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1D APPROXIMATION OF MEASURES IN WASSERSTEIN
SPACES

ANTONIN CHAMBOLLE, VINCENT DUVAL, AND JOAO-MIGUEL MACHADO

ABSTRACT. We propose a variational approach to approximate measures with
measures uniformly distributed over a 1 dimentional set. The problem consists
in minimizing a Wasserstein distance as a data term with a regularization
given by the length of the support. As it is challenging to prove existence
of solutions to this problem, we propose a relaxed formulation, which always
admits a solution. In the sequel we show that if the ambient space is R2, under
techinical assumptions, any solution to the relaxed problem is a solution to
the orginal one. Finally we manage to prove that any optimal solution to the
relaxed problem, and hence also to the original, is Ahlfors regular.

1. INTRODUCTION

In this paper we study the following 1D-shape optimization problem: given a
reference probability measure py € P,(R?) (the set of probability measures p with
fRd |z|Pdp < 400, p > 1), we seek to approximate pg with measures supported over
a connected subset of R?. This approximation is done by means of the following
variational problem
(Pa) Jnf, WE(po,vs) + AH!(S),
where the measure vy, is defined as
_ 1
- HI(D)

and H! denotes the 1-dimensional Hausdorff measure in R%. The term W, denotes
the usual Wasserstein distance on the space of probability measures (see [29] [31]
and Section .

One can trace the idea of approximating a probability measure by a 1D set back
to the concept of principal curves from the seminal paper [I6], which extends linear
regression to regression using general curves, and introduces a variational problem
to define such curves. In this variational sense, a principal curve minimizes the
expectation of the distance to the curve, w.r.t. a probability measure describing
a data set (with some regularization to ensure existence). As proposed in [I7], a
length constraint is a simple and intrinsic way too ensure existence. The properties
of such minimizers have been studied in detail in e.g. [20, [I1].

A further generalization consists in replacing the curve with a more general one-
dimensional compact and connected set, yielding the average distance minimizer
problem introduced in [7], and its dual counterpart mazimum distance minimizer

(11) vy

1
WLy, forZeA::{EcRd: 0 <H'(X) < +o0 }

compact, connected.
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problem [25, [19]. Such problems were conceived for applications in urban planning,
where one seeks to minimize the average distance to a transportation network,
giving rise to the need for a larger class of 1D sets allowing for bifurcations.

While the above-mentioned problems only focus on some geometric approxima-
tion of the support of the measure, approximating a measure in the sense of weak
convergence is sometimes more desirable. In [I8, [§], the authors have proposed
optimal transport based methods for the projection of probability measures onto
classes of measures supported on simple curves, using the Wasserstein distance as a
data term. Potential applications range from 3D printing to image compression and
reconstruction. In [12], the data fidelity term is chosen to be a discrepancy, see also
[24]. The advantage of using discrepancies is that approximation rates can be given
independently from the dimension, being therefore a good alternative to overcome
the curse of dimensionality. The problem we study is an attempt to generalize this
class of problems to the approximation with one-dimensional connected sets.

One difficulty when studying is that the class of measures vs; is not closed in
the usual weak topologies considered for the space of probability measures. While
a sequence of sets (X, )nen in A with uniformly bounded length will have subse-
quences converging (in the Hausdorff sense) either to a point or a set in A, the
corresponding measures vy, might converge to a measure which is not necessarily
uniform on that set: longer parts of ¥, might concentrate in the limit on shorter
parts of . Hence minimzing sequences might in general converge to measures
which are not of the form vy, and we need to determine a proper relaxation of our
energy. The relaxed energy has the form
(Py) inf Wl (po,v) + AL()

vEP,(R?)
where L, the length functional, defined in Section [3.1] generalizes the notion of
length of the support of a measure, having the property that £(r) < co if and only
if suppr € A or v is a Dirac mass. The following theorem gathers the various
results proved throughout this paper.

Theorem 1.1. Let pg € Pp(Rd), A > 0. Then (P4l admits a solution v, and there
exists Ay > 0 such that if A > A, v is a Dirac mass. For A < A, v is supported
by a set ¥ € A and the following properties hold.

(1) If po is absolutely continuous w.r.t. H', or has a L> density w.r.t. H'),
then so does v.

(2) For d =2, if py does not give mass to 1D sets, then v = vs, and therefore
18 a solution to the original problem .

(8) If po € Lﬁ(Rd), then ¥ is Ahlfors regular, i.e. there is ro depending on
d,p,po and L(v) and C depending only on d,p such that for any x € ¥ and
r < rg it holds that

r <HYZNB,(z)) < Cr.

The paper is organized as follows: in Section 2] we recall a few tools from optimal
transport and geometric measure theory. Next, in section |3| we go through the
definition of the length functional and its properties as well as the relaxed problem
and existence of solution for it. In section [d] we discuss the existence of A,. In
Section |5 (Theorem we prove point (1) from Theorem [1.1} while the existence
in 2D is proved in Section |§| (Theorem , and the Ahlfors regularity is studied
in Section



2. PRELIMINARIES

We start by introducing notions of convergence for sets and measures which
will be useful to study problem as well as the relaxed one 1] Next we
describe some intrumental properties of the objects we shall use throughout the
paper, namely the rectifiable sets and measures.

2.1. Convergence of sets and measures.

2.1.1. Hausdorff and Kuratowski convergence. We recall some useful definitions of
convergence for sets, see for instance [27, Chap. 4], [3l Chap. 6].

A sequence of closed subsets of R¢ (An), ey converges in the Hausdorff sense to
Aif dy(A,, A) — 0, where dpy is called the Hausdorff distance and is defined
as

(2.1) dp(A, B) := max {sup dist(a, B), sup dist (b, A)} , we write A4, _du A,
acA beB n—=00

where dist(-, A) denotes the distance function to the set A. One can prove that this
notion of convergence is equivalent to uniform convergence of the distance functions.
Since the latter are all 1-Lipschitz, as a consequence of Arzela-Ascoli’s Theorem it
follows that if the sequence is contained in a compact set, one can always extract a
convergent subsequence. This compactness result is known as Blaschke’s Theorem,
see [3, Theorem 6.1].

A sequence of closed sets C,, converges in the sense of Kuratowski to C, and we

write C,, K. , whenever the two properties hold:
n—oo

(1) Given a sequence x,, € C,, all its cluster points are contained in C.
(2) For all points z € C' there exists a sequence z,, € C,,, converging to x.

Again, one can show that C;, — C in the sense of Kuratowski if and only if
dist(z, Cy,) — dist(x,C) (possibly infinite if C' = () locally uniformly (see [27,
Cor. 4.7]). In addition, Kuratowski convergence also induces a compact topology,
i.e. any sequence of closed sets has a subsequence which converges, possibly to the
empty set.

The following Lemma describes a relation between Hausdorff and Kuratowski
convergences. We prove it in Appendix

Lemma 2.1. Let (Cp)nen be a sequence of closed sets in R, converging to C in
the sense of Kuratowski. Then, for any x € RY,

C, N Bg(z) i—fm C N Bg(x),

for every radius R > 0 such that C N Br(x) = CNBg(z). Moreover, that condition
holds for all R > 0 except in a countable set.

2.1.2. Optimal transport and the Wasserstein distance. The Wasserstein distances
W, are defined through the value function of an optimal transport problem, see
[T, 29, B1] for details. Given two probability measures u, v € P,(RY), we set

(2.2) Wye) ™ min [ e ypdn,
YEI(p,v) JRd xRd

where II(p,v) := {y € P (]Rd X ]Rd) © Toyy = W, Ty = v} is the space of trans-
port couplings, and 7; denote the projections, i.e. mo(z,y) = z and m (z,y) = y.
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Whenever 1 does not have atoms, the value of (2.2)) coincides with

(2.3) inf |z — T'(z)[Pdu,
Tnu:V Rd

where the inf is taken over all measurable maps T such that Tyu(A) = v(A4) =
w(T~1(A)) for any Borel set A.

The optimal transport problem can be analogously defined for any pair of positive
i, v on the space M(R?) of Radon measures. In this case the Wasserstein distance
becomes a 1-homogeneous functional and is finite if and only if the measures have
finite p-moments and the same total mass u(RY) = v(R%).

Definition 2.1. Given a sequence (i), C P(R?), we say it converges in a weak
sense to pu, if for a suitable space of functions X we have

/ odpy, — / ¢du for all ¢ € X.
Rd n— oo Rd

When X = C(R%), the space of bounded continuous functions, we say that s,

converges narrowly to p and we write g —— p.
n—oo

When X = Cy(R?), the space of continuous functions converging to 0 at infinity,

we say that p,, converges to p in the weak-x sense and we write g —— p.
n—oo

The Wasserstein distance is l.s.c. with respect to the narrow convergence, and
continuous in a compact domain, [31, Lemma 4.3], on the other hand probability
measures are compact for the weak-x convergence (but the limit might not be a
probability measure) [28] [13]. Compactness for the narrow convergence needs the
assumptions of Prokhorov’s Theorem, see [2, Theorem 2.8].

For a general (open) domain € we have C.(Q) C Co(©2) C Cp(Q2) with strict
inclusion. If on the other hand € is a compact domain all these spaces coincide and
so the notions of narrow and weak-x convergence are equivalent.

2.2. Golab’s Theorem. We now study the lower semicontinuity of . First,
“Gotab’s Theorem” [15] shows that along sequences of connected sets, H' is 1.s.c. with
respect to the Hausdorff convergence [22] Chapter 10]. It is of course also true if
the sequence has a uniformly bounded number of connected components.

The issue is that the compactness of Hausdorff convergence is not transfered to
the weak convergence of measures of the form #!L ¥ which may concentrate in the
limit. In general, one can prove the following:

Theorem 2.2 (Density version of Golab’s Theorem). Let (¥,,),,cy be a sequence of
closed and connected subsets of R converging in the sense of Kuratowski to some
closed set ¥ and having locally uniform finite length, i.e. for all R > 0

sup H*(X,, N Br(x0)) < +00.
neN

Define the measures pi, := H'L X, and let p be a weak-x cluster point of this
sequence. Then supp pu C 3 and it holds that

p>HLY,
in the sense of measures.

This result is hidden in the proof in [4] of the usual thesis of Golab’s Theorem,
see also [26]. For the reader’s convenience we give a simple proof in Appendix



Remark 2.3. As we have not used any properties from the vector space structure
of R4, this proof works in the case a locally compact metric space, as in [4].

2.3. Rectifiable sets and measures. We now introduce the notions of rectifi-
able sets and rectifiable measure, which will be crucial for understanding the fine
properties of the elements of A.

Definition 2.2. Let M C R? be a Borel set and k € N, we say that M is count-
ably HF-rectifiable, or shortly k rectifiable, if there are countably many Lipschitz
functions f; : R¥ — R? such that

HF <M\ U # (Rk)> =0.
ieN

A Radon measure p is said to be k-rectifiable if it is supported over a k-rectifiable

set and pu < HF.

