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Abstract

The interaction between the Coriolis and mistuning effects on a finite-element model (FEM) of a simplified
bladed drum compressor has been investigated in this paper. The Subset of Nominal Modes (SNM), the
Component Mode Mistuning (CMM) and the Integral Mode Mistuning (IMM) techniques have been chosen
and adapted to consider the reduction of the Coriolis matrix. Both free and forced responses of the ROMs
have been validated using the FEM solutions as the benchmark. A new analysis using Monte Carlo simula-
tions has been performed to consider disc and blade mistuning independently, and to study the domination
of one over the other. The impact of the Coriolis effect has been highlighted through observation of the
model with and without the Coriolis matrix. The evolution of the global dynamic behaviour with rotational
speed has been investigated for the first time for different excitation frequencies and engine orders (EO).
This in-depth investigation of a blisk allowed a better understanding of the interaction between the Coriolis
and mistuning effects. The blade-dominated responses and the modes which remain close to the veering
regions have strong mistuning effects, with significant localisation and amplitude magnification. The results
mainly highlight that the disc-dominated and the blade-disc responses tend towards a tuned behaviour with
the appearance of travelling waves.

Keywords: Bladed drum, Mistuning, Coriolis effect, Cyclic symmetry, Reduced-Order Model, Rotational
speed

1. Introduction

Civil aircraft engines are complex structures for which it is very important to control vibration ampli-
tudes for certification and service life expectancy. Finite-element models (FEM) of structures are built to
understand and quantify the dynamic behaviour of bladed discs under operating conditions. These models
are also used to reduce the need for costly life-size tests. The aim of reduced-order models (ROMs) is to
minimise the computational cost of industrial models, which typically involve millions of degrees of freedom
while retaining high accuracy. Bladed discs are divided into N equal sectors to reduce the modelling size and
computational cost by using the FEM of one reference sector [1]. This property, known as cyclic symme-
try, cannot be obtained perfectly in real structures because of deviations between sectors which result from
manufacturing tolerances and the natural wear properties of materials. This physical phenomenon, called
mistuning, leads to the occurrence of a standing wave with the localisation of vibrations on one or more
blades and a maximum amplitude response larger than those predicted in the tuned model [2, 3, 4].

The Coriolis effect is usually considered as being negligible in the vibration analysis of bladed discs because
it does not significantly change the natural frequencies or the forced response behaviour [5]. However, it
has recently been shown that the Coriolis effect can lead to significant changes in the dynamic properties of
bladed discs exhibiting a strongly coupled motion between the disc and the blades [6, 7]. A bladed drum with
a relatively flexible disc may therefore exhibit a significant Coriolis effect [8, 9, 10]. In periodic structures,
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the Coriolis effect splits the natural frequencies of the twin modes in a forward travelling wave (FW) mode
which propagates in the same direction as that of the rotational speed, and a backward travelling wave (BW)
mode which propagates in the opposite direction [11].

The analysis of a mistuned bladed drum implies the need to model the full structure with all the sectors,
which can significantly increase the computational cost. It is possible to avoid this by using general linear
reduction methods such as that of Craig-Bampton [12], or more specific ROMs that have been developed
for linear mistuned bladed discs and that will be mentioned later in this article [13]. Some of them have
been developed with the inclusion of the Coriolis matrix, but the numerical validations have generally been
made without taking it into account. In some publications, ROMs have been created with the consideration
of the Coriolis effect. Waldherr and Vogt [14] used an extension of the SNM to take the Coriolis effect into
consideration. Wang et al. [15] performed a similar reduction with the CMM. Yan et al. also used the
SNM to reduce the Coriolis matrix [16] and developed a nonlinear ROM for a model with nonlinear coating
in order to take the Coriolis effect into account. Zhang et al. [17, 18] used the Craig-Bampton method
to reduce and analyse a mistuned bladed disc considering the Coriolis effect, but no numerical validation
against the non-reduced FEM was outlined in the paper. The primary focus of this paper is to adapt different
existing reduced-order modelling methods for mistuned blisks to consider the Coriolis effect and to compare
the accuracy and efficiency of the different methods. The study is focused on the SNM [19], the CMM [20]
and the IMM [21], the results of which are compared to those obtained on a reference mistuned model for
validation. These methods have been chosen for their simplicity of implementation, robustness, popularity
in the literature and adaptability to the Coriolis matrix. The considered model is a FEM representative of
a simplified industrial low pressure compressor bladed drum presenting a strong Coriolis effect and in which
mistuning is randomly distributed among the blades.

Some research has shown that the Coriolis effect strengthens the mistuning effect. Huang and Kuang
[22] used an analytical model to conclude that the Coriolis effect contributes to enhancing the localisation
phenomenon because of the mistuning. Nikolic et al. [6] used a lumped mass model to find that the Coriolis
effect can increase the maximum response level of a blade in a mistuned bladed disc. Conversely, some
research has shown that the Coriolis effect mitigates the mistuning effect. Almeida et al. [23] experimentally
observed the evolution of modes from a standing wave at rest to a travelling wave at high speed using
a mistuned centrifugal compressor. Ruffini et al. [24] made the same experimental observation with a
simplified blisk designed to exhibit a strong Coriolis effect. Lastly, some research has shown mixed results
on the interaction. Xin and Wang [25] studied the modes of a FEM of a realistic compressor bladed disc
and concluded that depending on the mode, the Coriolis effect can increase or reduce the mode localisation
phenomenon. Kan and Xu [26] reported the same conclusions on the forced response localisation of a similar
FEM compressor. Kan et al. [27, 28] studied the amplitude magnification of the forced response and, as for
localisation, found that the Coriolis effect can increase or decrease the maximum amplitudes.

All these contributions show the need to take the Coriolis effect into account during the design stage
of mistuned bladed discs with prominent radial flexibility. However, the coexistence of the Coriolis and
mistuning effects and the dominance of one over the other are not yet fully understood. A study with
a lumped mass model was investigated in [29]. Some modes become isolated in frequency because of the
frequency split due to the Coriolis effect. Therefore, the behaviour of the isolated in frequency mistuned
modes is close to the behaviour of the tuned modes with increasing rotational speed. However, when the
modes are in veering regions or high modal density regions, the mistuning effect is predominant, even if it is
at a high rotational speed. Mistuning is a random quantity and the study of only one mistuning pattern is
not sufficient to fully understand the interaction between the Coriolis and mistuning effects. The application
of Monte Carlo simulations is needed to predict the global behaviour of the mistuned system [30, 31, 32].

The main objective of this paper is to analyse the interaction between the Coriolis and mistuning effects
on a reduced-order model of a bladed drum using Monte Carlo simulations, which allows an estimation of
the global behaviour of the system for different rotational speeds and mistuning levels. The analyses are
focused on three different regions. The first region presents only one disc-dominated mode and a strong
Coriolis effect. The second region presents a high density of blade-dominated modes with different nodal
diameter numbers. The last region is a veering region where the maximum sensitivity to mistuning is known
to arise [33].

The paper is summarised as follows. The three selected reduction techniques accounting for the inclusion
of the Coriolis and mistuning effects are summarised in section 2. The studied FEM is introduced in section
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3 and the ROMs are validated in terms of free and forced responses. For the free response, the mode
shapes with and without Coriolis are compared. Section 4 starts with the description of the Monte Carlo
simulation and its accelerated version using Weibull distribution [34]. Then the localisation of the mistuning
on the model is investigated to show the best reduction method to use for this model. Next, a focus on
the behaviours with and without the Coriolis effect is provided. Finally, the evolution of mistuning with
rotational speed in three different regions is analysed.

2. Reduction techniques for the Coriolis and mistuning effects

Among all the ROMs that have been developed for linear mistuned bladed discs, one can mention the
Secondary Modal Analysis Reduction Technique (SMART) proposed by Bladh et al. [35, 36], which used
the Craig-Bampton method and condensed the interface degrees of freedom (dofs) using cyclic symmetric
properties. Petrov et al. [37] developed a method in which the mistuning is introduced by lumped masses,
dampers and springs attached to some degrees of freedom of the blades. Yang and Griffin [38, 19] presented
the Component Mode Based (CMB) and the Subset of Nominal Modes (SNM) which uses a subset of the
tuned mode shapes to represent the mistuned mode shape. Feiner and Griffin [39] suggested a simplification
of the SNM with the Fundamental Mistuning Model (FMM) for an isolated family, and Martel et al. [40]
provided the Asymptotic Mistuning Model (AMM) which selects only the active modes of a family. Lim et
al. [20] proposed the Component Mode Mistuning (CMM), which draws on the SNM and Craig-Bampton
principles and is used to quickly generate a mistuned ROM. Vargiu et al. [21] extended the CMM method
with the Integral Mode Mistuning to allow for mistuning on the entire sector and not only on the blade.
Fitzner et al. [41] suggested the Nodal Energy Weighted Transformation (NEWT), which is a method derived
from the CMM and which differs from it by the mistuning projection approach. This section presents the
SNM, CMM and IMM methods for a mistuned bladed disc system.

