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Abstract. We give an explicit correspondence between stated skein algebras, which are de-
fined via explicit relations on stated tangles in [Costantino F., Lé T.T.Q., arXiv:1907.11400],
and internal skein algebras, which are defined as internal endomorphism algebras in
free cocompletions of skein categories in [Ben-Zvi D., Brochier A., Jordan D., J. Topol.
11 (2018), 874-917, arXiv:1501.04652] or in [Gunningham S., Jordan D., Safronov P.,
arXiv:1908.05233]. Stated skein algebras are defined on surfaces with multiple boundary
edges and we generalise internal skein algebras in this context. Now, one needs to distin-
guish between left and right boundary edges, and we explain this phenomenon on stated
skein algebras using a half-twist. We prove excision properties of multi-edges internal skein
algebras using excision properties of skein categories, and agreeing with excision proper-
ties of stated skein algebras when V = U, (sly)-mod™. Our proofs are mostly based on
skein theory and we do not require the reader to be familiar with the formalism of higher
categories.
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1 Introduction

The goal of this paper is to draw a comprehensive link between stated skein algebras of [7] and
internal skein algebras of [11] and [2], including their structures and properties. The interest of
such a link is to benefit from the nice features of both sides. Stated skein algebras are defined very
explicitly, and have numerous applications. Internal skein algebras are much more theoretical,
they are defined for all ribbon categories of coefficients, and their basic (in particular, excision)
properties derive formally.

Skein categories

Skein algebras, introduced by Przytycki and Turaev, are a generalisation of the Kauffman bracket
polynomial to surfaces. The Kauffman bracket (—) is the quotient map from the vector space
freely generated by isotopy classes of framed links in R? to the quotient of this vector space by
the local Kauffman-bracket relations:

/ "\\ //"\\ /Q\ 4 N 2 B
\/\ :q,\) (/. b ) and ;Q/; = (= =)

Every link in R? can be reduced in an essentially unique way to the empty link via some
Kauffman-bracket relations, thus (—) takes values in the ground field k. The skein algebra of
an oriented surface X is the quotient of the vector space freely generated by isotopy classes of


mailto:benjamin.haioun@ens-lyon.fr
https://perso.math.univ-toulouse.fr/bhaioun/
https://doi.org/10.3842/SIGMA.2022.042
http://arxiv.org/abs/1907.11400
http://arxiv.org/abs/1501.04652
http://arxiv.org/abs/1908.05233

2 B. Haioun

framed links in ¥ x (0,1) by the Kauffman-bracket relations. Its algebra structure is given by
stacking in the (0, 1)-coordinate.

It is interesting to extend these constructions to form a category, so one can cut and glue
pieces of links together. Omne considers the category of framed tangles instead of the vector
space of framed links. Its objects are finite sequences of framed points (in R?, or in ¥) and its
morphisms are isotopy classes of framed tangles linking them (in R? x [0, 1], or in ¥ x [0, 1]).
Then the skein algebra is the quotient of the endomorphism algebra of the empty set by the
Kauffman-bracket relations.

Skein categories, introduced in [29] and [12] (see also [6]), are a generalisation of the Resheti-
khin—Turaev construction to surfaces, as well as a categorical extension of skein algebras. Given
a k-linear ribbon category V, in [23] (see also [27]) one constructs a functor RT from the category
Tan{ﬂ of framed oriented coloured tangles in R? x [0,1] to V. If one adds coupons to framed
tangles, this functor is surjective on morphisms. One can quotient by the relations which are
true in V after RT, which gives a category equivalent to V. The skein category Sky(X) of an
oriented surface 3 with coefficients in V is the quotient of the category of framed tangles with
coupons in ¥ x [0, 1] by the local relations which are true in V after RT on a little disk on X.
We are particularly interested in the case where V is the category of type 1 finite-dimensional
modules over the ribbon Hopf algebra U (sl2) for generic ¢, which is equivalent to the category
of finite-dimensional right comodules over the coribbon Hopf algebra O,2(SLz). In this case
every coupon is a linear combination of tangles so there is no need for coupons and the local
relations which are true in V after RT are exactly the Kauffman-bracket relations. Then the
endomorphism algebra of the empty set is exactly the skein algebra.

This categorical extension comes with much more information and structure than skein alge-
bras. A boundary edge c of a surface ¥ provides Sky (X) with a structure of Sky (cx (0, 1))-module
category, and the skein category of a gluing of two surfaces along a boundary edge is equiva-
lent to the Tambara relative tensor product of the two module categories. We will recall these
definitions and constructions in Section 2.2. The skein category construction moreover satisfies
nice functoriality properties with respect to embeddings and their isotopies.

One would like to reduce skein categories to an algebra without losing these extra information
and structure. This is the point of both stated skein algebras and internal skein algebras, which
happen to be isomorphic.

Stated skein algebras

Without going through this categorical extension/algebraic reduction story, one would like to
have nice formulas to compute skein algebras of a gluing of surfaces. Skein algebras are not suited
for this kind of operation because one cannot cut a link, and most links on a gluing cannot be
described by some links on each part. Therefore, it is natural to consider an extension of
skein algebras that allows links to be cut, namely considering tangles, with endpoints above the
boundary of the surface (in 9% x (0, 1)), ready to be glued to other tangles. Instead of oriented
surfaces one now works with marked surfaces that have boundary intervals above which one
allows tangles to end. Now any tangle o on a gluing of two surfaces ¥ U; X9 can be cut on
the gluing arc ¢ to give a pair of tangles (o N X1, &« N X2), one on each surface. This procedure
induces a morphism from the vector space of tangles in the gluing to the tensor product of
the vector spaces of tangles in both surfaces. This cutting however seems to highly depend
on the choice of the representative « in its isotopy class, thus one has to quotient the vector
space of tangles by some boundary relations to make this well-defined on the level of isotopy
classes. Stated skein algebras were introduced in [3] and some variants in [21]. They were later
refined in [18] and further studied in [7]. The authors define the stated skein algebra .7 (&)
of a marked surface & as the algebra of unoriented framed tangles in & x (0,1) with states +
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or — on the endpoints, modulo the Kauffman-bracket relations and two additional boundary
relations. It makes the cutting construction well-defined, namely one has an algebra morphism
pe: (21U X2) = (1) ® F(X2) in the situation above, see Theorem 2.30.

For a boundary edge ¢, we want an action on the boundary similar to the Sky(c x (0,1))-
module category structure on Sky(&). This is done by cutting out a bigon

e

from the surface near this boundary edge. The stated skein algebra of the bigon .#(B) has
a structure of Hopf algebra given by the cutting construction, and actually of coribbon Hopf
algebra by very geometric means. It is isomorphic to the Hopf algebra O,2(SLz). The stated
skein algebra .(&) is then naturally a comodule over .#(B). It is either a right or a left
.7 (B)-comodule depending on whether one sees the boundary edge at the right or at the left.

For a gluing of two surfaces, stated skein algebras satisfy very simple excision properties
expressed by their .#(B)-comodule structures.

Internal skein algebras

Sticking to the skein category, one could ask if it can be completely described by an algebra,
namely such that Sky(X) is equivalent to a category of modules over this algebra. When one
has a boundary edge on a connected surface X, one has a Sky (RQ)—action > on Sky(X) by
this boundary edge and it is essentially surjective on objects. The internal Hom object with
respect to this action captures the idea of being described by a single object. Namely, one asks
whether there exists an object Ay such that Homgy,,(s)(V > @, &) ~ Homy (V, Ax) naturally in
V € V. Here V is seen as an object of V in the right hand side, and as an object of Sky (R?),
a single point coloured by V, in the left hand side. Actually by rigidity of V' this implies that
Homgy,(s)(V>2, W>@) ~ Homy (V, W® As) hence that all morphisms in Sky,(¥) are described
by morphisms in V involving this object Ay. It turns out that this object does exist, though
not necessarily as an object of V but rather of its “free cocompletion” £, where one formally
adds all colimits. One now has an equivalence of categories between the free cocompletion of
Sky (%) and the category of right modules over Ay, in &, see Theorem 2.47. In the case where V
is the semisimple category O (SLQ)—comodﬁn, in the free cocompletion one merely needs to add
infinite direct sums. It means that Ay is a possibly infinite-dimensional O2(SLz)-comodule,
and indeed stated skein algebras usually are. The structure of internal Hom object comes with
its own composition and endows Ay, with an algebra structure.

Note that we use the term internal skein algebra from [11] though we use the definition as
internal endomorphism algebra from [2], referred there as moduli algebras. This name refers to
Alekseev—Grosse-Schomerus moduli algebras which, though isomorphic, have a very different
definition, and the first denomination seemed more appropriate to our context. The notion
of a free cocompletion is only defined up to canonical equivalence, but in [11] the authors
chose to work over a standard choice, the category of presheaves [V°P, Vect]. Similarly, the
internal endomorphism algebra of an object is only defined up to unique isomorphism, but
in [11] the authors chose a standard choice, namely the one of Proposition 2.42. In the case of
V=0 (SLy)-comodf™®, there is a canonical equivalence

O,2(SLa)-comod = [VP, Vect],

R:
X = H0m0q2 (SLQ)—comod(_¢ X)a

and we will compare the stated skein algebras which are objects of O,2(SL2)-comod to internal
skein algebras which are objects of [V°P, Vect] using this equivalence. Actually, because internal
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endomorphism algebras from [2] are only defined up to unique isomorphism, and in any free
cocompletion, we can say that the stated skein algebra is the internal endomorphism algebra.

Note also that in [11] and [2] one considers a right Sk (R?)-action <1 on Sky(X) which induces
a braided opposite algebra structure compared to the left action. We will rather use the left
action as the algebra structure then coincides with the one on stated skein algebras (namely «.
is o above ).

Relating stated skein algebras and internal skein algebras

When V = Oqz(SLg)—comodﬁn, we show that these two algebras are isomorphic as O (SLs)-
comodule-algebras. This result was already known as folklore and stated in a slightly weaker form
(only as algebras in Vect) in [20, Theorem 4.4], [19, Theorem 9.1] and [11, Remark 2.21]. Note
that in their context the isomorphism a priori cannot be improved to an O (SL2)-comodule-
algebra isomorphism because of the product inversion coming from seeing the boundary edge at
the right. On the other hand, both algebras are known to be isomorphic to the Alekseev—Grosse—
Schomerus moduli algebras, which are deformation quantizations of the representation variety of
a punctured surface in the direction of the Fock—Rosly Poisson structure. In [10, Theorem 5.3]
and [16] the authors provide an O,2(SLa)-comodule algebra isomorphism between these AGS
algebras and stated skein algebras. In [2, Section 7] the authors provide an isomorphism between
AGS algebras and internal skein algebras. Note though that one does not see the braided
opposite algebra structure through these isomorphisms, and it might be that one deforms the
representation variety in the direction of the opposite Poisson structure. Section 3 gives a more
direct proof of the isomorphism using only skein theory.

Theorem 1.1 (Theorem 3.4). For V = O (SLy)-comod™ and ¥ a compact oriented surface
with a boundary edge e seen at the right for stated skein algebras, and at the left for internal
skein algebras, one has an isomorphism of O (SLa)-comodule-algebras Ay ~ 7 ().

We explicitly give the natural isomorphisms Sty : Homgy,, sy (W > @, @)= Homy (W, .7 (X))
exhibiting .(X) as the internal endomorphism algebra of the empty set in Sky(X), without
relying on excision properties. We only give Sty for W € Sky,(R?) a well-ordered set of points
coloured by the standard corepresentation V' of basis vy, v— — equivalently, an object of the
Temperley—Lieb full subcategory TL — which is sufficient as these objects generate the whole
category under colimits. This natural isomorphism is the expected one. Any morphism in the
left hand side can be described by a (linear combination of) tangle  with n boundary points
coloured by V. Then Styen(a): V" — ¥(X) maps a simple tensor v, ® -+ ® v, to the
tangle o with states €1, ...,e, from top to bottom.

Multi-edges

Internal skein algebras are usually defined on connected surfaces with a single boundary edge,
and we extend the definition to marked surfaces & with multiple boundary edges, so multiple
actions. It is simply the internal endomorphism object of the empty set in Sky (&) with respect
to the Sky (R2)®n—module structure. The multi-edge internal skein algebra Ag thus obtained
is an algebra object in Free(V®") ~ £%". Moreover, we now allow boundary edges to be seen
either as left or as right edges. The corresponding left or right Sky, (]R2)—actions differ by rotating

\
the picture by 180 degrees, which is homotopic to the identity by the half twist /\ . We give
an explicit way to compare internal skein algebras obtained from right and left edges using the
half twist, which induces a braided opposite algebra structure:

Proposition 1.2 (Proposition 4.6). Let ¥ be a surface with a boundary edge e and Ay the
internal skein algebra of X with e seen at the left. Pre-composition with the half twist gives
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a natural isomorphism o exhibiting Ay, as the internal skein algebra with e seen at the right.
The right algebra structure m: As, ® As, — As, differs from the left one m: As, @ Ay, — Ax,
by a braiding: m® = mo CAs@As,- Namely, the “right” internal skein algebras introduced in [11]
and [2] are the braided opposites of the “left” ones introduced in Section 2.4.

The skein category can still be rebuilt as the category of modules over the internal skein
algebra as soon as there is at least one boundary edge per connected component, i.e., when all
objects “come from the action”:

Theorem 1.3 (Theorem 4.13). The free cocompletion of the full subcategory of Sky (&) gener-
ated by points near a boundary edge is equivalent to the category of right Ag-modules in 27,
where E2" has opposite monoidal structure on coordinates associated with right edges.

Having multiple edges now, one can state excision for a gluing of two surfaces. This follows
from the excision properties of skein categories.

Theorem 1.4 (Theorem 4.32). Let &1 be a marked surface with ny + k boundary edges with
a sequence of k right boundary edges ¢1 numbered k1 and Gy a marked surface with ng + k
boundary edges with a sequence of k left boundary edges ¢a numbered Ez. One has two thick
embeddings &1 <> C — Gy where C = UF(0,1). Let & = &1 Uz, —z, G2 be their collar gluing,
one has an isomorphism As ~ (AGUAGQ)HWEI@ in E¥MH2 petween the internal skein algebra
of the gluing and the invariants of the tensor product of the internal skein algebras of the two
surfaces.

Hence one has a good candidate for the algebraic reduction of the skein category.

