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FROM NONLOCAL EULER-KORTEWEG TO LOCAL CAHN-HILLIARD VIA
THE HIGH-FRICTION LIMIT

CHARLES ELBAR, PIOTR GWIAZDA, JAKUB SKRZECZKOWSKI,
AND AGNIESZKA SWIERCZEWSKA-GWIAZDA

ABsTRACT. Several recent papers considered the high-friction limit for systems arising in fluid
mechanics. Following this approach, we rigorously derive the nonlocal Cahn-Hilliard equation as
a limit of the nonlocal Euler-Korteweg equation using the relative entropy method. Applying
the recent result by the first and third author, we also derive rigorously the local degenerate
Cahn-Hilliard equation. The proof is formulated for dissipative measure-valued solutions of the
nonlocal Euler-Korteweg equation which are known to exist on arbitrary intervals of time. Our
work provides a new method to derive equations not enjoying classical solutions via relative entropy

method by introducing the nonlocal effect in the fluid equation.

1. INTRODUCTION

We consider the nonlocal Euler-Korteweg system re-scaled in time é.e. t — % and with high friction

coefficient %

1
O+ - div(pu) = 0, in (0,4+00) x T¢, (1.1)

1 1 1
Or(pu) + — div (pu @) = =—pu = —pV(F"(p) + Bylp]), i (0,400) x T4 (1.2)

This equation models the long-time asymptotics of the motion of a compressible fluid with density
p, velocity u which is in fact a liquid-vapor mixture. The fluid experiences high friction (due to the
term —6% pu) and additional capillary effects in the transition zone between liquid and vapor (due

to the term —LpV(F'(p) + By[p]) as proposed by Korteweg [59]).
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Concerning the notation, T¢ is the d-dimensional flat torus, ¢ > 0, B,, is the nonlocal operator

approximating —A operator, defined by

1 1
Bylpl(z) = F(p(fﬂ) —wy x p(x)) = p /W wy(y)(p(x) — p(z —y)) dy (1.3)
for n > 0 small enough and w,, is the usual radial mollification kernel w,(z) = nidw(%) with w
compactly supported in the unit ball of R? satisfying
2D
w(y)dy =1, yw(y)dy =0, yiyjw dy = 04— < 00 (1.4)
Rd R R

When ¢ is very small, the friction is so big, that we mostly observe a phase separation phenomenon
between the liquid and the vapor. More rigorously, when € — 0, we prove that the constructed

solution of (I))-(2]) converge to solutions of the nonlocal Cahn-Hilliard
dip = div(pVp), in (0,400) x T, (1.5)
p=Bylpl + F'(p), in (0,400) x T?, (1.6)

see Theorem Furthermore, when €,7 — 0 in some scaling to be determined, we prove the

convergence of (ILI)-([T2) to the local Cahn-Hilliard equation
Oip = div(pVp), in (0,400) x T, (1.7)
m= _DAp + F/(p)a in (07 +OO) X Wda (18)

which describes the dynamics of phase separation, see Theorem [T.4]

Our proof relies on the relative entropy method, which is for instance often used in the context of
weak-strong uniqueness. It relies on certain regularity of solutions of the limit system, which is not
available in the case of the local Cahn-Hilliard equation. Therefore, we introduce an intermediate
step, which is interesting by itself, and consider the nonlocal Cahn-Hilliard equation by introducing
the parameter 7. Since we know from [39] that the solutions to the nonlocal Cahn-Hilliard equation
converge to the weak solutions of the local Cahn-Hilliard equation (see Definition [[3])) when n — 0,
it remains to prove that the nonlocal Euler-Korteweg system tends to the nonlocal Cahn-Hilliard

equation when € — 0. Then, sending € and 7 to 0 with the appropriate scaling, we prove the result.

The main motivation for our work is the paper of Lattanzio and Tzavaras [61], who prove the con-
vergence of the local Euler Korteweg system to the local Cahn-Hilliard equation. They assume the
existence of admissible weak solutions of the first system and classical solutions of the second one.

The first assumption is a drawback as dissipative (that is, satisfying energy inequality) weak solutions



Nonlocal Euler-Korteweg =0 Non-local degenerate Local degenerate

(- (2) Theorem [CH Cahn-Hilliard (IC5)-(LH) Proved in [39] Cahn-Hilliard (I7)- (L)

e — 0, n — 0 together
Theorem [

FIGURE 1. Relation between the three equations considered in this article.

existing on arbitrary intervals of time are not known to exist for most models in fluids dynamics.
One can try to construct the solutions via the convex integration method but these solutions will
have a jump in the energy at the initial time so they will not be dissipative. The second assumption
of [61] is also difficult to be satisfied as so far, there is no theory of classical solutions to the local
Cahn-Hilliard equation with degenerate mobility on arbitrary intervals of time. Similarly, there is no
maximum principle that is necessary in [61] to deduce that the classical solution is strictly positive

using positivity of the initial condition.

We propose to overcome the first problem by the concept of dissipative measure-valued solutions,
introduced by DiPerna [31] in the context of hyperbolic conservation laws in one dimension and by
DiPerna and Majda [32] for the incompressible Euler equations. Roughly speaking, they are defined
as the weak limit of classical solutions of appropriate approximating problems. As weak compactness
is not sufficient to pass to the limit in nonlinear terms, the definition of the measure-valued solution

includes the Young measure v; , and the concentration measure m to represent weak limits as in (2.1]).

While measure-valued solutions are weaker than the usual weak solutions, they are dissipative and
they are known to exist. Moreover, their importance comes from the fact that they enjoy the prop-
erty called weak-strong uniqueness: they coincide with the strong solution whenever the latter exists.
The dissipativity is important both for the weak-strong uniqueness and application of the relative
entropy method: the weak-strong uniqueness does not hold for weak or measure-valued solutions
without any condition on energy as demonstrated by solutions arising by the convex integration

method [29/69].
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Since the weak-strong uniqueness property was observed by Brenier, De Lellis and Székelyhidi in [10],
measure-valued solutions were studied for several systems including compressible fluid models [55],
isentropic Euler system [48], polyconvex elastodynamics [30], Euler-Poisson system [I8], general hy-
perbolic conservation laws [54]. Moreover, for many equations describing compressible fluids, the
measure-valued formulation has been significantly simplified [I[8,[42]: it boils down to the usual

distributional identity modulo the so-called Reynolds stress tensor.

Concerning the problem of the existence of classical solutions, we propose to introduce nonlocality in
the equation and introduce an intermediate step in the convergence analysis as outlined in Figure[Il
The advantage is that the nonlocal Cahn-Hilliard equation is in fact a porous medium equation. In
particular, it satisfies the maximum principle and so, if the initial condition is positive, the solution
remains positive and one can prove the existence and uniqueness of a classical solution, see Section Fl
Furthermore, it is known that the nonlocal Cahn-Hilliard equation converges to the local one [39]

so that at the end, the nonlocality can be removed.

To prove the convergence, we use the relative entropy method. The method is based on introducing
a functional called relative entropy (or energy), which measures the dissipation between two solu-
tions of the system. Essentially, the same method is used to prove the aforementioned weak-strong
uniqueness when the relative entropy measures the distance between weak (measure-valued) and
strong solutions. This strategy has been applied for several singular limits [3}121}22] 25,5760, [61]

and we also refer to the excellent review on weak-strong uniqueness [72].

Our proof via the relative entropy method is based on an important assumption that the initial datum
is well-prepared. In our case, this means that the initial velocity uy vanishes as the parameter e — 0
cf. (T9) and ([CI0) so that the initial kinetic energy is very small. Such an assumption is necessary
to guarantee that the relative entropy ©(0) at time ¢ = 0 converges to 0 as ¢ — 0 so that ©(¢t) — 0,
cf. (&3], which implies the main result. Let us however remark that one can also study similar
problems via compactness methods and this approach is also effective for ill-prepared initial data.
Nevertheless, its applicability is restricted to some special cases like one spatial dimension (which
allows to use the div-curl lemma in the time-space setting) [64] or the presence of viscosity terms

yielding compactness [43].
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1.1. Rigorous formulation of the main result. We make the following assumptions on the

potential F.

Assumption 1.1 (potential F'). For the interaction potential we assume that there exists k > 2

and constant C such that F' can be written as ' = F} + F5 where

(1) F1 € C4(R) is a convex, nonnegative function having k-growth

1
6|u|k —C < Fu) <Clulff+C,

1
Gl = C < F'(u) < Clu|*™ +C

and satisfying [uF} (u)| < C(Fy(u) + 1), |uF1(3)(u)| < C(F{(u)+ 1),
(2) F» € C*R) is such that FQ,FQ/,FQN,SF2(3)(S) € L*(R) are bounded on the whole line.

Moreover, || FY ||oo < CLP where Cp is a constant in Lemma

We also define s := ,f—fl and s’ its conjugate exponent.

Example 1.2. The following potentials satisfy Assumption [[.1]

(1) power-type potential F(u) = |u|”, v > 2 used in the context of tumor growth models
[27,36,38.66],
(2) double-well potential F'(u) = u? (u — 1)? which is an approximation of logarithmic double-

well potential often used in Cahn-Hilliard equation, see [65, Chapter 1].

Before stating the main result, we define solutions of the local degenerate Cahn-Hilliard equation.