The equation of motion of a system rotating at a constant speed is :

Mq̈ + (C + G)q̇ + Kq = fext (1)

where M, C, G and K are respectively the mass, damping, Coriolis and global stiffness matrices, which is
defined as follows:

K = Kl + Ks + Kg(qst) (2)

The global stiffness includes the stiffness matrix Kl, the softening matrix Ks, and the nonlinear tangent
stiffness matrix Kg, estimated around a static position (qst), that results from the inertia forces and geometric
nonlinearities [42]. q is the vector of unknown displacements around the static position. fext are the external
forces acting on the bladed disc. The static position is found by solving a nonlinear static equation with
the nonlinear vectors A.7 and A.8 and the Newton-Raphson method [43]. Each of these matrices has been
constructed in the rotating frame and their expressions have been detailed in Appendix A.

2.1. Subset of Nominal system Modes (SNM)

One of the first methods developed for the reduction of small mistuned bladed disc models was the Subset
of Nominal system Modes (SNM) established by Yang and Griffin [19]. With this method, the mistuning can
be introduced as a perturbation in mass, stiffness, or both, independently for each degree of freedom of the
full model. For the simplicity of the future developments in this article and because in general the modelling
of a small mistuning is focused on the stiffness matrix, let us consider the case of stiffness mistuning only:

K = K0 + ∆K (3)

K0 is the stiffness matrix of the tuned model and ∆K is the stiffness perturbation. This last matrix is often
computed as a variation of Young’s modulus in different parts of the model. For the mass, damping, and
Coriolis matrices, they are the same for the tuned and mistuned models.

The SNM method is based on the assumption that the unknown displacement vector for a small mistuned
model can be approximated as a subset of the tuned modes. Therefore, the equation of motion of the mistuned
system Eq. (1) can be reduced on a subset of nominal modes composed of the tuned modes located in a
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frequency range of interest and by premultiplying Eq. (1) by Φ0H the Hermitian of Φ0 which are the chosen
eigenvectors and satisfy the system (B.4):

p̈ + (Ĉ + Ĝ)ṗ + (Λ0 + Φ0H∆KΦ0)p = f̂ext (4)

in which the expressions of the reduced matrices can be found in Appendix B.1.
The advantages of this method are that the blades and the disc are treated as a single structure, the

tuned mode can be calculated using the cyclic symmetry properties to accelerate the computing time of the
reduction basis and the reduced model has as many degrees of freedom as the number of retained modes.
Furthermore, there is no need to calculate the reduced tuned mass and stiffness matrices as they simply
are the identity and diagonal eigenvalues matrices. The weak point of this method is the calculation of the
reduced perturbation matrix, because it is a matrix operation of the same size as the full model which can
be very time-consuming for a Monte Carlo simulation.

2.2. Component Mode Mistuning (CMM)

The Component Mode Mistuning method (CMM) was first proposed by Lim and al. [20]. In this method,
the system is divided into different substructures. The first substructure is the whole tuned bladed disc, for
which the ROM is generated using the tuned modes as in the SNM method. The other substructures are the
blade mistuning components defined by the difference between the mistuned blades and the tuned blades.
The mistuning can be introduced in mass or stiffness, but as for the SNM, the development here will be
focused on the stiffness mistuning only. However, in this method, the mistuning can only be considered for
the blades as represented in Fig. (1a).

(a) (b)

Figure 1: Two different patterns to introduce mistuning in bladed disc models where the different colors represent the deviations
between sectors. In Fig. (a), the mistuning is applied on the blade and in Fig. (b) the mistuning is on all the sector.

For small mistuning, the CMM and SNM are very similar in the reduced equation of motion. The
difference stems from the mistuning projection, introduced by Bladh et al. [44]. By assuming that the mode
shapes of the tuned and mistuned blades are the same, the mistuned matrix is projected onto the chosen
eigenvectors ΦCB of the cantilevered tuned blade fixed at the blade-disc interface. However, these modes are
not sufficient to describe the displacements at the blade-disc interface. If these displacements are not small,
it is necessary to introduce constraint modes ΨCB, whose expression is given in (B.11).

In many articles referring to the CMM, there is an assumption that the displacements at the blade-disc
interface are very small, so that only the dominant cantilevered blade modes are sufficient to project the
mistuning. In the case of a bladed disc model with a strong Coriolis effect, the interaction between the blades
and the disc is very strong and the displacements at the blade-disc interface are not negligible, so they will
be accounted for in the present article. In order to be able to compare the CMM and SNM methods with a
full model, a proportional mistuning will be considered, as follows:

∆Kb
n = δnKb (5)

where superscript b illustrates the tuned blade and subscript n indicates the nth sector.
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With all these assumptions, the expression Φ0H∆KΦ0 of Eq. (4) becomes:

Φ0H∆KΦ0 ≈
N∑
n=1

δnQn
HTCB

HKbTCBQn (6)

where TCB is the Craig-Bampton transformation matrix and Qn the modal participation factors matrix.
More details about their expressions and the calculation methods are given in Appendix B.2.

One advantage of this method compared to the SNM is that the mistuning parameters δn are expressed

directly in the reduced space, and the expression
(
Qn

HTCB
HKbTCBQn

)
has to be calculated only once for

each tuned sector and a given subset of nominal system modes. This allows fast generation of ROMs with
different mistuning patterns without going back to the full model, and it is really useful for Monte Carlo
simulations.

2.3. Integral Mode Mistuning (IMM)

The Integral Mode Mistuning proposed by Vargui and al. [21] is an extension of the CMM to take into
account sector mistuning instead of blade mistuning, as shown in Fig. 1b. As for the SNM and CMM,
the IMM uses the small mistuning approximation to write Eq. (4). The mistuning matrix is no longer
projected onto the cantilevered blade modes. They are replaced by the modes of an entire tuned sector with
free interfaces. Then, the tuned modes Φs

n are expressed as a linear combination of the free-interface sector
modes ΦFS using participation factors Qn. Its expression is given in Appendix B.3.

Thanks to the IMM, the expression Φ0H∆KΦ0 of Eq. (4) becomes:

Φ0H∆KΦ0 ≈
N∑
n=1

δnQn
HΛFSQn (7)

The advantages of the IMM are the same as those of the CMM: the mistuning parameters δn are expressed
directly in the reduced space, and the expressions Qn

HΛFSQn have to be calculated only once. However,
with the full CMM developed here, there is a need to calculate constraint modes, which is not the case for the
IMM. In contrast, the cantilevered blade mode shapes are well suited to the mode shapes of the whole tuned
structure, which is not necessarily the case of the free-interface modes, since the free interface allows more
flexibility on the disc than in the whole structure. As a consequence, the IMM requires more free-interface
modes than the CMM requires cantilevered blade modes.

3. Reduced-Order Model validation

Now that the different reduction methods have been presented, it is necessary to validate them for the
numerical model used in the analysis of the interaction between the Coriolis effect and mistuning. First the
numerical model will be presented, then the validation will be done for three different reduction methods,
firstly in the case of free response and then in the case of a forced response.

3.1. Model description

The model chosen to study the interaction between the Coriolis effect and mistuning is a simplified
industrial bladed drum of a low-pressure compressor, with only one row of blades and 20 sectors. This
model presents a high sensitivity to the Coriolis effect over some modes because the drum flexibility and
allows a strong radial displacement of the rotor coupled with a tangential displacement [10]. To conduct a
comprehensive study of the interaction between the Coriolis and mistuning effects, a wide range of rotational
speeds is considered, and 10,000 rpm corresponds to the maximal speed of this study at which the Coriolis
effect is the strongest. For this reason, the numerical simulations for the validation were done at 10,000 rpm.

The full FEM is presented in Fig. 2a and was set as the benchmark for the comparison with the ROM.
It is discretised using 33,140 quadratic elements with 107,520 nodes. The drum is clamped on the 3,200
backside nodes, represented by a blue surface in Fig. 2b, which gives a full-size model of 312,960 dofs. As
mentioned before, the calculation of the tuned eigenvectors and eigenvalues can be done using the cyclic

5



Table 1: Material properties of the standard steel.

Material property Value Unit

Mass density (ρ) 7850 kg/m3

Young’s modulus (E) 200 GPa
Poisson’s ratio (ν) 0.3 -

(a)

(b)

Figure 2: Finite element mesh for the 20-sector bladed drum. (a) Representation of the full assembly model and (b) represen-
tation of only one sector with the clamped nodes localised on the blue surface [ ]. The excitation is applied to a node at the
tip of the blade represented by a red point [ ] and the excitation vector is directed along the axis of rotation represented by a
black arrow. [ ].

symmetry and modelling only one reference sector of 15,648 dofs (Fig. 2b) [1, 11]. The material used for the
modelling is a standard steel of which the properties are listed in Table 1.

