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Abstract

Recent studies have shown that Lattice-Boltzmann methods are indeed very

promising in the field of reactive flows. More work is required, however, to

demonstrate its ability to tackle complex reacting cases, as no study – to

the authors’ knowledge – involves simultaneously high Reynolds flows (for

which the collision kernel needs specific care), complex geometries (for which

models are required at the wall boundaries), and non-uniform grids (where

non-conform meshes need to be addressed).

The present study intends to fill that gap, by investigating the well-

known PRECCINSTA burner, including (i) characteristic boundary con-

ditions, (ii) classical turbulent combustion modeling, (iii) multi-level grid

refinements. Combining these elements, numerical simulations of the PREC-

CINSTA burner are carried out, both for the quiet (φ = 0.83) and unstable

regimes (φ = 0.7). In both regimes, results are consistent with those obtained

with classical (Navier-Stokes) solvers, but at a much lower cost. In particular,
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it is the first time that successful prediction of thermoacoustic instabilities in

a complex burner is shown in the framework of Lattice-Boltzmann methods.

Keywords: Lattice-Boltzmann methods; LBM; turbulent combustion;

PRECCINSTA; TFLES; combustion instabilities

Introduction

Lattice-Boltzmann methods (LBM) are attracting more and more atten-

tion in the field of computational fluid dynamics, due to (i) the low arithmetic

intensity of the nearest-neighbors lattice LBM [1] leading to very competi-

tive CPU efficiency – including for reacting flows [2] – and (ii) its associated

octree and cut-cell strategies, able to discretize rapidly very complex geome-

tries, e.g. full-scale aircrafts [3]. Very recently, Bellotti et al. [4] proved

rigorously LBM to be equivalent to a multi-step explicit macroscopic finite

difference scheme on conserved moments, but LBM requires a shorter spatial

stencil (at the cost of a higher number of variables).

Initially designed for isothermal flow with constant sound speed [5–8], ad-

justments for thermal and compressible flows were proposed in the past years

[9–14] with undeniable success. The most recent applications of such models

include simulations of supersonic cavities presented by Singh et al. [15], large

eddy simulations of thermal impinging jets by Nguyen et al. [16], and of a

3D wing in transonic regime by Coratger et al. [17].

Realizing the advantages of such a framework, different groups have re-

cently undertaken major steps towards Lattice-Boltzmann modelling of react-

ing flows [18–25], with a clear acceleration in recent years. Among the promis-

ing methods is the Hybrid compressible Lattice-Boltzmann method [21, 22],
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which allows tackling flows with an arbitrary equation of state and transport

models in a straightforward way.

Given (i) the excellent dissipation properties of LBM for acoustic prop-

agation [26], including for hybrid methods [12, 13] for which vortical and

acoustic mode propagations are convected by the LBM scheme [27–29] while

species/entropy modes are convected with a specifically designed scheme

[30, 31] ; and (ii) the success encountered in simulating burners with complex

geometries [23, 25] for a reasonable cost, the next logical step is to investigate

and develop LBM able to model thermo-acoustic instabilities.

This was performed for the first time last year, in a canonical narrow

tube configuration [32], validating the thermoacoustic behavior of the hybrid

method. In particular, the study validated the self-excitation of the flame

in a quarter-wave unstable mode observed both experimentally [33, 34] and

numerically [35, 36]. Comparisons were also performed with DNS predictions

of Jiménez et al. [36].

The challenge is now to assess this hybrid LBM on a configuration close

to aeronautical applications in terms of Reynolds number, Mach number but

also geometry complexity. For this study, the PRECCINSTA (PREdiction

and Control of Combustion INSTAbilities) burner is selected as (i) the ex-

periment was specifically designed to be representative of an aeronautical

injection system ; (ii) it has been widely characterized experimentally [37–

40] ; (iii) it has been widely used in the literature to calibrate and validate

the turbulent combustion numerical and modelling strategies both in stable

and unstable regimes as recalled in the following.