Definition 1.3. We say that p is a weak solution of ([L7T)-([L8)) if
p € L>(0,T; LF(T) N L*(0, T: H*(T),  dip € L*(0,T; W 15(T%),
F{'(p)Vp € L*((0,T) x T%),

p(0,2) = po(z) a.e. in T and if for all p € L?(0,T; W*>(T)) we have

T T T
/ (Orp, <P>(W*115’(1Td),W1~S(1Td)) = —D/ / ApVp-Vp— D/ / pApAp
0 o Jrd o Jrd

T
—/ /pF”(p)Vp-Vso-
0 Td

The definition of dissipative measure-valued solutions to (LI)-(T2]) is quite technical and will be

presented in Definitions 3.1l and 3.4l The main theorem reads as follows.
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Theorem 1.4. Let pg be an initial density satisfying
po >0 >0, po € C3(T9)
for some o > 0. Let up . be an initial velocity satisfying
lluo.cll2(ray — 0 as e — 0. (1.9)

Let (py,e, \/Prety,c, V", my o) be a dissipative measure-valued solution of ([(LI)-(L2) with the initial
condition (po, uo,e) and parameters €,n satisfying Poincaré inequality (3.23). Then, for each sequence
N, — 0, there exists a subsequence {ni} (not relabelled) and a sequence {e} depending on ny and
the final time T such that e, — 0 and py, , — p in L?(0,T; L*(T4)), where p is a weak solution of
([T -([@C8) with initial condition py as defined in Definition [L3

Let us briefly comment that the measure-valued solution has in fact four components. While the
first component p, . is the most important since it converges to the Cahn-Hilliard equation, we can
also characterize what happens with the other ones, see Theorem[6.21 Roughly speaking, the second
one converges to 0 in L>(0,T; L?(T%)) which represents that in the high-friction limit, the kinetic
energy converges to 0. The parametrized measure v"° converges in the second Wasserstein metric

Ws to the Dirac mass 5,,(,5@) ® do:

T
/ / [Wg(u"k’s’“,dp(m) X 50)}2 dxdt - 0 aseg,n — 0
0 Td

while the concentration measure m,, ., converges to 0 in the total variation norm. The estimate in

the Wasserstein metric is in the spirit of [44].

Theorem [T 4] is valid only for a subsequence as the convergence from non-local Cahn-Hilliard to the
local one is based on the compactness arguments (and there is no uniqueness for the limit equation).
On the other hand, the passage from the nonlocal Euler-Korteweg equation to the nonlocal Cahn-
Hilliard equation is based on the relative entropy method and so the convergence is satisfied for any

sequence. We state this result below.

Theorem 1.5. Let n € (0,m9) where no is defined in Lemma [A2. Let po be an initial density
satisfying
po =0 >0, po € C*(T)

for some o > 0. Let up . be an initial velocity satisfying

lluo.cllp2(ray — 0 as e — 0. (1.10)
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Let (pnﬁs’m’ v m, .) be a dissipative measure-valued solution of (LI)-(L2) with initial
condition (po, uo,) and parameters €,n satisfying Poincaré inequality (3.23). Let p, be the solu-
tion of non-local Cahn-Hilliard (LO)-(L6) with the same initial condition py. Then, p,. — py in
L>(0,T; L*(T4)) as ¢ — 0.

Similarly as for Theorem [[.4 we can prove convergence of the other components of the measure-

valued solution ,/p, -u, c, ¥, my. ., see Theorem [6.11

1.2. Relevancy of the system.

The Euler—Korteweg equation. The compressible Euler—Korteweg equation models the motion of

liquid-vapor mixtures with possible phase transitions. It combines the classical Euler equation with
Korteweg tensor introduced in [59]. The equation reads

Op + div(pu) =0,
1 (1.11)

d(pu) + div(pu ® ) + V(p(p)) = —Cpu+ pV (K (p)Ap + S K (0)|Vpl?).
Here, p is the density of the fluid, u is its velocity, K (p) corresponds to the capillary coefficient, ¢ is
the friction coefficient and p is the pressure function. In a liquid-vapor system, the tensor K takes
into account that the liquid and vapour are separated by a thin layer of finite thickness and describes
the capillary effects in this transition zone. There are numerous mathematical results concerning
well-(and ill-)posedness of solutions to ([LIT)), see [A[7LOIITT233]. For instance, for some particular
choice of K(p), an approach to prove existence of global solutions is to relate the Euler-Korteweg
and the Schrodinger equation through the Madelung transform [4,[16]. For more general cases, only
local existence [9] and global existence for small irrotational data [7] is known. For the physical
background of (LII) (in particular, the form of the Korteweg tensor) we refer to [35,56158] but it

is a fairly complicated matter.

The viscous version of ([LI1]), that is the Navier-Stokes-Korteweg system, was also studied in the
mathematical literature [5l49]. In particular, several papers are concerned with the case of the non-
local equation, where —Ap is approximated by the nonlocal operator B,. In [68], the author proves
the short-time well-posedness while in [24], the global well-posedness as well as the convergence
of the nonlocal Navier-Stokes-Korteweg to the local one is established. We also refer to [23] for a

variant of this system.
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The high-friction limit. The high-friction limit (also referred to in the literature as the relaxation

limit) is a part of a long research program of establishing a connection between nonlinear hyperbolic
systems and degenerate diffusion equations. One of the first results in this direction [64] states that

the solutions to the compressible Euler equations in one dimension

Op+ 0z (pu) =0,
(1.12)
20y (pu) + 9u(® pu® + p(p)) = —u

converge, as € — 0, to the porous media equation

8tp = aﬂc (p amp(p))

where p(p) is the pressure function of the form p(p) = p?. To connect (LI2) with our system
(CI)-@2), it is sufficient to rescale 4 = € so that we have

1.,
Op + =0z (pu) =0,
¢ N (1.13)

~ 1 ~ U
0(p®) + < 0x(pT +p(p)) = — -
Intuitively, it is easy to understand from (LI3]) that the flow of the fluid with big damping or friction
(caused by the term —E%) and very small kinetic energy (caused by the initial condition) resembles
a flow through a porous media. Several other limit passages have been studied between porous
medium equation and hyperbolic equations [6L[63L[70]. The revival of interest in this type of problem

appeared recently with an observation that one can study these problems by the relative entropy

method [25,47,52,/60,61].

In our case, we consider (LI with K(p) = 1, large friction coefficient ¢ = %, we approximate the
Laplace operator —A by the nonlocal operator B, with 7 small enough, and we perform a rescaling
in time ¢ — g Then, we let both £,7 — 0, and in the limit, we obtain the Cahn-Hilliard equation.
Again, it is intuitive that due to the very large damping and small kinetic energy, we observe mostly
a phase separation process. The latter is described by the Cahn-Hilliard equation so it is not sur-

prising that it is the limiting PDE.

The Cahn-Hilliard equation. In their publications [14] and [I5] J.W. Cahn and J. E. Hilliard pro-

posed the equation in 1958. It represents now a commonly used mathematical model for describing



phase changes in fluids, although the equation was primarily developed in material sciences to ex-

plore phase separation processes under isotropy and constant temperature circumstances.

Being of fourth-order, the (local) Cahn-Hilliard equation is often rewritten in a system of two second-

order equations, i.e.

Oip =div(m(p)Vu),
dup = div (m(p)V (F'(p) — DAp)) = { " o)) (1.14)

p =-DAp+F'(p),

where p is the concentration of a phase and p is called the chemical potential in material sciences
but is often used as an effective pressure. The interaction potential F'(p) contained in this effec-
tive pressure term comprises the effects of attraction and repulsion between particles. Finally, the

Laplace operator takes into account surface tension effects.

The existence and uniqueness of solutions for the Cahn-Hilliard system ([I4) strictly depends on
the properties of the mobility term m(p) and the potential F(p), as well as the conditions assigned
on the boundary. More specifically, the presence of degeneration on the mobility, i.e. the possibility
for it to vanish, can turn the analysis of solutions into a rather complex problem. We refer to [40]
for the first existence result of weak solutions in the case of degenerate mobility and to [26] for some
improvements. The uniqueness and the existence of classical solutions are open questions for this
type of mobility. Since we use a relative entropy argument between the Euler-Korteweg equation
and the Cahn-Hilliard equation, the existence of a classical solution of the latter is a crucial point.
In fact, we need an L*° bound on the second derivative of p, and that the solution remains positive
for all times in a finite time interval. Since the Cahn-Hilliard equation does not satisfy the maxi-
mum principle, it is impossible to get these estimates. For that purpose, we introduce the nonlocal
Cahn-Hilliard equation, which is a second-order equation with a nonlocal smooth advection term.
With classical arguments, we are able to prove that the latter admits a unique positive classical
solution. Let us finally remark that the nonlocal Cahn-Hilliard equation is nowadays a topic of

intense research activity, see for instance [191128][45][46][67].