The evolution of the modes with the rotational speed can be summarised in a Campbell diagram (Fig. 3).
That represents their frequency versus their nodal diameter number. The backward travelling wave (BW)
modes are represented by dashed lines while the forward travelling wave (FW) modes are represented by
solid lines. It can be observed that some modes are split in frequency between their FW and BW modes
as the rotational speed increases due to the Coriolis effect [45], especially for the 1ND and 2ND modes of
the first family and the 3ND of the second family. All of these modes are disc-dominated modes except for
the 1ND-BW mode of the first family, which is a blade-disc mode. The accumulation of modes above the
1ND-BW 1 are blade-dominated modes with a first flexural mode and different nodal diameter numbers.

The modes of a tuned structure at a given rotational speed are shown in Fig. 4a, representing their
frequency versus their nodal diameter number. Disc-dominated modes are represented by slanted lines; by
contrast, the horizontal lines represent blade-dominated modes. Around 700 Hz, it is dominated by the first
flexural mode (1F) (Fig. 5a), around 2,000 Hz, it is the first torsional mode (1T) (Fig. 5b), and around
2,500 Hz, it is the second flexural mode (2F) (Fig. 5c). At the crossing between two modal families, there is
what appears to be a veering region : the blade and disc-dominated modes veer away from each other, and
the modes in this region are a combination of blade and disc motions. Three of these regions are surrounded
by squares in Fig. 4a. Only the veering for the 1ND between the first and the second families will be studied
later on in this article due to the proximity of the modes as shown in Fig. 4b. It is known that localisation
due to mistuning can be strong in these regions [46, 33, 34].

The force response study will be focused on three different regions and EOs, which are surrounded by
circles in Fig. 4a. These regions will be named from left to right: the veering region, the low modal density
region and the high modal density region. The characteristics of each region will be developed later in the
article.

3.2. Free response

This subsection is devoted to validating the SNM, CMM and IMM ROMs for a free response. The
numerical simulations investigating the interaction between the Coriolis effect and the mistuning will be in
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Figure 3: Campbell diagram of the 24 first modes of the bladed drum between 0 rpm and 10,000 rpm. All different nodal
diameter modes (ND) are represented with different colours. The solid curves represent the forward wave modes (FW) [ ]
and the dashed curves represent the backward wave modes (BW) [ ]. The modes with a significant frequency split due to the
Coriolis effect are tagged in the figure. The number after FW or BW characterises the modal family number.
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Figure 4: Natural frequencies versus number of nodal diameters for the tuned rotor for the 14 first modes at 10,000 rpm. All
different modal families are represented with different colours. The solid curves represent the forward wave modes [ ] and
the dashed curves represent the backward wave modes [ ]. Around 700 Hz, the mode shape is dominated by the first flexural
mode (1F) , around 2,000 Hz, it is the first torsional mode (1T), and around 2,500 Hz, it is the second flexural mode (2F). The
veering regions are shown by black squares [ ] and the studied regions for the numerical simulations are localised by red circles
[ ]. (a) Overall view. (b) Frequency expansion on the veering region.

the frequencies around the first family modes and some modes of the second family. For this reason, the
validation will focus on the modes below 1,000 Hz for each method, which correspond to the 26 first mistuned
modes. As mentioned in the previous section, the mistuning is introduced by a mistuning parameter δn for
each sector or blade depending on whether the mistuning is introduced on the whole sector or only on
the blade Eq. (5). The mistuning parameters for the validation simulations are generated using a normal
distribution with zero mean and 2.5 % standard deviation. The mistuning pattern is summarised in Table 2.

3.2.1. Mode choice of the reduction basis

In the previous section, the tuned eigenvectors were determined from the system in Eq. (B.4), which
did not take into account the Coriolis matrix. With the Coriolis matrix, the system has to be passed in the
state-space representation, which doubles the size of the problem and increases the computational time.
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(a) (b) (c)

Figure 5: Mode shapes of the three first blade-dominated mode families. (a) First flexural mode around 700 Hz. (b) First
torsional mode around 2,000 Hz. (c) Second flexural mode around 2,500 Hz.

Table 2: Mistuning pattern introduced in the FEM using a normal distribution with zero mean and 2.5 % standard deviation.

Sector 1 2 3 4 5 6 7 8 9
δn -0.00256 -0.00604 0.00798 0.00782 -0.02162 -0.00075 -0.00412 0.01569 0.02733

Sector 10 11 12 13 14 15 16 17 18
δn 0.02773 -0.02159 0.00193 -0.03035 -0.02784 -0.00017 0.03832 -0.01924 0.00928

Sector 19 20
δn -0.00564 0.02793

The tuned eigenvectors calculated with and without the Coriolis matrix have been compared using the
Normalized Cross Orthogonality check (NCO) [47]. This is very similar to the Modal Assurance Criterion
(MAC) but it also gives information about the orthogonality of the modes with regard to a matrix.

NCO(i, j) =
|φiHBφ̃j |2

|φiHBφj ||φ̃Hi Bφ̃j |
(8)

where Φi is the mistuned mode of the FEM and φ̃j is the mistuned mode of the ROM projected onto the
FEM dofs using the subset of nominal mode basis. B is the augmented mass matrix originating from the
state-space representation of the full model [48]. The state-space representation, imposed by the Coriolis
matrix, also applies to the modes φi and φ̃j .

B =

[
K 0
0 M

]
(9)

If the NCO has a value near one, it indicates that the eigenvectors are very similar; on the contrary, a NCO
near zero means that the eigenvectors are almost orthogonal with respect to the matrix B. For the sake of
clarity, Fig. 6 shows the NCO matrix for the eigenvectors of the two first tuned families, but the results are
similar for the other families. φj are the modes calculated without the Coriolis matrix, and ψi the modes
calculated with the Coriolis matrix. There is an excellent accuracy between the modes calculated with and
without the Coriolis matrix. On the diagonal, only five NCO indexes are below 0.95 -surrounded by squares
in Fig. 6- and four indexes are above 0.05 NCO for the off-diagonal terms which are surrounded by circles in
Fig. 6. These indexes correspond to the 1ND-BW and 3ND-FW modes of the first and second families and
the 5ND-BW of the second family. All of these modes are in veering regions, as evidenced by Fig. 4a. This
can be explained by the fact that because of the Coriolis matrix, the modes of two families near a veering
region will be more or less close to each other in frequency and the shapes of the tuned modes evolve with the
location in the veering region. For example, 1ND-BW modes of the first and second families are separated
by a delta of 138.67 Hz without the Coriolis matrix, while with the Coriolis matrix, this delta is reduced to
80.27 Hz (Fig. 4b). 1ND-FW and 1ND-BW modes of the first family have the same shape without Coriolis,
but with Coriolis, 1ND-FW mode evolves to a disc-dominated mode and 1ND-BW to a blade-dominated
mode.
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Figure 6: Matrix of the Normalized Cross Orthogonality check (NCO) for the comparison between the eigenvectors calculated
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terms. [ ] NCO<0.95 for the terms on the diagonal. A value near one indicates that the eigenvectors are very similar and a
value near zero means that the eigenvectors are almost orthogonal with respect to the augmented mass matrix B (Fig. (9)).

One of the hypotheses is that the shape of a tuned mode with the Coriolis effect in a veering region can
be captured well by using a combination of tuned modes without considering the Coriolis effect. Therefore,
it is possible to construct the basis without the Coriolis matrix but still be able to capture the Coriolis effect.
For this reason, all the reductions carried-out hereafter in this article, are constructed without taking the
Coriolis matrix into account, but the reduced Coriolis matrix is still calculated using Eq. (B.8).

With an equivalent mistuning pattern and the same reduction basis, the CMM ROM accuracy converges
to the SNM ROM accuracy with the number of cantilevered blade modes which can be better observed by
examining the modal participation factors in Eq. (B.12): if one takes all the cantilevered blade modes, the
subset of nominal modes limited to the blade dofs Φb

n is the same as the one used in the SNM. The same can
be done for the IMM ROM, for which the accuracy converges to the SNM ROM accuracy when increasing
the number of free-interface sector modes using Eq. (B.21). The choice was made to set the SNM as a
reference for the CMM and IMM so that the choices of the tuned modes are made with the SNM and then
one only needs to choose the number of cantilevered modes for the CMM and the number of free-interface
modes for the IMM to converge to the SNM ROM.