Early Finite Volume LES studies were initiated by Lartigue et al. [40] who
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performed the first non-reacting LES of the burner and identified the Pre-

cessing Vortex Core (PVC), a characteristic structure of such swirled flows

governing flame stability. Several reacting computations have then been con-

ducted on the PRECCINSTA burner to validate numerous turbulent combus-

tion models, mainly on stable operating conditions. Presumed PDF modeling

coupled with tabulated chemistry was assessed by Galpin et al. [41]. Later,

an extension of tabulated chemistry was derived by Fiorina et al. [42] using a

spatial filtering formalism to better cope with LES mathematical framework

(F-TACLES model). After that, a first DNS (except for boundary layers) of

the burner has been reached by Moureau et al. [43] using tabulated chem-

istry. In the same study, the authors used these reference results to improve

the flamelet filtering concept to better account for subgrid-scale wrinkling

(FLF-PDF model). A similar coupling between Filtered Density Function

and low-dimensional manifolds (REDIM model) has also been validated on

the PRECCINSTA burner by Wang et al. [44]. Later, the dynamic estimation

of the subgrid-scale wrinkling function has also been validated a priori on the

DNS database [43] by Veynante and Moureau [45]. PRECCINSTA was also

used to benchmark combustion modeling approaches. See and Ihme [46] pro-

posed a comparison of two tabulated chemistry approaches on the prediction

for major species. Diffusion flamelets tabulation (FPV model) was compared

to premixed flamelets tabulation (F-TACLES model) and sensible variations

were found in the flame base region. After this comparison of chemistry

modeling, the turbulent combustion closures have also been benchmarked

by Wang et al. [47]. Both Dynamic Thickened Flame and Flame Surface

Density models were considered to this end. Later in 2019, heat losses at
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the walls of the burner were accounted for within the numerical modeling

by Bénard et al. [48] who showed that the outer flame branch was in fact

quenched by the cross-effect of heat losses and strain rate. Unstable oper-

ating conditions have also been investigated using LES. Among others, the

work of Franzelli et al. [49] in 2012 showed a very good agreement with avail-

able measurements both on stable and unstable cases with the Thickened

Flame Model. Later, Fredrich et al. [50] used a transported PDF approach

to capture properly unstable operating points. To the authors’ knowledge,

the first reacting computation based on an LBM framework was performed

recently by Hosseini et al. [25], also using a hybrid LBM approach. This

study was however carried out in the low-Mach approximation, thus being

incompatible with thermo-acoustic studies. Another important difference is

the non-uniform discretization adopted here, allowing for mesh convergence

study on complex geometry, and significantly reduced CPU costs.

The objective of this work is therefore to assess the ability of the hybrid

compressible Lattice-Boltzmann method [17, 23] to tackle this aeronautical-

like turbulent premixed flame in both thermoacoustically stable and unstable

regimes. The first Section of this article will describe the numerical strat-

egy including the turbulent combustion modeling choices. Then, the second

Section will analyze the simulation of the stable operating condition of the

burner. A third section will detail the results obtained using the same nu-

merical strategy under unstable operating conditions.
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1. Lattice-Boltzmann method for the PRECCINSTA burner

1.1. Governing equations

In the present work, the classical fully compressible Navier-Stokes (NS)

equations for reactive flows are considered. Conservation laws of mass, mo-

mentum, total energy and species mass fractions read

∂ρ

∂t
+

∂ρuβ

∂xβ

= 0 (1a)

∂ρuα

∂t
+

∂ρuαuβ

∂xβ

= − ∂p

∂xα

+
∂ταβ
∂xβ

(1b)

∂ρE

∂t
+

∂ρuβE

∂xβ

= −∂puβ

∂xβ

+
∂ταβuα

∂xβ

− ∂qβ
∂xβ

(1c)

∂ρYk

∂t
+

∂ρuβYk

∂xβ

=
∂Jk

β

∂xβ

+ ω̇k (1d)

where ρ is the density, uα the α-th component of the velocity, E the total

energy (sum of internal e and kinetic energies κ)

E ≡ e+ κ = h− p

ρ
+

1

2
u2 =

Nsp∑
k=1

(Ykhk)−
p

ρ
+

1

2
u2 (2)

where hk is the enthalpy of species k

hk ≡
∫ T

T0

cp,k(θ)dθ +∆0hk (3)

with cp,k is the constant pressure heat capacity of species k and ∆0hk the

formation enthalpy.