In the simple case M = f(E), for E C R*, one can define the tangent space at
a point of differentiability of f as

Vf(z) (Rk) , for x = f(2).
This is a parametric definition that can be extended to k-rectifiable sets. It turns
out the parametric notion of tangentiability can be expressed in terms of measure
theory. Given a Borel set M, we set the measure p = H*_ M, and we consider the
family of blow-up measures
M id—=x

(2.4) JURES r*kCDQC’T,u =HFL (ﬂ) , for &7 := .
T r

The blow-up Theorem, see [21, Theorem 10.2], states that for H*-a.e. z € M
this family of measures converges in the weak-x topology to a measure of the form
H* L 7., for a unique k-plane 7, € G(k,d), the Grassmannian of k-planes of R?.

More generally define the k-density, whenever the limit exists, of a Radon mea-
sure f4 as

(2.5) O (1, ) = im, % and 0),(M,z) < 0), (HF L M, z),

where wy, is the volume of the unit k-dimensional ball, see [3} 2I]. A direct
consequence of the blow-up Theorem is that H*-a.e. point of a k-rectifiable set
has k-density 1. Analogously for a k-rectifiable measure p it holds that pu =
O (p, z)HE L M.

The equivalence between all notions was completed with the work of Preiss and
the notion of a tangent space to a measure, see for instance the monograph [10]. If
a measures (resp. a set) has a finite k-density, i.e. the limit in exists and is
finite H"-a.e., then this measure (resp. set) is k-rectifiable. The previous discussion
is summarized in the following theorem.

Theorem 2.4. Let i be a Radon measure over R%, the following are equivalent.
(i) w is k-rectifiable
(ii) For H*-a.e. x € supp p, it holds that

r*qu;’Tu O, 2)HE Ly,
r—0

for a unique k-plane 7, € G(k,d).
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(iii) For H*-a.e. x € supp u, the k-density of p in ([2.5) ewists and is finite.

In the previous Theorem, if we take p = H* L M where M is a countably H*-
rectifiable set we define the approzimate tangent space of M at x as T, M et T,

where 7, is the unique k-plane from point (ii).

Definition 2.3. Let M C R? be a k-rectifiable set. We say that 2 € M is a
rectifiability point when the weak-x convergence of point (ii) from Theorem [2.4
holds, with p = H* L M.

Now we pass to our case of interest, the 1-dimensional sets ¥ € A, recall the
definition . These sets are known to be 1-rectifiable, see [4, Thm. 4.4.8], and
hence they enjoy the properties of Theorem In the next Lemma, we show that
the blow-up of some ¥ € A around a rectifiability point is precisely its approximate
tangent space.

Lemma 2.5. Given ¥ € A, then for H'-a.e. y € 3, it holds that

- 5
Y K .15 and Y 1 Br(0) 2 7,5 1 Bx(0), for all R > 0.
r r—0+ r—0+

Proof. First we take a rectifiability point y € ¥ with tangent space T,%, by The-
orem such points cover H! a.a. of ¥. In particular, point (i) of the theorem

shows that H'L (X —y)/7) ;0 H'LT,X. Let T be the (Kuratowski) limit of
r—

a subsequence (X — y)/ry. Clearly, the limit measure H' L T,Y is supported by T,
hence T,¥ C T. Thanks to Lemma [2.T] and Theorem [2.2} for almost all R > 0,

Y-y
Tk

(2.6) HY(T N Bg) < likngianl ( N BR> =H' (T, N Bgr),
which shows that up to a H!'-negligible set, T = T,.

Notice that, if there is some z € T\ T,,X, we may consider some ball B,(x)
which does not intersect Ty ¥. Since T is the limit of connected sets, x must be
path-connected in T to some point in (B,(z))¢, so that H(T N B,(x)) > s. This
contradicts . Hence T'= T} %, and is independent on the subsequence, and we

deduce that (X —y)/r X T,3. O

3. THE LENGTH FUNCTIONAL AND THE RELAXED PROBLEM

If a minimizing sequence X,, converges to some set ¥, we cannot expect the weak
limit of (some subsequence of) the measures vy, to have the form vs. Hence the
objective of is not lower semi-continuous for the narrow convergence, and, in
this section, we introduce a relaxation for . First, we define a functional which
extends the length of the support and we discuss some of its properties, then we
use it to define the relaxed problem.

3.1. Definition and elementary properties. Recalling that A is the collection
of the compact connected sets ¥ C R? with 0 < H!(X) < +oo, we consider

HY(Y), ifv= H%(E)'Hl LY for some ¥ € A,

400 otherwise,

E:’P(Rd)auH{

so that (Py)) becomes inf W} (po,v) + Al(v). As discussed above, ¢ is not ls.c.,
hence we introduce the following relaxation, which we call the length functional.



For any v € P(R?), we define

min { a>0]av>H! I_suppu} , if suppv is connected,

(3.1) L) = {

400 otherwise,

with the convention that min () “®" +oo. Notice that £(r) > H!(suppv), and that
L(v) = 0 if and only if v = §, for some z € R, As a result, 0 < L(v) < oo if
and only if suppr € A. Moreover, for any ¥ € A and vy = Hl(z)Hl L X, we
have L(vs) = HY(X) = £(vs), and in Section below, we prove that £ is the
lower semi-continuous enveloppe of . Before that, let us discuss some alternative
formulations for L.

Following [3], Sec. 2.4], we consider the upper derivative,

of. . HY (B, (z) Nsuppv)
3.2 Vo € suppv, D} (H'Lsuppv)(z 4 lim sup
(3:2) ( @) 0t v(Br(x))

Proposition 3.1 (Alternative definitions of £). Let v € P(R?) such that supp v is
connected. Then

1

(3.3) = { H( Uﬂsuppu) |U open,Uﬂsuppv#@}
1

(3.4) zsup{ Ll ﬂs1)1pp1/) |7’>O,a:ESupp1/}

(3.5) = || D} (1! I_suppl/ H

where ||-|| . denotes the supremum norm over supp v.

Proof. Tt is immediate that

(R.H.S. Of. (R.H.S. of. (R.H.S. of. (R.H.S. of.

Now, assume that HD+ (H!' L suppv) H < 400 and let a > HD+ (H!'L suppv) H

For every compact set K C R? and every x € K N (supp v), there is some r(z) >

such that H* (B,(z) N (suppv)) < av(B,(z)). From the open covering (B, (x))xeKm(bupp v)»
we may extract a finite covering (B, (z;))Y; of K N (suppv). As a result

N
HY (K N (suppv)) < Zau(B” (2;)) < Na < 400,
i=1

so that H! L (suppv) is a Radon measure. We may thus apply [3, Prop. 2.21] to
deduce

(R.H.S. of. (R.H.S. of.

If HD,}"(’H1 L supp V)HOO = +00, the inequality holds trivially, which completes the
proof. ([

The length functional inherits some of the properties of the H' measure.
Proposition 3.2. Let f: R* — R?, be o k-Lipschitz function, with k > 0. Then
(3.6) Vv e P(RY), L(fyv) <kL(v).
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Proof. If L(v) = 400, there is nothing to prove. Otherwise, supp v is compact, and
supp(fyv) = f(suppv). Moreover, for any open set U C R?, since f~1(U) is open,

U N (supp fyv) # 0 <= v(f1(U)) > 0 <= f~1(U) N (suppr) # 0.
Now, let U be an open set which intersects supp(fy»). Using that

UnN f(suppv) C f (f_l(U) ﬁsuppy)

we get
H' (U N supp(fyv)) _ H (U N f(suppr))) < H! (f (f_l(U) N supp V))
fow(U) v(f~H(U)) - v(f~1(U))
< H! (f_l(U) ﬂsuppy)
- v(f~1(U))
< kL(v)

since f~1(U) is an open set which intersects supp v. Taking the supremum over all
U yields the claimed inequality. ([

3.2. Alternative definitions and examples. It is also possible to express the
length-functional using the Besicovitch differentiation theorem [3, Thm. 2.22].
Assume that H!(suppr) < +oo (otherwise L£(v) = +o00). Then, the measure
H! L supp v is Radon, and the limit

(3.7) Dy (H Lsuppv)(z) = Tim, UEBAxS))
def. . v(Br(x
(3.8) (resp Dal supp (V)(@) =" Tim ’Hl(BTE:r) r(7s1)1pp V)>

exists for v-a.e. x (resp. H'Lsuppr-a.e. z).

Proposition 3.3 (Alternative definitions, I1). Let v € P(R?) such that suppv is
connected and H'(suppv) < +oo. Then

1 SU v
d(HITi%p) if (7—[1 L supp 1/) <L v,
(3.9) L(v) = L
400 otherwise.
0 if supp v is a singleton,
-1
( ) <d(’H1|_supp U)) otherwise.

L()C
H _supp v

Notice that in Proposition both “norms” may take the value +oo, and in
(3.10), we adopt the convention that 1/0 = 4o0.

Proof of Proposition[3.3 First, we prove (3.9). If (H'Lsuppr) < v then the
Lebesgue-Besicovitch differentiation theorem ensures that

1
d(’H Lsuppu)) L <
dv -

d (7—[1 L supp 1/)

H Lsuppr = ( W

o
LI/



Therefore,

d (’H1 L supp V)

L(v) W

< ||D;f (H" - supp Z/)HOO = L(v).
Lee

If (7—[1 L supp 1/) is not absolutely continuous w.r.t. v, there is no a > 0 such that
av > H'Lsuppr, and L(v) = +oo.

Now, we prove (3.10)). The case where supp v is a singleton is already known.
We assume now that H!(suppv) > 0, and using the Besicovitch differentiation
theorem [3, Thm. 2.22], we decompose

(3.11) v=0H'Lsuppv + v,
where

def. dv T v(Br(z)) (Pl < -1
0(z) = d(H'Lsuppv) () = r1—1>r(r)1+ HY(B,(x) Nsuppr) (D” (#"Lsupp V)(m))

for (7—[1 L supp U)-a.e. z. From the last equality, we get

167, < IDEC Lsuppr) (@) =
HI _supp v

! ||Loo < 400 (otherwise

HIL supp v

To prove the converse inequality, we assume HG*

there is nothing to prove). Using (3.11), we note that

<H9 | o >VZH1'—8uppv,

Hll_supp v

so that L(v H9 1HL°°
HI _supp v

We may now examine a few examples.

Example 3.1. Let v =), 27"§, , where (¢gs),>1 is a dense sequence in [0, 1].

Using (3.1)), we see that L£(v) = +o0.

Example 3.2 (Densities on a (H',1)-rectifiable set). Let ¥ C R? be a closed
connected set with 0 < H!(X) < +oco, and #: ¥ — R, a Borel function such that
J5 0dH' = 1. Then L(v) = [|1/0]| L More generally, the same conclusion holds

HIL =

if v = 0H'L X + v®, with v* and H! L ¥ mutually singular.

Example 3.3 (Parametrized Lipschitz curves). Let v: [0,1] — R? be a non-
constant Lipschitz curve, and let v such that for all f € Cy(R?),

1
(o) S / FO01at) . where ten) < [ s0as
len 0
is the length of the curve. By the area formula [14, Thm. 3.2.5],
1
= (=1 N>
dly) = oy card(y P )d (H'LY) ()

where ¥ = v([0,1]). As a result,
len(v)
ess- minyey, (card(v(=1(y)))’

(3.12) Lv) =

where the minimum is an essential minimum with respect to H! L 3.
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3.3. Lower semi-continuity of the length functional. Now, we prove that £
is the lower semi-continuous enveloppe of .

