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Abstract

We give a self contained and elementary description of normal forms
for symplectic matrices, based on geometrical considerations. The normal
forms in question are expressed in terms of elementary Jordan matrices
and integers with values in {—1,0,1} related to signatures of quadratic
forms naturally associated to the symplectic matrix.

Introduction

Let V' be a real vector space of dimension 2n with a non degenerate skewsym-
metric bilinear form Q. The symplectic group Sp(V,) is the set of linear
transformations of V' which preserve 2:

Sp(V;2) ={A:V — V| A linear and Q(Au, Av) = Q(u,v) for all u,v € V' }.

A symplectic basis of the symplectic vector space (V,Q) of dimension 2n is
a basis {e1,...,e2,} in which the matrix representing the symplectic form is
Qp = (_OId 151). In a symplectic basis, the matrix A’ representing an element
A € Sp(V, Q) belongs to

Sp(2n,R) = { A’ € Mat(2n x 2n,R) [ A7Q0A" = Oy }

where (-)7 denotes the transpose of a matrix.

Given an element A in the symplectic group Sp(V, 2), we want to find a symplec-
tic basis of V' in which the matrix A’ representing A has a distinguished form; to
give a normal form for matrices in Sp(2n, R) means to describe a distinguished
representative in each conjugacy class. In general, one cannot find a symplectic
basis of the complexified vector space for which the matrix representing A has
Jordan normal form.



The normal forms considered here are expressed in terms of elementary Jor-
dan matrices and matrices depending on an integer s € {—1,0,1}. They are
closely related to the forms given by Long in [7, 9] ; the main difference is that,
in those references, some indeterminacy was left in the choice of matrices in
each conjugacy class, in particular when the matrix admits 1 as an eigenvalue.
We speak in this case of quasi-normal forms. Other constructions can be found
in [16, 5, 6, 15, 12] but they are either quasi-normal or far from Jordan normal
forms. Closely related are the constructions of normal forms for real matrices
that are selfadjoint, skewadjoint or unitary with respect to an indefinite inner
product where sign characteristics are introduced; they have been studied in
many sources; for instance -mainly for selfadjoint and skewadjoint matrices- in
the monograph of I. Gohberg, P. Lancaster and L. Rodman [2], and for unitary
matrices in the papers [1, 3, 10, 13]. Normal forms for symplectic matrices have
been given by C. Mehl in [11] and by V. Sergeichuk in [14] ; in those descriptions,
the basis producing the normal form is not required to be symplectic.

We construct here normal forms using elementary geometrical methods.

The choice of representatives for normal (or quasi normal) forms of matrices
depends on the application one has in view. Quasi normal forms were used
by Long to get precise formulas for indices of iterates of Hamiltonian orbits in
[8]. The forms obtained here were useful for us to give new characterisations
of Conley-Zehnder indices of general paths of symplectic matrices [4]. We have
chosen to give a normal form in a symplectic basis. The main interest of our
description is the natural interpretation of the signs appearing in the decom-
position, and the description of the decomposition for matrices with 1 as an
eigenvalue. It also yields an easy natural characterization of the conjugacy class
of an element in Sp(2n,R). We hope it can be useful in other situations.

Assume that V decomposes as a direct sum V' = V; &V, where V; and V5 are

Q-orthogonal A-invariant subspaces. Suppose that {ej, ..., e} is a symplectic
Al Al
A 4,
that {f1,..., foa} is a symplectic basis of V5 in which the matrix representing

. A// A//
A|V2 is A" = (A;};/ Ai,). Then {61,...,ek,fl,...,fl,€k+1,...,€2k,fl+1,...,fgl}

is a symplectic basis of V' and the matrix representing A in this basis is

basis of V4 in which the matrix representing Aly, is A’ = ( ) Suppose also

Ay 0 AL 0
0 Ay 0 Af
A, 0 A, O
0 A o AJ
The notation A’ ¢ A” is used in Long [8] for this matrix. It is “a direct sum of

matrices with obvious identifications”. We call it the symplectic direct sum of
the matrices A’ and A”.

We C-linearly extend € to the complexified vector space VC and we C-
linearly extend any A € Sp(V, Q) to VC. If vy denotes an eigenvector of A in



VT of the eigenvalue \, then Q(Avy, Av,) = Q(Avy, pv,) = AuQ(va,v,,), thus
Q(vx,v,) =0 unless p = % Hence the eigenvalues of A arise in “quadruples”

A = {A}\/\i} (1)

We find a symplectic basis of VC so that A is a symplectic direct sum of block-
upper-triangular matrices of the form

(28 st ) (2 87)

or B
J(Nk) ! 0 d 0 0 D(ks)
J\k)TL Id D(k,s) O
JONK)T 1d 0 ’
0 Tk 0 1d
or
J(k) T 0 d o 0 S(k,s)\)
J(OE+1) ! Id S(k,s,\)" 0
J(ONK)T Id 0 :
0 TOk+1)" 0 Id

Here, J(\, k) is the elementary k x k Jordan matrix corresponding to an eigen-
value A\, D(k, s) is the diagonal k x k matrix

D(k, s) = diag(0,...0, s),

and S(k, s, A) is the k x (k4 1) matrix defined by

0..0 0 0
Sk.s, V=14 606 o |

0.0 Fis Ais

with s an integer in {—1,0,1}. Each s € {£1} is called a sign and the collection

of such signs appearing in the decomposition of a matrix A is called the sign

characteristic of A.

More precisely, on the real vector space V', we shall prove:

Theorem 1 (Normal forms for symplectic matrices) Any symplectic en-
domorphism A of a finite dimensional symplectic vector space (V,Q) is the di-
rect sum of its restrictions Ay, to the real A-invariant symplectic subspace
Vin) whose complezification is the direct sum of the generalized eigenspaces of
etgenvalues \, %,X and %

Vi =Ex®EL @ Ex®EyL.

by

We distinguish three cases : A ¢ S*, A= £1 and X € ST\ {£1}.