When V = O (SLy)-comod™ and all edges are seen at the left, one has an equivalence of
categories Free(V®") ~ Oz (SL2)®"-comod and multi-edge internal skein algebras are isomorphic
to stated skein algebras as O (SLg)®™-comodule algebras by the same arguments as in Section 3.
We explain more explicitly what happens when one considers right edges in this context, and
use a geometric half-coribbon structure on .#(B) which is needed to fully describe the relation
with stated skein algebras.

Theorem 1.5 (Theorem 4.28). Let & be a marked surface with n boundary edges labelled either
as left or as right edges. There is an isomorphism of (Oqz(SL2)®k, Oqz(SL2)®”_k’)—bicomodule

algebras Aé’““""’L" ~ .7(6), between (&) seen as a left Op2(SLa)-comodule on right edges,
and As with the comodule structures of the right edges switched at the left using the antipode.

We check that the excision properties expressed under this isomorphism are indeed the same.

2 Preliminaries

We recall basic facts about the quantum groups Og2(SL2) and Uz (sl2), and the needed con-
structions and properties of skein categories in [6] and of stated skein algebras in [7]. We
finish with a slight modification of the construction of internal skein algebras of [11]. Let k
be either Q(q%) or C with q% € C* generic, i.e., not a root of unity. We work in the sym-
metric monoidal (2,1)-category Caty of small k-linear categories, k-linear functors and natural
isomorphisms, where the tensor product C ® D has objects Ob(C) x Ob(D) and morphisms
Homegp((c,d), (¢, d)) :== Home(c, ') @ Homp(d, d').

2.1 The coribbon Hopf algebra O :(SL3)

We recall the definition of the coribbon Hopf algebra O,2(SLs), its categories of right comodules
and their links with left U2 (slz)-modules.
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Definition 2.1. The coribbon Hopf algebra O,2(SL2) is the free k-algebra with (one should read
the matrix equations component-wise, and the tensor product of matrices should be computed
as a usual matrix product with tensor products of coefficients instead of products)

generators: a, b, c, d,
relations: ca = q?ac, db=¢’bd, ba=q*ab, dc=¢’cd,
be=cb, ad—q *bc=1 and da—¢*chb=1,

. a b\ _[(a b a b
coproduct: A (C d> = (C d> ® <c d>’
counit: € <a b> = (1 O),

c d 0 1

: b d  —¢%
antipode: S <(é d> = <_qgc Z ),

a®a a®b b®a bXDb qg O 0 0
- a®c a®d b®c bxd| |0 gt g—q3 0

co- Fe-matrix: Blewa cob doa dob]| o o ¢ ol
c®c bRd d®c d®d 0 O 0 q

_ 3
coribbon functional: 6 <(2 z> = < (;1 _%3).

Remark 2.2. We took the coribbon functional so that the twist on a comodule V is given by

Oy:V 2y o " v In the literature (see [28] for the coribbon case, or [13] for the ribbon

case), the coribbon functional is defined to be #~! in our definition. Moreover, we use here an
unusual coribbon functional, which arises naturally on the stated skein algebra of the bigon in
Section 2.3. It is studied in [26] where the author proves that it gives precisely the Kauffman-
bracket relation under the Reshetikhin—Turaev functor, whereas the usual coribbon functional
gives relations which differ by a sign, and give the Jones polynomial after writhe renormalisation.

Definition 2.3. The quantum plane Agg is the free k-algebra generated by z and y modulo the
relation yz = ¢*zy. It is a right O,2(SLz)-comodule algebra with A (zv) = (#v)® (25) on
generators.

Its subspace of homogeneous polynomials of degree n forms a sub-comodule which we denote
by V.. In particular the generators span the comodule V; which we abbreviate V and call the
standard co-representation of O,2(SLz). It is more conventional to call its basis v, = 2 and
v_ =y. This comodule is self dual. The left dual V* of V' has basis v} and v*, and one has an

isomorphism of O2(SLz)-comodules

V=V,
Q: LUy —q%vi,
V_ q%vj_.
Proposition 2.4 ([15, Section 4.2.1]). The O, (SLz)-comodules Vy,, n € N, are all the sim-

ple Op2(SLa)-comodules. Moreover, the categories O (SLa)-comod and Oq2<SL2)—C0mOdﬁn are
semi-simple.

Definition 2.5. The Hopf algebra U, (slz) is the free k-algebra with:

generators: F, F, K,
K—-K!

relations: ~ KE=¢'EK, KF=q 'FK, EF-FE=——,
- —4q
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coproduct: A(K)=K®K, AE)=1E+E®K, AF)=K '@ F+F®]l,
counit: e(K)=1, ¢e(F)=¢(F)=0,
antipode:  S(K)=K™!, S(E)=-EK~!, S(F)=-KF.

Definition 2.6. The left U2 (slz)-module V. , is the vector space of dimension n+1 with action:

2n_ ,—2n
where [n], = qLZ*? .

The modules of the form V, , are called of type 1, and the others are discarded here. The
module V7 ; is denoted by V' and called the standard representation of U (sl2). A module W
is called locally finite (of type 1) if Yw € W, U (slz) - w is finite-dimensional (and isomorphic
to some V7 ;).

Proposition 2.7 ([13, Theorem VII.2.2]). The Uy (sla)-modules Vi n, n € N are all the locally
finite simple Uy (sl2)-modules. Moreover, the categories Uy (sly)-mod" and Uy (sly)-mod™, of
respectively locally finite and finite-dimensional Uy (slz2)-modules of type 1, are semi-simple.

Definition 2.8. We can define a dual pairing, namely a non-degenerate bilinear form
() Uy (sla) ® Oqz (SLo) — k

satisfying (z,y.y') = (zq), y)(x@2),¥), (@2",y) = (@,y0))({@" y@), (z.1) = e(z), (Ly) = (y)
and (S(x),y) = (x,S(y)). It is given on generators by

a b (0 a b (0 1 a b (0 O
o= n) B D)-60) ¢ a)-00)
A right O2(SLz2)-comodule structure on some vector space W induces a left U (sl2)-module
structure by - w = w(1).(7,w(g)), T € Up(slz), w € W.

Proposition 2.9 ([1, equation (3.3), p. 126], [25, Theorem 7.9]). This correspondence in-
duces equivalences of categories (’)qz(SLz)—comodﬁn ~ Uy (sly)-mod™™ and O,2(SLz)-comod ~
Uy (sl2) -modf,

The simple comodules V;, are mapped on the simple modules Vi ,,.

Note that this correspondence also preserves the monoidal (and actually ribbon, though using
an unusual twist on U (slz)-mod) structure. In the following, we will mostly adopt the point
of view of comodules over O (SL2), because there are fewer conditions to ask, the braided
and ribbon structure of O, (SLz) is algebraic and not “topological”, and it has a geometric
description using stated skein algebras.
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2.2 Skein categories

Tangle invariants obtained from a k-linear ribbon category )V are defined in [27, Section I1.2].
They can be extended to give tangle invariants on any oriented surface X by local relations, and
produce the skein category of the surface Sky(X), see [29]. We will use and recall their boundary
structure and excision properties, see [6].

Definition 2.10. Let [n] denote the set of n points {1,...,n} x {0} in R?, equipped with
blackboard framing (coming out of the page when we draw ribbon graphs as below) and Ribbony
the category whose objects are framed oriented V-coloured points of R? of the form [n], and
morphisms ribbon graphs (i.e., V-coloured oriented framed tangles with coupons coloured by
morphisms) between them in R? x [0, 1].

(X, P, +)(Z, —) (Y, —)

(T, +) (Z,-)

Theorem 2.11 (Reshetikhin—Turaev). Given V a strict ribbon category, there exists a unique
strictly monoidal functor RT: Ribbony — V), called the Reshetikhin—Turaev functor, mapping
positive single points to their colour, preserving ribbon structures and mapping coupons to their
colour.

Remark 2.12. For skein categories, we would prefer to consider all points with all possible
framings instead of only those of the form [n] as in Ribbony. We denote this bigger category
by Ribbony (]R2). The two categories are equivalent as the inclusion of the first in the second
is obviously fully faithful and essentially surjective. A quasi-inverse is however not so natural
to define. One has to choose an isomorphism from each object of Ribbony (]R2) to one of the
form [n]. This can be done for example by giving lexicographical order on R? and pushing all
points in good position while preserving this order, then turning the framing clockwise until it
is vertical.

Working with Ribbony (RQ), and allowing non-strict ribbon categories V, the above theorem
still holds, but the functor RT is only essentially unique. We now assume a choice of quasi-inverse
as above has been made, so that the functor RT is defined on Ribbony, (RQ).

The above functor RT describes a way to obtain invariants of coloured tangles, and actually
coloured ribbon graphs, from a ribbon category V. We want to study this invariant, and say
that two ribbon graphs are identified if they give the same invariant, namely the same morphism
in V after evaluation under RT. Skein categories generalize this construction for coloured ribbon
graphs on a thickened surface. The idea is to take the relations between ribbon graph which are
true locally, on an embedded cube.

Definition 2.13. Let X be a compact oriented surface possibly with boundary and V a ribbon
category. The k-linear category Ribbony (3) has objects finite sets of V-coloured oriented framed
points of ¥ and morphisms k-linear combinations of isotopy classes of ribbon graphs.

The skein category Sky (%) with coefficients in V is the quotient of Ribbony(X) by the local
relation " A\;F; = 0 if there exists an orientation preserving embedding of a cube ¢: [0,1]® <
¥ x [0, 1] such that all of the F}’s coincide outside this little cube, intersect (b(@[O, 1]3) on either
the top or the bottom face, transversally, and give the zero morphism in V after evaluation of
the functor RT on this little cube, namely - A RT (¢~ (Fifim ¢)) = 0.

Put differently, let F' be a ribbon graph and ¢ a little cube of ¥ x (0, 1) such that G := Fiy, 4 is
a (possibly complicated) ribbon graph. Then RT(G) is a morphism in V, and we allow ourselves
to replace G with a single coupon coloured by this morphism.
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Remark 2.14. When ¥ = R?, since RT is full, via coupons, it induces an equivalence of
categories Sky (RQ) — V. Its quasi-inverse is given by the inclusion of the full subcategory
VY C Sky (Rz) mapping an object V' € V to the framed point [1] coloured by V', and a morphism
to a coupon coloured by this morphism.

Note that this inclusion is monoidal but not strictly monoidal, namely one has an isomorphism
from the two framed points [2] respectively coloured by V and W to the framed point [1]
coloured by V ® W, this isomorphism is the coupon Idy gy with two incoming strands coloured
respectively by V' and W and one outgoing strand coloured by V @ W.

VoW

) 1

vV w

Remark 2.15 ([6, Remark 1.7]). For a general surface ¥, the categories defined above are not
monoidal because there is no notion of horizontal juxtaposition, which we used in R?. However,
if A= C x]0,1] for a 1-manifold C, the category Sky(A) is monoidal with tensor product
1 2

induced by AL A [073£>[371]

Remark 2.16 ([6, Remarks 1.6 and 1.18]). An orientation-preserving smooth embedding f: 31
— Y9 induces a functor Sky(f): Sky(21) — Sky(32). It maps an object s, which is a bunch of
coloured points in X1, to f(s), and a ribbon graph 7' C 37 x [0,1] to (f x Id)(7T). This defines
a symmetric monoidal functor Sky: (Mfld$", ) — (Caty, ®p).

An isotopy of smooth embeddings \: ¥ x [0,1] — X3 between f = A\g and g = A; induces
anatural isomorphism riby : Sky(f) = Sky(g), whereriby : f(s) — g(s) is the braid in 35X [0, 1]
drawn by {(\:(s),t),t € [0,1]}. Homotopic isotopies give isotopic ribbon graphs, and this extends
to a symmetric monoidal co-functor Sky: (Mfld$', ) — (Caty, ®g). It is shown in [6] that this
functor is the factorisation homology with coefficients in V.

Proposition 2.17 ([6, Section 1.3]). For C' C 9% a boundary component (actually, a thick left
boundary component, i.e., equipped with an embedding C x [0,2) < X) the category Sky(X)
inherits a structure of left Sky(A)-module category, where A = C x [0,1]. Namely, one has
a functor >: Sky(A) ® Sky(X) — Sky(X) compatible with the monoidal structure of Sky(A).
It is given by pushing points or ribbon graphs in A inside X. Similarly, a thick right boundary
component C x (—1,1] <= ¥ induces a right Sky(A)-module structure on Sky(X).

Skein categories satisfy a form of excision, namely the skein category of a gluing is obtained
as a relative tensor product of the skein categories of the initial surfaces.

Theorem 2.18 (see [6, Theorem 1.22] for details). Let X1 and 32 be two surfaces and C a thick
right boundary component of 31 and a thick left boundary component of 5. Let 31 Uy 29 be the
collar gluing of the surfaces along the two thick embeddings. The skein category Sky (X1 Ua 32)
is the Tambara relative tensor product of the right Sky (A)-module Sky (1) and the left Sky(A)-
module Sky(22).

Namely, the canonical functor Sky(21) ® Sky(X2) — Skyp(X; Ua Xo2) induces an equivalence
of categories between k-linear functors out of Sky(X1 Ua 32) and Sky(A)-balanced functors out
of Sky(X1) ® Sky(X2) (i.e., equipped with a natural isomorphism v: (— <1 —, —)=(—, — > —)
between the actions on 31 and on X3).

Idea of proof. One has an explicit description of the Tambara relative tensor product of two
module categories, by formally adding a natural isomorphism ¢ to the morphisms of the two
categories.
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s1 al> So

S
s1<a 2

It is equivalent to Sky(X1U4X9) by sending, for s1, a, so some sets of coloured points respectively
in 31, A, 3, the balancing isomorphism tg, 4.5, (s1 < @, $2) — (s1,a > s2) to the morphism
depicted hereby. |

Corollary 2.19. Let s1 € Sky(X1) and s2 € Sky(32). Then any morphism
o € Homgy ,(s,u,5,)((51,52), D)

can be decomposed in a (linear combination of) pair(s)
a1 € Homgy,(s,)(51,9 < a), as € Homgy,(5,)(a > s2, D)

for some a € Sky(A), with a = (Idg, a2) 0 Lz g4, 0 (1,1ds,).

