functions it performs as fast as the default CMA-ES. The highest
differences of performances are, again, observed on ill-conditioned
functions, see Figure 4, but it is never more than three times slower.

6 CONCLUSION / DISCUSSION

We have analyzed the effects of modifications of CMA-ES that
allow for easier theoretical analysis. From the results obtained in
this paper, we observe that these modifications do not deteriorate
too much the performances. Specifically, it appears that cumulation
on the covariance matrix helps significantly on ill-conditioned
problems, and that the standard CSA update for the stepsize performs
slightly better than the continuously differentiable alternative we
introduce in this paper. We do not observe any major negative
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effects of the modification on the paths introduced here to make
CMA-ES affine-invariant.

We also note that the value of ds, when the stepsize update
follows Eq. (7), is not correctly chosen in the version of the cma
Python package used when running the experiment (v.3.3.0), and
it is currently required to change the scaling of ds with p g when
using this variant.
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Table 2: Expected runtime (ERT in number of f-evaluations) divided by the respective best ERT measured during BBOB-2009
in dimension 20. This ERT ratio and, in braces as dispersion measure, the half difference between 10 and 90run lengths appear
for each algorithm and target, the corresponding reference ERT in the first row. The different target Af-values are shown in
the top row. #succ is the number of trials that reached the (final) target fopt + 10~%. The median number of conducted function
evaluations is additionally given in italics, if the target in the last column was never reached. Entries, succeeded by a star, are
statistically significantly better (according to the rank-sum test) when compared to all other algorithms of the table, with
p=0050rp = 10% when the number k following the star is larger than 1, with Bonferroni correction by the number of
functions (24). A | indicates the same tested against the best algorithm from BBOB 2009. Best results are printed in bold. Data
produced with COCO v2.6.2
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Figure 5: Scaling of expected runtime (measured in function evaluations) with dimension: on the x-axis the dimension of the
problem, on the y-axis log,, (#{function evaluations}/dimension)
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Figure 6: Scaling of expected runtime (measured in function evaluations) with dimension: on the x-axis the dimension of the
problem, on the y-axis log,, (#{function evaluations}/dimension)
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Figure 7: Empirical cumulative distribution of simulated (bootstrapped) runtimes, measured in number of f-evaluations,
divided by dimension for 51 targets 10073-%] in 20D.
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