The species and thermal diffusion terms (Jk
β , qβ, respectively), viscous

tensor ταβ and chemical source terms ω̇k require modelling, as defined here-

after.
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1.2. Models

In practice, the governing equations are solved under their filtered form,

with all closure terms provided in Appendix A. The closure models used are

summarized below.

Equation of state. The ideal gas Equation of State (EOS) is employed here-

after. Internal energy/enthalpy is linked to the temperature T and species

fractions through the classical NASA polynomials [51].

Transport model. Thermal and species properties are obtained assuming con-

stant Schmidt (for each species) and Prandtl numbers, from a temperature-

defined viscosity: µ = µ0(T/T0)
0.7. Their turbulent counterparts are ob-

tained assuming constant turbulent Schmidt and Prandtl numbers Prt =

Sct = 0.7.

Chemical source term. Here, the methane/air chemical mechanism proposed

by Franzelli [52] is used, consisting of 2 global reactions among 6 species

(CH4, O2, CO2, H2O, CO, N2). The chemical source term is integrated

explicitly under the exponential form, as shown in [53].

Turbulent model. The turbulent viscosity νt is obtained via the Vremann

model [54], as described, e.g. in [17].

Turbulent combustion model. The classical thickened flame model [55] is used

in its most recent version [56]. The objective of the model is to thicken the

flame (detected by sensor S) according to the grid resolution while preserving

its velocity by multiplying the diffusion term and dividing the chemical source

term by F . The subgrid wrinkling effect is accounted for via an efficiency
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function Ξ [57, 58], in its form proposed by Rochette et al. [59]. Further

details are available in Appendix A.

1.3. Hybrid compressible Lattice-Boltzmann method for reactive flows

The filtered NS equations (A.1) are resolved using the hybrid compress-

ible Lattice-Boltzmann method [17]. Flow fields (density, velocity) are cal-

culated using the density-based unified hybrid LBM framework proposed for

compressible flows [13], using a D3Q19 lattice.

In this model, the energy and species conservation are resolved in a Finite

Difference (FD)/Finite Volume (FV) like manner. Thermal and species dif-

fusion are discretized with second-order centered numerical schemes [21, 23].

At the algorithm center lies the convective operators. Convective terms

in energy and species transport equations are evaluated using the LBM

populations to achieve consistency between the LBM and FD/FV meth-

ods [30, 60]. The energy flux is discretized with a newly designed pseudo

Double-Distribution-Function (pseudo-DDF) method detailed in Appendix

B. The species flux is resolved using the monotone numerical scheme pro-

posed in [30, 61] specially designed for mass fraction transport,

∇ · (ρũỸk) ≡ −
∑
i

∆mi

 Ỹk(x, t) if ∆mi ≤ 0

Ỹk(x+ ci∆t, t) otherwise.
(4)

with

∆mi ≡ fī(x+ ci∆t)− fi(x) (5)

where ī represents the lattice in the opposite direction of i. This numerical

scheme constructs the species flux according to the difference of the probabil-

ity distribution function (PDF) of this specie between neighbor lattices, an
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approach more physical than classical methods [61]. The basic idea of this

method is to construct the species flux based on the information embedded in

the distribution functions. From a certain point of view, the resolved species

field follows the Boltzmann equation instead of the Navier-Stokes equation,

which is more fundamental and physical in a Lattice-Boltzmann framework.

1.4. Numerical set-up

Large-eddy simulations of the PRECCINSTA burner are conducted in

the following Sections to assess the performance of the hybrid LBM solver.

All simulations are carried out in the ProLB solver.

Simulation domain and meshes. The burner simulation domain is repre-

sented in Fig. 1, with a large downstream plenum to reduce acoustic re-

Inlet

Plenum

Swirler Combustion Chamber

110mm

Outlet

85
m
m

p

c

Figure 1: Global view of the PRECCINSTA setup along with the indication of the plenum
(p) and chamber (c) probe locations.

flections from the burner outlet [40], visible e.g. in Fig. 2. Three meshes

(M0,M1,M2) are tested to study the convergence of the simulation as shown

in Tab. 1. The mesh topology is presented in Fig. 2. Configurations M0
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and M1 include five levels of mesh refinements: two in the combustor re-

gion (represented in Fig. 2.b), and another three in the outlet plenum (Fig.

