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ABSTRACT
This paper discusses stiffness and antagonistic actuation in light-weight cable-driven bio-inspired manipulators

suitable for safe interactions. Manipulators under study are built upon arranging in series several tensegrity joints,
called modules. A comparative study of several modules revealed that the X module, in contrast to modules based on
pivots, allows one to increase joint stiffness by increasing antagonistic input forces like during muscle coactivation.
For a planar manipulator with N modules, antagonistic actuation schemes with 2N and N+1 cables are proposed and
compared. It is shown that the N +1 cable actuation scheme allows controlling both the manipulator configuration
and joint stiffness satisfactorily. As compared with a manipulator with 2N active cables, one on each side of each
module, higher forces are required to achieve the manipulator configuration. However, the N + 1 cable actuation
scheme is a reasonable solution that allows reducing the moving masses and cost.

1 Introduction
Nature offers viable solutions obtained by natural selection. These solutions are frugal from the point of view of matter

as well as energy. For instance, the energy performance of human or animal walking and running surpasses that of the
best walking robots [1, 2]. Biological organs thus constitute an interesting model of inspiration for the roboticist, not only
for the innovation potential but also for more sustainable solutions. Conventional industrial robots have a small number
of long rigid bodies connected at discrete joints. In order to increase self-adaptability in unstructured environments, an
interesting solution is to develop continuous-bodied robots such as trunk, snake or tentacle-like robots. Their inherent design
would provide the benefit of a flexible bending along the structure. A large amount of research work has been devoted to
bio-inspired continuous-bodied robots [3]. Examples of robots inspired by animals are elephant-trunk arms [4–6], octopus’
robots [7], snake-like robots [8], anguilliform robots [9], bird-neck manipulators [10], among others. Snakes, eels and bird
necks have a cervical spine made of articulated vertebrae. To mimic them, hard discrete-jointed hyper-redundant robots can
be proposed [4, 9]. They are derived from conventional robots by multiplying the number of joints and rigid links, thus
resulting in heavy designs. Musculoskeletal systems can be modeled using tensegrity systems where cables and/or springs
play the role of tendons and ligaments and rigid bars play the role of bones [11]. It is possible to actuate a tensegrity system
by varying the length of certain elements such as that of the cables. These are called tensegrity mechanisms [12]. Several
researchers have taken advantage of this possibility to propose light-weight manipulators remotely actuated with cables
[13–19]. Another solution consists in designing continuum robots, i.e. robots with a smooth body and a hard/compliant
surface [20]. Those robots can have remote or intrinsic actuation. The latter comprise multi-backbone tendon-driven robots
[4] and concentric tube robots [21]. Multi-backbone tendon-driven robots can reach a higher payload than concentric-
tube robots, which are generally smaller and used in medical applications (e.g. endoscopes) [22]. Continuum robots with
intrinsic actuation comprise pneumatic robots whose McKibben actuators act as artificial muscles [5] and shape memory-
alloy robots [23]. Both are difficult to control. Fluid-driven robots are heavy and necessitates bulky power supply systems.
Shape memory alloy robots are unable to carry heavy loads. Soft robots are typically used to mimic the hydrostat, e.g.



an octopus [3]. Soft robots do not rely on a structural backbone but possess a deformable body (e.g. made of rubber of
silicon). They are highly flexible but cannot provide bending stiffness through their physical properties and are not suitable
for transmitting high forces. An intermediate approach is to design robots with bodies that can be made stiff or flexible: an
example was proposed in [24] who introduced a shape morphing approach for tuning the link stiffness of a robot arm. This
approach is original but rather complex and stiffness is difficult to model.

In this paper, we focus on a kind of bio-inspired collaborative robots suitable for safe interactions, i.e. with tunable
stiffness. An interesting candidate model is the bird neck. Birds use their neck as a dextrous arm for common or more
specialized tasks [25] depending on the species. The vulture’s neck can contort itself to penetrate inside carcasses, while
exerting great efforts to tear off the remains of food [26]; the parrot is able to hang by its beak using its neck as a third
leg to move around; other birds use their neck as a catapult to catch fish or to pierce a tree trunk [26]. These remarkable
performances have encouraged us to look at the bird neck and find a model of inspiration to design an innovative planar
tensegrity manipulator [10, 27].

The bird neck is built around a cervical spine made up of vertebrae articulated and moved by a set of muscles and
tendons. Several types of mechanisms can be considered to reproduce at best the 2-degree-of-freedom motion between two
vertebrae. It was shown in [28] that a modified ball-and-socket joint is a possible candidate. Here, we focus on the motion in
the sagittal plane of the bird neck. Accordingly, the simplest mechanism is a revolute joint but, if the center of rotation is not
fixed like in the knee joint [29], an anti-parallelogram mechanism would be more appropriate. In fact, [30] showed that both
revolute joints and anti-parallelogram joints, with or without offsets, are appropriate to reproduce the intervertebral motion
of the bird neck. Biological joints are actuated by antagonistic muscles. Most of the time, two antagonistic muscles work in
opposite ways: when one contracts, the other relaxes, so that energy consumption is minimized [31]. However, simultaneous
activation of antagonistic muscles may occur for a short time. This coactivation aims to increase the stiffness of the joint [31].
The organization of the muscular system of the bird neck, with one long muscle on one side and many muscles on the other
side [26], suggests that a coactivation system is used. Accordingly, a bio-inspired robotic bird neck model should be designed
with joints that can be actuated in an antagonistic way. Moreover, energy consumption should be minimized and one should
be able to increase the joint stiffness when needed. Variable stiffness actuators (VSA) have been developed to allow for joint
stiffness modulation in applications involving interactions, such as in robots and biped [32]. Stiffness modulation in VSA
can be achieved through software or hardware. Several different hardware implementations of VSA have been proposed,
such as by playing with spring arrangement and properties [33–35] or by changing transmission angle with cams [36]. Other
solutions use antagonistic cable actuation together with springs [37]. These latter are intrinsically lighter than the former that
use solid components. A cable driven joint for stiffness amplification was proposed for a humanoı̈d robot in [17] for fast and
safe interactions. The proposed joint is very stiff but rather complex and difficult to implement in a redundant manipulator
built with many such joints in series. An interesting low-energy, variable stiffness active module was proposed in [37].
This module uses cable actuation and allows for decoupling stiffness control from internal tension. However, the proposed
solution is rather bulky and difficult to implement in a bird neck model.