Proposition 3.4. The functional L is the lower semi-continuous enveloppe of £
for the narrow topology. Moreover, for every v such that L(v) < +00,

(3.13) H' (suppv) < L(v)
with equality if and only if v = &, for some x € R, or H!(suppv) > 0 and
V= m (’Hll_suppy).

Proof of Proposition[3.4: The inequality (3.13]) is clear from the definition of
(13.1), so we study the equality case.

Ifrv=4d,0rv= m (7—[1 L supp V) with H!(suppv) > 0, one readily checks

that £L(v) = H!(suppv). Conversely, if (3.13) is an equality, for every Borel set B,
0= L(v) —H'(suppv)
= (L(v)v(B) — H'(BNsuppv)) + (E(I/)I/(BC) - ’;’-[I(BD N supp l/))

20 >0

so that both terms must be zero. If L(v) > 0, we deduce
H'(BNsuppr)  H'(BNsuppr)
L(v) ~ Hl(suppv)
If £L(v) =0, H'(suppv) = 0 and since supp v is connected, v is a Dirac mass.
Next we prove that £ is sequentially ls.c. We consider (v,)nen such that
Vn ——= V€ P(R?) and we show that o = liminf, o0 L(ry) > L(v). If a = +00,

VB c R? Borel, v(B)=

we have nothing to prove. Otherwise, up to the extraction of a subsequence, we
may assume that lim, ,o £(v,,) = a and that L(v,,) < +oo for all n € N.

Defining the sequence of compact and connected sets X, et Supp vV, it holds
that H'(%,) < L(v,), so that

sup H'(Z,) < a+1 < 400
n>N

for N large enough. Hence, for all n > N, diam(X,) < a + 1. In addition, let
x € suppv. Since 0 < v(By(z)) < liminf, o v, (B1(2)), for all n large enough

(supp ) N B1(2) # 0, thus supp v C Bara(s).
Therefore, we may apply Blaschke’s Theorem and we may assume (up to another

extraction of a subsequence) that %, 9, S and suppr C X from the weak
n—oo

convergence. Let us show that suppr = X. If ¥ is a singleton {z(}, we have v = §,,.
Otherwise, Golab’s Theorem (Thm. implies that ¥ € A and furthermore, as
L(vp)vnm > H LY, that

(3.14) av>H'LY.

Hence, as ¥ is connected, for all z € ¥ it holds v(B,(z)) > 0, confirming that
suppv = X. Finally from (3.14) we get that

liminf L(v,) = a > L(v),

n—oo

proving that £ is Ls.c.
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As a result, we have proved that £ is l.s.c. and that £ = ¢ on the effective
domain of ¢. To show that £ is the l.s.c. enveloppe of ¢, we prove that it is above
any l.s.c. functional G < £. Let v € P(R?). If L(v) = 400, we have G(v) < L(v).
If L(v) < 400, using Lemma below, we can find a sequence vs;, —v such

—00
that H'(X,) = L(v). The lower semi-continuity of G yields

Gv) < linni}igfg(yg”) < linn_1>i01<1>f lvs,) = hnni}io%fﬂl(Z”) = L(v).

The proof of Proposition [3.4] relies on the following approximation Lemma.

Lemma 3.5. Let v € P(R?) such that L(v) < oo. Then, there exists a sequence
(Xn)pen C A such that

d

o vy, —— v and Wy(vs, ,v) —— 0 for any p > 1.
n—oo

n—oo

We also have H'(X,) — L(v) and if, in addition L(v) > 0, we can take
HY () = L(v) for all n € N.
Proof. To simplify the notation, we set « = L(v) and X = suppv. For a = 0 (that
is, v = d,, for some zg), we consider

Y, =39 +[0,1/n] x {0}*!

which provides the desired approximation.
For o > 0, we start by covering the entire space with cubes of the form

Qz,n =

Let (Qin);c; denote the collection of the cubes such that v (Q. ) > 0, since the
set X is compact [ is finite. We define the quantities

Mipn = av(Qin) —H (ENQin) < a,
as the excess mass of v in the cube Q;,, (note that m; , > 0 in view of (3.1))). Our

strategy is to modify vL Q; ,, by adding segments with uniform measure inside the
cube and having a total length equal to the excess mass m; y,.
If ¥ Nint Q; ,, # 0, take z; in this intersection, so that Bs,(z;) C Q; , for some
me
0; > 0. Then, set N; ,, := { gn-‘ , and choose 6; ; > 0 for j =1,..., N; ,, such that
i
Nin
Z 51‘73‘ = Mjn, and 0 < 57;7]‘ < 0;.

j=1

% (z+[0,1)%), for z € Z%

Since H'(X N Qin) < +00, it is possible to choose N; , vectors v; ; € S9! such
that the segments S;; := [x;,2; + 0; ;v ;] are contained in int@;, and satisfy
’Hl(Z N Si)j) =0 5 for ] = 17 ce 7Ni777,-

If ¥ Nint Q;,, = 0, as the cubes have positive mass, it means that v is concen-
trated on the boundary of the cube, in which case we take x; € ¥ N 0Q); and any
family of segments entering the cube will suffice.
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Next, we define the measures
Nin
ni=HLY, for 5, =X U J | Si;
iel j=1

having total mass

S HEAQu) + Y H(S)

i€l iel j=1
= ZHl(E N Qi,n) + Min = az V(Qi,n) =«
icl i€l

Each ¥,, € A since it is connected and compact (as a finite union of compact sets).

To finish the proof, it remains to show that vs;, —— v. By construction, there
n—oo

exists a compact set K C R? such that (suppv)U(J, ~, (suppvs,) C K. Then any

function ¢ € Cy(R?) is uniformly continuous on K, and we denote by w its modulus
of continuity. Observing that vs, (Qin) = v(Q;, n) we note that

‘/}Rd pdvs, — /Rd odr| < / ¢dl/zn / pdv

1.,n

< Zw(diam@i’n)u(Qi,n) <w (\/g/n) — 0.

el

Hence vy, —— v. But as the support of all such measures is contained in the
n—oo

compact K and the Wasserstein distance metrizes the weak convergence in P, (K),
see [29] Thm. 5.10],it holds that W, (vy, ,v) —— 0. O
n—oo

Remark 3.6. The conclusions of Proposition and Lemma still hold when
replacing the narrow topology with the weak-x topology.

3.4. A relaxed problem with existence of solutions. The relaxed problem
introduced on page [2] is defined by replacing ¢ in the orginal problem with its

Ls.c. envelope £. We define the energy &(v) WP (po,v) + AL(v), and with a

slight abuse of notation, we sometimes write £(X) = E(vy) for ¥ € A. The main

point of considering this relaxed problem is that the existence of solutions for

follows from the direct method of the calculus of variations.

Theorem 3.7. The relazed problem (P,)) admits a solution. In addition, & is the
l.s.c. enveloppe of W} (po,-) + AL, and:

inf = min .

Proof. Let (vn),cy be a minimizing sequence for €. Since (sup,, W2 (po,vn)) <
+00, the moments of order p of v, are uniformly bounded (see for instance [29, Thm.
5.11]), and we may then extract a (not relabeled) subsequence converging to some
v € P(RY) in the narrow topology (by Prokhorov’s theorem). From Proposition
and the fact that the Wasserstein distance is lower semi-continuous, the functional
£ is l.s.c. and we have that

E(v) < liminf &(vy,) = inf (Pa)).
n—oo

The measure v is a minimizer of (P ).
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To show that £ is the l.s.c. enveloppe of the original energy one may argue as in
the proof of Proposition Consider any l.s.c. functional G such that

Y e P(RY), Gv) < W¥(po,v) + A(v).

For every v with £(v) < 400, we use Lemma[3.5]to build approximations sequences
(Vn)nen such that WP (po,vn) — WE(po,v). Indeed, as v, converges to v for the
Wasserstein metric, the triangle inequality gives

Wy (pos vn) = Wy(po,v)| < Wy(vp,v) —— 0.

n— oo

Hence for any v € P,(R?) it holds that
G(v) < linrr_1>iorcl)f (Wg(po, Un) + M(vy)) = WE(po,v) + AL(v) = E(v),

and we conclude that £ is the l.s.c. enveloppe and the no gap property follows from
the general theory of Ls.c. relaxation, see e.g. [B]. O

4. ON THE SUPPORT OF OPTIMAL MEASURES

Our goal for this section is to answer the question of “how small” A must be
in theorem For this, in Theorem we study when solutions of the relaxed
problem are Dirac masses. Keeping this in mind the rest of this section can
be skiped and the reader can move on to the major results of the paper.

The following notation will be useful: a point zq is said to be a p-mean of pg if

Zg € argmin/ |z — y[Pdpo(z) = argmin W) (po, dy).
yeRd JRd y€ER?

A 2-mean is just the mean of pg, that is, m,, = / xzdpo(z). For p > 1, the p-
d

R
mean is uniquely defined, but for p = 1 the collection of 1-means is a closed convex
set which is not reduced to a singleton in general.

Theorem 4.1. For a fized measure py € P,(RY) there exists a critical parameter
A, €[0,00) such that

o for A < A, no solution of (Pp) is a Dirac measure;
e for A > A, it holds that argmin(Py) is the set of p-means of pg.

Moreover, A, = 0 if and only if py is a Dirac mass.

We start by studying the support of the optimal measure, showing that it is
contained in the convex hull of the support of pg. In the sequel the proof of Theorem
[47] will be divided in several steps. We end the section with an exemple of pg
composed of 2 Dirac masses.

4.1. Elementary properties of the support. Given a set A C R? we denote by
conv A its closed convex hull.

Lemma 4.2. Let v € P(R?) be a solution to (PA). Then the following properties
hold

(1) HY(suppr) < %Wg(poﬁmm), where m,,, is any p-mean of py. In particu-

lar, 3 is contained in some ball of diameter d = %Wg’(po, Oy )-

(2) suppv C conv (supp po)
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Proof. For the first point, let 3 denote the support of v. Since v has finite energy
we have that £(r) > H*(X). Thus, since it is also optimal

AHN(Z) < Wﬁ(ﬁm v)+AL(v) < W;’(po, 5mp0) + Aﬁ(dmpo) = W;f’(ﬂo, 5mp0)-

For the second point, let C' < conv (supp po). It is a nonempty closed convex
set, therefore the projection onto C is well-defined and 1-Lipschitz. We denote
it by f. By Proposition it holds that L(v) > L(fsv). Moreover, for every
(z,y) € C x RY,

lz—yl* =z — f)P+1f @) -yl +2(x— f), F@) —y) > |z — f»)?
>0

with equality if and only if y € C. As a result, if v is an optimal transport plan for
(PO; V)a

P (po,v /I:v —ylP dvy(z,y) /|:c— y)[P dvy(z, )
- / & — yP d (GG, )e) (2,9) > W2 (po, f)

with strict inequality unless y € C for v-a.e. (z,y) (hence v-a.e. y).
But v is a solution to 1) therefore the inequality

WP (po,v) + AL(v) = WE(po, fiv) + AL(f3v)

cannot be strict. We deduce that y € C for v-a.e. y, and C being closed, that
suppv C C. O

Example 4.1. Let py = 6,,, for some zy € R?. From Lemma 2| above, we deduce
that for all A > 0, argmin (P,)) = {6,,}.

