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ONE-DIMENSIONAL APPROXIMATION OF MEASURES IN
WASSERSTEIN DISTANCE

ANTONIN CHAMBOLLE, VINCENT DUVAL, AND JOAO MIGUEL MACHADO

ABsTrRACT. We propose a variational approach to approximate measures with
measures uniformly distributed over a 1-dimensional set. The problem consists
in minimizing a Wasserstein distance as a data term with a regularization
given by the length of the support. As it is challenging to prove existence
of solutions to this problem, we propose a relaxed formulation, which always
admits a solution. In the sequel we show that, under some assumption on the
original measure, a solution to the relaxed problem is solution to the original
one. Finally we prove that, whenever the original measure has a density in

_d_
Ld-1 (]Rd)7 any optimal solution is supported by an Ahlfors regular set.

1. INTRODUCTION

In this paper we study the following 1-dimensional (1D) shape optimization
problem: given a reference probability measure py € P,(R?) (the set of Borel
probability measures p with [, |z[Pdp < 400, p > 1), we seek to approximate po
with measures uniformly supported on a one-dimensional connected subset of R?.
This approximation is done by means of the following variational problem
(Py) it W (po,vs) + AH (D),
where the measure vy, is defined as

€ 1 er.
(1.1) et HILS forTeA {2 CR?:

Lef 0<HY (D) < +o0 }
TR ’

compact, connected.

and H! denotes the 1-dimensional Hausdorff measure in R%. The term W, denotes
the usual Wasserstein distance on the space of probability measures (see [30] [32]
and Section .

One can trace the idea of approximating a probability measure by a 1D set back
to the concept of principal curves from the seminal paper [16], which extends linear
regression to regression using general curves, and introduces a variational problem
to define such curves. In this variational sense, a principal curve minimizes the
expectation of the distance to the curve, w.r.t. a probability measure describing
a data set (with some regularization to ensure existence). As proposed in [17], a
length constraint is a simple and intrinsic way to ensure existence. The properties
of such minimizers have been studied in detail in e.g. [20 12].
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FI1GURE 1. Concentration effects for the weak convergence of mea-
sures. Here ¥,, is made of two lines getting closer and a spiral
converging to a point. In the Hausdorff limit we obtain a segment
with shorter length, and a singular limiting measure.

A further generalization consists in replacing the curve with a more general one-
dimensional compact and connected set, yielding the average distance minimizer
problem introduced in [7], and its dual counterpart mazimum distance minimizer
problem [27),[19]. Such problems were conceived for applications in urban planning,
where one seeks to minimize the average distance to a transportation network,
giving rise to the need for a larger class of 1D sets allowing for bifurcations.

While the above-mentioned problems only focus on some geometric approxima-
tion of the support of the measure, approximating a measure in the sense of weak
convergence is sometimes more desirable. In [I8, [§], the authors have proposed
optimal transport based methods for the projection of probability measures onto
classes of measures supported on simple curves, using the Wasserstein distance as a
data term. Potential applications range from 3D printing to image compression and
reconstruction. In [I3], the data fidelity term is chosen to be a discrepancy, see also
[26]. The advantage of using discrepancies is that approximation rates can be given
independently from the dimension, being therefore a good alternative to overcome
the curse of dimensionality. The problem we study is an attempt to generalize this
class of problems to the approximation with one-dimensional connected sets.

One difficulty when studying is that the class of measures vy, is not closed in
the usual weak topologies considered for the space of probability measures. While
a sequence of sets (X,,)nen in A with uniformly bounded length will have subse-
quences converging (in the Hausdorff sense) either to a point or a set in A, the
corresponding measures vy, might converge to a measure which is not necessarily
uniform on that set: longer parts of 3, might concentrate in the limit on shorter
parts of X, see Figure[I]

Hence, minimizing sequences converge in general to a measure which is not of
the form vy, and we need to determine a relaxation of our energy in a topology
for which the Wasserstein distance is lower semi-continuous, such as the narrow
convergence. The relaxed energy takes the form
(Pa) inf W2 (0, v) + AL(v),

veP,(RY)
where the length functional £, defined in Section [3.1] generalizes the notion of
length of the support of a measure, see for instance Example [3.6] We will show
later on, in Proposition [3.8] that £ is the lower semi-continuous relaxation, for the
narrow topology, of the functional ¢ given by H!(X) for measures of the form vy,
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and +oo else, see (3.1). We also find that L(v) < oo if and only if suppr € A
or v is a Dirac mass. The following Theorem gathers the various results proved
throughout this paper.

Theorem 1.1. Let py € Pp(Rd), A > 0. Then (P4l admits a solution v, and there
exists Ay > 0 such that if A > A, v is a Dirac mass. For A < Ay, v is supported
by a set ¥ € A and the following properties hold.

(1) If po is absolutely continuous w.r.t. H', or has a L> density w.r.t. H*,
then so does v.

(2) If po does not give mass to 1D-rectifiable sets, then v = vs, and therefore
s a solution to the original problem .

3) If po € L%(Rd), then X is Ahlfors regular, i.e. there is ro depending on
d,p, po and L(v) and C depending only on d,p such that for any x € ¥ and
r < rg it holds that

r <HYENB,(z)) < Cr.

The paper is organized as follows: in Section [2] we recall a few tools from optimal
transport and geometric measure theory. Next, in Section [3] we go through the
definition of the length functional and its properties as well as the relaxed problem
and the existence of a solution. In Section |§| we discuss the existence of A,. In
Section [5] (Theorem [5.4)) we prove point (1) from Theorem[L.1} while the existence is
proved in Section[6] (Theorem|6.4)), and the Ahlfors regularity is studied in Section[7]

2. PRELIMINARIES

We start by introducing notions of convergence for sets and measures which will
be useful to study problem as well as the relaxed one (P,)). Next we describe
some instrumental properties of the objects we shall use throughout the paper,
namely the rectifiable sets and measures.

2.1. Convergence of sets and measures.

2.1.1. Hausdorff and Kuratowski convergence. We recall some useful definitions of
convergence for sets, see for instance [29, Chap. 4], [3, Chap. 6].
The Hausdorff distance between two sets A, B is defined as:

(2.1) dy (A, B) < max {sup dist(a, B), sup dist (b, A)} ,

acA beB
where dist(-, A) denotes the distance function to the set A. A sequence (Ay), oy of
closed subsets of R? converges in the Hausdorff sense to A if lim,, oo dg(Ap, A) =

. d . .
0, and we write 4, —2— A. One can prove that this notion of convergence
n—oo

is equivalent to uniform convergence of the distance functions. Since the latter
are all 1-Lipschitz, as a consequence of Arzela-Ascoli’s Theorem it follows that if
the sequence is contained in a compact set, one can always extract a convergent
subsequence. This compactness result is known as Blaschke’s Theorem, see [3|
Theorem 6.1].
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A sequence of closed sets C,, converges in the sense of Kuratowski to C, and we
write C, EELSENYG , whenever the two properties hold:
n—oo

(1) Given a sequence z,, € Cy, all its cluster points are contained in C.
(2) For all points x € C' there exists a sequence z,, € C,, converging to x.

Again, one can show that C,, — C in the sense of Kuratowski if and only if
dist(z, Cy,) — dist(x,C) (possibly infinite if C = () locally uniformly (see [29,
Cor. 4.7]). In addition, the Bolzano-Weierstrass property holds for the Kuratowski
convergence as well, i.e. any sequence of closed sets has a subsequence which con-
verges, possibly to the empty set.

It is classical that Hausdorff and Kuratowski convergences coincide on sequences
on uniformly bounded compact sets, the next lemma describes a more subtle rela-
tionship. We prove it in Appendix [B]

Lemma 2.1. Let (Cp)nen be a sequence of closed sets in R, converging to C in
the sense of Kuratowski. Then, for any = € RY,
C, N Br(z) -2 € N Bg(w),
n—o0

for every radius R > 0 such that C N Br(x) = CNBgr(x). Moreover, that condition
holds for all R > 0 except in a countable set.

2.1.2. Convergence of measures. Given a Borel set X C R?, we denote by M(X)
(resp. M (X)) the collection of the finite (resp. finite positive) Radon measures
on X. The space of Borel probability measures on X is denoted by P(X), and
Pp(X) refers to its subset of probability measures with finite p-moment (p > 1).

Following [3], we say that a sequence (ji,),cy of Radon measures on R? locally
weakly-+ converges to some Radon measure p, if, for every continuous function with
compact support ¢ € C,(R%),

(2.2) /Rd odp, —— /Rd odp.

n—oo

Any sequence (fn)nen of Radon measures such that sup,cy|pn| (K) < 400 for
every compact set K C R? has a locally weakly-x convergent subsequence.

If {ftn},en C M(RY) is a sequence of finite Radon measures and holds for
every bounded continuous function ¢ € Cj(R?), we say that p,, narrowly converges
to u, and we write p,, —— . When (p,)nen is a sequence of probability mea-
sures, that convergence 7;; gcf)ten referred to as the weak convergence of probability
measures.

If X is compact, any sequence of probability measures {i, }neny C P(X) has a
weakly convergent subsequence. More generally, if X is not compact, compactness
for the narrow convergence requires the assumptions of Prokhorov’s Theorem, see [2]
Theorem 2.8].

2.1.3. Optimal transport and the Wasserstein distance. The Wasserstein distances
Wy are defined through the value function of an optimal transport problem, see



[4, 30, 32] for details. Given two probability measures p, v € P,(R?), we set

(2.3) Wh(u,v) ' min / |z — y|Pdy,

YEI(p,v) JRd xRd
where II(p, v) = {veP (Rd X Rd) © oy =M, T1yy = v} is the space of trans-
port couplings, and m; denote the projections, i.e. mo(z,y) = = and m (z,y) = y.
Whenever 1 does not have atoms, the value of (2.3 coincides with

(2.4) inf / |z — T(x)|Pdu,

Tup:u Rd
where the inf is taken over all measurable maps T such that Tyu(A) = v(A) =
w(T~1(A)) for any Borel set A.

The optimal transport problem can be analogously defined for any pair of positive
w7 in M (R9). In this case, the Wasserstein distance becomes a 1-homogeneous
functional and is finite if and only if the measures have finite p-moments and the
same total mass u(R%) = v(R9).

The Wasserstein distance is l.s.c. with respect to the narrow convergence, and
continuous in a compact domain, [32], Lemma 4.3].

2.2. Golab’s Theorem. We now study the lower semicontinuity of . “Gotlab’s
Theorem” [15] shows that along sequences of connected sets, the length is lower
semi-continuous with respect to the Hausdorff convergence |24, Chapter 10]. It is
of course also true if the sequence has a uniformly bounded number of connected
components.

The issue is that the compactness of Hausdorff convergence is not transferred to
the weak convergence of measures of the form 'Y which may concentrate in
the limit. In general, one can prove the following:

Theorem 2.2 (Density version of Golab’s Theorem). Let (£,),,cy be a sequence of
closed and connected subsets of R¢ converging in the sense of Kuratowski to some
closed set 3 and having locally uniformly finite length, i.e. for all R >0

sup H' (2, N Br(xg)) < +oo.
neN

Define the measures pi, b gyt L ¥, and let p be a local weak-* cluster point of
this sequence. Then supp pu C X and it holds that

p>HLS,
in the sense of measures.

Such a result is hidden in the proof in [5] of the usual thesis of Golab’s Theorem,
see also [28]. Yet in this variant, we consider a Kuratowski convergence and do not
restrict the sets to be uniformly bounded, or have bounded lengths. This is useful
for the proof of Theorem where we consider sequences of blow-ups of sets. The
proof of Theorem [2.2]is given in Appendix
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2.3. Rectifiable sets and measures. We now introduce the notions of rectifi-
able sets and rectifiable measure, which will be crucial for understanding the fine
properties of the elements of A.

Definition 2.3. Let M C R? be a Borel set and k € N, we say that M is count-
ably H*-rectifiable, or shortly k rectifiable, if there are countably many Lipschitz
functions f; : R¥ — R? such that

H* <M\ U (Rk)> =0.

ieN
A Radon measure p is said to be k-rectifiable if it is supported over a k-rectifiable
set and p < HE.

In the simple case M = f(E), for E C R¥, one can define the tangent space at
a point of differentiability of f as

Vf(z) (Rk) , for x = f(2).