For this reason, there are two cases with the SNM. The first one is the introduction of a proportional
stiffness mistuning on the blade equivalent to the CMM (Eq. (5)), and the second one is a proportional
stiffness mistuning on the whole sector equivalent to the IMM. The tuned modes of the 25 first families’
modes are selected to constitute the basis of the reduction, forming a final ROM of 500 dofs. The three
first cantilevered modes are, respectively, the first flexural mode, the first torsional mode and the second
flexural mode, which are also the mode shapes of the blade-dominated modes of the three first families.
These cantilevered modes are chosen to calculate the modal participation factors (Eq. (B.14)) used in the
CMM method and show a good convergence to the results calculated using the SNM. The first free-interface
mode shapes are less accurate than the mode shapes of the whole tuned structure. It is necessary to use the
200 first free-interface modes to compute the modal participation factors (Eq. (B.22)) used in the IMM and
have a good convergence to the SNM ROM results.

The computational cost to obtain each ROM is given in Table 3.
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Table 3: Computational cost to perform the SNM, CMM and IMM reductions. The simulations were run on an Intel(R)
Core(TM) i7-10700K CPU @ 3.80GHz.

SNM CMM IMM

Tuned modes 48 s 48 s 48 s
Cantilevered blade modes - <1 s -
Free-interface sector modes - - 4 s
Matrices computing 16 s 8 s 4 s
Total 64 s 56 s 60 s

3.2.2. Comparison of the eigenvalues and eigenvectors of the ROMs with the FEM

The first criterion of validation is to calculate the relative error of the ROMs’ natural frequencies versus
the full mistuned model.

ε =
|fROM − fFEM|

fFEM
.100 (10)

where fROM is the natural frequency of the mistuned ROM and fFEM the natural frequency of the mistuned
FEM.

The error values are all below 0.01 % for an average of around 0.007 % in the four cases. The NCO
matrices show an excellent modelling of the mistuned mode shapes with a minimum NCO of 0.999 in the
diagonal and a maximum of 0.001 for the off-diagonal terms, which demonstrates that the 25 first families
are sufficient to estimate properly the 26 first natural frequencies and mode shapes using the SNM. Besides,
the three first cantilevered modes using the CMM, and the 200 first free-interface modes using the IMM are
sufficient to have a good convergence to the SNM ROM.

3.3. Forced response

Now that the ROMs have been validated for a free response, it is necessary to validate these same ROMs
in forced response. The computing of the excitation force and damping matrix is explained in Appendix C.

The validation has been focused on three different cases. The first region is around 320 Hz with a 2EO-
FW excitation. It corresponds to the tuned 2ND-FW mode, which exhibits a strong Coriolis effect due to
the split of the frequencies between the FW and BW modes and a disc-dominated shape. The second region
is around 700 Hz with a 6EO-FW excitation. It is a high modal density region of blade-dominated modes.
The third region, around 678 Hz with a 1EO-BW excitation, is related to the veering region surrounded in
Fig. 4a between the 1ND-BW modes of the first and second families. These simulations are effective samples
to test the ROMs because all of these regions have different dynamic behaviours regarding the Coriolis and
mistuning effects.

The simulations are separated into two configurations : the blade mistuning configuration with the
CMM and SNM ROMs, and the sector mistuning configuration with the IMM and SNM ROMs. The FEM
simulations are set as the benchmark for the ROMs simulations. The maximum forced responses for the
different cases are plotted in Fig. 7 for the blade mistuning and Fig. 8 for the sector mistuning.

The first observation that can be made is the similarity of the responses between the blade mistuning
configuration and the sector mistuning configuration, the only difference being the offset of the peak in Fig.
8a, which does not appear in Fig. 7a. The sum of the stiffness perturbations listed in Table 2 is negative.
Therefore, the mistuning of the disc has a softening effect that can be observed on the forced response.

In the first case, there is one peak corresponding to the only mode located in this region. The mistuned
response is very close to the tuned response represented by the dashed line (Fig. 7a and Fig. 8a). It is
almost a perfect 2ND-FW response with all sectors vibrating with the same amplitude (Fig. 7b and Fig.
8b), which is a known phenomenon induced by a strong Coriolis effect on mistuning [24]. Even if the Coriolis
matrix was not taken into account in the ROM construction bases, the Coriolis effect seems to be captured
well, because all the ROM responses match perfectly with the full model responses.

The second case presents a strong mistuned behaviour due to the high modal density in this region with
a lot of peaks compared to the tuned case (Fig. 7c and Fig. 8c), and different maximum amplitudes for all
the sectors (Fig. 7d and Fig. 8d). Once again, the ROM results are very close to the benchmark, so the
mistuning effect is well captured for the high modal density region with blade-dominated shapes.
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Finally, for the third case, there are fewer peaks because it is not a high modal density although the
amplification of the response against the tuned case is very strong (Fig. 7e and Fig. 8e). This phenomenon
is known to occur in veering regions where there is a moderately weak blade-disc coupling which allows the
possibility for the blades to exchange energy and for this energy to be located to a few blades, and the
creation of a localisation response with a high amplitude for these few blades [3, 46] (Fig. 7f and Fig. 8f).
These figures validate the use of the ROMs in the veering region where the Coriolis and mistuning effects
coexist.

This section validates the use of the ROMs for the bladed drum model in both free and forced responses.
The reduction bases can be calculated using the modes without the Coriolis effect as there are no significant
changes in the mode shapes, which allows a faster computation of the ROMs. The computational cost to
perform the forced responses are summarised in Table 4 which demonstrates the effectiveness of the reduction
methods because the construction of the ROMs takes around one minute and the time saved on the forced
responses is about several hours.

Table 4: Computational cost to perform forced responses with the FEM and the ROMs from the SNM, CMM and IMM in the
three different regions. The simulations were run on an Intel(R) Core(TM) i7-10700K CPU @ 3.80GHz except for the FEM (*)
which required too much memory and was thus performed on a supercomputer with 40 cores and 400Go of RAM.

FEM* SNM CMM IMM

Low modal density region 21 h 17 s 17 s 17 s
High modal density region 190 h 17 s 17 s 17 s
Veering region 96 h 17 s 17 s 17 s

4. Analyses of the Coriolis and mistuning effects

In this part, an investigation of the interaction between the Coriolis and mistuning effects is presented.
Firstly, the Monte Carlo simulation principle will be explained because it was the principal tool of the
analyses. Secondly, the investigation will be focused on the integration of the mistuning and the influence
of its localisation on the bladed drum. Then it will be shown that the Coriolis forces may have a strong
effect in the bladed drum simulations. Finally, the interaction will be investigated under different rotational
speeds.

4.1. Monte Carlo simulation for forced response statistics

The Monte Carlo simulation allows an estimation of the statistics of forced response. More specifically,
it can be used to determine the percentile values of the amplitude magnification factor versus the standard
deviation of random mistuning, also called the mistuning level (σ) [30]. The amplitude magnification factor
corresponds to the ratio between the maximum amplitude response of the mistuned and tuned cases. The
principle of the simulation is to fix a standard deviation of random mistuning for the mistuning parameter
with a standard normal distribution. This generates different random patterns of the mistuned bladed drum,
for which a forced response is performed. For each pattern, the largest amplitude response is recorded and
divided by the maximum amplitude of the tuned case to find the amplitude magnification factor. A Monte
Carlo simulation requires a large number of analyses to estimate precisely the statistics of forced response,
which can be computationally expensive.

Therefore, it is possible to accelerate the Monte Carlo simulation by estimating the amplitude magnifi-
cation factor distribution [34]. This estimation is carried out using the cumulative distribution function of
the three-parameter Weibull distribution for the largest value.

F (x) = e−((λ−x)/δ)γ (11)

where x is the random variable of the amplitude magnification, and δ, γ and λ are respectively the scale,
shape and location parameters. To estimate these parameters, Eq. (11) has to be rearranged using the
ln(− ln(·)) operator

ln(λ− x) =
1

γ
ln(− ln(F )) + ln(δ) (12)
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Figure 7: Maximum forced response for a blade mistuning in different frequency regions and with different excitations. [(a), (c),
(e)] Maximum amplitude over the excitation frequency. [(b), (d), (f)] Maximum normalised amplitude over the blades. [(a), (b)]
Low modal density region with a 2EO-FW excitation. [(c), (d)] High modal density region with a 6EO-FW excitation. [(e), (f)]
Veering region with 1EO-BW excitation. The blue curves with circles [ ] and the red curves with triangles [ ] represent
the forced response of the ROM using respectively the SNM and CMM method. The black curves with stars [ ] represent
the forced response of the mistuned FEM and is the benchmark for the ROM. The dashed curves in grey [ ] represent the
forced response of the tuned FEM.

The location parameter λ describes the upper limit of x. In general, the approximation of λ is given by a
Whitehead approximation [49, 50]

λ =
1

2
(1 +

√
N) (13)
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Figure 8: Maximum forced response for a sector mistuning in different frequency regions and with different excitations. [(a),
(c), (e)] Maximum amplitude over the excitation frequency. [(b), (d), (f)] Maximum normalised amplitude over the blades.
[(a), (b)] Low modal density region with a 2EO-FW excitation. [(c), (d)] High modal density region with a 6EO-FW excitation.
[(e), (f)] Veering region with a 1EO-BW excitation. The blue curves with circles [ ] and the red curves with triangles
[ ] represent the forced response of the ROM using respectively the SNM and IMM method. The black curves with stars
[ ] represent the forced response of the mistuned FEM and is the benchmark for the ROM. The dashed curves in grey [ ]
represent the forced response of the tuned FEM.