4.2. When solutions are Dirac masses. Now, we discuss whether or not Dirac
masses may appear in the case where pg is not a Dirac measure.
We start with the following Lemma.

Lemma 4.3. Let A > 0 such that 6., € argmin (Py), for A’ > A it holds

e for p > 1 that d,, is the unique solution of (Pas),
e for p =1 that argmin (Py+) consists of only Dirac masses.

Proof. If 6, € argmin (Py), for any p > 1, and for any measure (v) with £(v) > 0
it holds that

W7 (po,0ay) < Wy(po,v) + AL(v) < W[ (po,v) + A'L(v),
and hence v cannot be a minimizer of (Pas). Then for any p > 1 it holds
that argmin (Py/) consists of Dirac measures. Whenever p > 1, the function
y — WP(po,dy) is strictly convex and hence argmin (Py/) is a singleton. O
This simple Lemma allows for the definition of the critical value A, as follows

(4.1) A, = inf {A >0 : argmin (Py) C (3,) epa } -

As stated in Theorem [£.1] A, > 0 whenever py is not a single Dirac mass, which is
a direct consequence of the convergence of solutions to py when A goes to 0.
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Lemma 4.4. For every py € P,(R?), and A > 0, let vp be any solution to (Pa)).
Then

4.2 vy — Po-
( ) A A—0t po

Proof. If L(pg) < +00, it suffices to notice that
Wy (po,va) < Wi(po, va) + AL(va) < Wi(po; po) + AL(po) = AL(po) ———= 0.
However, we need to handle the case where L£(pg) = +00.
Let ¢ > 0. By the density of discrete measures in the Wasserstein space, there
exists a probability measure of the form u = Zf\il a;dz, such that WP (po,p) < e.
We may assume that N > 2. By connecting all the points {z;}1<i<n, we obtain

a compact connected set X with 0 < H*(X) < +oo. For every 6 € ]0,1[, we then
define

_ o .
=——HLY+(1-4

and we note that £(pg) < % < +o00.
Moreover, by the optimality of vx,

Wi (po,va) < AL(vA) + W] (po,va) < AL(po) + W (pos po)-

Taking the upper limit as A — 0T, and using the convexity of the Wasserstein
distance yields

. - HILE
limsup (W7 (po, va)) < W2 (po, po) < OWE (P07 1) + (1= 0)Wi(po, p)-
A—0+ H (Z)

Letting & — 0" we obtain limsup, o+ (W2 (po,va)) < € for every e > 0, which
yields limy o+ W2 (po,va) = 0, hence the claimed result. |

As a consequence of Lemma we note that liminf,_,g+ (Suppva) D supp po,
so that if pg is not a Dirac mass, neither is v for A > 0 small enough.
Next, we show that for A large enough, the solution becomes a Dirac measure.

Proposition 4.5. For every py € Pp(RY), A, < +o0.

Proof. Up to a change of the origin, we may assume that fRd xdpg(z) = 0.
We let v € argmin (P,)), & et supp v, and we define yo € argmin,y, [y|.

Setting r 4t in {r" > 0| suppv C B(yo,r) }, we note from the connectedness
of ¥ that r < H!(X) < +o0o. Moreover, the convexity of the p-norm yields

1
Vo,y €eRY Jz—ylP > |z —yol” —plz—vol” " |y — vol-

As a result, if « is an optimal transport plan for (pg, v),
)= [ o=yl diley) +ALW)
R4 xR
2/ |z = yol” dv(2,y) —p/ |z —yol" " |y — yol dy(@,y) + AH' (D)
R4 xR Rd xRd

> E(5,) + 7 (A —p/Rd 2 — P! dpo(x)> .
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By optimality of v, we have £(v) < £(d,,), so that r = 0 and v is a Dirac mass
provided that (A —p fpa |z — g0/ dpo(ac)) > 0.

Now, we show that [, [z — yo[? " dpo(x) can be bounded independently from v.
For any optimal v, since £(v) < £(Jp), we note that W;f(po, v) < Wé’(po, 00). Hence

lyo| < Wp(%v”) < Wp(éo,po) + Wp(POa v) < 2Wp(50790)-

Setting R < 2W,(do, po), we see that it is sufficient to take

A > — ot d > ,
ol <p /Rd |z —yol" " dpo(z)

to ensure that v is a Dirac mass. O

Remark 4.6. In some cases, it is possible to provide sharper bounds on A,:

e If p=1, we see that A, < 1.

e If p = 2, it can be shown by a simple translation argument that v and pg
have the same barycenter. Then, one may adapt the above argument to
get A, <2 [ |z — x| dpo(x) , where o = [ zdpo(z) = 0.

e If supp pg is bounded, it is possible to obtain A, < p (diam(supp po))IF1 for
any p > 1, by exploiting the Lipschitzianity of the dual potentials: there
exists (¢, 1), solution to the dual Kantorovitch problem (see [29] Sec. 1.2])

Wy (. v) = max {/ oap+ [ vav: j(f)ﬁlﬁp‘?y’f;; 1—(2)@ } ’

such that Lip(¢)) < p (diam(supp po))?~". Then,

W5 (po;6ye) = Wi (po,v) < 4b(yo) — /Ewdl/ < /Z [ (yo) — ¥ (x)| dv(z)
< Lip() - H'(2) < AL(v)

and for A > Lip(¢)), the last inequality is strict, yielding the contradiction
E(dy,) < E(v), unless H1(X) = 0.

4.3. The example of an input with two Dirac masses. In this subsection we
consider the case p = 2. Let x_; = (—1,0,...,0), z; = (1,0,...,0) € R? and
let pg = % (51;71 + (5951). By Lemma , we know that the solutions to are
supported on line segments which are contained in [z_1,z1]. We may thus reduce
the problem to the one-dimensional setting, with x_; = —1, z; = 1. The solution
to that problem is given by the following proposition.

Proposition 4.7. For p = 2 and pg = %(6_1 +61), the unique solution to (P))
is given by

%Hll_[—l,l]+(%—\/%>(5_1+61) ifo<A<l
(43) A=\ gplem ML [—3(1—24), 3(1 - 20)] fi<Aa<li.
do if A>3

Proof. Since the solutions are supported on a line segment in [—1, 1], they are of the
form v = 6, or v = L H[a, b]+Vexe, with a = L(v) and supp vexe C [a,b] C [-1,1].
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Since solutions are supported on a line segment in [—1, 1], we use the anzatz and
assume them to be of the form

1 1
v= aHll_[a,b] orv= E?—Ll L[—1,1] 4 ¢d_y + dd;.

Indeed if the [a, b] does not coincide with [—1,1] and there is any mass left after we
form the uniform measure over the segment [a, b], we enlarge a bit the segment. If
a or b coincide with —1,1, we can just leave any residual mass concentrated at the
Dirac delta with no transportation cost, see for instance Lemma below.

Recalling that for p = 2, v must have the same center of mass as pg, we deduce
that v must be equal to

def.
Voo = 507

of. 1
or  Upap = %”Hl L [-b,b] for some b € ]0,1]
1 1

or Vg = é?{l [-1,1] + <2 - a> (0_1+61) for some o > 2.

Let £(v) = AL(v) + Wi (po,v) denote the energy to minimize. We have £(vg ) =
1= limb_>0+ 5(1/17,217)7 and

b dr  b?
€(Vb,2b):2Ab+2/ (1—3:)2%:§—|—(2A—1)b—|—1
0

. d 2b
Wlth @5(Vb’2b) = 5 + 2A — 1,

1

dx 2

= — 27 = _—
S(Vl’a)—Aa—i—?/O (1—-x) - +0 ]\04—&—30[7

d 2
with —&(a)=A— —.
da (1.0) 3a?
For 0 < A < %, we check that vy o+, for o* et 1/3%, is the unique solution.

For % <A< %, we get that vy« 9p- is the unique solution, with b* def- %(1 —24A).
For A > %, the functions a — £(v1,4) and b — E(1p,2p) are strictly decreasing on
2, +00[ and 0, 1] respectively. Therefore vg g is the unique solution to (P,). O

5. SOLUTIONS ARE RECTIFIABLE MEASURES

Our goal here is to show that whenever py < H!, any solution v is a rectifiable
measure of the form

v=0H'LY, for©®ec L'(Z;H)

To this end we introduce the excess measure vex. as the positive measure given by
the mass of v that exceeds the density constraints. We first show that this measure
solves a family of localized problems. This is used to prove the absolute continuity
w.r.t. H1 L X, that is, point (1) of Theorem

5.1. The excess measure. Let v be a minimizer of (P,) with support ¥ not
reduced to a singleton. From the definition of the length functional we have:

L(v) < o if and only if there is a > 0 such that av > H'L X,
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Setting a := L(v) > 0, we define the following decomposition
(5.1) V= U1 + Vexe, Where vy1 := o "HIL Y and vege == v — vy

The part v41 is the measure which saturates the density constraint, and the support
of the excess measure Ve, is where the constraint is inactive.

We define an analogous (nonunique) decomposition of v and pg by disintegrating
v w.r.t. the second marginal. From the disintegration theorem [3, Theorem 2.28],
there exists a v-measurable family {v,},ers C P(R?), such that v = v, @ v, that is

62 [ vt = [ ([ sane)aw, oranse i)

We define a decomposition 7 = Y1 + Yexc as

(5.3) ~y01(A x B) = / A ), el A x B) 1= / ().

The decomposition pg = py1 + pexc can be defined as the marginals of v41 and Yexc

(54) PHL = TOgVHLs  Pexc *= T0OfVexc:

This way v € H(py1,v1), Y9t € W(Pexc, Vexc) and they are optimal trans-
portation plans between their respective marginals. Indeed if we find a better trans-
portation plan for either problem we can construct a better plan for the original
problem, contradicting the minimality of v. We therefore also have a decomposition
between the Wasserstein distances
(5.5) W;Z; (po,v) = W; (prr, 1) + W; (Pexcy Vexc) -

It is important to point out that, although the decomposition of v is natural,
there are many ways to decompose v and pg. In the sequel we show that for any
such decomposition the excess must be concentrated on the graph of the operator
given by the (multivalued) projection onto ¥

(5.6) sy (z) := argmin |z — y|?.
yeD

Note that Iy is a multivalued operator which is included in the subgradient of
the convex conjugate of the function: y + |y|?/2 if y € ¥ and +oo0 else.

Lemma 5.1. Let v be a minimizer of (Pal) and v an optimal transport plan from
po to v. Then, for any decomposition v = Y1 + Vege, S-1. T1y71 = V1, it holds
that

(5.7) SUPP Yeze C graph(Ily).

In addition, for any s, measurable selection of x — s (x), the measure
V1 + TSgPexc

is optimal for .