This is a parametric definition that can be extended to k-rectifiable sets. It turns
out the parametric notion of tangentiability can be expressed in terms of measure
theory. Given a Borel set M, we set the measure y = H*¥L_ M, and we consider
the family of blow-up measures

(2.5) T r_kq)gj’T,u == (MT_ x) , for @ 4L mlT—x

If M is countably H*-rectifiable, and H*(M N K) < +oo for every compact set
K, we say that M is locally H*-rectifiable, and then the blow-up Theorem, see [23|
Theorem 10.2], states that for H*-a.e. z € M this family of measures converges
in the weak-x topology to a measure of the form H*_ 7., for a unique k-plane
7p € G(k,d), the Grassmannian of k-planes of R?.

More generally define the k-density, whenever the limit exists, of a Radon mea-
sure p as

(2.6) O (1, z) < lim wBr(@)  a Ok (M, ) = 6, (H* 1 M, z),

r—0+ wkrk

where wy, is the volume of the unit k-dimensional ball, see [3} 23]. A direct
consequence of the blow-up Theorem is that H*-a.e. point of a k-rectifiable set
has k-density 1. Analogously for a k-rectifiable measure p it holds that pu =
O (p, ) HF L M.

The equivalence between all notions was completed with the work of Preiss and
the notion of a tangent space to a measure, see for instance the monograph [II].
If a measure (resp. a set) has a finite k-density, i.e. the limit in exists and is
finite H"-a.e., then this measure (resp. set) is k-rectifiable. The previous discussion
is summarized in the following theorem.

Theorem 2.4. Let pi be a Radon measure over R, the following are equivalent.

(i) w is k-rectifiable



(ii) For H¥-a.e. x € supp u, it holds that
rikqu’ru T;ﬁ Or (1, )HF | 7,

for a unique k-plane 7, € G(k,d).
(iii) For H*-a.e. x € supp u, the k-density of ju in ([2.6)) exists and is finite.
In the previous Theorem, if we take p = H¥L_ M where M is a countably H*-
rectifiable set we define the approzimate tangent space of M at x as T, M et T,

where 7, is the unique k-plane from point (ii).

Definition 2.5. Let M C R? be a k-rectifiable set. We say that 2 € M is a rectifi-
ability point when the locally weakly-* convergence of point (ii) from Theorem
holds, with = H* M and 0y (p, ) = 1.

Now we pass to our case of interest, of compact connected sets ¥ with finite
length, H!(X) < +o0, in view of (L.I). From [I0, Prop. 30.1 and Cor. 30.2] or [1}
Thm. 4.4], any compact connected set with finite length is also path-connected, i.e.
any pair of its points can be joined by a continuous arc.

Such sets are also known to be 1-rectifiable, see [5, Thm. 4.4.8], and hence they
enjoy the properties of Theorem In the next Lemma, we show that the blow-
up of some ¥ € A around a rectifiability point is precisely its approximate tangent
space.

Lemma 2.6. Given ¥ € A, then for H'-a.e. y € ¥, it holds that

2 - > - S
Y X,n5 and =—YnBr(0) —*— T,% N Br(0), for all R > 0.
r r—0t r r—0t

Proof. First we take a rectifiability point y € ¥ with tangent space T,%, by The-

orem such points cover H!-a.a. of ¥. In particular, point (i) of the Theorem

shows that H' L ((X —y)/r) %\ H'L_T,%. Let T be the (Kuratowski) limit of
r—

a subsequence (X —y)/ry. Clearly, the limit measure H' [T}, is supported by T,
hence T,¥ C T. Thanks to Lemma [2.T] and Theorem [2.2} for almost all R > 0,

(2.7) HY (TN Bg) < likrgicgf?{l (Er_k Yn BR> =HY(T,~ N Bg),
which shows that up to a H!-negligible set, T = T, .

Notice that, if there is some = € T \ T3, we may consider some ball B,(x)
which does not intersect T,¥. Since T is the limit of connected sets, x must be
path-connected in T' to some point in (B,(r))¢, so that H!(T N By(z)) > s. This
contradicts . Hence T'= T} %, and is independent on the subsequence, and we
deduce that (X —y)/r 5 T,X. The convergence in the Hausdorff distance follows
from Lemma 211 O

3. THE LENGTH FUNCTIONAL AND THE RELAXED PROBLEM

If a minimizing sequence Y,, converges to some set Y, we cannot expect weak
cluster points of the measures vy, to have the form vy, see Figure m Hence the
objective of (Pa)) is not lower semi-continuous for the narrow convergence, and, in
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this section, we introduce a relaxation for (P,)). First, we define a functional which
extends the length of the support and we discuss some of its properties, then we
use it to define the relaxed problem.

3.1. Definition and elementary properties. Recalling that A is the collection
of the compact connected sets 3 C R? with 0 < H!(X) < 400, we consider

1
Hl(E), ifv= W?‘ll LY for some X S ./4,
400, otherwise,
so that (Pa) becomes inf, W2 (po,v) + Al(r). As discussed above, £ is not ls.c.,
hence we introduce the following relaxation, which we call the length functional.

For any v € P(R?), we define

(3.1) £:PRY)>v—

inf { a>0]av>H suppy} , if supp v is connected,

~+00, otherwise,

(32) L)< {

with the convention that inf § “=" +oc. Notice that, since v is a probability measure,

L(v) > H(suppv), and that £L(v) = 0 if and only if v = §, for some x € R%. As

a result, 0 < L(v) < oo if and only if suppr € A. Moreover, for any ¥ € A and
def.

vy, = %(Z)Hl L%, we have L(vs) = H(Z) = l(vs).

Remark 3.1. Definition also makes sense for any positive measure u € M (R9).
In that case, thanks to Theorem [2:2] it may be easily shown to be lower semi-
continuous with respect to the weak convergence, defining £(0) = 0 (see also Sec-
tion . Yet then, of course, even for uniformly distributed measures such as
v =0H'LY for some § > 0, its value does not coincide with the length of the
support anymore (it rather is H(X)/v(R%)).

In Section [3:2] below, we prove that £ is the lower semi-continuous enveloppe
of ¢ for the narrow topology of probability measures. Before that, let us discuss
some alternative formulations for £. Following [3, Sec. 2.4, we consider the upper
derivative,

1
. HY(B,
(3-3) Vz € suppy, D} (H'L suppv)(w) L lim sup (Br(x) N supp V>_
0+ v(B(x))

Proposition 3.2 (Alternative definitions of £). Let v € P(R?) be such that supp v
is connected. Then

! supp v
(3.4) L(v) = sup { W | U open,U Nsuppv # 0 }
(3.5) = sup { Hl(B;EZ)T?;)I;pp V) |r >0,z € suppu}
(3.6) = ||D; (H' L suppv)||__,

where ||-|| . denotes the supremum norm over supp v.



Proof. 1t is immediate that

(R.H.S. of (8.2)) > (R-H.S. of (3.4)) > (R.H.S. of (8.5)) > (R-H.S. of (3.6)).

Now, assume that || D;} (' suppv Hoo < +ooandlet o > || Df (H' L suppv HOO
For every compact set K C R? and every x € K N (suppv), there is some 7(x) > 0
such that H! (B,(z) N (suppv)) < av(B,(x)). We may extract from the covering
(By(2) (%)) ze k(supp ) With open sets a finite covering (B, (z;))~; of K N (suppv).
As a result

N
HY (K N (suppv)) Z ) < Na < +o0,

so that H! | (suppv) is a Radon measure. We may thus apply [3, Prop. 2.21] to
deduce

(R.H.S. of. (R.H.S. of.

If ||Dj (H'L suppv) HOO = 400, the inequality holds trivially, which completes the
proof. |

The length functional inherits some of the properties of the H' measure.
Proposition 3.3. Let f: R — R?, be a k-Lipschitz function, with k > 0. Then
(3.7) Vv e P(RY), L(fyv) < kL(v).

Proof. If L(v) = 400, there is nothing to prove. Otherwise, supp v is compact, and
supp(fyv) = f(suppv). Moreover, for any open set U C R?, since f~1(U) is open,

U N (supp fiv) # 0 <= v(f~1(U)) > 0 <= f~1(U) N (suppv) # 0.
Now, let U be an open set which intersects supp(fy»). Using that

Un f(suppv) C f (f~'(U) Nsuppv)

we get
H (U Nsupp(fyv)) _ HY (U N f(suppr))) < H! (f (f_l(U) N supp y))
fev(U) v(f~H(U)) - v(f~1(U))
H (f~H(U) Nsuppr)
=)
< kL(v)

since f~1(U) is an open set which intersects supp v. Taking the supremum over all
U yields the claimed inequality. O

It is also possible to express the length-functional using the Besicovitch dif-
ferentiation theorem [3, Thm. 2.22]. Assume that H!(suppv) < +oo (otherwise
L(v) = +0). Then, the measure H' [ supp v is Radon, and the limit
H (B, (z) Nsuppv)

(Br(z))
(3.9) (resp. Dipr . suppr(v)(2) < lim ”E (@) )

r—0+ H1(B,(z) Nsupp v)

(3.8) Dy (H'L suppv)(z) < lim

r—0+t 14
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exists for v-a.e. = (resp. H!' |l suppr-a.e. x).
Proposition 3.4 (Alternative definitions, I1). Let v € P(R?) such that suppv is
connected and H!(suppv) < +oo. Then

d(#!L suppv) if ('L suppv) < v,

(3.10) L(v) = dv -
+oo otherwise.
if suppv is a singleton,
(3.11 = -1 '
) d(’;‘-[l L supp v) ) N otherwise.
L’Hl L supp v

Notice that in Proposition [3.4] both “norms” may take the value +o0, and in
(3-11)), we adopt the convention that 1/0 = +oo.

Proof of Proposition[3.4} First, we prove (3.10)). If (Hl L supp V) < v then the
Lebesgue-Besicovitch differentiation theorem ensures that

d (’Hl L suppl/)> < d (’Hl L supp 1/)

1 —
H L suppr = ( P P

L@
Therefore,

d (7—[1 L supp 1/)

L) < dv

< |‘Dj(7—[1 L supp V)HOO = L(v).

L
If (7—[1 L supp u) is not absolutely continuous w.r.t. v, there is no « > 0 such that
av > H' suppr, and L(v) = +oo.

Now, we prove (3.11)). The case where suppv is a singleton is already known.
We assume now that H!(suppr) > 0, and using the Besicovitch differentiation
theorem [3, Thm. 2.22], we decompose

(3.12) v=0H"_ suppv+°,
where

def. dv s V(B (2)) _ (p+(yl -
b) = d(H'L_ suppv) (z) = rli>r(r)l+ HY(B,(z) Nsuppv) (D7 (47 L supp)(2))

for (7—[1 L supp V)—a.e. x. From the last equality, we get

0, < IDEOE swpr) )] =

Y = < 400 (otherwise
H1L supp v

there is nothing to prove). Using (3.12), we note that

To prove the converse inequality, we assume HH

(17 0y, )= sump

HLL suppv

so that [, ||0 1HL$_?1LsuppV

We may now examine a few examples.
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Example 3.5. Let v =), 27"§, , where (¢,),>1 is a dense sequence in [0, 1].

The support being the set of points x such that v(B,.(z)) > 0 for all » > 0, one has
supp v = [0, 1] which is connected. However, using (3.2), we see that L(r) = +oo.

Example 3.6 (Densities on a (H',1)-rectifiable set). Let ¥ C R¢ be a closed
connected set with 0 < H!(X) < +oo, : ¥ — R, a Borel function such that

/ OdH' < 1, and let v = OH' [ X +1° be a probability measure, where supp v® C ¥
b

and the measures v* and H![_ ¥ are mutually singular. Then £L(v) = Hl/@HLool :
HELD

the length functional ignores the singular part.

Example 3.7 (Parametrized Lipschitz curves). Let v: [0,1] — R? be a non-
constant Lipschitz curve, and let v such that for all f € Cy(R9),

e 1 ! def. !
f,z/df‘</f’yt A(t dt>, where len(y :‘/ A(t)| dt
(f,v) en(y) \J, (v() 17 (®)] () O|()|

is the length of the curve. By the area formula [I4, Thm. 3.2.5],

dv(y) = len()

where ¥ = v([0,1]). As a result,

card(y("V (y))d (H' L %) ()

B len(v)
(3.13) L) = ess- minyey, (card(v(=1(y)))’

where the minimum is an essential minimum with respect to H'L_X.

3.2. Lower semi-continuity of the length functional. Now, we prove that £
is the lower semi-continuous envelope of ¢ for the narrow convergence.