In this paper, a manipulator inspired by the bird neck is proposed. Four types of tensegrity joints are proposed and
compared together. A suitable joint is chosen to be used in a three degrees of freedom manipulator. All simulations results
were obtained with Matlab®. Experiments conducted on a X module and a R module confirm that, under an increase in the
antagonistic forces, the stiffness of the X module is increased but the one of the R module is decreased.

This paper is organized in two parts. In section 2, the goal is to study and compare four types of joints in terms of energy
consumption and stiffness control. We propose a generic parameterized joint model. Each of the four joint types studied
corresponds to particular values of certain parameters. We establish a condition for an increase in cable tension to result in
an increase in stiffness. A discussion of the possibilities and limitations of stiffness control is given.

In section 3, the extension to a stack of modules is addressed. Different types of cable actuation are compared. We study
a complete antagonistic actuation with 2 independent cables per module. and an antagonistic actuation with only one long
cable common to all modules and one independent antagonistic cable per module. Section 4 concludes this paper.

2 Mechanism choice and analysis
Our objective is to draw inspiration from the morphology of the bird neck to define a planar manipulator based on

tensegrity mechanisms. We want to define this manipulator as a series of basic mechanisms, referred to as modules. These
modules play the role of intervertebral joints. Each module consists of bars and springs and are operated by cables. Cables
and springs play the role of muscles and tendons. If we limit ourselves to a planar study, the relative movement between
two vertebrae is mainly a rotation. In the bird neck, this motion is constrained by several surfaces in contact, referred to as
central surfaces and zygapophyses [28, 30, 38]. It is therefore not obvious that the relative movement corresponds to a pure
rotation, i.e. a rotation around a fixed point. Several types of modules will then be considered. The choice of a suitable
module must be defined according to the following points:

- get inspiration from the bird neck;



- respect criteria met both in the bird and in the robot (e.g., low energy consumption, stacking of modules, antagonistic
actuation);
- criteria that are specific to the bird (e.g., protection of the spinal cord) are not necessarily satisfied;
- add criteria specific to robots (e.g., remote motors on a fixed base).

Both revolute joints and crossed four-bar joints can be used to produce planar motions between two vertebrae [30, 39].
The former generate a pure rotation about a fixed point while the latter have a variable center of rotation. A comparison
of the movements generated by the abovementioned two joints with the bird neck intervertebral motion did not lead to
clearly favoring one of the modules [30]. We propose a model of a generic module that allows defining four different types
of joint upon tuning the module’s parameters. This generic model is shown in Fig. 1. The module is actuated with two
cables (in red) attached at each end of the upper bar. Two springs are attached in parallel of the cables. Their main role
is to contribute to stiffness. They also allow defining a desired configuration at rest: as shown in section 3, a bird neck-
inspired manipulator built with several modules in series should have a S-shape at rest, and this can be achieved by selecting
appropriate asymmetrical spring constants.
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Fig. 1. Generic module defined by four parameters b,L,r,h in a frame (O,x,y) attached to the ground.

To keep a reduced number of parameters, we define symmetrical modules, namely, the top and bottom bars have the
same length b ≥ 0 and the two crossing bars have the same length L ≥ 0 with L > b when b ̸= 0. The module configuration
is defined by the orientation angle α of the upper bar. In Fig. 1, the dashed-dotted line indicates the distance l between the
midpoints of the bottom and top bars, which will be used for the expression of the cable lengths l1 and l2. When b and L
are both non zero, the module behaves like an anti-parallelogram mechanism, referred to as a X module. Its characteristic
movement corresponds to the rolling without sliding of two ellipses one on the other (Fig. 2). Mechanical implementations
of this joint can be found in [15] and [10]. Note that the guidance by the bars of the X module can be likened to the cruciate
ligaments of the knee joint [29]. If b = 0, the previously mentioned ellipses become circles (Fig. 3) and the X module
degenerates into a double pivot joint of identical angles, referred to as 2R module. Mechanical implementations of such a



case b L r h

X module L0/2 L0 r0 0

R module 0 0 r0

√
L2

0 − (L0/2)2/2

X module + offset 0.8L0/2 0.8L0 r0 0.2
√

L2
0 − (L0/2)2/2

2R module 0
√

L2
0 − (L0/2)2/2 r0

√
L2

0 − (L0/2)2/4

Table 1. Dimensions of the four modules studied for r0 = 0.04 m, L0 = 0.08 m. At α = 0, point P is vertically above point O at a distance

of
√

L2
0 − (L0/2)2 from the base for all modules.

joint have been proposed in [17] and [40]. When both L and b vanish, the module becomes a simple pin joint, referred to as
a R module. Parameters h and r have been defined to allow adjusting the distance between the muscle attachment points and
the joint rotation center. Parameter r > 0 plays the role of a lever arm while h ≥ 0 is an offset.

Fig. 2. An X module (b ̸= 0 and L ̸= 0, shown here with an offset h). The movement corresponds to the rolling without sliding of two
ellipses one on the other. Trace of the middle point of the upper bar is shown in orange

Fig. 3. A 2R module obtained when b = 0. The movement corresponds to the rolling without slipping of two circles one on the other. Trace
of the middle point of the upper bar is shown in orange

Table 1 describes the four different modules obtained with different sets of parameter values: it includes the X module
without offset (h= 0), the R module (b= L= 0), the X module with offset (h ̸= 0) and the 2R module (b= 0). These modules
are shown in Fig. 4. The absence of singularities also imposes to restrict the rotation range to −(π−2δ)< α < π−2δ where
δ =atan2(r,h), see [41] for more details.
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Fig. 4. The four studied modules are depicted at α = 20◦. Left: X module without offset (top) and with offset (bottom). Right: R (top) and
2R (bottom) module.