Proof. Consider the problem

@) in / @ — yl? dy(z,y) + AL(moy),
YEP, (R xRY) JRd xRd
TogY=P0,

which is a reformulation of (P,) in terms of the transport plan  from pg to v.
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Now, let (y31, Yexc) be any suitable decomposition of v and let 7s; be a measur-
able selection of IIx. We set pexc := TogYexe and define ¥ = yg1 + (id, s )4 pexc-
Then it holds that £(m45) < L(v) and

/ &~y d =/ & — P dype +/ (& — msy(2)]” dpese
R2 xRd R4 x R4 R4

s/ |x—y|”dw+/ |x—y|"dvexc:/ o — yl” dy
R4 x R4 RexX® R4 xRd

Since 7 is a minimizer of (Q,)), both inequalities must be equalities, in particular
we must have

Lo = ol = o = ms(@)l) dr =0,
X

Since y-a.e. (z,y) is in RYx Y, the integrand is nonnegative and must vanish yeyc-a.e.
Hence (z,y) € Graph(Ily) for yexc-a.e. (z,y) and (5.7) follows since Graph(Ily) is
closed. As a consequence, the measure vq1 + TS 4Pexc Teaches the minimimum for

and is optimal. 0

5.2. Solutions are absolutely continuous. Now we prove that the solutions to
the relaxed problem (P,) are absolutely continuous w.r.t. H'L 3. The proof is
based on the construction of a localized variational problem.

Lemma 5.2. Let v be an optimal solution for the relaxed problem (Pa) and set
a=L(v). Let S = Sy x S; C R% x R? be a Borel set and define the transportation
plan

Vs = ’Yewcl—SO X 8
along with its marginals
pS = TogVs = Pesc\—So, Vs = T147S-
Then the measure vs solves the following variational problem
Ve M+(E U F),
(5.8) inf § WF (ps, V') : vV > a 'HILT,
YUT € A, V' (R?) = vs(RY)

More generally, let (os.t) ] be the constant speed geodesic between ps and vs

te(0,1
defined through os; = T(1-1)47S where my(x,y) == (1 — t)x + ty. Then for any
t € [0,1], the measure vs minimizes the variational problem

V/ S M+(Z U F),
(5.9) inf § WP (0s5,4,0') : vV > o 'HILT,
YUT € A, V' (RY) = vs(RY)

Proof. See Appendix [A] O

We now craft a specific set S to apply the lemma. Given § > 0, we define the
set

(5.10) Ds :={z € Supp pexc : 0 < dist(x,¥) <7 },
And for a fixed point yg € ¥, and §,r > 0 consider the new transportation plan
(511) Vo1 = Vexc D5 x BT(yO)
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along with its marginals

(512) Pé,r = TogVs,r < Pexc |_D5, Vsr = T1478,r-
From Lemma [5.2] it holds that
l// S MJ’_(Z U F),
(5.13) Vs, € argmin § WP (ps, V') : vV >a YHILT,
SUT € A, V(R?) = vs,.(RY)

We also introduce s := Yexc L Ds X ¥ and vs := m1475. By definition, vs, =
vs L Br(yo)-

It also holds the further decomposition of Veyc

Vexe = Vs + 7T1ﬁ ('Yexc |_D§ X Rd) .

As Dy is a nested sequence of sets, (V5)s>0 is a monotone sequence and taking the
limit as § — 0 we have

(5.14) Vexc = SUP Vg5 + pPexc L X,
>0

the second limit being pexc L3 because of Lemma [5.1] and since the only projection
of a point in X is itself.

In the next Theorem we show that the measures v5 have a uniform L
bounded density w.r.t. H'. So when py <« H!, shows that any optimal
v < H'. The argument consists in crafting a competitor for the localized problem
, built as a measure supported on a curve on small spheres around an excess
point, in some sense “closer” to pg, and with controlled length.

Lemma 5.3. Let By be the ball on R centered at the origin. There exists a
connected set T'y C OBy with H*(L'y) < 400 and such that

1
dist(z,Ty) < |z —y| — 3
for any x € By and for all y € B;.

Ng

Proof. We start by covering the sphere 0By with finitely many balls (31 /2 (xi))z:v
each having radius 1/2. The number of balls N, being dependent on the dimension.
In the sequel we define 'y with geodesics on 0Bs connecting the centers (xz)i\fl

As we have finitely many points, we will also have finitely many curves and
hence H!(T';) must also be finite. We can even choose the connected set 'y with
minimal length, which is a solution to Steiner’s problem on the spheres and has
a tree structure, so that we can bound H!(T'y) < (N4 — 1)Dg, where Dy is the
diameter of 9Bs in its Riemannian metric.

To prove the desired property, take z € By and y € By. Let {§} = [z, y] N OBs.
Then ¢ € By /2(x;) for some z; while [x — | < |z —y| — 1, and it follows that

. N N 1
dist(z,Ta) < |z —zi| < o =gl + 1§ —ai| < |z —y| = 5.
[l

Theorem 5.4. Given py € P,(RY), let v be a solution to (Pal). Then it holds that
the measures (vs)s- are of the form

Cq

L)’

. 9
Vs = 957{1 LE, with ||95||L°°(E,'H1) < 5
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for Cq =2+ HY(Ty), Ty being the set from Lemma .
Therefore, if po < H' or has a L™ density w.r.t. H', so does v, in particular it
is a rectifiable measure.

Proof. For yg € X, let us define the one-dimensional upper density [3} Def. 2.55]

. v(B;)
0 =1 .
5(yo) imsup — -
We will show that 05(yg) < %%, so that thanks to [3, Thm. 2.56], v < H!L .

Since ¥ is 1-rectifiable, it follows that for H'-a.e. yo € T, 05(yo) is the Radon-
Nikodym derivative of vs w.r.t. H! L X, and the claim of the theorem follows.
From the optimality of v, the measure v, solves problem . In order to
build a competitor we consider the set I'y from Lemma [5.3] choose some point
y € I'y and define
Fr = [y07y0 + Tﬂ] U (yO + T']-—‘d) 3

which is contained in B, (yo0). Notice that ¥ UT, is always a compact, connected
and 1-rectifiable set and one has

Hl(l“r) = CdT,

where Cy = 2+ H!(I'y) is a constant depending only on the dimension.
In the sequel, setting & = L(v) we define the following parameter

— HY(T,)
" avs(By)’
Suppose that Cy/a < 205(yo). Then,
Cq .
1>mg:= W(?JO) = hin_}lglfmr.

Now, we consider a subsequence (ry)ren \ 0 such that limy_, o m,, = liminf,_,om,.
In particular, m,, € (0, 1) for r; sufficiently small. For simplicity, in the sequel, we
drop the subscript &, yet we consider only r € {ry }ren-

Let v, be an optimal transportation plan between m,.ps, and o *H' LT, for
the Wasserstein-p distance and define the new plan

Yo,r := 1, + (L —my) (d, 7r,.)y ps,r, and Tsp = T1355,,

where 7r_ is a measurable selection of the projection operator onto I',.. Therefore
U5, is admissible for ((5.13]) and we have the following estimate

WE(psrsUsr) < / |z — y[Pdyr, +/ dist(z, ' )Pdps, .
Rd x R4 Rd
We will estimate each term of the previous inequality separately. For the first
one, notice that as suppyr, C ' (B, (y0)) X Bar(yo), it holds that
|z —y| < dist(x,¥) +3r, for yr.-a.e. (z,y).

For the second term, as the projection of x onto X is inside B,.(yp), if follows from
Lemma [5.3] that

dist(z,T,.) < dist(z, ) — g, for dist(z, %) > 2r.
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Therefore, for a fixed § and taking 2r < 9, the Wasserstein distance is bounded by

WE(ps.r,Vsr) < m57r/ (dist(z, ) + 4r)" dps
Rd

+ (1 —ms,) /]Rd (dist(z, %) — r/2)" dps.»

Notice that W[’)’(pgm,y&r) = / dist(x, 3)Pdps,r, so in order to compare the
Rd

Wassertein distances we use the following inequalities
(dist(z, 2) + 4r)P < dist(z, $)? + 4rp (dist(z, X) + 4r)P "

-1
(dist(w, %) — 2)" < dist(, 2)7 — Zp (dist(z, %) - 2 )

which follow from the convexity of ¢ — |t[’. Then, given ¢ > 0, if r < de one
deduces, for dist(x,>) > 0, that:

(dist(z, ) + 4r)P < dist(x, X)P + 4rp(1 + 4¢)P~ dist (2, £)P !
7\P r e\pP—1
(dist(x, %) — 5) < dist(w, X)" — 5p (1 - 5) dist(z, )P~ L.
Therefore it holds that

W;];(pé,ra 175,7‘) < Wg(p(ir) V&,r) + prAr,s /d diSt(l‘, Z)p_ldpé,T
R

_ 1-—m, p—1
for Ay.e = 4m, (1+4e)P~H — =— " (kf)
’ 2 2
Hence from the optimality of v5, we have A, . > 0, so that letting » — 0 and then
e — 0, it must hold that 4mg > (1 —myg)/2, that is:

9C,
5(y0) < =

T2«
As a result, the family (vs);- has a uniform L> density bounds, and so does the
limit measure sups.qvs = (Supssofs) H' L X. But as the exceeding measure can
be decomposed as (5.14) we deduce that whenever the initial measure py < H' or
has a L> density w.r.t. H', so does the solution v.
O

6. EXISTENCE OF SOLUTIONS TO ([P,)) IN 2D

This section is dedicated to the proof of Theorem point (2). Knowing that
the excess measure is absolutely continuous (Theore7 we use a blow up ar-
gument near a rectifiability point yo of . From Lemma [5.2] the blow-ups of vex.
minimize a family of functionals (F}.),.,, which in turn I'-converge to some func-
tional F. Since these blow-ups also converge (for H!-a.e. yo) to a uniform density
on Ty, ¥, this limit measure must also minimize the I'-limit F'. Yet if it is not zero,
we can built a better competitor, giving a contradiction to the minimality of the
uniform measure. We deduce that vey. vanishes.
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6.1. Blow-up and I'-convergence. From Theorem given a minimizer v, the
excess measure has the form

Vexe = OH'L Y, where § € LY (H 'L X;R,).

Now, given yo € X, we use Lemma [5.2] with the choice Sy x S1 = Ds x By(yo),
and we focus on the variational problem (5.9)): we obtain the families of measures
(V5) 5050 a0d (057)5 .50 such that

V’ S M+(Z U F),
(6.1) vs,r € argmin « WP (o5, V) v >a YHILT, ,
SUT € A, V(R = vs,.(RY)

where (05,) is a family of geodesic interpolations (o5, = m(1_p) ﬁ’)/g,r), and from

t€[0,1]
Lemma [5.1] the optimal transportation plan between vs, and o5, is supported on
graph(Ily).

From Theorem Vs = 0sH' L X N B,, so in the rest of this section we fix
0 > 0 and, assuming v;, # 0, we choose yo € X such that:

(6.2) there exists T}, X and y is Lebesgue point of 65 s.t. 85(yo) > 0.

