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Benjamin Jourdain* Kexin Shaof
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Abstract

For many examples of couples (u, v) of probability measures on the real line in the convex
order, we observe numerically that the Hobson and Neuberger martingale coupling, which
maximizes for p = 1 the integral of |y — z|” with respect to any martingale coupling between
w and v, is still a maximizer for p € (0,2) and a minimizer for p > 2. We investigate the
theoretical validity of this numerical observation and give rather restrictive sufficient conditions
for the property to hold. We also exhibit couples (u, v) such that it does not hold. The support
of the Hobson and Neuberger coupling is known to satisfy some monotonicity property which
we call non-decreasing. We check that the non-decreasing property is preserved for maximizers
when p € (0,1]. In general, there exist distinct non-decreasing martingale couplings, and we
find some decomposition of v which is in one-to-one correspondence with martingale couplings
non-decreasing in a generalized sense.

1 Introduction

In this paper, for u,v in the set P;(R) of probability measures on the real line with a finite first
order moment, we are interested in martingale couplings between p and v that attain M,(u,v)
and M, (y1,v) defined for p > 0 by

— )
M, (p,v) = sup / |z — y|? n(dz,dy) and My (p,v) =  inf / |z — y|? w(dz, dy).
m€lly (1) JRXR mellm (V) JRxR

Here ITp;(p, v) denotes the subset of

I(p,v) = {7‘(‘ probability measure on R x R | /
yeR

7(dz,dy) = u(dx),/

z€R

w(dx,dy) = V(dy)}

consisting in martingale couplings :
Mps(p,v) = {W(d@dy) = p(dz)m,(dy) € I(p, v) | p(dx)-a.e., / Ryﬂz(dy) = 33} .
ye

By Strassen’s theorem [14],
HM(M,V)#(Z) <~ Mgcac v,

where p <., v means that y is smaller than v in the convex order :

Vo : R = R convex, /
R

() p(d) < / () v(dy).

R

When p, v € P1(R) are such that p <c, v, then M (1, ) < M, (p,v) < 400 for p € (0,1]. For p >
1, the finiteness remains true when 1, v belong to the set P,(R) of probability measures on the real
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line with a finite moment of order p. For p > 1, a martingale Wasserstein inequality is investigated
in [9]: it is proved that there exists a finite constant K, such that for u, v € P,(R) with p <., v,

1
MP(u,v §K( inf / x —y|? n(dx,d >pmin</z Pu(d )
o v) < K, et RXRI ylP n(dz,dy) | min R\ y|Pv(dy)

The couplings attaining My (i, ) and M, (i, v) were first investigated in the literature. Moti-
vated by the robust pricing and hedging of forward start straddle options, Hobson and Neuberger
state in Theorem 8.2 [7] that for the cost function |z — yl|, there exists a maximizing martingale
coupling with the form

i = /0 (W(s(Q(u)m(u)) + M(S(q(u),r(u))) du

p—1

with p, ¢, 7 non-decreasing on (0, 1) and such that p < ¢ <r (by convention the integrand is equal
t0 O(g(u),q(u)) When p(u) = q(u) = r(u)). This provides an example of a martingale coupling non-
decreasing in the sense of Definition 2.3 that we give below. The study of such non-decreasing
martingale couplings is one of main contributions of the present paper. The necessary optimality
criterion given by Beiglbock and Juillet in Lemma 1.11 [3] ensures that any maximizing martingale
coupling is non-decreasing. When p does not weight points, we have the equality

HN _ g(x)—x x—f(x) "
= / (gm @ T i i) ‘5@’9(@”) uld)

for non-decreasing functions f and g such that Vo € R, f(z) < x < g(z) and, according to Theorem
7.3 [3], uniqueness of maximizing martingale couplings holds. Under the dispersion assumption
that there exists a finite interval I such that (v — p)¥(I) = 0 and (u — v)"(I) = (p — v)"(R),
Hobson and Klimmek state in Theorem [6] that for the cost function | — y|, there is a minimizing
martingale coupling of the form

il = /R%,ZWA v(dz)+ (1 - MAV(R))/O (W%(u),p(u)) + m5<q<u>,r<u>>> du

for a non-decreasing function g and non-increasing functions p, r such that p < ¢ <r. When u # v
=t (=w?
1—pAv(R)’ 1—puAv(R)
in the sense of Definition 2.3 below. Without the dispersion assumption, according to Theorem 7.4
[3], there is a unique minimizing coupling when p does not weight points and this coupling writes

the integral over u provides an example of a coupling in II,; ( ) non-increasing

g(x) —x r— f(x)
/R5<z,z)u Av(dz) + /R (M5<w,f<w>> + M%,g(w))) (n—v)*(dz)

with f and ¢ such that Vz € R, f(z) <z < g(x).

For many choices of p,v € P,y1(R) such that p <., v, when solving the linear programming
problem for the cost function |x — y|? obtained by approximating p and v by finitely supported
probability measures still in the convex order, it turns out that the coupling 7HN maximizing when
p = 1 still maximizes when p € (0,2) and minimizes when p > 2: see the numerical results in
Section 2.1. It is not surprising that 2 appears as a threshold for the power p since the martingale
property ensures that when p, v € Pa(R),

V€ Ty (p,v), /Rz |z — y[*n(dz, dy) = /Ry%(dy) - /RxQu(dx) = M3(u,v) = My(u,v).

With the complete lattice structure of {n € Pi(R) : [ zn(dz) = [, y*v(dy) — [, 2*p(dx)} for the
convex order stated in [10], we deduce in Proposition 2.1 below that {sq#m : m € (i, v)} where
sq#tm denotes the image of the measure 7 by the square cost function sq(z,y) = (y —)? admits an
infimum and a supremum for this order. When there exists m € I/ (p, v) such that sq#= is equal
to the infimum, then [, [z — y|’z(dz,dy) is equal to ﬂﬁ(,u, v) when p € (0,2) and to M8 (u,v)

when p > 2. In particular, when v(dy) = [ 1 (6s—a(dy) + 624a(dy)) p(dz) for some a € R, the



infimum is equal to d,2 and is attained with x(dz,dy) = % (0s—a(dy) + 6s1a(dy)) p(dz). When
there exists 7 € Ips(u, v) such that sq#m is equal to the supremum, then [, |# — y|*7(dz, dy) is
equal to M/ (u,v) when p € (0,2) and to ﬂﬁ(,u, v) when p > 2. When p does not weight points,
the uniqueness of the maximizing and minimizing couplings for p = 1 stated in Theorems 7.3 and
7.4 [3] implies that 7N (resp. 7HK) is the only possible value for = (resp. 7). Unfortunately, even
if we are able to exhibit in Proposition 2.21 a simple situation where the infimum and supremum
are attained, we also provide examples where they are not attained (see Propositions 2.10 and 2.23
where some of the above consequences of attainment do not hold). That is why we directly study
couplings that attain MZ('“’ v) and Mﬁ(u, v). It turns out that, the non-decreasing property of
maximizing couplings as well as their uniqueness when p does not weight points can be extended
from the specific value p = 1 to the case p € (0, 1]. But the optimizers may be distinct for distinct
values of p. This motivates our investigation of non-decreasing martingale couplings and we find
the decomposition of v into ([, _p Lry<aym(dz, dy), [, cp Liy=aym(dz, dy), [, cp 1iy>aym(de, dy)) for
7 € Iy (1, v) is in one to one correspondence with martingale couplings in I/ (p, ¥) non-decreasing
in a generalized sense. We also show that the existence of a non-increasing martingale coupling
is equivalent to a restrictive nested supports condition between p and v, under which there is a
unique non-increasing and a unique non-decreasing martingale couplings. Even under the nested
supports condition, the image sq#m™N of the unique non-decreasing martingale coupling 77N is
not necessarily the infimum of {sq#m : m € IIyy(u,v)} for the convex order. But under a more and
more restrictive supports condition as p grows, this coupling 77N attains ﬂZ(,u, v) when p € (1,2)
and Mf(y,v) when p > 2.

Our results are stated in Section 2 while their proofs are given in Section 3.

The proofs rely on several properties of the quantile function, which we list below. We denote
the cumulative distribution function of n € P(R) by F;, : R 3 2 + n(—o0,z] € [0,1], and its
quantile function by F; ' : (0,1) 3 u — inf {z € R:u < F(x)} € R. The following properties
hold :

(a) Fy is right-continuous with left-hand limits, £, ' is left-continuous with right-hand limits;
(b) For all w € (0,1) and z € R,

Fluy<z <= u<Fz), (1)
denoting F),(y—) the left-hand limit of F, at y € R,

Fylz—)<u< Fy(r) = x= Fn_l(u) and Fn(Fn_l(u)—) <u<F,(FNw); (2)

(¢) For n(dx)-almost every = € R,

F,(z) >0, F)(z—) <1, and Fn_l(Fn(x)) = x; (3)

(d) By the inverse transform sampling, for f : R — R measurable and bounded,
1
[ s@ntan) = [y ) (@
0

We also denote by u, : R 3 z — [; |y — z|n(dy) € Ry the potential function of n € P1(R). For
w, v € P1(R), we have
p<ca V<=V eR, uy(r) <uy(z).

We say that p is smaller than v in the stochastic order and denote p <y v if there exists = € TI(p, v)
such that 7({(z,y) € R*:x <y}) =1. Wehave p <q v <= F, > F, <= F;' < F; ..

2 Main results



2.1 Numerical experiments

For p,v such that p <., v, we consider (X;)i<i<r (resp. (¥j)i<;j<s) independent and identically
distributed according to p (resp. v). The empirical measures

J 1 J
Sy, with 5 = 3,
Jj=1 Jj=1

are both centred and respectively approximate the respective images i and 7 of u and v by
z — x — [pyv(dy). Applying [1, Algorithm 1], we compute fi; Ver 75. The computation of
ﬂp(ﬂj, fir Ver D) (resp. Mp(ﬂj, fir Ver ) is a linear programming problem that we solve using
the CVXPY package [4] in python for I = J = 100. We call 7N the obtained maximizer for the
cost |y—x|. When p € (0,1)U(1,2) (resp. p > 2), we compare the optimal value M, (jir, fir Vez D)
(resp. Mp(ﬂj, fir Ver 7)) and corresponding maximizer 7 (resp. minimizer 7) computed by the

~l =

I
. 1 o
ILL[:T E Ox,_x, with X7 =

i=1

1

1

TZXl and ZA/J:
i=1

solver with IP”HN = [ |z — y|PmN(dz,dy) and 7N respectively. It turns out that the values
always coincide while the couplings 7 and 7 are distinct from 7%~ when p and v are continuous
distributions.

Normal distributions : u = N(0,0.24) and v = N (0,0.28)
—_ HN _ ‘ﬂ'HN
p M, Ly 7 =7 N ] p M, 1, |l — 7|
0.3 0.586396 0.586391 0.022987 2.1 0.025338 0.025338 0.027715
0.7 0.289132 0.289131 0.012609 2.3 0.017985 0.017987 0.034845
1.0 0.170704 0.170704 0.0 2.5 0.012783 0.012785 0.037657
1.4 0.084928 0.084927 0.021816 3.0 0.005473 0.005477 0.044496
1.9 0.035740 0.035740 0.026054 5.0 0.000199 0.000202 0.055856
Log-normal distributions : p = exp #MN(0,0.24) and v = exp #MN (—0.0104, 0.28)
— HN - LHN
o | M, | ™ e[| s, [ e
0.3 0.607721 0.607720 0.017452 2.1 0.036152 0.036153 0.030068
0.7 0.316957 0.316957 0.008263 2.3 0.026842 0.026843 0.033392
1.0 0.196361 0.196361 0.0 2.5 0.019985 0.019988 0.034966
1.4 0.104947 0.104946 0.020343 3.0 0.009673 0.009678 0.041519
1.9 0.048834 0.048833 0.027026 5.0 0.000614 0.000619 0.062155
Exponential distributions : p=L(Y — 1) v = L(X —2) with X ~ &(1) and Y ~ £(0.5)
— HN — AN
p M, Ly [ — 7 N p M, 1, |l — 7|
0.3 0.768373 0.768293 0.039204 2.1 0.196164 0.196179 0.050821
0.7 0.550068 0.550059 0.023933 2.3 0.171925 0.171980 0.060709
1.0 0.433394 0.433394 0.0 2.5 0.151178 0.151284 0.062783
14 0.320305 0.320281 0.032152 3.0 0.111067 0.111337 0.067680
1.9 0.224602 0.224591 0.043663 5.0 0.037085 0.038208 0.078178
Binomial distributions : u = £(X —5), v = L(Y — 20) with X ~ 5(10,0.5), Y ~ B(40,0.5)
— HN - LHN
o |, | e | m, 7™ =
0.3 1.366952 1.366793 5.6e-03 2.1 10.025562 10.025562 3.9e-09
0.7 2.090477 2.090467 2.9¢-03 2.3 | 12.680593 12.680593 4.0e-09
1.0 2.893664 2.893664 0.0 2.5 | 16.085421 16.085421 3.3e-09
14 4.504064 4.504064 4.2e-09 3.0 | 29.533935 29.533935 4.5e-09
1.9 7.949088 7.949088 3.2e-09 5.0 | 407.035561 | 407.347830 2.7e-03




Poisson distributions : p = £(X — 1), v = L(Y —4) with X ~P(1), Y ~ P(4)
— HN B <HN
o | M, " =™ o [ m | ™ [la-e
0.3 1.116329 1.116329 1.2e-09 2.1 2.776364 2.776364 7.0e-09
0.7 1.317531 1.317531 2.0e-09 2.3 | 3.148135 3.148135 1.4e-09
1.0 1.513291 1.513291 0.0 2.5 | 3.584910 3.584910 4.8e-09
14 1.854353 1.854353 1.1e-09 3.0 | 5.047828 5.047828 1.1e-09
1.9 2.459404 2.459404 1.2e-08 5.0 | 24.477011 24.477011 1.2e-09

2.2 Infimum and supremum of {sq#n : 7 € II)(u, v)}Hfor the convex order

Proposition 2.1. Let p,v € Po(R) be such that p <., v. Then the set {sq#m : 7 € I (p,v)}
admits an infimum and a supremum for the convex order.

The conclusion follows from the next lemma and the complete lattice structure of the set
{n € Pu(R) : [pen(dz) = [;y*v(dy) — [ 2*pu(de)} with minimal element 01 y2u(dy)— [, 22 u(dz)
stated in [10].

Lemma 2.2. Let p,v € Py(R) be such that p <., v. Then the set {sq#n :m € p(p,v)} is
bounded from above in the convex order.

2.3 Definition and optimality of non-decreasing and non-increasing mar-
tingale couplings

Definition 2.3. Let p,v € Pi(R) be such that u <. v. A martingale coupling w(dx,dy) €
Iy (p, v) is called non-decreasing if there exists a Borel set T' C R x R such that (') = 1 and

(a) if (x_,y_), (xy,yq) €T withy_ <x_, yy <zy, andx_ <y, theny_ < yy
(b) if (x_,z_),(x4,24) €T withe_ < z_, x4 < zy, and x_ < x4, then z_ < z.

Respectively, nn(dx,dy) is called non-increasing if there exists a Borel set ' C R x R such that
(') =1 and

(C) Zf (m—ay-i-)a (‘T-Hy—) €T with Y+ < r—, Y- < Ty, and r_ < Ty, then Y- < Y+

(d) if (x—,z4),(xy,2-) €T withz_ < zy, 24 <z_, and x_ < x4, then z_ < z4.

Y- Y+ Z— Rt Y- Y+ Z— 24
€T _ Ty xXr_ Ty €T _ T4 €T _ Ty

(a) non-decreasing (left)  (b) non-decreasing (right)  (c) non-increasing (left)  (d) non-increasing (right)

Figure 1: Non-decreasing / non-increasing coupling

A different notion of monotone martingale couplings is introduced by Beiglbdck and Juillet in
[3] where they prove that there exists a unique martingale coupling 7 left-monotone (resp. right-
monotone) in the sense that (") = 1 for some Borel subset I of R? such that (z_,y_), (z_,2_)
and (z4,w) € ' with z_ < 2 and y_ < z_ implies that w ¢ (y_,z_) (resp. (z4,y+), (x4,24)
and (z_,w) € T with x_ < x4 and y4 < z; implies that w ¢ (y+, 24)). According to [5], the left-
monotone (resp. right-monotone) martingale coupling minimizes (resp. maximizes) over Iy, (u, V)
the integral of smooth cost functions ¢(z,y) satisfying the martingale Spence-Mirrlees condition

8g’yyc <0.



In the beginning of the proof of Theorem 7.3 [3], combining the necessary optimality condition
that they give in Lemma 1.11 together with some specific properties of the cost function R? >
(z,y) — |z — y| stated in Lemma 7.5, Beiglbock and Juillet show that any coupling maximizing
Jgz |® — ylm(dz, dy) over m € IIa(p,v) is non-decreasing. Replacing Lemma 7.5 [3] by Lemma
3.4 below, we generalize this result to costs ¢(|x — y|) where Ry 3 2 — ¢(z) € R is increasing
and concave. To check that, on the other hand, any coupling minimizing fW oz — y)w(dz, dy)
for such a function is non-increasing, we need p and v to satisfy the following nested supports
condition.

Definition 2.4. We say that p,v € P1(R) satisfy the nested supports condition if there exist
—00 < a < b < +oo such that p([a,b]) =1 and v ((a,b)) = 0.

The nested supports condition is slightly weaker than the Reinforced Dispersion Assumption
7.1 considered by Hobson and Klimmek [6] and which amounts to the existence of some interval
I such that pu(I) = 1 and v(I) = 0. Indeed, under the nested supports condition, it may happen

that p({a})v({a}) > 0 or u({6})v({b}) > 0.

Proposition 2.5. Let u,v € P1(R) be such that p <., v and ¢ : Ry — R be some increasing
concave function.

(i) If 7 € Ip(p, v) mazimizes [ p(|x — y|)m(dz, dy) over m € Ip(p, v), then & is non-decreasing
and, when @ is continuous, there exists such a maximizing coupling.