Proposition 3.8. The functional L is the lower semi-continuous envelope of £ for
the narrow topology. Moreover, for every v such that L(v) < 400,

(3.14) H' (suppv) < L(v)
with equality if and only if either v = &, for some x € R? (if H'(suppv) = 0), or
H!(suppv) >0 and v = HYL suppy, i.e. v =vys for some ¥ € A, as

defined in .

Proof of Proposition[3.8: The inequality (3.14) is clear from the definition of
(13.2), so we study the equality case.

Ifv=24¢,0rv=

H! (supp )

—— H'L suppr with H'(suppr) > 0, one readil
Hisupp?) PP (suppv) y

checks that £(v) = H!(suppv). Conversely, if (3.14)) is an equality, for every Borel
set B,

0= L(v) — H'(supprv)
= (L(v)v(B) — H'(BNsuppv)) + (E(V)I/(BC) - 7—[1(38 N supp 1/))

>0

>0
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so that both terms must be zero. If L(v) > 0, we deduce
HY(Bnsuppr) HY(BNsuppr)
VB C R? Borel B) = =
= Borel, B =T o (supp )

If £L(v) =0, H'(suppv) = 0 and since supp v is connected, v is a Dirac mass.

Next we prove that £ is sequentially lower semi-continuous. We consider (v, )nen
such that v, —— v € P(R%) and we show that o = liminf,_,ee L(ry) > L(v).
If a = o0, %zwhave nothing to prove. Otherwise, up to the extraction of a
subsequence, we may assume that lim, . £(v,) = a and that L(v,,) < +oo for all
n € N.

Defining the sequence of compact and connected sets ¥, et Supp v, it holds
that H(2,) < L(vy), so that

sup H'(E,) <a+1< +oo
n>N
for N large enough. Hence, for all n > N, diam(%,,) < a + 1. In addition, let
x € suppv. Since 0 < v(Bi(z)) < liminf,, o v,(B1(x)), for all n large enough
(supp v,) N By (x) # 0, thus supp v, C Bata(z).
Therefore, we may apply Blaschke’s Theorem and assume, up to extracting a

d
subsequence, that 3, —2— X. From the weak convergence of measures one has
n—oo

suppv C X. Let us show that suppr = X. If ¥ is a singleton {zo}, we have v =
0z, Otherwise, Theorem implies that ¥ € A and furthermore, as L(vy,)v, >
HL Y, that

(3.15) av>H'L Y.

Hence, as 3 is connected, for all z € ¥ it holds v(B,(z)) > 0, confirming that
suppv = X. Finally from (3.15) we get that

liminf L(v,) = a > L(v),

n—oo
proving that £ is l.s.c.

As a result, we have proved that £ is l.s.c. and that £ = £ on the effective
domain of ¢. To show that £ is the l.s.c. enveloppe of ¢, we prove that it is above
any ls.c. functional G < ¢. Let v € P(RY). If L(v) = +oo, we have G(v) < L(v).
If £L(v) < 400, using Lemma below, we can find a sequence vy, —— v such

n— o0
that H'(X,) — L(v). The lower semi-continuity of G yields
< Tlimi < lim3 — i 1 _
Gv) < hnnilor.}fg(z/gn) < lzrglolgf vy, hnnilor.}fH (3,) = L(v).
The proof of Proposition [3.8| relies on the following approximation Lemma.

Lemma 3.9. Let v € P(R?) such that L(v) < oo. There exists a sequence
(En)pen C A such that

d
o B S suppv,
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o vy, —— v and Wy(vs,,v) —— 0 for any p > 1, where vs,, is defined
n—oo n—00

as in .
We also have H*(%,,) — L(v) and if, in addition L(v) > 0, we can take
HY(X,) = L(v) for all n € N.

Proof. To simplify the notation, we set « = L(v) and ¥ = suppv. For a = 0 (that
is, v = d,, for some zg), we consider

¥, = xo +[0,1/n] x {0}¢?

which provides the desired approximation, with H(3,) = 1/n — 0 = L(d,,)-
For a > 0, we start by covering the space with cubes of the form

def. 1

Qz,n = E ( + [0, 1)d) s for z € Zd.

For some fixed n, let (Qi’")ielw be the collection of the cubes such that v (Q,,,) > 0,
since the set X is compact, I, is finite for a given n. We define the quantities

def.

min = aV(Qi,n) - Hl(z N Qz,n) <aq,

as the excess mass of v in the cube Q; ,, (note that m;, > 0 in view of (3.2))). Our
strategy is to modify v Q; ,, by adding segments with uniform measure inside the
cube and having a total length equal to the excess mass m; y,.

If ¥NintQ;, # 0, take z; in this intersection, so that Bs,(z;) C Q. for some

6; > 0. Then, set Ni,, [mm—‘ , and choose §; ; > 0 for j = 1,...,N;, such
that

Ni,n

Z 8ij =Min, and 0 < §; ; < ;.

j=1

Since HY(X N Qi,n) < +00, it is possible to choose N;, vectors v; ; € S¥~! such
that the segments S; ; =t [xi, z; + 6; jv; ;] are contained in int @, and satisfy
HY(ENS;;)=0,forj=1,...,N;p.

If ¥Nint Q;, , = 0, as the cubes have positive mass, it means that v is concentrated
on the boundary of the cube, in which case we take z; € ¥ N 9Q; and any family
of segments entering the cube will suffice.

Next, we define the measures

Nin
def. 1 1 def. ’
e L

From the construction, the Hausdorfl distance between ¥ and 3, is at most the
diagonal of the cube [0,1/n)¢, so that

dg(X,X,) < ﬁ — 0,
n n—oo
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and the total length of X, is given by

Y HEAQ) Y S H S

i€l, i€l j=1
= Z Hl(z N Qz,n) + min =« Z V(Qi,n) =
i€l, i€l,

Each ¥,, € A since it is connected and compact (as a finite union of compact sets).

To finish the proof, it remains to show that vs;, —— v. By construction, there
n—oo

exists a compact set K C R? such that (suppv)UlJ, s, (suppvs,) C K. Then any
function ¢ € Cp(R?) is uniformly continuous on K, and we denote by w its modulus
of continuity. Observing that vs,, (Q;n) = V(Qin), Wwe note that

’/Rd odvs,, — /Rd odr| < Z / odvs, /Q ¢dv

<) w(diam@Qi n)v(Qin) < w (f/n) e

- n—00
i€l,

Hence vy, —— v. But as the support of all such measures is contained in the
n—oo

compact K and the Wasserstein distance metrizes the weak convergence in P, (K),
see [30, Thm. 5.10], it holds that W,(vg, ,v) —— 0. O
n—oo

Remark 3.10. The conclusions of Proposition and Lemma still hold when
replacing the narrow topology with the local weak-x topology.

3.3. A relaxed problem with existence of solutions. The relaxed problem
introduced on page [2[ is defined by replacing ¢ in the orginal problem with its

Ls.c. envelope £. We define the energy £(v) et WP (po,v) + AL(v), and with a

slight abuse of notation, we sometimes write £(X) = E(vy) for ¥ € A. The main

point of considering this relaxed problem is that the existence of solutions for

follows from the direct method of the calculus of variations.

Theorem 3.11. The relaxed problem (P, admits a solution. In addition, & is
the l.s.c. enveloppe of WP(po,-) + AL, and:

inf m min

Proof. Let (), cy be a minimizing sequence for €. Since (sup,, W;(Pown)) <
+00, the moments of order p of v, are uniformly bounded (see for instance [30, Thm.
5.11]), and we may then extract a (not relabeled) subsequence converging to some
v € P(R?) in the narrow topology (by Prokhorov’s theorem). From Proposition
and the fact that the Wasserstein distance is lower semi-continuous, the functional
£ is l.s.c. and we have that

E(v) < liminf E(vy,) = inf (Pa)).
n—oo

The measure v is a minimizer of (P ).
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To show that £ is the l.s.c. enveloppe of the original energy one may argue as in
the proof of Proposition [3.8] Consider any ls.c. functional G such that

Y e PRY), Gv) < W5 (po,v) + A(v).

For every v with £(v) < +o0, we use Lemma [3.9] to build a sequence (v;,)nen such
that WP (po,vs,) — WP (po,v). Indeed, as vs, converges to v for the Wasserstein
distance, the triangle inequality gives

|Wp(P0a vs,) — Wp(pOaV)| < Wp(VEn,V) —0.

n—oo

Hence for any v € P,(R?) it holds that
G(v) < liminf (W2 (po.vs,) + AL(vs,)) = WE(po.v) + ML) = ).
and we conclude that £ is the l.s.c. envelope. O

4. ON THE SUPPORT OF OPTIMAL MEASURES

Our goal for this section is to answer to the question of “how small” A must be
in Theorem For this, in Theorem we study when solutions of the relaxed
problem are Dirac masses. Keeping this in mind, the rest of this section can
be skipped and the reader can move on to the main results of the paper.

The following notation will be useful: a point x( is said to be a p-mean of pg if

2o € argmin/ |z — y|Pdpo(x) = arg min Wp(po, dy).
yeR?  JRd y€ERd

A 2-mean is just the mean of py, that is, m,, et / xdpg(z). For p > 1, the p-
d

R
mean is uniquely defined, but for p = 1 the collection of 1-means is a closed convex
set which is not reduced to a singleton in general.

Theorem 4.1. For a fized measure py € P,(RY) there exists a critical parameter
A, €]0,00) such that

o for A < A, no solution of (Pa) is a Dirac measure;

o for A > A, it holds that argmin(Py) is the set of p-means of po.

Moreover, A, = 0 if and only if pg is a Dirac mass.

We start by studying the support of the optimal measure, showing that it is
contained in the convex hull of the support of pg. In the sequel the proof of Theorem
[41] will be divided in several steps. We end the section with an exemple of pg
composed of 2 Dirac masses.

4.1. Elementary properties of the support. Given a set A C R? we denote by
conv A its closed convex hull.

Lemma 4.2. Let v € P(R?) be a solution to (Pa). Then the following properties
hold
(1) H!(suppv) < %W,?(PO,(Sm,,O); where my,, is any p-mean of py. In particu-
. . . . def.
lar, X is contained in a ball of diameter dy = %W;’(po, Smm),

(2) supp v C conv (supp po) N B, 2Wp(p0, G, ) + 2 WE (00,0, ))
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Proof. For the first point, let 3 denote the support of v. Since v has finite energy
we have that £(v) > H*(Z). Thus, since it is also optimal

(4.1) AH'(S) < W2(po,v) + ALW) < WE(p0,6m,, ) + AL, ) = WE (90, 61m,.)-

For the second point, let C L conv (supp po). It is a nonempty closed convex
set, therefore the projection onto C is well-defined and 1-Lipschitz. We denote
it by f. By Proposition it holds that L(v) > L(f3v). Moreover, for every
(z,y) € C x R4,

lz—y* =z — fF)P +1f ) =yl +2(x = f(), Fy) —y) > |z — f(y)]?

>0

with equality if and only if y € C. As a result, if v is an optimal transport plan for
(pOa V)a

D (oo, v /|x—y\pdmy /|x— Y dry(z,y)
- / & — P A (Gid, 1)) (2,9) > WP (oo, fo)

with strict inequality unless y € C' for v-a.e. (z,y) (hence v-a.e. y).
But v is a solution to (P,)), therefore the inequality

Wy(po,v) + AL(v) = WY (po, fyv) + AL(fyv)

cannot be strict. We deduce that y € C for v-a.e. y, and C being closed, that
»ccC.

Additionally, from (1)), we have W, (v, Om,, ) < 2Wp(po,dm,, ) and in particular
there are points y € ¥ such that |y — my,| < 2W,(po, 0y, ). Combined with the
first point, we obtain that X C B(m,,, 2W; (00, m,, ) + 2 WE(po, 6m,,))- O

Example 4.3. Let pg = 0, for some zy € R¢. Then both conditions from
Lemma are sharp and characterize for all A > 0 the unique solution d,, of (Pj)).

4.2. When solutions are Dirac masses. Now, we discuss whether or not Dirac
masses are solutions in the case where pg is not a Dirac measure. We start with
the following Lemma.

Lemma 4.4. Let A > 0 such that ¢,, € argmin (Pa), for A’ > A it holds
o forp>1 that §, is the unique solution of (Pa+),

e for p=1 that argmin (Pys) consists of only Dirac masses.