Let P be the middle point of the top bar with respect to a base frame centered at the middle of the bottom bar (x-axis
aligned with the bottom bar). The coordinates of P can be calculated as functions of the upper bar angle α as follows:

P =

 −hsin(α)− sin(α
2 )
√

L2 −b2 cos2(α
2 )

h(1+ cos(α))+ cos(α
2 )
√

L2 −b2 cos2(α
2 )

 (1)

2.1 Static model and stability
The static model and stability conditions are of primary importance for the study of a tensegrity module. The static

model allows describing the module configuration as functions of the forces applied in the cables. Let U be the potential
energy of a module: U =Ug +Uk +F1l1 +F2l2, where Ug (resp. Uk) is the contribution of gravity (resp. of the springs), l1, l2
are the cable lengths and F1, F2 are the forces applied by the cables (see Fig. 1). The equilibrium condition of a module is:

dU
dα

= 0 (2)

This equation can be rewritten as:

G+
dl1
dα

F1 +
dl2
dα

F2 = 0 (3)

where G =
dUg
dα + dUk

dα . Let k1 (resp. k2) denote the left (resp. right) spring constant and let l1v (resp. l2v) denote the free
length of the left (resp. right) spring. We have: dUk

dα = k1
dl1
dα (l1 − l1v)+ k2

dl2
dα (l2 − l2v),



An equilibrium is stable if its stiffness is positive, i.e.:

d2U
dα2 > 0 (4)

For given cable forces F1, F2, the stiffness can be written as:

d2U
dα2 =

dG
dα

+
d2l1
dα2 F1 +

d2l2
dα2 F2 (5)

The cable lengths l1, l2 are:

l1 = l −d, l2 = l +d (6)

where l, the distance between the midpoints of bottom and top bars is:

l =

√
L2 −b2 cos2(

α
2
)+2hcos(

α
2
) (7)

and

d = 2rsin(
α
2
) (8)

From the equilibrium and stiffness equations, it is apparent that the length expressions l1 and l2 play a central role in:

- the equilibrium at rest (i.e. F1 = F2 = 0) or for given input forces F1, F2 via dl1
dα , dl2

dα ;

- the stability of the equilibrium for given input forces via d2l1
dα2 , d2l2

dα2 and more generally in the stiffness of the module.

The plots of l1, l2 are shown in Fig. 5 for the four modules studied.
The module is in equilibrium if we choose forces F1 and F2 satisfying (3). To ensure positive, limited cable tensions, we

impose 0 ≤ Fmin ≤ Fi ≤ Fmax.
We have:

dl1
dα

=
dl
dα

− dd
dα

,
dl2
dα

=
dl
dα

+
dd
dα

(9)

where:

dd
dα

= rcos(
α
2
) (10)

When
√

L2 −b2 cos2(α
2 ) ̸= 0, i.e. for all modules but the R module:

dl
dα

=
b2 cos(α

2 )sin(α
2 )

2
√

L2 −b2 cos2(α
2 )

−hsin(
α
2
) (11)

For the R module, we have:

dl
dα

=−hsin(
α
2
) (12)
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Fig. 5. Plots of cable and spring lengths for the four modules described in table 1. Lengths l1 (resp. l2) are depicted in solid (resp. dotted)
lines. Red (resp. cyan, green, blue) color corresponds to the X module (resp. X module with offset, 2R module, R module). Colors available
in the online version.
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Fig. 6. Evolution of dl1
dα in solid line and dl2

dα in dotted line as a function of α. Red (resp. cyan, green, blue) color corresponds to the X module
(resp. X module with offset, 2R module, R module). Colors available in the online version.

At α = 0, dl
dα = 0 and dd

dα = r > 0. Thus, dl1
dα ≤ 0 and dl2

dα ≥ 0 around α = 0. Figure 6 shows the evolution of dl1
dα and dl2

dα
as a function of α. The equilibrium solution with minimal forces is therefore obtained when one of the forces is at Fmin. For
simplicity, we take Fmin = 0.

Suppose that we want to reach a desired configuration αd such that G(αd) < 0. Then, the minimum force solution
denoted by F∗ is:

F∗
2 =−G(αd)

dl2
dα

, F∗
1 = 0 (13)



Other solutions, which would involve a coactivation, can be defined in terms of F2 as follows:

F2 =−
G(αd)+ dl1

dα F1
dl2
dα

= F∗
2 −

dl1
dα
dl2
dα

F1 (14)

2.2 Coactivation and stiffness
In biological systems, coactivation is used to reinforce joint stiffness [31, 42, 43]. The impact of a non-zero force F1 on

the stiffness of the system is written using equation (5):

d2U
dα2 =

dG
dα

+
d2l2
dα2 F∗

2 +R1F1 (15)

with

R1 =

 d2l1
dα2

dl2
dα − d2l2

dα2
dl1
dα

dl2
dα

 (16)

Finding a behavior similar to that observed in biological systems implies that R1 > 0 for values of α where G(αd)< 0. Let
C be the numerator of R1. Since dl2

dα > 0, this condition can be written:

C =
d2l1
dα2

dl2
dα

− d2l2
dα2

dl1
dα

> 0 (17)

This expression can be simplified by expressing l1 and l2 as functions of l and d:

C = 2
(

d2l
dα2

dd
dα

− d2d
dα2

dl
dα

)
> 0 (18)

A similar condition can be written for values of α where G(αd) > 0. It can be showed that this leads to the same
conditions (17) and (18).

For the modules studied, we have:

d2l
dα2 =

b2(L2 cos(α)−b2 cos4(α
2 ))

4(L2 −b2 cos2(α
2 ))

3/2 − h
2

cos(α/2) (19)

This formula is valid only when L2 −b2 cos2(α
2 ) ̸= 0, i.e. for all modules but the R module. For the latter:

d2l
dα2 =−h

2
cos(α/2) (20)

d2d
dα2 =− r

2
sin(

α
2
) (21)

From equations (11) or (12), (10), (19) or (20) and (21), we can derive the expression of C. In the case L = b = 0, i.e.
for a R module, we obtain:

C =−hr (22)



knowing that r > 0 and h > 0, it is apparent that condition C > 0 cannot be satisfied for the R module.

If L2 −b2 cos2(α
2 ) ̸= 0, we have:

C =
rb2(L2 −b2)cos3(α

2 )

2(L2 −b2 cos2(α
2 ))

3/2 −hr > 0 (23)

Note that the above condition on C is independent of r. Indeed, since r > 0, a variation of r does not change the sign of
C.

For the 2R module (b = 0), we find exactly the same condition as in the case of the R module (the value of h is different
for the same module height).

For the X module without offset, since cos(α
2 )> 0 within the joint limits and L > b, the condition is always satisfied.