(ii) There exists 7 € Ip(p, v) which minimizes [ ¢(|z—y|)m(dx, dy) over © € Iar(p, v) and when
w and v satisfy the nested supports condition, then any such coupling M is non-increasing.

Remark 2.6. Let A € [¢].(1), ¢;(1)] where ¢..(1) and ¢)(1) are the respective right-hand and left-
hand derivatives of the increasing concave function ¢ at point 1. We have Vz € Ry, ¢(0) < p(z) <
©(1) + Mz = 1) so that for m € My (u,v),

o0 < [ olle = sl)m(dn.dy) < o))+ [ |o = sln(da.dy)

wu)H( [telutao) + [ ivtan) .

where the right-hand side is finite for p,v € P1(R). The concavity of the function ¢ : Ry — R
implies that this function is continuous on (0,4+00). It may have a positive jump lim, o+ p(z) —
©(0) at the origin and then R? 3 (x,y) — @(|x — y|) is lower semi-continuous but not upper-
Semicontinuous.

Remark 2.7. For p € (0,1], since Ry 3 z +— 2 is concave and increasing, a martingale coupling
that mazimizes [ |x — y|? w(dz, dy) is non-decreasing.

It turns out that the nested supports condition is also necessary for the existence of a non-
increasing coupling in I/ (u,v) and that, under this condition there is exists a unique non-
increasing coupling and also a unique non-decreasing coupling in I/ (u, v).

Proposition 2.8. Let u,v € P1(R) be such that u <., v. The following assertions are equivalent
(@) there exists a non-increasing martingale coupling in Iy (u, v),

(it) p and v satisfy the nested supports condition : 3 — o0 < a < b < 400 s.t. u(la,b]) =1 and
v((a,b)) =0,

(iii) there exists a unique non-increasing martingale coupling ©* in Uy (p,v) and 7+({(a,a)}) =

p({a}) nv({a}), 7 ({(b,0)}) = p({b}) Av({b}).

Moreover, under the nested supports condition, there exists a unique non-decreasing martingale
coupling ©" € Mp(p,v) and, when u,(a) > u,(a) (resp. wu,(b) > u,(b)), then n'({(a,a)}) =
(u({a}) — p—(a) — py (@) (resp. 71 ({(b,D)}) = (u({B}) — p—(b) — p4 (b)) ) where p_ and py, are
defined in Proposition 2.1/ below.



The next proposition generalizes to continuous, increasing and concave functions ¢ : Ry — R
the statement in Theorem 7.3 [3] which deals with the case when ¢ is the identity function .

Proposition 2.9. Let u,v € P(R) be such that p <. v and that p does not weight points.
Let ¢ : Ry — R be some continuous increasing concave function. There exists a unique non-
decreasing martingale coupling T that mazimizes [ ¢(|lz — y|)w(dx, dy). Moreover, there exist two
non-decreasing functions Ty, Ty : R — R such that Ty (x) < z < To(x) and 7 is concentrated on the
graphs of these functions.

Notice that the example in Section 7.3.1 [3] shows that for general continuous, increasing and
concave functions ¢, the uniqueness of maximizers may fail without the continuity assumption
on p. The next proposition illustrates that unique maximizers may be distinct for distinct power
functions . Since those maximizers are non-decreasing couplings, this motivates the investigation
of the set of non-decreasing couplings in the next subsection.

Proposition 2.10. Let 0 < p/ < p<1,y< = <m <z,

RS <O,2p (m_y(z—m)”_l — z_m(m—y)”_1> /\2m—y—z>7 and

z—y z—y z—m

1

1 (1+ Be'=r)?

0 1-p\p 1

L+ (L4 Betmp)e mm (G071 4 (14 fel=r)

1 9G-m), | 2m—y)
V= T R T By

Fore < (z—m)A-"=4 A 2(2322)7(;_”) AL, Tar(pe,v) contains distinct martingale couplings and
(1+8)°

any element of HM(/Lei,l/) is non-decreasing. For & small enough, the non-decreasing martingale
coupling that attains M (pe,v) is different from the one that attains M,(pe, v).

m-e»

J,.

2.4 Directionally decomposed non-decreasing martingale couplings

The uniqueness of non-decreasing couplings under the nested supports condition which determines
the parts of the measure v attained in the left direction and in the right direction in any martingale
coupling motivates the introduction of the following decomposition. For 7w € s (u, V), we denote
by

oF (dy) = / ey dy) = /
xre x
VG (dy) = / ey, dy) = /
e x
VT (dy) = / oy dy) = /
e xT

Note that v] + v§ + v} = v. For (v, 1,) a couple of non-negative measures such that v, +v, <w,
we denote

€R

]l{y:x}ﬁz (dy)y(dm),
eRrR

Liysoyma (dy)p(dz).
€R

O (p, v, v, vp) = {m € My (p,v) : (V] 0§, v7) = (v, v — v — vy ) }e

Our main result, stated in the next theorem and in assertion (¢) of the corollary that follows is that
Iy (, v, vy, vp) is not empty if and only if there exists a coupling in this set which is non-decreasing
away from the support of v — v; — v, where it goes straight.

Theorem 2.11. Let p,v € P1(R) be such that p <., v and p # v. Let (v;,v.) a couple of
non-negative measures such that vy + v, = v. We have

s (p, v, vy, v) # 0 <= At € Ty (p, v, 11, v,) non-increasing,

and then, for each continuous increasing concave function ¢ : Ry — R,

vr € My(unnr) \{x') [ oy —arlaodn) < [ oly=ahel(@e.dy). )



Corollary 2.12. Let p,v € P1(R) be such that u <., v and p # v. For (v;,v,.) a couple of
non-negative measures such that vy + v, < v, we have that

7t (dz,dy) + (v + vy — v)(dx)d,(dy)
v (R) + v, (R)

s non-decreasing

and then Vr € Tag (1, v,v1,v,) \ {71, / ol = al)m(dr,dy) < / plly =l (dw,dy)  (6)

for each continuous increasing concave function ¢ : Ry — R,

(8) Mas (p, vy v, 1) # O <= At € Ty (p, v, 01, 1,) 5.1

(#4) I € Upr(p, v, vy, vp) non-decreasing
= v—vy v =L,y i+ Z p(x)dy for some p(z) € [0, u A v({z})],

uAv({z}) X(?jfzkﬁ;:)—uu(w))>0

(#i7) There is at most one non-decreasing coupling m € ps(, v, vy, vy.).

According to the next proposition, some restrictive structure on the supports of p and v is
needed to ensure the existence of a martingale coupling in I/ (u, v, v, 1) non-increasing away
from the support of v — v; — v, where it goes straight.

Proposition 2.13. Let u,v € P1(R) be such that p <., v and p # v. For (v,v.) a couple

of non-negative measures such that v; + v, < v, the existence of e Ips (py v, v, vr) such that

7r’L(dz,dy)Jr(V],Jrquu)(da:)éI(dy)
VZ(R)+VT(R)

[6] i.e. the existence of a non-empty finite interval I with ends a < b such that (u —v)*(I) =

(= v)H(R) and (v — p)T(I) = 0 combined with vi(dy) = Lyy<q (v — p)*(dy) and v.(dy) =

Liyzpy (v = p) " (dy).
In view of statement (i7) in Corollary 2.12, to better characterize the couples (v, v,-) such that

v+ v, < v and there exists a truly non-decreasing coupling in Iy, (u, v, vy, v,.), it is useful to study
the points = € R such that inf e, (u) 7({(2,2)}) > 0.

is nom-increasing is equivalent to the Dispersion Assumption 2.1 in

Proposition 2.14. Let p <., v and x € R be such that u,(x) > u,(x). Then there exists a unique
couple (p—(x),p4(x)) € (0, F,(z=)] x (0,1 — F,(x)] such that

Fy (z)+p4 ()
z—m+y z) = —:U+ *17)—:10 V.
/R< )V u(dz) /R<y ) M(dy)Jr/ (7 (0) - 2)d (7)

Fy ()
F,(x )
i [ = [opua [ B ®

Moreover, inf e, (u) T({(z,2)}) = (u({z}) — p—(x) — p4(x))" where the infimum is attained.

(x
When pu({z}) > p. (2) + py (x), then any 7 € Tay(u,) satisfying =({(z,)}) = (u({z}) — p—(z) -
pi(x))T is such that w({(—o0,z) X (z,+00)} U{(z,+00) X (—o0,z)}) =0 and 7, is equal to

p_(x)+p+(x)> 1 j[EJZ) 1 By (2)+p+(2)

ne = (1 - 210 g, + St v+ ——— 8y dv.

< p({z}) p({r}) F,(z—)—p_(z) B p({x}) F,(z) B
(9)

When p({z}) € < p-(2)+p+ (2)], there exists a unique q(z) € |(u({e}) = p4 (@), p-(2) A p({})]

such that fF (o ) o) o THw)dv + fF I)Jm({m}) i) p Tl(w)dv = p({x})x and there exists ™ €
Ips(p, v) such that m, is equal to

1 F,(z—) 1 Fy(z)+p({z})—aq(z) (10)
%:447/ Bt oy + — / 5o do. 10
p({z}) F,(z—)—q(z) E@) p({z}) F,(z) B )

Remark 2.15. The case when ju = 8, and v € P1(R) is such that [, zv(dz) = = and v({z}) €
(0,1) provides an example where p_(x) = F,(x—), p+(z) = 1 — F,(z) so that p_(z) + p4+(z) =
1—v({z}) < p({z}). The only element 7(dy, dz) = §,(dy)v(dz) of IL(u,v) and Mpr(p,v) satisfies
m({(z,2)}) =v({z}) =1 - F,(2—) = (1 = F,(2)) = p({z}) — p—(2) — p4(2).




Corollary 2.16. Let p <., v and Xy = {z € R: u,(z) > uu(x) and p({z}) > p_(z) + p+(2)}.
Then for each m € Ipr(p,v), one has

L, () =un 1(dy) + D (n({z}) = p-(2) = py () 6=(dy) < 1 (dy) < A v(dy),
zEXy

where the bound from above is attained but the bound from below may not be attained. Moreover,
when p # v and (v, vy) is a couple of non-negative measures such that v—v—v, = L, () =u, ()} 4+

> vex, W({z}) = p—(x) — p1(x)) bz, then
(g, vy v, vp) # 0 = Nrt e Ips (p, v, v, vy) non-decreasing.
In the next example, the bound from below is not attained.

Example 2.17. Let =1 (6_1 + 61) and

(51(dy) + 61(dy) + ¢ (Uo)(0) + 1 i(9)) dy + 751

12 [—1,1] (y)dy

= =

v(dy) =

Then (1) = 1 = up(V), (1) = § = (1), p~(=1) = § = p+(1) and py (1) = 3 =p_(1).

By Proposition 2.14, there exists m € Iy (p,v) such that m—1({—1}) =1 — (N&ﬂl’ir)( D _ 4 6‘[
and then m_1 = n—y with n_1 given by (9) and m = 2v — n_y. Therefore the unique coupling

7 € Mpr(p,v) such that m—1({—1}) =1 — = (uaﬂﬁ)( LI 4_6‘/5 is

4—\@5

1 1 1
m(dz, dy) = 56-1(dx) (311[2,1] (y)dy + ~1(dy) + gLy 1y (y)dy>

V2 -1

1 1 1
-1(dy) + 61[—1+\/§,1] (y)dy + 551(dy) + gll[l,z] (y)dy)

+ %51(dx) <

and satisfies 71 ({1}) = % > 4767‘/5 =1- %. In a symmetric way, the only coupling m €

s (s, v) such that w ({1}) = 1—% satisfies 1 ({—1}) = 1 > 4*6‘/5 =1- (uaﬂﬁr)( L.

The next example shows that one cannot restrict the summation over {x € R : p A v({z}) x
(uy(2) = uyu(z)) > 0} to a summation over {x € R :inf cp,, (u,) 7({z,2}) > 0} in Assertion (i)
of Corollary 2.12.

Example 2.18. Let for o € [0,1], v = ¢ ((2 — a)d_4 + ad_y —|— 200 + ady + (2 — a)dy) and p =
2 (02 + 0o + 02). Then u,(0) = 83 =, (0) + 252, p_(0) = ¢ = p4(0), ¢(0) = ¢ and

Ti= — (8(—2,—1) + 6(—2,0) + (1 — @)8(0,—a) + ad(0,—1) + @d(0,1) + (1 — @)d(0,4) + S(2,0) + I(2,4))

cm»—*

is a non-decreasing martingale coupling such that mg = 1o given by (10) and which does not weight
(0,0). On the other hand,

14—«
24

4 — 3«
7(5( 2,0) T 9(o, 4)+504)+520)+ (0,0

(0(-2,-2) +d(2,0) + 2(5@2771)”(271)) 51

(and any strict convex combination with the former coupling) is a non-decreasing martingale cou-
pling which weights (0,0) when a > 0.

2.5 Do 7' and 7t optimize the cost function |z — y|* for p > 1 under the
nested supports condition?
In this section, we suppose that the probability measures p and v in the convex order satisfy the

nested supports condition so that, by Proposition 2.8, there exist a unique non-decreasing coupling
7! and a unique non-increasing coupling 7+ in I/ (i, v). Then, by Proposition 2.5, 7T maximises



(resp. " minimizes) [g, ¢(z,y)m(dz,dy) over m € I (p,v) for cost functions c(z,y) = ¢(|z — y|)

with ¢ : Ry — R continuous, increasing and concave and in particular for c¢(z,y) = |z — y|?
with p € (0,1]. We investigate whether m' (resp. 7}) still maximises (resp. minimises) for
c(z,y) = |z — y|P with p € (1,2) and minimises (resp. maximises) for ¢(z,y) = |z — y|” with

p > 2. It turns out that this is the case under a reinforced support condition with p and v
not weighting some non empty intervals at the left of a and at the right of b. The larger p, the
larger these gaps should be chosen. When p only weights two points and v weights two points
to the left of the support of u and two points to the right, we exhibit conditions ensuring that
sq#tnt is equal to the infimum inf., {sq#7 : 7 € I (u,v)} and sq#mt is equal to the supremum
sup,,{sq#n : m € Uy (u,v)} for the convex order. Last, we check that, still with such finite
supports, optimality may fail when the gaps are too small.

2.5.1 Preservation of the optimality

Proposition 2.19. Let pu <., v be such that there exist y < <z <T < z < Z with p ([z,7]) = 1
and v ([y,y] U [2,2]) = 1. If
7> ap(Z-7),

é*fz%(&*y)a

where o, € (0, 3) is the unique solution of 1,(a) = 0 with ¥, : (0,1] — R defined by
Ypla)=a+a®P(1—a)f ' +1—p.

Then, the unique non-decreasing coupling 7' (respiwn-increasing coupling 7+ ) in Ty (u, v) is the
unique optimal coupling in Iy (1, v) that attains M, (u,v) (resp. M, (u,v)) when p € (1,2) and
M, (1, v) (resp. M, (p,v)) when p > 2.

Remark 2.20. Let p € (1,2) U (2,400) and § < z. Since, by the fifth and seventh assertions in
Lemma 3.10 below, o, < %, it is possible to find z,T € (T+ a,(z —7),z — a,(z — 7)) such that
Z—x > 0. Then for any y € [a%(f— (1- a,,)g),@) and any zZ € (g, a%(g— (1- ozp)y)}, the
conditions on the points y,%,x,T, z,Z in Proposition 2.19 are satisfied.

Proposition 2.21. Letp € (0,1) and y_ < yy <z_ < x4 < z_ < 24 be such that

Ty —Y- 22 —x_, Zy—T_ 2Ty —Ys and
(@ =y )N (@ —y ) Azm =2 ) Az —2y) 2 (- =y ) V(22 —2y). (11)

We set jp = pdy_ + (1 —p)da,

T+ — Y+

v= pﬁ(sy, +P%5 _+( _P)ﬁéw +(1 _P)H‘SZM

mh=p (2_:5_5@_,@_) + z_:i%_,z_)) +(1-p) (Z_—zi‘”“%’ + 2:315(“@) ;
= b e+ () e ()

T =p (Z_z;fs(w,yn + H(S(w,m) +(1-p) (?_?&u,y) + ?_2’_5(@@)) :

One has w1 € Ty(p,v), sq#tn! (de,dy) = inf. {sq#r : 7 € My (p,v)} and 7% € My (p, D),
sq#mt(dzx, dy) = sup,, {sa#n(dz, dy) : w € M (p, 7)}

Remark 2.22. o Ifx_ —yy =z2_ — x4, then inequality (11) is satisfied. So for y. < x_ <
Ty < z_ such that x_ —y4 = z_ — x4, we may choose z large enough and y_ small enough
so that the conditions in Proposition 2.21 are met.
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o We deduce that for any convez function ¢ : R — R

/ oy — 2P)nt(de,dy) = inf / olly — aP)r(de, dy) and
R2 R2

m€llar (p,v)

[ oy —aPrmttann) = s [ olly—aPyras.dy).
R2 welln (u,7) JR?

Indeed the function p(z) = lq.—oy limy oy p(w) + Ls0y9(2) is the uniform limit of the
restriction to Ry of the non-decreasing sequence (pn)n>1 of convex functions on R defined by
on(z) = ]l{2<%}(go(%)+g0§(%)(z— %))—F]I{Zz%}cp(z) where @) denotes the left-hand derivative
of w. Moreover, p(0) — lim,_ o+ o(w) > 0 and for probability measures 6,9 € P;(R) such
that O(R) =1 =9 (R), 6 <. ¥ = 0({0}) < I({0}).