Normal form for A}y, for \ ¢ St

Let A ¢ S* be an eigenvalue of A. Let k := dimg Ker(A — AId) (on VC) and q
be the smallest integer so that (A — A1d)? is identically zero on the generalized
eitgenspace Ey.

o If ) is a real eigenvalue of A (A ¢ S so X\ # +1), there exists a symplectic
basis of Vin) in which the matriz representing the restriction of A to Viy
is a symplectic direct sum of k matrices of the form

( J(A,gj)*l J()\?qj)T )

with g =q1 > g2 > -+ > qx and J(A\,m) is the elementary m x m Jordan
matriz associated to A

This decomposition is unique, when X has been chosen in {\,\"1}. It is
determined by the chosen A and by the dimension dim(Ker(A— )\Id)’“) for
each r > 0.

o If A\ =re® ¢ (S'UR) is a complex eigenvalue of A, there exists a sym-
plectic basis of V|5 in which the matriz representing the restriction of A
to V[\) is a symplectic direct sum of k matrices of the form

Jr (re”, 2qj)71 0
0 Jr (re_w, 2qj)T

with ¢ = q1 > q2 > --+ > qx and Jr(re'®, k) is the 2m x 2m block upper
triangular matriz defined by

R(re'®) 1d
R(re'?) 1d 0
R(re'?) 1d
Jr(re'®, 2m) = N
0 R(re'®) 1d
R(re'?) 1d
R(re'?)

with R(re'®) = (rcos¢ —Tsinqﬁ)'

rsing rcos¢o
" . . . ~ v 1
This decomposition is unique, when X has been chosen in {\, \"1, A, X }.

It is is determined by the chosen \ and by the dimension dim(Ker(A —
AId)") for each r > 0.



Normal form for A\Vm for A =+1:
Let A = £1 be an eigenvalue of A. There exists a symplectic basis of Viy in
which the matriz representing the restriction of A to Viy) is a symplectic direct
sum of matrices of the form

(7o )

where C(rj, 55, A) := J(A\, ;)71 diag((), ...,0, sj) with s; € {0,1,—1}. Ifs; =0,
then r; is odd. The dimension of the eigenspace of the eigenvalue X is given by
2Card{j|s; = 0} + Card{j|s; # 0}.
The number of s; equal to +1 (resp. —1) arising in blocks of dimension 2k (i.e.
with corresponding r; = k) is equal to the number of positive (resp. negative)
etgenvalues of the symmetric 2-form

Q3 : Ker((A — A1d)%) x Ker ((A — A1d)%*) - R

(v,w) > AQ((A — AId)*v, (A — AId)F~ ).
The decomposition is unique up to a permutation of the blocks and is determined
by A\, by the dimension dim(Ker(A — )\Id)r) for each v > 1, and by the rank
and the signature of the symmetric bilinear 2-form Qék for each k > 1.
Normal form for Ay, for A € S'\ {+1}:
Let A € S, \ # %1 be an eigenvalue of A. There exists a symplectic basis of
VA in which the matriz representing the restriction of A to Viy) is a symplectic
direct sum of 4k; x 4k; matrices (k; > 1) of the form
0 - 0

— -1
(=(R2k) | 1 1 V(@) s VE ()
o6 (2)

0 | (Je(x2ky)”

and (4k; + 2) x (4k; + 2) matrices (k; > 0) of the form

0 ..0
~ -1 2 Sivys2 —Siys1 1
(m2k)) [ VR @] 0 V3@ SEVL@)| UL ©)
0" 0
0 5 |0 .. 0 1 0 Sin &
COS S] S(;n (3)
0 . ((X.2k;))" :
0 0
0 —s;sing | 0 ... O 0 —5; cos ¢

where Jg(e'?, 2k) is defined as above, where (Vklj (@) V¢ (QS)) is the 2k; x 2 matriz
defined by
(1))
(V@) V2 (9) = : (4)
R(e'?)



with R(e'?) = (COS ¢ —sin ¢) , where

sin¢g cos ¢

Ur, (9) Ui, (9)) = (Vi (#) Vi2. (9) ) (R(e"?)) (5)
( )=( )

and where s; = £1. The complex dimension of the eigenspace of the eigenvalue
X in VC is given by the number of such matrices.

The number of s; equal to +1 (resp. —1) arising in blocks of dimension 2m in
the normal decomposition given above is equal to the number of positive (resp.
negative) eigenvalues of the Hermitian 2-form Qf‘n defined on Ker((A - A Id)m)

by:

Q)+ Ker((A—AId)™) x Ker((A—AId)™) — C
(v,w) = +Q((A = AId)*v, (A= XId)*'w)  if m =2k
(v,w) = 1 Q((A = A1d)*v, (A — X1d)*w) if m =2k + 1.

This decomposition is unique up to a permutation of the blocks, when A has
been chosen in {\,A}. It is determined by the chosen A, by the dimension
dim(Ker(A — )\Id)T) for each v > 1 and by the rank and the signature of the

Hermitian bilinear 2-form Qf}i for each m > 1.

The normal form for Ay, is given in Theorem 9 for A ¢ S', in Theorem
10 for A = +1, and in Theorem 15 for A € S'\ {£1}. The characterisation
of the signs is given in Proposition 12 for A = +1 and in Proposition 17 for
A€ ST\ {£1}.

A direct consequence of Theorem 1 is the following characterization of the
conjugacy class of a matrix in the symplectic group.

Theorem 2 The conjugacy class of a matrix A € Sp(2n,R) is determined by
the following data:

e the eigenvalues of A which arise in quadruples [\] = {\, A7, \, Xﬁl};

e the dimension dim(Ker(A — )\Id)r) for each v > 1 for one eigenvalue in
each class [\|;

e for A\ = %1, the rank and the signature of the symmetric form Qg‘k for
each k > 1 and for an eigenvalue X in S' \ {£1} chosen in each [X], the
rank and the signature of the Hermitian form Q7 for each m > 1, with

Q) : Ker((A—AId)™) x Ker((4 - AId)™) — C
(v,w) = $+Q((A = AId)*v, (A = XId)*'w)  if m =2k
(v,w) = i Q((A = AId)*v, (A — X1d)*w) ifm=2k+1.

O
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1 Preliminaries

Lemma 3 Consider A € Sp(V,Q) and let 0 # X\ € C. Then Ker(A — A1d)’ in
VC is the symplectic orthogonal complement of Tm(A — %Id)j.

PROOF:
QA= AId)u, Av) = Q(Au, Av) — AXQ(u, Av) = Q(u, v) — AQ(u, Av)
29 (u, (4 - $1d)0)

and by induction
Q((A — ATd)u, Aly) = (—/\)jQ<u, (A-1 Id)jv). (6)

The result follows from the fact that A is invertible. O

Corollary 4 If E) denotes the generalized eigenspace of eigenvalue A, i.e Ey :=
{v e VC | (A= \Id)?v = 0 for an integer j > O}, we have

Q(EN,Ey) =0 when Ap# 1.