Localizing v5, around o, by the blow-up Theorem [2.4] (see also [3, Theo. 2.83]),
it holds that

(6.3) 7’*1<I>§°”1/5,r ;0 0s(yo)H' L [—7,7], where RT = T, ¥.
r—s
Up to a subsequence (not labelled) we also have:

— *
(6.4) r légo’rag’r —— g¥,
r—0

By construction o5, is supported on {rd~! > dist(-, ) > 7}, so that suppo¥ C
{z: 671 > dist(z, %) >}
In the sequel, notice that for any given measures u, v we have

1o 1., 1
(6.5) wp (Tq)ém, 1, ;(péfo y> = mwg (u,v).
Renormalizing the blow-up sequences in ([6.3)),(6.4), we define
_aef. 205(yo) _aet. 205(yo)
6.6 v, < DY ys,, T = BV g,
( ) f ) V5(B7-) # »

Vs (B.,)

(since 0 remains fixed we drop the index to simplify the notation). In addition,
recalling ¥, = 71 (X — yo) N By, we define a family of functionals (F}), . as

Z/GM_A,_(ErUF),

WP (a,,v), v>a "HILT,
(6.7) F.(v):= YuTe A, T C B1(0), v(B1(0)) = 205(yo),
+00, otherwise,

from the definition of vs,, o5, in (6.1) and (6.5)) we know that for any r > 0 it
holds that 75, € argmin F;..
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I T T, ()
L~ —_——
— Cost Cost
— —_— e
— d(E, e, 2l (7D - i (E, 1,7l
Zr — Yo Zr — Yo
[-7, 7] r r

FIGURE 1. Transportation argument for the construction of a re-
covery sequence in the I' convergence of (F}.);sq.

The natural candidate for the limit of this family is the following:

ve My ([-r,7]ul),

WP (o¥%,v), v>a YHILT,

[—T, T] ureA, T c Bl,V(Bl(O)) = 295(:1/0)7
400, otherwise.
We prove in Theorem below that F). I'-converges to F' as r — 0. We refer to
[9, 6] and in particular to [0, Def. 1.24]) for the definition of the (lower and upper)
[-limit. It follows that 65(yo)H! L [—7, 7] must be a minimizer of F (as the limit
of minimizers of F;.). The estimate from below of the I'-liminf is obtained with the
tools developed so far, while estimating the I'-limsup will require an appropriate
construction illustrated in Figure

Theorem 6.1. The family of functionals (F.)

(6.8) F(v):=

r>0 L -converges to F.

Proof. T-liminf: we consider an infinitesimal sequence (r,,)nen such that (v,),, oy
converges to v in the weak sense, and that liminf, , F,. (v,) < oo for all n € N
(or at least for a subsequence), otherwise there is nothing to prove.

First we look at the first marginals in the definition of F,. . From the blow-up of
o, and the choice of yg as Lebesgue point of the density, (6.4]) and , it follows

. — *
that the renormalized measures &,, ——— o%°.
n—oQ

By lower semi-continuity of the Wasserstein distance w.r.t. the narrow conver-
gence, if we prove that F(v) < oo, that is if the limit satisfies the constraints in the
definition of F', we will have that

F(v) < liminf F,. (vy,).
n— o0
As av,, > H'LT,, for some I',, C B;(0) such that r;}(X —yo) UT,, € A,
Blaschke’s Theorem [3, Thm. 6.1] and the blow up of ¥ in Lemma imply that,
up to a subsequence, I',, M and (3 — o) K Rr. Hence:

=, < (Z — yo) ur, =2 RrUT.
Tn n—o00
In addition, as ¥ UT", is connected, = is connected, and since I' C By, it follows that
also [—7,7] UT" is connected and belongs to A. The fact that supprv C [—7,7]UT
comes from the weak convergence of v, to v. As this convergence takes place in a
compact set it also holds that v(B(0)) = nh_}rgo vr, (B1(0)) = 26(yo).
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It only remains to verify the density constraints, av > H'L T (to simplify,
we assume that H!(Rr NT) = 0, otherwise we can simply rename I' \ R7 as I').
Although v,, > aH!'LT,,, we cannot apply Golab’s Theorem to v,, since we do not
have an upper bound on the number of connected components of T',,.

What we do know is that the sequence =, = 7, (% — yo) U T, satisfies the
assumptions of Theorem So we consider the measures o 'H! L ¥ + v, >
a'H'L (X UT,,) and analyse their blow up sequences. We know that

H L (E—yo> +oav, >H'L <E_youl"n> ,
T'n Tn

where the left hand side converges weakly to a~'H!LR7+v and for the right hand
side we can extract a convergent subsequence. This is true since yq is a rectifiability
point hence the part H* L7, (X — yo) converges to the approximate tanget space;
the remaining mass H' L T',, is bounded. Hence,assuming that the RHS converges
in the weak-% sense to A, Golab’s Theorem [2.2] implies that A > o= *H'L (RTUT).
We conclude that H! L RT + av > H'L (R UT), and therefore

av>H'LT.

I-limsup: The strategy to prove the limsup is illustrated in Figure[f} and roughly
explained as follows. Given some v such that F'(v) < oo and the corresponding
T, first we transport the mass over [—7,7] to a measure supported over the set

%, € rm1(S — ). Then, if T already touches (X — yo)/r, we don’t need to do
anything and let I', = I". Otherwise, we translate I' (and the measure v L I") until
it touches X, in order to preserve connectedness. Luckily, these transportation
operations are of order dy([—7,7],%,), which goes to zero, from [2.5] Hence, the
family of measures obtained will converge to v and have finite F) energy.

To be more precise, given v such that F(r) < 400, then it has a support of the
form:

suppr C S =[-7,7] U U Ty,
i€N
where (I';),y is the set of pairwise disjoint connected components of S\ [—, 7]
and avLT; > HILT;.

Let us start by handling the mass over v, := vL [—7,7]. It suffices to trans-
port it to a nonnegative measure supported on ¥, . To this aim, we consider P,
any measurable selection of the projection Iy, . By definition of the Hausdorff
distance, for any = € [—7, 7],

|z — P, (2)P = dist (z,%,,)’ <dg ([-7,7], %) .

So the Wasserstein distance between the measures P,;v, and v, can be bounded
from above by

W2(vr, Pagir) < /[ s 05, v S i (71,5 (7] O
—T,T
as X, converges to [—7,7] in the Hausdorff sense.

Next we translate the mass over the connected components I'; until they touch
Y,,. Let h € R? and define the translation map 7j, : R? 3 x + 2 — h. Then for a
given measure v supported on I, it holds that supp (’ThﬁVLF) = Tn(D).

So, if I'; N3, =0, as the set [—7,7] UT is connected, we consider some point
yi € [-7,7]NT; and we take h;, with minimal norm such that y; — h; € X, .
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But then by definition, |h;| = d(y;, Xr,). And finally, estimating the Wasserstein
distance we have that

Wy (LT T ar L) < [ o= TP = o(r)

< dH([_Ta T]a Ern,)py(ri)
Therefore, defining a map T,, as follows

_ [ Py, ifyelna)
= { 70 R

we see that if v, := Thyv,
WP () < diy (-7, 55, <v<[—7, )+ %vm)) ——0
1€

and in particular v, — v. Finally, we get v,,(B1(0)) = v(B1(0)) = 205(yo) and we
conclude that F,. (v,) < oo, for all n € N. By the continuity of the Wasserstein
distance with respect to the weak convergence, we have that:

Frn (Vn) m F(l/)
The I'-convergence follows. (Il

Now that we have characterized the limit problem, we show that the optimal
transportation is given by projections as the blow-up family.

Lemma 6.2. The optimal transportation plan between o¥%° and \Y° = 05(yo)H! L
[—7, 7] is unique and given by the projection map II_, .

Proof. Consider a family 7, of optimal transportation plans from &, to 7,.. Up to
a subsequence it converges to some 4%, which, by the stability of optimal trans-
portation plans, also transports % to AY° optimally. Since &, ;. are generated by
the pushforward of vexe L B;-(yo) by ®¥°" from Lemma we know that

supp 7 C graph (Ils;, ) .

Let us show that suppA¥° C graph (H[,T,T]). Indeed if (z,p) € supp7¥°, there
is an open ball B centered at (z,p) such that

0 < A% (B) < liminf 7, (B).
r—0
In particular, we can find supp ¥, 3 (z,,p,) — (z,p). So it holds that
r—
|z — p| = lim |z, — p,| = lim dist (x,, 3,) = dist(z, [-7, 7]),
r—0 r—0

where the last equality comes from the uniform convergence of the distance func-
tions, recalling from Lemma [2.5 that 3, i’i(? [T, 7].
r—

Now we show that this property is true for any other optimal plan. Consider
~Y0 transporting ¥ to AY° optimaly, then by the optimality of 4¥° it holds that

/Rd(dist(a:, [—7,7]))Pdo¥® = / |z — y[Pdy¥o = /‘m Py
> /(dist(x, [—7,7]))PdyYe :/ dist(x, [—7, 7])Pdo¥0.

Rd
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9+

[-7, 7]

Ty
: -7 Ri(x)

r

N
o

F1GURE 2. Construction of the better competitor to the minimiza-
tion of the functional F'.

Since |z — y| — dist(x, [-7, 7]) > 0 for 4¥°-a.e. (z,y) and the inequality above must
be an equality, we must have supp~¥°® C graph (H[_Tﬁ]) for any optimal ~¥%°. In
particular, as II|_, ] is univalued, it means that the optimal transportation plan is
unique and given by the projection map. [

6.2. Competitor for the limit problem in 2D. In this section we restrict the

discussion to R? and obtain a contradiction to the fact that the exceeding density

05 is not zero by building a better competitor to the minimization of the I" limit.
From the I'-convergence Theorem we know that

Avo 4t 5(yo)H' L [—7, 7] € argmin F,
where F' is defined in . If we are able to construct another competitor with a
stricly smaller energy F', we obtain a contradiction to the existence of points such
that 05(yo) > 0. Without loss of generality, we assume that 7 = e3 where (eq, e2)
is the canonical basis of R2.

We propose a new transportation strategy consisting in sending the mass, that
was first projected onto a vertical segment, to a horizontal line as in Figure 2| To
obtain a smaller transportation cost with this strategy we need to distinguish the
mass that comes from each side of [—eg, es]. Hence we decompose c¥% = o4 + o_
with suppor C {£x1 > 6}, and H_¢, e y0+ = O H' L [—eq,e] for 0L > 0,
9+ + 9_ = 95(y0)

Theorem 6.3. Let py € P,(R?) such that po < H' and suppose that the parameter
A < A,. Then the solution to the relaxed problem (P, is of the form

V= ‘C(V)illHl LY+ pesec L3,

where peg. was defined in (5.4)).
In addition, if py does not give mass to 1-rectifiable sets the shape optimization

problem (Pp)) admits a solution.

In particular, point (2) of Theorem follows.
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Proof. First we recall the decomposition of Veye in to write the solution as
vV = vyt + Sup Vs + Pexc L 2.
6>0
To prove the first point, our goal is to show that vs = 0. Fix some ¢ > 0, from
the hypothesis that pg < H! we know that vs = 05H* L ¥ is rectifiable. So we can
perform the blow-up procedure described in Section [6.1] around a point such that
05(yo) > 0. We also recall the decomposition of the blow-up limits

o =0y +o_, A =0y +0 ) VH'L[-7,7], s.t. 0.(-)+0_(-) =05(y0) >0

where o4 form 0L H!' L [—7,7] and A% € argmin F, defined in .