Proof. If 05, € argmin (Py), for any p > 1, and for any measure v with £(v) > 0
it holds that

W;?(p076$0) < W‘f(pO’V) + A‘C(V) < W;;?(povl/) + Alﬂ(”)?

and hence v cannot be a minimizer of (Py/). Then for any p > 1 it holds that
argmin (Pa/) consists of Dirac measures. Whenever p > 1, the function y —
WP(po,dy) is strictly convex and hence arg min (Py/) is a singleton. O
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This simple Lemma allows for the definition of the critical value A, as follows
(4.2) A, inf {A>0:argmin(Pa) C (62),cpa} -
As stated in Theorem [£.1} A, > 0 whenever py is not a single Dirac mass, which is
a direct consequence of the convergence of solutions to pp when A goes to 0.

Lemma 4.5. For every pg € Pp(Rd), and A > 0, let vp be any solution to 1)
Then

vy ———— .
A A—0+ po

In particular, Ay > 0 unless pg is a Dirac mass.
Proof. If L(po) < +o0, it suffices to notice that

W (po,va) < Wi(po,va) + AL(va) < WY (po, po) + AL(po) = AL(po) ——— 0.
A—0t

However, we need to handle the case where L(pg) = +o0.

Let ¢ > 0. By the density of discrete measures in the Wasserstein space, there
exists a probability measure of the form p = Zfil a;dz, such that WP (po,p) < e.
We may assume that N > 2. By connecting all the points {x;}1<;<n, we obtain
a compact connected set 3 with 0 < H1(X) < +oo. For every 6 € ]0,1], we then
define

~ def.

po = HUL S+ (1—0)p=0vs+(1—0)p.

H(X)

5 HI(%)
and we note that £(pg) < =5~ < +o0.
By the optimality of vy,

W5(007 VA) S A‘C(VA) + le)g(pOa VA) S A['(ﬁo) + W;?(p(% ﬁO)

Taking the upper limit as A — 07, and using the convexity of the Wasserstein
distance yields

limsup W) (po, va) < W[ (po, po) < OW] (po,vs) + (1 — )W) (po, ).

A—0+

Letting 6 — 0 we obtain limsup, o+ W2 (po,va) < €. Since ¢ is arbitrary, the
claim follows.

For the last statement, we note that supp pp must be included in the Kuratowski
limits of supp vy as A — 0, so that if pg is not a Dirac mass, neither is vy for A > 0
small enough. O

Next, we show that for A large enough, the solution becomes a Dirac measure.
Proposition 4.6. For every py € Pp(R?), A, < +00.

Proof. Choose v € arg min , let & < suppv and yy € X.
Let r “ min {#' > 0| £ C B(yo, ') }: since X is connected one has r < H!(2) <
+o00. The convexity of the p-norm yields

1
Vr,y eRY Jz—ylP > |z —yol” —plz —vol” " |y — vol.-
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As a result, if « is an optimal transport plan for (pg,v),
ew)= [ le-yP i) +ALW)
R4 xRd
> [ el -p [ ol -l dile) + AR(S)
R4 xRd Rd xRd

> E(0y,) + 7 (A —p/d |z — ol dpo(g;)> :
R
By optimality of v, we have £(v) < £(dy,), so that » = 0 and v is a Dirac mass a
soon as (A — p/ |z — ol dpo(ac)> > 0.
Rd

On the other hand as soon as r > 0, this expression must be negative, and it
follows that

A*Sp/Ix—mVAdm@)
]Rd

Note that this bound depends on v (through ¥) and therefore also on A. Yet,
as observed in the proof of Lemma [4.2] point (2), we can choose yo € ¥ with
1Yo — mpy| < 2Wp(6m,,,  po). 1t follows that

A, < max / z— walP"1d x),
* = YoE€EB (Mg, 2Wp (6rmq »00)) <p R | y0| po( )

which is a (pessimistic) a priori bound depending only on pg. O

Remark 4.7. In some cases, it is possible to provide sharper bounds on A,:

e If p=1, we see that A, < 1.

e If p =2, it can be shown by a simple translation argument that v and pg
have the same barycenter. Then, one may adapt the above argument to
get A <2 [ |z —my,,|dpo(x), where m,, = [ xzdpo(x).

4.3. The example of an input with two Dirac masses. In this subsection we
consider the case p = 2. Let x_; = (—1,0,...,0), #; = (1,0,...,0) € R and
let po = 3 (0y_, +0z,). By Lemma we know that the solutions to (P,) are
supported on line segments which are contained in [z_7,z1]. We may thus reduce
the problem to the one-dimensional setting, with x_; = —1, 1 = 1. The solution
to that problem is given by the following proposition.

Proposition 4.8. For p =2 and py = 3 (6_1 + 61), the unique solution to (P4))
is given by

VR 1]+ (3= /38) Ga o) o<A<],
(43) A= gl L [—3(1—24),5(1 - 20)] fi<A<i.

do if A>3

Proof. We fix A > 0 and denote v a solution. Let a = L(v). If a =0, v is a
Dirac mass. If @ > 0, we know that the support of v is a connected subset of
conv{—1,1} = [—1,1], so that suppv = [a,b] for —1 < a < b < 1. In addition,
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letting ¢ € [a,b] such that v([a,c]) < 1/2 and v([a,c]) > 1/2, one can check that
if some mass is sent from {—1} to ]c, b], then exchanging it with the same amount
of mass sent from {+1} to [a,c[ we reduce the Wasserstein distance. Hence one
may assume that the mass coming from {—1} is sent to a measure v~ supported
on [a, ¢] while the mass from {+1} is sent to a measure v* supported on [c, b], with
v~ + v = v. Observing that v > LH'[ [a,b] (we are in the case a > 0), we
introduce the non-negative excess measures:

Vewe =V — l3’-[1 L [a,e], vi.=vt— l’Hl L [e, ],
o o
and Vexe = V. + Vi.. Once more, we see that the Wasserstein distance is reduced
if all the mass sent from {—1} to v is sent to the point {a}, closest to {—1}.
Hence, we may assume that v_,. = xd,, for x > 0, and similarly, v . = yd, for
y > 0. Eventually, we easily see that if a > —1 and = > 0, then we can extend the
segment [a, b] towards {—1}, adding a small piece [a — 4, 0] for § < min{az,a+ 1},
send a fraction 6/ of the measure zd, rather to 2H!_[a— 4, a], and reduce again
the Wasserstein distance without changing £(v). We deduce that = 0 if a > —1,
similarly y = 0 if b < 1.
Recalling that for p = 2, ¥ must have the same center of mass as pg, we deduce
that v must be equal to
0,0 = b,

def.

1
or  Vpop = %’Hl L [-b,b] for some b€ ]0,1]
1, 11
or voa=-—HLI[-1,1]+(=—=)(0_1+0d) forsomea>2.
« 2 «

Let £(v) = AL(v) + Wi (po,v) denote the energy to minimize. We have £(vg ) =
1 =1limy o+ E(vp,2p), and

b dz b2
5(Vb2b)=2Ab+2/(1—%)2f=——|—(2A—1)b+1
’ 0 2b 3
. d 2b
with @g(l/bgb) = ? + 2A — 1,
1
dx 2
=Aa+2 [ 1-2*—=+0=Aa+ —
E(,a) o+ /0( x) o +0 O¢+3a,
. d 2
Wlth @8(1/17&) = A — 73042 .

For 0 < A< %, we check that vy 4+, for o* et 1/3%, is the unique solution.

For % <A< %, we get that v+ 95+ is the unique solution, with b* def %(1 —2A).
For A > %7 the functions a — £(v1,4) and b — E(vp,2p) are strictly increasing on
2, +00[ and 0, 1] respectively. Therefore vg g is the unique solution to (P,). O
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5. SOLUTIONS ARE RECTIFIABLE MEASURES

Our goal here is to show that whenever py < H!, any solution v is a rectifiable
measure of the form

v=0H'L_%, forfc L'(Z;HY).

To this end, we introduce the excess measure vy as the positive measure given by
the mass of v that exceeds the density constraints. We first show that this measure
solves a family of localized problems. This is used to prove the absolute continuity
w.r.t. H' 3, that is, point (1) of Theorem [1.1

5.1. The excess measure. Let v be a minimizer of (P,) with support ¥ not
reduced to a singleton. From the definition of the length functional we have:

L(v) < oo if and only if there is a > 0 such that av > H'_X.
Setting a < L(v) > 0, we define the following decomposition
(5.1) V= vyt + Vexe, Where vg1 M HY LY and Vexe oy vyl

The part v41 is the measure which saturates the density constraint, and the support
of the excess measure veyx. is where the constraint is inactive.

In the sequel, we fix an optimal transport plan ~y, for the problem defining
WP(po,v), and we define an analogous (non-unique) decomposition of v and py by
disintegrating v w.r.t. the second marginal. From the disintegration theorem [3]
Theorem 2.28], there exists a v-measurable family {v,},cga C P(R?), such that
v = vy @ v, that is

62 [ v = [ ([ o)), forave L)

We define a decomposition 7 = yg1 + Yexc as

(5.3) y01(A x B) Y / AN (), el A X B) / Al

The decomposition py = py1 + pexe can be defined as the marginals of 21 and Yexe

def. def.
(5.4) P = (Wo)ﬁ%{l, Pexc = (Wo)ﬁ%xc-

This way Y31 € I(pgr, V1), Yexe € M Pexcs Vexe) and they are optimal transport
plans between their respective marginals. Indeed if we find a better transport
plan for either problem we can construct a better plan for the original problem,
contradicting the minimality of v. We therefore also have a decomposition between
the Wasserstein distances

(55) W;g) (pOa V) = Wg (p’Hlvl/Hl) + Wg (peXCa Vexc) .

Let us point out that, although the decomposition of v is natural, there are
many ways to decompose v and py, for instance by choosing another disintegration
family. In the sequel we show that for any such decomposition the excess must be
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concentrated on the graph of the operator given by the (multivalued) projection
onto X

(5.6) Iy (z) < argmin |z — y|>.
yeS

Note that Iy is a multivalued operator which is included in the subgradient of
the convex conjugate of the function: y +— |y|?/2 if y € ¥ and +oo else.

Lemma 5.1. Let v be a minimizer of (Pal) and v an optimal transport plan from
po tov. Then, for any decomposition v = vyt +Vege, S-t. (Wl)u%zc = Vege, it holds
that

(5.7) SUPP Yeze C graph(Ily).

In addition, for any ms; measurable selection of x — Ils(x), the measure
vyt + (WZ)ﬂpezc
is optimal for (P)).

Proof. Consider the problem

@) [ eyl ) + AL(m),)
YEPL(RXR?) JRd xR

(Fo)ﬁ’Y:Pm
which is a reformulation of (P,)) in terms of the transport plan + from py to v.
Now, let (y31, Yexc) be any suitable decomposition of v and let 7s; be a measur-

able selection of IIy;. We set pexe def. (ﬂo)ﬁ%xc and define ¥ = 31 + (id, 75 Pexc-
Then, since still 7145 > vy, it holds that L(m145) < L£(v) and

/ o — yl” d5 = / & — P dypes + / & — 72(@)]? dpexe
R4 xR Rd xR R4

§/ |z — y[” dyzp +/ |z — y[” dYexe :/ |z —y[" dy
R4 xR4 Rdx> R4 xR4

Since v is a minimizer of , we must have an equality, in particular it holds that
[ e=sl = Jo = ms(@)) dvoc =0
R4 xR4

Since y-a.e. (z,y) is in RYx Y, the integrand is nonnegative and must vanish yeyc-a.e.
Hence (z,y) € Graph(Ily) for Yexc-a.e. (z,y) and (5.7) follows since Graph(Ily) is
closed. As a consequence, the measure v3;1 + Tsgpexc reaches the minimimum for

and is optimal. 0

5.2. Solutions are absolutely continuous. Now we prove that the solutions to
the relaxed problem (P,) are absolutely continuous w.r.t. H'L_3. The proof is
based on the construction of a localized variational problem.