Indeed the symplectic orthogonal complement of Ey = U; Ker(4 — A1d)7 is the
intersection of the Im(A — +1d)7. By Jordan normal form, this intersection is
the sum of the generalized eigenspaces corresponding to the eigenvalues which
are not %

If v = u + i’ is in Ker(A — A1d)? with v and v’ in V' then ¥ = u — i’ is in
Ker(A — A1d)? so that Ey @ Ex is the complexification of a real subspace of V.
From this remark and corollary 4 the space

W[)\] ::EAEBE%@EXEBEl (7)

X

is the complexification of a real and symplectic A-invariant subspace V] and

V=V ® Vi) @ O Vg (8)



where we denote by [A] the set {\,A, §, %} and by [A],...,[Ak] the distinct
such sets exhausting the eigenvalues of A.

We denote by Ay, the restriction of A to V],j. It is clearly enough to obtain
normal forms for each A[y,) since A will be a symplectic direct sum of those.

We shall construct a symplectic basis of Wy (and of V]5)) adapted to A for a
given eigenvalue A of A. We assume that (A — AId)P™! =0 and (A —AId)? #0
on the generalized eigenspace E). Since A is real, this integer p is the same
for X\. By lemma 3, Ker(A — A1d)’ is the symplectic orthogonal complement of
Im(A — +1d)’ for all j, thus dim Ker(A — AId)? = dimKer(A4 — 11d)’; hence
the integer p is the same for A and %

We decompose Wiy (and Vi) into a direct sum of A-invariant symplectic
subspaces. Given a symplectic subspace Z of V[\; which is A-invariant , its
orthogonal complement (with respect to the symplectic 2-form) V' := Z19 is
again symplectic and A-invariant. The generalized eigenspace for A on V'C are
E, = V'en E,, and the smallest integer p’ for which (A — )\Id)p"*‘1 =0on E}
is such that p’ < p.

Hence, to get the decomposition of Wiy (and Vjy)) it is enough to build
a symplectic subspace of Wy which is A-invariant and closed under complex
conjugation and to proceed inductively. We shall construct such a subspace,
containing a well chosen vector v € E so that (A — AId)Pv # 0.

We shall distinguish three cases; first A ¢ S' then A = 41 and finally
A€ St {£1}.

We first present a few technical lemmas which will be used for this construc-
tion.

1.1 A few technical lemmas

Let (V, ) be a real symplectic vector space. Consider A € Sp(V,) and let A
be an eigenvalue of A in VC.

Lemma 5 For any positive integer j, the bilinear map
Q; : Bx /Ker(A — A1d)J x By [Ker(A — 11d)” —» C

([o], [w]) = Q;([v], [w]) := Q((A = A1dYv,w)  veEyxweEy (9)

is well defined and non degenerate. In the formula, [v] denotes the class con-
taining v in the appropriate quotient.

PROOF: The fact that @j is well defined follows from equation (6); indeed, for
any integer j, we have

Q((A = ATd)u,v) = (f)\)jQ(Aju, (A-1 Id)jv>. (10)

The map is non degenerate because Q;([v],[w]) = 0 for all w if and only if
(A — XId)7v = 0 since € is a non degenerate pairing between E) and E%, thus



if and only if [v] = 0. Similarly, @j([v], [w]) = 0 for all v if and only if w is

Q-orthogonal to Im(A — A\1d)7, thus if and only if w € Ker(A — %Id)J hence
[w] = 0. O

Lemma 6 For any v,w € V, any A € C\ {0} and any integers i > 0, j > 0
we have:

(A=), (4- $1d)w) = —%Q((A — M) o, (4 - $1d)w) (11)

—%Q((A —ATd) o, (4 - $1d) T ).

In particular, if A is an eigenvalue of A, if v € Ey is such that p > 0 is the
largest integer for which (A — X1d)Pv # 0, we have for any integers k,j > 0:

Q((A = ATd)PHry, w) = (—AQ)jQ((A — A Id)PHE Ty, (A - %Id)jw> (12)

so that
Q((A = ATd)Pv, w) = (—)\2)17&'2(1)7 (A- §Id)”w) (13)

and .
Q((A — Ad)kv, (A — ;m)ﬂw) =0if k+j>p. (14)

ProOOF: We have:
Q((4- A1), (4 - $1d)w)

= —EQ((A ~ ATd—A) (A= ATd)'v, (A - 1 10) w)

A
_ _§ ((A — Ald)" o, (A — §1d)jw)

£10(A(A - AT, (4~ 1Td) (A~ L1a) )
_ _%Q((A ML), (A~ L) w)

+30((A = A1), (4 - F 1) w)

—éQ(A(A —Ald)'v, (A — ild)j_lw)

and formula (11) follows.
For any integers &, j > 0 and any v such that (A — A1d)Pv = 0, we have, by (6),

(f)\)jQ((A — A Id)PHE=iy (A - ;m)jw) = Q((A = Md)PH+ly, ATw) =0,

Hence, applying formula (11) with a decreasing induction on j, we get formula
(12). The other formulas follow readily. (]



Definition 7 For A € S! an eigenvalue of A and v € F) a generalized eigen-
vector, we define

1 ) .
T; ;(v) :== ﬂ.Q((A—)\Id)lv,(A—/\)]@). (15)
PN
We have, by equation (11) :
T;j(v) = =Tiv1,5(v) = Tiv1,j-1(v), (16)
and also,
Ti;(v) = =Tji(v). (17)

Lemma 8 Let A € S! be an eigenvalue of A and v € E) be a generalised
eigenvector such that the largest integer p so that (A — A1d)Pv # 0 is odd, say,
p =2k — 1. Then, in the A-invariant subspace EY of Ex generated by v, there

exists a vector v’ generating the same A-invariant subspace E;I = LY, so that
(A= XId)Pv" # 0 and so that

T;;(0')=0 foralli,j <k-—1.

If X is real (i.e. £1), and if v is a real vector (i.e. in V'), the vector v’ can be
chosen to be real as well.