Take some z € (—7,7) that is a Lebesgue point of 6 such that 6, (z) > 0. We
assume for simplicity of notation that z = 0, but the following argument can be
easily adapted to any z. From Lemma the optimal transportation of o to
0, H' L [—7,7] is given by the projection map. So given € > 0 we consider the
alternative transportation map

R(z) = (Ri(x),0) ifx; >6,0< |z <e
-~ (0,22) otherwise,

where R;(z) is determined by conservation of mass

|z2] 1 [ |z2]
/ 04 (t)dt = —/ dt, so that Ry(z) = a/ 04 (t)dt.
— 0

2| a —la2|
In other words, the mass that was sent to the vertical segment {0} x [—|x2], |z2]|] is
now sent to the horizontal segment [0, Ry (z)] x {0}, this construction is illustrated in
Figure Setting ¢, = ffa 6, (t)dt, this operation forms the measure a1 HL [0, £.],
hence satisfying the density constraints.
Next we choose € small enough to ensure a smaller transportation cost. For this
it suffices that for all © = (1, x2) such that 21 > § and |x2| < € we have that

(6.9) |z — (0,22)|° > |z — R(2)]> <= 27 > (21 — Ri())? + 23
(6.10) <= Ry(x) (221 — R1(x)) > 23.
Fix e small enough so that for all such =

e 9+(t)dt < (5,

|z2]
o / 04 (t)dt > |22]04+(0) if 0 < |z2| < €, since 0 is a Lebesgue point of 6.,
—|z2|
o & < dabhi(0).
For this choice of € for any 0 < |z3| < & and x; > § we verify that

|2
23 < elas] < dabi(0)|z] < 5a/ 0 (t)dt = 0Ry(z) = 20R1(x) — OR1(x)

—|z2]

< Ry(z) (221 — Ra(2)),

where in the last inequality we use the fact that z; > § and Ry(x) < § for all .
Therefore ((6.10]) is verifed and we conclude that WP (o4, Ryoy) < Wh (o4, Ay ).

P
This contradicts the fact that §5H!L [—7, 7] is a minimizer of F, so for H!-a.e. 2

we have 04 (z) = 0_(z) = 0. We conclude that vs = 0 and hence
V =Uy1 + Pexc L X,
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proving the first characterization of the solutions.

In particular, if pg does not give mass to 1D sets, neither does pexc since pexe <K
Po- S0 Vexe = 0 and the solution must be uniformly distributed over 3, being
therefore a solution to the original problem . [

7. AHLFORS REGULARITY

In this section we prove that whenever the initial measure py € Lril(Rd), the
optimal solutions to the relaxed problem (P,)) have an Ahlfors regular support.

Definition 7.1. We say that a set ¥ C R? is Ahlfors regular whenever there exist
ro > 0 and ¢, C' > 0 such that for r < rg it holds that

er <HYENB,(2)) < Cr, forall z € ¥.
We prove in this section the following result.

Theorem 7.1. If py € Lﬁil(Rd), let v be a solution of the relaved problem (P )
and X its support. Then X is Ahlfors-reqular, there exist 1o > 0 depending on
d,p,po and o and C > 0 depending only on d and p such that, for all T € 3 and
r S To,

r<HY(ENB,.(2)) <Cr.

The lower bound (with ¢ = 1 and r¢ = diam ¥) follows directly from the connect-
edness of X, hence we skip the proof. The upper bound will follow as a corollary
of Lemma [7.2] below. Let us describe the strategy for proving this estimate.

The idea is similar to proving the L*° bound on the excess measure: if in a
small ball B,.(Z) the measure v has too much mass, we build another “closer” 1D
structure onto which the mass is transfered at a smaller cost. Yet there is an
additional difficulty: when replacing XN B,.(Z) with another set we should preserve
connectedness. In we were rearranging only the excess mass and it was not an
issue. It means we now need to control the number of connected components of
¥\ B,(z) and find a way to connect them back without adding too much length.

This number of connected components is controlled by the quantity H°(X N
0B,.(Z)), which we can control on average by means of the generalized area for-
mula [3, Theorem 2.91]: If f : RM™ — R¥ is a Lipschitz function and E C RM is a
k-rectifiable set then it holds that

(7.1) HO(E N f~1(y))dHE (y) = / Jod® LM (2),
RN E

where d¥ f, is the restriction of Vf(z) (when f is smooth) to the approximate
tangent space of E. Hence, choosing E = XN (B, (Z)\ By, (Z)) and [ : z — |z — T,
we deduce from ([7.1)) that

(7.2) / CHO(S N OB, (7))ds < H(S 0 By, (7)) — H(S A By, ()

Using this we first prove the following lemma:

Lemma 7.2. Assume py € Lﬁ(Rd). There exist C(d,p) > 0 and ro depending
on po, «, d, p, such that for any C > C, if r < rg and © € X, then either
HY(Z N B.(x)) < Cr or HY(X N Ba,(z)) > 10CT.
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Proof. Let r > 0 and C > 1, and let # € ¥ such that both #!(X N B,.(z)) > Cr
and H!(X N By, (Z)) < 10Cr. We show that if r < ry and C > C, which will both
be chosen later, then we can contruct a better competitor to the minimizer v.

The function f : s — HY(X N By(Z)) is nondecreasing, hence in BV (R ) and
satisfies, thanks to (7.2)), that H°(X N 0B,(z))ds < Df in the sense of measures
(equivalently, HO(ZNOB,(Z) is less than, or equal to D f, the absolutely continuous
part of Df).

We note that

i sHO (XN 0Bs(T)) - g /2r sHO (=n aBs(j))dS
s€(3r/2,2r) Hl(EﬂBs(f» or 3r/2 Hl(ZﬂBs<§7))

2r 1 ~
<4 /w oy (s

=4 (f{?EZZ;)) /

where we have used the classical chain rule at almost every point and [3, Cor.
3.29]. Since f(2r)/f(3r/2) < (10Cr)/(Cr) = 10, we deduce that there exists
5 € (3r/2,2r) such that

(7.3) 35H* (SN OBs(7)) < H' (SN Bs(%))  where § := g3igg.

Now, we let

(7.4) M =2 <1 +10- (1‘2)1”)

(this choice will be made clear at the end of this proof) and we consider

(7.5) §i=— <§<

We define a set T' as follows: we choose a finite covering of 0B;(0) with balls
B(z4,38/2) centered at points (z;)¥; (the minimal number N depends only on d and
p, through 6). Then, we find a minimal tree connecting the points (z;)Y¥; through

geodesics on the sphere. We add to this minimal tree the segments [z;, (1 + §)z,],

i =1,...,N. We call T the resulting (connected) set, whose total length L et

H(T) is of order at most 2N and depends only on d and p. Notice that each
point of OB; is at distance at most J, along the geodesic curve on the sphere, to
a point of T, and that thanks to the “spikes” [x;, (1 + &)a;], any point with, say,
|z| > 10 is closer to a point of I' than from any point in B (0).

Now, we define

def.

< @+snHu (J S,
Tz€XNOBs
where S, denotes a geodesic connecting z to Z+ 5T, of length at most H!(S,) < 56.

Since 5§ < 2r and 6 < 1/2, it follows that I's C Bs,(Z). We define the competitor
set as

> %\ Bs(z) UTs.
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The addition of the geodesics S, ensures that ¥’ remains connected, and using (7.3]),
we estimate the length of I'; as

HY([5) < L+ 65HY (SN OB5(2)) < 2Lr + 1o H' (XN Bs(2))

(7.6) < (2L + %)r,

Now we define a new competitor v/ whose support is ¥'. If v denotes the optimal
transportation plan from py to v, given s > 0 let

def

ps = oy (YL (R x By))

denote the portion of the measure py which is transported to the ball B;. In
particular, the above length estimates imply that

(7.7)  Lr <H'(T5) < L+ $)r < (2% + L)awv(B,) < ap,(R?Y) < aps(RY),

where a 1= L£(v), and using that M > 2 (see (7.4)) and assuming C' > 4L (which
we recall depends only on d and p). But, if r is small enough (not depending on z,
by uniform equi-integrability of pg/ (d_l)) Holder’s inequality implies that

1

(7.8) apa(Buor (@) < allpoll e, - Bror @] < L

We fix 79 > 0, which depends only on the dimension (through L), the integrability
of pg, and «, such that the above inequality holds for r < rg.

Equations — show that for r small enough, part of the mass transported
to v Bs must come from outside of the ball Bjq,. In particular, since t — ps(B;(Z))
is continuous, there is R > 10r such that

(7.9) ps(Br(®)) = o~ "H!(T).

To form the new competitor we use the following strategy: the mass sent to
¥\ B; remains untouched, the mass ps L Br previously used to form v L Bs is
transported to o !H!' L I's and the remaining mass is projected onto I's.

So, letting 7 denote the optimal transportation plan between psl_Bg and o 'H L
T's, define the new plan

7 =vLR? x Bs(2)° + 7L Bg x R? + (id, 71, )3 (ps L Bf) ,

and the new competitor v/ as its second marginal. By construction, e’ > H!'L ¥’
so that £(v') < L(v). We now estimate the gain in terms of transportation cost.

e For (z,y) € Bgr X Bs and for any ¢y € I's C Bs,, as § < 2r and 10r < R,
the convexity of ¢ — t? yields

2 —y/|P < (Jo—y| +57)" < |z —y|P +5rp |z — y| +5r)F "
< |z —yl? + 5rp(2R)P .

Hence integrating w.r.t. the transportation plans we get
/ o —yPdy < / @ — y[Pdy + 5rp (2R)" " ps (Br)
BrxTs BrXxBs

(this can be checked by disintegration w.r.t. their common first marginal,
which is the measure ps L Bg).
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e Similarly, for x € B and y € Bs \ B, the addition of the spikes ensures
that

[z — 7 (2)] < |z —yl.
However if € B and y € B, it holds that
v =7, (@) < oyl = 5 and Jo —y| 2 R,

so that once again using the convexity of ¢ — tP? we have
T\P r r\P—1
o=, @) < (le =9l = 5) <l =yl —p5 (Jo =yl - 3)

r (17 \P7
<lz—ylP—p= | =R .
<loul -0} (557)
So, decomposing the integration for the points going to B, and to B;\ B,
this time the transportation cost can be bound by:

o= mr,@Pdpe = [ o= @Pd(ps = po) 4 [ o mn, @l dp,

R B B

r(17 _\"7 .
<[ mewrar-ny(R) o),
B xBr

J

We get:

17 _\"7! .
20R> pr (BR) .-

As L(v') < L(v), the optimality of v gives that W) (po,v) < WP (po,v'), which,
along with the previous estimates, implies

_ T
W (on.t/) < W)+ 5r (2R s () = 0

0<5-21p (Bp) — = (7 " (BS) < py(BY) <10- (29 " . (Bx)
~ Ps R 2 20 Pr R Pr R) = 17 Ps R) -

On the other hand, since

pr (Br(@)") = v(B,) — po(Br(¥)) = a='Cr — p,(Br(%)) = o~ Cr — ps(Br(%)),

and recalling (7.6)) and (7.9)), we deduce:

C< (1 +10- Gg)pl) 2L+ <)

We conclude that with the choice ([7.4)) of M, one has C_§ 2M L, which depends
only on p and d and a contradiction follows if we choose C' =1+ 2M L. O

Proof of Theorem[7.4 Consider C, rq from Lemma Fix x € ¥ and assume
there is r € (0,70) such that H!(X N B,(x)) > Cr. Then the thesis of the lemma
applies and it must hold that H! (X N Ba,.(x)) > 10Cr. By induction, we find that
for k > 1, one of the following holds:

e cither 257 > rg;
e or we apply the lemma again, using that H!(X N By, (7)) > 5F71C(2%r),
and we get
H'(E N Byrsr,(2)) > 55C(2F ).
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Let k > 1 be the first integer such that 2¥r > rg, so that 2*~1r < ry and
58710 (2%r) < HY(Z N Bok,(2)).

