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Spin susceptibility of nonunitary spin-triplet superconductors
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(Dated: December 22, 2022)

The spin susceptibility is an important probe to characterize the symmetry of the order parameter
in unconventional superconductors. Among them, nonunitary triplet superconductors have attracted
a lot of attention recently in the context of the search for topological superconductivity. Here, we
derive a general formula for the spin susceptibility of nonunitary triplet superconductors within
a single-band model of non-magnetic, centrosymmetric materials with strong spin-orbit coupling.
We use it to critically assess experimental claims of nonunitary triplet superconductivity in some

materials.

Introduction.— Unconventional superconductors ex-
hibit exotic properties related to the unusual symme-
tries of the complex order parameter that describes the
Cooper pair wave function [1-3]. In centrosymmetric
crystals, pairs have either a spin-singlet or spin-triplet
wave function. A further distinction exists between uni-
tary and nonunitary spin-triplet states. In the nonuni-
tary case, the contributions from opposite spins are un-
equal. As a consequence, time-reversal symmetry is bro-
ken and the excitation spectrum consists of two non-
degenerate bands. Inversely, chiral triplet superconduc-
tors [4], in which Cooper pairs bear an orbital magnetic
moment, belong to the class of topological supercon-
ductors with broken time-reversal symmetry [5] and are
generically nonunitary in the presence of spin-orbit cou-
pling (SOC) [6].

The spin susceptibility is a common probe of the
order parameter symmetry, and can be inferred from
Knight shift or polarized neutron scattering measure-
ments. While it allows for a clear distinction between
spin-singlet and unitary spin-triplet states, surprisingly,
so far the case of nonunitary states has not been fully
explored. Here we provide a theory of the linear spin
susceptibility of nonunitary spin-triplet states and apply
it to group theoretically admissible nonunitary phases of
specific crystal symmetries in the presence of strong SOC.

So far, nonunitary pairing was only firmly established
in the field-induced A; phase of Helium 3 [1, 7]. It is also
strongly suspected to occur in ferromagnetic supercon-
ductors UGes, UCoGe, and URhGe because of the large
mismatch of the spin bands, which favors parallel-spin
pairing [8]. Nonunitary triplet superconducting phases
have also been discussed in various non-magnetic mate-
rials, such as U;_,ThyBeys [9], UPts [10], SroRuOy4 [11],
and UTes [12]. Our theory provides a unifying frame to
interpret the spin properties of any triplet superconduc-
tor. We discuss spin susceptibility measurements in the
above-mentioned non-magnetic compounds in the light
of our results.

Model.— We consider a single-band model of a cen-
trosymmetric and non-magnetic metal, such that one
can distinguish between singlet and triplet supercon-
ductivity. Within the quasiclassical theory of super-

conductivity [13-16], the components of the magneti-
zation carried by the spins of the conduction electrons,
M = (M,, M,, M), are [17]

7
M, = Mév + Em/ouBgaTZTr (CaTafxwix (1)

w

(a = z,y,z). Here, the first term is the normal-state
contribution, MY = xN H,, which is induced by an ex-
ternal magnetic field H = (H,, H,, H,) with components
H, along the principal axes of the magnetic susceptibil-
ity tensor. It is determined by xY = (g2/4)xp, where
xp = 2vpu% is the Pauli susceptibility, vy is the density of
states per spin in the normal state, up is the Bohr magne-
ton, and g, are (possibly anisotropic) Landé factors [18].
The second term in Eq. (1) is induced by superconducting
correlations. It is expressed in terms of the quasiclassi-
cal Green function gy, at momentum k on the Fermi
surface and Matsubara frequency w = (2n + 1)7T" (inte-
ger n), where T is the temperature. The quasiclassical
Green function gk, is a 4 x 4 matrix in spin and Nambu
spaces with associated Pauli matrices 0, . and 7,4 2,
respectively. Furthermore, (- -)x denotes averaging over
the Fermi surface and we take units with A = kg = 1.
To evaluate Eq. (1), we need gk, that solves

[wT, + Ax —ih - 0, ji.w] = 0, (2)

together with the normalization conditions g{iw =1 and
Tr gk, = 0. Equation (2) accounts for the Zeeman field,
h = (hg, hy,h,) with h, = %gauBHa, and the spin-
triplet order parameter dy that enters the gap matrix