In particular since Ry > z +— 2°/% is concave for p € (0,2) and convex for p > 2,

Vo> 0, (p-2) / y—alPrl(de,dy) = inf (p—2) / ly — al°x(dz, dy) and
R2 mellar (p,1) R2

(r—2) / y— afPrt(de,dy) = sup (p—2) / ly — 2lPr(de, dy).
R2 TI'EHJM(LL,V) R2

2.5.2 Non-preservation of the optimality

Forpe (0,1) and y_ < yy <z_ <24 < z_ < 24, we set

pw=pds_+(1—p)os,,

L T e (e s R Ul Db s

v= pﬁ% +pﬁ&_ +Q fp)%(sy_ +( fp)%aﬂ.
The couplings
T =p (Z:Jyj_%,y) + Z__z_%,m) +(1-p) (j:i&m,yu + Hré($+,Z)> :
T =p (2_;5@_,%) + ﬁ__zf%_,z_)) +(1-p) (Z_zjé(“’y‘) + H&u,m) ;

respectively belong to I (u,7) and Ips(p,v). Since (x_,z4) and (x4,z_) (resp. (z_,y4+) and
(x4,y_)) belong to any Borel subset I of R? such that 7 (') = 1 (resp. 7#*(I') = 1), 7 and 7*
are not non-decreasing. Since (z_,y_) and (zy,yy) (resp. (r—,z_) and (24, 2+)) belong to any
Borel subset I' of R? such that 7#*(I') = 1 (resp. 7*(I') = 1), 7" and 7* are not non-increasing.

Proposition 2.23. Let p € (1,2)U(2,400) and y— < y4 < z_ < z4 be such that z— —y_ > z4 —z_
and z_ —y4 > (pfl)ﬁ(@_fz_). Forp e (1,2) (resp. p > 2), there exists x, € (y4,2—) such that
forz, <ax_ <axy <z, T is the unique optimal coupling that attains M,(u, V) (resp. M, (11,7))
and m* is the unique optimal coupling that attains M ,(u,v) (resp. M,(p,v)).

Remark 2.24. For p € (1,2) U (2,400), (p — 1)ﬁ < 1 so that when y_ < yy < z_ < zy, it is
enough that z_ —y4y > z4 —z_ to ensure z_ —y_ > z4y —z_ and z— —y4 > (p— 1)217P(Z+ —z_).

Remark 2.25. Let y_ < y; < z_ < x4 < z2_ < zy4 be such that z_ —yy > 24 — z_ and

8= ﬁ Since 8 € (0, %), by Lemma 3.10, the equation o, = B admits a unique root

pp > 1. Since (1,+00) 3 p — «, is increasing by the fifth item in Lemma 3.10, for p € (1,pg3),
a, < B and setting x4 = (1 — a,)z_ + a,y—, we have
Ty —yy =z — Yy top(y- —22) =z2- —yp —ap(ey 2o —yr —y-) +ap(zr —yy)

>zo =y = Blar + 2o —yr —y-) Fapler —y4) = ap(zy —y4).
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We may choose x_ < x4 close to x4 such that x_ — y4 > «,(z4 — y4) and then, by Proposition
2.19, the only martingale coupling in Iy (p, 7) that mazimizes (resp. minimizes) [ |z—y|Pm(dz, dy)
when p € (1,2 A pg) (resp. p € (2,pp)) is non-decreasing. Hence for p € (1,2)U(2,400) such that
p < pg, one has x, > (1 —a,)z— + a,y—. In particular, since lim,_,14 o, = 0 by the sizth item in
Lemma 3.10, we have lim, 14 x, = z_.

Remark 2.26. By Propositions 2.5 and 2.8, the unique non-decreasing coupling inEM(,u,P) (resp.
non-increasing coupling in (p,v)) is the unique optimal coupling that attains M,(u,v) (resp.

M, (11,v)) for p € (0,1]. When T (resp. m*) is the unique optimal coupling that attains M, (u, )
(resp. M, (,v)) for p € (1,2) and M (11, 7) (resp. M,(u,v)) for p > 2, then info.{sq#m : 7 €
Mar(p, D)} (resp. sup.{sa#m : m € Mp(p,v)}) does not belong to {sq#m : m € Upr(p, )} (resp.
{sq#tm : w € Up(p,v)}).

3 Proofs

To recall the necessary optimality condition stated by Beiglbock and Juillet in Lemma 1.11 [3], we
first recall their definition of competitors :

Definition 3.1 (Competitor, taken from Definition 1.10 [3]). Let a be a measure on R x R with
finite first moment in the second variable. We say that o, a measure on the same space, is a
competitor of « if o/ has the same marginals as o and

/yERO‘(d:c,dy) a.e., /yax(dy) = /ya;(dy).

Now, we state a version of Lemma 1.11 [3] slightly reinforced by also taking into account Lemma
3.3 just below.

Lemma 3.2. Let ji,v € P1(R) be such that i <., v and ¢ : R? — R be a measurable cost function
such that V(x,y) € R?, c¢(x,y) > a(x)+b(y) for measurable functions a and b integrable with respect
to u and v respectively. When m € I (p, v) is a minimizing coupling leading to finite cost, there
exists a Borel set T C R? such that n(T) = 1,

VeeR, Jy<zx st (v,y) el Jz>z st (z,2) €T, (12)

and if o is a measure finitely supported on T, then [ c(x,y)a(dz,dy) < [c(z,y)d/ (dz, dy) for each
competitor o’ of a.

Lemma 3.3. Let p,v € P1(R) be such that p <., v and © € Ip(u,v). For any Borel subset I' of
R? such that ©(T') = 1, we may find a Borel subset I' of R? such that T C T, n(T') =1 and

Ve eR, Jy<z st (z,y) el < 2>z st (z,2) el
Proof of Lemma 8.8. For x € R, let T’y = {y € R: (x,y) € I'}. We set
A={zeR:7m, (TxN(—00,2)) X 7 (Tx N (z,+00)) =0},

and

I =T\ |J{z} x {Ta N {(—00,2) U (z,+0)}}.

€A
Since p(dx) almost everywhere, 7,(I;) = 1 and [, y 7. (dy) = [pyma(dy) = =,
p(dz) ae., x € A= m, (Cy N{(—00,2) U (z,+00)}) =0.
Therefore

T ( U {z} x {Ty N {(—o0,2) U (z, +oo)}}> = /eA 7z (Lp N {(—00,2) U (z,400)}) p(dx) =0,

€A
which implies (') = (') = 1. Let [, = {y ER: (z,y) € f} for z € R. For z € A, T', C {z}.

For z ¢ A, Ty N (—00,2) = Ty N (—00,2) # 0 and T, N (z,400) = Ty N (2, +00) # 0, which
concludes the proof.
O
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3.1 Proof of Lemma 2.2

When v = p, the conclusion holds since the set under consideration is {dy}. We now suppose that
v # p, which implies that [p y?v(dy) > [, 2*u(dx). Since 2(2? 4+ y?) > (y — x)?, we have that
(y — x)? > z implies 422 > z or 4y? > z so that, for 7 € II(y,v) and z > 0,

T ({(z,9) : (y —2)* > 2}) < f(z) where f(z) = (p({z :42* > 2}) + v({y : 4y° > z})) A 1. (13)

The non-increasing function f is right-continuous on [0, +00) and so is [0,+00) 3 z — zf(2) +
+oo
.77 f(w)dw. We have

+oo
2f(2) +/ flw)dw < 4 </]l{w>\/g/2}x2u(da:) +/]l{y>\/g/2}y21/(dy)> — 0.

z—+00

On the other hand
+oo +oo
d s 4y? dw =4 [ y*v(d 2u(dy) — | 2?u(dz).
| sz [T st a = wpaw=a [ utan > [ putay) - [ o

As a consequence Z := sup{z > 0 : zf(z) + f:_oo fw)dw > [oy*v(dy) — [p2?p(dz)} be-
longs to (0,+00) and is such that zZlim, ,=_ f(2) + f;oo fw)dw > [, y*v(dy) — [z 2*p(dz) >
zZf(Z) + f;oo f(w)dw. Therefore we may find p € [f(Z),lim,z_ f(2)] C [0,1] such that zp +
f;  fw)dw = [ y*v(dy) — [ 2*p(dz). The probability measure 7 with cumulative distribution
function Fi7(2) = L{0<.<z(2)(1—p)+ 11,55 (1—f(2)) is such that [, 27(dz) = 0+°o(1—Fﬁ(z))dz =
f]R y2v(dy) — fR 2?p(dz). Let m € My (p,v), n = sq#tm and G(z) = f;oo(l — F(w))dw — f;oo(l —
F,(w))dw for z € R. By (13), we have Vz > Z, 1 — Fy(2) < f(2) = 1 — F5(z) so that G(z) > 0
for all z € [z,400). Since f0+°°(1 — Fy(w))dw = [, zn(dz) = [z y*v(dy) — [z 2*p(dz), G(0) =0
and since Fy(z) = Fy(z) = 0 for z € (—00,0), G(z) = 0 for z € (—o00,0]. The function G being
concave on [0, Z] by constancy of Fy; on this interval, we conclude that G(z) > 0 for all z € R. By
Theorem 3.A.1 (a) [13], this together with the equality of means implies that n <., 7. Therefore
{sq#m : m € Ip(p,v)} is bounded by 7 for the convex order.

3.2 Proofs of the optimality results in Section 2.3 but Proposition 2.8

The proof of Proposition 2.8, which relies on the one of Theorem 2.11, is postponed to the next
section.

Lemma 3.4. Let ¢ : Ry — R be concave and increasing. Let y < m < z and f : R — R be the
function defined by

F) ==l = yl) + S Ce(lz — al) = (e —ml).

)

Then, f is increasing on [y, m] and decreasing on [m, z].

Proof of Lemma 3.4. To check the monotonicity on [y, m], we choose x_ and z; such that y <
T <zy <m,

f(w+) - f(x—) = i__T; (<p(m+ — y) — <p(x_ —y) —@(m — x+) + o(m — x_))
+ n;__yy (plz—2y) —pz —2-) —p(m—x4) + p(m —z_)).

Sincexy —y>z_ —yand m—x_ >m —xy, we have p(xy —y) > o(z_ —y) and p(m —z_) >
@(m — x4) so that the first term in the right-hand side is positive. On the other hand, we know
that

m—zy <(z—z)A(m—-z_)<(z—z)V(m—z_)<z—2x_.



By the concavity of ¢, we have

zZ—m Ty — T

_ > — T _
p(z 9:+)_Z_m+x+_$7sﬁ(z z )+z—m+x+—x,¢(m T4),
z—m Ty — T
—x_)> — —x_
p(m—z )_Z_m+x+_x7<p(m x+)+z_m+x+_x7<p(z z_),

which implies p(z —zy) + o(m —x_) > p(z — x_) + p(m — z4). Therefore, f(z4) — f(z_) >0
and f is increasing on [y, m].

Similarly, to check the monotonicity on [m, z], we choose 2z_ and x4 such that m < z_ < z4 < z,

flay) = flz-) = Z:Z (p(z4 —y) —pla- —y) — p(z —m) + p(z- —m))
oy Bl =) =l = w ) = play —m) + (e —m)).
Since z —zy < z—z_ and z_ —m < x4 —m, we have p(z —21) < p(z —x_) and p(z_ —m) <

p(x4 —m) so that the second term in the right-hand side is negative. On the other hand, we know
that
ro—m < (@ —m) A @ —y) < (@ —m)V (@ —y) @i —y.

By the concavity of ¢, we have

m—y Ty —T_
— > - _
o4 m)_m_y+x+_$_so(x m)+m_y+x+_x_s0(x+ Y),
m—1y Ty — T
_—y) > — .
o(x y)_m_ijm_Lw(m y)+m_y+m+_$7¢(ft m),

which implies p(z4 — y) + p(z—- —m) < p(z_ —y) + ¢(z4 —m). Therefore, f(z4+) — f(z-) <0
and f is decreasing on [m, z].
O

Proof of Proposition 2.5. The cost function R? 3 (z,y) — ¢(|z — y|) is lower-semicontinuous and
even continuous when ¢ is continuous. Since it satisfies the bounds in Remark 2.6, the existence of
optimizers follows from Theorem 1 [2]. Let us establish the monotonicity properties. By Lemma
3.2, if 7 € s (p, v) is a maximizing (resp. minimizing) martingale coupling which leads to finite
costs, then there exists a Borel set ' C R X R (resp. T' C [a,b] x (—00,a] U [b, +0)) with #(T") =1
such that

Ve eR, Jy<zst. (z,y) el <= Iz >z st (z,2) €l (14)

and for a measure « which is finitely supported on I';, we have

(resp. >)

/ oz —y) o/ (de dy) < / (|2 — y]) olde, dy), (15)

for every competitor o’ of a. Assume that (z_,y_),(x1,y4) € T (resp. (x_,y4),(z4,y_) €T)
with y_ <z_, yy <y (resp. yy <z_,y- < z4)and x_ < x4. Let us assume y; < y_ and
obtain a contradiction against (15). Then y; < y_ < ax_ < x4 (resp. y4 <y- <a<x_ < T4).
By (14), there exists z > x4 such that (x,,z) € T’ (resp. z > z_ such that (z_,2) € T and
then yy <y_ <a<z_ <xzy <b<z). By Lemma 3.4 applied with (y,m,2) = (y+,y—, 2), the
function f defined by

Z—y- e
flx) = el —yi|) + ——¢(z — 2|) — p(|z —y-
(z) p— (lz = y+) p—. (I ) — ] )
is decreasing on [y_, z]. We deduce that for
z—y- Y- — Yy
dz,dy) = § —94 —7)
B(dx, dy) O R LIRS RGO
-y Y- — Yy
’deady :61,, + 617, +76m,,zv
(do,dy) =0y + = 0w + 5= 0w
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/ oz — y]) B(da, dy) - / oz — yl) y(de, dy) = f(zs) — flz-) < 0.

This contradicts inequality (15) since v (resp. ) is a competitor of 8 (resp. 7y), which is finitely
supported on I'. Therefore, we deduce that y_ < y,.

On the other hand, assume that (z_,z_),(x4,24) € T (resp. (x_,z4),(24,2-) € T') with
- <z, xy <zy (resp. v— < zy, x4y < z_)and z_ < x4. Let us assume that z; < z_ and
obtain a contradiction against (15). Then z_ < x4 < zp < z_ (resp. z— < x4 <b<zy < z_).
By (14), there exists y < a_ such that (x_,y) € T (resp. y < x4 such that (zy,y) € T and
theny <a<z_ <zy <b<z; <z_). By Lemma 3.4 applied with (y,m, z) = (y,2z4,2-), the
function g defined by

_ A%t _ +—Y - _
PRy o(lz —yl) + P yw(sz z|) = ¢(lz — 2z4])

is increasing on [y, z]. We deduce that for

Z_—Z z Y
Bldz,dy) = 0(z, 2,) + Z_i_;f;(xﬂy) + = — y%,,z,),

-z —y
Y(dz,dy) =0z 2y) + ﬁémm + +7_y5(£+,z,)7

/ & — 4] Bdz, dy) — / & — yly(de, dy) = glz_) — g(z4) <.

This contradicts inequality (15) since v (resp. () is a competitor of 8 (resp. 7y), which is finitely
supported on I'. Therefore, we deduce that z_ < z,. O

Remark 3.5. The support assumption p(la,b])) = 1 = 1 — v((a,b)) made in Proposition 2.5
to ensure that any minimizing martingale coupling for the cost o(ly — x|) is non-increasing is
crucial to avoid in the proof the situations (x_,y4), (x4,y—) € I with y4 < z_ < y_ <z and
(x—,24), (x4,2-) €T with x_ < zy < x4 < z_ where we could not derive a contradiction.

Proof of Proposition 2.9. The existence follows from Proposition 2.5. The proof for uniqueness is
the same as the one of Theorem 7.3 [3]. Since, from Lemma 3.4, we only know that f is increasing
on [y, m] and decreasing on [m, z|, the forbidden cases in Equation (23) [3] should be replaced by

y <z <x<yTory <az<a <y. (16)

Actually, in the case p(u) = u considered in Theorem 7.3 [3], f is constant on (—oo,y] and on
[2,+00) and the forbidden cases should be ¢/ < 2’ < z Ayt or y~ Vo < 2/ <y instead of the
more general condition in Equation (23) [3]. Nevertheless, in view of Lemma 3.3, in the second
paragraph of the proof of Theorem 7.3 [3|, we can assume that b~ < a < bt so that we end up
with a situation in the restricted set of forbidden cases (16). O
Proof of Proposition 2.10. We set x_ = m — (1 + 681_”)% € and x4 = m+e. Let us suppose that

e < (z—m) AN -—"=4- A 1. This ensures that y < z_ and 24 < z. For z € (—o0,2_] U [z, +00),
(1+8)°

uy, () = |z —m| < u,(z). The function u,,_ is affine on [z_,z;]. Sincey <z_ <m <z < z, the

2(z—m)(m—y)

function u, is affine on [z_, m] and on [m, z1]. The inequality ¢ < in our assumptions

3(z—y)
1
. . 2(1+[3€17"); 4(z—m)(m—y)
implies that u,_ (m) = e < = u,(m). Then,
p Ma( ) 1+(1+leip)% 3(z—y) ( )
Ve eR, uy (z) <uy(z) and te <ex V.