Hence, ro < 27 < 5~ *1C~1%1() and it holds that k < kg = logs (5H(X)/Cro),
and
r 2 7’0271@ 2 To déf‘ ro - 27]90.

We find that if » < 7y then for x € ¥, (X N B,.(x)) < Cr. O

Remark 7.3. It is interesting to observe here that the regularity constant C' depends
only on d and p, while the scale 7y at which the Ahlfors-regularity holds gets smaller
as po gets more singular or when « (or H!(X)) increases.

8. CONCLUSION

In this paper we have proposed a new variational problem, which serves as a
method for approximating a probability measure with a measure uniformly dis-
tributed over a segment. In order to prove existence we have passed through a
relaxed problem and the definition of a new functional on the space of probability
measures, the length functional, that generalizes the notion of length of the support
of a measure. As a tool for our analysis we have also generalized Golab’s Theorem
to the case of a sequence of sets converging in the Kuratowski sense. Even though
existence for the original problem was proved in a particular case, for measures in
R? not giving mass to small sets. We have also managed to prove interesting prop-
erties of the solutions of the relaxed problem in any dimension, e.g. L bounds
and Ahlfors regularity.

There are still many open questions left, for instance

e Does the support of minimizers have loops or are they trees?

e What is the regularity of the optimal X7 Can we adapt the theory in [23]
and conclude they are locally C1'® curves?

e If v is a solution to , what is the rate of convergence of vy ﬁ) po?

e The blow-up analysis done in section [0 is very similar to the arguments
done in [30] for the blow-up of average distance minimizers. However, the
argment is applied to the excess measure and not to the entire solution.
Can we use similar tools to study the blow-ups of the optimal networks in
our problem as well?

e What are the Euler-Lagrange equations of ? Can we use it to propose
efficient numerical algorithms to solve it?

APPENDIX A. LOCALIZED VARIATIONAL PROBLEM

In this section, we prove Lemma[5.2] which states that the optimality of v implies
that the exceeding measure vexc, or a slight modification of it, must satisfy a local-
ized optimization problem. Before proceeding we review the notation introduced
in the statement of the Lemma. Given an optimal transportation plan v between
po and the minimizer v, we recall the definition of ey in and we fix a general
Borel set S = Sy x §7 to define

VS = Yexc I—SO X Sl
along with its marginals

ps 1= Toy¥s = Pexc S0, Vs = T1y7s,
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Proof of Lemma [5.2k First, we fix some arbitrary I' such that YU € A. We
consider measures v/ € M (X UT) such that v/(R%) = vs(RY) and v/ > o 'H!LT,
and we build competitors to v of the form v —vs+v'. Such measures are supported
over UT € A4 and

v—vs+v = vy + (Vexe — vs) +V/
>a 'HILS +a " HILT > o ' HIL (S UT),
so that L(v —vs + V') < a = L(v). By optimality of v, we deduce that
Wh(po,v) < WE(po,v —vs +1').

Now, as the support of v is c-cyclically monotone (see [2, Def. 3.10 and Thm.
3.17]), so is the support of s, making it an optimal transportation plan between
its marginals (see [2, Thm. 4.2]). Since the same argument applies to v — s, we
get

(A1) Wy (po,v) = W§ (po — ps,v —vs) + Wy (ps,vs) -

Besides, let 4’ be an optimal transportation plan from ps to /. Then (7 —"Yexc)+
v’ is a transportation plan from pgy to (v — vs + /'), hence

W2 (po,v) < / |z —y|” dys +/|x—y|”dv' =WP (po — ps,v —vs) + WP (ps, V).

Substracting (A.1), we deduce that WP (ps,vs) < W} (ps, ') for all the admissible

variations v’ of the excess measure.
As 7s is an optimal transportation plan between ps and vg, from [29, Theorem
5.27] one can define a constant speed geodesic between such measures as

08t = T(1-),7S where m(z,y) := (1 — t)z + ty.

Hence for any variation v/, admissible in the sense of the previous problem, and
for any ¢ € [0, 1], it holds that

Wy (ps,0s,) + Wy (0s,1,vs) = Wy (ps,vs) < Wy (ps, V')
S Wp (pS)O-Sﬂf) + Wp (O.Sﬂfv V/) .

Where the equality comes from general properties of constant speed geodesics in
metric spaces, while the inequalities come from the minimality of vs and the triangle
inequality, respectively. We conclude that in fact, the measures vs minimize the
Wasserstein distance to the family of geodesic interpolations og ;. O

APPENDIX B. KURATOWSKI CONVERGENCE AND GOLAB’S THEOREM

In this appendix we give a proof of Lemma We then give a simple proof of
the local version of Gotab’s, Theorem [2.2] We use the notation Bg = {z : || < R}
and B = {z : |z| < R}.

Proof of Lemma[2-1] Notice that, up to a translation, it suffices to prove the result
for zp = 0. We can also assume that C' # ), otherwise for any R > 0, C,, N Br =
for n large enough and the result holds. Defining Ry = inf{R > 0: C N By # 0},
we have that if R < Ry, one has C,, N Bg = ) for n large enough and the Hausdorff
limit is empty, as expected.
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Now we take R > Ry and consider a subsequence (Cp, ),cy and a closed set C#
such that

an OER ~di—> CE.

n— oo
Since Cy, NBr C Cy,, it holds that C* C C. On the other hand, given z € CN Bk,
if there exists z,, € C,, N Br with z,, — z, then € CE. Therefore

CNBrcCEcCnBg

and to finish the proof it suffices to show that there is a countable set I C [Ry, +00)
such that if R¢ I, R > Ry, then C N Bg = C N Bg.

Let £ € OB, and consider the function R ~ dist(R¢,C N Br). If R > R’ > Ry
it holds that

dist(R¢,C N Br) < dist(R'¢,CNBr)+R—R'.
Indeed, let zz: be the point minimizing the distance from R’¢ to C' N B/, then
dist(RE,C N BR) < d(RE, xp) < d(RE, R'E) + d(R'E, )
=dist(R'¢,CNBr)+R—R.

Hence the function ¢ : R — dist(RE, C' N Bg) — R, is nonincreasing in [Ry, +00)
and in particular it has at most a countable number of discontinuity points. In
addition, given &, &' € OBy, it holds that

[pe(R) = per(R)| = | inf d(x,R) — inf d(z, RE)

r€BR r€EBR
< sup |d(z, RE) — d(z, R < RIE-¢|.
zGER

Therefore if R is a point of discontinuity for ¢¢, then for all £ in a neighborhood
of ¢, R is a point of discontinuity for ¢g.

Let (£:)nen be a dense sequence in dB;. For each n we can find a countable
subset I, C [Ro,+o0), such that ¢, is continuous at any R € (Ry,+00) \ Ip.
Finally, we define the countable set I as I = U I,.

neN

If R ¢ I, then either R < Ry and CNBr = CNBgr = 0, or R > Ry. In
that case, for any { € 9B1, ¢ is continuous. Otherwise, there would be some &,,
close enough to &, such that ¢¢, is discontinuous, a contradiction. In particular,
whenever £ = R¢ € C the continuity of ¢, implies that

lim dist(R’' Bpg) = 0.
i, ist(R',CNBr)=0

Hence take R, T R, set &, := dist(R,&,CN By, ) and let -, € CN By, be a vector
attaining this distance. As z, € C N Bg and |z — x,| < &, + R— R, x, converges
to x, and * € C'N Bg. It follows that (C N Bg)\ CN Br = 0, completing the
proof. O

Proof of Theorem [2.3 We will show that (XN B, (yo)) > H (XN By(yo)) for H-
a.e. yo € X and for r > 0 small enough. This implies that O1(u,yo) > 1, and the
result follows by integrating. Assume that Y is not a singleton, otherwise there is
nothing to prove, so that taking any yo € %, for r > 0 small enough XN BE(yo) # 0.
From the Kuratowski convergence, for n large enough, each set 3, has a point
inside and another outside the ball B,.(yo).
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We start by fixing some 0 < § < r and looking at the smaller ball B,._s(yo)-
Consider the following class

A, = {*y connected component of ¥,, N B, (yo) which intersects BT_(s(yo)} .

Each v € A,, must be such that H!(y) > 6. Indeed, as for each n € N there is a
point in ¥, N B,-(y0)¢ and another in v N dB,_5(yo), the connectivity implies ~ is
contained in an arc joining these two points, but then it must have length at least
4, as it is the smallest distance between the two balls. So define
Zn = U s
YEAR

which is a bounded sequence of closed sets, but not necessarily connected. However
this sequence has a uniformly bounded number of connected components since

1
54, < 3 H'(7) < H(SuNBa(zo)), hence tA, < sup -2 maBR(yO))
YEAR neN

< +00,

for R > 0 large enough.
As ¥, is a bounded sequence, by Blaschke’s Theorem we can assume up to an

extraction that ¥, LN S ™ fact, for a.e. 0 < 6 < r, using Lemma it holds
n—oo

that

(B.1) SN Br—s5(y0) = £ N Br—s(yo);

since by the construction, 3, N B, _s(yo) = X, N B,_s(yo) and choosing § such that
=y — T
Z'rL N Br—5(y0) n—>—oo> XN BT—(S(yO)'
This way, we can apply the global version of Golab’s Theorem with a uniformly

bounded number of connected components to the sequence S, N B, _s(yo) so that
we write

1 (M) > limsup H' (2, N B, (yo)) > limsup H' (in)

n— oo n—oo

> lim inf 4! (zn N Br_é)

n—oo

> (£0B-s(w0)) = H' (SN Brs(w))
>H' (SN Br_s5(y0)),

where the first inequality is due to the weak-x convergence of the measures and the
forth is given by Golab’s Theorem. But as this estimate is true for any § > 0, it
must hold that u (BT (yo)> > HY (N B,(yo)) for any yo € ¥ and 7 > 0. To extend

this to open balls as well we use the following estimates
uw(Br) = lim (B, ~1/n) > lim H' (SN B,o1/n) =H (N B,).
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