Mobilities. This work focuses on the mobility case where m(p) = p, which is a result of deriving the
Cahn-Hilliard equation from fluid models. This mobility is also obtained from Vlasov equation via

hydrodynamic limit [37] and is also observed in the nonlocal Cahn-Hilliard equation, which can be
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derived from systems of interacting particles as an aggregation-diffusion equation (see [L3]I7,20]).
Furthermore, it would be of interest to investigate whether this work can be extended to the mobility
case of m(p) = p(1 — p), as studied in the original works of Giacomin-Lebowitz [50,[51]. They
developed a model based on a d-dimensional lattice gas that evolves through Kawasaki exchange
dynamics, which is a Poisson process that exchanges nearest neighbors. In the hydrodynamic limit,
they observed that the average occupation numbers over a small macroscopic volume element tends

towards a solution of a non-local Cahn-Hilliard equation with mobility m(p) = p(1 — p).

2. GENERALISED YOUNG MEASURES

We introduce the framework of Young measures to define the solutions of the nonlocal Euler-
Korteweg equation. This framework is necessary since in the usual approximation schemes we
cannot pass to the limit in the terms term of type f(z;) where f is nonlinear and {z;} is only a
weakly star convergent sequence. The idea of Young measures is to embed the problem in a larger
space and gain linearity. We write f(z;(y)) = (f,0.,)), and if f € Co(R"), using the duality
(LY(Q; Co(R™)))* = L2(Q; M(R™)), Banach-Alaoglu theorem and weak-star continuity of linear
operators, we can pass to the limit. The same is true if {f(z;)} is weakly compact in L'(Q) and

{#;} does not grow too fast as the following theorem states:

Theorem 2.1 (Fundamental Theorem of Young Measures). Let Q C R? be a measurable set and
let zj : Q — R™ be measurable functions such that
§2§/Qg(|zj(y)|)dy < 400

for some continuous, nondecreasing function g : [0,4+00) — [0,+00) with lim;_, . g(t) = +oo.
Then, there exists a subsequence (not relabeled) and a weakly star measurable family of probability
measures v = {vy}yeq with the property that whenever the sequence {(y,z;(y))}jen is weakly
compact in L*(Q) for a Carathéodory function (measurable in the first and continuous in the second
argument) 1 : @ x R" = R, we have

Dy z(y) = [ Yy N dry () in LYQ).

R™

We say that the sequence {z;};en generates the sequence of Young measures {vy}ycq.

Note that in the above theorem, we require that the sequence {¢(y,z;(y))} is weakly compact
in L}(Q). This prevents the concentration effect to appear (think about the family of standard

mollifiers). When we do not have weak compactness, we use the following proposition which follows
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from the Banach-Alaoglu theorem. We formulate it with a distinguishment between time and space
variables (that is, @ = (0,T) x Q, y = (t,z) with ¢t € (0,T) and x € Q) as usually in applications
one has better integrability in time which results in better characterization of the resulting measure.
The following proposition is a consequence of the Banach-Alaoglu theorem and the Radon-Nikodym

theorem, see [10].

Proposition 2.2. Let f be a continuous function and a sequence {f(t,z, z;(t,z))}jen be bounded
in LP(0,T; L*(Q)) with p > 1. Let {vt .}t be the Young measure generated by {z;};. Then there

exists a measure m’ such that (up to a subsequence not relabelled)
F(t,2,2i(t,2)) = (v, f) = m!in LP(0, T M(Q) if p > 1,

[tz zi(t,x)) — (Vo f) Smd in M((0,T) x Q) if p=1.

Moreover, if p > 1, the measure m¥ is absolutely continuous with respect to time: for a.e. t € (0,T),

there exists measure m7 (t,-) such that
T
/ O(t,x)dm! (t,z) = / (t,z)m! (¢, dz) dt.
(0,T)x2 0o Ja

Let us remark that by the fundamental theorem, we have m/ = 0 when the sequence {f(z;)};jen is

weakly compact in L1((0,T) x Q). We use the notation:

F={fN),vea) +m! (2.1)

to represent weak limit of f(¢, z, z;(¢, z)). We also need the following result which allows comparing
two concentration measures m/1 and m/? for two different nonlinearities f;, fo. For the proof, we

refer to [41, Lemma 2.1].

Proposition 2.3. Let {Vi .} (t,0)e(0,1)x0 be a Young measure generated by a sequence {z;}jen. If
two continuous functions f1: (0,T) x Q@ — R? and fa: (0,T) x Q — R satisfy |f1(2)| < fa(2) for
every z, and if {f2(z;)} is uniformly bounded in L'((0,T) x ), then we have

mTt (A4)] < mP(A),

for any borel set A C (0,T) x .

Here, || is the total variation measure defined as |u|(A) = p*(A)—p~ (A) where ', = are positive

and negative parts of pu.
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Let us conclude with a few comments about the measure m/ which captures concentration effects.
One can describe it more precisely. The first attempts to do so by some generalizations of the Young
measures were initiated by DiPerna and Majda in the case of the incompressible Euler equations [32].
Then, Alibert and Bouchitté extended the result to a more general class of nonlinearities in [2]. They
proved that there exists a subsequence (not relabeled) as well as a parametrized probability measure
v e L(Q;P(R™)) (which is identical with the "classical" Young measure), a non-negative measure
m € M™*(Q), and a parametrized probability measure v>*° € L%°(Q,m;P(5" 1)) such that for
any Carathéodory function f such that f(x,z)/(1+ |z|) is bounded and uniformly continuous with

respect to z,

Fonzi) = [ Vi) +

gn

IR B) A (B)my)
weakly* in the sense of measures. Here,

£y, 8) = lim f(y;tﬂ)'

§—00

Their result was also extended to the case when f has different growth with respect to different

variables, see for instance [55].

3. MEASURE-VALUED SOLUTIONS TO THE NONLOCAL EULER-KORTEWEG EQUATION

3.1. Definition of dissipative measure-valued solutions. Let us motivate the definition of
a measure-valued solution by their construction. We will consider a sequence of approximating

solutions {(ps, us)}, see Section B2 satisfying the estimates (uniform in ¢)
{ps} in L=(0, T L2(TY),  {F(pe)} in L=(0, T3 L' (TY),  {/psus} in L>(0,T5 L*(T7)),

which will be a consequence of energy inequality ([B.36]). As we do not have estimates on {us} itself,

we will consider in fact the sequence {(ps,/ps us)}. Up to a subsequence, we have as § — 0
ps — pin L>(0,T; LA(T%) Vpsus = \/pu in L>(0,T; L*(T)), (3.1)

where \/pu is a definition of a weak limit of ,/psus. Let {4} be the Young measure generated by
this sequence as in Theorem Il We will use dummy variables (A1, \') € R x R? when integrating

with respect to vy 4

(FOA,N) v ) = / FOu, X)) dvg (A, N), (3.2)

R+ xR
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with A; representing p variable and A" as representing ,/pu variable. In terms of Young measures

we write weak convergence ([B.)) as

p=(\,v), Voa= (N, v), (3.3)

as there is no concentration measure because of integrability in L2((0, 7)) x T%). Using notation (ZI))

we represent weak limits (as 6 — 0) of all the terms that should appear in the weak formulation and

the energy
P2 =03) +m” (3.4)
o = (VA N, v), (3.5)
pou= (NN, v)+mme (3.6)
pIuP = (X2, v) +mehl, (3.7)
F(p) = (F(M),v) +m"® (3.8)
pF(p) = (MF' (A1), v) +mPF (), (3.9)
§0) = 0T = Fp) + 55 7 (3.10)

where p(p) := pF'(p) — F(p) + 2’#'

Moreover, we will identify weak limits of several nonlinearities which will be used in this work. By

linearity of weak limits, we have the following identities:

[, r@lote) = plo = )l dy =7 + 7wy = 2 (3.11)

Similarly, for all bounded P : (0,T) x [0, 4+00) — R* and U : (0,T) x T¢ — R? we have

lp—PP2=p2+P2—-2pP (3.12)
plu—UlZ=plu]2+p|U?-2pu-U, (3.13)
plu—U)® (u-U)=(N-VvMU) N - /\U),v,) +mfe, (3.14)

[ nlto = P)@) — (o= P =)y = [ n0)lplo) - plo = )y +
i i (3.15)

+ [ calP@) = Pl =P dy=2 [ wu)(Pa) = Pl = 1) (pla) =l =) do
Ta L Td

F(pP) = F(p) = F(P) = F'(P)(p—P),  p(pIP) := p(p) — p(P) — ' (P)(p — P) (3.16)

where nonlinearities are defined as

F(p[P) = F(p) - F(P) = F'(P)(p—P),  p(p|P) =p(p) —p(P) — p'(P)(p — P). (3.17)
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Now, we define measure-valued solutions by inverting this discussion.

Definition 3.1 (Measure-valued solution). We say that (p, \/pu,v, m) where
v={vta} € Linal((0,T) x T P([0, +00) x R7))

p=(Av) = / M dvy (A, N) € L0, T L3(T%)),
R+ xR4

Vru= (W)= [ N dua() € LX0,T5L(TY)
R+ xR

2 2 ’
m— (mp e pelel® ) F() poF <p>)

with
m?  m?1 mF @) e L0, T); MT(T), mPT'®) e L=((0,T); M(TY),
o € L((0,); M(T)%)
and
Imeudu| < melul’ (3.18)
im?E' 0| < CpmF®) 4 Cpm?”, Cr defined in (B2) (3.19)

is a measure-valued solution of (L1))-(L2) with initial data (po, uo) if for every 1 € CH([0, T)x T4 R),
¢ € CH[0,T) x T4 R?) it holds that

T
/ / at¢p+1v¢~p—udxdt+/ b(a,0)po dz = 0, (3.20)
0 Td e Td

T
1 1 1 — 1

/ Op-pu+=-Vo:puRu— —¢-pu+ -divop(p) + —5¢ - pVwy, * pdrdt

0 Td e I3 g en (321)

+/ o(x,0) - poup dz = 0,
'[(d

where p(p) = pF'(p) — F(p) + % and all the terms are defined in B.3)-BI0).