This approximation works well when there is only one family of modes in the frequency range of interest,
since this assumption is made by Whitehead. However, in the veering region, this limit can be exceeded by
the presence of several families of modes and the results seem to be case-dependent [51, 52, 53]. For these
reasons and because the maximum amplitude magnification factor is difficult to generalise for every FEM,
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the value λ is assumed to be 20 % above the maximum value x given by the simulation.
By sorting the x values of the simulation and determining the associated cumulative distribution function

values, the two unknowns δ and γ in Eq. (12) can be estimated using a least-squares linear regression. Finally,
the amplitude magnification factor can be calculated for every value of the cumulative distribution function
using the operator e(·) in Eq. (12).

x = λ− δ(− ln(F ))
1
γ (14)

The cumulative distribution function given by the three-parameter Weibull distribution using a set of
50 mistuning patterns of the bladed drum is plotted in Fig. 9 for a 2EO-FW excitation with 2.5 % of
mistuning level at 10,000 rpm. Two curves correspond to two different limit amplitude magnification factor
approximations, the blue one calculated using Whitehead’s formula (λ = 2.736) and the red one calculated
using the 20 % above the maximum value x of the simulation (λ = 1.802). This assumption does not change
the Weibull curve significantly and allows one to estimate the distribution even if the amplitude magnification
factors are above Whitehead’s limit.
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Figure 9: Two cumulative distribution functions for the accelerated Monte Carlo simulation given by the three-parameter
Weibull distribution. The blue one [ ] is for a location parameter λ = 2.736 and the red one [ ] is for λ = 1.802. A set of
50 mistuning patterns are plotted by stars on the cumulative distribution functions from the smallest amplitude magnification
value to the largest.

4.2. Influence of the mistuning locations in the bladed drum

The first investigation carried out is on the choice of the method to introduce the mistuning. As mentioned
above, the mistuning can be introduced on the blades or the sectors. In most publications, the mistuning is
only introduced on the blades because it is the major contributor to the amplitude magnification. However,
the impact of the interface mistuning [21] or the disc mistuning [54] can have a powerful effect on the forced
response when the modes have a large disc participation. As the bladed drum FEM has a significant disc
participation in many of its modes, it is interesting to study the differences between a blade mistuning, a
sector mistuning and a disc mistuning.

Blade, sector and disc mistuning have been investigated using the CMM, IMM, and the SNM techniques,
respectively. The simulations are performed for the three different cases defined in the ROM validation
section, namely the low modal density region, the high modal density region and the veering region. As the
aim is to compare behaviours between different mistuning localisation cases, there is no need to plot different
values of the statistical response distributions. Only the medians of the amplitude magnification factors are
plotted in Fig. 10. The simulation for the low modal density region has been done at 0 rpm (Fig. 10a) and
10,000 rpm (Fig. 10b), while those for the two other regions have been performed only at 10,000 rpm.

In the low modal density region, at 0 rpm (Fig. 10a), there is an amplitude magnification due to the
mistuning. The behaviours of the disc and sector mistuning are similar while the behaviour of the blade
mistuning is different. At 10,000 rpm (Fig. 10b), the mistuning does not seem to have an impact on the
amplitude magnification as can be observed in Fig. 7a and Fig. 8a with a maximum amplitude response
very close to the tuned case, so in this case, there is no particular difference among blade, sector and disc
mistuning and this will not be studied further in the investigation of the mistuning location. This different
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Figure 10: Comparison of the median amplitude magnification factor with the mistuning level. (a) Low modal density region
with a 2EO-FW excitation at 0 rpm. (b) Low modal density region with a 2EO-FW excitation at 10,000 rpm. (c) High modal
density region with a 6EO-FW excitation at 10,000 rpm. (d) Veering region with a 1EO-BW excitation at 10,000 rpm. The
red dashed curves [ ], the blue solid curves [ ] and the green dotted curves are respectively for the blade mistuning, sector
mistuning and disc mistuning simulations.

trend between the case at 0 rpm and 10,000 rpm is mainly due to the Coriolis effect and will be further
investigated and explained in the last subsection dedicated to the dynamic evolution of the system with the
rotational speed. For both the high modal density region (Fig. 10c) and the veering region (Fig. 10d) at
10,000 rpm, the behaviours of the blade and sector mistuning are similar and the disc mistuning is different.

The above observations are not sufficient to determine if the mistuning effect is driven by the blade or
the disc mistuning. For this reason, two additional Monte Carlo simulations were run for each region. In
the first simulation, a pattern for the blade mistuning is given for a mistuning level at the local maximum
of amplitude magnification, and the Monte Carlo is run for different disc mistuning levels. In the second
simulation, the opposite is true: the disc mistuning pattern is given for the disc mistuning local maximum,
and the Monte Carlo simulation is run for different blade mistuning levels. The mistuning level values used
for the patterns are summarised in Table 5. These patterns are chosen in such a way that the mistuning
amplitude magnification factors are around the median maximum values. All these simulations are run with
the SNM reduction method because this method serves to separate the disc and the blade mistuning. Finally,
these simulations are compared to the Monte Carlo simulations of the blade and disc mistuning alone (Fig.
11).

In the low modal density region (Fig. 11a), the fixed disc mistuning with variable blade mistuning
level does not seem to be affected by the blade mistuning, as the amplitude magnification factor does not
substantially change with the mistuning level. However, the amplitude magnification of the fixed blade
mistuning with variable disc mistuning decreases with the mistuning level and follows the curve of the disc
mistuning alone. For the high modal density region (Fig. 11b) and the veering region (Fig. 11c), the fixed
blade mistuning with variable disc mistuning is not affected by the mistuning level and the disc mistuning
with variable blade mistuning curves follow the blade mistuning curves.
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Table 5: Mistuning level values at the local maximum of amplitude magnification for the blade and disc mistuning.

Blade mistuning Disc mistuning

Low modal density region 10 % 0.6 %
High modal density region 0.3 % 5 %
Veering region 3.5 % 10 %
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Figure 11: Comparison of the amplitude magnification factor with the mistuning level. (a) Low modal density region with
a 2EO-FW excitation at 0 rpm. (b) High modal density region with a 6EO-FW excitation at 10,000 rpm. (c) Veering region
with a 1EO-BW excitation at 10,000 rpm. The red dashed curves [ ] and the green dotted curves [ ] are respectively for the
variable blade mistuning alone and variable disc mistuning alone simulations. The orange curves with triangles [ ] represent
the simulations for a fixed blade mistuning with variable disc mistuning and the purple curves with circles [ ] represent the
simulations for a fixed disc mistuning with variable blade mistuning.

These simulations exhibit two distinct situations. When there is a disc-dominated mode, it is the disc
mistuning that drives the mistuning effect. When it is a blade-dominated mode or blade-disc mode like
in the veering region, it is the blade mistuning that drives the mistuning effect. In both cases, the sector
mistuning always follows the behaviour of the predominant mistuning effect. For this reason, the simulations
presented later in this article are performed with a sector mistuning using the IMM reduction method.

4.3. Coriolis requirement in the simulations

As mentioned earlier, the Coriolis effect is often neglected in bladed disc forced response. However, in
the bladed drum model presently considered, the Coriolis effect is non-negligible, as can be observed with
the presence of splits in the Campbell diagram of the tuned model (Fig. 3). The dynamic behaviour of a
mistuned model sensitive to the Coriolis effect can change with the rotational speed [24, 29]. More recently,
Zhang [17] showed that the Coriolis force cannot be ignored in the analysis of the vibration localisation
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characteristics of a mistuned bladed disc FEM. For these reasons, Monte Carlo simulations with and without
the Coriolis matrix were carried out at 10,000 rpm for the three different regions.

It is important to note that the simulations with and without the Coriolis matrix were not performed
in the same frequency regions because the frequencies of the modes are changed by the Coriolis effect. The
excitation regions for the different cases are summarised in Table 6.

Table 6: Frequency regions for the different cases with and without the Coriolis effect.

