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Conditional Preference-Nets, Possibilistic Logic, and the Transitivity of Priorities

Conditional Preference-nets (CP-nets for short) and possibilistic logic with symbolic weights are two different ways of expressing preferences, which leave room for incomparability in the underlying ordering between the different choices. Relations can be expressed between the two settings. A CP-net can be mapped to a weighted set of formulas, one per node of the CP-net, and appropriate constraints between symbolic weights of formula are defined according to the observed priority of father nodes over children nodes in the CP-net. Thus, each potential choice can be associated with a vector of symbolic weights which acknowledges the satisfaction, or not, of each node formula. However, this local priority between father and children nodes in the CP-net does not seem to be transitive. It may happen that the same pair of vectors in the possibilistic representations of two CP-nets correspond to decisions that are comparable in one CP-net structure and incomparable in the other. This troublesome situation points out the discrepancies between the two representation settings, the difficulties of an exact translation of one representation into the other, and questions the faithfulness of the preference representation in CP-nets from a user's point of view. This note provides a preliminary discussion of these issues, using examples

Introduction

"CP-nets" [START_REF] Boutilier | CP-nets: A tool for representing and reasoning with conditional ceteris paribus preference statements[END_REF] are a popular framework for expressing conditional preferences, based on a graphical representation. They are based on the idea that users' preferences generally express that, in a given context, a partially described situation is strictly preferred to another antagonistic partially described situation, in a ceteris paribus way. It has been observed that preferences associated with a father node in a CP-net are then more important than the preferences associated with children nodes. This has motivated the idea of approximating CP-nets by means of a possibilistic logic representation of preferences. More precisely, each node of a CP-net is associated with preferences represented by one possibilistic logic formula, to which is attached a symbolic weight, the priority in favour of father node preferences being echoed by constraints between such symbolic weights [START_REF] Dubois | Approximation of conditional preferences networks "CPnets" in Possibilistic Logic[END_REF][START_REF] Kaci | Relaxing ceteris paribus preferences with partially ordered priorities[END_REF]. Thus, each interpretation is associated with a vector of symbolic weights which acknowledges the satisfaction, or not, of each node formula. This use of symbolic weights leaves room for a possible incomparability of interpretations, as in CP-nets.

Recently, it has been suggested that depending on the order defined between the vectors of symbolic weights, one may approximate any CP-net from below and from above in the framework provided by the symbolic possibilistic logic representation [START_REF] Dubois | Conditional preference nets and possibilistic logic[END_REF]; see Sect. 3. This state of facts prompts us to compare the CP-net and the symbolic weighted logic settings. They are based on two different principles, from the point of view of the representation of preferences. On the one hand, the ceteris paribus principle in CP-nets enables a conditional expression of preferences, usually in the form of a directed acyclic graph where nodes represent variables. On the other hand, in the weighted logic representation, the preferences are expressed as goals having priority weights between which inequality constraints may exist. This induces a partial order between symbolic priority weights, i.e. a transitivity property applies, while in CP-nets, the priority of a father node with respect to its children nodes does not seem to simply extend to the grand children nodes. However, it is worth emphasizing that the symbolic possibilistic logic setting leaves total freedom to the user to indicate the relative priorities between goals, which is not always possible in CP-nets [START_REF] Dubois | Approximation of conditional preferences networks "CPnets" in Possibilistic Logic[END_REF][START_REF] Kaci | Relaxing ceteris paribus preferences with partially ordered priorities[END_REF]. The relative priorities considered here are only dictated by the will to remain close to CP-nets. This note lays bare new discrepancies between the two representation settings beyond those already pointed out in [START_REF] Dubois | Conditional preference nets and possibilistic logic[END_REF].

The paper is organized as follows. First, short backgrounds on possibilistic logic, and then on CP-nets are respectively provided in Sects. 2 and 3 where the possibilistic logic approximations of a CP-net from below and from above are also recalled. Section 2 starts the comparative discussion by exhibiting two examples of CP-nets that order two interpretations differently, while they have the same encoding as a pair of possibilistic logic vectors of symbolic weights. This raises the questions of the behavior and of the faithfulness of the two representations.

Possibilistic Logic

We consider a propositional language where formulas are denoted by p 1 , ..., p n , and Ω is its set of interpretations. Let B N = {( p j , α j ) | j = 1, . . . , m} be a possibilistic logic base where p j is a propositional logic formula and α j ∈ L ⊆ [0, 1] is a priority level [START_REF] Dubois | Possibilistic logic: a retrospective and prospective view[END_REF]. The logical conjunctions and disjunctions are denoted by ∧ and ∨. Each formula ( p j , α j ) means that N ( p j ) ≥ α j , where N is a necessity measure, i.e., a set function satisfying the property N ( p 1 ∧ p 2 ) = min(N ( p 1 ), N ( p 2 )). A necessity measure is associated with a possibility distribution π as follows:

N ( p j ) = min ω ∈M( p j ) (1-π(ω)) = 1-Π (¬ p j )
, where Π is the possibility measure associated with N and M( p) is the set of models induced by the underlying propositional language for which p is true.