This decomposition is unique up to balancing, namely if as can be written [ o (y > Ids,),
with By € Homgy,,(s,)(b > s2,9) and v € Homgy,,(4)(a,b), for some b € Sky(A), then (a1, B2 0
(y>1ds,)) ~ ((Idg <) 0 o1, B2).

Proof. On a drawing one wants to decompose « as

S1 52

which is easily done by pushing the ribbon graph happening in the middle region inside say N
leaving only straight lines (namely, ¢’s) behind. The relation (aq, 82 0 (7> 1ds,)) ~ ((Idg <) o
aq, fB2) is true by sliding « along the straight lines of ¢, and this is the only relation by the above
theorem. |

Note that the asymmetry in this description is purely artificial, and one could have chosen
a cup or a cap instead of a slanted line to link the left and right actions.

Example 2.20. We are particularly interested in the case V = O (SLQ)—Comodﬁn, for which
the relations the Reshetikhin—Turaev functor imposes (between framed tangles) are precisely
the Kauffman-bracket relations.

Remark 2.21. In any skein category, the identity coupon Idx~: X* — X* with entry a down-
ward oriented X-coloured ribbon and output an upward oriented X *-coloured ribbon depicted
below gives an identification (X, —) ~ (X*, +).

(X, +)

A
4

(X77

~—
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In the case V = O (SLg)-comod™ and X = V is the standard corepresentation, the object V*
is already isomorphic to V in V by ¢ from Definition 2.3. Thus one gets an identification
(V,+) ~ (V,—) and sliding the coupon coloured by it along a strand changes the orientation of
the strand. Consequently, one can switch signs of points and orientations of strands.

In the following, we stop mentioning them and talk about unoriented framed tangles. The
Reshetikin-Turaev functor is still well-defined on unoriented framed tangles, see [26, Theo-
rem 4.2]. An unoriented tangle gives a ribbon graph by choosing an arbitrary orientation,
colouring every strand by V' and replacing V*’s imposed on the boundary points by V’s using ¢
or o~ . Concretely, for the unoriented cap N for example, one can orient it either left or right,
so one has to check that RT(¢” ) o (¢ ® Idy) = RT(/ ) o (Idy ® ¢). Note that this would not
hold with the usual coribbon element in O (SLo).

Theorem 2.22 ([5, Theorem 12.3.10] or [4, Theorem 3.3.4] for endomorphisms in R?). Let n.V
and m.V' be two objects of Sky(X) given respectively by n and m points coloured by V. Then
any morphism in Homgy,, (s (n.V,m.V') can be represented by a linear combination of unoriented
framed tangles (without coupons). Moreover, two linear combinations of unoriented framed tan-
gles represent the same morphism in Homgy, (x) (n.V,m.V) if and only if one can get from one
to the other by a sequence of isotopies and Kauffman-bracket relations.

Corollary 2.23. The algebra HomSkv(Rz)(n.V,n.V) 18 isomorphic to the Temperley—Lieb alge-
bra TL,, defined in [27, Section XIL.3]. The full subcategory of Sky (RQ) of objects of the form [n]
with every point coloured by V is equivalent to the category TL, defined in [27, Section XII.2].
In the following, we will call this full subcategory TL.

The category TL is a ribbon full subcategory of V, and the above theorem proves that for
any surface 3 the category Skrr,(X) is a full subcategory of Sky(X).

2.3 Stated skein algebras

Stated skein algebras generalise skein algebras for tangles on a marked surface with boundary,
see [3, 18, 21]. These tangles can be cut and stated skein algebras satisfy nice excision properties.
We will recall here the approach of [7]. Stated skein algebras can be defined over integral rings

of coefficients, but we will work over a field k being either Q(q%) or C with q% € C* generic, as
our proofs only hold in this context.

Definition 2.24. Let & be an oriented surface. The skein algebra % (&) is the k-vector space
generated by isotopy classes of unoriented framed links in & x (0,1) modulo the skein relations:

//"\\ / "\\ /Q\ / \ // \\
AKo=d) (+a ) ama O =C=ad )

in a little embedded cube ¢: D? — & x (0, 1).

| | | | N (31)0(04)
It is an algebra with product given by vertical superposition & x (0,1)U& x (0,1)
S x (0,1) and unit the empty link.

Note that by Theorem 2.22, one has an algebra isomorphism

#(6) ~ Endg )(9).

Oq2 (SLo )-comodfin

Definition 2.25. A marked surface is a compact oriented surface with boundary G with a finite
set P C 96 of boundary points, called marked points. We write & = & ~. P and call this the
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marked surface. We write 9p& the boundary components of & that contain a point of P and
06 := 0p& ~. P. Namely we only consider boundary components of & that contain a marked
point, which we remove in &, so all components of 9& are intervals. The circular boundary
components are discarded and give punctures in &. The boundary structure of stated skein
algebras will depend on a way to cut out a bigon out of a boundary edge, and that of internal
skein algebras on a way to insert one from a boundary edge. To avoid choices, we suppose that
marked surfaces come equipped with a thickening of their boundary edges inside the surface.

A stated tangle o on & is an unoriented, framed, compact, properly embedded 1-submanifold
of &x(0,1) whose boundary da C 9G& x (0, 1) has positively vertical framing and comes equipped
with a state st: da — {4+, —}. We call height the (0, 1)-coordinate of a point, and require that
all boundary points of « lying over a same component of & have distinct heights. An isotopy
of stated tangles is an isotopy with values in stated tangles, in particular preserving the height
order over a same boundary component. A stated tangle in & x (0, 1) can always be represented
as a diagram with blackboard framing in &, with its under/over crossing information, such that
the height order of boundary points corresponds to a given orientation on the boundary edges,
see [3, Section 3.5].

Definition 2.26 ([7, Section 2.5]). The stated skein algebra . (&) of a marked surface S is the
k-vector space generated by isotopy classes of stated tangles on & modulo usual skein relations:

/ g \\ //"\\ /Q\ //"\\ // \\
K- (o O

and the boundary skein relations:

.~ 1//’ + 1//’ - ://’\ - 2,//’\ + _ll//’
T? \j\_’_:\ﬁ_ :07 \_+:q\__+q 2\)7\7

PRGN
/ \
'_Q;
I+
|
Ql
[N

where the arrows on the boundary edges represent the relative height order of the two points.
It is an algebra with product given by vertical superposition and unit the empty link.
We denote by Cf the coefficient such that

namely CT = C- =0, Ct = q_% and one can compute C_ = —q_g, see [7, Lemma 2.3(13)].
We also write C(v) := C,”.

Proposition 2.27 ([18, Lemmas 2.3 and 2.4]). These relations express equivalently with the
boundary at the left, namely:

G-t -

Remark 2.28. It is easy to check that #(GUG') ~ .¥(6) ®y (&) since all relations happen
in a connected disk.
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Definition 2.29 (see [18, Section 3.1] for details). Let & be a marked surface and ¢ an ideal
arc on &, joining two marked points in &. Denote by Cut.(&) the marked surface obtained by
cutting & along c.

Given a stated tangle « on &, one can cut it along ¢ and get a tangle Cut.(a) on Cut.(S).
This tangle has new boundary points, two lifts per points of & N ¢, and we may give any state
to these points. The obtained stated tangle is called a lift of « if the two lifts of a point of aN¢
have same state.

This definition is not perfectly innocent and it seems that one could have chosen different
state-matching patterns for lifts, see Remark 4.34.

Theorem 2.30 ([18, Theorem 3.1]). Let & be a marked surface and ¢ an ideal arc. The map
pe: L(6) = L (Cute(6)), o = Y s & s well-defined (it only depends on the isotopy class of «)
and is an injective algebra morphism. Moreover, the splitting morphisms p. and po associated
to two disjoint ideal arcs ¢ and ¢ commute.

Example 2.31. The bigon B is the marked surface (D, {£i}), the disk with two marked points.
The algebra . (B) is generated as an algebra by the

H«ﬁV: H@l/’ M?VE{:l:}7

and has basis the

MI@W
by = fin v’

where i = (p1,...,un) and ¥ = (v1,...,1,) are decreasing sequences of signs.
It is a bialgebra with coproduct given by cutting along the “unique” arc joining the two
marked points

@, A=pe: S(B) = S(BUB)~.%B)®.7B).

Coassociativity comes from the second part of Theorem 2.30. The counit ¢: .(B) — k is
defined on the basis by €(;85) = d;5. It is a Hopf algebra with antipode

/RN TUng Ty T Hm O n
5< HBD: ) - _Vzlz CEZ; where  C(7) ::1:[0(1/7;).

Hom, v Vn — U1

It is coquasitriangular with co- R-matrix

Bl f)-: ,

see [7, Theorem 3.5]. It is coribbon with coribbon functional

O(a) =¢
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Proposition 2.32 ([18, Theorem 4.1}, [17, Section 2.2], [7, Theorem 3.4]). One has an iso-
morphism of coribbon Hopf algebras #(B) ~ O,2(SL2) given on the generators by By +— a,
B d, - band _pf1 — c.

Stated skein algebras provide great examples of (possibly infinite-dimensional) O, 2(SL2) or
. (B)-comodules.

Given a marked surface © and a boundary edge e of &, we can consider an ideal arc ¢ going
along e but inside S. The piece between e and c is a bigon, and the rest is homeomorphic to the
original surface. The splitting morphism along ¢, A = p.: . (6) - S (GUB) ~ ¥ (6)®.7(B)
endows (&) with right O,2(SLz)-comodule structure.

It is compatible with its algebra structure, namely .7 (&) is an O,2(SLa)-comodule-algebra, see
[7, Proposition 4.1].

Definition 2.33. Let rot: B — B be the homeomorphism of marked surfaces given by the
planar 180 degree rotation. It induces rot,: . (B) — .(B), with

M1 V1 Un /7N M
. . .TL .m
IOty QWP O = QY.

b NS Vn 7 1

which is an algebra isomorphism. It reverses the coproduct, namely

(o} n (G
Aorot.(f) = ‘@’ ® ‘@’ = (rot, ®roty) o A°P(B),

=

and preserves the counit, because (rot«(87)) = €(38z) = dp g =
by r(45) = (% a)

Remark 2.34. If one sees the edge e at the left instead of the right of the surface, one gets
a structure of left O 2(SLa)-comodule. One can easily get from one to another by rotating the
whole picture. Namely, the left coaction Aj is obtained from the right coaction A, by rotating
the bigon by 180 degrees. In [7, Proposition 4.1] one gets A = fl o(Id o (&) ® rot«) o A, where fl
denotes the flip of tensors.

7 On O, (SLy), it is given

S
A\ N\
\V
N

Actually, one gets such a structure for each boundary edge of &, and if & has n right boundary
edges and m left, (6) is an (Oy2(SL2)®", 0,2 (SL2)®™)-bicomodule algebra.

Remark 2.35. The structure forms on .#(B), such as the co-R-matrix or the coribbon func-
tional, are often defined using the counit on some transformation of the tangle. This has a direct
interpretation on how this form then acts on comodules.
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Let ¢: .#(B) — k be given by some

3
a7 NS
=¢| ‘TaYT. )
¢ Gy |

where T),, m € N, is a family of tangles with m right and m left boundary points and
Sm: {E}™ — vectp({£}™). Here, we allowed s, to have values in formal linear combina-
tion of m-tuples of states because in the definition of the co- R-matrix for example one needs
coefficients depending on the states. What we mean by a tangle o with state a formal linear
combination of states ), \;7j; is the linear sum of stated tangles s nif; = > ;i Aia,. Note that
the T5,,’s and the s,,’s should satisfy extra conditions for this to be well-defined on .’(B). Then

for a marked surface & with a right edge e, the map ® y(g): .7 (6) £ S (6)®.7(B) dey Z(6)

is given by
m A V1 V1 m
a =i Tri| oo = ® z
TIm Um Um Tlm
»
1% 1% :
1d® ! ! S
—f (d®e)| o L® .
Um Um s
S
»
1% 1% :
S 1 1 = . =
splitting — = counit
— (Id ® E) o : & : . = o
well def - : : :
VUm VUm 33 33

The co- R-matrix isn’t exactly of this form, but the same kind of computation applies. Remember
that the braiding on .7 (6)®.7(6) is defined using the coaction on each .7 (&), the co- R-matrix
on the .#(B)®? part thus obtained, and then flipping the two factors, namely CH(&),7(6) =
floRy4 o (Ay(@) ® Ay(@)). The braided opposite product on (&) is defined as mPP :=
mo ¢y (@), 7(e) and it has a nice geometric depiction, namely:

V1 H1

€
Hom

= P i, e i @ S :/)
Q1) v S\ a%

Stated skein algebras satisfy a form of excision, namely the stated skein algebra of a gluing
is obtained as a relative tensor product of the stated skein algebras of the two initial surfaces.
Let &' be a marked surface and ¢; and ¢y respectively a right and a left boundary edges of &'.
Then .#(&’) has a structure of (O,2(SL2), Op2(SL2))-bicomodule. We consider & = &'/, =,
the marked surface obtained by gluing ¢; to co, and ¢ the ideal arc formed by ¢; = ¢ in &. We

=

s

Ry
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have & = Cut (&), and Theorem 2.30 gives an injective algebra morphism p.: .7 (&) — . (&).

6/

Definition 2.36. Let H be a Hopf algebra and M an (H, H)-bicomodule, with coproducts
denoted by Ay: M - M ® H and Ay: M — H ® M. The 0-th Hochschild cohomology of M is
the subalgebra of M defined as HHO(M) := {z € M |/ A(x) = floAy(x)}.

Theorem 2.37 ([17, Section 2.3], see also [7, Theorem 4.8]). Let & = &'/, =, be a gluing. The
splitting morphism p.: (&) — (&) maps isomorphically (&) on HH(Z(&")).

Remark 2.38. If G; and G2 are two marked surfaces, c¢; is a right boundary edge of &1,
¢y a left boundary edge of &3 and &' = &1 U G3. Then (') ~ S (61) ®k S (S2), note
that this is the tensor product as vector spaces and not as comodules, and the 0-th Hochschild
cohomology of . (&) corresponds to the cotensor product of (&) and . (S2) over .7 (B),
namely y(@l)DHy(GQ) = {x S 5’(61) (%9 y(@g) / A1 ® Idg(:ﬁ) =1d; ® Ag(x)}.