PROOF: Observe that
Tk,k_l(v) = —Tk,k(v) — Tk_l,k(v) by (11)

= —Ty_1x() by (14)
= Trr_1(v) by (17)

is real and can be put to d = 1 by rescaling the vector. We use formulas (11)
and (17) and we proceed by decreasing induction on ¢ + j as follows:

o if Tj_q x—1(v) = o, this a; is purely imaginary, we replace v by

vi=v— QO;\—ZZ(Af Ad)v;

clearly EY = EY and T; j(v') = T; j(v) for i +j > 2k — 1 but now

ay
2d

ar

Tk 1—1(v) 5

!
Th1p—1(v") =0 — Tp—1,k(v) = 0;
so we can now assume Tj_1 x—1(v) = 0; observe that if A is real and v is

in V, then a; = 0 and v’ = v;

o if T 9 5_1(v) =ag = —Tj_1,,—2(v), this o is real and we replace v by
(%) 2
- A - I N
v 2)\2d( A1d)%v;

10



the space EY does not change and the quantities T; ;(v) do not vary for
i+ j > 2k —2; now
o Qo

Tr—2k-1(V") = as — =T k—1(v) 54

2
T _ =
94 k—2,k+1(v) =0,

hence also Ty_1 ,—2(v") = 0; observe that if A is real and v is in V, then
v isin V.

e we now assume by induction to have a J > 0 so that T; ;(v) = 0 for all
0<i,j<k—1sothati+j>2k—1—J;

o if Tk_JJﬁ_l(U) = ay, then Tk_J7k_1(U) = (—I)J_lTk_l,k_J(’U) so that ay
is real when J is even and is imaginary when J is odd; we replace v by

ag

— A—\Id) v;
v 2)\Jd( A1d)7 v;

the space EY does not change and the quantities T; ;(v) do not vary for
i+ 7 > 2k — J; but now

ag Qg
T g1 (v) = — — T — —T_ _
k—Jk—1(v") ay = 5 Tk 1(v) o] L= T k47 1(v)
(65} Jag
= a;- Y .
-5~
Hence also Ty—jy1.5-2(v") = 0,... Tk—1k—g+1(v") = 0; so the induction

proceeds. Observe that if A is real and v is in V then v’ is in V.

O
We shall use repeatedly that a n x n block triangular symplectic matrix is of
the form

, (B C B= (D)
A= < 0 D ) € Sp(2n, R) < { C = (D7)"'S with S symmetric. (18)

2 Normal forms for Ay, when \ ¢ S'.

As before, p denotes the largest integer such that (A — AId)? does not vanish
identically on the generalized eigenspace E\. Let us choose an element v € E)
and an element w € E 1 such that

Q, ([v], [w]) = Q((A = ATd)Pv, w) # 0.

Let us consider the smallest A-invariant subspace E} of Ey containing v; it is
of dimension p + 1 and a basis is given by

{ao =00 0= (A= Md)v,...,a, = (A— )\Id)pv}.
Observe that Aa; = (A — A1d)a; + Aa; so that Aa; = Aa; + a;41 for i < p and

Aa, = ap.

11



Similarly, we consider the smallest A-invariant subspace EY of E 1 containing
A
w; it is also of dimension p + 1 and a basis is given by

{boi=w,. b= (A= $10) w,. b, = (A= 1) w ).
One has
Q(a;,aj) =0 and Q(b;,b;) = 0 because Q(Ey, E,) = 0if Ap # 1;
Qai,bj) = 01if i + j > p by equation (14) ;
Qag, bp—;) = (;—%)p_iﬁ((zﬁl—/\ld)pv, w) by equation (12) and is non zero
by the choice of v, w.

The matrix representing €2 in the basis {b,, ..., b, ao, ..., a,} is thus of the form
0 0% 0
0 « %
¥ %0 0
o slo "o

with non vanishing *. Hence 2 is non degenerate on EY & EY which is thus a
A

symplectic A-invariant subspace.
We now construct a symplectic basis {b;,, oo by a0, ,ap} of EY ® EY,
A

extending {ay, ..., a,}, using a Gram-Schmidt procedure on the b;’s. This gives
a normal form for A on EY @ EY.
A

If X is real, we take v, w in the real generalized eigenspaces E§ and E% and
A

we obtain a symplectic basis of the real A-invariant symplectic vector space ,
EXv o ED;{“’. If X is not real, one considers the basis of Eg @® EY defined by
A

the conjugate vectors {bf, ... .05, @, - - -, @y} and this yields a conjugate normal

form on Eyx & Ei, hence a normal form on W[ and this will induce a real
A

normal form on V).

We choose v and w such that Q((A— 11d)"w, v) = 1. We define inductively
on j

1 —p.
by, = Q(bp,ao)bp = bp;

_ 1
;ﬁ‘ — Qbp—j.aj) (bp—j - qu Q(bp—jaak)b;—k)v
so that any b;- is a linear combination of the b, with r > j.

In the symplectic basis {b;, ...,b},a0,...,a,} the matrix representing A is

(% w0 )

12



where

J(A,m) = (19)
U

is the elementary m x m Jordan matrix associated to A. Since the ma-
trix is symplectic, B is the transpose of the inverse of J(\,p + 1) by (18), so
B=J\p+1)""
This is the normal form for A restricted to EY ® EY.

X A

If A\ = re’® ¢ R we consider the symplectic basis {by, .-, by, a0, ..., a,} of
EY @ E;’ as above and the conjugate symplectic basis {E, . ,%, ag,...,ap} of
EX e Eg Writing b = %(u] +iv;) and a; = %(w] —iz;) forall0 < j<p
with the vectors u;,v;,w;,xz; in the real vector space V, we get a symplectic
basis {up, vp . . ., U, Vo, Wo, To ooy Wp, xp} of the real subspace of V' whose com-
plexification is EY & EY @© EX® EY. In this basis, the matrix representing A
. A X

(m@a@+n)l 0 )

0 Je(N.2(p+1))"

1S

where Jg(re'®?,2m) is the 2m x 2m matrix written in terms of 2 x 2 matrices as

R(re®) Id
R(re'?) 1d 0
R(re'?) 1d
Jr(re'® 2m) == (20)
0 R(re'?) Id
R(re'®) 1d
R(re®)

with R(re'?) = (:Z?}:g ;ch)isnf). By induction, we get
Theorem 9 (Normal form for Ay, for A\ ¢ S'.) Let X ¢ S* be an eigen-

value of A. Denote k := dimc Ker(A —\1d) (on VC) and p the smallest integer
so that (A — XN1d)P*! is identically zero on the generalized eigenspace E.

o If X\ # %1 is a real eigenvalue of A, there exists a symplectic basis of V}y)
in which the matriz representing the restriction of A to V|\) is a symplectic
direct sum of k matrices of the form

J()‘vpj + 1)_1 0
0 J()\,pj + 1)T

with p = p1 > pa > -+ > pr and J(\ k) defined by (19). To eliminate
the ambiguity in the choice of X in [A] = {\,A\71} we can consider the real
eigenvalue such that A > 1. The size of the blocks is determined knowing
the dimension dim (Ker(A — \Id)") for each r > 1.