With the Coriolis effect Without the Coriolis effect

Low modal density region 270 Hz-370 Hz 358 Hz-458 Hz
High modal density region 650 Hz-750 Hz 650 Hz-750 Hz
Veering region 628 Hz-728 Hz 542 Hz-642 Hz

The variations in the amplitude magnification factor with the mistuning level for the different regions
are plotted in Fig. 12. In the first case (Fig. 12a), the magnification is greater without the Coriolis effect
due to two modes that originate from the tuned double modes near the excitation region. These two modes
are split in frequency by the mistuning, and there is an interaction between them that induces an amplitude
magnification. With the Coriolis effect, there is only one mode that originates from the 2ND-FW tuned
mode as the 2ND-BW mode is too far because of the frequency split. Therefore, there is no interaction and
no amplitude magnification.
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Figure 12: Variations in the amplitude magnification factor with the mistuning level at 10,000 rpm. (a) Low modal density
region with a 2EO-FW excitation. (b) High modal density region with a 6EO-FW excitation. (c) Veering region with a 1EO-
BW excitation. The blue curves [ ] represent the simulations with the inclusion of the Coriolis effect when the brown dashed
curves [ ] represent the simulations without the inclusion of the Coriolis effect.

In the second case (Fig. 12b), the Coriolis effect does not seem to have a real impact. The magnification
is slightly greater, but not significantly. It can be observed in Table 6 that the region of excitation is the
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same with and without Coriolis, which confirms that near blade-dominated modes, the Coriolis effect can be
negligible, as reported in most of previous papers investigating mistuning.

The difference in behaviour is the most direct in the third case (Fig. 12c) and depends on the mistuning
level. Below 9 %, the case with the Coriolis effect has an higher magnification factor than the case without the
Coriolis effect and, above 9 %, the opposite behaviour holds. The local maximum amplitude magnification
appears around 3.5 % of mistuning level with the Coriolis effect, while it does not seem to have a local
maximum below 10 % for the case without Coriolis.

This quick investigation shows that it is essential to take the Coriolis effect into account when there is
disc participation in the response, especially in the veering region where the behaviour can be completely
different when the Coriolis effect is not taken into account.

4.4. Dynamic evolution with the rotational speed

The Coriolis effect depends on the rotational speed, which is not the case of mistuning. It is therefore
expected that the interaction between the Coriolis and mistuning effects varies with the rotational speed. The
forced response statistics will be investigated further under several rotational speeds in the three different
regions and with the introduction of three criteria. The first criterion is the amplitude magnification induced
by the mistuning. The second criterion is the average change of amplitude (ACA) given at the frequency of
the maximum amplitude amax through all the sectors.

µr =

∑N
n=1 |an − amax|/amax

N
.100 (15)

where an is the amplitude of the nth sector and r is the rotational speed. This criterion, is calculated
for all the Monte Carlo simulations and the average of all these values is calculated, serves to quantify
the phenomenon of localisation as it measures the difference between the amplitude of each sector and the
maximum sector amplitude. Therefore, an ACA close to 100 % means that only one sector vibrates with a
large amplitude compared to the other sector, and an ACA close to 0 % means that all the sectors vibrate
at the same amplitude, which is specific to travelling waves or nondegenerate modes. The third criterion is
a discrete Fourier transform (DFT).

dl =
1

N

N∑
n=1

qne
inlθ (16)

where θ = 2π/N , dl is the coefficient of the l nodal diameter(s) component. An index l positive corresponds
to a FW travelling wave, and a l negative corresponds to a BW travelling wave. qn is the complex amplitude
of the displacement of the nth sector. In the presence of a perfect travelling wave response of l nodal diameters
-which is the case of a tuned system with a rotating excitation with l EO- the coefficient dl is equal to 1,
and all the other coefficients different to l are equal to 0. When the response is strongly mistuned, there is
the superposition of multiple travelling waves, and a few coefficients are different to 0. As for the second
criterion, an average of all the Monte Carlo simulations is done to extract the average coefficients. These
three criteria allow a quantification of the mistuning effect. The first gives information on the amplitude
magnification (Eq. (14)), the second on the localisation (Eq. (15)) and the third on the presence or not of
travelling waves (Eq. (16)).

4.4.1. Low modal density region

In the low modal density region with a 2EO-FW excitation, the amplitude magnification curve shapes
change a lot between 0 rpm and 1,000 rpm. From 0 rpm to 100 rpm, the shape evolves from a curve with a
peak at 1 % of mistuning level -green curve in Fig. 13- to a curve with a constant amplitude magnification
increasing with the mistuning level -red curve in Fig. 13. From 100 rpm to 1,000 rpm the amplitude mag-
nification values decrease significantly -blue curve in Fig. 13. After 1,000 rpm, these values remain almost
constant (Fig. 14).

For the ACA criterion, the mistuning level (σ) has been fixed to 1 %, 5 %, and 10 %. The rotational speed
range is zoomed between 0 rpm and 1,000 rpm as there is no significant change in behaviour after 1,000 rpm;
the value at 10,000 rpm is considered as an asymptotic value. These values are indexed in Table 7. The ACA
are maximal at 0 rpm for every mistuning level and decrease quickly with an increasing rotational speed until
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Figure 13: Variations in the amplitude magnification factor with mistuning in the low modal density region with a 2EO-FW
excitation for different rotational speeds. For the green curve [ ], the simulations have been carried-out at 0 rpm while for the
red curve [ ] and the blue curve [ ] the simulations have been carried-out respectively at 100 rpm and 1,000 rpm.
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Figure 14: Variation in the amplitude magnification with the mistuning level and the rotational speed in the low modal density
region with a 2EO-FW excitation.

1,000 rpm, then decrease slowly to reach a minimum value at 10,000 rpm, which shows that all the sectors
vibrate with approximately the same amplitude at high speed, and that the minimum values reached depend
on the mistuning level. The phenomenon of localisation is stronger with a high mistuning level and is more
difficult to annihilate at high speed.

Table 7: Average change of amplitude at different rotational speeds in the low modal density region with a 2EO-FW excitation
and different mistuning levels.

σ µ0 µ200 µ400 µ600 µ800 µ1,000 µ10,000

1 % 24.97 2.01 1.04 0.83 0.77 0.61 0.42
5 % 34.24 9.6 5.91 4.62 3.78 3.44 2.06
10 % 37.06 17.45 11.11 8.47 6.84 6.75 4.69

For the sake of clarity, the mistuning levels for the DFT criterion have been fixed to 1 % (Fig. 15a), 5 %
(Fig. 15b), and 10 % (Fig. 15c). As for the ACA criterion, the rotational speed is zoomed between 0 rpm and
1,000 rpm. Only the 2ND-BW and 2ND-FW components can be observed in Fig. 15, as they are the only two
significant components, all the other components being close to zero. At rest, the 2ND-BW and 2ND-FW
components are close to each other, whereas when the speed increases, the 2ND-BW component decreases
until it becomes negligible while the 2ND-FW component increases. Therefore, at speeds around 1,000 rpm
and above, a full forward travelling wave of 2 nodal diameters is developed. As for the ACA criterion, the
mistuning level does not change this behaviour. Although, it affects the values of the components. With
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Figure 15: Evolution of the DFT components with speed in the low modal density region with a 2EO-FW excitation and
different mistuning levels. (a) 1 % of mistuning level. (b) 5 % of mistuning level. (c) 10 % of mistuning level. The DFT
components represent the participation of the different travelling waves on the dynamic response of the structure. In this case,
only the components for the 2ND-BW [ ] and 2ND-FW [ ] respond.

a higher mistuning level, the values of the 2ND-BW component decrease more slowly with an asymptotic
value further away from zero, and the 2ND-FW increases more slowly with an asymptotic value less close
to one. This means that the contribution of the 2ND-FW shape at high speed is less developed with a high
mistuning level.

This behaviour, observed in a lumped model and analytically explained in [29], originates from the
frequency isolation of modes due to the Coriolis effect. As there are no other nearby modes, the interaction
of the tuned modes due to mistuning perturbation cannot develop, and therefore, the behaviour of the
mistuned system is close to that of the tuned one.

4.4.2. High modal density region

For the high modal density region with a 6EO-FW excitation, the amplitude magnification is not per-
turbed by the rotational speed : the peak is always between 0.2 % and 0.3 % with maximum values between
1.3 and 1.35 (Fig. 16).
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Figure 16: Variation in the amplitude magnification with the mistuning level and the rotational speed in the high modal density
region with a 6EO-FW excitation.

The ACA criterion has been evaluated at the peak of the mistuning level, i.e., at 0.3 % and at 1 %, 5 %,
10 %. These values are indexed in Table 8 for different rotational speeds between 0 rpm and 10,000 rpm. As
for the amplitude magnification, the ACA does not change significantly with the rotational speed. However,
the localisation is not maximum at 0.3 % where the amplitude magnification is maximum. The localisation
phenomenon is greater with a higher mistuning level.
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Table 8: Average change of amplitude at different rotational speeds in the high modal density region with a 6EO-FW excitation
and different mistuning levels.