2.a). The outlet plenum is the coarsest region, while the flame region is the

finest, in a “V” shape characteristic of the swirl flame. The finest mesh M2

is obtained from M1 by adding a V-shaped finer sub-region (thus resulting

in 6 mesh levels) while keeping the grid constant everywhere else. At each

mesh transition, the grid size is doubled/halved, and so is the time step.

The finest region of M2 corresponds to ∆x = 0.15mm. The total number of

points, minimum grid size, and the corresponding numbers of points in flame

thickness are reported in Tab. 1.

Table 1: Mesh configurations

M0 M1 M2

No. of pts. 2.4M 19.9M 81.2M
Minimum ∆x 0.6mm 0.3mm 0.15mm
Pts. in thickened δLT 6 6 6

Boundary conditions. Boundary conditions are prescribed as follows: i) the

inlet of the burner is set a non-reflecting inlet characteristic boundary condi-

tion [62], ii) the outlet is far-field pressure non-reflecting characteristic con-

dition [63] and iii) walls are modeled as non-slip adiabatic walls.

Calculation initialization. The initialization is trivial for the M0 mesh:

• uniform (atmospheric) pressure,

• uniform velocity (inlet velocity u = 24m/s),

• fresh gases at 300K until the swirler exit (i.e. for x < 0),
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(a) Global topology

(b) Refinement near flame region

(c) Zoomed view near burner injector. Left M0, right M1.

Figure 2: Mesh refinement strategy represented along the axis cut plane.
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• burnt gases for x > 0, at the adiabatic temperature.

In other words, no cold flow simulation is required (e.g. setting ω̇k = 0), nor

on-the-fly parameter change. After M0 mesh simulation, Mn calculations

are initialized through interpolation of Mn−1 results. They are then carried

out for 7tc, for stabilization, and again for 18tc, for statistics. Here, the

characteristic convective time tc ≈ 2ms is defined as a ratio of the flame

length and bulk inlet velocity. The flame parameters of the investigated

cases are given in Tab. 2.

Case ϕ Tad (K) δLT (m) F Inlet velocity (m/s) Pth (kW)
Quiet 0.83 2058 0.41× 10−3 5 24.0 30

Unstable 0.7 1847 0.55× 10−3 3.5 24.0 25

Table 2: Simulation parameters for the quiet and unstable modes.

2. Large eddy simulation of the quiet mode

2.1. Qualitative agreement

Instantaneous axial cut-plane fields from the simulation M2 are shown in

Fig. 3. The flow and scalar fields are well recovered as well as the pressure

drop across the swirler. The Q-criterion fields in Fig. 3(a) indicate the main

vortex has been successfully generated by the swirl injector. A 3D volume

view rendered by the heat-release rate is provided in Fig. 3(b). One can see

that the M-shape flame is curved by the flow field quite significantly in the

Heat Release Rate (HRR) fields (Fig. 3(d)), as well as the capturing of the

unburnt pockets. Other configurations achieve similar global flow topology,

although the M1, M0 simulations capture much less small-scale details.
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(a) Q-criterion (b) Flame

(c) Temperature (K) (d) HRR (W/m3)

(e) Pressure (Pa) (f) Velocity (m/s)

Figure 3: Instantaneous flow fields.
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2.2. Statistics on the cut-planes

The statistical results are considered on the cut-planes orthogonal to the

burner axis in the combustion chamber. Quantities at cut-planes 6, 10, 15,

20, 30, and 40 mm from the injector exit are averaged azimuthally and pre-

sented with respect to the distance to the center in Fig. 4. These statistics

are performed as temporal averages over at least two flow-through times.

Experimental measurements are shown with black symbols when available.

A reference simulation performed on a 2.4 × 106 nodes unstructured mesh

(∆x = 0.6 mm) by Moureau et al. [43] with YALES2 solver using a tab-

ulated chemistry approach is also provided. The average curves from the

left column show a good agreement with the experimental/reference data

starting from the coarsest grid M0. Note that the temperature behavior in

the Outer Recirculation Zone (ORZ) is not well captured for all the config-

urations (M0,M1,M2), because heat losses are neglected here [48]. The M1

and M2 configuration correctly predicts the temperature, velocity and major

species in the Central Recirculation Zone (CRZ) as well as the flame front.