13



o If A\ =re'® ¢ (ST UR) is a complex eigenvalue of A, there exists a sym-
plectic basis of Vi) in which the matriz representing the restriction of A
to Vi is a symplectic direct sum of k matrices of the form

( Ja(re= 2(p; +1)) " 0 )

0 JR(Te_‘¢,2(pj + 1))T

with p = py > pa > - > pi and Jr(re'®, k) defined by (20). To elim-
inate the ambiguity in the choice of X in [A] = {\, A7\, X_l} we can
choose the eigenvalue A with a positive imaginary part and a modulus

greater than 1. The size of the blocks is determined, knowing the dimen-
sion dimg (Ker(A — AId)") for each r > 1.

This normal form is unique, when a choice of X in the set [\] is fized.

3 Normal forms for AIV{A] when )\ = +1.

In this situation [A] = {\} and V}y is the generalized real eigenspace of eigen-
value A, still denoted —with a slight abuse of notation— E). Again, p denotes
the largest integer such that (A — AId)? does not vanish identically on E). We

consider @, : Ex/Ker(A — A1d)? x Ex/Ker(A — A1d)? — R the non degenerate
form defined by @, ([v], [w]) = Q((A—A1d)Pv, w). We see directly from equation
(13) that @p is symmetric if p is odd and antisymmetric if p is even.

31 Ifp=2k—1isodd

we choose v € F such that

Q([v], [v]) = Q((A - )\Id)pv,v) #0

and consider the smallest A-invariant subspace E} of E\ containing v; it is
spanned by

{ap == (A= AId)Pv,...,a; == (A= AId)"v,... a9 == v}.
We have
Qas,a5) =01if i+ j > p+ 1(= 2k) by equation (14);
Q(a;, ap—;) # 0; by equation(12) and by the choice of v.

Hence EY is a symplectic subspace because, in the basis defined by the e;’s, §2
0o =
has the triangular form (

* *

> and has a non-zero determinant.
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We can choose v in Ex C V so that Q((A — AId)*v, (A — A1d)*~1v) = As with
s = %1 by rescaling the vector and one may further assume, by lemma 8, that

11 ) .
T;j(v) = ;XQ((A — Ald)'v, (A= A1d)/v) =0 forall 0<4,j<k-—1.
We now construct a symplectic basis {a;, ce, A, 00, . 7ak,l} of EY, extending
{ao,...,ar-1}, by a Gram-Schmidt procedure, having chosen v as above. We

define inductively on 0 < j <k —1

o 1 .
aP T Q(ap,a0) Qp;

_ 1
a,_j = Qap—j,a5) (ap— — D k< Q(ap—jaak)%fk%
so that any a; is a linear combination of the a,’s with r > j and in

: P2 k=1
particular aj = J5ar + 25 ¢jak+j -

In the symplectic basis {a;,7 Ce, Q). a0, ak,l} the matrix representing A is

A= ( g J(fk)f )

with J(\, m) defined by (19) and with C identically zero except for the last
column, and the coefficient C’,{j = sA. Since the matrix is symplectic, B is the
transpose of the inverse of J(\,p+1)7 by (18), so B = J(\,k)~! and J(\, k)C
is symmetric with zeroes except in the last column, hence diagonal of the form
diag(O, ..., 0, s). Thus

( JAk)™H J(X k)" tdiag(0,...,0,s) )
0 JO k)T ’

with s = £1, is the normal form of A restricted to E}. Recall that

s=A""Q((A - AId)", (A — A1d)F o).

3.2 If p=2kiseven

we choose v and w in E such that
Q([v], [w]) = Q((A - A1d)Pv,w) = AP =1

and we consider the smallest A-invariant subspace EY @ EY of Ey containing v
and w. It is of dimension 4k + 2. Remark that Q((4 — A1d)Pv,v) = 0. We can
choose v so that

1

Trﬁs(v) = TS

Q((A—=A1d)"v, (A—AId)*v) =0 for all r,s.
Indeed, by formula (11) we have T; ;(v) = —Tj41,;(v) — Tiq1,j—1(v). Observe

that 7; j(v) = —Tj,i(v) so that T3 ;(v) = 0 and T} (v) = =T},i11(0) = Tj-1,i41(v).
We proceed by induction, as in lemma 8 :

15



e T,0(v) =0 implies T,_,,(v) = 0 for all 0 < r < p by equation (12).

e We assume by decreasing induction on J, starting from J = p, that
we have T; j(v) = 0 for all ¢ + j > J. Then we have Tj_1_,(v) =
—T 7 1-s,5+1(0) = Ty_2_s s+1(v); the first term on the righthand side van-
ishes by the induction hypothesis, so Ty_10(v) = (=1)*Tyj_1_5s(v) =
(—1)J_1T07J,1(’U> = (—I)JTJ,LO.

If Ty_1,0(v) =a #0, J must be even and we replace v by
V' =04 g% (A= AId)P .

Then v' € E{ @ EY, EY ® EY = EqA/ @By, Q((A_)\Id)pv/’w) — )\ and
T;;(v') =T, ;(v) =0 for all i + j > J but now
Tro10(0") = Tr-10(v) + 35592((A = Ald)Pw,0)
+35Q((A = A1d)7 1o, (A = AId)P~7/ )
+E2Q((A = ATa)YPw, (A — AT~ +1o)
« [0

— ————:O
“T9 73

so that T; ;(v") =0 for all i + j > J — 1 and the induction proceeds.

We assume from now on that we have chosen v and w in F) so that
Q((A = A1d)Pv,w) =1 and Q((A — A1d)"v, (A — + Id)*v) = 0 for all 7, s.
We can proceed similarly with w so we can thus furthermore assume that
Q((A — Ad)iw, (A — )\Id)kw) — 0 for all j, k.
A basis of Ef @ EY is given by
{ap = (A= AId)Pv,...,a0 =v,bp =w,..., by = (A — )\Id)pw}.

We have

Q(a;,aj) =0 and Q(b;, b;) = 0 by the choice of v and w;

Qai,bj) = 01if i + j > p by equation (14) ;

Q(a;, bp—;) =# 0 by equation (12) and the choice of of v, w.

The matrix representing ) has the form hence is non singu-

0 ¥
lar and the subspace Ef @ EY is symplectic. We now construct a symplectic
basis {al,, ..., af,bo,...,by} of EY & EY, extending {bo, ..., by}, using a Gram-

A
Schmidt procedure on the a;’s. We define inductively on j

r_ 1 )
Ap = Qlap,bo) 4P

16



/ — 1 o ) ’
a5 = oraty (@i = D Uap—j, i)y, _y),
so that any a is a linear combination of the aj with k > j.