Since y < z_ < m < x4 < z, the set T' = {(z_,y), (x_,m), (z_, 2), (x4, y), (xy,m), (x4, 2)} is
such that T'N {(x1,72) € R? : 29 < 1} = {(2_,y), (z4,v), (x1,m)} and T N {(21,22) € R? : 21 <
xo} = {(z_,m), (x_,2), (x4, 2)} so that I" satisfies conditions (a)(b) in Definition 2.3. Since any
martingale coupling gives full weight to I', it is non-decreasing.
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Then, let m(dz, dy) = pe(dz) 7:(dy) € ar(pe, v). Since u,, (m) < u,(m) and
up(m) = pe({z-})(m —z-) + pe({x4})(24 —m)
wyfm) = pe(fa-) [ lm = wlm, () + (o) [ = wlm,. (d0),

we have either m —2z_ < [ |m — w|m,_(dw) so that m, ({y})7e_ ({z}) >0o0r 2z —m < [|m —
w| 7y, (dw) so that 7, ({y})m., ({z}) > 0. We deduce that when m,_({m})m,({m}) > 0, then
cither 7, ({m}) Ty, (4D 7oy (121) > 0 or 70, () 7 ()7 ({2}) > 0. T 7, ({m}) =
0 (resp. mo_({m}) = 0), then o, ({yhme., ({2)) > 0 (resp. mo_ ({y)me_ ({z}) > 0) by the
martingale property, and since v({m}) > 0, we have m,_({m}) > 0 (resp. m,, ({m}) > 0).
Therefore, we always have

T ({m}p) me, ({y}) 7o, ({21) >0 or e ({y}) me ({2}) 7o, ({m}) >0,

and there exists more than one martingale coupling between p. and v since for a positive and
small enough in the first case and —a positive and small enough in the second case, adding

z m m —

y
O@_y) + O(@_,2) = O@_,m) —

— zZ—m
Z—Y Z—Y Z—Y

m—y
o <5<w+,m> + Oy T Z_y5<w+7z>>

to m leads to a distinct coupling in ITps(ue, v). To further parametrize the coupling 7, let us apply
the martingale property again. For « € {x_,x,}, we have

z—x— (z—=m)m({m})
{Wy}) ra({m)) + ma({2)) = 1 m () c=y |

ymo{y}) + mr(fmh) + 2m({z) =2 ey = Sy ym({m))

2=y

Since pe ({4 e, ({m}) = v({m}) — pe({x_})ms_({m}), the coupling 7 can be parameterized
with respect to the variable m,_({m}) only as follows:

z—m m—y
=7+ p({z-Pme_({m}) (Z_y5<x+,y) + ﬁ%w) ~ Oy m)

z—m m—y

-y (z_y) — z—y

5(@,,2) + §(J;,m)> with

— T+ T+ —Y
O(@sy) T %w))

Z—T_ z
Z-Yy Z=Y

st (bt i) et

z2—m m—y
+r({m}) (5(m+7m) — Sy e T Hjém,z)) ~

For p € (0, 1], defining the cost function f; : [y, 2] = R by

folw) = ==+

(2= 2) = o — ml?,
we have
[ o= slPntds.dy) = [ o= yPy(do.dy) + pella-ma_((mD(Fyls) - Fyfa-).
To maximize [ |z — y|?n(dz,dy), we need to maximize 7, ({m}) when fs(z4) > fs(z_) and

minimize 7, ({m}) when f5(z4+) < f5(z—). Applying the first order Taylor expansion at x = m
to the first two terms of the function f; with p € (0, 1], we get

fote) = foa-) = 5 (2= = P ) (o ) ol — )
+(m—z_) — (zy —m)P (17)



Let us suppose that p € (0,1). We have that (m —x_)? — (x4 — m)? = fBe. When ¢ — 0+,
1
(1 + ﬂsl’p) ? — 1so that x4 —x_ ~ 2¢ and

z—m m—y

fols) = folz-) = (2p <(m — )Pt -

Z=Y 2=y

(z — m)Pl) + ﬂ) e+ o(e).

Since 8 € (O, 2p (T:;’ (z —m)P~t — = (m — y)p_1)> by assumption, for ¢ positive small enough,
fo(@y) = fo(z=) < 0. On the other hand, for p’ € (0, p), we have (1+ ﬁelfp)% -1 ~ %B gl=r
so that (m —2_)" — (x4 —m)” ~ %ﬁ gl=rtr" Hence, by (17) for p = p/, fo(xy) = fo(z_) ~
£ gel=rtr’ 5.
Finally, let us suppose that p = 1. We have
2e(Bz—m) — (2m—y - 2)
2=y '

filzy) = fi(z-)

Since y < Y2 < m < z and B < Qm:% by assumption, we have fi(z4+) — fi(z—) < 0. For

z

o e (0,1), (m—z_)" — (zq —m)? ~ ((1 + By — 1) e/ and, since 74 — z_ = (2 + B)e, by (17)

applied with 5 = o/, f(z4) — fo(z_) ~ ((1 + By — 1) e > 0.
Therefore, for 0 < p’ < p <1 and ¢ positive small enough, to maximize [ |z — y| w(dx, dy), we

need to maximize 7, ({m}) and to maximize [ |z — y|? n(dz, dy), we need to minimize 7, ({m}).
O

3.3 Proof of the results in Section 2.4 and Proposition 2.8
Proof of Corollary 2.12. (i) As u # v, the non vacuity of = € Iy (u, v, vy, v,-) implies that v; + v,

is not the zero measure. Since
w(dx, dy) + (v + v — v)(dx)d, (dy)
v (R) +v,(R)
c M(M-FVH—VT—V v+ Vr 4 Vy )
y(R) + v (R) " y(R) + v (R) 4 (R) + v-(R)” 1 (R) + v, (R)

is a bijection, the statement follows from Theorem 2.11 (concerning (6), this relies on the fact that
the corresponding mapping between the integrals is affine with a positive factor).

(7i) Let m € ps(p, v, vy, 1) be non-decreasing and let I' denote a Borel subset of R xR satisfying
the properties in Definition 2.3. Since 7 ({(z,2)}) < u({z}) Av({z}), we remove {(z,z) : p({z}) >
0 and v({z}) =0} NT from I', while preserving these properties. Since 7(I') = 1, we have

VR =7({(z,z) :z e R}) =7n({(z,z) :x e R}NT) =vj({x € R: (x,2) € T}).

My (p, v, v, v) 5

Let € R be such that (z,z) € I'. Then, I' C {(—o00,2] x (=00, z]} U {[z,+0) X [z,+00)} and
either p({z}) > 0 or

wi@)= [ o a = [ e am @+ [ (= — )y (d=)u(d)

(y,2)€(z,+00) xR

- / (& — y)uldy) + / (v — 2)u(dy) = u,(x).
(—o0,)

(z,+00)

Hence

5 (R) = vg ({z € R : uy(2) = up (@) or (uy(2) —uu(x)) x (u({z}) Av({z})) > 0}).

The conclusion follows since v < u A v by definition and v (dz) > 1y, (2)=u, ()} #(dz) from the
decomposition in irreducible components stated in [3, Theorem A.4].

7 (dz,dy)+(vi+v,—v)(dz)d, (dy) is

(7i7) Since for any non-decreasing coupling 7 € Iy (u, v, vy, V), B

non-decreasing, the uniqueness is ensured by (7).
O
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The proof of Theorem 2.11 relies on the following lemmas.

Lemma 3.6. Let n € P(R) and 7} be a non-negative measure on the real line such that 7 <n. For
f: R = R non-decreasing such that [, |f(x)|n(dz) < +oo, one has [, |f(x)]i(dx) < 400 and

7(R) 1
L s [ s < [ e )

d if n(R) ! ﬁ(R)d d 0 ! 1 0 d
and if N(R >O,A—/ —1 u <g — <4 Ai/ . .
A(R) Jo Fy(w) t A(R) t A(R) 3R E N (w)

Lemma 3.7. For u,v € P(R),
Ir € (p,v) s.t. w({(z,9) ER* 1z > y}) =1 <= du a.e. on (0,1), F; ' (u) > F, " (u).

Proof of Lemma 3.6. Since the inequalities are obvious when 7(R) = 0, we suppose that 7(R) > 0
and denote 7 = zby. Since ) < 0, [;|f(2)[i(dz) < [y |f(z)In(dz) < +o0. Moreover, by the
inverse transform sampling,

/f A(dr) = (R /f (dz) = (R /fF~

For w € (0,1), using (2) for the first inequality then #(R)7 = 7} < n for the second, we have
N(R)u < 7(R)Fy(FyH(w) < Fy(Fy 't (u)

so that Fﬁ_l(u) > F; ' (7(R)u). With the monotonicity of f, we deduce that

| f@itin) > i / £y (1(R)u) ) = /Oﬁ(R)ﬂFnl(v))dv.

On the other hand, still for v € (0,1), using 7 < W for the first inequality and (2) for the second,

L By (71 R)0) = A (1~ (R, +oo)) < T A0, 105

n

LB i®)

N(R) -
—1 _ ~
so that F; (1 —u) < F, (1 — H(R)u). We conclude that

[ f@itas) = a®) [ f 0 < a@) [ a-a@ude= [ fE ).

Proof of Lemma 3.7. Since the image of the Lebesgue measure on (0,1) by (F, ', F,; ") belongs

to II(u, v), the sufficient condition is obvious. To prove the necessary condition, we let (X,Y) be
distributed according to 7 € II(y, v) such that w ({(z,y) € R* : 2 > y}) = 1. Wehave P(X >Y) =
1 and, since Q is dense in R, {X > Y} =J,o{X > ¢ > Y}. Since Q is countable, there exists a
c
bijection N> n+— ¢, € Q. Forn e N, let A, ={X > ¢, >Y}nN {UZ;&{X > qr > Y}} . The

events (A, )nen are disjoint and such that ) _\P(A,) = P(X > Y) = 1. The discrete random
variable Z = Y qn14, is such that P(X > Z >Y) = 1 so that v <, 1 < p, where 1 denotes
the distribution of Z. For n € N, we have

Fylan) =P(Z < gn) =P(Y < Z < gn) <P(Y < ) = Fy(gn—)-
We deduce that for all u € (F,(gn—), Fy)(qn)), F, ' (u) < gn = F, ' (u). Since

v

1
/OﬂuneN(an ). Fy (g (Wdu =Y P(Z

neN

and Fn_l < Fu_l as 1 <g p, the statement follows. O
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Proof of Theorem 2.11. Since pu # v, the non vacuity of © € Iy (u, v, v, v,-) implies that v, + v,
is not the zero measure. Since the equality of the means of p and v implies that 0 = fRz (y —

)Ly <oy e (dy)p(de) + [oo (y — )Ly ey ma(dy)p(da), then v # 0 and v, # 0.
Let m € Ips(p, v, v, 1) Since for x < 2/,

0 [ tpyenlindd) - [ Ticennnd) < [ Lpcyemnlinds) = Fu(a") - Fu(o)
there exists a function ¢, such that

0o(Fu@) = [ Tpcyenmldy.d) € Don(R) (18)
One has, using vJ(R) =0,
@2 [ Lyeayeanlnds) = [ Lgenmlnd)- [ 1icyenmlinds) = Fua)-ou(Fule).

Let 7 = [y, Ur = 7y and for u € [0,1] and v € [(u — v, (R)) ", u A 1 (R)],

oo = [ 55 () ot [ 5 () oo

We are going to prove the existence of a non-decreasing function ¢4 : [0,1] — [0, (R)] such that
u — u — ¢ (u) is also non-decreasing and

Vu € [0,1], ¢1(u) € [(u — v-(R)) T, u A 14 (R)] and /Ou Fu_l(w)dw = G(u, pr(u)). (19)

The existence of ¢4 (F,,(x)) € [(Fu(z)—vr(R))T, ¢ (Fyu(z))] for € Ris addressed in Step 1 below.
Step 2 deals with the monotonicity of z — ¢4(F,(x)) and x — F,,(x) — ¢4+(F,(x)). The existence
of ¢1(u) for u € U, cp[Fyu(r—), Fiu(x)), and the monotonicity of u + ¢¢(u) and u — u — ¢1(u) on
(0,1) are addressed in Step 3, while (5) is proved in Step 4. When F,(xz) > 0 for each z € R
(resp. Fj,(z) < 1 for each € R), the function ¢4 is continuously and monotonically extended
by ¢4(0) = 0 since limy, o+ (u — v-(R))" = 0 = lim,—01 u A v (R) (resp. ¢4+(1) = v (R) since
lim, 51 (u — v (R))™ = 1(R) = lim, 41 u A (R)) so that (19) holds for u = 0 (resp. u = 1).
We are now going to prove the existence of a non-decreasing coupling 7' € Iy (u, v, v, 1) such
that ¢,+ = ¢1. Because of the monotonicity of [0,1] 3 u +— ¢(u) and [0,1] 2 u — u — ¢4(u),
these two functions are 1-Lipschitz and therefore absolutely continuous. Up to modifying the
derivative ¢’T of ¢4 in the sense of distributions on a Lebesgue negligible subset of (0,1), we may

suppose that it is [0, 1]-valued. The functions [0,1] 5 u — f¢T(u) F1 ( ) dw and [0,1] > u —

7] v (R)

f(;u () F; ! ( 7;’ )) dw are convex and continuous and therefore absolutely continuous. Using
[11, Lemma 1.2| to differentiate (19), we obtain

() = ¢ (u)Fy, (ij((RD (1— ¢ (u)E;, ( Vﬁg )>, du a.e. on (0,1),  (20)

with the convention that the first (resp. second) product in the right-hand side is 0 when ¢} (u) = 0
(resp. ¢4 (u) =1). We set

WT(da’;’ dy) = / ((bT (F (w), Ful ¢¢(u))) (dmady)

v (R)

+ (1 = ¢} (u))d (Pt (w.F, u—«bﬂu)))(d%dy))d“'

or ( vr(R)

We have ny]R 7t (dx, dy) = fo Frl(w) (dz)du, so that, by the inverse transform sampling, the first

marginal of 71 is p. Using Lemma 2.6 in [8] like in the proof of Proposition 2.3 in [8], one checks
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that 77 is a martingale coupling. We are next going to check that

¢4 (u)du a.e. on (0,1), F,* (f:((R))) < F;' (u) (21)
and (1 — ¢ (u))du a.e. on (0,1), ;' (u) < F; ! <m> . (22)

With the definition of 7', we deduce that v = fol P (u)d (%(u))du For g : [0,1] — R
Vl Vl(]R)

measurable and bounded, by Proposition 4.9 [12] and the remark just above applied with f(u) =
g (¢T(“)) and A, _ $1(u)

IJl( l/l(R) ?
1 1
pr(u) 04 (u)
/ ( T((]R))) R )du 7/0 g(v)dv. (23)
Hence v = fo Fit(w) dw = v;(R)7; = v;. In the same way, v~ fol(lf(b’T(u))(iFjl<1L_¢(T()u> du =

Vr, 50 that, since v = vy + v, 7' € Iy (p, v, vy, ). Let

T :{{(Fu_l(u),FDll (‘ﬁ&%)) cue R} N {(z,y) €R? 1y < x}}
U {{(F;l(u)fﬂf (“;‘(‘E()“)D ue R} N{(z,y) eR?: 2 < y}}.

The definition of 7! combined with (21) and (22) ensures that «7(I') = 1. By monotonicity of
w i FoNu), uoes Fpt (fj((ﬂg))) and u — F,! (%?Rf)")), I" satisfies conditions (a) and (b) in
Definition 2.3. Hence 7' is non-decreasing.

To check (21), we introduce fi;(dy) = ﬁ Loer Lz<pym(dy, dz) . As ﬂ;;(fRﬁ}ﬂ(dy, dz) € M(ju, ),

Lemma 3.7 implies that du a.e., Fl;ll(u) < Fﬁ_ll(u) With (23), we deduce that

¢4 (u)du a.e. on (0,1), F; (i:((R))) <F! (ﬁ%) . (24)
For z € R, by (18), Fy, () = 25D and since Fy (F, (Fu(2))) = Fu(x), éx(Fu(Fy ! (Fu())) =
Or(Fu(w)) and Fy,! (228D ) < F71(Fy(0)). Since, by Step 1, 61(Fu(2)) < dr(Fu(x)) and ;'

is non-increasing, we deduce that Fﬁ_zl ( (w R(I))) < F M (Fu(z)). As (0,1)N {UwER:p({m})>0[El($_)’FH('I))}
is included in the range of F),, with (24) we conclude that

qﬁ%(u)du a.e. on (0,1) N U [Fu(z—),Fu(z)) ¢ Fff_zl (i:é;))) < Fgl (u).

zeR:u({z})>0

If u({z}) > 0, then by Step 3 below, ¢} (u)du a.e. on (Fj(z—), F.(z)), Fl,_l1 (ﬁ;((ﬁj?) < F M u)
and therefore (21) holds.
. N VA ~ .
In a symmetric way, since u{f(<ﬂ§)} 7(dy, dz) € (ji,, U) where fi,(dy) = ﬁ [oer Liy<=ym(dy, d2),
Lemma 3.7 implies that du a.e., F,;Tl(u) > Fgrl(u) Forz e R, Fj, (x) = W. Hence for

w > Dlem)miunac 0 gt (1) > 3. Since ¢ (Fy(x—)) < limyp- ¢r(Fu(y)), we deduce

v, (R
that when p({z}) >0, F, Yw) > a for w > L& (wi);d)&é)F =) With this argument replacing the

above reference to Step 3 when p({z}) > 0, we check that (22) holds.

Uniqueness : Let 7T € Iy (g, v, v, v) be non-decreasing. Let I' be a Borel subset of R2
such that #T(I') = 1 and properties (a)(b) in Definition 2.3 are satisfied. Let x € R be such that
F,(x) > 0. The set {z € (—o0,z) : Jy € (2,2] s.t. (y,z) € I'} is not empty since

/]RZ ]lF(yaZ)]l{z<y§m}7ArT(dyadZ) = /]R? ]l{z<y§x}7},r(dy7dz) = /( ]ﬁ-g((_oo’y)):u(dy) >0
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as v = 0 implies that pu(dy) a.e. 7} ((—00,y)) > 0. Therefore I(z) := sup{z € (—oc,z) : Jy €
(2,2] s.t. (y,2) € T} belongs to (—oo,x]. Since T N{(y,2) ER?: 2 <y <z and z > Il(z)} =0,

= /R2 Ir(y, )1 aey<ay Lzsi@n @ (dy, d2) = /]Rz Liecy<aylpzsi@n 7 (dy, dz).
On the other hand, by property (a) in Definition 2.3, I' N (z, +00) x (—00,1(z)) = 0 so that
0= /R2 Ir(y,z )]l{y>z}]l{z<l }7T (dy,dz) /]Rz 1{y>z}1{z<l(z)}ﬁT(dy,dz).

