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. Note that it is now known [1] that E|Sx| ≍ √ x log log x .

Introduction

Introduction

At section 7 of [START_REF] Heap | Moments of random multiplicative functions and truncated characteristic polynomials[END_REF], Heap and Lindqvist provide a conjectured bound:

E(|S x |) ≤ (1 + o(1)) • 0.9036020036 . . .

√ x

To avoid unnecessarily reproducing the context we refer the reader to [START_REF] Heap | Moments of random multiplicative functions and truncated characteristic polynomials[END_REF] and include here only novel ideas improving the above bound. This note can hence be read as a continuation of [START_REF] Heap | Moments of random multiplicative functions and truncated characteristic polynomials[END_REF].

We denote by p i the i-th prime. Note that it is now known [START_REF] Harper | Moments of random multiplicative functions, i: Low moments, better than square root cancellation, and multiplicative chaos[END_REF] that

E|S x | ≍ √ x
log log x which reduces the interest of this note to exploring the limits of the Cauchy-Schwarz strategy.

The improvement strategy

For understanding the improvement strategy we remark the following:

Let P (X ℓ(1) , . . . , X ℓ(t) ) be a multivariate polynomial. Consider the operator Replace taking P and substituting all occurrences of X 2 ℓ(i) by 1 and all occurrences of X ℓ(i) by 1/ℓ(i).

Form the rational fraction F in the variables v ℓ(1) , . . . , v ℓ(t) :

F (v ℓ(1) , . . . , v ℓ(t) ) = Replace t i=1 (1 -v ℓ(i) X ℓ(i) ) 2 t i=1 (1 -v 2 ℓ(i) )
The minimum of F over [0, 1] t is reached for:

vℓ(i) = ℓ(i) -ℓ(i) 2 -1
To see why, develop first

∆ = Replace t i=1 (1 -v ℓ(i) X ℓ(i) ) 2 = Replace t i=1 (1 -2v ℓ(i) X ℓ(i) + v 2 ℓ(i) X 2 ℓ(i) = Replace t i=1 (1 -2v ℓ(i) X ℓ(i) + v 2 ℓ(i) ) = t i=1 (1 -2 v ℓ(i) ℓ(i) + v 2 ℓ(i) )
Which gives:

F (v ℓ(1) , . . . , v ℓ(t) ) = t i=1 1 -2 v ℓ(i) ℓ(i) + v 2 ℓ(i) 1 -v 2 ℓ(i)
Hence:

∂F ∂v ℓ(u) = 4ℓ(u)v ℓ(u) -2(1 + v 2 ℓ(u) ) ℓ(u)(v 2 ℓ(u) -1) 2 i̸ =u 1 -2 v ℓ(i) ℓ(i) + v 2 ℓ(i) 1 -v 2 ℓ(i)
And:

∂F ∂v ℓ(u) = 0 ⇒ vℓ(u) = ℓ(u) ± ℓ(u) 2 -1
Substituting back the second root ℓ(u) -ℓ(u) 2 -1 we get:

F (v ℓ(1) , . . . , vℓ(t) ) = t i=1 ℓ(i) 2 -1 ℓ(i) 2 < 1
Hence, when ℓ(i) = p i we have that:

lim t→∞ F (v ℓ(1) , . . . , vℓ(t) ) = 1 ζ(2) = √ 6 π
The above improves the upper bound on the Steinhaus expectation for k = 1/2 given in [START_REF] Heap | Moments of random multiplicative functions and truncated characteristic polynomials[END_REF].

To see why, let 0 ≤ v ℓ(1) , . . . , v ℓ(t) ≤ 1 and let S x = n≤x X n as in [START_REF] Heap | Moments of random multiplicative functions and truncated characteristic polynomials[END_REF]. By the Cauchy-Schwarz inequality we have:

E[|S x |] 2 ≤ E[| t i=1 (1 -v ℓ(i) X ℓ(i) )S x | 2 ] • E(| t i=1 (1 -v ℓ(i) X ℓ(i) )| -2 ) = E[| t i=1 (1 -v ℓ(i) X ℓ(i) )S x | 2 ] t i=1 (1 -v 2 ℓ(i) ) = F (v ℓ(1) , . . . , v ℓ(t) )
whose minimum was given before. 

  We thank Winston Heap for his remarks concerning a preliminary version of this note.
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