In the symplectic basis {a;7 ceyaf,boy e bp} the matrix representing A is

( g J()\,p0+1)T )

( o v J()\,p0+ 1) )

Hence, the matrix

is a normal form for A restricted to EY @ EY. Thus we have:

Theorem 10 (Normal form for Ay, for A ==*1.) Let A = &1 be an eigen-
value of A. There exists a symplectic basis of Vi) in which the matriz repre-
senting the restriction of A to Viy) is a symplectic direct sum of matrices of the

form
‘](A/rj)il C(Tja Sjs >‘)
0 J(A15)7
where C(rj, 55, A) := J(A\, ;)71 diag((), ...,0, sj) with s; € {0,1,—1}. Ifs; =0,
then r; is odd. The dimension of the eigenspace of eigenvalue 1 is given by

2Card{j|s; =0} + Card{j|s; # 0}.

Definition 11 Given A € {+1}, we define, for any integer k > 1, a bilinear
form @3, on Ker ((4 — A1d)?*):

Q3+ Ker ((A—A1d)*") x Ker (A - A1d)*) —» R
(v,w) /\Q((A — /\Id)ky, (A - /\Id)k_lw). (21)

It is symmetric.

Proposition 12 Given A € {£1}, the number of positive (resp. negative)
etgenvalues of the symmetric 2-form Qg‘k is equal to the number of s; equal
to +1 (resp. —1) arising in blocks of dimension 2k (i.e. with corresponding
r; = k) in the normal decomposition of A on Vi\ given in theorem 10.

On V}y), we have:
dimV

Zsj = Z Signature(Q3y) (22)
j k=1

PROOF: On the intersection of Ker ((A — AId)?*) with one of the symplec-
tically orthogonal subspaces EY constructed above for an odd p # 2k — 1, the
form @2, vanishes identically. On the intersection of Ker ((A—AId)?*) with a
subspace EY for a v so that p = 2k—1 and Q((A—A1d)*v, (A= A1d)* o) = As
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the only non vanishing component is Q%‘k (v,v) = s.
Indeed, Ker ((A — A1d)?*) N EY is spanned by

{(A=AId)"v;r>0and r+ 2k > p},

and Q((A — Ad)*7v, (A — AId)*~1+7"0) = 0 when 2k + 7 + ' — 1 > p so the
only non vanishing cases arise when r =1’ = 0 and p = 2k — 1.

Similarly, the 2 form Qé\k vanishes on the intersection of Ker ((A — A\Id)?F ) with
a subspace E ® EY constructed above for an even p. O
The numbers s; appearing in the decomposition of A are thus invariant of the
matrix.

Corollary 13 The normal decomposition described in theorem 10 is determined
by the eigenvalue X\, by the dimension dim(Ker(A — )\Id)r) for each r > 1, and

by the rank and the signature of the symmetric bilinear 2-forms Qé\k for each
k > 1. It is unique up to a permutation of the blocks. O

4 Normal forms for 4y, when \ = e'? e ST\ {£1}.

We denote again by p the largest integer such that (A — AId)? does not vanish
identically on E) and we consider the non degenerate sesquilinear form

Q : Ex/Ker(A — Md)? x Ex/Ker(A — A1d)? — C

~

Q([U], [w]) = VQ((A — )\Id)”uﬁ).

Since Q is non degenerate, we can choose v € Ey such that Q([v], [v]) # 0 thus
(A — AId)Pv # 0 and we consider the smallest A-invariant subspace, stable by
complex conjugaison, and containing v : EY & Eg C E)\ @ E5. A basis is given
by

{a; == (A= Nd)'v,b; := (A—XId)’s 0<i,j<p}

We have a; = b; and
o Qai,a;) =0, Qb;,b;) =0 because Q(Ex, Ex) = 0;
o (Na;,b,) =0if i+ k > p+ 1 by equation (14);
e Qa;,b) #0if p=1i+ k by equation (12) and by the choice of v.

We conclude that EY @ Eg is a symplectic subspace.

18



4.1 Ifp=2k—1is odd

observe that Ty, p—1(v) := +Q((A — A1d)*v, (A — A1d)*~17) = s is real and can
be put to +1 by rescaling the vector (we could even put it to 1 exchanging if
needed A and its conjugate). One may further assume, by lemma 8 that

11 . .
T; i (v) = yj]Q((A — Ald)'v, (A= X1d)’D) =0 forall 0<4,j<k-—1.
A
We consider the basis {agk—1,...,ax,bp, ..., bk, bo, ... bx_1, a0, . ..ak—1} for such

a vector v with Ty x—1(v) = s ==£1 and T; ;(v) =0 for all 0 < 4,5 < k —1; the
matrix representing {2 has the form

*|
o

*|
*

*
*

0o %

and we transform it by a Gram-Schmidt method into a symplectic basis com-
posed of pairs of conjugate vectors, extending {bo,...,bk—1,a0,...,a5—1} on
which (2 identically vanishes. We define

1
/
Qo — = =7 ~Q2k—1,
k-1 Q(azkfl,bo)
1

ko1 = oD 1= ayy
-1 = -1 =094
Q(bag—1,a0)

and, inductively on increasing j with 1 < 7 <k

1 -
s = g (e S ).

r=1

/ /
2%k—j Aog—j-

Any al, ; is a linear combination of the agx—; for 1 <@ < j; reciprocally any
ask—; can be written as a linear combination of the af, _; for 1 <14 < j, and the
coefficient of a’gk_j is equal to Q(agk—j,bj—1).

The basis {ab, _1,...,a}, b5 _1,...,0,bo,...,bk—1,a0,... ’akjl} is symplectic,
and in that basis, since A(a,) = Aa, + a,+1 and A(b.) = Ab, + b4 for all
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r < 2k — 2, the matrix representing A is of the block upper triangular form

x 0 0 C
* C 0
J(\ k)T 0

0 JNE)T

where C' is a k X k matrix such that the only non vanishing terms are on the
last column (C% = 0 when j < k) and Cff = Q(ak,br—1) = sA. The fact that

the matrix is symplectic implies that S := J(\, k)C is hermitean; since S% =0
when j # k, we have,

0..00
C=JNE)! < Ll :> =C(k,s,\)

0..00
0 ..0s

and the matrix of the restriction of A to the subspace EY @® Eg has the block
triangular normal form