Definition 3.2 (nonlinear functions). Given a measure-valued solution (p,/pu,v,m) and bounded

P:(0,T) x [0,+00) = RT, U:(0,T) x T¢ — R?, we define nonlinear quantities

Adwn(y)lp(w)—p(:v—y)de, lp—P[%  plu— TP F(p[P),  p(p|P),

O e@- 0. [ alo-Pe) - (o~ P)e - ) dy
by formulas (311)—(BI6).
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Definition 3.3 (energy). Given a measure-valued solution (p,/pu,v,m) for a.e. t € (0,T) we
define the energy as

Bronl®)i= [ 5o+ e+ 1z [ [ waloto) = plo = )P ay e
Td
where the nonlocal term is defined by (B11)). We also define

Ey —/1T —poluo|?(z )-i-F(po)dac—i—477 /w/ o) — polz — y)|? dz dy.

This energy is well-defined because, by Proposition2.2} a concentration measure m € L°(0, T; M(T%))
admits disintegration dm(t,z) = m(t,dz)dt where m(t,-) is a well-defined measure on T¢ for a.e.

€ (0,7).

We now introduce two properties which allows to select the right measure-valued solutions.

Definition 3.4 (Dissipativite measure-valued solution). We say that a measure-valued solution
(p, /pu,v,m) is dissipative if
Y Ly p—
Epos(t) + —2/ / plu|?dx dt < Ey (3.22)
&g 0 Td
for almost every t € (0,T).
Definition 3.5 (Poincaré inequality). A measure-valued solution (p,/pu,v, m) with initial condi-

tion po satisfies the nonlocal Poincaré inequality if for a.e. t € (0,T) and all bounded P : Qp —
[0, 4+00) such that (P)te = (po)te we have

[R5 [ ] awle-Pie - (- P -yl (329

where the constant Cp is given by Lemma A2

Let us remark that in Lemma [5.2] we will prove that any measure-valued solution satisfies

c
[p=Prac< s [ ] w@lo-Pi@) - (=P - )P dyde

which is a weaker version of [3:23). Nevertheless, (3:23) will be necessary to estimate several terms

appearing in the application of the relative entropy method in Section Let us also point out
that similar Poincaré-type inequalities are usually assumed for measure-valued solutions to several

different PDEs, see for instance [41] eq. (2.23)].

We conclude with a simple observation concerning the energy.
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Lemma 3.6. The energy Ep,s defined by [B.22) is nonnegative.

Proof. The lemma seems to be trivial from the point of view of our discussion about weak limits at
the beginning of this section. However, the measure-valued solution is defined by Definition B1] so
that we can argue only using Definitions B.I] and Clearly, %W and W are nonnegative so
that we only have to study the nonlocal term. By (B.I1I),

/m /wa,,(y)|p(x) —plz—y)Pdy = 2/w?—2/vdpwn*p.

By Cauchy-Schwarz and Young convolution inequalities:

2/ pwn*pdx§2/ p*dz.
Td Td

Using Jensen’s inequality (measure vy , is the probability measure with respect to both coordinates)

/W prds = /I]'d</\hyt7m>2 dr < /W</\§,Vt7m> dz < /W p?dx (3.24)

so that the nonlocal term is nonnegative. g

3.2. The approximating system. To construct a measure-valued solution we use a method as
outlined in [62], Section 5.5], see also [I8/53]. This is a fairly standard procedure based on regularizing

density by a positive parameter
pos=po+0, po€CHTY), po>0, ups(z)=ug(x)ec W1 (3.25)

which makes the density ps globally bounded from below. We will only discuss the main steps and

for the full presentation, we refer to [62, Section 5.5].

We work in W32(T9)¢ (but for dimensions d higher than 3, we need to work even in W'+42(T4))
because of the embedding W3:2(T¢) C C*(T%) which will be important for certain estimates. We use
notation ((-,-)) for the standard scalar product in W32(T4)?. By [62, Appendix, Theorem 4.11], we
take {w;} to be an orthonormal basis of W?3?2(T%)? which are C>°(T%)? functions. Finally, we define
IV to be the projection operator into span{ws, ..., wn} which satisfies [TV u|ys.2 < ||uf sz and

TV 2 < [lullze.
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We will find solution (ps, us) such that

ps € L°°((0,T) x TY) N L2(0, T; WH2(T4)), a(;;“ € L*((0,T) x T9)
(3.26)
ws € L0, T 21, 20 ¢ 20,1y 1),
to the following problem: for all 1 € C1([0,T) x T4 R), ¢ € C1([0,T) x T4 R?) it holds that
T 1
/ Obps + =V - psusdedt + [ (z,0)po,sdz =0, (3.27)
0 Td 3 Td
T
/ 3t¢ psus + V¢ psus @ U5 — —¢ psus + = L div o p(ps)drdt
(3.28)

/ / —¢ psVwny * psdzdt + | ¢(z,0) - posuo,s de = 5/ (us, ¢) dt.
Td Td 0

To find the solution to B2 —(B.28), we use the method of Galerkin approximations. We look for

u? of the form

N
uV = ch (t) wj
j=1
solving
9]
gt +- dlv( NuNy =, (3.29)

1 1 1 1
/ < Noul + pNuNVu —I— p u +—Vp(pN)——2pNan*pN> cwidx +
T € N (3.30)

+ (™, w;) =0,

for i = 1,..., N with initial conditions p™ (0) = pg s, u’¥ (0) = TN g 5.

The proof of existence to [B29)-B30) follows 3 steps: using a fixed point argument to prove the
existence on a small interval, deriving a priori estimates on this interval, extending the procedure
on the whole interval. The crucial point is the lower bound on p” in terms of 6. This is obtained

by the method of characteristics. Indeed,

1" 1 ("
p™ (t,x) > essinf pg 5 exp (——/ | divu?Y | s dt) > 0 exp (——/ | || yys.2 dt) (3.31)
zeT4 € Jo € Jo

by the well-known formula for the continuity equation. On the other hand, thanks to the regularizing
term, ||| 2007w (7)) < %. This gives uniform lower (and also upper) bound on p? and allows
us to look at [B30) as a system of ODEs. We refer to [62, Section 5.5] and omit the details. We

obtain the following lemma:
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Lemma 3.7. For fized N, there exists a solution to (3.29)-B30) such that p¥ € C1([0,T] x T9),
ulY € CL([0,T]; W32(T4)4). Moreover, we have the energy estimate: for all times T € [0, T]

/ LN P 4 F(pY) da 4+ // DI () — PN (@ — ) de dy
2 477 Td
+5/ ||UN||W22 dt—|— / / N|’U,N 2diE < (332)

< [ gmslul + Floosdat 5 [ [ wiwlmsta) = poste =) dra,
Td

as well as the following estimates

1
oN(t,z) > C (g) (3.33)
T T 1
¥ oy + [ 100 Bagra + [ 195 e <€ (3). (3.31)
’ N |12 N 1
[ 10 By + 81 s omwoncron <€ (5 (3.35)

where C (%) s a constant depending on % and other fized parameters (like €).

Proof. The energy estimate follows by testing (3.30) by u” (in the Galerkin sense: we multiply
B30) by ¢ and sum for i = 1, ..., N). Estimate ([3.33) follows from the characteristics as explained
in (331). Similarly, we obtain the upper bound. Concerning the estimates on derivatives of p

they follow by differentiating the formula from the method of characteristics and using the bound

M 20, 7,wa.2(ray) < . Finally, (835) is a consequence of testing (330) by du® . O
Using the estimates in Lemma [B.7, up to a subsequence, we can pass to the limit N — oo

pY — ps strongly in L2((0,T) x T%),

u¥ — us strongly in L2((0,T) x T)4
(the convergence holds even in better spaces). We also have an energy inequality:
1 2
—P6|116| +F(ps)de+ 5 | wn Y)lps(x) — ps(z —y)|” dzdy
T
+5/ uslZoe At + — / / pslus|? dz < (3.36)
1 2
< —p05|uo| +F(p05)d:c+4 3 Y)lpo.s(x) — pos(z —y)|” dedy,
Td

This concludes the proof of existence of (ps, us) satisfying B.27)—B-23)).



19

3.3. Existence of dissipative measure-valued solutions. It remains to pass to the limit § — 0
in B270)-B28). First we gather some uniform bounds in ¢, being a simple consequence of (3:33)
and ([338), in the following lemma:

Lemma 3.8. Let (p°, u’) be weak solutions of B27)-([B.28) as constructed above. Then, there exists
a constant C > 0 independent of § such that

ps >0 ae. in (0,T)x T
IVPsus||os 0.2 way) < O [1F(po)l| L= .rinrayy < €5 NpsllLoeo.riL2 ey < €,
5||u5||2L2(0,T;W3’2(1Td)) =G,

10ep5 || 20, 73w 4 (Tayyy < C.