With the equality, ﬁ nyR ]l{z<y}frT(dy, dz) = ;(dz), we deduce that

ﬂ{z<l(m)}pl(d2’) < / ( ]I[{Z<y}ﬁ'T(dy,dZ) < ﬂ{zgl(m)}ﬂl(dz)-
ye(—o0,x

14 (R)

Therefore %ﬁ)@)) € [F5, (I(x)—), Fp,(I(x))] and

1 X N Gt (Fu(x))
— Lo @l (dy,dz) =1, xudz—l—(H—F,;lx— 01z (dz
(®) /ye( oy M (dy,dz) = 1. qi(m)yiu(dz) 7 (R) (@) =) | i) (d2)
Llﬁfﬁf’”(s gy ) o
= z —_— 1w z)dw. 25
/ @)= s | = (25)
In a symmetric way, with property (b) in Definition 2.3, we check that
N Fi(@)= 41 (Fa(e)
/ Tispn® (dy,dz)z/ 5F._1( w )(dz)dw. (26)
y€E(—o0,z] 0 or \ v (R)

Using the martingale property of 71 for the second equality and 1§ " =0 for the fourth, we deduce
that

Fu(m)
[ miwa= [ = [ [ @ = [ 2 (dy, d)
0 y€(—o0,x] y€(—oo,x] JzER (—o0,z] xR

:/ z]l{z<y}frT(dy,dz)+/ z]l{z>y}ﬁ'T(dy,dz)
(—o0,z] xR (—o0,z] xR

#1 (Fu (91)) w Fu(z)—¢.4 (Fu(x)) w
dw +/ FD_1 < > dw
A O L (o

G(Fu(z), ¢a1 (Fu(2))).

Equations (25) and (26) also hold with # 7 replaced by nT so that G(F,(z), ¢, (Fu(x))) = fOF“(z) Fo (u)du.
Note that the equalities

/ T( ) ¢ .1 (Fu(x))
T, cnm! (dy,dz :/ é (dz)d
yE(—o00,z] tz<v 0 Fy, (VL(R>>

Fu(x)=é 4 (Fu())
/ ]l{z>y}7rT(dy,dz) = / 5F51( y_ )(dz)dw,
yE€(—o00,z] 0 vr ()

Uy

together with ¢+ (F,(z)) = F (@) ¢4 (u)du = ¢1(F(z)) can also be derived from the definition
of 77 combined with (21), (22) (1), Proposition 4.9 [12] and the remark just above applied like in
the above derivation of (23).

By Step 1 below applied with 7 = #T and 7 = 7', there exists a unique v € [(F,(z) —

vr(R)T, a1 (Fu(w))V dar (Fpu())] such that G(Fy(« ),v)zfO 4 1 (w)dw so that ¢ar (F(x)) =
¢rt (Fu(x)) for each z € R and

4 ¢ T(Fu(z) F“,(m)—quT(F,l,(m))
7 (dy, dz :/ O0if w dzdw+/ 01/ w \(dz)dw
/yG( 00,7] ( Y ) 0 E 1('/1(R>)( ) 0 FD"l("”"(R))( )

7y
= / 7 (dy, dz).
ye(_oovx]
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Therefore the set

M = {AEB(R) | /Aw;u(dy)z/Afr;u(dy)}

contains {(—oo,z]: 2 € R}. One easily checks that if A,B € M are such that B C A, then
A\ B € M. Now let (A,),cy be a sequence of elements in M such that A, C A,;. For
B € B(R), since for all n € N, [, (#}(B)—x}(B)) p(dy) = 0 and |#}(B) — «}(B)| < 1, by
Lebesgue’s dominated convergence theorem,

/C (#1(B) = 71(B)) u(dy) =0

An

neN

We deduce that |J,.yAn € M and M is a monotone class. Since M contains the class C =
{(—00, 2] : x € R}, which is stable by finite intersections, by the monotone class theorem, we have
o(C) ¢ M. Since ¢(C) = B(R) and M C B(R), we conclude that M = B(R). In particular, for
any B € B(R),

p({yeR:4(B)>nl(B)})=0=pn({yeR:7)(B) <n)(B)}).
We deduce that
p({yeR:VzeQ, frg((—oo,x]) = TI';((—OO,Z‘])}) =l=p({yeR: 7ArT = 7TT}) .

Step 1 : For z € R, we are going to check that G( ( ), on(Flu(z))) < fo w)dw

(Step 1.1 below), G(F,(x), (Fu(x)— ) > f h(@) FH(w)dw (Step 1.2 below) and that v
G(F,(z),v) is decreasing on [(F#(x) - I/T( )) L Ox(Fu(x ))} (Step 1.3 below). Since this function
is also continuous, this implies the existence of a unique ¢1(F,(2)) € [(Fu(z) —vp(R)T, ¢r(Fu(z))]

such that G(Fy,(z), ¢4(F, fF w(@) F 1 (v)dv, where the notation ¢(Fy (7)) is justified since
this point Clearly only depends on x through F ().

Step 1.1 : By Lemma 3.6, applied with = 7, and #(dz) = #R) fye(ioo 2 Hz<yym(dy, dz)
such that H(R) = 74)”5?]‘1@(;)),

S (Fp(x))
vy (R)

1 d 1 ¢7r(Fu(w)) 1 w d
> F- (w)dw = —— F- w
>/ w () mmé W<mm)

and, with n = 7y, 7(d2) = ;g5 [0 o o Lzsgym(dy, dz) < 7,(d2) such that fj(R) = T2,

b
14 (R)

/ Z]l{z<y§w}7r(dya dz)
R2

Fu(e)—¢n (Fu(x))

1 / ( ) o (®) ) 1 (@)= n (Fpu(x)) ) w
—_— 2iy<s yenrm(dy,dz) > / F; (w)dw = / o ( ) dw.
v (R) Jga  ERYSH 0 ' v (B) Jo "\ (R)

Using (1) for the first equality, the inverse transform sampling for the second and the martingale
property of m, and v]7 + v = v for the third, we deduce that

Fy(x) 1
/0 F;l(w)dw :/0 F;l(w)]l{Fll(w)gm}dw = /Ry]l{ygl.}u(dy)
= / Z]l{z<y§a:}7r(dy’ dz) +/ Z]l{ygac,y<z}7r(dya dz) > G(Fu(z), dr(Fu(z))).
R2 R2

Step 1.2 : If F,(z) < vr(R), setting

Bl — b((—o00, Fy M (228))

— vr(R)
VR = Lcm oy e Lo im0 7, (P (B ’

we have that

/Omac) F (ufR)) dw = v,(R) /R 2(2)ip(dz) = /R Xsz(Z)]l{yQ}ﬂ(dy,dZ)

z/ W@MKWMWM=/WMwMMe
RxR R
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i(dy) = ([, cr V() gy<ymy(d2)) p(dy) < p(dy) since [, g 1(2)1y<zymy(dz) € [0,1] and satisfies
iR = [ 0 eay(dds) = 1 (®) [ 027 () = Fu(o)

RxR

By Lemma 3.6 applied with (n,7) = (u, fi), this ensures that [, yj(dy) > fOF“(Z) F71(v)dv so that

n
[ s [T (L G(F,(2),0)
F- vdvg/ Fp( )dw: F,(x),0).
0 a 0 "\ (R) g

. v, (R _ w
If F,(z) > v,(R), one has using [, ( )Fﬂrl (VT(R)) dw = [pyve(dy) = [ yp(dy) — [z yvi(dy)
and v,.(R) =1 — (R) for the second equality,

F@-u® oy, w® oy,
G(Fu(x)vFH(m)_VV(R)):A F’;I (VZ(R)>dw+\/(; FDT <Vr R))dw
WB-(-Fu@) oy,
) o (2 Y [t~ [ e
/O l (VZ(R)> w Ryu( y) Ryl/z( y)

/F}L(z) 1( ) 1 1( ) v (R) 1 w
= F, wdw—!—/ F, wdw—/ F ( )dw.
0 a Fu@) n®-(1-F, ) = \1R)

By a reasoning similar to the above derivation of fOF“(w) Fljl(v)dv < fF“(w) Fﬂjl ( Y ) dw, we

0 vr(R)
check that the sum of the last two terms in the right-hand side is non-negative. Combining the
two cases, we obtain that G(F,(z), (F,.(z) — v, (R))T) > fOF“(m) Fo Y (w)dw.

Step 1.3 : To prove that v — G(F),(x),v) is decreasing on [(F,(z) — v»(R)) ", ¢ (F.(x))], it
is enough to check that

Or (Fpu()) = Fu(z) = ¢x (Fu(x)) -1
Yw € (O, m(R)) , Fy (w) <@ and Vuw € ( (R ,1) o < Fy o (w). (27)

Let « be such that ¢ (F,(x)) > 0. Then F,(x) > 0 and F,(x) —¢~(F.(z)) > 0. Since, by definition
of ¢ (Fy(x)) and v] = v,

¢7T(Fu(x)) = /]Rz ]l{z<y§w}77(dyvdz) = /]Rz IL{z<yAch}71—(dyvd'z) - /R2 ]l{z<a:<y}7r(dyadz)
= n®)5((—o0.0) = [ Tjecocyyrlddz),

~ = (Fu(z
we have 7;((—o0,2)) > %

and since v§ =19 = 0,

, from which we deduce the first part in (27). In a symmetric way

Fula) = 6:(Fuo) = [ Lgenrlinds) = [ Lcyenldy.dz)
= / ]l{y<z§w}77(dyvdz) + / ]l{y§z<z}7r(dy7dz)
R2 R2
0 (RFy, (@) + [ Lgycocamldy.dz),
R
so that Fp, (z) < W With the right-continuity of F}, , we deduce the other part in
(27).
Step 2 : monotonicity of x — ¢1(F,(z)) and x — F,(x) — ¢1(Fu(z)).

Step 2.1 : Let us first check that when F,(z) < F,(z'), F,(z) — ¢1(Fu(z)) < Fu(z') —
O1(Fu(2"). If ¢z (Fu(z) < ¢1(Fu(z)) + Fu(2’) — Fu(z), then we conclude with the inequality
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d1(Fu(2")) < ¢r(Fu(2)) established in step 1. Let us now suppose that ¢ (F,(z)) + F,(z') —
Fu(z) < ¢=(Fu(z’)). Then, by the monotonicity of F,;ll7

&1 (Fu(2)+Fu(z") = Fu(z) b (Fu(z'))
/ Fﬁf( - )dwg/ Fﬂll( - )dw.
¢T(Fu(x)) VZ(R) ¢w(Fu(x/))+F;L(x)_FM(‘T/) VZ(R)

We are going to prove that

/qﬁ‘fr(Fu(I/)) 1 ( w ) F/L(ml) 1 ( ) ( )
F dw < / F (w) dw. 28
bn(Fu@ )+ Fu(@)—Fu@)  \(R) Fu@)

Adding the two inequalities to G(F),(x), ¢1(Fu(z))) = fOF“(x) F; ! (w) dw, we obtain that

Fu(w )
G(E, (&), 61 (Fu() + Fula') — Fy(x)) < / F (w) du.

Since by Step 1.3, v — G(F,(z'),v) is decreasing on [(F,(z") — v, (R))*, ¢ (F,(2'))], we deduce
that ¢ (F,(2")) < ¢1(Fl(@)) + Fu(a) = Fu(z).
To prove (28), we first remark that since

Fu(”«'/)
Fa) = Fulo) € 6 (Fu@) = [ (o0, B )

where we used the inverse transform sampling and (1) for the equality,
, Fu (z") 4 ,
Ju € [0, F(2')] s.t. / wFil(w)((foo, F o (w)))dw = F(2") — Fy(z). (29)

u

By Lemma 3.6, applied with n = ﬁ fOF“(z/) 0p=1 () dw such that FoN(w) = F N (Fu()w),

N F, z’ _ . ~ w x')— u(x
0= F;L%x') N ( )7TF51(M)((700,FH 1(w)))5F‘:1(w)dw with mass 7(R) = %,
1 Fp(z") 1 Fu(x/)
F Y w)dw > - —o0, F71 FHw)dw. 30
) Jo o, B ez g [ (o B @) e (@0

For the desintegrations 7 (dy, dz) = u(dy)m,(dz) = v(dz)’T . (dy), let

o(dy) = I”““))wy«—oo,y))u(dy) and

B Gr (Fpu(a!
_ , v(dz) ?Z((z,x’]) v (dz)
00d2) = Loy T oD G ey = M) T oo ™ @)

The coupling %ﬁ(dy,dz) € Il (o,0) giving full weight to {(y,2) € R? : y > 2z}, one has
0 >4 6. On the other hand, Lemma 3.6 applied with n = 7, and 1 = %9 such that

H(R) = % implies that

$r (Fu(z))

14 (R) v (R)

0> 0= — ) i
= Px(Fu(z’)) Jo Fy, ()

dw.

Hence o > ¥ so that ;! > F; ! where F; ! (w) = Fl,_l1 (%Hgl))w) and

i

1 1
—1 > —1
| g B> [ E

¢7r(}u($')) b (Fp (')
¢W 1 I x /¢ F( ( )-‘r) r)—F r ( i ) v

24




By the inverse transform sampling and (1), 0 = s Jo / 7TF“—1(w)((—OO, F;l(w)))éFu—l(w)dw
so that, with (29), f Fu(al)— rp By Fo Y w)dw = m L[F’*(xl) wFll(w)((—oo,Fﬂ_l(w)))FH_l(w)dw.

u
b (Fp(@
Hence

Fp(z") 1 1 or(Fu(@)) -1 w
L 7TFJI(M)((_OO’FM (w)))Fu (w)de/(b F;, (VL(R)>dw'

7 (Fu(2’)+Fu(z)—Fu(z)

Combining this inequality with (30), we obtain (28).

Step 2.2 : Let us now check that when F,(z) < F,(2'), ¢1(Fu(x)) < op(Fu(a’)). If
O1(Fu(z)) < Fu(2') — vr(R), then we have ¢ (F,(x)) < ng(FM(a:’))7 since (F,(2') — v(R))" <
¢+(F,(z)) by Step 1. Let us now suppose that F,(z') — ¢1(F,(x)) < v(R). Since, by Step 1,
O+ (Fu(z)) < ¢r(F,(z)) and Fl;rl is non-decreasing, we have, using a reasoning analogous to the
above derivation of (28) for the second inequality,

Fo(a') =1 (Fu()) w Fu(e') =6 (Fu()) w Fu(a')
/ ! ( ) dw > / ! ( ) dw > / F (w) dw.
Fy (@)= 1 (Fy (2)) vr(R) Fu(2)— 6 (Fu()) vr(R) Fu(x)

Adding this inequality to G(F,(z), p1(Fu(z))) = fOF“(I) F[1(w)dw, we obtain that

m

Fu(a’)
G(Fu(a'), o1(Fyu(@))) = /O Ft(w) dw.

Since ¢1(Fy(z)) < ¢r(Fu(x)) < ¢=(F,(2')) and, by Step 1.3, v — G(F,(z'),v) is decreasing on
(Fule!) — 03 (R (o)), wo deduce that é1(F,(a')) > 61 (Fu(x).

Step 3 : Let 2 € R be such that u({z}) > 0. The monotonicity proved in Step 2 ensures
the existence of the left-hand limit limy_,,_ ¢1(F,(y)) such that F,(z—) — limy_,,— ¢4 (Fu(y)) <
F,(z) — ¢+(F,(x)). Taking the limit y — x— in the inequality (F,(y) — v, (R))T < ¢4(F.(y)) <
F,(y) A v(R) implies that (Fj,(z—) — v(R))T < limy_y,— ¢+(FL(y)) < Fu(z—) A v (R). By con-
tinuity of (u,v) — G(u,v) and u — [ F;'(w)dw, taking the limit y — 2— in the equality

G(Fu(y), o1(Fu(y))) = fOF“(y) F ' (w)dw, we obtain that

G (Rt tim on(m0) = | " R e, (31)

so that we can set ¢4 (F,(z—)) = limy_o— &1 (FL(y)). Substracting (31) from G(F,(z), o1 (Fu(x))) =

fOF“(w) F; ! (w)dw and using that, according to (2), F,; ' (w) = x for w € (Fj,(z—), Fj,(x)], we obtain

61 (Fy(2) w () =1 (Fo(2)) w
[ () Y [ (1 () )0
61 (Fo(z—)) v(R) Fou(o—) =61 (Fu () vr(R)

By (27) and ¢4 (F(2)) < 6x(Fu(@)), Fy," (58 ) — 2 < 0 for w € (61(Fy(=)), & (Fu())).
for y < @, by (27) and 6 (Fu(y)) < éx(Fu(), Fy, " (545 )~y > 0forw € (Fu(y) = o1 (Fu(v)) 11 (R)),

Since,

one has Fy! (5%5) — ¢ > 0 for w € (Fu(e—) — 93(Fulw—)), Fule) — o1(Fu(2))). Now let
u € (Fu(e=), Fu(a)) and, for v € [pr(Eu(w—)) V (u + ¢3(Fu(@)) — Fula)), 6 (Fu(@) A (u +

P (Fu(z—)) = F( =),

v w uU—v w
H(u,v):/ (Fﬂ_l( )—x)dw+/ (Fﬁ_l( )—m)dw.
or(Ea@-n \ 7 \m(R) Fu@—)—¢r(Fu@-) \ 7 \¥r(R)

If (f)T(Fu(x*)) >u+ ¢T(F#(x)) - Fu(x)a

o (o) u—¢1 (Fu(2-)) o ow
H(u, p1(Fpu(x— :/ <Fﬂ: ( >—x>dw20
g Fu(2=)— 61 (Fu(z—)) vr(R)
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while if ¢4(Fp(z—)) < u+ ¢4(Fu(z)) — Fu(x), using (32) for the equality,

o1(F, (=) w
H(u,u+ p(Fu(x)) — Fo () :/ (m—FDI( )) dw >0,
w1 (F (2)~ Fu(2) CAn(R)
so that H(u,d1(Fu(z—)) V (u + ¢1(Fu(z)) — Fu(z))) > 0. In a similar way, H(u,p4(Fy(z)) A
(u + ¢4 (Fu(z—)) — Fu(z—))) < 0 and since v — H(u,v) is decreasing on the interval, there
exists a unique ¢4(u) such that ¢4(Fu(z—)) < op(u) < ¢4(Fu(x)), Fulz—) — ¢p4(Fu(z—)) <
u—or(u) < Fy(x) — o4 (F, () and H(u, p4(uw)) = 0. With (31), this implies that G(u, ¢4+(u)) = 0.
Repeating the above reasoning with the equality H(u, ¢+(u)) = 0 replacing (32), we obtain for
u' € (F,(x—),u) the existence of a unique ¢4(u') € [p1(F(x—)) V (v + ¢1(u) — u), dr(u) A (v +
O1(Fu(z—)) — Fu(z—))] solving H(u', ¢4(u')) = 0, which implies that «’ + ¢¢(u) —u < ¢4 (u’) and
¢1(u’) < ¢4(u). Hence ¢4 and u +— u — ¢1(u) are non-decreasing on (0, 1). Moreover, ¢ (u)du a.e.

on (F,(2=), F,(@)), é1(u) < 61 (Fu(@)) and ;' (%) <o < ;' (45552).