The baseB N is associated with the following possibility distribution:

π N B (ω) = min j=1,m π ( p j ,α j ) (ω)
on the set of interpretations, where

π ( p j ,α j ) (ω) = 1 if ω ∈ M( p j ), and 
π ( p j ,α j ) (ω) = 1-α j if ω ∈ M( p j ).
This means that an interpretation ω is all the more possible as it does not violate any formula p j having a higher priority level

α j . So, if ω ∈ M( p j ), π N B (ω) ≤ 1 -α j , and if ω ∈ j∈J M(¬ p j ), π N B (ω) ≤ min j∈J (1 -α j ).
It is a description "from above" of π N B , which is the least specific possibility distribution in agreement with the knowledge base B N . Thanks to the min-decomposability of necessity measures with respect to conjunction, a possibilistic base B N can be transformed into a base where the formulas p i are clauses (without altering the distribution π N B ). We can still see B N as a conjunction of weighted clauses, i.e., as an extension of the conjunctive normal form.

CP-Nets and Their Approximation in Possibilistic Logic

A CP-net [START_REF] Boutilier | CP-nets: A tool for representing and reasoning with conditional ceteris paribus preference statements[END_REF] is graphical in nature, and exploits conditional preferential independence in structuring the preferences provided by a user. It is reminiscent of a Bayes net; however, the nature of the relation between nodes within a network is generally quite weak, compared with the probabilistic relations in Bayes nets. The graph structure captures statements of qualitative conditional preferential independence.

Definition 1 A CP-net N over a set of Boolean variables V = {X 1 , • • • , X n } is a directed graph over the nodes X 1 , • • • , X n ,
and there is a directed edge from X i to X j if the preference over the value X j is conditioned on the value of X i . Each node

X i ∈ V is associated with a conditional preference table C P T (X i ) that associates a strict preference (x i > ¬x i or ¬x i > x i )

with each possible instantiation u i of the parents of X i (if any).

A complete preference ordering satisfies a CP-net N iff it satisfies each conditional preference expressed in N . In this case, the preference ordering is said to be consistent with N . A CP-net induces a partial order ≻ N between interpretations that can be linked by a chain of worsening flips [START_REF] Boutilier | CP-nets: A tool for representing and reasoning with conditional ceteris paribus preference statements[END_REF]. We denote by Pa(X ) the set of direct parent variables of X , and by Ch(X ) the set of direct successors (children) of X . The set of interpretations of a group of variables S ⊆ V is denoted by Ast (S), with

Ω = Ast (V ). Given a CP-net N , for each node X i , i = 1, . . . , n, each entry in a conditional preference table C P T i is of the form φ = u i : ⋆x i > ⋆¬x i , where u i ∈ Ast (Pa(X i )), ⋆ is blank if the preference is x i > ¬x i and is ¬ otherwise.
Example 1 We use an example inspired from [START_REF] Brafman | Database preference queries revisited[END_REF]. Figure 1a illustrates a CP-net about preferences over cars: one prefers minivans (m) to sedans (s) (s 1 ). For minivans, one prefers Chrysler (c) to Ford ( f )(s 2 ), and the converse for sedans (s 3 ). Finally, for Ford, one prefers black (b) cars to white (w) ones (s 4 ), while for Chrysler cars it is the converse (s 5 ). The CP-net Ordering is given in Fig. 1b, and Table 1 gives a schema instance of Car (categor y, make, color ).

In possibilistic logic, these CP-net preference statements are encoded by constraints of the form N (¬u i ∨ ⋆x i ) ≥ α > 0, where N is a necessity measure [START_REF] Dubois | Approximation of conditional preferences networks "CPnets" in Possibilistic Logic[END_REF]. It is equivalent here to a constraint on a conditional necessity measure N (⋆x

i |u i ) ≥ α, hence to Π (¬⋆ x i |u i ) ≤ 1-α < 1, where Π ( p) = 1-N (¬ p)
is the dual possibility measure associated with N . It expresses that having ¬ ⋆ x in context u i is somewhat not satisfactory, as the possibility of ¬ ⋆ x is upper bounded by 1α, i.e., satisfying ¬ ⋆ x is all the more impossible as α is large. A partially ordered possibilistic base ( , ) is built from a CP-net in the following way:

• Each entry of the form u i :

⋆x i > ⋆¬x i in the table C P T i of each node X i , i = 1, . . . , n is encoded by the possibilistic logic clause (¬u i ∨ ⋆x i , α i )
, where α i > 0 is a symbolic weight (whose value is unspecified). This formula is put in . • Since the same weight is attached to each clause built from C P T i , the set of weighted clauses induced from C P T i is thus equivalent to the weighted conjunction φ i = ( u i ∈Ast (Pa(X i )) (¬u i ∨ ⋆x i ), α i ), one per variable (and thus one per node in the CP-net). • Additional constraints over symbolic weights are added. Each weight α i attached to a node X i , is supposed to be strictly smaller than the weight of each of its parents. This contributes to define a partial order between symbolic weights, which is denoted .

For each interpretation ω, we associate a vector ω( ) is obtained as follows. For each weighted formula φ i in the possibilistic base satisfied by ω, we put 1 in the i th component of the vector, and 1α i otherwise, in agreement with possibilistic logic semantics [START_REF] Dubois | Possibilistic logic: a retrospective and prospective view[END_REF]. Thus, by construction, we use the set of levels L = {1, 1α i |i = 1, . . . , n}, with 1 1α i , ∀i. The vector ω( ), associated with interpretation ω, has a specific format. Namely its i th component (one per CP-net node) lies in {1, 1α i } for i = 1, . . . , n.

It has been shown that CP-nets can be approximated from above in the possibilistic logic setting by using the leximin order between the vectors associated with the interpretations. In the case of a totally ordered scale, the leximin order is defined by first reordering the vectors in an increasing way and then applying the lexicographic order to the reordered vectors. Since we deal with a partial order, the reordering of vectors is no longer unique, and the definition is generalized by: Definition 2 (leximin) Let v and v ′ be two vectors having the same number of components. First, delete all pairs (v i , v ′ j ) such that v i = v ′ j in v and v ′ (each deleted component can be used only one time in the deletion process). Thus, we get two non overlapping sets r (v) and r (v ′ ) of remaining components, namely r

(v) ∩ r (v ′ ) = ∅. Then, v ≻ leximin v ′ iff min(r (v) ∪ r (v ′ )) ⊆ r (v ′ ) (
where min here returns the set of minimal elements of the partial order between the priority weights).

Then we have the following result (see [START_REF] Dubois | Conditional preference nets and possibilistic logic[END_REF] for the proof):

Proposition 1 Let N be an acyclic CP-net. Let ( , ) be its associated partially ordered base. Then: ∀ω,

ω ′ ∈ Ω, ω ≻ N ω ′ ⇒ ω( ) ≻ leximin ω ′ ( ).
Besides, it has been also conjectured [START_REF] Dubois | Conditional preference nets and possibilistic logic[END_REF][START_REF] Kaci | Relaxing ceteris paribus preferences with partially ordered priorities[END_REF] that CP-nets can be approximated from below in the same possibilistic logic setting by using the symmetric Pareto order, denoted by ≻ S P , between the vectors. Namely we have

∀ω, ω ′ ∈ Ω, ω ≻ S P ω ′ ⇒ ω ≻ N ω ′
where N is an acyclic CP-net and ≻ S P the partial order defined as follows: Definition 3 (symmetric Pareto) Let v and v ′ be two vectors having the same number of components, v ≻ S P v ′ if and only if there exists a permutation σ the components of v ′ , yielding vector v ′σ , such that v ≻ Par eto v ′σ (where as usual, v ≻ Par eto v ′ if and only if ∀i, v i ≥ v ′ i and ∃ j, v j > v ′ j ). We have also shown that for a particular class of CP-nets where each node has at most one child node, the possibilistic logic approach using the symmetric Pareto order exactly captures the CP-net ordering (see [START_REF] Dubois | Conditional preference nets and possibilistic logic[END_REF] for the proof):

Proposition 2 Let N be an acyclic CP-net where every node has at most one child node. Let ( , ) be its associated partially ordered base. Let ≻ S P be the symmetric Pareto partial order associated to ( , ). Then,

∀ω, ω ′ ∈ Ω, ω( ) ≻ S P ω ′ ( ) iff ω ≻ N ω ′ .
In the general case, there are arguments to conjecture that ω( )

≻ S P ω ′ ( ) implies ω ≻ N ω ′ .
See [START_REF] Dubois | Conditional preference nets and possibilistic logic[END_REF] for a partial proof.