Ak = (AOL A()k) with Ak = dk 0. (3)

According to the symmetry analysis of unconventional
superconductivity [2, 3], a nonunitary phase may ap-
pear when the superconducting transition occurs in an
irreducible representation (IR), T', of the crystal’s point
group with dimension dr > 2. The order parameter then
factorizes as

dr dr
dx = A(T) Z NaPk,a) Z |770c|2 =1, (4)
a=1 a=1



where A(T) is a common, T-dependent factor, and the
no-coefficients are weights in front of the basis functions
of I'. At strong SOC, the spin-momentum structure is
described by the vectors 1y, q, such that

(Yx,0 - i g)k = dap, (5)

which are locked to the same principal axes as for the
magnetic response in the normal state. The set of com-
plex coefficients A(T)n,, should satisfy the self-consistent
gap equations,

AT =25 S T, o e ()

lw|<&

where we introduced 7_ = (7, —i7,)/2, and A is the effec-
tive pairing amplitude taken constant within an energy
window, £, around the Fermi level.

Susceptibility.— To find the linear response for the mag-
netization, we need to solve Eqs. (2)-(6) perturbatively
in the field with gi ., = 91(<OZ; + gfjﬂ) + ...
in the field, we find

A= 5y

where Qi = wr, + Ag and Q4 = (w? + |di|? £ |qi])'/?
with qx = idk x dj; real.

Nonunitary phases are characterized by qx # 0. Thus
their (angle-resolved) quasiparticle density of states at
energy E, n(E) = (vo/4)Re[Tr7,Jk ] after analytic
continuation iw — E +i0%, displays a two-gap structure
with gaps A+ = (|di|? & |qix|)'/?. We further distin-
guish nonunitary phases with di = 0 from the generic
case, di # 0. In the former case, Ax_ = 0 and the
gap vanishes over the whole Fermi surface [19]. It re-
flects that electrons with spins (anti)parallel with qy are
(un)paired.

In zeroth order

¢ (7)

(1+qx-o7.), Q= Tl

Qki

4Xab = 0ap — QWTZ

In general, to find which combination of the basis func-
tions is favored below the critical temperature, T, ~
1.13Ee~'/* in the weak-coupling regime A < 1, and
what is the associated gap A(T), one should minimize
the energy functional whose saddle point is given by the
gap equation, Eq. (6). Actually nonunitary phases are
seldom favored when A <« 1 (Refs. [20, 21] work out
some examples within Ginzburg-Landau (GL) theory, at
T, — T <« T.). The feedback of spin fluctuations on the
order parameter (akin to strong coupling) is usually in-
voked for stabilizing them [22]. In this work, we assume
that these effects allow fixing T-independent[23] weights
N such that qx # 0. Then the self-consistent Egs. (6),
together with Eq. (7), reduce to a single equation,

l_ﬁz |9ic]® £ |9 x i
X7 2 S\ VP A D)Wkl E e < 9l
(8)
Here ¥k = Y, Na¥k.a, such that dx = A(T)yx and
(It = 1.

Note that {qx)x is the spin carried by the Cooper pairs’
condensate. (It may vanish even in nonunitary phases.)
However, in the absence of a magnetic field, the total
magnetization remains zero [1], as readily shown insert-
ing Eq. (7) into (1) [24]. To find the contribution of su-
perconductivity to Eq. (1), we thus need the first-order
correction in the field,

(1) _ 1

{—z‘Qk[h -1, Al (9)

s = Q) A+ e~ (e + + Q)
s — e 1
Y S 4 h-o)b.
(Qk,++9k,_qk or:+5 ) (@ xh-o)

Inserting § ( ) into the r.h.s. of Eq. (6) does not yield
additional contributions. Thus A(T) does not depend on
the field in linear order in h. We then insert Eq. (9) into
(1) to find the linear susceptibility, x5, = M, /0H, [25]:

Jago X P

evaluated with A(T) obtained from Eq. (8). To the best
of our knowledge, this formula is new. Reference [26]
derives a formula that is equivalent to Eq. (10) for two
components of the spin susceptibility tensor only in the
case of the point group Dsp, which we discuss below. In
the following, we analyze our main result, Eq. (10), in
different regimes.

