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A Connectivity Aware Path Planning for a
fleet of UAVs in an Urban Environment

Supplementary Material

Nouman Bashir, Saadi Boudjit, and Gabriel Dauphin

1. INTRODUCTION

In this 7-pages document, we give some
supplementary material for the preprint of a
paper, titled, A Connectivity Aware Path
Planning for a fleet of UAVs in an Urban
Environment. Section II shows two illustrations.
Section III shows a few complimentary figures.
And section IV gives an extensive demonstrations
of different theorems formulated and used in the

paper.

II. ILLUSTRATION

Figure 1 are two subfigures illustrating the two
application scenarios described in section III-A

(p- 4).

III. SIMULATIONS

We present here three figures accounting for
simulations whose implementation is described in
the beginning of section V (p. 11). These simula-
tions use parameters listed in table II (p. 12).

Figure 2 shows reaction time between two neigh-
boring UAVs, when there is a total of 4 UAVs.

Figure 3 shows UAVs’ minimum distance varia-
tion from any other UAV for a fixed fleet speed of 2,
5, and 10 m/s. Similarly for the same experiments.

Figure 4 represents, among all UAVs and obsta-
cle, the minimum UAV-obstacle distance during
entire simulation time with fixed fleet speed of 2,
5, and 10 m/s.

Figure 5 demonstrates the delay faced by data
packets (i.e., Tggs) for UAV fleet speed of 2, 5,
and 10 m/s. This figure demonstrates that the
average delay remains the same for all these speed
variations.

Figure 6 plots data packet delays (i.e., Trs) for
the ground users to reach BS and for different
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leaders’ locations within the fleet. It shows that
leaders’ position plays only a slight role in deter-
mining the delay incurred by the data packets.

Fig. 7 plots the delay incurred (i.e., Tss) by the
data packets for ground users to reach BS under
2, 5, and 10 m/s fleet speed. It can be observed
from the figure that the delay faced by the data
packets under these conditions is not affected by
the variation in the fleet speed.

IV. SET OF PROOFS
A. Proof of theorem 1 (p. 8)

The proof is organized in three parts. First we
use analytical formulas of v(t), S(¢) and ®[s], the
latter uses a given value of s > 0. Then we derive
the desired properties. And thirdly we prove that
v(7), §(7) and ®[s”] are known to all UAVs at time ¢
if 7 <tand ®[s"] <t.

1) We first compute analytic formulas.

« Based on assumption 2, we denote v(t)
as a finite linear combination of indicator
functions also denoted with 1.

L1
v(t) = Z Ull[tl,tHl)(t) (1)
=0

where [t;,t;+1) are the left-closed and
right-open intervals of the different indi-
cator functions. Because a speed is non-
negative and based on assumption 2, we
also have

vz; (S [Oyvmax]
2)
tr = +oc and vy,_1 >0
« Using equation (26) defining the ramp
function and integrating equation (1), we
get

L-1
S(t)="> uRy™ (t) (3)
=0

« Because S(¢) can be constant on some in-
tervals, there are different ways of defin-
ing its inverse. We have chosen to define
d[s] as

O[s] = max{t|S(t) < s} (4)
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Fig. 1. Application scenarios described in section III-A (p. 4). (a) Natural disaster scenario. (b) Continuous tracking and monitoring

of a rally.
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Fig. 2. UAV’s reaction time to speed change requests (4 trans-
mitting UAVs)

An equivalent definition is

—S(t
ofs) = 1, + 2= St.) (5)
Vi,
where
ls=max{0<I<L|S(,)<s} (6)

This definition of /; ensures that v;, # 0,
note that it says nothing as to whether
Vi,—1 = 0.

We also have

Ds] € [t1,, b, 41) (7)

2) We now derive the expected properties.

o Equation (5) and the linearity of S(¥)
within each intervals [¢;,¢; 1) show that

S@[s)) = S(t) + Rgy 7V (s) =5 (B

« We first assume that we do not have both,
s = S(tls) and Vig—1 = 0.

Equation (5) and (7) prove that

d 1 1
~P - - =
ds () v,  v(®(s))
¢ We then assume that we do have both s =
S(tls) and Vig—1 = 0.