2.4 Internal skein algebras

When a surface has a boundary edge, one can push a little disk inside the surface from this
boundary edge. This process induces an action of the skein category of the disk on the skein
category of the surface. Namely, Sky(X) is a Sky (R2)—module category, see [6, Sections 3.2].
In this situation there is a notion of internal Hom objects that encode entirely in Sky (Rz)
the behavior of objects of Sky (RQ) seen in Sky(X) by the action. Namely for fixed VW €
Sky(X) one has Homgy,, sy (X > V, W) =~ Homgy,, g2y (X, Hom(V, W)) naturally in X, see [9,
Section 7.9]. However, such an object does not always exist in Sky (RQ), and actually lives in its
free cocompletion. The internal skein algebra Ax of the surface is the internal endomorphism
algebra of the empty set Hom(&, &), see [11] or [2] together with [6]. This means one can
understand ribbon graphs in Sky (%) with boundary points on the bottom and near the boundary
edge as morphisms in (the free cocompletion of) Sky (]RZ) with target Ay.

Note that in [6], [2] and [11] one uses a right Sky (R?)-action and we use a left Sk (R?)-action
here. See Section 4 for more details.

Definition 2.39. Let A be a k-linear monoidal category and M a left A-module category.
Let M; and Ms be two objects of M. The internal Hom of M; and Ms with respect to
the A-module structure is an object Hom(Mj, Ms) € A equipped with a natural isomorphism
n: Homp((— > My, Ma)= Hom 4(—, Hom(M;, Ms)). It is unique up to canonical isomorphism
when it exists. When all involved internal Hom objects exist, one can define: the evaluation map
evar M, - Hom(M;y, Ma)r> My — My is the image under n~t of IdHom(MhMQ) and the composition
map c: Hom(My, M3) ® Hom (M, My) — Hom(M;, Ms3) is the image under 7 of the morphism
€V My, M © (Idm(Mg,Mg) > eVM17M2): (@(Mg, Mg) ®@(M1, Mg)) > M — Hoim(Mg, Mg)l>
My — Mj. In particular, an internal endomorphism End(M) := Hom(M, M) is an algebra
object in A, with unit the morphism 14 — End(M) associated with Idy;.

The functor Homp(—> My, Ms): AP — Vecty, cannot always be represented in 4. However,
it is always an object of its free cocompletion.

Definition 2.40. The 2-category Cocomp,, has objects essentially small k-linear cocomplete
categories and morphisms k-linear cocontinuous functors between them, i.e., functors preserving
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colimits and natural transformations between functors. It is symmetric monoidal with the Kelly
tensor product X for cocomplete categories, which is characterized by

Homcocomp,, (A X B, C) ~ Homcocomp, (A, Homcocomp, (B,C)) =~ Cocont (A, B;C),

see [14, Section 6.5] and [22, Theorem 2.45].

The free cocompletion of a k-linear category C is a cocomplete category Free(C) € Cocompy,
together with a functor i: C — Free(C) which is initial among functors to a k-linear cocomplete
category. Namely, i,: Homcag, (C, D) — Homcocomp,, (Free(C), D) is an equivalence of categories
for any D € Cocomp;,. The free cocompletion Free(C) is unique up to essentially unique equiv-
alence.

Remark 2.41. A standard choice for the free cocompletion is the presheaf category [C°P, Vecty],
in which C embeds by the Yoneda embedding. Moreover for any other choice of free cocomple-
tion C, the canonical equivalence is given by

C — [C°P, Vecty],
X +— Homy(i(—), X).

See [8, Section 2.2] for more details. From now on, we assume that we made this standard choice
and set Free(C) := [C°P, Vecty]. Note that every object C' of C seen as an object of Free(C) is
compact projective, i.e., the functor HomF\ree(c)(C’, —) is cocontinuous.

It is then easy to verify that the free cocompletion Free: Caty — Cocomp,, is a symmetric
monoidal functor. Hence if A € Caty is a monoidal k-linear category and M an A-module
category, after free cocompletions Free(.A) is again monoidal and Free(M) is a Free(.A)-module
category.

Proposition 2.42. Let A € Caty be a monoidal k-linear category, M an A-module category
and My, My two objects of M. The presheaf F = Hom g (— > My, Ma) € Free(A) is the internal
Hom object of My and My (seen as objects of Free(M)) with respect to the Free(A)-module
structure.

Proof. For the “small” objects A € A — Free(A), the isomorphism Homgyee(a) (A, F) =~
F(A) := Hompa (A > My, Ms) is given by the Yoneda lemma. Now any object X € Free(A) is
obtained as a colimit of such small objects, X = colim; A;, A; € A, by the co-Yoneda lemma.
Then it is straightforward to check that

HomFree(A) (X7 F) = h{n HomFree(.A) (Ala F) = hzn HomFree(M)(Ai > My, MZ)
~ HomFree(M) (COhmZ(AZ > Ml), Mg) ~ HomFree(_/\/l) (X > Ml, Mg)

Here we kept the notation > for its essentially unique cocontinuous extention to free cocomple-
tions. u

This means that when one works with free cocompletions of a module structure on some
“small” categories, the internal Hom objects of the free cocompletions are completely described
by what happens on the “small” subcategories. Using the same argument one can rephrase the
definition of the internal Hom object of M7 and M5 in a free cocompletion A of A as an object
X € A together with an isomorphism of presheaves Homp(— > My, My)3R(X), where R is
the equivalence from Remark 2.41.

Proposition 2.43. The inclusion O (SLy)-comod®® «; O,2(SLa)-comod is a free cocompletion.
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Proof. At generic ¢, the category O,(SLa)-comod is semisimple and its simples are finite-
dimensional. Hence any O 2(SLz)-comodule is a direct sum of these, and any colimit in
O, (SLj)-comod™™ is simply a direct sum. [

Note that the monoidal structure on O 2 (SLz)-comod is the free cocompletion of the monoidal
structure on O (SLy)-comod™ as it extends it and commutes with direct sums in both factors.
In the preceding proposition, one could replace O (SLQ)-COHIOdﬁn with its full subcategory TL,
as every O 2(SLa)-comodule is a quotient of direct sums of objects of TL. Actually, the inclu-
sion Skpy,(X) < Free (Skoqz(SLQ)_comodﬁn(E)) is also a free cocompletion by [6, Theorems 2.28

and 3.27], using factorisation homology.
We now apply the internal Hom object constructions to the case of skein categories. We
choose a k-linear ribbon category V and choose a free cocompletion £.

Definition 2.44. We consider an oriented surface with boundary 3, with a “red” arc chosen on
its boundary, seen at the left. This arc can be thickened in the surface, which gives a thick left
embedding (0,1) — JX. In particular one has an embedding of surfaces (0,1) x [0,1]UX — ¥
depicted hereby. By Proposition 2.17, this gives a structure of left Sky,((0, 1) x [0, 1]) ~ Sky, (Rz)—
module category on Sky (). We denote the action functor by >: Sky (R?) @ Sky(X) — Sky(X).

2

To simplify notation, we write SKy(—) := Free(Sky(—)) and still denote the action functor on
free cocompletions by >: £ K SKy(X) — SKy(X). For M; and My two objects of Sky(X), one
has an internal Hom object Hom(Mj, Ms) € €.

Definition 2.45. Let X be a surface with boundary with a chosen thickened arc on its boundary.
The internal skein algebra Ay, := Hom(&, @) is the endomorphism algebra of @ € Sky(X) C
SKy(X) with respect to the £-module structure. Its algebra structure is recalled in Defini-
tion 2.39. Explicitly, Asx comes equipped with a natural isomorphism o: Homggk ,(s)(— >
9, @)= Homg(—, As.) between (contravariant) functors & — Vectg. If V = O (SLs)-comodfi
with & = 02 (SL2)-comod, then Ay is an O 2(SLz)-comodule algebra.

Remark 2.46. The defining properties of Ay, enables one to describe morphisms V > @ — & in
Sky (%), so where the boundary points of tangles are at the bottom, as morphisms V — .7(%)
in £. We would also like to describe morphisms W > @ — V > @ in Sky(X). By duality in V,
the functor V > — is right adjoint to V* > —, see [9, Proposition 7.1.6]. So one has natural
isomorphisms:

Homgy,,(sy(W > 2,V > @) = Homgy, =) (V* > (W > @), D) vIew Homg(V* @ W, Ay)
~ Home(W,V @ As)).

When ¥ is connected, every object of Sky (X)) is isomorphic to one of the form V > &, and the
above natural isomorphism suggests that the algebra Ay, € £ is enough to fully describe SKy (X%).
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Theorem 2.47 ([2, Theorem 5.14]). Suppose that ¥ is connected, then there is an equivalence
of categories

SKy(¥) = modg — As,
M — Hom(@, M)

between the free cocompletion of Sky(X) and the category of right modules over Ay, in . For
M of the form V> &, V € &, which is always the case for M € Sky(X), this functor is given
byVi>o—VRAs.

Proof. For the last statement, one has Hom(&,V > @) ~ V ® Ay, by Remark 2.46. This is the
general idea of the proof, as morphisms of Ax-modules from W ® Ay, to V ® Ax, are equivalent
to morphisms in £ from W to V ® Ay, which are equivalent by the above Remark to morphisms
from W > @ to V > @ in SKy(X).

For the details, one uses Barr—Beck reconstruction, or more precisely its reformulation in [2,
Theorem 4.6]. One has to check that @ € SKy(X) is a progenerator. It is projective:

actg = Hom(g, —): {SKV(Z) — [VP, Vecty| ~ &,

M — HomSKV(E)(_ > J, M)
is cocontinuous because — > @: V — Sky(X) C SKy(X) takes values in compact projective
objects. It is a generator: actZ® being faithful is equivalent to — > @: & — SKy(X) being
dominant by [2, Remark 4.9], which is the case because — > & is essentially surjective on Sky (%)
which generate SKy,(X) under colimits. One gets right modules over Ay, because we considered
left module categories, see [2, Remark 4.7]. |

Remark 2.48. We are in the same context as [2] and [11]. In [11, Definition 2.18], the internal
skein algebra is defined similarly as Homgy,(5)(@ < —, @) € Free(V) for V a k-linear ribbon
category whose unit 1y is simple, which is the case for V = O (SLQ)-comodﬁn.

In [2, Definition 5.3], the moduli algebra Ay, is defined to be the endomorphism algebra of the
distinguished object Og¢ x; of the factorization homology over ¥ of a presentable abelian balanced
k-linear category & generated under filtered colimits by rigid objects, with respect to the &-
module structure. The factorization homology of V is computed by Sky, see [6, Theorem 2.28],
and the factorization homology of £ = Free(V) by SKy = Free(Sky), see [6, Theorem 3.27].
The distinguished object is @ € Sky(X) C SKy(X), and a k-linear free cocompletion is always
abelian and generated under filtered colimit by rigid objects.

There is one difference with our paper though: we consider a left £-action, and [2, 11] consider
a right £-action, with adapted definitions of internal Hom objects. In our description, it would
mean seeing the red arc on the right instead of on the left, thus Sky (R?) acting from the right.
This gives a braided opposite product, and we need left actions to have the same product than
the one on .#(¥). Right actions and more generally multiple right/left actions and how they
interact will be studied in Section 4.

3 The relation

We show in this section that the stated skein algebra of a surface with a single boundary edge is
isomorphic to Ay. We consider the algebra Ay, from last section with V = O2 (SLQ)—COmOdﬁn and
& = O,2(SLa)-comod at generic ¢, and prove that . (¥) ~ Ay, as O,2(SLa)-comodule algebras.
Actually since Ay is only defined up to canonical isomorphism one may take an equality here,
so we prove that (X)) satisfies the defining properties of Ay, namely that it is the internal
endomorphism algebra of the empty set in SKy(X) with respect to the £-module structure.
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This result is not new and was stated in a weaker form in [20, Theorem 4.4], [19, Theorem 9.1]
and [11, Remark 2.21], namely as algebras in Vect. However, in these references one considers
right £-actions and therefore the internal skein algebra is isomorphic to the braided opposite of
the stated skein algebra. The full result can still be recovered using [10, Theorem 5.3] or [16],
which give an isomorphism between the opposite of the stated skein algebras and Alekseev—
Grosse—Schomerus-algebras, which are themselves isomorphic to internal skein algebras by [2].
Our approach here is more direct and uses only skein theory.

We need a natural isomorphism Sty : Homgy,, ) (W > @, @)= Homg (W, (%)), for W €
£ = 0p(SLy)-comod. In the case where W = V" € TL is a tensor product of standard
corepresentations, and the element on the left hand side is a tangle o with n boundary points,
we want a morphism V®" — . (X) associated to it. This is done by setting the entries, elements
of V¥ as states of the tangle a. Recall that V has basis v,, v_ and we identify the states +
and — with these elements. As in Remark 2.35, we allow formal linear combination of states for
stated tangles. In this context, the defining relations of stated skein algebras correspond exactly
to naturality conditions, see Proposition 3.3. This gives the idea of how to deal with the objects
of the full subcategory TL C V of objects of the form V®" and this extends to £ ~ Free(TL)
by Proposition 2.42. Note that one still has an action >: TL ® Skpy,(X) — Skrr,(2) which is
the restriction of >: V ® Sky(3) — Sky(X).

Definition 3.1. Let W = V®" € TL and o € Homgy,, (sy(W > @,3). By Theorem 2.22,
a can be represented by a (linear combination of) tangle(s), still denoted by «, with n ordered
boundary points near the boundary edge, which is well defined up to isotopy and Kauffman-
bracket relations.

Graphically, we set

a 1o
€1
Stw<[0’1] . .,.( ) (Ve; @+~ @ g, ) 1= eilj ’ e € {£}.

n

ox b))

For brevity we denote this last stated tangle by o and vz = v, ® - -- ® v.,,. Note that in this
figure there are two implicit sums, « is a linear combination of tangles and an element of V&"
is a linear combination of vz’s. They will remain implicit in the following.

In the context of stated skein algebras one needs the boundary points of the tangle « to be
above the boundary arc though they are on the bottom at its right in the context of morphisms
in Skrr(X). One wants to simply push the boundary points through the boundary edge and
up above it, but without braiding the strands with one another. Therefore we use a global
automorphism of 3 x [0, 1]. Consider an isotopy of the identity on ¥ x [0, 1] which is trivial far
from the corner and in it pushes the bottom boundary through and up above the edge. It results
in the global automorphism )y, of 3 x [0, 1] which maps a tangle “from skein categories” to one
“from stated skein algebras” and preserves the order as desired, namely the bottom points on
the leftmost will end up above. We will still denote the modified tangle 15, () by a. Now, it
only needs states to give an element of .77 (X).