In fact, the proof of the existence of dissipative measure-valued solution follows now the method
described at the beginning of Section Bl By Lemma B8 we have sufficient estimates to have
convergence (3.I) which allows us to define the Young measure {v; .} as in (32)—(33). Then, the
representations formulas for weak limits of nonlinearities ([B.4)—([31) are a consequence of Lemma
and the estimate on [|\/psus| 1o (0,7;12(r¢)) Which guarantees that all of the considered quan-
tities are at least in L°°(0,T;L'(T%)). Note that mP* = 0 because we have a uniform bound

psls < C. Next, follows from the estimate on || F'(ps)|| oo 0. 7.1 (T4)). Here, the
(0,751 (T4))

Lo(0,T;L3 (T4))
measure m* (®) is nonnegative because F' = F}+ F, where F; > 0 while F5 is bounded so that the only
concentration effect can arise from Fy. Similarly, by Assumption [T} |[ps £ (ps)l| £oe (0,701 (T4y) < C
so that (89) follows. Finally, (3I0) is a consequence of the linearity and uniqueness of weak limits.

This allows to pass to the limit § — 0 in almost all of the terms in formulation (327)—(328).

Concerning the regularizing term on the (RHS) of (3:28), we observe that

< 6 |lasll g2 o, mywe 2y 10l 2o mywae ey < CVE 16l 2o, ryswas ey — 0.

T
|6 / (us, #) dt

When it comes to the nonlocal terms, we observe that we can identify their weak limits because
the convolution upgrades a weak convergence to the strong one. More precisely, if ps — p in
L>=(0,T); L2(T?)), then ps*wy — pxw, in LP(0,T; LP(T4)) strongly, for all 1 < p < co. This follows
by the Lions-Aubin lemma and a standard subsequence argument as the sequence {ps * wy}s has

uniformly bounded derivatives in the spatial derivatives while its time derivative is bounded in some
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negative Sobolev space by Lemma 3.8

Concerning ([3I8), we notice that it is a consequence of the inequality

1/2
d d
NoX| =[S ()| =3 2= P
ij=1 i=1

and Lemma 2.3l Similarly, (319) follows from by virtue of Proposition 2.3 and inequality (B.2]).

Next, the constructed measure-valued solution is dissipative in the sense of Definition 3.4] because
we can pass to the limit in (330) using identified weak limits (rigorously, one multiplies ([30]) with
a nonnegative test function of time, passes to the limit and then performs a standard localization

argument).

Finally, the constructed solution satisfies Poincaré inequality as in Definition 3.5l Indeed, by Lemma

[A2] we have for all bounded and nonnegative ¢ : [0,7] — [0, c0)

/ /W (o5 = )_5|2< / /W /W [(ps — P)(z) — (ps — P)(x — y)[Pwy(y) dz dy dt

because (ps — P)ya = §. The (LHS) can be written as

T T
| [ elos=pr=a2 = [ [ ott) (s =P +5* =25 05— P)).

As ps — P is bounded in L>°(0,T; L?(T9)), the last two terms vanish in the limit 6 — 0. Finally, the
term (ps — P)? has weak limit p2 + P2 — 2P p which is exactly (p — P)2, cf. ([BI2). Similarly, we

consider the term on the (RHS) so that we obtain

// tp— P2 < /Td/wwn (p—P)(x)—(p—P)(x —y)|>dydedt.

As this inequality holds for all ¢, we conclude the proof.

4. CLASSICAL SOLUTIONS TO THE NONLOCAL CAHN-HILLIARD EQUATION

To prove the convergence of the measure-valued solution of the nonlocal Euler-Korteweg to a solution
of the Cahn-Hilliard equation, we use arguments similar to weak-strong uniqueness. Therefore,

we study below the classical solutions of the nonlocal Cahn-Hilliard equation. More precisely, we
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consider the equation (LH)—(T6]). The initial condition is a smooth positive function, more precisely

we consider for some a, 0 > 0
p(0,x) = po(x), po € C*T(TY), po(z) >0 VaeT- (4.1)

We also suppose that F' € C* which is required by the parabolic regularity theory exploited in
Lemma 2] Equations (IH)-(L0) can be rewritten as

2

0up — A(0(p) + div(pb(p) =0, 9(p) = 43+ [ sF(s) s blp) = T

Vwy, xp

. (4.2)

Theorem 4.1. Equation [@2) with initial condition ug satisfying (1) admits a classical unique

solution.

To prove this theorem we first consider an approximate problem and we define Ts a smooth function

such that

T5(0) =

)
3 Ts(p) =pifu>4, Tsisincreasing.

The plan is to approximate (L3 with

Dup = div(T5(p) V). (4.3)

We also define

oo i= [T ast ["mrteas= [(10 () as (1.4)

so that equation [@3)) can be rewritten as a porous media equation

dip — Al¢s(p)) +div(pb(p)) =0 p(0,2) = po(x). (4.5)

From the properties of F' we note that ¢s > 0 and ¢ > 0.

Lemma 4.2 (existence). There exists a classical solution to ([&X). Moreover, the solution obeys the

mazximum principle

)= ey (- | v bl (s) 1s) < plt.0) < oo | v b (s) as).

Proof. The existence follows from [39]. To prove the maximum principle, we denote w = p — p so

that

drw — A5 (p)) + div(wb(p)) + p(div(b(p)) — [div(b(p))ll=) = 0, w(0,2) = pola) —p > 0.
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—lifw<0
We multiply this equation by sgn™(w) := . We obtain, with w~™ = min{w, 0},

0if w>0.

|w™| = — min{w, 0}.

Ftlw™| + Al¢s(p)) sgn™ (w) + div(|w™|b(p)) < 0.

Therefore integrating in space and using the inequality

|, Aostp)sen ) > 0

we obtain

815 |1,U7| S 0.
Td

Using the initial condition we conclude |w~| = 0.

Since the solutions to (@3] satisfy uniform lower bound, we obtain T5(p) = p for sufficiently small

0 and thus classical solutions of Theorem .11 O
Lemma 4.3 (uniqueness). Classical nonnegative solutions to [@2) are unique.

Proof. We want to adapt usual L' contraction principle [71, Proposition 3.5] to the case with addi-
tional continuity equation term. Let p1, pa be solutions to (£5]) and let w = p; — p2. Equation for

w reads
dw — A(¢(p1) — ¢(p2)) + div(p1 b(p1) — p2b(p2)) = 0.

We multiply this equation by pe(é(p1) — ¢(p2)) where p. approximates p(u) = 1,50 and p. > 0.
Then,

A1) = 6(p)) p(blp1) = olp2)) e = = [ 1V (6(1) = 6o} < 0.

Td
Concerning the other terms we notice that after sending e — 0 we obtain p(¢(p1)—é(p2)) = p(p1—p2)
by monotonicity of ¢. Therefore,

/ wp(pr — p2)da = 8t/ |w|+ d.
Te Td

Now, we split the divergence term into two parts:

div(p1 b(p1) — p2b(p2)) = [p1 divb(p1) — p2 divb(pe)] + [Vp1 b(p1) — V2 b(p2)] = A + B.
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The term A can be estimated in L'(T%) with
[A[lx < llpr divb(pr) = p2 divb(p1) [l + [|p2 divb(p1) — p2 divb(p2)]

. 1
<|lp1 = p2ll1 [|divb(p1) [0 + ?||P2||1 |1 D%wn||sollp1 — p2ll1

| D?w, ||
< %(leﬂl +llp2ll1) [[p1 — p2ll1

where we used Young’s convolutional inequality. Therefore,

| D?wyloo
WPAdI <lpAl: < T(leﬂl + lp2ll1) [[p1 = p2ll1-

where we denoted for simplicity p = p(p1 — p2). Concerning term B we write similarly
B = (Vp1b(p1) = Vp2b(p1)) + (Vp2b(p1) — Vp2b(p2)) =: B1 + Bo.

As above, we easily obtain

[ Vs |l Vwy ||
= %vaﬂlﬂpl—mﬂl-

| B2ll1 < IVp2ll1 llp1 — p2ll1s /dPB2d$§
T

The term B; is more tricky. Keeping in mind that everything is multiplied by p(p1 — p2) we have

[, (V01 =) plos = p2)bor) o = [ Vpr = pal bl o =

i D%*w
:‘/Jm‘mhﬁﬂmmwsmrwﬂumthﬁﬁ.
T

We conclude that for some constant C' depending on L! norms of p;, p2 and Vps we have

5t/ |P1—P2|+d1§/ lp1 — p2| d.
Td Td

Replacing p; and pa we obtain

5t/ |p1—P2|d$§/ lp1 — p2| da.
Td Td

so that we conclude p; = ps. 0

5. CONVERGENCE OF NONLOCAL EULER-KORTEWEG TO NONLOCAL CAHN-HILLIARD

To prove convergence of nonlocal Euler-Korteweg equation to the nonlocal Cahn-Hilliard equation,

we first rewrite the latter as a nonlocal Euler-Korteweg equation with an error term:
1
o P + - div(PU) = 0, (5.1)
€

2,(PU) + % div (PU & U) = —EiQPU _ %PV(F’(P) + B, [P]) + e(P, U). (5.2)
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Here, velocity U is given by
U = —¢V(F'(P) — B,(P)) (5.3)
and the error term is given by
¢(P,U) = ,(PU) + é div (PU & U)

= ediv(PV(F'(P) + By[P])) @ V(F'(P) + By[P]))) — c0,(PV(F'(P) + By[P]))).