Step 4 : Let us now prove (5). Since 7" is the only non-decreasing coupling in Iy (i, v, vy, 1),
it is enough to check that any coupling maximizing [p. ¢(|lz —y|)m(dx, dy) over m € Iy (p, v, vy, vy)
is non-decreasing. To do so, we are going to adapt the proof of Lemma 1.11 [3]. We modify the
definition of the set M in this proof into M = |J .5, {Mi - U M, .}, where for 7 in the set Sz of
permutations of {1,2,3}, M; ; and M, ; are the respective images of

My ={((z-,y-), (x4,y+), (x4,2)) € {RQ}?’ fYr <y- <z <zy <2}
and M, = {((z_,y), (x_,2_), (x4,2:)) e {R*PP 1y <a_<a, <z, <z_}.

by {R*}? 3 (x1, X2, X3) = (Xr(1), X=(2)> X(3)) € {R*}*. Applying Theorem 3.1 [3] like in the proof
of Lemma 1.11 [3], we obtain in case (1) of this theorem a Borel subset I of R? such that =(I') = 1
and M; N12 =0 = M, NT3. By Lemma 3.3, we may suppose that

Ve eR, Jy <zst. (z,y)el e Iz >ast. (x,2) el
We deduce that

{(@—,y-), (wp,yp) €{R*Y 1y <y <z_ <2y }nI? =0
and {((z_,2_), (z1,24)) € {R}? iz <z, <z <z_}NI%2=0.
Setting I' = ' N {(z,y) € R? : y # x}, we have
(@) ey) € (R gy <y <o <ai}nT? =0
and {((z_,2_),(zy,2.)) €{R?*}* iz <z, <z <z }NT2 =4,
Conditions (a)(b) in Definition 2.3 hold and since

m({(z,y) eR? 1y #a}) =n({(z,9) €R*:y <z}) +7({(z,y) € R*: y > x})
=y(R)+v-(R) =1,

7m(T') = 1 so that 7 is non-decreasing. Like in the proof of Lemma 1.11 [3], we still need to check
that case (2) in Theorem 3.1 [3] cannot occur. In the notation of the proof of the lemma, we need
to construct a competitor w’ of w such that 7 — w + w’ € Wy (p, v, vy, v,) and

/ oz — y)w'(dz, dy) > / ol — ylw(dz, dy). (33)
R2 R2

This is done by choosing

1(z—y- Y- — Y+
=3 (Z —r B H0 ) + T )+ 0 p0) + 0o

when o), = % (6(36771/7) + 0y sy + 5(I+,z)) for some y; < y_ <x_ < x4 < z and by choosing

1 (2 — 24 z
ap, = 3 ( (0w 2y + 0y ) +

~y
Soy + 0a Sa
Ea— Ty o) T 0een) + <z,z+>>
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when oy, = % (5(377,1/) + 0z )+ 5(x+,z+)) for some y < x_ < x4 < z4 < z_. Note that, in the
first case,

1
[J _ Mwenp(de,du) = 3 (6, (dw) +6,. (du)) = /

]l{w@}oz;(dv, dw)
vER

1
and / Liwsvyop(dv, dw) = 0. (dw) = / Lws vy, (dv, dw),
veER 3 veER

which contributes to ensuring that 7 —w + w’ € s (u, v, vy, v-). Moreover, by Lemma 3.4 applied
with (y,m, z) = (y+,y—, 2), the function f defined by

flz) = 2= y; (e — yi|) + %Mz —a)) — oz —y_|)

is decreasing on [y_, z]. We deduce that, still in the first case,

’ 1
[ otto = whapdo.du) = [ oo = whoylv.du) = 3 (Fla-) = fa)) >0,

which contributes to ensuring (33). One checks in the same way that the two properties still hold
in the second case.

Let us now give an alternative simple argument in the particular case when ¢ is the identity
function. For m € Ias(p, v, vi,vp), we have [po (y—2)L ey m(dy, dz) — [po (2—y) L 2syy7(dy, dz) =
0. Since v] = vy, we deduce with Fubini’s theorem and (18) that

1
3 [l slnldnds) = [ (w2l dz)
R2 R2

:/RQ /]R+ n{y>x}dx]1{z<y}7r(dy7dz)—/RQ /R, 1{y§x}dx]1{z<y}ﬂ(dy,dz)_/RZ,,I(dZ)
= [ ) —ouFutee — [ u(Bumie— [ amia).

Since, according to Step 1, Vz € R, ¢4+(F,(z))) < ¢=(Fu(z)), we conclude that

/ y—2|n(dy.dz) = sup / ly — 2| (dy, dz).
R2 ) R2

wella (p,v vy, vy
O

Proof of Proposition 2.13. Let us suppose that there exists 7% € Il (i, v, 11, v,-) such that the cou-
7t (dz,dy)+ (v —v) (dz) 6. (dy) el ptvitv,—v vty vy 28

v (R)Fv, (R) M\ U /(R) v, (R) > i (R) v, (R)* 1 (R)+1,(R) * vy (R)+07 (R)
is non-increasing. Then, by Proposition 2.8, there exist —oo < a < b < 400 such that (1 + v, +

vy = v)([a,B]) = (v + 1) (R), (v +v,)((@,5)) = 0 and 7({(z, 2)}) = Wrbr—nlleh) , (1)

for z € {a,b}. Since 7({(z,z) : x € R}) = 0, we deduce that we may choose a closed or semi-open

or open interval I with ends ¢ and b such that %(1) =1 and m(ﬂ = 0. Since

v—(v+tv) = 1/6ri < pAv, we have that p+v+v, —v—(u—v)* = yj+v,—(v—p)* is a non-negative
measure and we deduce that v, + v, = (v —p)* and p+v; + v, —v = (u—v)T. Hence the Disper-

. . . . . +vi+v,.—v)(R\ 1
sion Assumption is satisfied. Moreover, since 7({(—00,a) U (b, +00)} x R) < % =0,

(R x (a,b)) < m(l) =0 and 7({a,a}) = 0, we have

pling 7(dx, dy) :=

vi(dy) = v[ (dy) = /

xTE

]1{y<m}7r(dm7 dy) = / ]l{y<z§b}7r(dxa dy)
R zE€R
- /  L<eazamlde, dy) = / Loy (de dy) = Ly<ay (v = 1) (dy).
xTE xTE

and, in a symmetric way, v,.(dy) = L{y>p3 (¥ — p)*(dy) (notice that, when a = b, then 1 = ¢, and

(v — )" ({a}) = 0).
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In the other direction, under the Dispersion Assumption, denoting by a < b the ends of the
interval I, we have (u — v)"([a,b]) = (1 — v)T(R) and (v — u)*((a,b)) = 0 so that Proposition
2.8 ensures the existence of a unique non-increasing coupling 7 € II,; (u(ﬁ ;)Q:R), (HZ;)’Q:R)) such
that

(= (a) - pta)
(w=v)*®R) (=) (R)

v—p)T(d v—p) T (d
Hence [ _p i coym(de,dy) = ]l{yga}i((u ly))+(( Y and Joer Lysaym(de, dy) = IL{HEb}i((uflV))*((ﬂg))'

The coupling (p—v) ¥ (R)n(dx, dy)+pAv(de)d.(dy) belongs to I (p, v, Ly<ay (v—p) T (dy), Liy>py (v—
)" (dy))- O

The proof of Proposition 2.14 relies on the following lemma.

m({(a,a)}) =

T({(6,0)}).

Lemma 3.8. Let n € P1(R) be such that [, zn(dz) = y. For x>y, if n((x,+00)) > 0 then there
exists a non-negative measure 1) such that )(dz) < L.c.yn(dz) and [,(z — x)i(dz) + f(w +OO)(Z

z)n(dz) =0

Proof of Lemma 3.8. The function [0, F,,(z—)] > u — G(u fo —a)dv+ [, o)z —
x)n(dz) is continuous, decreasing and such that G(0 f(w +OO) ) (dz) > 0 and G(F,(z ))

Jp(z —x)n(dz) =y — 2 < 0. Hence there exists a unique @ € (0, F;,(x—)) such that G(i) =

set 7)(dz) fo 10, (dz)dv < fF n(@= )(5 L (d2)dv = 1 cpyn(dz). O

Proof of Pmposition 2.14. Since f]R z—x)Tv(dz) — [p(x—2)Tv(dz) = [{2v(dz) —x = [ yu(dy) —
r= [ply—x)tp — Jalz — dy) we have that

[ eyt~ / (o) ) = [ (=2 0d2)= [ =) ulay) = 5 (o) = wu(2) . (349

From now on, we suppose that u, (z) > wu,(z). Then v((—o0,z)) = F,(z—) > 0 and v((z, +00)) =

1 - Fl,(x) > 0. Since F,;'(v) —x > 0 for v € (F,(x),1), the function [0,1 — F,(z)] > u

fF TH” F;1(v) — z)dv is increasing. It also is continuous and such that G(0) = 0 and

G(l —F,(z) fR 2z —x) v (dz). We deduce the existence of a unique py (x) € (0,1 — F,(z)] such
that (7) holds. In a similar way, there exists a unique p_(x) € (0, F,,(x—)] such that (8) holds.

The proof of the other statements relies on three steps. In the first step, we are going to check

that

it w({@a)) 2 (o)) p-(0) — e () (35)
and that when p({z}) > p_(z)+p4(z), if 7 € Ips(p, v) is such that 7({(z,2)}) = pu({z})—p_(x)—
p4(z) then 7, = n, with 7, given by (9) and 7({(—o0, ) X (z, +00) }U{(x, +00) X (—00,z)}) = 0. In
the second step, we will check that if inf crr,, (4 7({(z,2)}) > 0, then there exists 7 € IIns(y, V)
such that 7, = 7, where 7, is given by (9) so that 7({(z,z)}) = p({z})—p-(z)—p+(z) and, by (35),
inf ey, (u) T({(2,2)}) = p({z}) —p—(x) —p4(z). Asa consequence, inf crr,, (u) 7({(z,2)}) =0

when u({x}) p—(x) — py(x) < 0 and (35) is an equality. In the last step, we prove that when
p({z}) € (0,p—(z) + p4 ()], there exists m € pr(p,v) such that 7, = 7, where n, is given by
(10).

Step 1 : Let m € IIp;(p,v). Since, by the martingale property and Jensen’s inequality, u(dy)
a.e., [p |z — x|m,(dz) > |y — x|, one has

pltad) [ |z =almolaz) < [ (12—l =y = a) m,(d2)(d) = uala) = s(a)

F,(xz—) Fy(z)+p+(z)
- / (x — F; Y (v))dv -|—/ (F7 Y (v) —2)dv.  (36)
F

Fy(z—)—p—(x) v ()
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Moreover, by the martingale property for the first equality and by (7), (8) and (34) for the second
equality,

n({z}) / (2 — o) mo(dz) — u({)) / (x— 2)*mp(dz) = 0
F,(z)+p4(z) Fy(z—)
_ / (F='(v) — )dv — / (x — F; (0)d.
F,(z) Fy(z=)—p- ()
Hence,

Fy (z)+p4 ()
u({z}) / (2 - 2) " ma(da) < / (7 (v) — ), (37)

Fy(x)

F,(x—)
ulta) [ @ =2 ma) < [ (0= B (o)) do.
R Fy(z—)—p-(2)
We have p({7}) 1, yme(dz) < 1,<zyv(dz) so that, by Lemma 3.6 applied with f(z) = z — =,

~ Py (dz Tiperv(dz ~ )7 ((x,+00
i(dz) = Bt ang p(dz) = 1= such that 7(R) = LUzl g (o) =

ECQIZB a0 Bt (u) = F) L (Ey () + (1— By (2)u),

Fy (@) +p({z})me ((z,400)) 7(R)
/ (F, Y (v) —2) dv = (1—Fl,(gc))/ (Fn_l(v) —z)dv < u({x})/(z—x)erm(dz),
0

F,(x) R

and when p({z})m,((z,+00)) > 0,

Tipenmys(d 1 Fy(@)+u({z})me ((z,400))
{r<z}Ta(d2) >, / R (38)
T (2, +00)) 7 p({z})me (2, +00)) Jr, (@) v
With (37), the first inequality implies that
Fy (@) +p({z})me ((z,400)) Fy(z)+p+(2)
/ F Y (v) —z)dv < / (F, 1 (v) — z)dv.
F,(x) F,(x)

Since F; Y (v)—x > 0 for v € (F,(z), 1), we deduce that u({z})m,((x,+00)) < p4(z). In a symmet-

ric way, pu({z})ms((—o0, x)) < p_(z). Since m({(z,2)}) = p({x}) (1 — m((—00, 2)) — ma((2, +00))),
we conclude that (35) holds.
Let us now suppose that u({z}) > p_(x) + py(z) and that = € Il (p,v) is such that

7({(2,2)}) = u({x})~p- (@) —px (). Then u({2}),((z, +50)) = ps (&) and p({2})7,((~00, ) =
p—(w). Moreover, by (38) and (37), 1y, )7, (dz) = m fg”((;))ﬂ*(aj) 0p;1(ydu. In a symmet-
ric way, 1y cpy7me(dz) = mfg”((;:))fpi(w) 5F;1(u)du so that 7, = 7, with n, given by (9).
Moreover, the inequality in (36) becomes an equality, so that, with the martingale constraint,

0= /R2 (Liy<ay (= 242z —2)t =24+ y) + Lyouy (2 — 2+ 2(x — 2)" —y +2)) my(d2)p(dy)
B /]Rz 2 (]1{?/<$} (z—2)" + ]1{y>w}(x - Z)+) my(dz) p(dy).

Hence 7({(—00, ) % (x,+00)} U {(z,+00) x (—00,2)}) = 0.

Step 2 : Let us suppose that inf cyy,, (u) 7({(2,2)}) > 0, which implies that p({x}) > 0. Let
7 € Mps (1, v). We are now going to modify 7 into 7 € IIps (1, v) such that 7, = 7, where 7, is given
by (9). By lemma 3.8, we have that p(dy) a.e. on (—oo, z), T, ((x, +00)) > 0 implies the existence of
7ty(dz) < Lp.cpy7y(dz) such that [, 27, (dz) + f(w’Jroo) 27y (dz) = x (7y (R) + 7y ((x, +00))). In the
same way j(dy) a.e. on (z,+00), T, ((—00,x)) > 0 implies the existence of 7, (dz) < (.57, (dz)
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such that [, 2, (dz) + [

(700»1)

2wty (dz) = z (7, (R) + 7, ((—00,x))). We now set for u € [0,1]

w(u,dy,dz) = 7(dy,dz

~—

+ully<app(dy) (Fy((2,+00)) + 71y (R))ds(d2) — Lizsay Ty (dz) — 7y (dz))

) (Lm0} Fw(d2) + 7w (dz) — (Fu((2, +00)) + 71 (R))6, (d2)) pu(dw)
dy) ((7y((—00,2)) + 7y (R))dx(dz) — Lzcayy(dz) — 7y (d2))

s (n{m}frw(dz) + Fuld2) = (Fu((—00,2)) + 70 (R))3, (d2)) pu(duw).

+ ud, (dy)

€(—o0,

Fulpysqy

g\:ig\

+ ud, (dy)

Since p(dy) a.e. on (—o0,x) (resp. (z,+00)), Ty (dz) —ul 5,7y (d2) —usty(dz) +u(7,((x, +00)) +
7y (R))dx(dz2) (vesp. y(dz) — ul,cpyTy(dz) — umty(dz) + u(m,((—o0,z)) + 7y (R))d,(dz)) is a
probability measure with expectation y, as long as

u(/ (oo (2, +00)) + 7 (R) () + / (Fu((~00,2)) + o (R)) <dw>> #({(x2)}),
(—o0,z) (z,+00)

(39)
m(u,dy,dz) € Opr(p,v) and 7(u, {(x,2)}) > 0, so that the inequality in (39) is strict. Therefore
(39) holds with strict inequality for u € [0,1], and 7(1, dy, dz) € IIps(u, v). Denoting for simplicity
7(dy,dz) = 7(1,dy, dz), we have that 7({(—o0,z) X (z,+00)} U {(x,+00) X (—00,2)}) =0. As a
consequence,

[ Vg (2 =l = Iy = a 7(dyd2) =0
so that p({z}) [ |z — |74 (dz) = uy(x) — u,(x). With the martingale property, this implies that
T —lu r)—uu(r)) = e x — F 1 (v))dv
He) [ @Ml = ) —w@n = [ @R @ (@0
Let w= F;Y(F,(z—) —p_(x)) and r = F,(w) — F,(z—) + p_(z) € [0, v({w})]. We set
Fy(z—)
) = | it (A2)0 — ) (s T (d2) — (F({ (2 0)}) A )60 (d2)

Fy(z=)—p-(z)
and o(dz) = p({z D1 {zcuyma(d2) + (7({(z, w)}) = 1) 76w (d2).