Because s = S(t;,—1) > S(t;,—2), we con-
sider

s' € [S(t1,~2), S(t1,-1))
and see that

= S(t—2)

B(s') = t), o+ - St <t

Uy

when s’ — s™.
3) Finally we study the availability of these

quantities at time ¢. Let us assume that 7 <t¢
and s” such that &(s”) < t.

e By defining I, =max{l|t; <7}, wet get
v(7) = v, which is known to all UAVs at
time ¢.

o Equation (3) shows that

-1
S(r) =Y vt —t) +o,(r—t,,)

=0

which is also known to all UAVs at time ¢.
« Applying equation (5) to s”, we have

(I)[S//] — tls” +

ti..» v, and S(t;, ) are known to all UAVs
at time ¢ since:

-t <O <t
- v, =v(t,)

- St,) = fgls” u(T)dT

Therefore ®[s”] is also known to all UAVs
at time ¢.
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Fig. 3. Minimum UAV-UAV distance with simulation time (a) Fleet speed 2 m/s (b) Fleet speed 5 m/s (c) Fleet speed 10 m/s
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equation (24).
Vn(t) =
B. Proof of theorem 2 (p. 9 — .
S of (p-9) A—(n—1AS. e if S(t) €0, Lon

A+ (S(t) = L) eo’  if S(t) € [Lom Lin]
—_ . S(t) c [Lk,naLk+1,n]

Pp+ (S({t) — L) ex if
Equation (27) can be recast into five equations ke{l...K -1}
describing each of the five phases listed below B+ (S(t)— Lkn)ex if S()€[Lrn, Litin)

if S(t) € [Lxy1,ns Lryon]

9)
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Equations (29) and (30) are then easily derived.

C. Proof of theorem 3 (p. 9)

The proposed proof of theorem 3 uses the follow-
ing lemma.

Lemma 1. Let P, and Py, be two points defining
a line segment PPy sufficiently far from any
obstacle in that

Vi, D(PkPk+17 CzDz) 2 Pc (10)

Let M be a point of this line segment.
M € PiPri1
Then for any point M’, we have
MM <p. = M ¢CD;

Proof. We are actually proving here the contrapos-
itive of this lemma.

Let M be a point in PxP;,; and M’ another point
in C;D;, for some value of ¢ and k.

Equation (10) implies that MM’ > p... O

This lemma is used in the following proof of
theorem 3.

Proof. Lett € [0,T]. Let P = [P; ... Pg] be a complete
path with Ay and Ag its departure and arrival
areas all of them being sufficiently far from any
obstacles (i.e. left of equation (31) holds). Equa-
tion (27) proves that there exists & € {0... K} such
that

Vn(t) € Pk,n Pk+1,n

Equations (13), (16), and (17) prove that

(11)

Po,npl C Aa and PKPKJan C Ag

Therefore D(Py ,Prt1,n,C;Di) > p. holds also for

ke {0,K}.
Left of equation (5) in assumption 1 tells us that
RV, (t) < p.. Lemma 1 ends the proof. O

D. Proof of theorem 4 (p. 9)

Based on equations (9) and (23), we have
AS, > AS. (12)

Lemma 2. Let o and 8 be two non-negative real
numbers.

Vvaz+ 2> a+h

13
7 (13)
Proof.
a+p 2 5 (a+B)?
A+ P> —— S a4 > —
Var B2 = 8> 2
a? B2 1 9
—+ 5> (o — >
& 2 + > _aﬁ@Q(a B8) >0
O
Lemma 3. Let E, F,G be three points such that
— — T
|Z( EF, FG)|§§
Let M, € EF and M, € FG
|\/|€|\/|g > M (14)
V2
This proof uses the scalar product denoted o
and its corresponding norm | || derived from the

Euclidean distance.

— —
Proof. We first prove that FM.+sFM, < 0 then use
this result and that of lemma 2 to end the proof.

1) Because M. € EF and M, € FG, there exist
A, i € [0,1] such that

— —
FM. = AXFE
— —
FM, = uFG

— —
We can now conclude on the sign of FM.+FM,

—

— —
FMceFMy = Au FExFGcos Z( FE, FG

) <0

2) Thanks to some scalar product operations
and to lemma 2, we get

o

—
MM, = |[FM, — FM,

2 A 2
FMg” — 2FM.eFMy + FM.* >

FM. + FM
JAMZ HEM 2 > e T TV

V2
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Before handling the proof itself, we recast equa-
tion (9) describing the position of each virtual UAV
into two equations, first a description of where
each virtual UAV is inside a global path and then
a description of this global path.