Finally, given strong solution (P, U) and measure-valued solution represented by (p, /pu, v, m) we

define the relative entropy as

o) = [ G=UP+ TGP+ 1z [ [ wlo=P)e) = (o= P = ) dyde. (5.4)

where nonlinearity F'(p|P) is defined in (8I7) and measure-valued terms are defined by (B13)), (315
and (3I0). The main result reads:

Theorem 5.1. Let (p,\/pu,v,m) be a dissipative measure valued solution of (LI)-(L2) satisfying
Poincaré inequality 323) and let (P, U) be classical solutions of &I)—(E2). Then, for a constant

independent of € and n we have

o(t) < (9(0) +e*C(||Plc21)

2
’%H ) eTCUIPlc21) /| (5.5)

Lemma 5.2. Letn € (0,19). Then, the relative entropy defined by (5.4]) is nonnegative: there exists
a k € (0,1) such that

[T+ L5 [ ] wwle-Pie) - (-Pe-nPdd o0 (60

where both terms on the (LHS) are nonnegative. Moreover, for the constant Cp (defined in Lemma

[A3) we have an estimate

o= PlReray < 5 [ [ wallo = P)a) = (o= P)o — )l dydn (5.7)

Proof of Lemma[522. We study the three terms appearing in (5.4]) separately. First, for (BI3) we

write by Fubini theorem
plu—UJ? = <|)‘I|2 + A1 U =2V M N, Vt,z> +mel = <|)‘I - VAUP, Vt,z> +me,

so that, after integration in space, it is positive (for a.e. ¢ € (0,7T)). Now, we study the nonlocal

term. We claim that (after integration)

w z) — plx — €T w 2) — oz — )|2 . .
/W/W n(W)lp(z) — p(z —y)[*dyd Z/W/W n(W)lp(z) — p(z —y)|"dyd (5.8)
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Indeed, by definition (BII), the (LHS) equals 2 [1, p®> — [ru2pwy * p. By B24), we know that
Jra P2 > Jta P*. To conclude the proof of (5.8), it is sufficient to observe

2/ p2—/ 2pwn*p:/ / wlp(x) = p(z — y)|? dy d.
Td Td Td JTd

Now, combining (BI5) and (5.8]), we obtain

A«Af%@”@_Px@‘WP—Pﬂw—demmz
v B z) = (p—P)(x—y) T.
Z/F/F W) (p = P)(@) — (p— P)(z — y)> dyd

Using Lemma [A2] we conclude the proof of (5.7) and nonnegativity of the nonlocal term.

It remains to study the term F(p[P). The concentration measure m*(®) is nonnegative and will be

neglected in the estimate below. We split F' = F} + Fy (where Fy, Fy are defined in Assumption [[1))
in (BI6) so that from [B.8)) and (B.I6])

F(p|P) =(Fi(\M) — F1(P) = F{(P)(\ — P),v4.) 59)
+ (Fa(M) — Fo(P) — F3(P) (M — P), v0) + m?®) '

The first term is nonnegative by convexity of Fy. The second can be estimated from below (by
Taylor’s expansion) with —[|F3/[| (A1 — P)?,14,2). Now, recall that [|Fy/|s < CLP (cf. Assump-
tion [[T]). In particular, there exists x € (0, 1) such that || Fy||c < 16?—: Using Poincaré inequality

(323) and the fact that the concentration measure m?" is nonnegative we have

- 11—k _
—Mww/<wepﬂwomz—www/<wmﬁmz—%7l/<wmvm
Td Td P T4

1—/@/W/W P)(z) — (p — P)(z — y)|2 dy d=.

Therefore, we can compensate a possibly negative term with the positive nonlocal term appearing

in (4). O

(5.10)

Proof of Theorem [5.1l. We split the reasoning into several steps.

Step 1: Energy identities. First, we recall that the dissipative measure valued solutions satisfy

I —_
/ ~plu]? + F(p) d$+—/ / p(;v—y)|2dyd;v+—2// plu|?dxdt
Td Td € Jo Jrd

SA—WMM(H%WMM+4{L/ )lpole) — pol — y)[? dy d.

(5.11)
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where the quantities on the (LHS) of (&.I1)) are evaluated at time ¢. Similarly, the classical solutions
(P, U) satisfy

[ 3PIUR 4 F@) e+ 10 [ ] wlpe) ~ P — )P ddy -
:/ —Po|uo|?*(x )+F(P0)d:z:+4 2/ / wn(y)|Po(z) — Po(x — y)|* dedy (5.12)
——/ / P|U|2d:cdt+/ U - e(P,U)dtdx.
‘|Td d

Identity (5I12) can be obtained from testing (BI)—(E2) by U and performing several integration by

parts.

Step 2: Estimate for the mized terms F'(P)(p — P), B,[P] and p|U]?>. We consider weak solutions

of the mass equation satisfied by the differences between the measure valued solutions and classical

solutions:
T 1
/ o(p—P)+ ng - (pu—PU)dzdt + ¥(x,0)(po — Po)dz = 0. (5.13)
0 Te Td
We set
1 for 0 <7 <t
O5(t) ;=457 +1  fort <7 <t+34,
0 for > t+0.

Note that #'(t) is an approximation of the dirac mass —d;. We consider test function in (B.I3)) defined
as 1 = 05(t) (F'(P) + By [P] — 1|U|?) so that after letting § — 0 we obtain

/W <F’(P) + B,[P] - %|U|2> (o P)[:o .
=+ t o | F'(P) + By, [P] — 1|U|2 (p—P)dzdr 65.14)
0 Te 2

L[] v (#@)+ BieI- J0r ) - (u - PO s

Step 8: Estimate for the mized term pu U. We consider weak solutions of the momentum equation

satisfied by the differences between the measure valued solutions and classical solutions:
e _ 1 - 1 _ 1. —
/ 00+ (pU—PU)+ -V (u@a - PUST) — 50+ (51 - PU) + — div (p(p) — »(P))
o Jr

1 o
+ 5772'(15' (pVwy xp =P - Vw, xP)+ [ ¢(z,0) - (pouo — PoUp) dz — / ¢-e(P,U)=0.
Td 0 d
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We consider test function ¢ = 05(¢t)U so that after letting 6 — 0 we obtain

t
U (pu—PU)

t
dx:/ 8,U - (76 — PU) da dr
Td =0 o JTd

T

+/ évu c(pu@u—-PURU) + édiv(U)(M—p(P))dxdT
0 T (5.15)

1 [ 1 [
——/ U-(p_u—PU)dxdT—l-—/ U (pVwy, *p—P - Vw, «P)dzdr
e? Jo Jya en? Jo Jya

¢
—/ U e(P,U)dzdr.
o Jre

Step 4: First estimate on the relative entropy. Let us observe that when we subtract (5.12), (514)
and (B.I3) from (G.I1]) we obtain an estimate for O(¢) — ©(0). To see this, let us write explicitly the

(LHS) after the subtraction (we omit integral with respect to x for simplicity and we consider only

terms at time 7 = ¢; of course, for 7 = 0, they will be analogous):

SPP + T + 15 [ wn(wlota) = o~ 9)|2dy = 3PIUP — F(P)

4_772 Td
1 1 _

~ 3 [ @IP@) - P = Py~ (F(P)+ BlP] - JUF) (o P) - U (- PU).

We claim that this expression equals O(t). Indeed, the terms containing both density and velocity

sum up to the term p|lu — U|? as in (BI3). Similarly, terms with the potential F' and its derivative

F’ can be combined to (BI6). Finally, for the nonlocal term, the claim is the consequence of two

identities:
1

Bn[P]PZ 2—772

[ ni) @) = Pl =) (o) = ot~ )y

and the similar one for B, [P]P we can easily see that this expression equals ©(¢). Subtracting all

the terms on the (RHS) of (512), (5.14),(EI19) from (RHS) of (GII) we obtain
6(t)—6(0)§—$/0 /wW—HUF—U-(p_u—PU)d:UdT

—/t/ o, <F'(P)+B,,[P]_1|U|2> (p—P)+0,U- (71— PU)dedr
0 'ﬂ'd 2

1 t / _Llyp . (pu — rdr )
E/O /WV(F(P)Jan[P] 2|U|) (pu — PU)dzd (5.16)

—é/o /W VU: (pu®u — PU® U) +div(U)(p(p) — p(P))dzdr
1

1t
_2_2/ U (pVw, * p — P - Vw, * P)dzdr.
n=Jo Jrd



TFIARLES ELBAR, PIOTR GWIAZDA, JAKUB SKRZECZKOWSKI, AND AGNIESZKA SWIERCZEWSKA-GWIAZDA

Step 5: Terms with 0; U in (516). To estimate the right-hand side of (5I6) we first try to eliminate
time derivative from (5.I6). To this end, we compute 9, U from the equations (5.I)-(%.2]) to obtain

that U satisfies

e(P,U)
-

AU+ (U-V)U =~ U~ 19(F(P) + B,[P]) +

- 5.17
: (5.17)
We take the scalar product of this equation with pu — p U which yields
1 1
;U - (pu — PU) + §8t|U|2(P —p)+ -VU: (pu® U - pU®U)
1 _ .1 _ e(P,U) __
= L0IUP U7 - vF®) + B, - - pu) + D mpu)

where we used identities

1 1
E(U-V)U-(p_u—pU):gVU:(p_u®U—pU®U),

1
0/U - (g — pU) = 9,U - (pu — PU) + S0,[UP(P — p).