However, M0 configuration underestimates these quantities in the CRZ due

to the loss of information given the large grid size. This is more evident

through RMS values. Although the results are not so good for RMS profiles,

the mean profiles show fairly good agreement with the experimental data.

The M2 simulation is slightly better than M1 in RMS reproduction and al-

most the same for the mean profiles. Hence, the difference of results between

the two grid sizes is marginal. Furthermore, it is clear from the profiles pre-

sented in Fig. 4 that reasonable grid convergence is achieved. It is observed

that the coarse grid (M0) produces the largest error compared to finer grid
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sizes, whereas, M1 grid captures sufficient information to produce compara-

ble results to that of the experiments. Finally, M2 results are slightly better

as it captures smaller structures. In conclusion, this grid size is not necessar-

ily required in order to achieve good agreement with the experimental data.

The remainder of the study will hence focus on the M1 discretization only.

3. Large eddy simulation of the unstable mode

Having recognized the capacity of LBM to perform studies on thermoacous-

tic instabilities in [32], we now extend it to the PRECCINSTA combustor.

At the operating conditions ϕ = 0.7 and Pth = 25kW, the combustor was

shown to exhibit self-excited thermoacoustic instabilities [37, 64, 65] which is

characterized by the pulsations of the flame up and down the stream in the

combustion chamber. Considering the above operating conditions, and using

the same characteristic boundary conditions, thickening model and mesh M1

as in the quiet flame case, let us now study the pressure history at the two

probes identified in Fig. 1.

The pressure drop (difference of pressure between plenum probe Pp and

combustion chamber probe Pc) is plotted for both quiet and unstable modes

in the Fig. 5. The mean pressure drop (∆P ) for both quiet and pulsating

cases is around 1500 - 1800 Pa [64], but the maximum pressure drop for the

pulsating case is much higher and the minimum reaches negative values every

oscillation cycle. This certainly can be seen as one of the predictors for the

onset of instability in this configuration.

The fluctuations of pressure signals in the plenum and combustion cham-

ber are plotted in Fig. 6. As in the experiment [37], it can be seen that the
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Figure 4: Quiet (or Stable) operating point (ϕ = 0.83). Average (left column) and RMS
(right column) values at cut planes vertical to the burner axis in the combustion chamber.
Temperature (K) , CH4, CO2, Axial velocity (m/s) (from top to bottom). Black solid
squares (experimental), red solid triangles (YALES2 M0 reference), blue dotted line (M0),
red dashed line (M1) and black solid line (M2)
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Figure 5: Pressure drop ∆P between the inlet plenum and the combustion chamber.
Unstable (or pulsating) flame ϕ = 0.7 (black solid line) and Stable (or quiet) flame ϕ =
0.83 (orange dashed line)

trace of plenum pressure fluctuation (black) Pp is smoother than the com-

bustion chamber Pc and that it lags behind the combustion chamber (blue).

The power spectral density (PSD) of the plenum and chamber pressure fluc-

tuation signals are plotted in the Fig. 6, and as observed the peak of the

self-excited frequency obtained corresponds to 340 Hz and its harmonic can

also be seen at around 680 Hz. It is also surprising to note that the power of

the main frequency is slightly greater in the plenum whereas the harmonic

seems to be stronger in the combustion chamber.

The time-averaged mean and RMS profiles of temperature and CO2 mass

fractions for the pulsating case are shown in Fig. 7. The match is reasonable

for the mean profiles except for the already above-mentioned over-prediction

on the ORZ due to adiabatic walls. The RMS profiles of temperature and

CO2 mass fraction clearly show the pulsations on the CRZ, but they are

slightly under-predicted. These fluctuations of temperature and CO2 mass
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Figure 6: Unstable (or pulsating) (ϕ = 0.7). Dynamic fluctuations of pressure in the
plenum (solid in black) and chamber (dot-dash in blue) and their respective power spectral
density (PSD) signals.
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fraction can also be seen as a clear illustration of the difference between the

quiet and pulsating cases.
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Figure 7: Unstable (or pulsating) (ϕ = 0.7). Average (left column) and RMS (right
column) values at cut planes vertical to the burner axis in the combustion chamber. Tem-
perature (K) and CO2 (from top to bottom). Red solid squares (experimental) and black
dashed line (M1)

Finally, Fig. 8 depicts the temporal fluctuations of total heat release rate

and pressure in the combustion chamber Pc, showing that they are in phase.