"((5 )) o (@) Or 1 (d2)dv = Lpycacnyr(dz) + rou(dz) and 7((z,+00) X (—o0,z)) = 0,

SR Bpr i d2)dv = [ Lucacay Ty (d2)uldy) + 18, (d2) and v({uw)) —7({(z,w)}) =

. s T, w +
f(—oo,x) Ty {w})u(dy) so that setting o = ]l{y({w}bﬁ({(w,w)})}mhﬂ—({(;zlz)b € [0,1] and f(z) =
aﬂ{z:w} + ]l{'w<z<x}7

Since fF

W) = [ Bucscam@E(d) + 0= 71 w))) " bule)

= /( ) ]l{w<z<x}7_ry(dz)ﬂ(dy) + a/

(7OO,JE)

m(Dou @) = [ fm )
| (41)

Since
F, (m—)

() — o(dz) = /F B @ — ) s e, (42)

(40) implies that [;(z — 2)y(dz) = [y(z — 2)o(dz). Since o (resp. 7) only weights (—oo,w]
(resp. [w,x)), this implies that o(R) < v(R). If v(R) = 0, then o(R) = 0 so that, by (42),
p{x )l cayTa(dz) fF((; )) o (x) Ok () (d2)dv and we set 7 = 7? Otherwise, since [, zy(dz) =
(Y(R) — o(R))z + [ z0(dz), the probability measures %LR and ’Y(R) ((v(R) — o(R))d, + o) share
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the same mean and, by comparison of their supports satisfy R) <cx ’Y(R) (v(R) = o(R))dy + o).
). We

By Strassen’s theorem, there exists 6 € HM(W(R) 'Y(R) (v(R) —o(R))é5 + o) e set

7(dy,dz) = 1yysny7(dy, dz) + Lgycpyu(dy) <(1 )7y (dz) /f o (dz) Ty ( dv))

({))6.(dy) (m(dz) 4+ u({lx}) /te(_wm) ( )7u(d2) / F(0)6u(d2) 7 dv)) u(dt)) .

For p(dy) a.e. y € (—o0,z), since f(v)m,(dv) ae. [, 20,(dz) = v by (41) and the martingale
property of 8, we have

/]szry(dz):/]R (1— f(2))7y(d2) /f /z9 (dz)7y(dv)

= /]Rz(l —f(z))ﬁy(dz)—F/va(v)ﬁy(dv) = /Rzﬁy(dz) =Y.

Using (41), the definition of § and (42), we obtain

p({a}) e (dz) = p({z}) T (dz) +v(dz) — /ER 0, (dz)(dv)

= p({z})7e(dz) +(dz) — o(dz) — (V(R) — 0(R))dz(dz)
F,(z—)
— i{aL ez mald) + [ Bt (o) (d2)dw — (4(R) — o (R))5(d2).
Fy(z—)—p—(2)
The positivity of 7#({(z,z)}) = 7({(z,z)}) — (v(R) — o(R)) can be checked by considering (1 —
w)T 4 ui for u € [0, 1] as we did with 7(u, dy, dz) = (1 —u)7(dy, dz) + uw(dy, dz)in Step 1. Hence
7 € Upr(p,v). With a symmetric reasoning, we construct from # a coupling 7 € ITps(u,v) such
that 7, = n,.
Step 3 : Let us now suppose that pu({z}) € (0,p—(z) + p+(z)], so that, by Step 2,

inf  7({(z,2)}) =0.

€l (p,v)

Let (7™),en denote a ITps (11, v)-valued sequence such that lim, oo 7™ ({(z,2)}) = 0. Since Iy, (1, v)
is compact for the weak convergence topology, we may extract a subsequence that we still in-
dex by n for notational simplicity and which converges weakly to 7> € I/ (u,v). For e €
(0, Fy(x—) A (1 = Fy(z))), we have

" ({x} x {(—o00, F (F, (w=) = e)] U [F (Fy () + €), +00)})
({2} x R) = 7" ({(z,2)} — v((F (Fy(2—) — ), 2) U (z, F, (F, () + €)))
z p({z}) — 7" ({(z, 2)} — 2e.

Taking the limit n — oo in this inequality and using the closedness of {z} x {(—o0, F, }(F, (z—) —
e)]U[F,1(F,(z) + ¢€),+00)} together with the Portmanteau theorem for the left-hand side, we

174

obtain

7 ({z} x {(=o0, I, (Fy(a=) = )] U [F, (Fy(2) +¢€), +00)}) = p({z}) — 2e.
so that 7>°({(z,z)}) < 2e. Letting ¢ — 0+, we conclude that 7*°({(z,z)}) = 0.

The function | (u({z}) — p+ (2) ", p-(2) A p({a})] 3 4 = Gla) = [T (o = F(w))dv +

(z—)—q
Fy(@)+u({z})—q
Fy(x) (z

(8) and (34) for the equality and —p_(x) < pi () — u({x}) for the inequality, we get

— F;Y(v))dv is continuous and increasing. If u({z}) > p4(x) then, using (7),

Fy(@=)+p+ (@) —p({=z})

G(u({z}) - py (2)) = /F o (F1(0) — 2)do < 0
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while otherwise G (0 fF ((5))4_”(“}) (x—F; Y (v))dv < 0so that G((u({z}) — p4(z))") < 0. Since,

in a symmetric way, G(p (x) A u({z})) > 0, there exists a unique ¢(z) in the interval such that
G(q(x)) = 0. If p({z}) = 1, then p_(x) + p+(x) = 1 by (35), F\,(z—) = F, () = q(x) and n, given
by (10) is such that n, = v so that the unique element of IIps(u,v) is §,(dy)n.(dz) . Let us now
suppose that u({z}) € (0,1) and check that the probability measure 1), given by (10) is such that

o F,(z—) 1
Ne <ezx ©5°. Since 7°({(z,x)}) = 0, one has 75° < u({z}) ( Op1 (o dv + ny(z) 5F;1(U)dv)

so that 75° = m (fo ”(m_)p(v)5F171(U)dv + f;y(m)p V)0p-1, )dv) for some measurable function
: [0,1] — [0, 1] such that fF”(x_)p(v)dv + f;y(m) v)dv = ,u({x} Let C = fF ((f )) e

F(z)+ F,
v))dv+ [, ((f)) ul{=h)- Q(w)( p(v))dv. Onehas C' = [ (=)= Q(x) d“"‘fF,,(a:)-s—u({:c})—q(:c)p( v)dv

and either C' = 0 and then 72° =7, or C' > 0, which we now suppose. Then

Fy(@)+p({z})—aq(2)

1 Fy(z—)
6= — (1= p(v))3 1y dv + / (1 =p(v))dg;1(,)dv
C Jr, (z-)-q(x) v F () ’
1
and ¥ := 6/ p(v)(SFJl(v)dv +/ p(v)(SF;l(U)dU
0 Fy(z)+pu({z})—q(z)
are two probability measures such that ¥ — 6 = £ ({Cgf}) (72 —n,). Since 72° and 7, have common

mean, so do ¥ and 6. Moreover,
O([F, (F (a—) — q(@)), F, N (Ey (@) + p({z}) — q(2)]) = 1
= 9((—o0, F, H(Fy(z—) — q(2))] U [FH (Fo(2) + p({z}) — (@), +00)).

Either 9((—o0, F,; (Fl,( —) — q(z))]) = 0 so that 8§ <, o and, with the equality of means,
6 =9 or ¥((—0 FV_ (Fu(z—) — g(x))]) = 1 so that ¥ <4 6 and, with the equality of means,

0 = 9 or 9((—00, By, (Fy(w—) — a(e))O(F, (Fy (@) + p({z}) — q(x)), +00)) > 0. In all cases,
0 <cp ¥ and n, <. 7°. As a consequence % <cx % <cx % Let

I—p({z}) > 1-p(=})
to Mar(p, v) and satisfies 7w, = 1.

e Ty (“ slele v “({”)”*). Then, 7 := (1 — p({x}))7(dy, dz) + p({})6,(dy)n.(dz) belongs

O

Proof of Corollary 2.16. Let us first deal with the bound from above. Since for each 7 € II(u, v),
pldx)m,({z}) < p A v(dx), we have v (dz) < p A v(dx) for each m € IIps(u,v). Moreover, if
pwAv(R) =1, then p = v and p(dx)d,(dy) is the only element of Iy (p, v). If u Av(R) < 1, then

< e < v—uAv Ay v—phv
u, < u, implies that U —pre < ul—uﬁ\r//\(R) so that there exists 7 € Iy (£ #AV(R), - #AV(R)) and

m(dx,dy) = p A v(dz)o.(dy) + (1 — p A v(R))#F(dz, dy) is such that = € I (u,v) and v = p A v.
From the decomposition in irreducible components stated in [3, Theorem A.4], we have v/ (dy) >
1w, ()=u, ()} #(dy) for each m € Tla(p,v). With Proposition 2.14, we deduce the bound from
below for ¢§. In Example 2.17, this bound from below is not attained.
Let us now suppose that g # v and that (v, v,) is a couple of non-negative measures such
that v — v — vp = v == Lyy,—u} b + Dpen, (W({7}) = p-(2) — p4(2)) 6. By Corollary 2.12
(#it), there is at most one non-decreasing coupling in ITps(u,v, v, v,.). We now assume that

s (p, v, vy, v,) # O and check that the coupling 7' given by Corollary 2.12 (i) is non-decreasing.
=" (dz,dy) —vo(dz) 8, (dy)
1-vo(R)
which is non-decreasing. We denote by ((an, bs))nen the irreducible components for (p,r). Since

al (UneN(an,bn) X [an,bn]) =1-p{zr eR:uy(z) =u,(z)}) and

Let T' be a set associated, in the sense of Definition 2.3, to 7(dz,dy) =

L 00ttt @) d) = 3 () = p-(2) = pi(a)).

TEX)

we have 7 (U,,c n(@n, bn) X [an,byn]) =1 and r= I'NUpen (@n, bn) X [an, by] is such that 7(T)=1.
Setting I' = T'U {(z,2) : 2 € R s.t. u,(x) = u, () or x € Xy}, we have «7(I') = 1. For z in the
at most countable set Xj, we have 7! ({(—o00,z) x (z,+00)} U {(x,4+00) x (—00,7)}) = 0 by
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Proposition 2.14, so that 7' (e, {(—00,2) x (x,+00)} U{(z,400) x (—00,z)}) = 0. Hence
r'=1Tn Neex, 11(=00,7] x (=00, z]} U {[z, +00) X [x,+00)}} is such that at(Th) = 1.

Let (z_,y_),(vy,yy) € TT withy_ <z_,y, <2y, and 2_ < 2. Either y; = 2, and then
y— < y4 or there exists n, € N such that x, € (an,,,bn,,) and then y; € [ay,, by, ). In the
latter case, if u,(x_) = u,(x_), then y_ = x_ < a,,, <y, and if there exists n,_ € N such that
x_ € (an,_,bn,_), then either (z_,y_),(x4,y4+) €T sothat y_ <y;oraz_ € XAy and y_ =z_ so
that, since I'T N {(z_, +00) x (—00,z_)} =0, y; > x_ = y_. A similar reasoning ensures that if
(r_,z_),(x4,24) €TT withz_ <z ,xy <z, ,and z_ <z, then z_ < z,. So Definition 2.3 is
satisfied by 7«1 with set T'T. O

Proof of Proposition 2.8. Since, clearly, (iii) = (i), to prove that (i) < (i1) < (%), it is enough
to check that (i) = (i4) and (i¢) = (i), which we do now.

Proof of (i) = (i) : Let m be a non-increasing coupling in ITps(u,v) and IT' be a Borel
subset of R? such that m(I') = 1 and conditions (¢)(d) in Definition 2.3 hold. Let for = € R,
T, ={y: (z,y) € T}. We have u(dz) a.e. m,(T';) = 1. With the martingale property, this implies

u(dz) a.e., / yme(dy) = 2 so that 7, (Ty N (=00, 2]) A7 (Ty N [z, +00)) > 0. (43)

Therefore {(z,y) €T :y <z} #0 and {(z,2) €T : 2z >z} #0. Let
a=inf{r eR:Jy <z (z,y) €T} and b=sup{r eR:3Iz >z, (x,2) €T}.
Since when = < a, I'; N (—oo,z] = ) and when = > b, T'; N [z, +00) = (), (43) implies that
(=00, a) U (b, +00)) = 0.

Let (x0,y0) € T be such that yo < xg. By condition (¢) in Definition 2.3, for any (z,y) € I with
y < x < xp, we have yo < y so that yo < 2. Hence yo < a, —00 < a and I' N {(z,y) :y <z} C
[a, +00) X (—00,al]. In a symmetric way, condition (d) in Definition 2.3 implies that b < 400 and
'n{(z,z): 2>z} C (—o0,b] x [b,+00). Therefore T C R x {(—o00,a] U [b,+0)} and

v((~00,a] U[b, +00)) = w(R x {(~00,a] U [b, +00)}) > m(T) = L.

Proof of (ii) = (i) : By Proposition 2.5, there exists a coupling 7* € II;; (i, v) minimizing
f]R2 |z — y|m(dz, dy) over m € T (u,v) and this coupling is non-increasing. It remains to check
that 7* is the only non-increasing coupling in ITps(u,v) and that 7*({(a,a)}) = u({a}) A v({a})
and 7 ({(b,b)}) = u({b}) Av({b}). This is clear when a = b since then §,(dz)v(dy) is the only
element of II(y,v). We thus suppose that a < b. Let 7+ € I/ (u, v) be non-increasing, € R and
Ve (x) = (=00, 7] X (—00,a]). Since ¥, (z) < TR x (—00,d]) = F,(a) and

0 < Fy () — vmi (&) = 7 ((—00,2] x R) — m¥((~00, 2] x (~oc, a))
— h((—00,2] x [b, +00)) < v([b,+00)) = 1 - F(a),

] X

]
we have . (z) € [(F,(a) + F(z) —1)*, ( ) A F,(z)]. Using properties (¢)(d) in Definition 2.3,
we check like in the derivation of (25) and (26) in the uniqueness part of the proof of Theorem
2.11 that

F,(a)
/ ﬂ{zéa}ﬁl(dyvdz) :/ 6F,,_1(u)(dz)du
y€( ] Fy(a)=_ y(2)
1
/ ]l{sz}Wi(dyadz) = / 5F,,_1(u) (dz)du.
y€E(—o0,x] 14+ ()= Fu(x)

With the martingale property, this ensures that

/ wu(dy) = / /zw (dz)p(dy)

= / Liocayom(dz, dy) + / 1.5y 2mH(dz, dy)
(—o0,z] xR (—o0o0,z] xR

Fy(a) 1
_ / Fl(v)dv + / Fy (0)dv = Gt (),

Fy(a)=,, (z) 144,y (&)= Fu(=)
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where [(F, (a)+F,(x)—1)", F,(a) AF, ()] 3 u = Gy fp (a)—u FyM(v)do+ [y, Fue) o (0)dv.
The three last equalities also hold with 7+ and ¢wi( ) replaced by 7* (the coupling minimizing
Jgz |z —y|m(dz, dy) over m € Tns(p, v)) and ¢ (x) = 7*((—00, 2] X (=00, a]). For (F,(a)+ F,(x)—
)t <« <u<F,(a)AF,(x), we have

F,(a)—u 1+u—F,(»)
Gw(u)—GQJ(u’):/ Fl,_l(v)dv—/ F () dv < (u—')a — (u—u)b.

F,(a)—u 1+u' —F), ()
Therefore G, is a decreasing function and the equality Gy (Y1 (z)) = [, (—c0.2] y,u(dy) Gy (Vrs ()
implies that 1. (z) = ¥+ (). Hence
Vz € R, / 1 cqym(dy,dz) = 1<y (dy, dz)
y€E(—o0,x] y€(—o0,7]

/ IL{sz},/Ti(dyv dZ) - / ]l{sz},/T*(dya dZ)
y€(—o00,z] y€(—o00,z]

ad [ whutd = [ ),
y€(—o0,7] YE(—00,7]

We conclude that 7% = 7* like in the end of the uniqueness part of the proof of Theorem 2.11.
Finally, let us check that 7*({(a,a)}) = p({a}) Av({a}), the equality 7*({(b,0)}) = p({b}) Av({b})
being derived in a symmetric way. We have F,(a) = p({a}). When p({a}) < v({a}), then
Ga(pl{a})) = ap({a}) so that ty-(a) = p({a}). When u({a}) > v({a}), then Ga(v({a})) >
CW({G} +0(u(fa}) —v({a})) > au({a}) so that ¢r-(a) > v({a}). Since p({a})li.<qymi(dz) =
fF a) Yo (a) O £t (w)(d2)du, we deduce that 7*({(a,a)}) = u({a}) Av({a}).

O

3.4 Proofs of the results in Section 2.5 concerning optimality of 7" and
7+ for the cost function |z —y|” with p > 1 under the nested supports
condition

Proof of Proposition 2.19. Since, by Proposition 2.8 applied with ¢ = z and b = T, there exists a
unique non-decreasing (resp. non-increasing) coupling in Iy (u, V), it is enough to check that any
coupling 7 € Iar(p,v) that attains M, (u,v) (resp. M, (u,v)) when p € (1,2) or M, (p,v) (resp.
M, (u,v)) when p > 2 is non-decreasing (resp. non-increasing). Let I' be a set associated with
by Lemma 3.2. Since 7([z, Z] x {[y, ¥]U[z,Z]}) = 1, we suppose without restriction that T' C [z, Z] X
{[y,7]U[z,Z]}. Let us suppose the existence of (x_,y_), (x4,y;) € T (resp. (z_,y4), (z4,y_) €T)
such that x_ <z, y_ <x_,y; <z,,y, <y_ and obtain a contradiction. By (12), there exists
z > xy such that (zy,2) € T (resp. z > x_ such that (x_,z) € T'). We have

Y<yy<y-<y<z<z_ <zy <r<z<z2<7Z
Let us define the function f, : R — R by

_ Y- p Y=Y+ p p
= P+ T 2~z —y_ P
o) = Z g4 e oy |

Since (1 —a,)y— + o,z < (1 —a,)7+ a,z < z, by Lemma 3.9 just below applied with (y,m, z) =
(y+,Yy—, 2), fp is decreasing on [z,Z] when p € (1,2) and increasing on [z,Z] when p > 2. We
deduce the desired contradiction like in the proof of Proposition 2.5.