For the X module with offset h ̸= 0, h can be selected as a function of the variation range of α to satisfy this condition.
Given −π/2 < αm ≤ α ≤ αM < π/2, h must be defined such that:

h <
b2(L2 −b2)cos3(max(|αm|,|αM |)

2 )

2(L2 −b2 cos2(max(|αm|,|αM |)
2 ))3/2

(24)

In biological systems, a coactivation is accompanied by an increase in joint stiffness. When high stiffness is required,
such as in process tasks, it is desirable to stiffen the robot upon increasing the cable forces. This feature also implies that
low forces produce low stiffness at equilibrium. Such a behavior is expected when safe interactions are desired, such as in
collaborative robots.

Figure 7 illustrates the evolution of C for the four modules studied. The X module allows an increase in stiffness by
coactivation, i.e. by simultaneous increase in the forces F1 and F2. This is also partially the case (for −0.75rad < α <
0.75rad) for the X module with offset. In fact, equation (23) shows that h should be chosen sufficiently small to keep this
behavior. The R module and the 2R module, instead, do not allow increasing stiffness by coactivation. Moreover, significant
forces in the cables would produce low stiffness, which is not a satisfactory feature.
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Fig. 7. A coactivation is accompanied by an increase in joint stiffness for C > 0. These curves show the evolution of C as a function of α
for the four modules studied. Lengths l1 (resp. l2) are depicted in solid (resp. dotted) lines. Red (resp. cyan, green, blue) color corresponds
to the X module (resp. X module with offset, 2R module, R module). Colors available in the online version.

Parameter r can be chosen according to the torque that is to be transmitted to the joint. In the bird neck, r varies
according to the vertebrae and does not take symmetrical values on each side [26] but in this work, symmetric attachments
points have been considered for more simplicity.



2.3 Experimental study
In previous section 2.2, a coactivation index C has been derived for the different modules studied. It was shown that

C is always negative (resp. positive) for the R module (resp. X module without offset), which means that when the two
antagonistic cable forces increase, (i) the stiffness of the X module without offset increases and (ii) the stiffness of the R
module decreases. In this part, we present some experiments that confirm the above two important features.

2.3.1 X module
The X module prototype used for these experiments has the following dimensions: b = 0.05 m, L = 0.1 m, r = 0.025 m

and h = 0. We use a pair of springs of constant k = 100 N/m on each side, which amount to 200 N/m on each side. The set-up
is shown in figure 8. In all experiments, the X module is subjected to a set of antagonistic cable forces of equal magnitude

Fig. 8. The X module set up.

on both sides Fant = F1 = F2, mimicking muscle coactivation. The antagonistic forces are imposed by the actuators. They
are obtained from the actuator torques applied and knowing the drum radius (here equal to 25 mm). Then, we apply an
external perturbation force. Deviation angles are measured with an encoder located on the upper-left revolute joint (see Fig.
8), for different levels of antagonistic cable forces. A natural experimental set-up is to apply a perturbation force manually
through a dynamo-meter and to measure the module deviation angle. Figure 9 shows that the force that needs to be applied
for the same module deviation, namely 40◦ increases from 16 to 24 and 35 N (as displayed on the left by the dynamo-meter
screen) when the magnitude of the antagonistic forces Fant increase from 10 to 30 and 50 N, respectively. This means that
the more the antagonistic force magnitude, the more the stiffness of the X module. A video of the experiments can be
viewed at https://www.youtube.com/watch?v=mzrzl52KhYw. In order to tune and measure the magnitude of
the perturbation with more accuracy, a more practical solution is to apply the external perturbation with one of the actuated
cables. We increase continuously the magnitude of this cable force from its initial coactivation value. Figure 10 shows
the plot of the deviation angle of the X module against the magnitude of the perturbation for 6 levels of antagonistic cable
forces, namely, Fant = 5, 10, 15, 20, 25 and 30 N, respectively. Since we are interested in the joint stiffness, the applied
perturbation force is recalculated in terms of its associated moment using Eq. (3). It is apparent from this plot that the higher
the antagonistic cable forces, the lesser the deviation for a given perturbation magnitude (note that because of friction, a
minimal perturbation level of 0.1 N.m is necessary to observe a deviation). This clearly confirms the possibility to increase
stiffness of the X module by increasing coactivation.

2.3.2 R module
Experiments are now conducted on the R module. The dimensions of the R module prototype were defined to have the

same height and width as the X module prototype at α = 0: b = 0, L = 0, h = 0.043 m and r = 0.025 m. We use one spring
of constant k = 500 N/m on each side. Since we want to show that the stiffness decreases when we increase the antagonistic
cable forces, we need to have a sufficiently large and positive module stiffness value at rest. For this reason, the springs were
not arranged along the cable direction but they were inclined as shown in Fig. 11. Note that the spring direction does not
affect the coactivation index C, which depends only on the cable direction and length.

Figure 12 shows the plot of the deviation angle of the R module against the magnitude of the perturbation (applied
with one of the actuated cables) for the same 6 levels of antagonistic cable forces as above. Contrary to the X module, it is
apparent that the deviation angle is always greater when the antagonistic forces are higher.
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Fig. 10. Deviation angle of the X module prototype against perturbation magnitude for different antagonistic cable forces. Colors available
in the online version.

Clearly, the R module can become unstable and fall off if the antagonistic forces are increased beyond a certain limit.
In order to demonstrate this phenomenon physically, while respecting the torque limits of the motors, the existing springs
of constant 500 N/m were replaced by 200 N/m ones. Starting from α = 0, the antagonistic forces on the two cables were
increased continuously from 5 N. The module became unstable and fell off when the forces were increased beyond 37.3 N.
The video recording of this experiment can be found in https://www.youtube.com/watch?v=itU7fgHq4ro.
This experiment is also shown in Fig. 13 where the evolution of the joint angle against the antagonistic forces is plotted. We
can clearly see a jump when the antagonistic forces reach 37.3 N, which means that the module becomes unstable and falls
off.



Fig. 11. Spring arrangement for the R module experimental set-up.
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Fig. 12. Deviation angle of the R module prototype against perturbation magnitude for different antagonistic cable forces. Colors available
in the online version.

2.4 Stiffness tuning
At rest, birds can keep their neck in a stable S-shape configuration with little muscular activation [25]. This feature can

be reproduced on a tensegrity module by choosing the springs such that the equilibrium configuration at rest is stable.