Lemma 5.2. Let v be an optimal solution for the relaxed problem li and set
a=L(v). Let S =Sy x S; C R x R be a Borel set and define the transport plan

def.

s = 7610L80 X Sl
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along with its marginals

def. def.
ps = TogVs < Pexcl-Sos Vs = T1y7s-
Then the measure vs solves the following variational problem

there is I' such that
vV e My(2UT),
V> a1 L (T YD),
YUl € A, V(R = vs(RY)
More generally, let (O‘S’t)te[()’l} be the constant speed geodesic between ps and vs

defined through os et T(1-4),75 where 7 (x,y) = (1 —t)x + ty. Then for any

(5.8) inf § W7 (ps, V') :

t € 10,1], the measure vs minimizes the variational problem
there is I' such that
Ve Mi(XUT),

vV >a T 'HEL (T Y),
SUT € A, V' (RY) = vs(RY)

Proof. See Appendix [A] O

(5.9) inf ¢ WP (0s,,0') :

We now craft a specific set S to apply the lemma. Given § > 0, we define the
set

(5.10) Ds {x € SUPD Pexe : 0 < dist(z,X) <61 } ,

And for a fixed point yg € ¥, and §,r > 0 consider the new transport plan
def.

(5.11) Vo,r = Yexc - Ds X Br(yo)

along with its marginals

(5.12) psr L To§Ys,r < Pexcl—Ds, Vs, i T1§Ys,r
From Lemma [5.2]it holds that
there is I" such that
V/ S M+(E U F),
V> o' YL (T D),
YUT € A, V(R?) = vs,.(R?)

(5.13) Vs, € argmin ¢ WP (ps, V') :

We also introduce
def.

(5.14) Y5 = Yexc - Ds x ¥ and vy def. 1475,

so that by definition, vs, = vsl B,(yo) and vexc can be further decomposed as
Vexe = V5 + Ty (yexc L Dg x ]Rd) . As D; is a nested sequence of sets, (v5)s>0 is a
monotone sequence and taking the limit as 6 — 0 we have
(515) Vexc = SUP V5 + Pexc L Ea
6>0

the second limit being pexc L X because of Lemma [5.1| and since the only projection
of a point in ¥ is itself.

In the next Theorem [5.4) we show that the measures vs have a uniformly bounded
density w.r.t. H'. So when pq is absolutely continuous w.r.t. H?, shows that
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Rescaling

v \
/\ :

I déf‘ Yo + rI

a HY(T,) = Lgr

===
I'c 832(0)
vclBew) o WD) = <o

T

FIGURE 2. Scheme of the proof of Thm. [5.4] For the new com-
petitor, created with the curve I' from Lemma [5.3] we pay a little
more in the transportation cost to generate a~'H!L_T,, but pay
much less by projecting the remaining mass onto it.

any optimal v < H!'. The argument consists in crafting a competitor for the
localized problem , built as a measure supported on a curve with controlled
length, defined over small sphere, centered at an arbitrary point of the support of
vs. Letting the radius of this sphere go to zero, and comparing the energy of this
competitor and the optimal measure, gives a uniform bound on the density. This
strategy is illustrated in Figure

Lemma 5.3. Let By be the ball on RY centered at the origin. There exists a
connected set 'y C OBy with H*(T'g) < +oo and such that

1
dist(z,Ty) < |z —y| — 3

for any x & By and for all y € B;.

Na

Proof. We start by covering the sphere 9B with finitely many balls (By/2(z:)) ",
each having radius 1/2. The number of balls N, being dependent on the dimension.
In the sequel we define I'; with geodesics on 0By connecting the centers (xz)f\fl

As we have finitely many points, we will also have finitely many curves and hence
H'(T;) must be a dimensional constant. We can even choose the connected set I'y
with minimal length, which is a solution to Steiner’s problem on the spheres and
has a tree structure, so that we can bound H!(I'y) < (N4 — 1)Dy, where Dy is the
diameter of 0By in its Riemannian metric.

To prove the desired property, take € By and y € By. Let {§} = [z, y] N OBs.
Then § € By /5(x;) for some x; while |z —g| = [z —y| - [§ —y| < |z —y| -1, and it
follows:

dist(z, Ta) < |2 — 21| < |z — 9] + |5 — 1] < o —y| %

which gives the desired construction. O
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Theorem 5.4. Given py € P,(R%), let v be a solution to (Pal). Then it holds that
the measures (vs) s, are of the form

7 Cq
_ 1 ;
vs =0sH L5, with [|65] o (s 30) < 3L
for Cq =2+ HY(Ty), Ty being the set from Lemma .
Therefore, if pg < H' or has a L™ density w.r.t. H', so does v, in particular it

s a rectifiable measure.

Proof. For yg € ¥, let us define the one-dimensional upper density [3 Def. 2.55]

of. . B
05(yo) 4 Jim sup Véé )
r—0 r

We will show that 05(yg) < %%, so that thanks to [3, Thm. 2.56], vs < H'l_ 3.
Since ¥ is 1-rectifiable, it follows that for H'-a.e. yo € T, 6s(yo) is the Radon-
Besicovitch derivative of vs w.r.t. #'L_X, and the claim of the theorem follows.

From the optimality of v, the measure vs, solves problem . In order to
build a competitor we consider the set I'y from Lemma choose some point
y € I'y and define

Fr déf. [y07 Yo + T‘y] U (yO + TPd) )

which is contained in Ba, (yo0). Notice that ¥ UT, is always a compact, connected
and 1-rectifiable set and one has

HY(T,) = Car,

where Cy = 1+ H!(T'y) is a constant depending only on the dimension.
In the sequel, setting o = L(r) we define the following parameter

def. Hl (Fr)
 avs(B,)

Suppose that Cyq/a < 2605(yo). Then,

ef Cd

1>mgp e = lim inf m,..

2a6s (yo) r—0
Now, we consider a subsequence (r)ren N\ 0 such that limg_, o my, = liminf,_,om,.
In particular, m,, € (0, 1) for r; sufficiently small. For simplicity, in the sequel, we
drop the subscript k, yet we consider only r € {ry}ren-
Let 4r, be an optimal transport plan between m,.ps, and o 'H!L T, for the
Wasserstein-p distance and define the new plan
~ def. . ~ def. ~
Yo r = VT, + (1 - mr) (ldaﬂ-l"r)ﬁ Pé,rs and Vsr = 7lei75,7'a

where 7r is a measurable selection of the projection operator onto I'.. This con-
struction is illustrated in Figure Therefore U5, is admissible for (5.13) and we
have the following estimate

Wil))(pémy D& r) S / ‘LL‘ - y|pd’yl—‘r + (1 - mr) / diSt(.’E, Fr)pdpé r.
o R xR4 Re ’
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We will estimate each term of the previous inequality separately. For the first
one, notice that as suppyr, C II5"(B,(y0)) X Ba, (1), it holds that

|z —y| < dist(x,¥) +3r, for yp,-a.e. (z,y).

For the second term, as the projection of z onto ¥ is inside B,(yo), if follows from
Lemma [5.3] that

dist(z,T') < dist(z,X) — ; for dist(x,X) > 2r.
Therefore, for a fixed § and taking 2r < ¢, the Wasserstein distance is bounded by

W;])Q(pﬁ,'m 175,7‘) S mr/

(dist(z, ) + 3r)? dp(;,r—&—(l—mr)/ (dist(z, ) — r/2)" dps,-.
Rd

Rd
Notice that WP (psr,vs,) = / dist(z, X)Pdps,r, so in order to compare the
Rd
Wasserstein distances we use the following inequalities
(dist(z, 2) + 3r)P < dist(z, $)? + 3rp (dist(z, X) + 3r)" "

-1
(diste, ) - )" < dist(z, 2)7 — Zp (dist(a, %) - 7)”

which follow from the convexity of ¢t +— [¢[P. Then, given € > 0, if r < de one
deduces, for dist(x,>) > 0, that:
(dist(x, X) + 3r)P < dist(x, X)P + 3rp(1 + 3¢)P~* dist(z, £)P !

. T\NP _ .. r e\P~t . 1
(dlSt(:L', ) - 5) < dist(z, X)? — o4 (1 — 5) dist(z, X)P".
Therefore it holds that

Wg (P&,m Dé,r) < W;g)(pé,r7 VE,T) + prAr,a ., diSt($7 Z)p_ldpﬁ,r
R

_ 1—m, p—l
for A, . =3m, (1+ 3¢)” - 2m (1 - %)

Hence from the optimality of v5, we have A, . > 0, so that letting  — 0 and then
e — 0, it must hold that 3mg > (1 —myg)/2, that is:

7Cq

0s (yo) < 5;
As a result, the family (vs);s has a uniform L> density bounds, and so does the
limit measure sups.vs = (Supgso0s) H' L X. But as the exceeding measure can
be decomposed as we deduce that whenever the initial measure py < H! or

has a L density w.r.t. H!, so does the solution v. ]

6. EXISTENCE OF SOLUTIONS TO ([P

This section is dedicated to the proof of Theorem item (2). Knowing that the
excess measure is absolutely continuous (Theorem7 we use a blow up argument
near a rectifiability point gy of 3. From Lemma the blow-ups of Vey. minimize a
family of functionals (F.),~q, which in turn T'-converge to some functional F'. Since
these blow-ups also converge (for H'-a.e. yo) to a uniform density on T}, ¥, this
limit measure must also minimize the I'-limit F'. Yet if it is not zero, we can build
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a better competitor (Lemma [6.3] below), giving a contradiction to the minimality
of the uniform measure. We deduce that vy vanishes.

6.1. Blow-up and I'-convergence. In the sequel, we assume that py < H!', so
that from Theorem any minimizer v, as well as (vs)s- (defined in (5.14)), are

rectifiable measures and we can write
vs =0sH' %, for 65 € L*(H'_X).

Observe that vs-a.e. y € X is a rectifiability point, and we choose yy € ¥ such
that:

(6.1) T,,% exists  and yo is a Lebesgue point of 6.
We then use Lemma with the choice Sy X &1 = Ds x B,(yo), and we focus

on the variational problem (5.9): we obtain the families of measures (vs), ., and
def. def. .
(05r),50 3 Vsr = Vsl Br(yo) and 05, = T(1—r)4 Vo> where (O'g,t)te[OJ] is a

family of geodesic interpolations, as in Lemma [5.2] so that

there is I' such that
Ve M (BuUl),

V>a T HIL T\ D),
SUT € A, V(R?) = v, (RY)
From Lemma the optimal transport plan between vs, and o5, is supported on
graph(Ily).

The sequence of measures vs, are essentially a localization of v5 around yq so,
by the blow-up Theorem (see also [3, Theo. 2.83]), it holds that

(6.2) Vs, € argmin ¢ WP (o5,,0')

(6.3) 7"71(I>';’°’Ty5,,. ;0 0s(yo)H' L [~7,7], where RT =T, ¥.
r—

Up to a subsequence (not labelled) we also have:

(6.4) T_l(bélo’rog’r —\rio s

for some measure 5. By construction o, is supported on {ré—* > dist(-, ¥) > rd},
so that suppas C {z : 6~ > dist(z, RT) > 6}.

In view of (6.3)) and (6.4)), we introduce the blow-ups of the measures vs, and
05,7

def. def. 1

1 o, B — S
(6.5) U5, = ;@é’“’TVM, G5 = ;@go’rdgm, and the set ¥, < #yo N B1(0).

In addition, we define a family of functionals (F}.), ., as

there is I' C B;(0) such that
- / vVeMy(EUl), vV >a 1L (T\X,),
WP (@52 (@) UT closed and connected ,
(6.6) F.() < — (B,
Vl(Bl(O)) _ 5( (yo)),

r

400, otherwise,
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dp ( , 7)) v(

dy (S,

(=7, ) v([—T7,7])

FIGURE 3. Transportation argument for the construction of a re-
covery sequence in the I' convergence of (F;),~o. Both operations
have a transportation cost of the order dy (X, [—7, 7]), and hence
converge to 0.

where o = L(v). Observing that for any given measures p’, v’ we have

1 1 1
(67) WZI; (T@go, /1/,;@3’0’ V/) = rp_"_l Wé) (/,L/,l//).

and recalling (6.2), we see that 75, € arg min F,. for any r > 0.
The natural candidate for the limit of this family is the following:
(6.8)

there is I' C B;(0) such that
o YV eEM ([ rul), vz o HEL (TN -7 7)),
/N def. W;)) (057V ),
F@/') = R7 UT closed and connected,
V'(B1(0)) = 265(yo),
400, otherwise.

We prove in Theorem below that F, I'-converges to I’ as r — 0. We refer to
[9, 6] and in particular to [6, Def. 1.24]) for the definition of the (lower and upper)
I-limit. From the properties of the I'-convergence, see [9], Cor. 7.20], it follows that
05(yo)H' L [—7, 7] must be a minimizer of F (as the limit of minimizers of F.). The
estimate from below of the I'-liminf is obtained with the tools developed so far,
while estimating the I'-limsup will require an appropriate construction illustrated
in Figure

Theorem 6.1. The family of functionals (F,),., I'-converges to I as r — 0T, in
the narrow topology.