RdXd

Finally, using matrix identity z Ay = A: z ® y where z,y € R? and A € we easily deduce the

formula

VU: (pu@U-pUeU)=VU: (puu-PURU)

~-VU:pu-U)®u-U)-V (%|U|2) (pu — PU),

where

plu—U)®(u-U)=pu@u—-pueU-U®pu+ pUxU.
We obtain

LAIUP (P~ p) + 0,U) - (- PU) - Lv (§|U|2) (- PU)+

1 _ 1
+-VU: (pueu-PU2U)=_VU:pu-0)& (u-U)+ (5.18)
e(P,U)

= LI~ U-7m) - LV(F(P) + B,[P)) - (75— pU) + (7 - pU).

Note that this gives us an estimate on four terms appearing on the (RHS) of (&.16]).

1
c2

Step 6: Terms with F' and B, in (5.16]). We now consider the expression

_/Ot FdaT (F’(P)—l—Bn[P]) (p_P)+éV(F/(P)‘FBn[PD'(p_ll—PU)dxdT

Lo , _
+/0 [, 29 @)+ BPY - (i pU) dn
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The first integral comes from (.I6) while the second from (GIR) plugged into (BI6). We can
simplify this to get

t
1
—/ o (F'(P)+ B,[P]) (p—P) + EV(F’(P)—i-B,,[P]) -U(p—P)dadr. (5.19)
0 JTd
We split the term with B, [P] = n% — P:;;J” for the local and non-local parts. Now, concerning the

terms with potential F, we use (&) to deduce
/ /! 1 1! 1 1! . 1 / 1 1 .
OF'(P) = F'(P) ;P = ——F"(P) VP - U = —F"(P)PdivU = ——VF'(P) - U — —F"(P) P divU.

Similarly,
1 1 1
—0P = ——VP-U - —PdivU.
n? en? en?
Therefore, the local parts of (B.19) sum up to

—é <F”(P) P+ %P) divU (p—P) = —ép’(P) divU (p — P)

which together with —2 div(U)(p(p) — p(P)) divU from (.I6) gives p(p|P) divU, where

p(pP) := p(p) — p(P) — p'(P) (p — P).

Now, we consider the nonlocal parts in (5.19) and the last nonlocal term coming from (5I6). which

equals

1 [t 1

R (5.20)
_g_2/ U.(pvwn*p—P-an*P)dxdT.
n Jo Jrd

Using (&) and properties of the convolution we can rewrite the first term in (G.20):

11

t t
%/ Or (P xwy) (p—P)dxd7=———2/ / div(PU) (wy, * (p — P)) dz dr
" Jo Jrd entJo Jra

11 [
=—-— PU . (V —P))dxdr.
= [ [ PU- (T (o= P drar
so that ([E.20) boils down to

11

t
_2_2/ / (p—P)U-Vuw, * (p—P)dzdr.
nJo Jrd
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Step 7: Final estimate on the relative entropy. Using the steps above and (5.I6]) we obtain

o(t) — // plu—U2dzdr — //vd PU pu— pU)dadr

— 1/ VU:p(u—U)® (u—-U)dedr — —/ / div(U) p(p|P) dzdr  (5.21)
€Jo Jrd Td

———// p—P)U-Vw,*(p—P)dedr=:A+B+C+D+E.
Td
By definition of U we notice that

[Ullsc; IVUlloo, [e(P, U)| < e C([[P[c21),

where C(||P||¢2.1) is a numerical constant which depends on ||P|/cz: and blows up when n — 0
since we do not have estimates in C? of the solutions of the local Cahn-Hilliard equation. Now, we

estimate the terms appearing on the (RHS) of (5.21)).

Term E. For the nonlocal term F we use boundedness of U to have

C U]l —
”72H lp—=Pll2 [|[Vwy*(p — P) [|2 < 10|

< == p-Pl3.
77d+3 2

11 [
—F/O /W(p—P)U-an*(p—P)d:rdT <

Using (5.1 for n € (0,70) we obtain

g < YUPlezr) /t@(T) dar.
0

=T gydts

Term B. Using [33) and (31 we can write

(R - R

Using Cauchy-Schwartz with a parameter

ve [ {550

LB < cC(IPllcan) [|$]]

2

1
M+ — N = VNUP v, Ydedr
2e2 ’

Now, Moreover, expanding the square in |\ — +/A\;U|?> and using

B3), B1) we recognize that

t t
/ / <|)‘/_\/X1U|27Vt,w> S/ / p|u—U|2.
0 JTd o J1d

Therefore, we have the estimate

B <Pl |5

12 1 ¢ _—
_ —Uul2.
P OO+ 282/0 /[(d p|u |
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Term C. We have

//WVU u-U)@(u- U)dxd‘ C||VU”°°//W

Estimating directly under the integral in (B.14)

(X = VAD) @ (X = VATD), )| <

and using (BI8) we arrive at

(u-—U)® (u-U)|dedr

|)‘/ \/—U| ’/t:c

t
C< C(||P||cz,1)/ / o= UP dedr
o Jre
Term D. Using (316) and (BI0), we can write
_ , 1
p(pIP)] < (p(A\1) = p(P) = p'(P)(M = P), ) + [m? F 0| - m ) peall
The first part can be estimated using (B):
1
(p(M|P), vt z) < Cp r(F(MIP),vi2) + <OF,R + F) (A= P)*,vt0) (5.22)
The concentration measures part can be estimated using B-I9):
1
ImPF O ) 4 = = mp < (Cp+1)mf® 4 (OF + F) m?”. (5.23)
Summing up (5:22) and (B23) we obtain

1T\ —
PIP)| < CFGIP) + C (1 n n—) PP

The last term can be estimated by the nonlocal term appearing in the definition of © due to the

Poincaré inequality (323). As F(p|P) also appears in the definition of © we obtain

//le p(p|P) dz dr
Td

We conclude that for n < 1:

< C(IPfo=1) <1 i ni) /Otem ar.

C(|P||g2) [* 1]))?
o) < 60+ U [om)ar+<cplean) |5

oo

Using Gronwall’s lemma, we obtain (&.5]). O

Proof of Theorem[1.3. The proof is a direct consequence of (5.5)). Indeed, we consider the relative
entropy © as in (5.4) with p = p, ., u =u, ., P = p, and U = —eV(F'(p,) — By (pn)). Asn € (0,10)
is fixed, p, (which depends on n!) is a C*! function bounded away from 0 (Theorem LT, Lemma
[2). Furthermore,

0(0) < C (€ + e [2a(ay) = 0 (5:24)
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(here, we use that the initial density po belongs to C? so that [[U(0,z)|| g (yay < Ce, cf. ([B3)).
Therefore, we get that ©(t) — 0 as ¢ — 0. By (5.6) and (5.7), we obtain convergence in L?(T9),

even uniformly in time. O

Proof of Theorem [1.7. We write p, (note that it does not depend on ¢, cf. (GI) and (G3)) for
solutions to (I)-(E2) and we note that they depend on 7. From [39] we know that there exists a
subsequence 7, — 0 such that

lone = pllL2 0,7y xTe) = 0,
where p is a weak solution to the local Cahn-Hilliard equation. Now, let p,, ., be a measure-valued

solution of non-local Euler-Korteweg equation. Using (5:24)), (5.8) and (1), we have

1

2
) eCTHPnk ”02,1 /"7d+3 .

oo

1on. = Paer l2(0,myxmay < C <k 10,6, 12 gy + €1 l1pn, 122
M

1
Py

lose parabolicity), nevertheless we can choose ¢j, so small to obtain convergence to 0. The conclusion

: 2 a3 :
Of course, the quantity ||pp, |32, ‘ eCTlPnllo2a/m™" is blowing up as 7, — 0 (because we

follows by triangle inequality. O

6. CONVERGENCE RESULT FOR THE PARAMETRIZED MEASURE "¢ AND THE CONCENTRATION

MEASURES 1),

Theorems [[.4] and answer the question of what happens with the function p, . when n,e — 0.
However, the measure-valued solution (py., m, v my, ) is in fact a collection of four com-
ponents. Below, we address the question of convergence of the other components: m, e,
my. We provide a detailed proof only for the situation in Theorem Adaptation to the case
analyzed in Theorem [[.4] is straightforward.

We first recall some basic notions from measure theory. We consider the set RT x R? and we write
(A1, \) for a given element of this set where \; € RT and X' € R? as in Section Bl For two
probability measures j, v on Rt x R? with a finite second moment, that is,
Lo P+ P du,X) < o (NP + [N du(An, X) < o,
Rt xR Rt xR

the Wasserstein distance W (p, v) is defined as

NN

— 2 2 —_ ~
Wa(,v)2 =  inf / U)\l - )\1‘ + } dr (Al,X,Al,A') , (6.1)
(R xR%)2

m€M(p,v)
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where the set II(u, ) is the set of couplings between pu,v; that is, the set of measures m on the

product (RT x R%)? such that
(A x (RT x RY)) = u(A), 7((RT x RY) x B) = v(B).
Furthermore, for a measure p on some space X, the total variation of u is defined as

el = [pl(X),

where |u|(A) = pt(A) — p~(A) and p™, pu~ are positive and negative parts of u, respectively. Note
that if p is a nonnegative measure, ||p|l7y = p(X). For more on spaces of measures and related

norms, we refer to [34, Chapter 1].