This indicates that the instability is fed by flame/acoustics coupling [37, 49,

65]. It should also be noted that these modes are also observed in the stable

case, but their amplitudes are quite small.
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Figure 8: ”In-phase” relationship between pressure fluctuations in the chamber (dot-dash
blue line) and the total heat release fluctuations (solid red line) (ϕ = 0.7)

Considering that the pressure drop is almost in phase with the plenum

pressure fluctuations Pp, we plot the cycle of self-sustained oscillations as

a function of plenum pressure fluctuations alongside the total HRR fluctu-

ations in the Fig. 9. The eight phase angles are chosen approximately in

accordance with Meier’s experiments [37], only four of them are depicted

here for clarity. The plenum pressure is minimum at phase Ph1, but since

the heat release rate and chamber pressure fluctuations lead, they are grow-

ing rapidly. The combustion chamber pressure and the combustion intensity

reach their maximum just after Ph3. This maximal chamber pressure forces

the flame back upstream and the flame starts to disintegrate. The plenum

pressure is maximum at phase Ph5, and since the drop of fluctuations is faster

than their growth, the flame has already disintegrated quite a lot and moved

back upstream. After this, the plenum pressure starts dropping rapidly and

at phase Ph7, the combustion intensity reaches its minimum. The significant

positive pressure drop between the plenum and chamber starts to force the
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flame downstream, re-initiating the cycle again.
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Figure 9: Illustration of instantaneous phase-locked isocontours of HRR with the temporal
fluctuations of plenum pressure (black) and total HRR (red)

4. Concluding remarks and perspectives

We have presented a detailed numerical study of both quiet and unsta-

ble modes of the PRECCINSTA burner for the first time using a Lattice-

Boltzmann solver. The study confirms that the Lattice-Boltzmann methods
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are highly promising for the simulation of reacting flows in complex geome-

tries, including the prediction of thermoacoustic instabilities.

Results are found to be comparable with those obtained with Navier-

Stokes solvers and converge for a reasonably coarse mesh in the stable con-

figuration (20M grid points) – at least for mean and RMS quantities. The

unquiet configuration is also quite accurately recovered, given this study is

the first of its kind. To improve predictions, we believe it is necessary to

improve the turbulent combustion model (using, e.g., more advanced ap-

proximations for the efficiency exponent or a PDF turbulent model), use a

more detailed kinetic description, and carefully take into account heat losses.

This will be the focus of future studies.

On a concluding note, the method is also highly efficient, with numerical

costs on the order of 5µs of CPU time per iteration per grid point (reduced

computation cost, RCT), excellent by the standards of reactive simulations

(see, e.g. [66]). Translating to a perhaps more visual figure, this corresponds

to about 450 CPU hours per convective time tc for M1 calculations, or less

than 12000 CPU hours for a full M1 run (including the initial M0 run).

There are still several areas where improvements are needed. Firstly,

we treat the temperature boundary conditions on solid walls as adiabatic,

which can lead to inaccuracies in the temperature field near the wall. To

address this issue, we will incorporate wall temperature/heat flux measure-

ments into our simulations to ensure greater accuracy. Secondly, the current

study uses the two-step BFER chemistry mechanism, but we believe that

more detailed chemistry mechanisms should lead to greater accuracy in our

simulations. Specifically, the 17 species reduced chemistry [67] used in the
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reference YALES2 simulations will be tested, which may help capture more

inner flame structures currently lacking in our simulations, especially in the

M0 simulation, regarding the low RMS values in M0 simulations near the

flame region. Finally, the impact of flame turbulence models on flame dy-

namics will be further investigated, especially in unstable cases. As discussed

in [65], the evaluation procedure of the exponent parameter for the sub-grid

wrinkling factor in the TFLES framework influences the flame-acoustic inter-

actions. Exploring this issue under the hybrid-LBM framework may lead to

a better understanding of how different flame turbulence model parameters

can impact flame dynamics.
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Appendix A. TFLES filtered equations

Large-eddy simulations are performed over the filtered form of the NS

equations (1),

∂ρ

∂t
+

∂ρũβ

∂xβ

= 0 (A.1a)