We set

ven (%),
Vg 2@,

Sty (a) := {

so where z« is the tangle ¥y, () with states €1,...,&, from top to bottom. It is well defined
because the tangle representing « is well defined up to isotopy and Kauffman-bracket relations,
which are quotiented out in .#(X).
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Proposition 3.2. Given a tangle o, the map Sty (a): VE" — #(8) is an Op(SLa)-comodule
morphism.

Proof. Note that we still see .7 (%) as a right O,2(SLz)-comodule even though we draw the
edge at the left. Its comodule structure is given by A(za) = Zﬁe{i}" 70 ® 7Bz, and here 58z

is a product []; 5,8, in #(B). The comodule structure on V¥" is given by A(vz) = > v; ®

IL; zyie;» where x, . is the v, part of A(ve). Namely, x4y = a, x4 - = b, x_ 4 = c and
r_ _ = d. Under the isomorphism O, (SL2) ~ S (B), xye = »B:. Thus A(Stw(a)(ve)) =
Aza) =35 Stw () (v7) ® 782 = (Stw () ® Idy(p)) (A(v)). u

Proposition 3.3. The maps Sty : Homgy, (W > @,9) — Hom@qz(SLQ)_comod(VV, L (%)),
W € TL, define a natural transformation St: Homgy . (x)(—>@, ) = Homg(—, (X)) between
functors TL? — Vecty,.

Proof. For g € Homry,(V®", V™), o € Homgy,, () (VE™" >3, @) and vz € VE" | one needs to
check that Sty em(a)(g(ve)) = Styen(ao (g > Idg))(ve). Morphisms of TL are generated under
composition and juxtaposition by identities, caps and cups, so one only needs to prove the result
for these last two. We will need some explicit computations of these caps and cups. Recall from
Remark 2.21, or [26, Theorem 4.2], that to do so one uses the isomorphism

V=V
S %
P U+'_>_q2/U—7
1
v = g2l

of Definition 2.3 and sets N =+~ Yo (p @ Idy) and U = (Idy ® 1) o/, where & \ and \_/
are the usual ev and coev in Vectim.

Let g =11Inlll=1dY" @ Nn@Idy"*: Vo2 — Vo o € Homgy,, (x)(VE" > @,2) and
V= (e, @ DVe,) OV RV @ (Vg ® -+ R 0g,) € VO We want to compare

(6%
e1b——

Sty en (@) (g(v)) = Styen(@)(ve . N (W © W) = o .1 (v ©w)

Styenta(aro (9> 1dg)) (v) = Styens ( EL ) "= Nz

i /J
—_ o
S 0,

One simply needs to check that the coefficient 4O from the left boundary skein relations of
Proposition 2.27 coincides with N(v, ® v,) and indeed N(v4 @v4) = ev(—qgvi ®vy) =0=10,
1, — 5 5 +

Nv- ®@v_) = ev(gzvi ®v_) =0 =D, N(vy ®v_) = ev(—q2v* ®v_) = —¢2 = 1O and
Nv- ®vy) = ev(q%vi ®uvy) = q% = ;0.

Now let g =111V I11=1d* @U@IAY" ™ : VO — VO+2 o € Homgy,, (v (VO > 2, 2)
and v = vz, @ - @ Ve, € V" One can directly compute U(1) = (Idy ® ¢~ ') o coev(l) =
(Idy ® 1) (v- @ vr + vy @ v7) = g ® vy + q7%v+ ® v_. We want to compare

and

Sty onsa()(9(v)) = Styene (@) (v, ® -+ v) ® (—g 3v- @ vy + ¢ 20y ©v-)
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o o
g — S —
=i vah g
and
e

€1

@ :

Styen(a o (g 1d2))(v) = Stye: ( ﬁ ) ® =
They are equal by the last left boundary skein relation of Proposition 2.27. |

Recall from Proposition 2.42 and the discussion below that the internal endomorphism object
of @ with respect to the £-action is an object X equipped with an isomorphism Homgy, () (—>
@,2)=Homg(—, X) in [TLP, Vecty]

Theorem 3.4. The natural transformation St is a natural isomorphism and exhibits .7 ()
as the internal endomorphism object of the empty set. Namely one can take Ay, = (X) as
O 2(SLa)-comodule.

Proof. We exhibit an inverse to St. Let W = V®" ¢ TL, which decomposes as a direct sum
of simples W;. Let f: W — .(X) be a morphism in &£, and denote by f; its restriction on
W;. We want a morphism St;vl( f) € Homgy, (W > @, @), which is equivalent to a collection
of morphisms St;Vl (fi) € Homgy,(sy(W; > @,9). Each f; is determined by its value on a
single element w; € W; (pick a highest weight element for example), it extends to all W; by
applying the U (slz)-action (recall from Proposition 2.9 that O,2(SLz)-comodules correspond
to U2 (sl2)-modules). Choose any stated tangle a; representing the element f;(w;) € .7(%).
Denote by «; its underlying tangle, n; = |0«;| its number of boundary points and £; its states.
This representative is well defined up to the boundary skein relations, the usual skein relations
and isotopy. The assignment w; — vz, extends to a unique Oqg(SLg)—morphism gi: Wy — Vemn
by applying the U2 (slz)-action. We then set St;v1 (fi) = a;0(g;>1dg). Note that here c; denotes
the tangle a; seen as a morphism in Sky(X), so we actually mean 1, ! (a;), the same tangle but
with boundary points at the bottom instead of the left. We have to check that this definition
does not depend on the representative a;. Usual skein relations and isotopy do not change «; seen
as a morphism in the skein category. The boundary skein relations are equivalent to naturality
using Proposition 3.3. Namely, another representative a; has to be of the form o, = a;0(g>Idg),
for some g € TL, with states &?i/ such that g(é;/) = &;. Therefore the g for a; will be such that
gi = gog;. Then we simply check that a;0(g;>1Idg) = ajo(9>1dg)o(gi>1dg) = afo (g, >1dy),
and Sty (fi) is well defined.

For simplicity we assume that Stﬁ}( fi) and g; are actually defined on all W but are 0 ex-
cept on W;, namely we precompose by the projection W — W;, and thus we set St;vl( f) =
> Sty (fi)-

It is now easy to check that St;v1 is the inverse of Styy. For vz € W, suppose vz € W;; C W
lies in a simple, or decompose it in the W;’s, and write vz = X - w;y, X € Up(slz). One has
9io(ve) = X vz, and for j # io, gj(vs) = 0. Thus:

Stw (St;vl(f)) (’Ug) = StW (Z Q; O (gi > Id@)) (’Ug) = Z Stw(ai o (gi > Idg))(@g)

Proposition 3.3
Po= > Stw (i) (gi(v2) = Staw (i) (X - vs, )

)
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Pr ition 3.2
Oposio X - Stw(aio)(vao) =X Ay = X - fio (wio)

= fio(ve) = f(vz).

Symmetrically, let a € Homgy,, )(W > 9, 2) and vz € W. Set f = Sty (a): Vel (%),
in the definition of St;vl( f) one has o; = o and vg, = w;, so g; is the inclusion W; — W. If
vz € W; C W, one has St} (Stw(a)) =3, a0 (g; > 1dy) = ao (Idw > 1dy) = a. |

Proposition 3.5. The algebra structure inherited from the internal endomorphism object struc-
ture on ./ (¥) coincides with its usual algebra structure. Namely Ax = #(X) as Op2(SLa)-
comodule algebras.

Proof. Recall that the product on . (%) is given by stacking the left tangle a above the right
one b, and the product on Ay is defined by evaluation and composition maps on internal Hom
objects, in Definition 2.39. Graphically, the stated tangles a and b, which we see as morphisms
a and 8 in Sky(X) with prescribed inputs vz and vz, map to the morphism a o (Idy sl > 3)
in Sky (X) with prescribed input vz ® v, which we see as the stated tangle a above b:

E1+—"_
E;ﬁ

« - 154 8
€1 m
i ) ;:; J
)
o
5 5
1| m ’Uﬁ — - 1(m‘ 7U§®Uﬁ-

The evaluation map evg g: (X)) > @ — & is the image under St~ of Id (). We have not

y Ugy

constructed St™! on all £ above, but only on TL, and it extends by cocontinuity in Proposi-
tion 2.42. The comodule (%) decomposes as simples as .7 () = @, g+ Uz (sl2) - o where BT
is the set of o-ordered simple stated tangles with only + states, see [7, Theorem 4.6(b)]. These
stated tangles with only + states are simply a way to represent canonically a tangle without state
information, and again in the following we will see a as a morphism in Homgy,,(x) (V®|6°‘|, @),
which is actually ¥; ().

We denote by W, = U2 (slz) -« and gq: Wy — V@192l the inclusion mapping « to its states

v~ Then:

evoo =St (Idy(s)) = Baept St (Wa = F(8)) = Dpept @0 (ga > 1dg).

The composition map c: . (X)) ® .7 (X) — ¥ (X) is the image under St of the morphism evg g o
(Idym) >evgg): (LX) ® (X)) >3 — (X)) > @ — J. This morphism is the double sum:

Baept Dpept (@0 (ga >1dg)) o (Id g (x) > (B o (g5 > 1dg)))
= @aep+ Dpept @ o (Idysioa > B) 0 (9o > gs > 1dg).

The product is obtained by applying St to this morphism. For a,b € .¥(X), write a = X -« and
b=Y . p with X,Y € Up(sly) and a, 8 € B*. Thus a has states vz = X - v and b has states
v =Y -v—=. By naturality:

C(CL X b) = Sty(z)®/w(2) (eVQ@ o (Id’y(g) > evag))(a & b)
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= Owept Opept St(a o (Idgjow| > ) (g @ gp)(a @ b))
= St(a o (Idysjoal > 8))((9a ® gp)(a @ b)) = St(a o (Idysjea > B))(ve @ vy)

which is precisely the usual product of @ and b in .7(X). |

4 Multi-edges

We define internal skein algebras for surfaces with more than one boundary, and possibly
left or right boundary edges. We show they are isomorphic to stated skein algebras when
V=0p (SLQ)—comodﬁn, and re-prove their excision properties using excision properties of skein
categories.

4.1 Right internal skein algebras

In order to extend the definition of internal skein algebras to surfaces with multiple boundary
edges, we would need a notion of left and right action to be able to glue surfaces together,
such that internal skein algebras satisfy excision properties, just like stated skein algebras.
One subtlety though is that one is only allowed to talk about right O,2(SL2)-comodules in the
context of internal skein algebras, to stay in the category £ (as opposed to the stated skein
algebra context).

Definition 4.1 ([6, Section 3.2]). Let ¥ be a surface with a chosen boundary interval, which we
see at the right of the surface. One can make a construction similar to Definition 2.44 to have
a right action functor <: Sky(¥) ® Sky (R?) — Sky(X). It differs the one > of Definition 2.44
only by rotating the disk by 180 degrees.

The right moduli algebra A% of [2, Section 5.2], or right internal skein algebra of [11], is the
internal endomorphism algebra of the empty set in Sky(X) with respect to this Sky (R2)®_Op—
module structure.

()

Definition 4.2. Denote by rot the diffeomorphism of the disk given by 180° rotation. By
Remark 2.16 it induces an automorphism (—)" := Sky(rot): Sky (R?) — Sky, (R?) which squares
to the identity. For X € Sky(R?), we call X" := Sky(rot)(X) the half-twisted X. One easily
checks that (—)M is anti-monoidal, namely (X ® Y)P = Y" ® X" because rot reverses left-
right order. The diffeomorphism rot is isotopic to the identity by rotating from 0 to 180°. This
isotopy induces a natural isomorphism ht: IdSkv(Rz)é(—)ht called the half twist, which squares
to the twist (the 360° rotation).

Remember from Remark 2.16 that ht is given on n blackboard framed points on the real

N
axis by n parallelly half-twisted vertical strands, namely drawn on the half twisted ribbon /\ .
Naturality, namely htyy o fo ht‘_/1 = fP expresses the fact that one can untwist a top half twist
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and a bottom anti-half-twist by half twisting the middle. For f = hty one gets htynw = htl‘l/t.
Note too that

AN
htyew = (htW ® htv) o cv,w by \x\ = ([X

Now, one simply has > = <o flo((—)" ® Idgy,,(s)) and <ofl = >o (- Idgy,, (), where fl
is the flip of tensors. And indeed a left action turns into a right action under an anti-monoidal
functor. Moreover, the natural isomorphism ht: IdSkV(Rz):~>(—)ht gives a natural isomorphism
ht>—:=p>o (ht ®IdSkV(E)): > = < ofl.

Remark 4.3. One can give an explicit relation between left and right internal skein algebras.
Internal skein algebras are only defined up to isomorphism, so this description is just one choice.
Actually, we will give another one below. Consider the internal skein algebra Ay defined as in
Section 2.4 by seeing the red arc at the left, with a natural isomorphism o: HomSkv(E)(— >
@,2)=Homg(—, As). Then one has natural isomorphisms

ht

Homg, (s (2 <1 V, @) = Homgy, ) (V2 > 2, @) 3" Home (V2 Ax) ‘2" Homg (V, AY).

Namely, Ag ~ A]%t as object of SKy (RQ), but with natural isomorphism (U(_)ht)ht.

Remark 4.4. Note that the half twist is defined on Sky, (RQ) and not on V, which is its full
subcategory of objects with only one coloured point, with blackboard framing. The half twist
will map such an object to a point with anti-blackboard framing, so it does not stabilise V. The
equivalence of categories Sky (Rz) ~ ) preserves properties of the half twist only up to natural
isomorphism, and depends on the choice of a quasi-inverse of the inclusion. The one described
in Remark 2.12 will map the half twist on Sky, (RQ) to the identity on V), but if we had chosen to
restore the framing counter-clockwise it would map it to the full twist. In V' = O2 (SLy)-comod ™
an actual half twist exists, see [24], and we will study it below. However, in general we will
prefer a construction that uses the half twist only on the disk inserted in Sky(X), where it is
well defined, and not on V. In particular, the above description AL ~ Agt holds in SKy (Rz)
but has an unclear meaning in £ (it depends on the choice of some quasi-inverses).