Proof. T-liminf: we consider an infinitesimal sequence (r,)nen such that (v},), oy

converges to v/ in the narrow sense in Bj(0), and that liminf,,_, . F,, (v},) < oo for
all n € N, otherwise there is nothing to prove.

First we look at the first marginals in the definition of F,. . From we know
that o5, ﬁ\ 0s5. By the lower semi-continuity of the Wasserstein distance

w.r.t. the narrow convergence, if we prove that F(v') < oo, that is, if the limit
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satisfies the constraints in the definition of F'; we will have that

F(/) <liminf F,., (V).
n— oo
_ »_
As av), > H'L (T \ =, ) for some T, C By(0) such that NVUr, € A,

Blaschke’s Theorem [3, Thm. 6.1] and Lemma imply that, up to a subsequence,

T, —2 5 T for some closed set T’ C B;(0) and =— 9 _K Ry Hence,
n—oo Tn n—o0

=, <E _yo) ur, =5 =¥ RrUT,
Tn n—oo

Let us check that Z is connected (which is not immediate since the Kuratowski
limit of connected sets is not necessarily connected). Assume by contradiction that
there are two disjoint open sets U, V' C R such that UNZ and VNZ form a partition
of E. Since RT C E is connected, it is contained in either U or V (say, U). As a
result, VNE C I' C B;(0) is bounded, and possibly replacing V' with V' N By (0), we
may assume that V' is bounded too, so that V is compact. Since = C VN (R4\ V),
we note that 9V N= = @, and we deduce that min,csy dist(x, =) > 0.

Now, the Kuratowski convergence of =,, towards = implies that, for all n large
enough, Z,, intersects both V and U C R?\ V, hence, by the connectedness of
Zn, there exists x, € Z, N V. But the Kuratowski convergence also implies that
dist(-,=,) — dist(:,Z) locally uniformly (hence uniformly on dV'), which contra-
dicts that mingegy dist(z,Z) > 0. As a result, = is connected.

The fact that suppr’ C [—7,7] UT comes from the weak convergence of v}, to

v'. As this convergence takes place in a compact set it also holds that v/(B1(0)) =
lim v/, (B1(0)) = 205(yo) since 05(yo) is the density of vs at yo.
n—oo

It only remains to verify the density constraints, av’ > H'I_ (T'\ [-7,7]). We
cannot apply Golab’s Theorem to v/, since, although av/, > H* L (T, \ %,..), we do
not have an upper bound on the number of connected components of I, \X,. . What
we do know is that the sequence Z,, = r,,* (X — o) UT,, satisfies the assumptions of
Theorem so we apply it to the measures ' L_Z,, instead, remembering that

z - z -
"L ( y°> +or, > HIL (yo ur,,,) .

Tn Tn

The left-hand side converges in the local weak-x sense to H!'L_R7 + ar/. The
right-hand side (which is bounded by the left-hand side) converges in the same
sense, up to a subsequence. We let \ denote a limit and Theorem implies that
A>H'L (RTUT), which gives H! L RT +av’ > H!' L (RTUT), and thus

av' >H' (DN [-7,7]).

[-limsup: Let (r,)nen be an infinitesimal sequence. By Lemma we know
that (X — yo)/r, converges in the Kuratowski sense towards R7, and X, et = -
Yo)/rn N B1(0) converges towards [—, 7] for the Hausdorff distance.

The strategy to prove the limsup is illustrated in Figure[3] and roughly explained

as follows. We concatenate three steps. First we renormalize v/ to satisfy the

mass constraint in F,. . But this normalization may break the condition av] >
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HLL (T \ [~7,7]), so we slightly shrink the support to satisfy this constraint again.
We also need the measure v}, to be supported on some connected set 3, UT,,, hence
we move the mass of v/ from [—7, 7] to X, by projection, and we translate the mass
of each connected component of the (shrinked) T'\ [—7, 7] so that it is connected to
3., . Eventually, by doing so, some parts of the support may get out of m, SO
we project the residual mass onto B;(0).

To be more precise, we first address the case 05(yo) = 0. As F(v') < +o0 if and

only if 2/ = 0, we need only prove the result for v/ = 0. Let P, be any measurable

selection of the projection onto ¥, , and define v, = 405, - With T' = (), and
since |x — P,(x)| <871 for all x € supp 5., we observe that

_ _.Us B -
o () < WG, ) <572 Br) o py),
) Tn n—-+oo
Moreover, as v}, ~—+—A v/ in the narrow topology, we have built a recovery se-
n—-+0oo

quence for v/'.

Now, we deal with the case 05(yo) > 0. Let v/ such that F(v') < +oo, and let
I" be a set as in . Observe that [—7,7] UT is connected, being the projection
of RT UT onto B;(0), and since it has finite #' measure, it is arcwise connected,
by [10, Prop. 30.1, Cor. 30.2]. As a result, Rr UT is arcwise connected too.

Let (C;)ier denote the arcwise connected components of I' \ (R7). For each
1 € I, as the set R7 UT is arcwise connected, one may check that there exists
some z; € [—7,7] such that {z;} U C; is arcwise connected. As a result, the set
C; C R4\ (R7) cannot consist of one single point, and H'(C;) > 0. Therefore, the
index set I is at most countable.

Let us construct a recovery sequence (v, )nen. By the Kuratowski (even Haus-
dorff) convergence of ¥, towards [—,7], for each i € I, there exists a sequence
(2n,i)nen such that z,; € X, for each n € N, and z,; — z;. We then define

a def. V&(Brn)
" 2r,05(yo)’

noting that a, — 1 and s, — 1, and we introduce the map T,,,

T ( ) déf‘ P’I’L(y/sn)v 1fy € [_Ta T]7
" (y—zi)/sn+ 2n, ifyeCs,

and s, < max(1,a;1),

where, as before, P,, is some measurable selection of the projection onto X, . The
map T, shrinks each connected component C; and translates it to the corresponding
Zn,i € X, S0 as to ensure connectedness (see below). Letting Pp denote the

projection onto the unit ball B;(0), we eventually define

Let us check that v], converges to v/ in the narrow topology. We note that for
y €77l

|y/5n - Pn(y/sn)| = dist (y/sna Ern) S dH ([77_3 T]a Ern) — 07

n—-+oo
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so that T,,(y) — y, and for y € C;,

ly = Tu(y)l < |yl (1 = 1/sn) + [2i/8n = 204 ——— 0.

n—-+o0o

As a result, for y € [-7,7]UT, T,,(y) — vy, and eventually Pg o T,,(y) — y. By the
dominated convergence theorem, we get that for any ¢ € Cy(R?),

J R G O 6 )/ (y)

n—+o0 [=7,7]ul

so that v/, P v/ in the narrow topology.
n—-+0oo

Let us now check the constraints in F, . From the properties of image mea-

sures, we see that suppv/, C B;(0), and that v/,(B1(0)) = v/, (RY) = a,/'(R?) =
vs(By, )/Tn, so that v/, has the mass prescribed by F,. . Consider the set

def.

(6.9) Ty = | JTni where T, = (PpoT,)(Cy).
el

In addition, the mass of v/}, is concentrated in X, UT',,, and we prove below that

satisfies all the constraints in F, .

N
First let us show that Yo

U T, is connected. For each i € I, as the set
Tn
{#z} U C; is arcwise connected, so is its image by the map y — (y — 2;)/Sn + Znis

which is equal to {z,;} UT,(C;). As a result {z,,} UPpoT,(C;) = {zni} UTn,

— Y

Tn
X —yo

Tn
T, . (X—yo)UT', is closed as the finite union of closed sets. Otherwise, I is countable,

and from [28, Lemma 2.6], we have

is connected, as well as ur,.

Now, let us show that

UT, is closed. If I is finite, then, by ,

HY T, i) = HEY(Pp o T (Ch)) < HYTW(Cy)) = s, ' H(C;) —— 0.

i—00

Let (z)),cy be a sequence contained in 7' (X — yo) UL, such that z, — x. If

— 0 o any of the

n

there is an infinite amount of terms of this sequence in either

X — 1o

Iy, since these sets are closed, then = €
Tn

UT,. Otherwise, we can find a

sub-sequence 3 € 'y 5, ,, so that

- »_
dist (x, y0> = lim dist (xk/, yo) < lim Hl(Fn,ik,) =0,

Tn k' — o0 n k=00

X — 1o

Tn

and we conclude that

uT, is closed.
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To show it satisfies the density constraints, take any non-negative ¢ € Cy(R%),
o fod=aa, [ o(PalT.0) ()
[=7,7]ul

> a0,y [ O (BT, ) 4 (1)

el

>0, 3 [ o Palr=20/5+ 5.0 1)

i€l

:anan/F _¢(PB(y’))d7'll(y')

iel

> / pdH".
r,

It follows that av), > H'|_T,, and we conclude that F,. (v,) < oo, for all n € N.

By the continuity of the Wasserstein distance with respect to the narrow con-
vergence (provided the measures are supported in some common compact set), we
have that:

F. (vl) —— F(/).
n—oo

The I'-convergence follows. O

Now that we have characterized the limit problem, we show that the optimal
transportation is given by projections as the blow-up family.

Lemma 6.2. If 0s5(yo) > 0, the optimal transport plan between the measure og,

defined in (6.4), and v = O5(yo)H* L [—7, 7], defined in (6.3), is unique and given
by the projection map [+ ;.

Proof. Consider a family ¥, of optimal transport plans from &5, to 5,. Up to
a subsequence it converges to some 7, which, by the stability of optimal trans-
port plans, also transports os to v optimally. Since &5, U5, are generated by the
pushforward of vex. L B, (yo) by ®¥°", from Lemma we know that

supp ¥, C graph (Iy, ) .

Let us show that supp % C graph (H[—T,T]). Indeed if (z,p) € supp?, there is an
open ball B centered at (z,p) such that

0 < ¥(B) < liminf 7,.(B).
r—0
In particular, we can find supp ¥, 3 (z,,p,) — (z,p). So it holds that
r—
lz —p| = 711_1}(1) |z — pr| = Th_r% dist (z,, X,) = dist(, [-7,7]),

where the last equality comes from the uniform convergence of the distance func-
tions, recalling from Lemma [2.6| that X, d—HO> [—7, 7]
r—
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FIGURE 4. Construction of a competitor for the minimization of F'.

Now we show that this property is true for any other optimal plan. Consider ~y
transporting os to v optimaly, then by the optimality of 7 it holds that

/Rd(dist(x, [—7,7]))Pdos = / |z — y[Pdy = / o — y[Pdy
> / (dist(x, [, 7]))Pdy = /R dis(a [, 7.

Since |x —y| —dist(z, [-7,7]) > 0 for y-a.e. (z,y) and the inequality above must be
an equality, we must have supp~y C graph (H[_ﬂﬂ) for any optimal . In particular,
as IT_; 7 is uni-valued, it means that the optimal transport plan is unique and given
by the projection map. O

6.2. Competitor for the limit problem and existence for ((P,)). Given yg € X
such that (6.1)) holds, it follows from Theorem that:

Us et 05(yo)H' L [—7,7] € argmin F,

where F' is defined in . In addition, Lemma shows that if 0s5(yg) > 0,
the optimal transportation of 5 to Us is given by the orthogonal projection. We
show that in this case, we can lower the energy by projecting part of the mass to a
(closer) horizontal line as in Figure

This contradicts the existence of rectifiability points of 3 such that 65(yg) > 0
so that v5 = 0, and shows the following Lemma:

Lemma 6.3. For any § > 0, the measures vs defined in (5.14)) vanish.

Proof. Up to a rotation, we may assume that 7 = ey, where (e;)%; is a basis of
R?. Since 55 is supported on {z = (2/,24) € R : |2’ > 6, |z4] < 1}, we can cover
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its support with finitely many sets (E;)Y; defined as:
E E {z = (2, zq) € RY: (&,2) > §/2, |za <1}

where & € S%71 N [eg]t are “horizontal” unit vectors and N depends only on the
dimension. We then define a disjoint family

F1:E1, FiJrl:EiJrl\UFj fOTZZl
Jj=1

and decompose our measures g5 and Uy as

N N
os5 = 25571', Vs = 217571' where 75 ; et o5l F; and s, def. prOjdﬁ5'57i,
i=1 i=1
with proj, :  — x4eq4 the projection onto the vertical axis. By Radon-Besicovitch’s
differentiation theorem, 75 ; = 0,H' | [—eq, e4], where 6;(s) = 0;(seq) > 0 are such
that

N
Z 0; = 05(yo).
=1

Consider § € (—1,1) a common Lebesgue point of all §;, i =1,..., N.