∂ρũα

∂t
+

∂ρũαũβ

∂xβ

= − ∂p̂

∂xα

+
∂τ̌αβ
∂xβ

(A.1b)

∂ρẼ

∂t
+

∂ρH̃ũβ

∂xβ

=
∂τ̌αβũα

∂xβ

− ∂q̌β
∂xβ

(A.1c)

∂ρỸk

∂t
+

∂ρũβỸk

∂xβ

=
∂J̌k

β

∂xβ

+ ˇ̇ωk (A.1d)

in which · denotes the filtered values, ·̃ the Favre filtered quantities, ·̂ the

resolved variables and ·̌ the modeled terms. The turbulent viscous tensor is

modeled as

τ̌αβ ≡ (µ̂+ µt)

(
∂ũα

∂xβ

+
∂ũβ

∂xα

− δαβ
2

3

∂ũγ

∂xγ

)
. (A.2)

with µt the sub-grid turbulence viscosity, which is calculated using the Vre-

man model [17, 54] in the current study.

The classical thickened-flame framework [55, 57–59] is chosen to simu-

late the turbulent premixed flame. The heat transfer, species diffusion, and

chemistry source terms in the above equations are evaluated as

q̌α = −
[
SFΞλ̂+ (1− S) (λ+ λt)

] ∂T̂

∂xα

+

Nsp∑
k=1

ĥkJ̌
k
α (A.3a)

J̌k
α =

[
SFΞ + (1− S)

(
1 +

Dk,t

Dk

)]
Ĵk
α (A.3b)

ˇ̇ωk = S Ξ

F
ˆ̇ωk (A.3c)
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The factor S is a flame sensor whose value is one inside the flame and zero

otherwise. So, outside the flame (i.e. S = 0), this method simply adds

the sub-grid heat and species diffusion using turbulence conductivity and

diffusivity,

λt =
µtĉp
Prt

, Dk,t =
µt

ρSct
, (A.4)

where Sct and Prt are the turbulent Schmidt and Prandtl numbers respec-

tively. Inside the flame region (S = 1), the flame thickness is artificially

enlarged by F times to be well resolved by the mesh grid, and the sub-grid

wrinkling factor Ξ is considered to compensate the turbulent flame speed

lost due to the thickening of the flame. It is evaluated following a dynamic

procedure introduced in [59], i.e.

Ξ =

(
∆

δ0L

)β

(A.5)

with ∆ the LES filter size, usually taken around the thickened flame thickness

and δ0L the laminar flame thickness. The exponent β is set to 0.5 in this study.

Appendix B. The pseudo-DDF spatial derivative method

The pseudo-DDF method for total energy flux has just been developed

recently inspired by the DDF method, which is quite widely used in the LBM

community, and the conservative schemes for scalar transport in hybrid LB

methods [30]. It is evaluated from a constructed population on neighbor

lattices

∇ · (ρũH̃) =
1

∆t

19∑
i=1

[
fH
i (x, t)− fH

i (x− ci∆t, t)
]

(B.1)

where ci is the discrete velocities of the i-th lattice, and fH
i is constructed

from the collide population of the flow fields fi (detailed expression of this
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population can be found in [13]) as

fH
i (x, t) ≡ H̃(x, t)fi(x, t) + fH,neq

i (x, t). (B.2)

The off-equilibrium counterpart fH,neq
i is obtained from its first-order Hermite

coefficient as

fH,neq
i (x, t) = ωi

(
3∑

α=1

ciαa
H,neq
α (x, t−∆t)

c2s

)
(B.3)

where ωi is the weight of the lattice i and the Hermite coefficients are con-

structed as

aH,neq
α (x, t) =

∆t

2

(
(ρũαH̃)(x, t)− ciα(f

H̃
i )(x− ci∆t, t)

)
(B.4)

This new numerical scheme mimics a Double Distribution Function (DDF)

method using only three new degrees of freedom (aH,neq
α ) for one scalar in-

stead of 19. It yields excellent stability as well as second-order space/time

accuracy. Figure B.10 reports the order of convergence of such a scheme mea-

sured by a one-dimensional passive scalar transport test. The relative error

obtained from different numbers of grid points confirms that the designed

scheme achieves second-order accuracy.
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Figure B.10: Convergence order of the pseudo-DDF method.
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