J(\ k)t 0 0 C(k,s,\)
JN k)Y Ck, s, \) 0
JOE)T 0 (23)
0 J(\ k)T

Writing a’%fj = %(ng_l — ieg;), b’%ij = a’%_j = %(62]‘_1 + ieg;), as well
as aj_1 = %(féjfl —ify;) and bj_; = @1 = %(fijl +if;) for 1 < j <
k, the vectors e;, f; all belong to the real subspace denoted V[f\] of V' whose
complexification is EY @ Eg and we get a symplectic basis

{617"'762k7f17"'7f2k}

of this real subspace V[K] The matrix representing A in this basis is :

Je(N26) 0 Cr(k, s, V)
<(R el (JE(A,%))T) 24

where Jg(e'?,2k) is defined as in (20) and where Cg(k, s, €'?) is the (p + 1) x
(p+ 1) matrix written in terms of two by two matrices as
0 0 0
io\T _ : : :
Cr(k,s,e®)" =s ; o ; (25)
(71)k71R(eik¢) 7R(ei2¢) R(ew)

. igy _ [ cos ¢ —sing
with R(e'?) ( sing cos¢
form of A restricted to V[K]; recall that

) as before and s = £1. This is the normal

s =A"1Q((A - Ad)Fv, (A - N1d)* D).
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4.2 1If p =2k is even

we observe that Q((A—X1Id)*s, (A—A1d)*v) is purely imaginary and we choose
v so that it is Q((A — X1d)*D, (A — A1d)*v) = si where s = +1 (remark that
the sign changes if one permutes A and \). We can further choose the vector v
so that :

Q (A= AId)*v, (A—X1d)F 7)) = Lhsi (26)
1 ) .
T;,;(v) = —Q ((A = Md)'v, (A — X1d)'5) = 0 for all0 < i,j < k — 1;
PN
Indeed, as before, by (11), we have T; ;(v) = —Tj41,(v) — Tiy1,j—1(v) and
T;;(v) = —Tj,(v) and we proceed as in lemma 8 by decreasing induction on

1+

o if Tj ,—1(v) = aq, since Tj_1 x(v) = si — Tj x—1(v) the imaginary part of
oy is equal to $si and we replace v by v — 55 (A — AId)v; it generates
the same A-invariant subspace and the quantities T; j(v) do not vary for

i+ j > 2k but now Ty, ,—1(v) = a1 — §EThk16-1(v) + %Thk(v) =y —
%al — 500 = %si since Ty ,(v) = —Tkt+1,6-1(v) = —si; so we can now
assume Ty, ,—1(v) = %si;

o if Th_1 ,—1(v) = o, this ay is purely imaginary and we replace v by
v — 552 (A — X1d)%v; it generates the same A-invariant subspace and
the quantities T; ;(v) do not vary for i + j > 2k — 1; now Tp_1 ,—1(v) =
a2 — 52T k-1(0) + 52T 1141 (V) = @2 — %ag + %072 = 0. We may thus
assume this property to hold for v.

o if T ox1(v) =a3=—Ti—1k-1(v) = Th—1,k—2(v) = Th—2,k—1(v), this a3
is real and we replace v by v — 572 (A — A Id)3v; it generates and the the
same A-invariant subspace and the quantities 7; ;(v) do not vary for i+j >
2k —2;now Ty 2 —1(v) = a3 — 52 Tpy1,k-1(v) + 52Tk 2 py2(v) = 0, since
Tk+1,k—1(v) = —Tk7k(v) = —Tk_g,k_;,_g(v) = Si; hence also Tk_Lk_g(U) = 0;

e we now assume by induction to have a J > 1 so that T; ;(v) = 0 for all
0<i,j<k—1sothati+j5>2k—1—J;

o if Tk;_JJC_l('U) = QJj41, then Tk;_JJC_l('U) = (—1)']*1Tk_17k_(](11) so that
ajy1 is real when J is even and is imaginary when J is odd; we re-
place v by v — %(A — AId)7*tv; it sgenerates the same A-invariant

subspace and the quantities 7T; j(v) do not vary for i + j > 2k — J,

but now Ty jr—1(v) = ajp1 — A Thp1,6-1(0) + G T g pgs(v) =

ay1 — TS (1) =,
Hence also Ty—ji1,6-2(v) = 0,... Tp—1 k—s+1(v) = 0; so the induction

step is proven.
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Remark 14 For such a v, all T; ;(v) are determined inductively and we have

Tij(v) = 0 ifi+j>2k+1 and forall0<4,j<k—1
Thrpir(v) = (=1)"'si forall 0<r<k
_ ra1 St (r+m)(r—1)!
Tk—r,k+m(v) = (71) EW for all 0 S m S r S k, r>1
Ti;j(v) = Tj:(v) foralli,j.

With the notation a; = (A — AId)%v, b; = (A — X1d)"@, we consider the basis
{a2ka cvey ak:+17 b2k7 ceey bk+17 bk)y bO; ceey bk*l; agy ..., Ak—1, ak}

for such a vector v; the matrix representing €2 in this basis has the form

* 0
0 0 0 0 0
* E3
* 0
0 0 0 0 0
* *
0 0 0 0 * * | st
* * *
0 0 0 0
0 * *
* * *
0 0 0 0
0o F| *
0 0 —Si | * - % 0 0

We transform (by a Gram-Schmidt method) the basis above into a symplectic
basis, composed of pairs of conjugate vectors (up to a factor) and extending

bo,...,bk_l,ao,...,ak_l
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on which € identically vanishes. We define inductively, for increasing j with
1<j<k-1

/ 1 2k 1
= A-Ad)"v= ————
2k Q((A — A1d)?kv, ) ( )" Q(azy, bo) o
/ 1 By 2k— 1
T = — A—\Id =—— by =a
2k Q((A - X1d)%k, 7, v)( )7 Q(bar,, ao) ok o

1 =
agp_j = b)) (azk—j - ZQ(QQk—jabT)QIQk—r>
r=0

Q(a2kfj7 'j
1 =
/PR S SR N o 1O S =ab, .
2k—j Q(bak—j,a;5) <2k ’ ; Gaimgy ) 2kr> ks
k—1
a, = akuQ(ak,bT)aék_r
r=0

o= (b Y e, ) - L
¥ Q(bg, ax) g = et is *

Each a’zkﬂ- is a linear combination of the (4 — AId)?*="v for 0 < r < j. The
basis