At qx = 0, Eq. (10) reduces to the textbook formula

(D + D, )*Re(didy, ,di ) +
| |2+ Qi —

(w? + e+ e ) (AE6ab — Gic,aTicp) (10)
(Dt + Q)3 .

[
for unitary triplet phases [1, 3]:

g:iffp = (YD) dicadicy + (9a = dicadicy) ) (11)

with dy = dy/|dk| and the angle-resolved Yosida func-
tion,

|die|?
Yie( _1_7TTZ (w2 + [dy[2)3/2 (12)

which also appears in the spin susceptibility of spin-



singlet superconductors [27], replacing dy with the sin-
glet order parameter. In particular, Yix(0) = 0 and
Yx(T.) = 1. In the unitary case, di is the direction
along which the spin projection of the Cooper pairs asso-
ciated with a given k vanishes. Thus, as discussed in the
literature, Eq. (11) describes that both Cooper pairs and
unpaired electrons contribute to the magnetization when
H 1 dy: the susceptibility is the same as in the normal
state. However, only unpaired electrons contribute to the
magnetization when H || di: the susceptibility vanishes
as T — 0.

At gk # 0, Eq. (10) contains interference effects from
the two bands with different gaps. Thus it cannot be
reduced to an expression similar to (11). This is clearly
seen in the nonunitary case with di =0,

4Xsb JOA PO
P = (Gk,alx,p + Xk(T) (dab — Gk,alxp))y >, (13
Tr ( (T)( Me»  (13)
where
Xu(T)=1-7TY 2lan|
o Vw? + 2| (jw] + Vw? + 2|ax|)?
(14)
In particular, Xx(0) = 1 and Xy(T.) = 1. As qx is

the Cooper pairs’ spin direction associated with a given
k, Eq. (13) describes that all paired and unpaired elec-
trons contribute to the susceptibility when H || qk, as in
the normal state. However, only unpaired electrons con-
tribute to the magnetization when H 1 qx: as T — 0,
the susceptibility is reduced to half of its normal-state
value, which is the susceptibility of the unpaired elec-
trons in the “—” band. In particular, if qx keeps a con-
stant direction in space, then the susceptibility tensor
gets suppressed along two directions, while it keeps its
normal-state value along a third one. This is in con-
trast with the unitary case, where the susceptibility ten-
sor keeps its normal-state value along two directions and
is suppressed along a third one, if dy keeps a constant
direction in space. In general, the direction of qx (or
dy) varies with k and the average over the Fermi surface
mixes the behavior of the three directions.

Considering the generic case, we use q = |dy|* —|d|?
to find that Eq. (10) simplifies at zero temperature,

4XSb 1 1

—— = S0ab + 5 (Gk,adk,b 15

Xk 25 5 Gicationh (13

(Ak+>RddﬂMH%ﬁ@—df@wﬂﬁd
—(In 3 .
Ak, || "

Here the first line is the same as Eq. (13) with d2 = 0 at
T = 0. Near T¢, we use Eq. (8) to find

2Re(Vi,aty ) < T )
= Gap— ’ 1—— ). (16
P T e x Py, ) O

45,
GagbX P

TABLE I. Possible nonunitary states and representative basis
functions for the cubic (Oy), hexagonal (Dgp,), and tetragonal
(Dar) point groups with strong SOC [2]. In Dgp and Dap
we allow for the superposition of two basis functions with
real coefficients c¢i1(k) and c2(k) that are invariant under all
symmetries of the point group [6], such that the phases are
unitary if ¢; = 0. Furthermore, ¢ = ¢*™/% and l%+ = ks +il%y.