2.4.1 Equilibrium at rest
We recall the equilibrium equation:

dUg

dα
+

dUk

dα
=−dl1

dα
F1 −

dl2
dα

F2 (25)

Upon expanding Uk, the equilibrium equations becomes:

dUg

dα
+ k1

dl1
dα

(l1 − l1v)+ k2
dl2
dα

(l2 − l2v) =−dl1
dα

F1 −
dl2
dα

F2 (26)

The equilibrium equation at rest is:

dUg

dα
+ k1

dl1
dα

(l1 − l1v)+ k2
dl2
dα

(l2 − l2v) = 0 (27)
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Fig. 13. Plot of R module orientation angle against antagonistic forces. The jump at 37.3 N means that the R module becomes unstable.

From the equation above, we can write a relationship between the two spring constants as follows:

k2 = K2 +K21k1 (28)

where

K2 =−
dUg
dα

dl2
dα (l2 − l2v)

(29)

and

K21 =−
dl1
dα (l1 − l1v)
dl2
dα (l2 − l2v)

(30)

Since K21 > 0 in our case, an increase in k1 results in an increase in k2.
Note that when k1 = k2 and l1v = l2v = lv, the rest configuration is αr = 0. This symmetry ensures that dUg(0)

dα = 0,

l1(0) = l2(0),
dl1(0)

dα =− dl2(0)
dα .

2.4.2 Stability at rest
The stiffness of the module at rest is:

d2U
dα2 =

d2Ug

dα2 + k1
d2l1
dα2 (l1 − l1v)+ k1

(
dl1
dα

)2

+ k2
d2l2
dα2 (l2 − l2v)+ k2

(
dl2
dα

)2

(31)

From equation (28), for the stiffness to reach a desired value R, the spring constant k1 must satisfy:

k1 =
R− d2Ug

dα2 −K2
d2l2
dα2 (l2 − l2v)−K2

dl2
dα

2(
d2l1
dα2 (l1 − l1v)+

dl1
dα

2
+K21

d2l2
dα2 (l2 − l2v)+K21

dl2
dα

2) (32)

For the four modules studied, let us impose the equilibrium at rest α = 0.17 rad and the stiffness at rest R = 1 Nm/rad.
To choose the spring free lengths, we rely on Fig. 5, which evaluates the spring lengths for the different equilibrium
configurations. Accordingly, we take lv = 0.035 m. We now define the orientation range as −0.6 rad < α < 0.6 rad to have
a maximum length less than four times the free length. Using equations (32) and (28) for the four modules studied, we can
calculate the spring constants k1 and k2. The results are written in the first two columns of Table 2. Note that in this example,
the weight of the module was neglected.



R=1 Nm/rad at α = 0.17 rad at rest R = 1 Nm/rad within −0.6 rad < α < 0.6 rad

with minimal forces with coactivity

case k1 k2 k1 k2

X module 349 219 316 199

R module 537 412 982 754

X module + offset 372 244

2R module 441 314 652 465

Table 2. Spring constants (in N/m) to guarantee a stiffness R = 1 Nm/rad at α = 0.17 rad at rest (first two columns). In the last two
columns, the spring constants are such that R = 1 Nm/rad within −0.6 rad < α < 0.6 rad with co-activity

2.5 Equilibrium forces and stability
Once the springs have been chosen for each module, we explore the minimum forces necessary to ensure balance via

(13) in the chosen joint movement range −0.6 rad < α < 0.6 rad and we calculate the associated joint stiffness via (5). Note
that as the minimum forces are sought, one of the forces is zero. The results are shown in figures 14 and 15 for the values of
spring constants given in the first column of table 2.
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Fig. 14. Minimum forces to ensure balance at the different angles of the joint for the 4 modules studied. Forces F1 (resp. F2) are depicted
in solid (resp. dotted) lines. Red (resp. cyan, green, blue, colors available in the online version) color corresponds to the X module (resp. X
module with offset, 2R module, R module). The minimum forces correspond to F1 = 0 or F2 = 0. The equilibrium at rest (at zero forces) is
obtained when α = 0.17rad

We observe that input forces increase when moving away from the equilibrium at rest (see Fig. 14). The evolution
is consistent for the 4 types of modules with higher forces for the X module and lower forces for the R module. When
α < 0, this difference in forces is accompanied by a significant difference in stiffness of the module in open loop. We have a
different behavior of the X modules with or without offset and of the R and 2R modules. For the R and 2R modules, stiffness
decreases when one moves away from the equilibrium at rest. For these modules, indeed, an increase in forces results in a
decrease in stiffness (see Fig. 15). Moreover, it is not possible to reduce the forces since we currently have the minimum
forces (with the constraint Fi ≥ 0). Consequently, the module stiffness cannot increase towards Rm = 1 Nm/rad with the
chosen springs. For the X modules with or without offset, stiffness is greater than Rm = 1 Nm/rad for certain angles and
less than Rm = 1 Nm/rad for others. Given the value of C for these modules (see Fig. 7), an increase in forces can make
it possible to increase stiffness. We then propose to choose the input forces such that Rm = 1 Nm/rad for all orientations α
where Rm < 1 Nm/rad with the minimum forces, based on equation (15). Results are shown in figures 16 and 17. For the
X module with offset, it is not possible to reach the desired stiffness close to the joint limits if the input forces are less than
100N, in fact the value of C is close to 0 and an increase in stiffness requires a significant increase in forces.
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Fig. 15. Stiffness with minimum force. Red (resp. cyan, green, blue) color corresponds to the X module (resp. X module with offset, 2R
module, R module, colors available in the online version). At rest (at zero forces) α = 0.17rad and the joint stiffness is 1 Nm/rad.
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Fig. 16. Forces calculated to have a stiffness ≥ 1 Nm/rad. Forces F1 (resp. F2) are depicted in solid (resp. dotted) lines. Red (resp. cyan)
color corresponds to the X module (resp. X module with offset). Colors available in the online version.

-0.6 -0.4 -0.2 0 0.2 0.4 0.6
0.9

0.95

1

1.05

1.1

1.15

1.2
Desired stiffness R >=1 Nm/rad

St
iff

ne
ss

[N
m

/r
ad

]

α [rad]

Fig. 17. Stiffness for a desired stiffness ≥ 1 Nm/rad. Red (resp. cyan) color corresponds to the X module (resp. X module with offset).
Colors available in the online version.