Definition 4.5. There is another explicit relation between left and right internal skein algebras
using ht>— to relate the right action to the left one. Set off = go(ht>@): Homgy, (s (@ <—, @)
= Homg(—, Ay). What we mean is that for V € V and a € Homgy,,(x)(@ <V, 9), we have a o
(hty > Idy) € Homgy,,(s)(V > &, &), and of¥(a) := oy (ao (hty > Idy)).

Proposition 4.6. The natural isomorphism o exhibits Ay, as the right internal skein algebra.
The algebra structure m'f: Ay, ® As, — As, inherited from this right internal endomorphism
object structure differs from the left one m: Ay, ® Ay — As, by a braiding: m¥ = mo caggay-

Namely, the right internal skein algebras introduced in [11] and [2] are the braided opposites
of the left ones introduced in Section 2.4.

Proof. The U{;’s form a natural isomorphism: let f € Homy(V, W) and o € Homgy,,(5)(9 <
W, &), one checks:

off(ao (ldg < f)) = off(ao (fht >1Idg)) :=ov(ao (fht > Idg) o (hty > Idg))
= oy (ao (hty >Idg) o (f >1dg)) = aff-(a) o f

by using naturality of ¢ and of ht > —. For f € Homg(V, Ay) one has (O'R)il(f) = a‘jl(f) o
(h‘c‘_/1 > Idg). Therefore (AE,O'R) is the internal endomorphism object of the empty set in
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SKy (%) with respect to the right SKy, (RQ)—action by Proposition 2.42. We now study its algebra
structure. The evaluation map is
evl . = (Jﬁz)fl(IdAE) = UZ; (Iday,) © (ht;\; > Idg)
= ev o (ht;l; > Id@) < HomSKV(E) (@ < AZ, @)
The product, or composition map, is:
mf: = affz@Az (evR o (evR < IdAZ))
= 0As0As (ev o (htA > Id@) o IdAht > (ev o (htA > Id@)) o (htageay > Idg))
= 0ageax (evo (Idag >ev) o (ht! @ht! >1dg) o (htageay, > 1dg))
= Aoz (evo (Idag >ev) o (cagpay B 1dg)) = mocapgay.
The units 01 (Idg) := 01, (Idg o (hty,, > 1dg)) = 01,,(Idg) coincide. [

Remark 4.7. In SKV(RQ), one has off(a) := oy (ao (hty > Idg)) = opum(a) o hty. If one

post-composes with ht”, Aht this is exactly (tht)ht. Hence the two descriptions of right internal

skein algebras we gave, (Agt, oyt ht) in Remark 4.3 and (Ay, 0 o (ht > —)) in Proposition 4.6,
are isomorphic (as they should) by ht} b : Ay, — A, The product on Al is given by

htAht omfo htAgt ® htAht = ht_it 0 MO CAs@Ay O htA]%t ® htA}%t
E
= htAht omohtaygay = mht.

4.2 Multi-edges internal skein algebras

We extend the definition of internal skein algebras to the multi-edge context, and define them as
internal endomorphism algebras of the empty set in the skein category with multiple boundary
actions, as expected. We check that they still describe skein categories well-enough.

Definition 4.8. Let G be a marked surface with n boundary edges labelled either as left (numbe-
red 1 to k) or as right (numbered k+1 to n) edges. Each left (resp. right) boundary edge induces
a left Sky (RQ)—action (resp. left Sky (R2)®_Op-action) on Sky (&), which all commute, so one has
a left Sky (R2)®k ® (Skv (R2)®_Op)®n_k—action > on Sky(S). We denote its components by ©>;
or <1; ofl: Sky (RQ) ® Sky(6) — Sky(6), 1 < i < n, though we forget the indices when they are
understood. When there are missing components they will be implicitly filled by 1. We may
also write (Vi,...,Vip)>@ < (Vit1, ..., V) instead of (Vi,...,V,) > @.

The internal skein algebra Ag is the internal endomorphism object of the empty set in
Sky (&) with respect to the Sky (R2)®k ® (Sky (R2)®_Op)®”_k—a0tion. It is an algebra object in
E¥n ~ Free (V®") ~ Free (Sky (R2)®n), where £¥" has opposite tensor products on the last
n — k components. We denote this monoidal structure by ®. We denote by ®; the tensor
product on coordinate 4, and adopt the same convention as with > filling with missing 1y’s and
eventually writing (V1,..., Vi) @ W & (Viy1, ... ,Vn) instead of (Vl, Vo) @ WL Explicitly,
Ag comes equipped with natural isomorphisms o; : Homgy, (s )(Vl>® )= Homgxn(V Ag) for
V=W,...,V,) € V" between functors (VOP)®” — Vecty.

Remark 4.9. Objects and morphisms of tensor product of categories (e.g., V®™) are sometimes
denoted by tensor product of objects and morphisms (e.g., V1 ® ---®@V,, and fi ®--- ® f,,). To
avoid confusion with the monoidal structures on the categories (e.g., ® on V), we prefer to use
commas (e.g., (V1,..., V) and (f1,..., fa))-
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Remark 4.10. A legitimate worry about this extended definition of internal skein algebras
is that when one has multiple boundary actions on a same connected component one cannot
keep track of where did an object come from. Namely for V € V and ¢, ¢ two boundary
edges on a same connected component of &, one has an isomorphism V > @ — V >o @ which
sounds surprising because (V,1y,) and (1y, V) are hardly isomorphic in V¥2. The internal skein
algebra actually keeps track of such identifications, and one has an isomorphism (V, 1)) ® Ag —

(1y,V) ® As.

Note that the above definition makes sense for n = 0, where we want endomorphisms of
the empty set in Sky(&) to be described by morphisms k& — Ag in £¥° = Vect;. For V =
(’)qz(SLg)—comodﬁn one gets Ag = S (&) is the usual skein algebra. It is no longer true, however,
that all objects of Sk, (&) are described as modules over Ag, because the (trivial) action of &<
on @ is no longer dominant.

Definition 4.11. Let & be a marked surface and V a ribbon category. The reduced skein
category Sk{fd(@) is the full subcategory of Sky (&) spanned by objects of the form Vo,
namely in the image of the action of Sky (R2)®n on the empty set. It is equivalent to Sky (&)
if G has at least one boundary edge per connected component.

Remark 4.12. One can still apply Remark 2.46, slightly modified because for right edges the
left adjoint of — <1V is given by acting by the left dual — < *V. For V= (Vi,...,V,) € y&n
write V* = (V;* or V)1<l<n with right duals for left edges and left duals for right edges. Then,
as the notation suggests, V* is the left dual of V in V®" for the monoidal structure ®, and
V > — has left adjoint V*p>—. For W e V€ one has natural isomorphisms:

HomSkV(G) (WD@,VDQ) ~ HomSkV(G) (‘7* > (WD@),@)
UVEM/ Homggm, (17* ® W,AG) ~ Homgxn (W, VR AG).

Theorem 4.13. The free cocompletion of the reduced skein category SK{f’d(G) s equivalent to
the category of right Ag-modules in E2", with monoidal structure @, by

SK%4(6&) = mode — Ag,
M — Hom(@, M).

For M of the form V > @, one has Hom(@,VD@) ~VR® As.

Proof. We follow the proof of Theorem 2.47, namely we use [2, Theorem 4.6] on @ € SKi$4(&).
It is projective by the same arguments and —>@: 2" — SKred(G) is dominant by construction
so act is faithful and @ is a generator. For the last statement, one has Hom(&, Vo ) ~ ~V®As
by Remark 4.12. ]

4.3 Relation for multiple left edges

Let V = Op (SLg)-comodf®, & = O,2(SLa)-comod =~ Free()) and & be a marked surface with
all boundary edges labelled left. We show that Ag ~ /(&) as O,2(SLz)®"-comodule-algebras.

Proposition 4.14. There is an equivalence of categories E¥™ ~ O,2(SL2)®"-comod.

Proof. The category O (SL2)®"-comod is semi-simple with simples tensor products of simples
O,2(SLy)-comodules. It implies that the cocontinuous extension of ®": V& — O,2(SLy)®"-
comod to E¥" — O,2(SL2)®"-comod is an equivalence. [

In particular Free (TL®") ~ Free(TL)*" ~ £%" ~ O 2(SL3)®"-comod.
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Theorem 4.15. Let & be a marked surface with all boundary edges labelled left, then Ag ~
S(6) as Op2(SLy)®"-comodule-algebras.

Proof. We give a natural isomorphism St exhibiting /(&) as the internal endomorphism
object of @ € SKy(&) with respect to the O (SLz)®"-comod-module structure. For X €
O,2(SL2)®™-comod, we want Stx: Homgyk,, (&) (X > &,2) — Homoq2(SL2)®n_Comod(X,5”(6)).

Let X € TL®" and a € Homgy, () (X > &, @) represented by a tangle, we set

Stx(a): {Xl —7(8),

Vg @ QUE g,

where z ..z o is the tangle o with endpoints pushed over the boundary edges and states the 53-
over the i-th edge and in j-th position from top to bottom, as in Section 3 but with more than one
edge. It is an O2(SLy)®"-comodule morphism because it is an O,2(SLz)-comodule morphism
on each coordinate by the same calculations as in Proposition 3.2. It is natural in TL®™ because
it is a natural in each coordinate by the same calculations as in Proposition 3.3.

It is an isomorphism by the same arguments as in Theorem 3.4. Namely, let W =V ® --- ®
V. € TL®™ and f: W — 5”(6), split W = ¢;W,; and f = @fi with W; = i1 Q- ® Vi,n
simple and choose w; € W;~ {0}. Choose a; representing f;(w;) and denote by «; its underlying
tangle and & 1,...,&;, its states. Include W; iy yenia ® - ® VOin by mapping w; to
Vg, @ ®ug, , and set St;vli (fi) = aio(g:>1dgy) € Homgy,,()(W;> @, @). Then the inverse of
St is given by St;;} (f) = @ Stﬁ,li(fi) € Homgy,, (&) (W > @, @) and does not depend on the choice
of representative.

As in Proposition 3.5, because every boundary edge of & is labelled left, the product inherited
from the internal endomorphism object structure is still given by « with prescribed inputs
Vg, ® - @ vg,, times B with prescribed inputs vz, ® --- ® vy, equals a o (Id > 3) with
prescribed inputs (v, ® vy, ) ® -+ @ (v, @ vy, ) which is the usual product on /(&). W

4.4 The half twist on O :(SL;)-comod

In the last subsection, we only allowed left Sky, (RQ)—actions. We study here how to change from
left to right actions using the half twist in the case V = O, (SLy)-comod™.

Remark 4.16. As we saw, a half twist on V is usually not necessary to the general study of
internal skein algebras, but it is needed to relate them to stated skein algebras when there are
right edges, and to mirror their excision properties. When one sees a boundary edge at the right
instead of the left, it has very different effects on both sides. For stated skein algebras, it does
not change the vector space, nor the algebra structure, but switches the right comodule structure
to a left one using rot,. For internal skein algebras, it does not change the vector space, one
keeps right comodules (Ag is still an object of £) though slightly changed: it is half-twisted, and
the algebra structure is opposed. To make both sides agree, one needs to switch the comodule
structure of the internal skein algebra while taking the opposite of its algebra structure. This
is done very naturally by using S. Using the other known comparisons, one gets that the half
twist on O,2(SLa)-comod should be the difference between switching the comodule structure
using rot, and switching it using S. This is Proposition 4.26, but we give a more complete and
algebraic definition below.

Definition 4.17 (|24, Section 4.1], for categories of comodules). A half-coribbon Hopf algebra
is a coribbon Hopf algebra H equipped with a half-coribbon functional, i.e., a map t: H — k
such that:
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(1) t is invertible by convolution: 3 ¢~!: H — k such that t(a())t " (ag)) =t~ (a@))t(ae) =
e(a),

(2) t squares to the twist: t(a(1))t(ag)) = 0(a),

(3) compatibility with product: t(a.b) = t(b())t(a(1))R(a) @ b))

Definition 4.18. The half-coribbon functional induces a half twist ht on the category H-comod

-1
by hty: V A VeRH M9y Ttisan isomorphism of vector space with ht(/1 VA VeH ot "y

The half-coribbon functional is not supposed to be central though, and this means that hty is
not an H-comodule morphism. There is a unique comodule structure on (the target) V' that
makes it a comodule morphism, namely A" := (hty ® Idg) o A o ht‘_/l. We denote by Vbt
the vector space V equipped with the coaction AP, Now, hty: V' — VI is an isomorphism of
H-comodules.

One has a functor (—)": H-comod — H-comod which sends an object V to the half-
twisted V" and a morphism f: V — W to f™ = htyy o f o ht‘_/l: Vht 5 Wht Tt is defined so
that ht: Id = (—)" is a natural isomorphism.

As maps of vector spaces, one simply has

fhe (Idw ®t)o Ap o fo (IdV ® til) oAy
(Idw ®t) o Ay o (Idw @t ') o (f ®1Idp) o Ay

(Idw ®t) o Aw o (Idw ®t ") o A o f = hty ohtyy! o f = f.

In particular htyw = ht}‘l/t = hty. The square of ¢ is € so htyw o hty = 0y, and 6 is central so
(VP — ¥ and (=)Mo (=)™ = Id. Regarding the monoidal structure, let V and W be two
H-comodules. Remember that the braiding is defined as

Rogo(Ay®Aw)
-

cvw: Vew VoW SweV

The third condition gives that htygw = hty @ hty o (flocy ) so flohtygw = hty @ hty ocyw.
In particular, fl: (V @ W)™ — Wht @ V1t is an H-comodule isomorphism.

Definition 4.19. For V a ribbon category, let ht-Ribbony, be the full subcategory of
Ribbony, (RZ) spanned by objects of the form [n] € R? but now allowing either blackboard
or anti-blackboard framing for every point. This subcategory is still ribbon and is stable by
the functor (—)M, and equipped with ht: Id = (—)P. It also contains the category Ribbony, of
blackboard framed points.

Theorem 4.20 (|24, Theorem 4.11)). Let H be a half-coribbon Hopf algebra and V' a finite-
dimensional comodule. There is a unique monoidal functor ht-RTy : ht-Ribbon, . .60 —
H-comodfi® extending RTy and commuting with both (—)" and ht, so preserving the “half-
ribbon structure”.