Point Pairing state

IR (qic)x
group YPr X
E, (ky,eky, e2k) 0
Fia (ky + ik, —ka, —iks) (1,0,0)
On Fru (ehy — 2o bs — eho, ke — by)  (1,1,1)
Fouw  (cky + &%kay ko + ko, ke + k) (1,1,1)
Fou (ky + ikz, ko, ika) (1,0,0)
Dy, B f@@uwm+@§2fmon (0,0,1)
Bau c1(K)ki(1,1,0) + ca(k)k-k2(0,0,1)  (0,0,1)
Din B,  c(k)ko(1,4,0) + c2(k)k4(0,0,1)  (0,0,1)

Finally, we find at any temperature that the trace of the
spin susceptibility takes a rather simple form,

4X Qk +Qk — — w2 >
9@ =3 - 27T : : .
Z 92xp Z <Qk,+Qk,—(Qk,+ +Qe—) /e
(17)

It reduces to 2 4+ (Yx(T'))k in the unitary case [28] and
1+ 2(Xy(T))x in the nonunitary case with di = 0. At
T =0 it equals 2 for any (unitary or nonunitary) triplet
state.

Possible nonunitary phases have been studied experi-
mentally in various crystals belonging to different sym-
metry classes. Below we analyze the properties of the
susceptibility tensor, Eq. (10), for the nonunitary phases
that can appear in cubic (Op), hexagonal (Degp), and
tetragonal (Dyp,) symmetry classes [2], which are listed
in Table I together with a selection of representative ba-
sis functions for the pairing state [2, 3, 6]. We put the
results in relation with the experimental findings.

Cubic symmetry.— In Oy, the normal-state suscepti-
bility tensor is isotropic: ¢s,. = g. Among possi-
ble nonunitary phases, we first consider the first line in
the Table, where (qx)x = 0. Thus, there is no pref-
erential direction and we find an isotropic susceptibility,
cf. Fig. 1(a). In particular, x5, (0)/xp = (¢2/6)dap at T =
0; the point nodes along the direction k = 1/4/3(1,1,1),
as well as equivalent ones, result in 2, (1) — x5, (0) oc T
as T — 0.

Next, we consider the second line in the Table, where
(dk)k o (1,0,0). Therefore, the susceptibility develops
an anisotropy along the direction Z. The T-dependence
of the susceptibility tensor’s principal values is shown in
solid lines in Fig. 1(b). At low temperature, the deviation
from the T = 0 result is again proportional to 7 because
of point nodes at k, = k, = 0. The third and fifth lines
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FIG. 1. Temperature dependence of the principal values of

the spin susceptibility tensor, in units of xy = (g°/4)xp, for
various nonunitary triplet phases in Oy, with pairing functions
in the Table: (a) line 1, where the susceptibility is isotropic;
(b) lines 2, 3, and 5 in solid and line 4 in dashed. The doubly
and singly-degenerate components x1 and x| are for principal
axes perpendicular and parallel to (qu)x, respectively.

of the Table give the same result, with different principal
axes determined by (qx)x. The fourth line in the Ta-
ble yields a different temperature dependence, shown in
dashed line in Fig. 1(b). Note that the hard/easy axes
are reversed compared to the three previous cases.

The symmetry group Oj, applies to the cubic crys-
tal U;_,Th,Beys, which exhibits two superconducting
phases at finite doping ratio z. The lower one in tempera-
ture was suspected to be nonunitary [29]. However, since
Ref. [30] reported a constant Knight shift in at least one
direction, it does not match the reduction with temper-
ature that we found in all considered nonunitary phases.

Hezxagonal symmetry.— Assuming co = 0 in the Table
for Dgp, we find two examples of nonunitary phases with
d} = 0 and gk « (0,0,1). The susceptibility tensor’s
principal values are then determined by Eq. (14). The
presence of a line node at k, = 0 and point node at
ky = k, = 0 yield dependences o< T' and T?, respectively,
at T — 0 for the deviation of the two principal values
that are affected by superconductivity with respect to
their T' = 0 value, cf. Fig. 2(a). However, we recall that
the property di = 0 is fragile when more general ba-
sis functions are considered. In particular, it is lost for
nonunitary phases with ¢o # 0. In Fig. 2(b), we plot the
dependence of the principal values X,z = Xyy = XL and
Xzz = X|| at T'= 0 as a function of ¢y, taking constant
¢1 = ¢1(k) and ¢ = ¢5(k) with normalization ¢ +¢2 = 1,
and using Eq. (15). Note the reversal of hard/easy axes
similar to the one shown in Fig. 1(b) for Oy.