Note that for the X modules, stiffness can be increased by muscular coactivation like in biological systems. For the R
module, a modulation of the stiffness is also possible but with different characteristics. If the objective is to have a stiffness
R = 1 Nm/rad throughout the total range of α, the spring constants must be selected with this objective in mind, i.e. for the
configuration where the stiffness is minimal. The corresponding spring constant are given in the last 2 columns of table 2.
They are higher than in the equilibrium at rest. The increase in forces can make it possible to reduce stiffness to have R = 1
Nm/rad in other configurations. The corresponding input forces are shown in Fig. 18. For the X module, we could also
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Fig. 18. Forces obtained to have a stiffness R = 1 Nm/rad for all the equilibrium configurations when we choose the springs defined in the
last 2 columns of table 2. Forces F1 (resp. F2) are depicted in solid (resp. dotted) lines. Red (resp. green, blue) color corresponds to the X
module (resp. 2R module, R module).

choose the springs, this time in the configuration where stiffness is a maximum. The spring constants are given in the last 2
columns of table 2. They are lower than for an equilibrium at rest. For the other module configurations, a coactivation can
make it possible to increase stiffness to reach the desired value. The forces necessary to have R = 1 Nm/rad are presented in
Fig. 18. For the X module with offset studied in the paper, the value of C is null for certain configurations. It will therefore
not be possible to tune stiffness in these configurations. Hence, the respective results are not presented in table 2 and Fig. 18.

Fig. 18 shows that the X module requires the weakest forces. This is consistent with the fact that the springs are less
stiff. Note, however, that this stiffness regulation is not bio-inspired since there is a general coactivation of forces. The
best behavior to reduce actuation forces and stress in bars and cables is to select minimal forces, i.e. without coactivation.
Coactivation should be used only when necessary, for example to prepare contact with the environment.

3 Module stacking
3.1 Manipulator features

We now want to study a manipulator built upon stacking several modules. Since this work takes inspiration from the
bird neck, we first recall some of its features (see [26, 44] for example):

1. birds have an S-shaped neck at rest;
2. birds have between 9 and 26 vertebrae depending on the species;
3. birds have muscles of varying sizes, more or less powerful. In most species, a strong ventral muscle (i.e. located on the

left side in Fig. 19, right) is connected to all the vertebrae;
4. we can distinguish 3 groups of vertebrae with different behaviors.

From feature 1, the springs should ensure that the manipulator is in a stable equilibrium configuration when no forces are
applied. We observed from Fig. 14 that the forces necessary to maintain an equilibrium are weaker close to the equilibrium
configuration at rest than far away from it. Accordingly, it is desirable that the rest configuration be as close as possible to
the preferred configurations. Besides, the S-shape configuration makes it possible to remain away from the fully outstretched
singular configuration. Finally, it also allows balancing the lever arm of the head weight between the different vertebrae.

A high number of vertebrae makes it possible to limit the range of motion of each vertebra when the bird moves its
head [45]. For our manipulator, it means reducing the elongation of each spring and, therefore, the resistive force they
produce.



Fig. 19. At rest, the bird neck has an S-shape, it is made up of 3 groups of vertebrae.

Feature 3 of the bird neck suggests to apply a long cable along one of the sides of the manipulator. We note that
biological systems use highly redundant muscle actuation. In practise, however, this redundancy is limited by the fact that
all the muscles are not actuated simultaneously. For the roboticist, a central issue is to determine an appropriate number of
cables to have a simple and efficient system, easy to control.

Regarding feature 4, we observe 3 main zones of vertebrae in the bird neck, as illustrated in Fig. 19. Vertebrae in each
zone tend to rotate in the same direction: ventrally, i.e. on the left in Fig. 19 for the upper and lower zones and dorsally, i.e
on the right in Fig. 19 for the middle zone [44].

3.2 Modeling a stack of modules
Let us now consider a manipulator made of N identical modules, numbered from bottom to top. Fig. 20 shows a sketch

of the ith module along with its neighbouring modules.

γ
i

α
i

x
i
,y

i

Fig. 20. Manipulator made of a stack of N modules numbered from bottom to top.

The spring constant may vary depending on the module. Let the left (resp. right) spring constant of the ith module be
the ith component of vector k1 (resp. k2). The bottom bar of the first module is fixed. Its midpoint position is (x1 = 0,y1 = 0)
and its orientation is γ1 in the reference frame. The position (resp. orientation) of the top bar is defined by its midpoint P
with coordinates xN+1,yN+1 (resp. γN+1). Upon expressing these coordinates as functions of the module angles αi, we obtain



the direct kinematic (DK) equations as follows:

xN+1 =−
N

∑
k=1

sin(γi +
αi

2
)

(√
l2 −b2 cos2(

αi

2
)+2hcos(

αi

2
)

)
(33)

yN+1 =
N

∑
k=1

cos(γi +
αi

2
)

(√
l2 −b2 cos2(

αi

2
)+2hcos(

αi

2
)

)
(34)

γN+1 = γ1 +
N

∑
k=1

αi (35)

We can write the preceding equations in vector form as follows:

xe = DK(α) (36)

where xe = [xN+1,yN+1,γN+1]
T and α = [α1...αN ]

T .

3.3 Cable Actuation and Routing
The manipulator is operated with cables. Motors, located on the base of the manipulator, pull on these cables in order

to modify its configuration. Each cable can be routed in different ways on each of the modules (Fig. 21):

- cable placed on the left (1) or right (2) of the module, along the spring: when pulling this cable, the associated motor
will modify the module orientation so as to reduce the cable length on this side;

- cable run along the bars of module i (3, strut-routed): this routing allows reaching the modules located above module i
while nullifying cable impact on this module;

- cable not passing through module i at all (0): the associated motor has no impact on this module but acts only on the
lower modules.

Let N f denote the number of motors. Motors and associated cables are numbered with the index j ∈ {1, ...N f }. The
unwound length of cable j (resp. the force in cable j applied by the associated motor) is denoted by l j (resp. Fj. The vector
of input forces is thus F = [F1...FN f ]

T .