Comparative Discussion About Preference Representation

CP-nets and the possibilistic logic approach handle preferences in their own ways. Even if the above results only provide upper and lower approximations of a CP-net, the possibilistic logic encoding of each preference node in the CP-net offers a basis for discussing the orderings obtained in both settings. If we consider Example 1, we notice that m f w and s f b are incomparable for the CP-net, but if we look at the preference constraints violated by each one, we notice that:

• m f w violates the preference of a child node and grandchild node.

• s f b violates the preference of a father node.

We know that in CP-nets, when comparing two choices, where one violates the preference of a father node and the other violates the preference of children nodes (irrespectively of the number of the violated children nodes), the second one is preferred to the first one (where the father node preference is violated). Moreover, we also know that the priority of a child node is more important than the one of the grandchild node, so it seems obvious that m f w should be preferred to s f b. Indeed, violating the preferences of one child node and one grandchild node should be less important than violating the preferences of two children nodes, which, in turn, is less important than violating the preference associated to a father node. But the CP-net does not acknowledge this matter of fact.

Based on this observation, we further investigate the differences between the CP-net and the possibilistic logic approaches, using the following new example:

Example 2 Let us consider the two CP-nets N a and N b (see Fig. 2) over the four variables {X, Y, S, T }. Their possibilistic logic encoding are:

• a = {φ 1 , φ 2 , φ 3 , φ 4 }
where

φ 1 = (x, α 1 ), φ 2 = ((¬x ∨ y) ∧ (x ∨ ¬y), α 2 φ 3 = ((¬x ∨ s) ∧ (x ∨ ¬s), α 3 ), φ 4 = ((¬x ∨ t) ∧ (x ∨ ¬t), α 4 ); • b = {φ 1 , φ 2 , φ ′ 3 , φ ′ 4 } with φ ′ 3 = ((¬y ∨ s) ∧ (y ∨ ¬s), α 3 ), φ ′ 4 = ((¬y ∨ t) ∧ (y ∨ ¬t), α 4
). Let us now consider the three interpretations ω = x ȳ st, ω ′ = x ȳs t and ω ′′ = x ȳ s t. 

( a ) = ω ′ ( b ) = (1, 1 -α 2 , 1 -α 3 , 1), ω ′ ( a ) = ω( b ) = (1, 1-α 2 , 1, 1-α 4 ) and ω ′′ ( a ) = ω ′′ ( b ) = (1-α 1 , 1, 1, 1)
are the same for both bases a and b (interchanging ω and ω ′ ).

These three interpretations not only have the same weight vectors in both cases, but also the same constraints on the symbolic weights are used when comparing the vectors, namely α 1 > α 2 , α 1 > α 3 and α 1 > α 4 . However, both CP-nets do not classify these interpretations in the same way:

• In CP-net N a : ω, ω ′ are preferred to ω ′′ , but are incomparable.

• In CP-net N b : all three interpretations are incomparable.

But, in the possibilistic logic setting, since the three interpretations are associated with the same triples of vectors in both cases, we obtain the same partial order over vectors: The total incomparability using the symmetric Pareto order, which is in agreement with the CP-net N b ; and if the leximin order is used, an identical comparability to the one of CP-net N a is obtained, but not to that of the CP-net N b .

This situation is troublesome for CP-nets, since interpretations with the same vectors (the same patterns of preference violations), lead to different conclusions.

So, when comparing interpretations, CP-nets take into account some further information not directly expressed by a graphical structure (priority of father nodes over children nodes) nor preference tables alone, but which comes from their interaction via the ceteris paribus principle. Is it legitimate with respect to preference representation? What is this extra information?

In the CP-net N b , let us now consider the four interpretations ω 1 = x y s t, ω 2 = x ȳ s t, ω 3 = x ȳ s t and ω 4 = x ȳs t. The CP-net yields ω 1 ≻ N b ω 2 ≻ N b {ω 3 , ω 4 } but leaves ω 3 and ω 4 incomparable. Thus, in the CP-net, it is true that violating preferences for two grandchildren nodes (in ω 1 ), is less important than violating those for one child node (in ω 2 ), which is less important than violating a father node (ω 3 ). Based on a transitivity argument, it is natural to conclude that violating preferences of one child and one grandchild node (ω 4 ), should be less than violating a father node preference (ω 3 ). However, the CP-net does not conclude in this case and leaves the two interpretations ω 3 and ω 4 incomparable, as it was also the case in our original Example 1.