σ µ0 µ2,000 µ4,000 µ6,000 µ8,000 µ10,000

0.3 % 52.54 52.82 51.87 52.1 50.4 50.11
1 % 66.11 68.31 67.44 66.23 66.16 66.96
5 % 81.83 79 80.99 82.16 79.39 79.35
10 % 86.02 83.24 83.21 84.45 84.26 83.88

In contrast to the DFT in the low modal density region, all the components have non-zero values in the
high modal density region. Therefore, all the components are represented in Fig. 17 for 1 %, 5 %, and 10 %
of the mistuning level. All the component values are below 0.1 except for the 6ND-FW component, which is
slightly above. The participation of all the components in the forced response means that there is no specific
travelling wave, which is compatible with the ACA criterion, which suggests a strong localisation of the
response because of the mistuning perturbation. With a stronger mistuning level, all the DFT components
converge to a restricted zone between 0.04 and 0.08, which reveals a stronger interaction of the modes due
to the mistuning.
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Figure 17: Evolution of the DFT components with speed in the high modal density region with a 6EO-FW excitation and
different mistuning levels. (a) 1 % of mistuning level. (b) 5 % of mistuning level. (c) 10 % of mistuning level. The DFT
components represent the participation of the different travelling waves on the dynamic response of the structure. The solid
curves represent the forward wave [ ] and the dashed curves represent the backward wave [ ].

These results show that the Coriolis effect has no impact on the forced response in a high modal density
region. The localisation is stronger with a high mistuning level, even if the maximum amplitude magnification
is at a low mistuning level.

4.4.3. Veering region

The amplitude magnification versus the mistuning level and rotational speed is plotted in Fig. 18 for
the veering region with a 1EO-BW excitation. At 0 rpm, the maximum amplitude magnification is of 2.2
at 6 %. There are minor variations in the curve shapes between 0 rpm and 2,000 rpm, with a minimum
amplitude magnification of 2 at 1,000 rpm and 4.5 % of the mistuning level. At 2000rpm and above, the
curve shapes do not change, with a maximum amplitude magnification value between 2.1 and 2.3 for a
mistuning level between 3 % and 3.5 %. It is interesting to mention that the growth due to the mistuning
in the veering region in much slower than in the high modal density region (Fig. 17a). In the high modal
density region, a small perturbation is sufficient to have a strong interaction between the modes as well as an
amplitude magnification. In contrast, in the veering region, the modes are further apart from each other, so

21



there is a need for stronger mistuning to have an interaction between the modes and a significant amplitude
magnification.
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Figure 18: Variation in the amplitude magnification with the mistuning level and the rotational speed in the veering region
with a 1EO-BW excitation.

The values of the ACA criterion are listed in Table 9 for 1 %, 3 %, 5 %, and 10 % of the mistuning level.
The behaviour of this criterion is very similar to the high modal density region. These values do not change
significantly with the rotational speed and increase with the mistuning level, although a decrease in the ACA
at 2,000 rpm for 1 % of the mistuning level may be mentioned. This decrease is interpreted as a diminution
of the mistuning localisation in this speed region with a low mistuning level.

Table 9: Average change of amplitude at different rotational speeds in the veering region with a 1EO-BW excitation and
different mistuning levels.

µ0 µ2,000 µ4,000 µ6,000 µ8,000 µ10,000

1 % 42.12 26.96 34.19 38.81 39.88 31.45
3 % 65.43 65.51 74.01 74.38 76.67 72.97
5 % 78.65 77.34 82.89 82.4 83.75 81.91
10 % 87.76 82.72 84.34 86.54 86.54 86.98

As for the high modal density region, the DFT components in the veering region are non-zero values
and are plotted in Fig. 19. At 0 rpm, the 1ND-FW and 1ND-BW components are equivalent and dominate
compared to the other components, especially for a low mistuning level (Fig. 19a). At 2,000 rpm, only the
1ND-BW component is predominant, which means that there is a small diminution of the mistuning effect,
in agreement with the ACA criterion. However, for higher mistuning levels (Fig. 19b and Fig. 19c), the
1ND-BW component values decrease and all the other components are present in the same range of values,
between 0.02 and 0.08.

These results show that in the veering region with a 1EO-BW excitation, a full travelling wave cannot
occur because of the mistuning and high modal density. It can be noted that at low speeds, the mistuning
effects have a lower influence, with a major contribution by the 1ND-BW travelling wave Fig. 19a. There
is a significant evolution of the dynamics with the rotational speed due to the proximity in frequency of the
veering region with the high modal density region. Conversely, the 1ND-FW mode is present in the veering
region at 0 rpm, but moves away with increasing rotational speed and becomes isolated in frequency.

The amplitude magnification versus the mistuning level and rotational speed is plotted in Fig. 20. Here,
the mistuning level and the maximum amplitude magnification values are increasing with the rotational
speed. At 0 rpm, the peak is at 6 % of the mistuning level for an amplitude magnification of 2.2 to reach 3.6
at 10 % and 4,000 rpm. Above this rotational speed, there is no peak below 10 % of the mistuning level and
the amplitude magnification values decrease.

Here, the ACA criterion behaviour is like that of the low modal density region, with a decrease in the
ACA values with the increasing rotational speed, and the values are higher with a higher mistuning level
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Figure 19: Evolution of the DFT components with speed in the veering region with a 1EO-BW excitation and different mistuning
levels. (a) 1 % of mistuning level. (b) 5 % of mistuning level. (c) 10 % of mistuning level. The DFT components represent the
participation of the different travelling waves on the dynamic response of the structure. The solid curves represent the forward
wave [ ] and the dashed curves represent the backward wave [ ].
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Figure 20: Variation in the amplitude magnification with the mistuning level and the rotational speed in the changing modal
density region with a 1EO-FW excitation.

(Table 10). However, in this case, the decrease is not as fast as in the first case and the values for a high
mistuning level are still high, so a strong localisation is still present.

Table 10: Average change of amplitude at different rotational speeds in the changing modal density region with a 1EO-FW
excitation and different mistuning levels.

µ0 µ2,000 µ4,000 µ6,000 µ8,000 µ10,000

1 % 42.3 13.42 8.19 5.23 3.3 2.33
5 % 78.42 59.29 41.18 26.61 16.17 11.8
10 % 87.76 83.57 73.3 54.62 34.74 24.24

The DFT at 1 %, 5 % and 10 % of the mistuning level plotted in Fig. 21 confirms the behaviour of the
ACA criterion. At 0 rpm, all the components are non-negligible and the 1ND-BW and 1ND-FW components
are predominant. Then the 1ND-FW component increases with the increasing rotational speed while the
other components become almost negligible, which reveals the appearance of a distinct 1ND-FW shape
response. With the mistuning level higher, the phenomenon becomes less pronounced.
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Figure 21: Evolution of the DFT components with speed in the changing modal density region with a 1EO-FW excitation
and different mistuning levels. (a) 1 % of mistuning level. (b) 5 % of mistuning level. (c) 10 % of mistuning level. The DFT
components represent the participation of the different travelling waves on the dynamic response of the structure. In this case,
the components for the 1ND-BW [ ] and 1ND-FW [ ] mostly respond. All the other components respond at the same low
level.

From these results, it can be concluded that the large mistuning effects present in the veering region at
rest can be reduced if the natural frequency moves away from the veering region with increased rotational
speeds, due to the Coriolis effect. In this mistuning case, a travelling wave response with a behaviour close to
the tuned case can be observed, but the 1ND-FW pureness response depends on the mistuning level. When
the natural frequency stays close to the veering region, there are no particular changes in the behaviour: the
mistuning effect remains predominant.

5. Conclusions

The main objective of this paper was to investigate the interactions between the Coriolis and mistuning
effects on bladed drums and the predominance of one effect over the other. A FEM of a simplified industrial
bladed drum was used to carry out a forced response statistic analysis using Monte Carlo simulations at
different mistuning levels and rotational speeds. To that end, an overview of the SNM, CMM and IMM
methods was given since these methods were selected to construct the different ROMs of the mistuned
bladed drum accounting for the Coriolis effect.

The blade mistuning is the main driver of the response behaviour, especially for blade-dominated modes
but also for blade-disc modes in veering regions. The only exception is for disc-dominated modes for which the
disc mistuning governs the response behaviour. In all cases, the sector mistuning always follows the dominant
behaviour and therefore the IMM method is the most convenient for models with high disc participation.

The present work clearly shows that it is important to take the Coriolis effect into account when studying
the disc modes or the veering regions since their behaviour is completely different when the Coriolis effect
is not taken into account. The only case where it is possible to neglect the Coriolis matrix is with the
blade-dominated modes for which the disc dynamics has a small impact on the global response.

The interaction between Coriolis and mistuning was investigated with the evolution of the rotational
speed in three different regions. In the low modal density region, the mode quickly becomes isolated in
frequency from the other modes because of the Coriolis effect, which results in a travelling wave and a
behaviour similar to that of the tuned case. In the high modal density region, the localisation and amplitude
magnification are strong and do not change significantly with the rotational speed due to the lack of influence
of the Coriolis effect. When the mode stays close to the veering region, the mistuning remains unaffected
by the rotational speed, but when it moves away from the veering region, a travelling wave similar to that
observed in the tuned behaviour appears.