1 2

0 3

Fig. 21. The four cable passages studied (cables shown in red). Cable passes to the left (1) or to the right (2) of a module and applies a
moment on this module (left). Cable does not pass through the module (middle, 0) or crosses the module along the rigid body (right, 3). In
these last two cases, the cable applies no moment on the module.

We define an actuation matrix A of size (N ×N f ) as follows: each column j associated with cable j describes how this
cable passes along module i. Each entry A(i, j) can take on four possible values: 1 if the cable passes on the left, 2 if the
cable passes on the right, 3 or 0 if the cable j does not act on module i ( 3: strut-routed or 0: no passage), see figure 21. For



the example illustrated in figure 22, A is of size (3×4) because we have 3 modules and 4 cables. It takes on the following
form:

A =

2 3 3 1
0 2 3 1
0 0 2 1

 (37)

Fig. 22. Actuation scheme of a manipulator with 3 modules. Colors available in the online version.

The cable length j can be expressed as follows:

l j = lc
j +

N

∑
i=1

lA(i, j)
j (αi) (38)

where lc
j is a constant value. lA(i, j)

j with A(i, j) ∈ {0, ...3} depends on the cable routing (see section 2.1 and Eq. (6)):


l0

j = 0

l1
j =

√
L2 −b2 cos2(αi

2 )+2hcos(αi
2 )−2r sin(αi

2 )

l2
j =

√
L2 −b2 cos2(αi

2 )+2hcos(αi
2 )+2r sin(αi

2 )

l3
j = 0

(39)

It is worth noting that the cable length along module i depends only on αi, no matter how the cable passes.
The cable routing strategy is important. It can be inspired by the muscle organization of the bird neck. Small muscles

connect the vertebrae in pairs and are mainly used to hold the vertebrae together, a role held by the springs in the manipulator.
A long muscle connects all the vertebrae on one side and a series of muscles connect series of vertebrae in the three zones
on the other side. Keeping in mind that from a robotic point of view, it is desirable to have a low number of actuators to
reduce costs and complexity, we propose the cabling routing shown in Fig. 22. We also note that animals generally activate
a reduced number of muscles for a given action [43].

3.4 Balance and stability
The static model is calculated as in the case with a single module using equation (2). We obtain an equation similar to

(3), written in vector form as follows:

G(α) = Z(α)F (40)

where G(α) is a vector of dimension N that contains the effect of gravity and springs, Z(α) is a matrix of dimension (N×N f )

whose column j is: − dl j
dα where l j is the length of the cable j associated with the force Fj. From (38), we have:



Z(i, j) =−
dlA(i, j)

j (αi)

dαi
(41)

Upon differentiation of (39) as in the case of a single module, we obtain:



If A(i, j) = 0, Z(i, j) = 0

If A(i, j) = 1, Z(i, j) =− b2 cos( αi
2 )sin( αi

2 )

2
√

L2−b2 cos2(
αi
2 )

+hsin(αi
2 )+ rcos(αi

2 ) > 0

If A(i, j) = 2, Z(i, j) =− b2 cos( αi
2 )sin( αi

2 )

2
√

L2−b2 cos2(
αi
2 )

+hsin(αi
2 )− rcos(αi

2 ) < 0

If A(i, j) = 3, Z(i, j) = 0

(42)

Vector G(α) is calculated by Gi(α) =
dUg
dαi

+ dUk
dαi

. The gravity term dUg
dαi

depends on the joints αi to αN and on γi. The

spring term dUk
dαi

depends only on αi because the springs are attached to only one module. Consequently, the coupling between
the N joints only occurs through the effect of gravity in (40).

The joint stiffness matrix of the manipulator is obtained upon differentiating the static model with respect to α. This
matrix indicates the ability of the manipulator to stay in place when external disturbances are applied. We have:

K =
dG(α)

dα
− dZ(α)F

dα
(43)

Since Z(i, j) depends only on αi,
dZ(α)F

dα is a diagonal matrix whose entries are:

dZ(α)F
dα

(i, i) =
N f

∑
j=1

d2lA(i, j)
j (αi)

dαi2
Fj (44)

Besides, dG(α)
dα collects gravity and spring contributions. Since the springs act only on a module, they act only on the

diagonal terms of K. The non-diagonal terms, which thus contains only the mass contribution, are generally small. Indeed,
the modules’ mass is low since the bars are not subjected to bending and their section can thus be small. In conclusion, for
a light-weight manipulator, K is a diagonally dominant matrix and the joint stiffness of module i may be defined by the ith

diagonal term K(i, i) as follows:

K(i, i) =
d2Ug

dαi2
+

d2Uk

dαi2
+

N f

∑
j=1

d2lA(i, j)
j (αi)

dαi2
Fj (45)

3.5 Actuation with 2N cables
Consider a manipulator with N modules actuated with 2N cables: each cable actuates only one module and each module

is antagonistically actuated on the right and on the left by two independent cables. It is then possible to calculate the 2N
forces with N independent equations corresponding to each of the lines of the static model. The only existing coupling occurs
via the gravity terms (module i carries all the modules above it). The analysis carried out for a module in section 2.1 can be
reproduced identically, and lead to the same conclusions.

3.6 Actuation with N +1 cables
Feature 3 of the bird neck cited in section 3 encourages us to particularly study manipulators with a long cable along

one of its side. Without loss of generality, let us place this long cable on the left side. Since the cables cannot push, at least
N +1 cables are necessary to control the pose xe of the last top bar. Each of the first N components Fj, j = 1, ...,N, acts on
the right side of module j and FN+1 is the force applied by the long cable on all the modules.



The static equations derived in section 3.4 can be used. Each module i is subjected to two forces Fi and FN+1 acting on
its right and left side, respectively. The static model is obtained upon writing N times the following equation associated to
module i:

Gi(α) = Z(i, i)Fi +Z(i,N +1)FN+1 (46)

where Gi is the ith component of G, Z(i, i)< 0 and Z(i,N +1)> 0.
The minimal forces solutions to the above equation depend on the sign of Gi(α):


if Gi(α) = 0, F∗

i = 0 F i∗
N+1 = 0

if Gi(α)< 0, F∗
i = Gi

Z(i,i) F i∗
N+1 = 0

if Gi(α)> 0, F∗
i = 0 F i∗

N+1 =
Gi

Z(i,n+1)

(47)

where ∗ denotes the minimal solution of Fi and i∗ denotes the minimal solution of FN+1 obtained from the equation
associated with joint i. Note that FN+1 must simultaneously satisfy the N equations corresponding to the N modules.