!/ / / / /. /
{a2k,...,ak+1, 2ks 2 V41> k,bo,...,bkfl,ao,...,akfl,ak}

is now symplectic. Since A(a,) = Aa, + a,41 for all r < 2k, and A(ag;) = Aazg,
the matrix representing A in that basis is of the form

cZk: d2k
Ay 0 0 o :
Ck'+1 dk'+1
e2k
0 As 0 0
ekl
ek
0 0 JONK)T 0
0 0 0 TN k+1)7

with A(bk,ﬂ = ka71 +Z§:O €k+]’b;€+j, A(ak,ﬂ = )\akfl +a;€+2§:1 Ck+ja;§+j
and A(a)) = A\aj, + Z§=1 dkﬂa;Hj.
1

0 D
D7 E is symmetric, we have

Since a matrix ( > is symplectic if and only if A’ = (D7)~ and

Ay =IO k)L Ay =JN\Ek+1)7"
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and

2k de 62k T
J(A,k)(o : : >= JXNE+D) | o
ck'+1 dk'+1 622’1
This implies
L2k g2k 00 e?k 0
J(A k) R Ll J(Ak+1) s | =
R gkl s1 82 eezl i;

so that s; = A"t and sy = Md*T1. Now

Alay) = A(ak + ZFgakﬂ-) = \aj, + agy1 + Z Figak;+j+1
jz1 §>1
= Aaj, + ap  Qaks1, be—1) + Z ijaﬁcﬂ-+1
jz1

so that d**! = Q(ag,1,br_1) = A%is and sy = Ais. We also have

Alag—1) = Aak—1 + ar = Aag—1 + aj, + Qag, bp—1)ay ., + Z Gja;ﬂ.
Jj=2
so that 1 = Q(ay, by_1) = )\%is and s; = %is.
We have thus shown that the matrix representing A in the chosen basis has
the block upper-triangular normal form

TN k)L 0 0 I\ k)18
JONE+1)" T\ k+1)7187 0 @)
JON k)T 0
0 JOE+1)7

where S is the & x (k + 1) matrix defined by

0 ... 0 0 0
S=SkdN=| : o] (28)
0 ... 0 0 0
0 ... 0 3is M\is

We write aby, ;= %(62%1_"623‘)’ Vo1 = Gppa_j = %(623‘71 +iez;),
as well as a;—1 = %(‘fé]‘_l — ifgj) and bj_l = Gj—1 = %(fgj_1 + ifgj) for
1<j<k,andaj = %(ezkﬂ +id fort1), b}, = —idaj, = %(—fzkﬂ —id eapi1)-
The vectors e;, f; all belong to the real subspace V[K] of V whose complexification

is By @ Eg and we get a symplectic basis

{e1,. .. eant1, f1,- .o, fors1}
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of V[K] In this basis, the matrix representing A is :

0 .. 0
— —1
(RG2m) " |sU%@ | 1 5V FVie) | UN@)
0o "0
0 cos ¢ 0 .. 0 1 0 ssin ¢
0 0
0 . (7=(x2k))" :
0 0
0 —ssing | 0 ... O 0 —s cos ¢

where s = 1, U'(¢),U?(¢), V1(¢) and V?(¢) are real 2k x 1 column matrices

such that )
(_1)k71R(ezk¢>)

(Vi) V3(9) = :
R(e'?)
(_l)k—lR(ei(k+1)¢)
(V@) U%(9)) = z = (VY(0) V(@) (R())
R(e?29)
This is the normal form of A restricted to V[K] Recall that

s = iQ((A — Md)*v, (4 — X1d)").

Theorem 15 (Normal form for A}y, for A € ST\ {+1}.) Let ) € ST\ {£1}
be an eigenvalue of A. There exists a symplectic basis of Vi) in which the matriz
representing the restriction of A to Vi) is a symplectic direct sum of 4k; x 4k;
matrices (k; > 1) of the form

0 0
e(2k) | T s V() s VE(6))
( J) O 0 J k] J k] (29)
0 ‘ (JR(X72]€]'))T
and (4k; + 2) x (4k; + 2) matrices (k; > 0) of the form
—1 0 ' O
(eR2kp) s UR @] 0 FVE@) FEVL@)| UL )
R
0 0 .. 0 1 0 s sin
cogqﬁ ! sO ) (30)
0 . (Je(R2ky)” :
0 0
0 —s;jsing [0 ... 0 0 -5 cos ¢

where Jg(e'?,2k) is defined as in (20), where (Vklj (¢) V,fj(gzﬁ)) is the 2k; x 2
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matriz defined by

(Vi) VE(9) = : (31)

sing cos¢

with R(e'?) = < cos¢  —sing ), where

(U @ U2, 9)) = (Vi (@) V2 (6)) (R(e) (32)

and where s; = 1. The complex dimension of the eigenspace of eigenvalue A
in V€ is given by the number of such matrices.

Definition 16 Given A € S\ {#1}, we define, for any integer m > 1, a
Hermitian form @7, on Ker ((A — A1d)™) by:

Q) : Ker((A—AId)™) x Ker((A—AId)™) — C
(v,w) = $Q((A = AId)kv, (A = XId)*'w)  if m =2k
(v,w) i Q((A = Nd)* v, (A — X1d)*w) ifm=2k+1.

Proposition 17 For A € S\ {£1}, the number of positive (resp. negative)
eigenvalues of the Hermitian 2-form Qf‘n is equal to the number of s; equal to
+1 (resp. —1) arising in blocks of dimension 2m in the normal decomposition
of A on Viy given in theorem 15.

PROOF: On the intersection of Ker((4 — AId)™) with one of the symplec-
tically orthogonal subspaces EY @ Eg constructed above from a v such that
(A= MId)Pv # 0 and (A — AId)Pt1y = 0, the form Q) vanishes identically,
except if p=m — 1 and the only non vanishing component is Q2, (v, v) = s.
Indeed, Ker((A — )\Id)m) N EY is spanned by

{(A=AId)"v;r>0and r+m >p},

and Q;\n((A —Ald)"v, (A — )\Id)"/v) =0 when m +r 4+ — 1 > p so the only
non vanishing cases arise when r =7/ = 0 and m = p + 1 so for Q}),(v,v). This
is equal to +Q((A — A1d)*v, (A = XId)*"'0) = s = s if m = 2k, and to
iQ((A = Ad)kv, (A — NId)") = i(—is) = s if m =2k + 1. O
The numbers s; appearing in the decomposition are thus invariant of the matrix.

Corollary 18 The normal decomposition described in theorem 15 is unique up
to a permutation of the blocks when the eigenvalue \ has been chosen in {\, \},
for instance by specifyng that its imaginary part is positive. It is completely
determined by this chosen A, by the dimension dimc (Ker(A - /\Id)r) for each
r > 1 and by the rank and the signature of the Hermitian bilinear 2-forms Qf‘n
for each m > 1. O
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