Remark 4.21. This half-twisted Reshetikhin—Turaev functor also gives an equivalence of cat-
egories Sky (RQ) ~ Y but this time with much nicer properties regarding the half twist. In the
usual Reshetikhin—Turaev functor one only prescribes where to send points with blackboard
framing and well-placed on the real line. For framed points not of this form, one has to choose
an isomorphism with one of these, like in Remark 2.12, but these choices are quite arbitrary.
Then the half twist sends blackboard framed points to anti-blackboard framed points which are
re-identified with blackboard framed points via these arbitrary isomorphisms. With the half-
twisted Reshetikhin—Turaev functor one also prescribes where to send anti-blackboard framed
points, so one controls closely what happens with the half twist, namely the half twist on Sk, (R?)
is mapped to the half twist on V.
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Note however that unlike on Sky, (RQ), the half twist on V is not strictly anti-monoidal (indeed
it is the identity on underlying vector spaces) but (X @ V)" ~ Y @ X" is simply given by the
flip of tensors. A bit like the R-matrix, the half twist gives the difference between the monoidal
structure on H-comod and the symmetric one on Vecty. Formally, this error lies in the fact that
the inclusion of V in Sky, (Rz) is only monoidal up to natural isomorphism, and this isomorphism,
given in Remark 2.14, maps by the half twist to the flip of tensors.

In the case of Op2(SL2), we can define a half-coribbon functional on the generators by

5
t (‘c‘ g) = ( Ol —a® ) This tells in particular how the half twist acts on the standard corep-

g2z 0
resentation V', namely hty(vy) = giv_ = C(—=)"tv_ and hty(v_) = —qgv+ = C(+) toy.
For states € {£}, we will write hty(n) = —n.C(—n)~!. Note that [24] introduce another
3
half-coribbon element corresponding to the matrix 03 72 ) but our choice is imposed by
—q2 0

conventions from stated skein algebras.

To define it on all O2(SLa) we prefer a geometric description on .#’(B). We would like to
give the same definition as for the coribbon functional € with a half twist instead of a full twist,
but in the definition of stated skein algebras one only allows upward-framed boundary points,
which would map to downward-framed points after the half twist. Still, we know how to do the
“global” half twist on many strands (without twisting the framing), and we only need to add
a “local” half twist on each strand, which are implicitly coloured by V', on which we know how
the half twist acts.

Proposition 4.22. The coribbon Hopf algebra . (B) is half-coribbon with half-coribbon func-
tional

€1 hty (1m) _5n~0(5n)71 m
= 555 = z i

En hty (1) —e1.0(eq) 7! hm

By Remark 2.35, ht o(p)(a) = (Id®t) o A(a) is the stated tangle represented in the middle, and
by a left version of Remark 2.35, (t ® Id) o A(«) is the stated tangle represented in the right.

Proof. These two formulations prove that ¢ is well defined on .(B) as it respects the boundary
relations on the left edge by the first and on the right one by the second. So we begin by proving
that these two formulations actually coincide. Let 5 € .#(B), then

{ Enm.c*(nm)l meos m.c<—m>—1.c<—?m @ —ezn.c*(en)—l

En _771-0(_771)71 nm'C(_nm)71~C(_nm) _51~C(51)71

Tl « _61.0(51)71 e=eorotx _6”'0(6")71 @ n
055 g )

m —£n.Clen) 7t —£1.C(e1)7 ! TIm

where the second equality is only a change of picture representation, not of stated tangles,
coming from switching the orientation of the edges, see [3, Section 3.5].

The convolution inverse t~! of ¢ is obtained the same way as the middle term but with the
inverse half twist and ht‘_/1 on states. Indeed by Remark 2.35, (Id ® t7!) o A(a) is o with an
inverse half twist at the right and ht‘;1 on right states. Thus (t ® t_l) o A is the counit of «
with an inverse half twist and a half twist at the right, and hty o ht‘_/1 on right states, namely
the counit of a. Similarly, (t_1 ® t) oA =c¢e.
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One directly checks that hty o htyy = fy = —¢3Idy on the standard corepresentation. Then
(Id®t)o A() is a with a half twist at the right and hty on right states, and (¢ ®t) o A(«) is the
counit of a with a full twist (without framing twist) at the right and 6y on right states. This is
exactly the full twist by separating the unframed full twist and the full twists on framings:

1%} 11 m

0(a) =€ s=lege)on € é(a : £

1% m l/m T]m

I

™

(11
[2]

Finally,

_ [T A Aoy | s=zaea —chrliqﬁ
t(o.B) = = .
N e P ] oo == 5

!

RLRL
<V

SO

om=e®

=T 1By ) Rlae) @ Ba))- u
Definition 4.23. Let G be a marked surface and e a boundary edge, with orientation induced by
the one of &. The inversion along the edge e is the morphism of k-vector-spaces inv.: .7 (&) —
7 (G) given on a stated tangle a by ordering the heights according to the orientation of e, then
switching height order vertically, then taking opposite states and some coefficients, namely:

—m.C ht# (7m)
inv, o
— 1. C m htv 771
It is well-defined by [7, Proposition 2.7]. Note that inv, is neither an algebra morphism nor
a comodule morphism.

Proposition 4.24. Let e, be the right edge of the bigon and oo € #(B), then t(a) = eoinv, ' (a).
In particular, by Remark 2.35, for & a marked surface with a right edge e, the half twist acts
on .7(6) asinv, !

Proof. Indeed,

. Q Ity (17m ) Iﬂ hty o hty' (1)
toinve, (a) =t =@ s ; =€ =E ﬁ : =e(a). |

bt (1) hty o hty ! (1)

Remark 4.25. In [7, Section 3.4] the counit is defined as € = i, oinv,,, where i is the inclusion
of the bigon in the monogon. Surprisingly enough, the half coribbon functional is then ¢ = i,
and is simpler to write. This suggests that there is a half twist built in the construction of stated
skein algebras. We claim this comes from the passage from right to left comodule structure.

If A is a right comodule over a Hopf algebra H, it is naturally a left comodule with AL =
flo(Idg ® S) o A, and we will consider these two as the “same” comodule. Indeed, one has an
isomorphism of categories (—)*: H-comod — comod-H which is the identity on vector spaces,
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switches the action as above, and is the identity on morphisms. However, when passing from
right to left edges — and comodule structures — on stated skein algebras, one uses another way
to see a right comodule A as a left, namely with A! = flo(Id4 ® rot,) o A. Again one has
(=)' H-comod — comod-H with the identity on morphisms. So we have two functors (—)* and
(—)! and we claim that the difference between them is precisely a half twist:

Proposition 4.26. One has (—)! = (=)o (=)' and (=)L = (=)' o (). Equivalently the map
htly: A' = AL is an isomorphism of left O 2 (SLa)-comodules.

Proof. All these functors are the identity on morphisms and only change the comodule struc-
ture. The map htf4: Al - (Aht)l is just hty as a map of vector spaces and is an isomor-
phism of vector spaces. The comodule structure on (Aht)l is the unique so that htlA is a co-
module morphism. We show that it is a comodule morphism A! — A%, and hence that
Al = (Aht)l. Let a € A, one compares A¥ o hta(a) = Al (aq) ® t(aw)) = Sag).tlag) © agy
and (Id®@hty) o Al = (Id ® ht 4)(rot«(a)) @ a(1)) = rot«(a(s))-t(ag)) ® a@y. We show directly
that for g € y(B), Sﬁ(mi(,@(g)) = rot*(ﬁ(Q)).t(ﬁ(l)):

So(Id®t)oA(p)

€1 N 1 -C (=1 ) ™" 1.C(—=m)~".C(=m) @ —en.Clen) ™
=5 zﬂﬂ% s = z ‘Cﬁ}.
En —m.C(=m)~" M -C (=1 )~ C (=) —1.0(e1) ™"
M @ —e1:Ce) ™\ i —£n.C(e,) 7" @ -
B b z - ok s ‘ H:
m —£5.Clen) ™t —£1.C(e1)7 1t TIm
= rot, o(t ® Id) o A(p). |

Proposition 4.27. Given two right O,2(SLa)-comodules A and B one has (A @ B)"™ =
HH(AL @ B) = HHO((A")' @ B).

Proof. The first equality is true in any Hopf algebra by a direct computation, and the second
is just the above proposition. |
4.5 The general relation

We can now express the full correspondence between stated skein algebras and internal skein
algebras, with both right and left boundary edges. On a single edge, by Remark 4.3 one gets
AR = AY = 7(2)M equipped with the natural isomorphism (U(_)ht)ht, using the half twist in
O,2(SLz)-comod. More precisely, for a € Homgy,,(s)(2 < V, @) one has

ayu (@)™ =ht 0 oyu(a) o hty = bt 0 ov(ao (hty & @) = bt 0 o (a).
As in Remark 4.7 its algebra structure is
htAht omfo htAgt & htAht = ht*it O MO CAs@Ay, © htA%c & htAgt
= htAht omoflohtgga, = mofl,

so m°P as maps of vector spaces.
Note that because S is an anti-algebra morphism, the functor (—)% is (almost strictly) anti-
monoidal (like the half twist, it is the identity on vector spaces but is anti-monoidal on the
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comodule structure) namely fi: (V @ W)L — WL ® VI is an isomorphism of left H-comodules.

Thus a right H-comodule algebra A induces a left H-comodule algebra A with A @ AL 4
(Ae AL 2 AL namely with product m°. When one has multi-edges one can switch the i-th
right O,2(SLa)-comodule structure to a left using either S or rot, and we denote the associated
functors by (—)% and (—)%, one can take opposite product on the i-th coordinate which we
denote by m°Pi, and there are half twists on each coordinates, which we denote by ht;.

Theorem 4.28. Let & be a marked surface with n boundary edges labelled either as left (num-
bered 1 to k) or as right (numbered k+1 to n) edges. There is an isomorphism of (O,2(SL2)®¥,

O,2(SL2)®" %) -bicomodules algebras Aék“’“"L" ~ .7(6).

Proof. To avoid confusion we denote the stated skein algebra of the marked surface & by
#R(&) when it is seen as a right O,2(SL)®"-comodule and by .7(&) = .#F(&)l+1n when
it is seen as an (O2(SL2)®*, O2(SL2)®"~*)-bicomodule. We denote by m its product, which
is the same in both cases. By Theorem 4.15, .#%(&) is the internal skein algebra of & with
every edge labelled as left, and then by Remark 4.3 on coordinates k + 1,...,n one may take
Ag = S F(&)Mtrt100tn a5 algebra object in £ with skew monoidal structure ®. The algebra
structure on . f(&)tk+1htn jg 1OPk+1:-9Pn - Thus by Proposition 4.26,

ék+1,m,Ln — (yR(G)htkH,...,htn)Lk+17-~~7Ln _ yR(G)lIH—I ..... ln _ Z(&)

as (O,2(SL2)®*, 0,2 (SL2)®"¥)-bicomodules, and the algebra structure on
(yR(G)htk+1,---,htn)Lk+1»~~:Ln is (mOPk+1720Pn ) OPhi13:0Pn — g m

Remark 4.29. A nice miracle with stated skein algebras is that the quantum group O,2(SL2),
which is used to define the tangle invariants used to define stated skein algebras, is re-obtained
as the stated skein algebra of the bigon. One can see why this should be true in internal
skein algebras. By Definition 4.8, the internal skein algebra of the bigon is an object Ap €
O,2(SLg)®2-comod together with a natural isomorphism

HomSK(R2) ((Xv Y) > d, Q) = Hoqug(SLg)—comod (X ® }/7 k)

- H0m0q2 (SL2)®2-comod (X RY, AB)

for X, Y € Og2(SLa)-comod. We set Ap = O,2(SLa) with usual first right comodule structure
Ay = A and with second comodule strucure its left one switched using Ly ! namely Ay =
ﬂo(S 1w Id) o A. The demanded isomorphism is given by f — f where

flz@y) =z0).f(2q)@y) = S(ye)-fz@yu))-
Its inverse is given by f —eco f .

Remark 4.30. Despite this theorem, it is still annoying that in the simplest case one wants to
see the boundary at the right for stated skein algebras and at the left for internal skein algebras.
This should be solvable by considering the category of left (instead of right) O 2 (SL2)-comodules
as coefficients, so it is a minor issue.

4.6 Excision properties of multi-edges internal skein algebras

Let &1 <= C' — G4 be a right and a left thick embeddings in two marked surfaces and & their
collar gluing. Namely, C' embeds as a sequence of k right boundary edges ¢; of 361 and as k
left boundary edges ¢2 of 0632, and & is the gluing &1 Ug —z, G2. We show how to compute Ag
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from Ag, and Ag,. The general idea goes as follows. In the case where &; and &3 both have
a single boundary edge, so k = 1, one wants to describe endomorphisms « of the empty set
in Sky(S). By Corollary 2.19 they are described by a morphism «a;: @ — @ <V in Sky(S;)
and a morphism ag: V > @ — & in Sky(Ss), linked by an isomorphism vy : @ <V — V > &,
which is just a slanted skein crossing over C' in Sky (&), see the idea of proof of Theorem 2.18.
One can reconstruct o as o = (Idg, az) o vy o (a1,1dg). The morphisms aq o are well defined
up to balancing, namely naturality of .. Now, by definition of Ag, and Ag,, they are described
by some f; € Homg(ly, A, ® V) and fo € Homg(V, Ag,). Composing them mimicking the
reconstruction of « gives a morphism f = (Id A, ® fa)ofi: 1y — As, ® As,, namely an invariant
inside Ag, ® Ag,. This suggests Ag ~ (Ag, ® Ag, )™, which we will prove below. Now we need
to define what we mean by invariants of a tensor product in any ribbon category V.

Definition 4.31. Let V be a ribbon category, & = Free(V) and n > 2. For 1 <i<j<n-—1
we denote the tensor product of coordinates ¢ and j by

yen _ pen—1
®i,5:
T Ve Vi) e (Vi Ve, Vi@ Vi Vit -, Vie, Vigd, -5 Vi),
For ki < kg two sequences of k distinct indices we denote the tensor product of coordinates Ky

with coordinates ko by Ok o : YO YOk Tt extends to Ok, & 5&” — E¥—F by coconti-
nuity. We denote the unit on i-th coordinate by

V®n72 _>V®n71,
it { \ V Vi
Vi, Vi Vi V)= (Vi 1y, Vo V)
and the unit on k1-th coordinates as Mg, Yen—2k _, yen—k,

Let X € %" we want to define its (El, Eg)—invariants X"™ELE ¢ 82k Ope only needs to
describe morphisms from any V e o2k 6 it. We set

X VLR (‘7) = Homgwmn—2k (‘7, Xinv’zl*’52) = Homgwn (77];1(‘7), Ok, B (X))
For X € &8 R ¥ and V e £8F2 ) £5n2 we write X Q7 Y =@ 7,(X,Y). Then

(X, Y)mthE? ((Vfilv Vﬁg)) L= H0m5®7L1+n2+k ((Vﬁla 1V®k7 Vﬁg)v X ®E17E2 Y)
= H0m5®n1+n2+k ((Vﬁl, 1v®k) ®E1,E2 (1V®k, VﬁQ), X ®E1,E2 Y).