Let ¢ be the index for which 6;(5) is maximal: then 6;(5) > 05(yo)/N.

Up to a change of horizontal coordinates, we assume that §; = e;, and we
introduce the notation: R? > z = (z1,2”, z4) for " € R?~2. Let now:

C.Y¥ Fn{zeR?: |ug—5 <e} C{o=(x,2" 2a) : 21 > 0/2, |xg—5 <e}.

We obtain, from the fact that (proj,),os; = 0;H' L [—eq, eq], that

= . S+e
7i(Ce) _ 1 / 0;(t)dt — 0 < 0;(5) > 65(%0)

2 2 e =0 N
Now, assume by contradiction that > 0. If £ is small enough, we have:
5 (O
(6.10) 9 < %,) < 30.

for all ¢/ < . Now let us exploit the fact that, from Lemma the optimal
transport is given by projections to propose a new transport map, sending the
mass in C; to a segment pointing towards e;:

aef. | L(Jxq — 3|)e1 + Seq, ifx € C.
T(z) =
proj,(z), otherwise,

where £ : [0,e] — Ry is defined via the conservation of mass relation, for 0 < &’ < e:
(6.11) U(e) = adsi(Cur).

In other words, the mass that was sent to the vertical segment [5 — &', 5 + €’]eg
is now sent to the horizontal segment ey + [0, £(¢')]e1, for each &’ € [0,e]. This
construction is illustrated in Figure [4]

Thanks to , the map T sends G5, C. to the measure a~'H!|_ L where

L 5ey+ [0, £(¢)]ey, hence, the transported measure Ty05 satisfies the constraints

in the definition of the limiting functional F' and one has F(Ty55) < +oo.
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We shall now see that for each point x € C. with x4 # §, it holds that
(6.12) & — proju(x)lP > |z — T(@)lP.
To show (6.12)), recalling the notation x = (z1, 2", z4), it suffices that

|z — projy(z)|* > o —T(x)|?

= af +[2"]? > (21 — Uza - 3))* + |2 + (za - 5)?
= 221 (|xg — 5]) > €(|zq — 3])® + (x4 — 5)°.
In addition to (6.10), we choose € in such a way that for any = € C. we have
-1
1
a9|xd — §| < €(|.Td — §|) = 046'571'(0‘“,50 < 3abe < (1 + (0l0)2> )

and hence

(|za — 5))% + (24— 5)° < (1 + 12> U(|za — 8))2 < 60(|zq — 3]) < 2210(|zq — 3]),

(af)
for all x € C., with 24 # 3, so that (6.12) holds. Since 8 = 0;(3) > 0, it follows that

F(Tyos) = Wf(&g,Tu&g) < W:f(a'(s, vs) = F(vs).

This contradicts the fact that 05(yo)H! L [—e4, eq] is a minimizer of F', showing that
we must have 6 = 6;(5) = 0 and, in turn, 05(yo) = 0. As this holds for H!-a.e. point
Yo € X2, we deduce that vs = 0. O

The previous lemma, combined with the caracterization of solutions, as in (5.15)),

v=o "H'L S+ supvs + pexc T
§>0

proves the following result, showing in particular point (2) of Theorem [1.1

Theorem 6.4. Let py € P,(RY) and suppose that the parameter A < A,. Then the
solution to the relazed problem (P,) is of the form

v=LW) "H' L+ pese T,

where peg. was defined in (5.4)).
In addition, if py does not give mass to 1-rectifitable sets, any solution of the

relazed problem (P,)) corresponds to a solution of the original shape optimization
problem (Py)).
7. AHLFORS REGULARITY

In this section we prove that whenever the initial measure py € LTiI(Rd), the
optimal solutions to the relaxed problem (P,)) have an Ahlfors regular support.

Definition 7.1. We say that a set ¥ C R? is Ahlfors reqular whenever there exist
ro > 0 and ¢, C' > 0 such that for r < rg it holds that

er <HY(ZN B, () < Cr, forall z € %

We prove in this section the following result.
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Theorem 7.2. If py € Lﬁ(Rd), let v be a solution of the relaved problem (P,
and X its support. Then X is Ahlfors-reqular: there exist 7y > 0 and C > 0 such
that, for allz € ¥ and r < T,

r <HYENB,.(2)) < Cr.
L(v

Moreover, 7y depends only on d,p,py and « ot

and p.

), while C depends only on d

The lower bound (with ¢ = 1 and ro = diam X)) follows directly from the con-
nectedness of ¥. The upper bound will follow as a corollary of Lemma [7.3] below.
Let us describe the strategy for proving this estimate. We point out that the con-
struction in this section, although different, follows similar steps as the proof of
Ahlfors’ regularity in [27, Lem. 6.1, Thm. 6.4].

The idea is similar to proving the L°° bound on the excess measure: if in a
small ball B,(Z) the measure v has too much mass, we build another “closer” 1D
structure onto which the mass is transfered at a smaller cost. Yet there is an
additional difficulty: when replacing ¥ N B,.(z) with another set we must preserve
the connectedness. The proof of Theorem [5.4] required to rearrange only the excess
mass and this was not an issue. We now need to control the number of connected
components of ¥\ B,.(Z) and connect them back without adding too much length.

This number of connected components is controlled by the quantity H°(X N
0B,.(Z)), which we can control on average by means of the generalized area for-
mula [3, Theorem 2.91]: If f : RM™ — R¥ is a Lipschitz function and E C RM is a
k-rectifiable set then it holds that

(r.1) [ @0 )k 0) = [ 5 ),

where d” f, is the restriction of Vf(z) (when f is smooth) to the approximate
tangent space of E. Hence, choosing E = XN (B, (Z)\ By, (7)) and f : z — |z —Z|,
we deduce from ([7.1)) that

r1
(7.2) / HO(S N OB,(3))ds < H(S N By, (7)) — H'(S A By, (7))
T2
Using this we first prove the following lemma:

Lemma 7.3. Assume py € Lﬁ(Rd). There exist C(d,p) > 0 and ro depending
on po, «, d, p, such that for any C > C, if r < rg and x € X, then either
HY(Z N B(x)) < Cr or HY(X N By, (z)) > 10CT.

Proof. Let r > 0 and C > 1, and let £ € ¥ such that
(7.3) HY (2N B,(z)) > Cr and H (X N By, (z)) < 10CT.

We show that if » < ro and C' > C, which will both be chosen later, then we can
contruct a better competitor to the minimizer v.

The function f : s — H'(X N By(Z)) is nondecreasing, hence in BV (R, ) and
satisfies, thanks to (7.2), that H°(X N dB,(z))ds < Df in the sense of measures
(equivalently, H"(X N OBs(7)) is less than, or equal to f’(s)ds, the absolutely con-
tinuous part of Df).
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We note that

. sHO (X N OB, (%)) 2 /” sHO (S N OB,(%))
inf — < - ——~ds
se(3r/2,2r) \ H1(X N By(%)) v Jars2 HYUE N By(z))

2r 1
<4 / ——f'(s)ds
3r/2 f(S)
f(2r) )
<4ln ,
(f(?ﬂ’/ 2)
where we have used the classical chain rule at almost every point and [3, Cor.

3.29]. Since f(2r)/f(3r/2) < (10Cr)/(Cr) = 10, we deduce that there exists
5 € (3r/2,2r) such that

(7.4) 35H* (2N Bs(z)) < HY(S N Bs(z))  where § = 1l

Now, we let

(7.5) M=2 (1 +10. <‘1“;>p_1>

(this choice will be made clear at the end of this proof) and we consider

def. O = 1
(7.6) 5_W<5<§'

We define a set T as follows: we choose a finite covering of 0B;(0) with balls
B(z4,38/2) centered at points (z;)Y.; (the minimal number N depends only on d and
p, through ). Then, we find a minimal tree connecting the points (z;)Y¥; through
geodesics on the sphere. We add to this minimal tree the segments [z;, (1 + §)z,],
i =1,...,N. We call T the resulting (connected) set, whose total length L et
HI(T) is of order at most 2N and depends only on d and p. Notice that each
point of OB is at distance at most §, along the geodesic curve on the sphere, to
a point of T, and that thanks to the “spikes” [z;, (1 + §)z;], any point with, say,
|z] > 10 is closer to a point of T than from any point in By (0).

Now, we define

;= @+sDu (J S
rE€XNOBs
where S, denotes a geodesic connecting z to z + 3T, of length at most H*(S,) < 36.
Since § < 2r and ¢ < 1/2, it follows that I's C Bs,(Z). We define the competitor
set as
> ¥\ By(z) UTs.
The addition of the geodesics S, ensures that ¥’ remains connected, and using ,

we estimate the length of I'; as

H'([5) < L+ 65HY (SN OB;(2)) < 2Lr + 1o H' (SN Bs(2))
(7.7) c
< (QL + M)T’

where we have used (7.3) in the last estimate. Now we define a new competitor v/
whose support is ¥'. If v denotes an optimal transport plan from pg to v, given
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5> 0 let
def. d
ps = moz (vIo (R x By))
denote the portion of the measure py which is transported to the ball B;. In
particular, the above length estimates imply that

(78)  Lr <H'(Ts) < 2L+ £)r < 2% + i) av(B,) < ap-(RY) < aps(RY),

where a € £(v), and using that M > 2 (see (7.5)) and assuming C' > 4L (which
we recall depends only on d and p). But, if 7 is small enough (not depending on z,

by uniform equi-integrability of pg/ (d_l)) Holder’s inequality implies that

1
. 5 z)) < z)|4 .
(7.9) aps(Bior(@) < allpoll pap ) - 1Bron(2)]7 < Lr

We fix 79 > 0, which depends only on the dimension (through L), the integrability
of pg, and «, such that the above inequality holds for r < rg.

Equations - show that for r small enough, part of the mass trans-
ported to vl B; must come from outside of the ball Byg,.. In particular, since
t — ps(B¢(Z)) is continuous, there is R > 10r such that

(7.10) ps(Br(z)) = a "H! (T5).

To form the new competitor we proceed as follows: the mass sent to ¥\ Bs
remains untouched, the mass ps | Bg previously used to form v | Bj is transported
to a 'H!'_T5 and the remaining mass is projected onto I's.

So, letting ¥ an optimal transport plan between psl_ Br and o 'H! L T's, we
define the plan

’y/ = WLRd X BE(:Z.)C + ’?LBR X Rd + (lda T‘—Fs’)ﬁ (p§ LBIC{) )
and the new competitor +/ as its second marginal. By construction, o’ > H'L_ ¥’
so that L(v") < L(v). We now estimate the gain in terms of transportation cost.
e For (z,y) € Bg x B; and for any ¢y € I's C Bs,, as § < 2r and 10r < R,
the convexity of t — tP yields
o =y |P < (|z =y +5r)" < |z —y[” + 5rp (jo — y| + 5r)" "
<o —ylP +5rp(2R)" .

Hence integrating w.r.t. the transport plans we get
/ lz —y/[Pdy < / | = y|Pdy + 5rp 2R)" ™ ps (Br),
BRXF§ BRXBE

(this can be checked by disintegration w.r.t. their common first marginal,
which is the measure ps|_ Bg).

e Similarly, for € Bf, and y € Bs \ B, the addition of the spikes ensures
that

[z — 7, (2)] < |z —yl.
However if z € Bf and y € B, it holds that

r
|x—7rp§(x)\§\xfy|f§and |t —y| > R—r,
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so that once again using the convexity of ¢ — ¢ we have

P p—1
o=, @) < (Je =yl = 5) <l =yl —p5 (lo =yl - 3)
r(17 \P7
<l|lz—yP—pz|=R] .
<fo o -0} (557)

So, decomposing the integration for the points going to B, and to B;s \ B,
this time the transportation cost can be bound by:

| lo-m@rdp = [ Jo-mn @)+ [ o= (@)Pdn
B, B, Be,
r(17 \'7!
</ |x—y|pdv—p2(20R) or (B5)
B¢, x By

We get:
D ’ D p—1 r (17 ot c
Wy (po,v') < Wy'(po,v) + 5rp 2R)" ps (Br) = p5 | 5B | pr(BR).
As L(v') < L(v), the optimality of v gives that W2 (po,v) < WP(po,v'), which,
along with the previous estimates, implies

40

(17>p1pr (BY) & pr (B) <10. ()p (Br).