The minimal solutions obtained with 2N forces can be applied only when Gi(α) ≤ 0 for all the modules i. This means
that the desired equilibrium configurations can be obtained with a zero force along the long cable. Since the long cable is
along the left side, this corresponds to any equilibrium configuration satisfying αi < αr

i , where αr
i is the equilibrium angle of

module i at rest.
If Gi(α)> 0 for at least one module, the minimal force F∗

N+1 producing positive forces in all the cables is:

F∗
N+1 = max

i
F i∗

N+1 (48)

The corresponding forces in the other cables are thus:

Fi = F∗
i − Z(i,N +1)

Z(i, i)
(F∗

N+1 −F i∗
N+1) (49)

A reduced number of cables results in an increase in the forces necessary to maintain an equilibrium configuration and
the larger F∗

N+1 −F i∗
N+1, the larger this increase. This increase in force will result in an increase or decrease in stiffness

depending on the type of mechanism (see section 2.2).
Let us now compare two actuation schemes with 2x3=6 cables and 3+1=4 cables, respectively, for a 3-module manip-

ulator. The modules are defined by b = 0.05 m, L = 0.1 m, r = 0.025 m, h = 0 m. The mass of the head (made of ABS) is
35.2 g. All the bars are cylinders with a diameter of 0.01 m made from aluminium alloy. The resulting neck mass is 106 g.
The spring constants are k1 = [800,300,300]T N/m and k2 = [400,100,100]T N/m for the left and right side, respectively.
The base bar orientation is γ1 = −π/4. The resulting equilibrium at rest is α = [0.3,0.7,0.68]T rad. This configuration is
shown in figure 23. We consider 3 more configurations, for which we want to compare the minimum forces required for
a 6-cable actuation scheme with those required for a 4-cable actuation scheme (see Fig. 23). Table 3 collects the minimal
forces for the four configurations studied and for the 2 actuation schemes, along with the corresponding joint stiffness. Since
the manipulator is built with X modules, an increase in forces would make it possible to increase stiffness if desired.

This numerical study confirms the following facts:

- the equilibrium configurations at rest are obviously identical for the two actuation schemes since no forces are applied
by definition;
- with a long left cable in the absence of gravity, one can reach any configuration such that αi < αr

i without additional
force cost: the force in the long cable is then zero. One can reach any configuration such that αi > αr

i with a slight
additional force cost: the stiffness of the joints then increases;
- configurations requiring high forces are those that combine module rotations in opposite direction αi <αr

i and α j >αr
j.

In configuration 3, we note that with a long left cable, the forces applied on module 2 increase on its two sides to satisfy
the force applied on joint 1. The stiffness of joint 2 is then significantly increased;
- to define the routing strategy, it is better to collect all the modules that will move in the same direction with respect to
their equilibrium orientation at rest.
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Fig. 23. Equilibrium at rest of the manipulator studied (top left) and 3 other configurations. In configuration 1, αi < αr
i for every module. In

configuration 2, αi > αr
i for every module. In configuration 3, α1 > αr

1, α2 < αr
2 and α3 > αr

3. The actuation is done with 4 cables drawn
in different colors: a long cable on the left in red and 3 cables on the right in yellow, green and blue. Colors available in the online version.

case module α 6 cables 4 cables

F (right) F (left) K(i,i) F (right) F (left) K(i,i)

1 0.3 0 0 0.98 0 0.98

Equilibrium 2 0.7 0 0 0.33 0 0 0.33

at rest 3 0.68 0 0 0.38 0 0.38

1 0. 4 0 0.91 4 0.91

config. 1 2 0.1 1.46 0 0.29 1.46 0 0.29

3 0.23 2.81 0 0.34 2.81 0.34

1 0.6 0 5.88 0.92 0 0.92

config. 2 2 1.3 0 1.25 0.29 2.33 5.88 0.35

3 1.13 0 4.5 0.36 0.75 0.38

1 0.6 0 13.51 0.98 0 0.98

config. 3 2 0.1 7.31 0 0.33 20.06 13.51 0.52

3 1.13 0 6.38 0.38 3.88 0.46

Table 3. Forces (in N) and module stiffness (in Nm/rad) for the 4 equilibrium configurations shown in figure 23 and for the 6-cable and 4-cable
actuation schemes. For the 6-cable actuation scheme, each module is actuated by independent right and left cables and the force values are
given in the corresponding column. For the 4-cable actuation case, there is only one unique left cable for all modules and each module is
actuated by an independent right cable and the force values are expressed in the corresponding column.



4 Conclusion
Bio-inspiration is an interesting source to create new robots in the context of sustainable development. Frugal robotic

solutions in terms of material and energy can be expected from nature inspiration. Such features are suitable for soft inter-
actions, which are important for collaborative robots and consistent with the use of tensegrity. An important requirement in
collaborative robots is the possibility to increase (resp., to decrease) stiffness upon increasing (resp. releasing) input forces
in an antagonistic actuation scheme. This feature is known as coactivation in muscle actuation. It allows free movements
with low tensions to limit both actuation force and injury risks during contacts with operators, while higher actuation force
can be accepted when external efforts are required. The analysis of a generic module showed that the X module allows for
coactivation, contrary to the R and 2R modules. This result has been verified by experiments for the X and R modules.
The possibility and limitations of stiffness modulation were also discussed. The X module studied produces a motion corre-
sponding to the rolling without sliding of two ellipses one on the other, which can correspond to the relative displacement of
two bones for biological joints.

Then, the study of a stack of modules has shown that couplings are mainly due to gravity effects. However, these
couplings are low because in our X modules, all the bars are subjected to compression only and their section can thus be
small and so are their mass. The results obtained on a module can then be extended to a stack of modules if an actuation
with two identical cables per module is used. The case of an actuation with a reduced number of active cables has then been
studied. It was shown that an actuation with N +1 cables with one independent cable per module and one antagonistic cable
connecting all the modules, was a good solution to control the configuration of the module stack. The price to pay is an
increase in the cable forces (and, accordingly, in the stiffness of all the modules) as compared to a 2N-cable solution.

This work will be continued by taking into account modules with 2 rotations to better model a spine. The model
presented in [46] could be an interesting starting point.
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