It has been suggested in [START_REF] Dubois | Approximation of conditional preferences networks "CPnets" in Possibilistic Logic[END_REF] that the translation of CP-nets into possibilistic logic can be carried out by introducing an order relation between symbolic weights attached to nodes (in such a way that the CP-net gives priority to father nodes over their children nodes). However, it turns out that this priority between nodes in CP-nets is not transitive in general, as shown in the above example, contrary to what the graphical representation seems to express. This may question the reliability of the user preferences representation by directed acyclic networks. Indeed, one may expect that the priorities between nodes in the graphical structure is transitive but it is not generally true. So, one may think that CP-nets contain extra information which blocks this transitivity in the case a father node is compared to one child and one grandchild node. However, the possibilistic logic framework presupposes the transitivity of priorities. Indeed, let us consider φ 1 , φ 2 and φ ′ 3 three possibilistic logic formulas encoding preferences in b . Let us denote "more important" by →, since we have 

φ 1 → φ 2 and φ 2 → φ ′ 3 , φ 1 → φ ′ 3 
should be deduced, which expresses naturally how the user preferences are. So, if we consider the previous example, it is clear that in the possibilistic logic setting, it is better to violate the preferences of one child node and one grandchild node (ω 4 ) than to violate a preference of one parent node (ω 3 ), i.e., we have ω

1 ( b ) ≻ S P ω 2 ( b ) ≻ S P ω 4 ( b ) ≻ S P ω 3 ( b ).
Recently, some papers have focused on the reconciliation of these two approaches [START_REF] Kaci | Relaxing ceteris paribus preferences with partially ordered priorities[END_REF], but there are some difficulties for an exact translation of one approach into the other, as shown here (see also [START_REF] Dubois | Conditional preference nets and possibilistic logic[END_REF]). Several questions remain, especially the one of determining the precise differences between these two settings, whether or not all information implicitly encoded in a CP-net can be expressed in a weighted propositional logic format, and which setting is best in agreement with user preferences.

The following table summarizes the comparison between the two approaches Table 2.

Conclusion

The possibilistic logic framework is able to deal with preference representation in a modular way, leaving the the user free to state relative priorities between goals. This representation takes advantage of the logical nature of the framework and constitutes an alternative to the introduction of a preference relation inside the representation language, as in, e.g., [START_REF] Bienvenu | From preference logics to preference languages, and back[END_REF]. Moreover, we have shown that the weighted logic representation does not suffer from problems of lack of transitivity between priorities as it is the case in CP-nets, thanks to the use of an order relation between the symbolic weights. Still much remains to be done. First, the question of an exact representation of any CP-net remains open, even if the discrepancies between the two representation settings look more important than expected. Moreover, an attempt has been made recently [START_REF] Dubois | Handling partially ordered preferences in possibilistic logic -A survey discussion[END_REF] for representing more general CP-theories [START_REF] Wilson | Computational techniques for a simple theory of conditional preferences[END_REF] in the possibilistic logic approach (by introducing further inequalities between symbolic weights in order to take into account the CP-theory idea that some preferences hold irrespective of the values of some variables), where the leximin order seems to provide an upper approximation. This remains to be confirmed and developed further. Comparing CP-nets with the possibilistic counterpart of Bayesian nets, namely possibilistic nets [START_REF] Benferhat | On the transformation between possibilistic logic bases and possibilistic causal networks[END_REF] would be also of interest, since these possibilistic nets translate into possibilistic logic bases (however in the case of completely ordered weights).
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 1 Fig.1The CP-net and its preference tables for the car Example, and the resulting partial order

Fig. 2

 2 Fig. 2 The two CP-nets N a and N b of Example 2

Table 1

 1 The different car instances and the user's preferences

	Interpretations Category Make	Color	
	mcw	Minivan	Chrystler White	s 1 The user prefers minivan (m) cars to
					sedan (s) cars
	mcb	Minivan	Chrystler Black	s 2 For minivans, he prefers Chrystler (c)
					to Ford (f)
	m f w	Minivan	Ford	White	s 3 For sedans, he prefers Ford to Chrystler
	m f b	Minivan	Ford	Black	s 4 Among Ford cars, he prefers the black
					(b) ones to the white (w) ones
	scw	Sedan	Chrystler White	s 5 Among Chrystler cars, he prefers the
					white ones to the black ones
	scb	Sedan	Chrystler Black	
	s f w	Sedan	Ford	White	
	s f b	Sedan	Ford	Black	

Table 2

 2 Differences between key features of both approaches

		Possibilistic logic	CP-nets
	Representation	A partially ordered set of logical	A directed acyclic graph of
		formulas	variables
	Principle	Possibilistic penalty for viola-	Ceteris paribus
		tions	
	Dominance test	Vector comparison	Worsening flips
	Expressive power	Can handle partial description of	Do not allow a partial descrip-
		preferences	tion of preferences
	Transitivity of priorities	Yes	No