1
< 5.9p—1 —_ | =
0<5-2"ps (Br) — 5 ( 5 =

2
On the other hand, since

pr (Br(2)%) = v(By(2)) = pr(Br(2)) 2 a'Cr — p(Br(2)) 2 o~ 'Cr — ps(Br()),
and recalling (7.7) and (7.10]), we deduce:

40\"! p
C< 1+10-<17) (2L + 37)

We conclude that with the choice (7.5)) of M, one has C' < 2M L, which depends
only on p and d and a contradiction follows if we choose C =1+ 2M L. ([

Proof of Theorem[7.3 Consider C, rq from Lemma Fix x € ¥ and assume
there is r € (0,7¢) such that H'(X N B,(z)) > Cr. Then the thesis of the lemma
applies and it must hold that H!(X N Ba,.(z)) > 10Cr. By induction, we find that
for k > 1, one of the following holds:
e cither 2¢r > rg;
e or we apply the lemma again (with C’ = 5*C and ' = 2Fr), using that
HY(X N Byr, (7)) > 58C(2Fr), and we get

7‘[1(2 N Bokt1,.(x)) > 5k+1é(2k+1r).
Let £ > 1 be the first integer such that 2kr > rg, so that 251 < 1y and
58C(2%r) < HY(Z N Bok,(2)).

Hence, ro < 2Fr < 57%*C~1H(L) and it holds that k < ko = logs(H(X)/Cro),

and

_ _def. _
r > 192 kZT'Q = ry-2 ko
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This shows that, if r < rg is such that H'(X N B.(z)) > Cr, then r > 7. As a
result, for every r < 7y and every x € ¥, we have H(X N B,(z)) < Cr. O

Remark 7.4. Tt is interesting to observe here that the regularity constant C' depends
only on d and p, while the scale 7y at which the Ahlfors-regularity holds gets smaller
as pp gets more singular or when « (or H!(X)) increases (which is when A decreases).

8. CONCLUSION

In this paper we have proposed a new variational problem, which serves as a
method for approximating a probability measure with a measure uniformly dis-
tributed over a one-dimensional continuum. In order to prove existence, we have
passed through a relaxed problem and the definition of a new functional on the space
of probability measures, the length functional, that generalizes the notion of length
of the support of a measure. As a tool for our analysis we have also generalized
Golab’s Theorem to the case of a sequence of possibly unbounded sets converging in
the Kuratowski sense. We then have shown that solutions of the relaxed problems
are, in fact, solutions to the original one whenever the original measure does not
give mass to 1-rectifiable sets of R?. We also have proved an elementary regularity
properties of the optimal sets, in the form of an Ahlfors regularity estimate.

There are still many open questions left, such as:

e Does the support of minimizers have loops or are they trees?
e What is the regularity of the optimal 37 Can we adapt the theory in [25]
and conclude they are locally C1® curves?
e If v, is a solution to , what is the rate of convergence of vy SN po?
A—0

e The blow-up analysis in Section |§| is very similar to the arguments in [31]
for the blow-up of average distance minimizers. However, the argument is
applied to the excess measure and not to the entire solution. Can we use
similar tools to study the blow-ups of the optimal networks in our problem
as well?

e What are the Euler-Lagrange equations of ?

e Could we find (efficient) numerical algorithms to solve this problem?

Some progress has been made on a few of these questions: for instance in [21],
it is proven in a simplified setting (when po is a finite sum of Dirac masses) that
the solution is supported on a tree; in [22], a phase-field approach is suggested
to approximate Problem , which could lead to (still complicated) numerical
methods and simulations.

APPENDIX A. LOCALIZED VARIATIONAL PROBLEM

In this section, we prove Lemma[5.2] which states that the optimality of v implies
that the exceeding measure veyc, or a slight modification of it, must satisfy a local-
ized optimization problem. Before proceeding we review the notation introduced
in the statement of the Lemma. Given an optimal transportation plan vy between
po and the minimizer v, we recall the definition of ey in and we fix a general
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Borel set S = Sy x §7 to define

def.

YS = Vexc LSO X Sl
along with its marginals
def. def.
pPs = Tog¥s Vs = T147s,

Proof of Lemma [5.2t First, we fix some arbitrary I' such that YU T € A.
We consider measures v/ € M (X UT) such that v/(R?) = vg(RY) and v/ >
a 'H' (T'\ %), and we build competitors to v of the form v — vs + v/. Such
measures are supported over Y UT' € A and

v—vs+V =y + (Vexe —Vs) +V
>a'HIL S o’ L (D\ D) > o' H L (ZUT),
so that L(v —vs + V') < a = L(v). By optimality of v, we deduce that
Wh(po,v) < Wh(po,v —vs +1/).

Given any transport plan 4/ from ps to v/, v — vs + 7/ is a transport plan from
po to v —vs + v and it follows, from the optimality of v and ~:

/Iw—ylpd('y—vsH/lw—yl”dVS =/\w—y|”d7§ /Iw—ylpd(7—73)+/\m—yl”dw’,
so that:
(A1) /|x—y|pd75 §/|x—y|pd7’.

Observe that in case v/ = vs (and T' = (), we find that ~s is an optimal plan. In
particular the left-hand side of this equation is W2 (ps, vs)-
Since the same argument applies to 7 — s, we observe that:

(A.2) W (po,v) = W) (po — ps,v —vs) + W) (ps,vs) -

Considering an optimal transport plan +" in (A.I), we get in addition that
WP (ps,vs) < WP (ps,v') for all the admissible variations v of the excess mea-
sure.

As 7s is an optimal transportation plan between ps and vg, from [30, Theorem
5.27] one can define a constant speed geodesic between such measures as

def. def.
Ost = T(1-1),)s, Where m(z,y) = (1 —t)z + ty.

Hence for any variation v/, admissible in the sense of the previous problem, and
for any t € [0, 1], it holds that

Wy (ps, 0s.t) + Wy (05,0, vs) = W (ps, vs) < Wy (ps, V')
S Wp (pS) US7t) + Wp (O-Sﬂfv V/) .
Where the equality comes from general properties of constant speed geodesics in
metric spaces, while the inequalities come from the minimality of vs and the triangle

inequality, respectively. We conclude that in fact, the measure vs also minimizes
the Wasserstein distance to any measure os; along the geodesic. O
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APPENDIX B. KURATOWSKI CONVERGENCE AND GOLAB’S THEOREM

In this appendix we give a proof of Lemma [2.I] We then give a simple proof of
the local version of Golab’s, Theorem [2.2} We use the notation Bg = {z : |z| < R}
and Br = {z : |[z| < R}.

Proof of Lemma[2.1] Notice that, up to a translation, it suffices to prove the result
for zp = 0. We can also assume that C' # (), otherwise for any R > 0, C,, N Br = )
for n large enough and the result holds. Defining Ry = inf{R > 0: C N By # 0},
we have that if R < Ry, one has C,, N Bg = () for n large enough and the Hausdorff
limit is empty, as expected.

Now we take R > Ry and consider a subsequence (Cy, ), cy and a closed set ch
such that

Cp, N ER ni—HOO> CE.

Since C,,, NBr C C,,, it holds that C** C C. On the other hand, given z € CN Bg,
if there exists x,, € C,, N Bg with =, — =, then z € C*. Therefore

CNBrcClcCnNBg

and to finish the proof it suffices to show that there is a countable set I C [Ry, +00)
such that if R ¢ I, R > Ry, then C N Br = C N Bpg.

Let £ € OB, and consider the function R + dist(R¢,C N Bg). If R > R’ > Ry
it holds that

dist(R¢,C N Br) < dist(R'¢,CNBr)+ R—R'.
Indeed, let zr be the point minimizing the distance from R’¢ to C N B/, then
dist(RE,C N Br) < d(R¢,xr) < d(RE,R'E) +d(R'E xp)
=dist(R'¢,CNBr)+ R—R.

Hence the function ¢ : R — dist(RE, C' N Bg) — R, is nonincreasing in [Ry, +00)
and in particular it has at most a countable number of discontinuity points. In
addition, given &, &’ € 0By, it holds that

lpe(R) = per(R)| = | inf d(z,R) — inf d(z, RE)

z€BR z€BR
< sup Id(l’, Rg) - d(.’l?, Rg,)‘ < R|€ - £/|
£E§R

Therefore if R is a point of discontinuity for ¢, then for all {’ in a neighborhood
of ¢, R is a point of discontinuity for ¢g/.

Let (£,)nen be a dense sequence in 0B;. For each n we can find a countable
subset I, C [Rg,+00), such that ¢, is continuous at any R € (Roy,+00) \ I,.
Finally, we define the countable set I as I = U I,.

neN

If R ¢ I, then either R < Ry and CNBr = CNBgr =0, or R > Ry. In

that case, for any £ € 0B1, ¢¢ is continuous. Otherwise, there would be some &,,
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close enough to £, such that ¢¢, is discontinuous, a contradiction. In particular,
whenever x = R¢ € C' the continuity of ¢ implies that

lim diSt(le, C QER/) =0.

R'1R
Hence take R, T R, set ¢, et dist(R,¢,CNBg,) and let 7, € CN Bpg, be a vector
attaining this distance. As z, € CN Bg and |z — 2| < &, + R — Ry, &, converges
to z, and x € C N Bg. It follows that (C N Bg)\ CN Bgr = (), completing the
proof. (I

Proof of Theorem [2.3. We will show that (XN B,(yo)) > H' (XN B, (yo)) for H'-
a.e. Yo € ¥ and for » > 0 small enough. This implies that ©1(u,yo) > 1, and the
result follows by integrating. Assume that 3 is not a singleton, otherwise there is
nothing to prove. Since a compact and connected set with finite length is path-wise
connected, see [10, Prop. 30.1 and Cor. 30.2] and [I, Thm. 4.4], for any yo € X,
for r > 0 small enough ¥ N B&(yg) # 0 and there is a path connecting yo to the
boundary 9B, (yo) of length at least r. From the Kuratowski convergence, for n
large enough, each set ¥,, has a point inside and another outside the ball B, (y).
We start by fixing some 0 < § < r and looking at the smaller ball B,_;s(yo).

Consider the following class
A, < {’y connected component of 3, N B,.(yo) which intersects BT_(;(yO)} .

Each v € A,, must be such that H!(y) > 6. Indeed, as for each n € N there is a
point in ¥, N B,-(y0)¢ and another in v N dB,_5(yo), the connectivity implies ~ is
contained in an arc joining these two points, but then it must have length at least
0, as it is the smallest distance between the two balls. So define

> def.
Zn = U Y
YEA,

which is a bounded sequence of closed sets, but not necessarily connected. However
this sequence has a uniformly bounded number of connected components since

1
A, < Z H'(y) < HY(Z,.NBgr(x0)), hence $A, < sup H(En m(;BR(yO))
~EA, neN

< 400,

for R > 0 large enough.
As ¥, is a bounded sequence, by Blaschke’s Theorem we can assume up to an
extraction that ¥, SRLIENS S ™ fact, for a.e. 0 < § < r, using Lemma it holds
n—oo
that

(B.1) >N B,_s(yo) =2 N Br_s(yo),

since by the construction, 3, N B, _s(yo) = X, N B,_s(yo) and choosing § such that
- 2t
E'rL N Br—5(y0) n—>—oo> XN BT—(S(yO)-
This way, we can apply the global version of Golab’s Theorem with a uniformly
bounded number of connected components to the sequence ¥, N B,_s5(yo) so that
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we write

1 (m> > limsup H' (£, N B, (yo)) > limsup H! (in)

n—oo n—oo

> lim inf H* (in N Br,(;)

n—oo

> (20 B-s(w)) = H' (SN Brs(w0))
>H' (ZN Br—5(y0))

where the first inequality is due to the local weak-x convergence of the measures

and the forth is given by Gotab’s Theorem. But as this estimate is true for any

6 > 0, it must hold that p (Br(yo)) > HY (N B,.(yo)) for any yo € ¥ and r > 0.
To extend this to open balls as well we use the following estimates

1]
2]
(3]
(4]
[5]
[6]

[7

[8

[9

[10]
(11]

[12]

(13]

[14]
[15]

/J/(BT) = nh—{:gou/ (Brfl/n) > nh—>Holo Hl (E N Brfl/n) = Hl (2 N BT‘) .
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