In a symmetric way, the existence of (v_,z_), (z4,24) € T (resp. (x_,24), (z4+,2-) € ') such
that v— < zy, z_ < z_, x4 < zy, z4 < z_ implies the existence of y < z_ such that (z_,y) € T
(resp. y < x4 such that (z4,y) € T') and

Yy<y<y<z<z_ <zy <T<z<zp<z2_<7Z

Since (1 —a,)zy +a,y > (1 —a,)z+ o,y > T, by Lemma 3.9 just below applied with (y,m, z) =
(y, 24, 2-), the function R 5 @ > “—F|z —y|’ + =12 — 2|’ — [z} — 2|° is increasing on [z, 7]
when p € (1,2) and decreasing on [z, x} when p > 2, yleldlng again a contradiction. O
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Lemma 3.9. Lety <m < z and f, : R = R be defined by

z—m m
)= x —ylf
fol@) Z—yl yl? +

_y|z —z|? — |z — m|’.
Z—Y
When p € (1,2) (resp. p > 2), f, is increasing (resp. decreasing) on [y, (1 — a,)m + a,y)] and
decreasing (resp. increasing) on [(1 — a,)m + @z, 2], where a, € (0, 3) is defined in Lemma 3.10
Just below.
On the other hand, for any p € (1,2) U (2,400) and any a € (0, ), we may find y < m < z
such that (2 — p) f,((1 —a)m + ay) <0 and y < m < z such that (2 — p)f,((1 — a)m + az) > 0.

Lemma 3.10. For any p > 1, let ¢, : (0,1] = R be the function defined by
Gpl0) =a+aP(1—a)t 11—, (14)
the following statements hold:
o for all p € (1,2) U (2,+00), there exists a unique a, € (0,1) such that ¢,(a,) =0,
o if a € (ap, 1], then ¢, (a) > 0 when p € (1,2) and ¥,(a) < 0 when p > 2,
o if o€ (0,c,), then ¥,(a) <0 when p € (1,2) and ¥,(a) > 0 when p > 2,

e p > a, (represented by Figure 2 below) is continuously differentiable on (1,2) U (2,00) and
can be extended by continuity at p = 2 with the value as which is the unique solution to
h(a) = 0 where (0,1) > a > h(a) =1+ (1 —a)ln %,

e the extended function p € (1,00) — «, € (0,1] is increasing,
o a, < 251 when p € (1,2),

o lim, ,ca, = %

0.400 1

0.300 1

ayp value

(€3]

0.218 Arevrreerrrenesy /
0.200 A :

0.100 1

0.000 — . — . — — . — . — .
1.0 1.5 20 25 30 35 40 45 50 55 60 65 7.0 7.5 80 85 9.0 9.5 10.0
1

p value

Figure 2: The function p — «, (with «, computed by a root finding algorithm).

The proof of Lemma 3.10 is postponed after the one of Lemma 3.9 which relies on the next
lemma.
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Lemma 3.11. For p € (1,+00) \ {2}, let us define the function ¢, : [0,1] x Ry — R by

wP

(1—a)’.

Yoo, w) = (aw)” — v (1+ aw)” —

1+w 1+w

Then, we have

Vo€ [ap, 1], Yw >0, (2 = p)dap,(a,w) >0,

Va € [0,ap), for w large enough, (2 — p)Oap,(a,w) < 0.
where o, is defined in Lemma 3.10.

The proof of Lemma 3.11 is postponed after the one of Lemma 3.9.

Proof of Lemma 3.9.
When z € [y, m], we have

z2—m M=y, .,
F—" zfy(z )P — (m—x)

P P p p
:(Z_m)p[zmx(my) X<1_mz> +myx<1+mx> _(mx) ]
2= z—m m—y 2= z—m z—m

——(z—mwp(m‘“,m‘y),

m-—y z—m

By Lemma 3.11, since z € [y, (1 — a,)m + a,y)] [a,, 1], we deduce that for p € (1,2)

(resp. p > 2), f, is increasing (resp. decreasing) on [ (1 — a,)m + a,y)]. Moreover, for any
a € (0,a,), when 7= is large enough, (2 —p)f,((1 — a)m +ay) <0.

When z € [m, 2], we have

z—m m—y

fola) = (z —y)” +

Z-Y 2=y

p P p p
:(m_y)p[z—mx<1+m—m> +m—yx(z—m) X<1_x—m> _(x—m) }
z—y m—y z—y m—y z—m m—y

By Lemma 3.11 again, since € [(1 — ap)m + apz,2] & 2= € [ap, 1], we deduce that for
p € (1,2) (resp. p > 2), f, is decreasing (resp. increasing) on [(1 — a,)m + a,z, z]. Moreover, for
Z—m

any o € (0, ), when 2= is large enough, (2 — p) f;((1 — a)m + az) > 0.

O

Proof of Lemma 8.11. Taking the derivative of ¢, (a, w) with respect to «, we have
2

14+w

1 w’

(14 ow)”™" + 5 - o)’

- a@p(a7w) = ap—lwp -

so that %8ag0p(0, w) = wlp:;)“Q is negative (resp. positive) when w > 1 and p € (1,2) (resp. p > 2).

Let us now suppose that a € (0,1). Then

1 P—2,,P
; o pp(a,w) = al _’_Z (a +a®P(1—a) ™t —(p— 1))
2
e (0= 1) (0w 4 (aw) ™ = (14 aw))
pP—2,.p 2 -1 14+aw
St S [ -

S s [ (- (7))
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Since

1+aw 9 2—p
O</ (1_<aw) p) dv§1—< aw ) when p € (1,2),
o v 1+ aw

w

14+ow 2 1 p—2
0>/ (1<aw) p)del( +aw) when p > 2,
o v ow

w

by the first and second items in Lemma 3.10, we deduce that for a € [, 1], we have Oy, (v, w) > 0
when p € (1,2) and Oqp,(a, w) < 0 when p > 2.

For a € (0,a,), since limy, oo f;;—aw (1 — (%)27’)) dv = 0, by the third item in Lemma 3.10,
we may find w large enough so that J,¢,(o, w) < 0 when p € (1,2) and dqp,(a, w) > 0 when
p> 2. O

Proof of Lemma 3.10.
Taking the derivative of 1,, we get

R ) S

It appears that
e when 1 < p <2,

(1) ¢;) is a decreasing function, so 9, is strictly concave,

(2) lima o+ ¥p(@) = 1—p < 0 and 9,(1) =2 — p > 0.
e when p > 2,

(1) 1, is an increasing function, and v, is strictly convex,
(2) lim, 0+ ¥p(a) = 400 and ¢,(1) =2 — p < 0.

With the continuity of 1, we deduce that there exists a unique a, € (0,1) such that ¢,(c,) = 0.
Moreover, for a € (a,,1], ¥,(a) > 0 when p € (1,2) and ¥,(a) < 0 when p > 2. And for
a € (0,a,), ¥y(a) <0 when p € (1,2) and 9,(a) > 0 when p > 2.

o
. _ l—a, _ p—l-a,
Since 1, (a,) = 0, we have ( o, ) = 5=

)

so that ¥7,(a,,) > 0 for p € (1,2) and 9} (a,) < 0 for p > 2. Furthermore, by the implicit function
theorem, as the mapping (p, @) € {(1,2) U (2,00)} x (0,1] = ¢,(a) € R is C', it follows that the
function p — a, is also C' on (1,2) U (2,00) and its derivative writes

1-— ai_”(l — ozp)’)_1 In 1=

Wp(ap)

Opap =

Since 9,(a,) = 0, we have

1-—a p—1—a, ! du
p—2)In £ =In :p—2/ .
( ) a, 1—-a, ( ) 0o l—a,+(p—2)u

2—p

Then, since o

(1—a,)P~! = p—1—a,, the numerator of the formula of d,c, can be written as

1l-«a ! p—1—«
1—a2?(1—a,) 1 7”:1—/ L —du.
o, "(1=ay) . a, 0 1—ap+(p—2)uu
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When p € (1,2),

—1 p—1
p—1\ p—1 p=1(3-p\" p—1((3=p
= 1—p=C— (==L —1]>0
w’)( 2 ) 2 T (p—l Tlor= p—1 -

p—1
so that a, < /5=,

and

1 1
_1— _1—
/ p % du</ udu:l.
o l—a,+(p—2u 0o 1—ap+(p—2)

When p > 2,

1 1
/ p-1-a, du>/udu:1.
0o Il—a,+(p—2)u 0o l—a,+(p—2)
Hence, we can deduce that
e 1—a2?(1—aq,)r ! ln% > 0 when p € (1,2),
e 1—a2?(1—a,)r! ln% < 0 when p > 2.
We conclude that d,a, > 0 on (1,2) U (2, +00).

Since h'(a) = L —In 12 is a decreasing function, h is strictly concave. We have lim,_,04 h(a) =
—o0 and limg—1- h(e) = 1. With the continuity of & and h(3) = 1, we deduce that there exists

a unique ap € (0, 1) such that h(az) = 0. Furthermore, by the fact that e® > 1+ 2 with strict
inequality when = # 0, we have

Ypla) =a+ (1 - a)e(Q—p) s 41-p

za+(1a)(1+(2p)1n1f‘a)+1p

=(2-p) <1+(1—a)1n1a

with strict inequality when In $2— # 0. Hence ¢,(a2) > (2 — p)h(az) = 0. We deduce that
e for p € (1,2), we have a, < a2 and h(a,) <0,
e for p € (2,400), we have a, > g and h(a,) > 0.

On the other hand, applying Taylor’s theorem to the term e(2=p)In &, we have

wp() =a+(1-0) (14 2= Al 2] +1-p+0 (2= ) = (2 9) (ha) + 02 - ).

-«
For a € (0, ), we have h(a) < 0 and therefore for p < 2 close enough to 2, ¥,(«) < 0, which
implies that a < «a, < az. Hence lim, ,5- o, = az. In the same way, we can prove that
lim, 0+ ap = .

We have 1,(3) = 2 — p, so that, when p > 2, ¥,,(3) < 0 and a, < 3. On the other hand, for
o< 3,2 > 1 and limy— 4 ¥,(@) = 400 so that for large values of p, we have v,(a) > 0 and
a < o, We deduce that

. 1
lim o, = .
p——+o00 2

Proof of Proposition 2.21. For m € Iy (p,v), we have

T ({y+}) 20=7l_({y+}),  m ({z4}) 20=m] ({z4}),

t _ vy b TR LA R )
o ({y-1) e = - ({y-1), o ({2-}) e > v ({z-})-

N
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Now suppose that 7 # 7! and define

T (e Do+ e (2D
me (s )+ e ({24])

(7w = m_(y-D) 0y + (71 (=) — me_({2-1)) 6.
A {y-1) - m (=D + 7l (=) - m_({2-])

=<
Il

Since

Mo ({y=1) + 7o ({y4}) + Mo ({z=}) + 1 ({24 }) = 1=7]_({y-}) + 7L _({-}),

the denominators of the formulas defining 7 and 7 are equal. Let us denote the common value by S.
Clearly s > 0 and 7, —m] = s(#—7%). Moreover, since pr, +(1—p)m,, =v =prl_ +(1—p)7}

X — flj+7
Ty, — 7r2+ = 1”2}(7‘ —T).
Since
/ym,(dy) =z = /yﬂl,(dy),

7 and 7 have a common expectation m and m € [y4,z4] N [y—, z2—] = [y+,2—] and we have

. Zp—m m—yy . oz —m m-—y_

7= 8y, + 5 F=——0, +———0,_ . (45)

p—ye Nz gy 2=y’ -y

The difference between 7 and 7' can be expressed as 7 — 711 = psd,_ ® (7 — 7) + psdy, @ (F — 7).
Let us denote

1/2-—m m—y_ Zy —m m—yy
I = 3 (Z_ S e R e RS 0 Lt SR IO
_ 1 /24 — -m —y_
Tm =5 <Z+_5(x- —y)2 T ?5(4 2y + jém_y_)z + Z__y_5(z-—x+)2)
We have
sq#m —sq#m’ = 2ps(Y,, — 7, )- (46)
Let us check that for any m € [y, z_], Yo Sex V- Since Yon and 7, linearly depend on m, it is
equivalent to check that 2y, <ex Wy, and Y, Sex Vs
Since
(2 —ge)?V (5o —2)* < (04 — y0)* Ao —y ) A (o — 2 )?
<y —yi)? V(- =y )PV (- —a)? < (2h —yo )P,
we have

1 - Yt Y+ — Y-
Yy, =3 <5(x+—y+)2 R e
1

Seo 5 (O@-—yp2 +

In a symmetric way, since

(r- =y )? V(e —a )’ <(zy —y )’ Azp —2)* Az — 2 )?
< (o =)V (2 —2g)?V (2 —2o)? < (24 — 7)),

we have Y, Sex Va._- Combining the two cases together, we conclude that for any m € [y, z_],

Y, Sea T 80 that, by (46), ly — z* 47" (dz, dy) <co ly — x[*#n(dz, dy).
For m € Ty (p, ) \ {7}, we check in the same way that

Z_ Y+ — Y- -
72: S0y —y )2 + P 5<z—x+>2> =Yy, -

T—7t=psd, ® (T —7) +psdp, @ (T —17)
with 7 and 7 satisfying (45) for some m € [y4,2_] and

s=mp ({y}) = mao ({y+}) + i ({24 = o ({4 ) = 7o ({y-}) + 7o ({2-}) > 0

As a consequence, sq#m — sq#mt = 2ps(lm —7,,) so that sq#n <., sq#n+. O
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Proof of Proposition 2.23. Reasoning like in the beginning of the proof of Proposition 2.21, we
check that for m € Iy (p, 7)) \ {7}, 1 =7 + psd,_ @ (7 — 7) + psd,, @ (7 — 7) where

m—y_

)

B 2y —Mm
0, 7= Oy + 47
- — Y+ Zo—yp T -y T “7)

s=m_ ({ye) +m ({22 =7 ({y-}) —m ({u-D) +7 {21} —m ({24} >0

Therefore the difference between the costs of m and 7" can be calculated as

/ I — y|Pr(da, dy) — / o — o7 (da, dy) = ps (f_,m) — F(zr.m)), (48)
where for z € [y4, 2],
flz,m) = Zz_‘ :Z (—yy)” + %(z, — ) — j::y”j (—y_) — Ziyy-_ (24 —z)”.

In the same way, we can check that any 7 € Iy (u, v) distinct from ©* can be expressed as
T=1"+psly_ @ (T —7)+psdy, ®@(T—7),

for 7 and 7 satisfying (47) for some m € [y4, 2] and

s=me ({y-H) +m ({z+}) =m ({y+}) =7 ({y4}) + 13 ({2} =7 ({2-}) >0

Hence the difference between the costs of m and ©* can be calculated as

/ & — ylPr(de, dy) — / & — ylPx* (de, dy) = ps(f (x4, m) — f(z—,m)).

Checking the optimality of 7 and #* is equivalent to check when 1 < p < 2 (resp. p > 2 ) that
for every m € [ervZ*L f(vam) < f(ervm) (resp. f(x,,m) > f(x+,m))
The function m — f(x,m) being affine, it is also equivalent to show f(z_,y;+) < f(x4+,y+)

and f(x—v )<f(l‘+, )for1<p<2(resp. f( _,y+)>f(l‘+,y+) and f(l'_, )>f($+7 )
for p > 2), which we are now going to demonstrate. We have

ﬂ(x,y_)f’f&(@fx)ﬂ?

floye) = (@ —ys)’ — S S—

1 _ Zy — _ —y_ _

el = o=y ) T = T T T )
f(fmzf)=(zf—x)p—%(w—yf)p—%m—x)p,

1 1 2y — R— —1 Z— — Y- 1

“Opf(r,2_)=—(2_ —2)"" " — z—y_ )’ + 2y —x)’ .

; (2,2-) ( ) Z+_y7( ) Z+_y7(+ )

We are going to check that (2 — p)0,f(2-,2-) > 0 and (2 — p)d.f(2—,y+) > 0, so that by
continuity of « — (05 f(x,2_), 05 f(x,y4)), there exists x, € (y4,2_) such that for all z € [z,, z_],
(2—=p)0zf(x,2-) >0, (2= p)0sf(x,y+) > 0 and for all z_, x4 such that z, < z_ < x4 < z_,
(2= p) (flas.z) — fla—22)) > 0 and (2= p) (F(asys) — flz—.ys)) > 0.

On the one hand, we have

24 —R— 1 Z— — Y- 1
- P + P

(24 —2-)

1
—0uf(2-,2-) = — - =y
5 flz—s2-) Z+_y7(z y-) pp—

Zy — 2 Z_ — 2=r
==t = 7(2,—y,)p*1 (( — y) —1>.
24 — Y- 2y — 2—
Since, by assumption z_ —y_ > z4 — z_, we deduce that 9, f(z—,2_) > 0 when 1 < p < 2 and

Oz f(z—,2z-) < 0 when p > 2. On the other hand,
(24 —y-)
p

Oof(zmys) = (24 —y=) (2= —y)" " = (24 —y) (2= —y—)" "+ (g —y—)(zp —2)"!

=9yt —Y—r 2o — Y, 24 —2-),
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where, for a,b,c > 0,
gla,b,c) =(a+b+c)b?™ ' —(b+c)(a+b)Pt +act™t.
When p € (1,2) and b > 0, by concavity of R, > x +— z°~!, we have
gla,b,c) > (a+b+c)bP™ L —(b+e)(bP7 1 + (p— 1)V 2a) + ac?!
=(2—-p)ab” ! +ac (cp72 —((p— 1)0%2‘17)”*2) .
and the inequality is reversed when p > 2 by convexity of R > x — 2”~!. We deduce that
Ya,b >0, Ve e [0,(p— 1)%21)]7 g(a,b,c) >0 when p € (1,2) and g(a,b,c) < 0 when p > 2. (49)

Since y4 —y— >0, 2 —yy > 0and z_ —yy > (p— 1)ﬁ(z+ —z_), we have 0, f(z2—,y4+) > 0
when p € (1,2) and 0, f(2—,y4+) < 0 when p > 2. O
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