For V = Oq2(SL2)-C0mOdﬁn we get a notion of invariants for bicomodules (X;, X;) € V®?2
where we first “merge” the two comodule structures (by the product, in the definition of the
tensor product) and then take invariants in the usual sense, namely maps k — X; ® Xj.

Theorem 4.32. Let &1 be a marked surface with ny + k boundary edges with a sequence of k
right boundary edges ¢ (numbered El ={n1+1,...,n1 + k}) and &2 a marked surface with
ng + k boundary edges with a sequence of k left boundary edges ¢ (numbered ko = {n1+k+
1,...,m1 + 2k}). We write iy = {1,...,n1} and fia = {n1 + 2k + 1,...,n1 + 2k + na} the
indices of the other edges of &1 and Ga. Let & = &1 Uz, =z, G2, then one has an isomorphism
As =~ (Ag,, As,) ¥z in E¥™MFM2 . Note that one has two thick embeddings &1 « C — Gq
where C = LUF(0,1) and & is their collar gluing.

Proof. We describe a natural isomorphism between functors V®"1+72 — Vect,,
. ~ A A invE .
ag. Homskv(g)(— DQ,@) = Homgﬁnl-&-nz (_, ( S1 62) L 2)

: = Homgmn, 4nyx (07, (=), Ae, ®f, 7, Ass)-
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We write (0'1)(\/61"/];1): HomSkv(Gl)(Vﬁl > J,a VE1) = Homé‘&nlJrk((Vﬁl, 1v®k),A61 ®E1 VEI)
for Vz, € V®™ and VE1 € V®k obtained from the defining natural isomorphism of Ag, by
Remark 4.12. We write o3: Homgy,,(s,)(— > @, F) = Homgmn,+r(—, As,) the defining natural
isomorphism of Ag,.

Step 1 (decomposition in &). Let V= (Via,, Via,) € VE™T12 and « € Homgy,,(e) (\7 > @,@)
a morphism from Vi, > @ in &1 and Vj, > @ in G, to the empty set in &. By Corollary 2.19, a
decomposes into a pair (a1, a9) as

a = (Idg, a2) 0 to,v,, v 00 © (01, 1dv; bo)

with a1 € Homgy,e,)(Va, > 9,9 < Vi) and az € Homgy,(s,) (Vi >, (Va, > D), @) for some
Vi € Sky(C'x(0,1)) =~ V@ with an implicit sum. This decomposition is unique up to balancing,
namely if a can be written Sy o (v > Idv, o), with Sz € Homgy,(e,) (W &> (Vi, > ©), @) and
v € Homgy,, (o (0,1)) (Vi W) for some W € Sky(C x (0,1)), then:

(a1, B2 0 (y > 1dv,,p0)) ~ ((Idg <) 0 a1, B2).

Con

7 DO Vi, b

Step 2 (re—composition in RQ). The morphism «; is described by a morphism

f1 = (01)(Vﬁ17vl€)(a1) S H0m5®n1+k((Vﬁl, 1V®k),A61 ®E1 VE) and a9
is described by
f2 = (0'2)(‘/];’\/%2)(&2) S Homgxn2+k((VE, VﬁQ), AGQ).

These morphisms are well-defined (depend only on «) up to balancing, namely if ag = S0 (v >
Idy,, o) with B2 described by g2 = 02(82) € Homgmn, 1k (W, Vi, ), Ae, ), then by naturality
of 01 and 02, f2 = g20(7,1Idy;, ) and the above relation becomes (f1, g2o(7,1dv;,)) ~ ((Idag, ®f,

7)o f1,92)-

®I_€‘1j£2 A62

Vi 1V®k Vﬁz

Thus the map
O'V‘(Oé) = (IdA61 ®E17E2 f2) e} (f17 IdVﬁz) S Homggn1+n2+k((Vﬁl, 1v®k, Vﬁ2), A61 ®E17E2 AGZ)

is well defined, because this relation is killed.
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Step 3 (naturalilty). Naturality is quite obvious from the picture: one can insert morphisms
from below. For g1 € Homgwmn, (Wy,,Vs,) and g2 € Homgwn, (Wi, , Viz,), by naturality of oy
and o9, one has o1(a10(g1>1dg)) = fiogr and o2(ago(ga>ldy)) = fa0g2. Now ao((g1,92)>1dg)
splits in Step 1 as (Idg, @2) © tg,v;,v;,pe © (o1,1dv, po) 0 (91 > Idg, g2 > Idg) = (Idg, az o (g2 >
Idy)) o Lo, Vie Wi, b2 © (a1 0 (g1 >1dg), Idw, be). Thus

o(ao ((g1,02) > 1do)) = (Idag, ©5, 7, (f2092)) o ((f1 0 g1). Idws,) = o(a) o (g1, 92)-
We now construct an inverse to o by the same steps in reverse order.

Step 21 (decomposition in ]RQ). We want to decompose a morphism

f € Homgany vnyi (17, (V), As, R, Ass)  as f=(ldag, ®f g, f2) o (f1,1dvy,)

with f; € H0m5®n1+k((Vﬁl, 1v®k),A61 ®E1 VE) and fo € H0m5®n2+k((VE, Vﬁ2), A62).

This is easy in V& m2+k a5 all maps split on each coordinates. For A; = (An,, Ap) €
Vemtk and Ay = (A,;?,Arm) € VOtk o morphism f € Homyen, tnots ((Vay, 1k, Viy),
A R, Fs ffg) is, up to a linear combination, of the form (gﬁl,gl—él,g%) with gz, : V@, = Aa,,
9ii, : lyes — AEI ®E1,E2 Ak; and ¢z, Vi, — Ap,. Then, set VE = AEQ’ fi = g, ®g,—€-1 €
Homyen, +x((Vii,, Lyer), A1 @ Vi) and fo = Idv. ® giz, € Homyen,+r((Vi, Vii,), A2), one has
f= (1 i O f2) o ( fl,IdVﬁQ). This decomposition is unique up to balancing, if f =
(Id g, 8, o f5) o ( f{,IdVﬁQ) one can Eplit 15, which has to coincideqwith f2 on fis coordi-
nates, and is some 7y: W — AEQ on kg coordinates (which are now k; coordinates after the
®E17E2)‘ Similarly, f] coincides with f; on 7i; coordinates, and is some d: 1y — Al€1 ®@ W
on ki coordinates. On k; coordinates one has (Id Ay O v)od = 9g,» SO the only relation is

1
((_7 (IdA,gl ®E1 7) o 5)7 (IdV,y _)) ~ ((_7 5)7 (’Y? _))

Now, Ag, and Ag, are not objects of V¥ +F and V®n2+k byt are obtained as canoni-
cal colimits of such objects, Ag, = colim; A;; and Ag, = colim; Ay ;, so Ag, Dk, F As, =

colim; ; A’M O, %, Aighj by cocontinuity. The object U (\7) = (Vﬁl, 1yek, V;LQ) is compact pro-
jective in £Xm1Hn2tk therefore
Homgmn, +ny+ (nE1 (V> , As, ®E17E2 AG?)
= colimm- Homv®n1+n2+k’ (77’;1 (V) , Al,i ®E1,E2 AQJ) .
So a morphism f € Homgxn, +ny+k (77];1 (‘7) ,As, L, F A62) factorises through a single (actually,
a linear combination of) /_1‘171' OF, fTQJ as

can17i®,;1 7];2 cang ;

I %, (‘7) fg fYM D8, K /TQJ‘ As, O Ag,.
There it splits as f; ; = (Id&,i OF, 7o f2) ° <f17IdVﬁ2)7 and

f=(das, ®, f, (cangjo f2)) o ((cany; ®p Idy,) o f1,1dy,, ).
This f; ; is unique up to the relations in the above colimit, namely for hq OF,) Foa ho: /_fu Ok, Fo
Ay — Ay ®F, s Ay over Ag, @,k Ae, one has fi = (b1 @ ¢ ho)o fij and f =
canyy @p p cang i o firjo- Split ha as (hEQ’ hi,), then f decomposes through fy ; as

f={dag, ®, 1, (cang,jr o (Idy.s, hy,) © f2))
o ((canyy ®p Idys) o (h1 @ hy))o fi,1dy,, ).
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Set F} = (cani; ®r, IdVE) o fi = ((cany # o hy) ®r, Idv,;) o fi and Fy = cang js o (IdVE/, hi,) o fa =
cang jr 0 (IdVE’» hi, © g7, ). The first decomposition was

(Fl,cang,j e} fQ) = (Fl, cang’j/ e} (hEQ’ hﬁ2> e} (IdVE7gﬁ2)> = (Fl, FQ o <h’E2’IdVﬁ2))
and the second is

((Can177;/ ®E1 IdVE ) (hl ®k ) f1, Fg) ((IdA61 ®E1 hEg) o Fy, FQ)
so the only relation is

(Fl,FQ o (hE2,IdVﬁ2)) ~ ((IdA61 ®E1 hEz) o Fi, FQ).

Step 171 (re-composition in &). We decompose f using last step as f = (Idag, D8, K f2) o
(f1,1dv,,) with fi € Homgsn, 11 ((Va,, 1yer), As, ®f Vi) and f2 € Homewn, 1+ (Vg Vi, ), As,)-
They are described by morphisms a; := (01)(_‘/1 V) (f1) € Homgy,, (&) (Vz, > 2,2 <G, Vz) and
ag = (o9 )(V— ) (fg) € Homgy,,(e,) (Vi 5, (Va, > @) ). The above relation becomes (a1, 52 o
(v > 1dv,, 00)) ~ ((Idg <) o a1, B2). So the morphism

le(f) = (Idg, a2) o Lo, Vi Vi, @ © (a1, Idvﬁ2>®)
is well defined, because this relation is killed.

Step 4 (isomorphism). One easily checks that o~! defined this way is an inverse to o. Let
a € Homgy,(g) (V >, @) that decomposes as o = (Idg, ag) o g Vi Vi@ © (al,Idvq > ), then
op(a) = (IdA61 ®%,. ISQ f2) o (f1,1dv;,) is already decomposed with a; = (01) (fl) and

a2 = (02) .y, (f2), 8
o5 (op(a)) = (Idg, az) 0 ta,v. vy 00 © (a1,1dy;, po) = o

Similarly, let f € Homgemn, 4ny+k (77151 (V),AGI ®F, iy Ag,) that decomposes as f = (Idae, ®z, 7,
f2) o (f1,1dy;, ) then U‘;l(f) i= (Idg, a2) 0 g, vz, oo © (a1, Idy; o) is already decomposed with
fi= (1), V~)(041) and fa = (02)(vv;,)(a2), s0

LSRR
oy (051())) = (dag, ® f, f2) o (f11dv,,) = f
and 0! is indeed an inverse to o. [ |

Remark 4.33. When V = (’)qz(SLg)—comodﬁn, with Ag ~ .7 (&), one obtains the same excision

properties as in Theorem 2.37. One uses repeatedly Theorem 2.37 on &; LI &5 on each couple

of boundary edges to glue. This gives . (&) ~ Hng - (F(61) @ L(63)) i={z € S(61)®
1,R2

S (62) [V1 < i<k, Apypi(z) = oA, L i(2)
to glue one gets HHIS1 ,;2((5”(61),5”(62))) = (L&)

}. By Proposition 4.27 on all couples of edges
ht

F (G ))mv,;l #2. By Theorem 4.28
S R(Gl)ht’zl is the internal skein algebra of &, and one obtains exactly the formulation of
Theorem 4.32.

Note that we described how to glue two surfaces along many edges at once and Theorem 2.37
describes how to glue only two edges but possibly of the same surface. The two forms of excision
are equivalent, in one way by applying it repeatedly as above and in the other way by gluing
a bigon to the two edges of the surface that one wants to glue together.
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Remark 4.34. This remark answers a natural question arising at the sight of the cutting prop-
erty of stated skein algebras: why is it not a coevaluation one sees on newly created states when
one cuts along an ideal arc? Indeed in the definition one uses ) i Vi @ Vi though the coeval-
uation would give coev(l) = "5 vz ® v e, 1 > Vi ® v_4C(—[i) in particular matching +
states to — states. The answer is that it is indeed given by a coevaluation, but the stated
skein algebra of the surface at the right is not the good object: one must take its half-twisted
version. Then the half twist re-exchanges + signs to — signs and kills the coefficients appearing.
In particular we see that there has been a choice in the way the splitting morphism of stated
skein algebras is defined, and that this choice seems to determine both the half twist and the
identification V' ~ V*. This is to be put in light with the unicity of stated skein coefficients

proved in [18, Section 3.4].

Remark 4.35. Internal skein algebras are defined for any ribbon category V., and coincide
with stated skein algebras when V = (’)qz(SLg)—comodﬁn. Stated skein algebras for SL,, were
very recently introduced in [19], and one can expect to prove they coincide with internal skein
algebras for V = Oy (SLn)—comodﬁn for generic ¢ with the very same proof. The authors
actually showed it for surfaces with a single boundary interval using excision properties with
respect to gluing patterns from both theories. The constructions and arguments of this paper
work more generally with any semisimple coribbon Hopf algebras H, using the equivalence
H-comod ~ Free(H-comod"), and are actually [11]’s candidate for the generalisation of stated
skein algebras. The results of this section show that this generalisation extends to multiple
markings, and that one obtains excision properties immediately.

Internal skein algebras are defined more generally in [2] for any FEs-algebra A € Pr under
the name moduli algebras, and the skein-theoretic description holds for A = Free(V). As both
moduli algebras and stated skein algebras can be defined integrally, or at roots of unity, it
would be very interesting to understand how they compare in greater generality. So far, there is
no skein-theoretic description of the factorization homology used in the construction of moduli
algebras, but it seems credible that with extra work one could rewrite this whole theory in these
integral or non-semisimple contexts.
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