Theorem 6.1. Under the notation of Theorem [, the function \/p,-u,. converges to 0 in
L>(0,T; L3(T9)):

esssup/ |\/Pretinel®dz — 0 ase — 0. (6.2)
t€(0,T)

Moreover, the parametrized measure v € L33, .((0,T)x T P([0,4+00) x R)) converges to 6,, (¢,)®

do in the following sense

ess sup/ Wa (V2,8 (1,0) @ (50)]2 dz — 0 ase — 0. (6.3)
te(0,T) d

Furthermore, the concentration measures vector my, . converges to 0 in the total variation norm,
uniformly in time:

esssup ||my, (¢, -)|l7v — 0 as € — 0. (6.4)
te(0,T)

Proof. From the proof of Theorem [LL5, we know that sup,c o ) ©(t) — 0 where O(%) is defined as
in (54) with p := p, ., P :=p,, u:=u, . and

U == —eV(F'(py) — By(py))- (6.5)
Due to Lemma this yields
1l
sup [ Spncline =P e+ 755 [ [ wn)lipne = p)@) = (00 = e = )2 dydz 0
te(0,T) J T4 Td
(6.6)

and these two quantities are nonnegative. First, by Poincaré inequality (8:23) and (B12), we have

ess sup/ / I\ — pn(t, ) dvyy (A, V) Az + mf,zg(t, T4) — 0. (6.7)
te(0,7) JTd JR+ xRd ’
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In particular,

€ss sup/ / / |>\1 /\1 (t IE)|2 dl/ ()\1, /) d(spn(t,m)(//\\l/) dz — 0. (68)
Td JRT JRT xR

te(0,T)

Second, due to (BI3), we can expand the term 1, £p, c[u, . — U[? into three integrals:

1 —_— 1
3 / Pne [Uye|?da — / PneUne-Udz + 3 / Pne |U|2 dz. (6.9)
Td Td Td

We claim that the second and third term converge to 0. For the third term, this follows easily from
([6.5), nonnegativity of p, . and the conservation of mass [, py.edz = [, podz. Concerning the
second term, by the dissipativity (Definition B4]) and nonnegativity of the energy (Lemma [B.6]), we

have the uniform estimate

'/ Pn.e Up e dx / < VA X, Vn’8> dz
Td Td
1 1 T— 1 1 3
<5 pnede + < |V/Pretn,el? do = 5 podx + = lV/Pretyel?de < C
2 'ﬂ'd 2 ‘|]'d 2 ‘l]'d 2 ‘|]'d

As |U| < C¢, we conclude that esssup;c o 1) | [y Pretyz - Udz| — 0 as € — 0 so that (©3) implies

1 1
< _/ <)\17y777€> dx + _/ <|)\'|2,V77’8>d;v <
2 Ta 2 Ta

1 [ —
esssup = / Pne [0y o2 de — 0.
te(o,1) 2 Jye

Again, we can write it as

esssup// N2 dus (LX) da + m2 135 (1, T9) — 0 (6.10)
te(0,7) JTd JR+ xRd ’
which implies
esssup/ // )\’|2du (A1, N) ddo(N) da — 0. (6.11)
te(0,T) JTd JRd [R+x[Rd

Now, as the product measure v (A1, ') ® d, ()\1) ® do ()T’) is an admissible coupling between v/

and J,, ® do we can estimate the infimum in (G.I]) by

[W2 (Vt x 51’7] ® 50 ’ S / / |A1 - S\\I(t’ I)|2 dVZ’IE(A17 >\/) dapﬂ (t,m)(S\\I) =+
R+ JR+ xR2

+// N2 v (A, N) do (X1)
R4 |R+><|Rd

so that integrating over T¢ and taking ess Supe (o, 1) we conclude the proof of (6.3) due to (G.8) and
(611). Furthermore, by Jensen’s inequality

/ Tranal? = / 1) 2 da < / (N, ).
T4 T4 T

Taking ess sup,¢ o ) and using (G.I0), we arrive at (6.2).
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Finally, we study the concentration measures. From (6.7 and (610) we know that

ess sup mZZ(t,TTd), ess sup my, ‘5‘“2(15,?‘1) —0ase—0.
te(0,T) te(0,T)
Using (BI8) we obtain the same for [mf%®"|. It remains to study mf;(f) and mf,g @) n fact, if

we prove that esssup;e o 1) mf;(ap) (t, T?) converges to 0 as € — 0, the same will be true for ‘meg (p)‘

due to BI9).

By supse(o,r) ©(t) — 0 and (6.6), we have that

sup / F(pn.elpy) = 0ase — 0.
te(0,7) JTd

We can write F(p,.c|p,) as (cf. (59))
Fpn.elpn) = (F1(M) — Fi(py) — F{(Pn)(Al = py)s V') +
(6.12)
+ (B (A1) = Fapy) — F3(pyg) (A1 — py), v™%) +mbE®).

The first term is nonnegative while the second converges to 0. Indeed, it can be bounded by

[ F4 loc ((A1 = p)?, vt,z) Which can be estimated due to inequality (cf. (5.10)):

1—«x

1B [ (O = p oo < 2t [ ] ol = pu)(@) = (0= ) = )2 dyda

for some x € (0,1). Thanks to (6.6)),

esssup [ [(Fa(A1) — Fa(py) — F5(py) (M1 — py), v")|da — 0 as e — 0.
te(0,7) JTd

Due to (612), the proof of ([6.4)) is concluded. O

We can also formulate a similar result to Theorem [6.1]in the context of Theorem [[L4l The proof is

the same as the one of Theorem

Theorem 6.2. Under the notation of Theorem [1.7], the function \/pp. cp Uny.c, CONVErges to 0 in
L>=(0,T; L*(T4)):

esssup/ |./pnk,5kunk,5k|2d:1: — 0 as ex,mr — 0.
te(0,7) JTd

Moreover, the parametrized measure v+ € L2 . ((0,T)xT% P([0, +00) xRY)) converges to 0,(; )@

weak

do in the following sense:

T
/ / [W2(Vnk’€k75p(t,m) ® 50)]2 dedt — 0 as e, nr — 0.
0 Td
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Furthermore, the concentration measures vector my, ., converges to 0 in the total variation norm,

uniformly in time:

esssup ||my, . (¢, )|lrv = 0 as g, — 0.
t€(0,T)

APPENDIX A. SOME INEQUALITIES

Lemma A.1. Leto > 0 and a final timeT > 0. Let u be defined by u(t) = o exp (— fot||div b||L=(s) ds)
and ¢s defined in [@4). Then

/ Ags(u)sgn™ (u —u) > 0.
-"'d

Proof. We note f, a concave approximation as 7 — 0 of the function f : z — min{z,0}. Then f/

approximates f’: z — sgn™ (z). We have

Aos()fifu=) == | d40) 2= w|Val®

Ta

Since ¢ > 0, f < 0 by concavity and we conclude by sending 7 — 0. O

Lemma A.2. There exists 9 > 0 and constant Cp such that for all n € (0,m9) and all f € L?(T%)

we have

) — 2
If - (f)vdniz(w) <Cp /W /W %wnﬂx —y|)dz dy.

APPENDIX B. BOUND ON THE RELATIVE PRESSURE

Lemma B.1. Let F satisfy Assumption (1)), p(p) = pF'(p) — F(p) + % and F(p|P), p(p|P) be
defined by BIM). Then there exists a constant Cp r such that p(p|P) is bounded in terms of F(p|P)
and |p — P|? i.e.

1
p(olP) < Crn F(plP) + (OF,R n n—) p— P (B.1)

Similarly, there exists constant Cp such that
pF'(p)| < C F(p) + Cp p? + Cp. (B.2)
Proof. We write

p(plP) = (p— P)? / / "Yi(sp+ (1 5)P)dsdr,

1 T
F(p|P) = (p— P)2/0 /0 F"(sp+(1—s)P)dsdr.
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We note h(s) = sp + (1 — s)P to simplify the notations. By definition p'(p) = p (F"(p) + n%)

Therefore we obtain
o) = 0P [ [ R + FE06) + MO0 + 16 F (s asar + o~ PP
F(plP) + (p - P) / / (1(3)) + h(s) FEY ((s)) dsd -+ —|p — PP

We note I = fol Iy h(s)FP (h(s))dsdr and I, = fol Iy h(s)FS? (h(s)) dsdr. By assumptions on

|uF1(3)| we obtain

Il<C—|—C// dsdT<C+C// + F/(h(s))dsdr,

where the value of C' changed in the last inequality, using the boundedness assumption on Fj'. For

I, we simply use boundedness of |uF3(u)| so that
I, <C.
This concludes the proof of (BI). Concerning (B:2)), we have
pF'(p) =pFi(p)+pFs(p) <C(1+ Fi(p) +Cp<C(1+F(p)) +C (% + %2> +C,

where we used estimate on p FY(p), boundedness of F}, F» and inequality 2p < 1+ p?. The proof is
concluded. |
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