The validation of ROMs with the Coriolis effect has been done for only three different methods, the SNM,
CMM and IMM. It would be interesting to adapt and validate other methods including the Coriolis effect
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[35, 37, 39, 40]. It may be especially useful to investigate the NEWT [41] method, as it is one of the most
recent methods for the reduction of mistuned bladed discs and can be used to increase accuracy compared
to the CMM and IMM thanks to the use of sector-level modes for the mistuning projection.

Investigations of the Coriolis effect and mistuning interactions have been focused on small mistuning
methods only. It would be efficient to extend these investigations to large mistuning, detuning or geometric
mistuning and the use of reduction methods like the MMDA [55], Mbaye’s method [56], PRIME [57], N-
PRIME [58], PRISM [59], as well as for nonlinear methods with the CNCMS [60] and SNCR [61].

The development of the IMM method in a state-space representation to take the Coriolis effect directly
into account in the reduction basis will be the subject of future work. The calculation time for the reduction
basis may be much larger, as has already been shown in this article, but taking the Coriolis effect into
account in the calculation of the tuned modes and free-interface sector modes may also potentially increase
the accuracy of the forced response and allow one to decrease the size of the ROM. The time lost during the
computation of the ROM can be made up for with the Monte Carlo simulation.
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Appendix A. Matrix expressions

M =

∫
V
ρHᵀHV (A.1)

C = α

∫
V
ρHᵀHV + β

∫
V

(∇H)ᵀD(∇H)V (A.2)

G = 2

∫
V
ρHᵀΩHV (A.3)

Kl =

∫
V

(∇H)ᵀD(∇H)V (A.4)

Ks =

∫
V
ρHᵀΩ2HV (A.5)

Kg(qst) =
∂fq

∂q
(qst) +

∂f c

∂q
(qst) (A.6)

fq(q) =

∫
V

(∇qHq)ᵀC(∇H)qV +
1

2

∫
V

(∇H)ᵀC(∇qHq)qV (A.7)

f c(q) =
1

2

∫
V

(∇qHq)ᵀC(∇qHq)qV (A.8)
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where H is the matrix of shape functions (the expressions of the shape functions for a 20-nodes element
can be found in [62]), D the matrix of elasticity, Ω the rotational matrix, ∇ the linear differential operator and
∇q the nonlinear differential operator. The developments and expressions of these matrices and operators
can be found in [45].

Appendix B. Developpement of the reduction techniques for the Coriolis and mistuning ef-
fects

Appendix B.1. Subset of Nominal system Modes (SNM)

Consider the classical equation of motion of a bladed disc mistuned system :

Mq̈ + (C + G)q̇ + Kq = fext (B.1)

In the case of stiffness mistuning only, there are:

K = K0 + ∆K (B.2)

K0 is the stiffness matrix of the tuned model and ∆K is the stiffness perturbation.
The SNM method is based on the assumption that the unknown displacement vector for a small mistuned

model can be approximated as a subset of the tuned modes.

q ≈ Φ0p (B.3)

where p is the new reduced unknown vector and in which each term determines the contribution of each
tuned mode in the response. Φ0 and Λ0 are the chosen eigenvectors and eigenvalues used for the subset of
nominal modes and which satisfy the system

K0Φ0 = MΦ0Λ0 (B.4)

Therefore, the equation of motion of the mistuned system Eq. (B.1) can be reduced on a subset of nominal
modes composed of the tuned modes located in a frequency range of interest and by premultiplying Eq.

(B.1) by Φ0H the Hermitian of Φ0

p̈ + (Ĉ + Ĝ)ṗ + (Λ0 + Φ0H∆KΦ0)p = f̂ext (B.5)

where

Φ0HMΦ0 = I (B.6)

Φ0HCΦ0 = Ĉ (B.7)

Φ0HGΦ0 = Ĝ (B.8)

Φ0HK0Φ0 = Λ0 (B.9)

Φ0Hfext = f̂ext (B.10)

Appendix B.2. Component Mode Mistuning (CMM)

The constraint modes ΨCB used in the CMM are obtained by applying a unit displacement to each dof
of the blade-disc interface while keeping the other dofs fixed. It follows that they can be determined using
the following equation:

ΨCB = −Kb
ii

−1
Kb

ic (B.11)

where superscript b illustrates the tuned blade and subscripts i and c indicate the internal blade dofs and
the boundary blade dofs.

The projection of the mistuned matrix onto the chosen eigenvectors ΦCB and constraint modes ΨCB is
very similar to the Craig-Bampton transformation [12].

Φb
n =

[
Φb
n,i

Φb
n,c

]
≈
[
ΦCB ΨCB

0 I

] [
QΦCB
n

QΨCB
n

]
= TCBQn (B.12)
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where Φb
n is the matrix of the tuned modes limited to the blade dofs of the nth sector. QΦCB

n and QΨCB
n are

respectively the modal participation factors of the cantilevered tuned blade modes and constraint modes for
the blade of the nth sector. The participation factors matrix can be found directly with Eq. (B.12)

QΨCB
n = Φb

n,c (B.13)

Premultiplying Eq. (B.12) by

([
ΦCB

0

]H
Kb

)
and using the orthogonality of the modes serves to determine

the expression of QΦCB
n

QΦCB
n = Λ−1

CB

[
ΦCB

0

]H
KbΦb

n (B.14)

where ΛCB is the diagonal matrix of the cantilevered tuned blade eigenvalues. As the mistuning is only
considered for the blade stiffening perturbation, the matrix ∆K is block diagonal and its reduction can be
expressed as the following sum:

Φ0H∆KΦ0 =

N∑
n=1

Φb
n

H
∆Kb

nΦb
n (B.15)

where ∆Kb
n is the stiffness mistuning perturbation of the nth blade. Substituting Eq. (B.12) in Eq. (B.15)

gives

Φ0H∆KΦ0 ≈
N∑
n=1

Qn
HTCB

H∆Kb
nTCBQn (B.16)

The mistuning is considered proportional, as follows:

∆Kb
n = δnKb (B.17)

At rest, this definition of proportional mistuning may be due to a variation of Young’s modulus [35]. It is
now possible to simplify Eq. (B.16)

Φ0H∆KΦ0 ≈
N∑
n=1

δnQn
HTCB

HKbTCBQn (B.18)

Appendix B.3. Integral Mode Mistuning (IMM)

With a sector mistuning, the mistuning stiffness matrix ∆K is no longer block diagonal, but it is still
possible to express its reduction as a sum:

Φ0H∆KΦ0 =

N∑
n=1

Φs
n
H∆Ks

nΦs
n (B.19)

where ∆Ks
n is the stiffness perturbation matrix, and Φs

n the subset of tuned modes matrix restrained to the
nth sector, including the left (l) and right (r) interfaces dofs.

Φs
n
H∆Ks

nΦs
n =

Φs
n,r

Φs
n,i

Φs
n,l

H ∆Ks
n,rr ∆Ks

n,ri 0
∆Ks

n,ir ∆Ks
n,ii ∆Ks

n,il

0 ∆Ks
n,li ∆Ks

n,ll

Φs
n,r

Φs
n,i

Φs
n,l

 (B.20)

The tuned modes Φs
n are express as a linear combination of the free-interface sector modes ΦFS using

participation factors Qn

Φs
n ≈ ΦFSQn (B.21)

Premultiplying Eq. (B.21) with
(

ΦFSHKFS
)

where KFS is the stiffness matrix of the tune free-interface

sector, and using the orthogonality of the modes serves to determine the expression of Qn

Qn = ΛFS−1
ΦFSHKFSΦs

n (B.22)
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where ΛFS is the diagonal matrix of the free-interface sector eigenvalues. Replacing Eq. (B.21) in Eq. (B.19),
and using proportional mistuning gives

Φ0H∆KΦ0 ≈
N∑
n=1

δnQn
HΛFSQn (B.23)

Appendix C. Excitation force and damping matrix for the forced response simulations

First, the excitation introduced in the simulations will always be a rotating force excitation. This excita-
tion has the same amplitude fA for the same dof of each sector with a phase which depends on EO k, sector
number n, and excitation frequency ω.

fnext = fAe
i(ωt−(n−1)θk) (C.1)

Where θ = 2π/N and, as for the nodal diameters, a k positive corresponds to a forward travelling wave
excitation and a k negative to a backward travelling wave excitation. The excited dof and the excitation
vector fA are represented in Fig. 2b.

For the forced response, a damping matrix C is introduced in the equation of motion, which is defined
as follows:

C = αM + βK (C.2)

Where coefficients α and β are calculated using a damping ratio ξ = 5e−4 and the first natural frequency of
the tune model ω0 = 319.62 Hz.

α = 2πξω0 (C.3)

β =
ξ

2πω0
(C.4)
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Graphical Abstract

Modelling and analysis of a bladed drum subject to the Coriolis and mistuning effects
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