The symmetry group Dg; applies to UPts. Based
on the presence of three superconducting phases in the
(H,T)-phase diagram as well as the anisotropy of the
upper critical field, a strong case was made for a chi-
ral triplet order parameter in a two-dimensional IR, with
dy || 2 [31, 32]. This corresponds to the pairing states in-
dicated in the Table with ¢; = 0, making them unitary.

1 1 T T
2 Z | )
> >
~ ~
= | 1= .
+ == X1 | H— XL 4
— X — X
0 L L L O L L
0 T/T. 1 0 Co 1
FIG. 2. (a) Temperature dependence of the principal values

of the spin susceptibility tensor, in units of xny = (¢*/4)xp,
assumed isotropic for simplicity, for nonunitary triplet pairing
states in Dgp, and Dyp,. The first line in the Table for Dg, and
Dyp, yield the same result shown in solid, whereas the second
line for Dgp is shown in dashed, all with co = 0. Here, x .
and x| are for the principal axes perpendicular and parallel
to gk « 2. (b) Dependence on cz of the principal values of
the spin susceptibility tensor at T" = 0 for the triplet pairing
state 1/3/2[c1k=(1,1,0) 4+ c2ks(0,0,1)] with ¢ +c5 = 1 (solid
lines in Fig. 2(a)). At c2 = 1, the phase is unitary, yielding the
characteristic vanishing of one component of the susceptibility
tensor, while the other two retain their normal-state value.

The weak temperature dependence of the Knight shift
reported for H L & [33] is not in line with this scenario,
nor with the nonunitary ones with ¢; # 0. Alternative
scenarios rely on the assumption of weak SOC and the
rotation of dx with H [34]. Thus the question of the
order parameter remains unsettled.

Tetragonal symmetry.— From the Table, we see that the
nonunitary phase that may occur in Dy bears ressem-
blance with one of the possible nonunitary phases in
Dgp. Recent Knight shift measurements for H in the
basal plane of the tetragonal SroRuOy4 crystal revealed
a suppression that was not observed in earlier experi-
ments [35-37]. They ruled out the long-discussed chiral
(unitary) triplet phase, corresponding to the one that
appears in the Table with ¢; = 0, and lead to suspect a
singlet (rather than triplet) phase. Alternative nonuni-
tary triplet scenarios would rely on ¢; < ¢z, as one
expects the l%z—dependence to be suppressed because of
the layered (quasi two-dimensional) crystal structure of
SroRuQOy4. That constraint would be relaxed in a three-
dimensional scenario [38], with the suppression of the
spin susceptibility in the basal plane at ¢; # 0, which is
illustrated in Fig. 2(b). Note also the multiband charac-
ter of SroRuOy4 [39], which is not taken into account in
our theory.

Orthorhombic symmetry.— All IRs are one-dimensional
in the group Dsj, that applies to UTes, in which supercon-
ductivity was recently discovered [12, 40]. Thus scenarios
of nonunitary superconductivity that have been proposed
to interpret signatures of time-reversal symmetry break-
ing in the Kerr effect [41] require that two IRs have ac-



cidentally close Tis. Indeed, a recent microscopic study
found evidence of such a near-degeneracy [42]. Various
proposals result in dy o (0,1,40) with ¢ real and, thus,
ak x (1,0,0) [12]. Our theory can be easily extended
to almost degenerate IRs. In particular, the expression
for the spin susceptibility, Eq. (10), keeps its form, while
the gap equations have to be generalized. Our results for
the proposed form of dy are consistent with the observed
suppression of x,, and x.. below T, [43], also predicted
in Ref. [26], while x4, remains normal [44].

Conclusion.— Even though the spin susceptibility plays
an important role in identifying the order parameter sym-
metry, it had not been calculated for general nonunitary
phases. Here we filled this gap and analyzed various ex-
perimental results in the light of our findings. It paves
the way for future studies on nonunitary superconductiv-
ity, including the role of multiple bands [45], impurities,
ferromagnetism in the normal state [8], as well as finite
field effects, in particular the paramagnetic limit of triplet
superconductivity.

We thank J.-P. Brison and K. Hasselbach for use-
ful discussions. We acknowledge the support of France
2030 ANR QuantForm-UGA and ANR-21-CE30-0035
(TRIPRES).
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