
HAL Id: hal-04086080
https://hal.science/hal-04086080

Preprint submitted on 1 May 2023

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Homotopic classes and Triangle Clusters in Minimal
Planar Region Coverings.

James F Peters, Fariha N. Peu, Juwairiah Zia

To cite this version:
James F Peters, Fariha N. Peu, Juwairiah Zia. Homotopic classes and Triangle Clusters in Minimal
Planar Region Coverings.: Several forms of the geometric Lusternik-Schnirel’mann Category. 2023.
�hal-04086080�

https://hal.science/hal-04086080
https://hal.archives-ouvertes.fr


HOMOTOPIC CLASSES AND TRIANGLE CLUSTERS IN
MINIMAL PLANAR REGION COVERINGS.

SEVERAL FORMS OF THE GEOMETRIC
LUSTERNIK-SCHNIREL’MANN CATEGORY

JANES F. PETERS AND FARIHA N. PEU & JUWAIRIAH ZIA
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1.1: △pqr ⊆ |[h]| homotopy class
covering △pqr

bc

bc

bc

bc

bc
bc

bc

bc

K′ |hi(1)|
q

p1

|hi(0)| = p2

p3

p4

r |[h]|

1.2:
TC = {△T ∩ r} ⊆ min {|[h]|},
min {homotopic classes} covering

Figure 1. ∃gcat(X) : X = min
{
|[h]| ∈ 2R

2
}
⊃ △pqr

from Theorem 1 & ∃gcat(E) : E = min
{{

|[h]| ∈ 2R
2
}}

⊃ {△pqr} ∩ r

from Corollary 1.

This paper introduces results for several forms of the geometric Lusternik-
Schirel’mann categories (LS gcat), namely, geometric realization of one or
more homotopy classes containing multiple sinusoidal paths that minimally
cover planar triangles and clusters of Delaunay triangles with a common ver-
tex that provide an application of gcat in a minimal covering of a foreground
object in a video frame.

1. Geometric Lusternik-Schnirel’mann Category

Let h : I → K be a continuous map called homotopy (briefly, path in
a space K. A homotopic class for different maps h (denoted by [h] ={
h0, . . . , hi, . . . , hn−1[n]

}
with [n] = mod n ∈ Z+) is a collection of hi[n]

homotopic maps that have the same endpoints, namely, hi(0) and hi(1).
The geometric realization of [n] (denoted by |[h]|) is a collection of sinusoidal
curves, each being the geometric realization of a path h.
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Definition 1. [Geometric LS Category] [2].
For a topological space X, the geometric category of X is the minimal cov-
ering of X with contractible open subsets of X. �

Lemma 1. Let h be a homotopic sinusoidal path. The geometric realization
|h| is a planar sinusoidal curve.

Lemma 2. Let [h] be a collection of homotopic paths with common end-
points. The geometric realization |[h]| is a collection space filling planar
curves.

Lemma 3. Let △pqr be a planar filled triangle in a space K, geometric
realization |[h]| such that each path h has endpoints h(0), h(1) ∈ K \ △pqr.
Then limit

i→∞
hi ∈ [h] ⊇ △pqr.

Lemma 4. Let h be a homotopic path in space K.
1o Every path h is contractible.
2o There exists a minimal |[h]| in space K with hi ∈ [h] with the same

boundary endpoints h(0), h(1) ∈ ∂△pqr such that |[h]| covers triangle
△pqr ⊂ K.

3o Every planar triangle in K has a minimal covering |[h]|.

Theorem 1. There exists gcat(|[h]| ∈ 2K) such that min |[h]| ⊇ △pqr ∈ 2K .

Example 1. From Theorem 1, the triangle T in Fig. 1.1 has a |[h]| minimal
covering, which is a gcat(T ). �

A cluster of triangles {△pqr} in a Euclidean space K is a collection
of triangles attached to a common vertex. From Theorem 1, we have

Corollary 1. Let |{[h]}| ⊂ K such that each h ∈ {[h]} ⊂ K \ {△pqr}
has the same endpoints. There exists gcat(|{[h]}|) such that min |{[h]}| ⊇ {△pqr} ∈ 2K .

Example 2. From Corollary 1, there is a gcat(|{[h]}| such that gcat(|{[h]}|
is a minimal covering of the triangle cluster {△pqr} ∩ p, which is a bounded
region in Fig. 1.2. �
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Figure 2. Delaunay Triangle cluster minimally covering bus
in video frame.
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2. Delaunay Triangle cluster Minimal Covering of Video
Frame Foreground Object

Delaunay triangulations, introduced by B.N Delone [Delaunay] [1], rep-
resent pieces of a continuous space in form of triangles with edges attached
to selected vertices [3].

Theorem 2. Let M be a Delaunay triangle cluster with k triangles mini-
mally covering a planar bounded region E ∈ 2R

2. Then gcat(M) = k.

Example 3. With restrictions on the selection of vertices (e.g., centroids),
we obtain a minimal cluster T of k triangles covering the bus, which is a
bounded region in a Delauany triangulation of the video frame in Fig. 2.
Hence, from Theorem 2, gcat(T ) = k. �
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