Sn(s) = R[S (s) — (n— 1)AS, (15)
—
V(s) =A— (N -1AS: eg” +R% y_1)as.(5) (6
YIRS () e
Simple computations show that
Vo (t) = V(S,(S(t))) (17)

Lemma 4. Let n; and ny denote two different UAV
and let S,,(s) and S,,(s) be their relative positions
on the global path. We have

Sy (8) —

Proof. There is no loss of generality in assuming
that no > n;. The proof depends on s and we
consider three possibilities.

1) When s < Lg ,,, we have

Sny(8)] = AS, (18)

Lemma 4 and equation (23) show that
1S0(S(£)) = S, (S(1))] > 2peV/2

And to prove that V,,, (¢)V,,(t) > 2p. we consider
three possibilities, namely both UAVs are at time
t: in the same line segment, in two consecutive line
segments or in two distant line segments.

1) When both UAVs are in the same line seg-
ment, equations (17) and (16) show that

Vi, (t)vnz (t) = Shs (S(t)) — Sn, (S(t))
> 2p.V/2 > 2p,

2) When both UAVs are in consecutive line seg-
ments, let J denote their intersecting point.
Equations (17) and (16) prove that

an (t)‘] + ‘Jv’ﬂ2 (t) = Snz (S(t)) - Snl (S(t))
> 2pcV/2

Thanks to left of equation (32), consecutive
line segments have acute bending

— ——
A <Vnl (t)J, Vp, (t)J)

Lemma 3 shows that V,,, (¢)V,,,(t) > 2p.

(19)

<

rol 3

Sy (8) = —(na — )AS, and Sy, (s) > —(n1 — 1)AS, 3) When both UAVs are in non-consecutive

By subtracting the two equations, we prove
equation (18).

Sn2 (8) -
2) When s > Lk 1 .,,, we have

Sny(8) < L(P) — (N —ng)AS,
Sni(8) = L(P) — (N —n1)AS,

Sn1 (5) S (nl - nQ)ASc S _Sc

By subtracting the two equations, we prove
again equation (18).

Snz (S) - Snl (S) § (nl - n2)ASc S _Sc

3) When s € [Lon,,Lik+1n,], we note that this
implies s € [Lon,, Lx+1.n,] and therefore that

Snz (5) - Sﬂl (8) - (nl - nQ)AST < -AS, < -AS,
O
Below is the proof of theorem 4.

Proof. Let t € [0,T] and ny,ny denote two different
UAVs. We again assume that n, > n;, meaning
that the n,™-UAV is following the n;"-UAV. Let
P = [P;...Pk] be a complete path with Ax and
Ap its departure and arrival areas, all of which
fulfill left of equation (32). First we note that we
only need to prove that V,, (¢)V,,(t) > 2p., as left
of equation (5) in assumption 1 transforms this
statement into R, () # Ry, (t).

line segments, then their mutual distance is
greater than the distance between these line
segments. This distance is lower bounded by
2p., thanks to left of equation (32).

O

E. Proof of theorem 5 (p. 9)

The definition below gives a more formal defini-
tions of DX and IX.

Definition 1. Let D; and D, be two points with
wireless communication capabilities. The symbol
PX1 denotes here the ability to communicate directly.

D1DQD2 <~ D1D2 < PR (20]

Let D; a set of points. The symbol X denotes here
the ability to communicate using a routing commu-
nication path.

D, B<ID.,
D, ><ID’;, DY, D,

J27

...D,

’
= HDJ& jr

., D, XD,

JJ—1 JJ°

such that
(21)
and D’; D<ID,

X is regarded as a reflexive and symmetric re-
lation. ] is transitive and also reflexive and sym-
metric, it is therefore regarded as an equivalence
relation.

Similarly to lemma 4, we prove that consecutive
UAVs are not too far apart.



Lemma 5. Let n and n + 1 denote two consecutive
drones.

0< Su(8) = Snsi(s) < AS, (22)

Proof. Left of equation (22) is only claiming that

the (n+1)™" is following the n™"", which is true. Right

of equation (22) depends on the value of s, and
three possibilities are considered.

1) When s < n(AS, — AS,) that is smaller than
Lo n+1, then either both UAVs are on their
parking slots or the first one is leaving the
parking slot.

In the first outcome, S, (s) — S, +1(s) is smaller
than AS. which is smaller than AS,.
In the second outcome,

Sn(s) = Sn+1(s)

{=(n=1)AS.} — {s —n(AS, — AS.)}

AS,

2) When s > L(P)+(n—1)AS,+(N—n)AS, that is
greater than Lk 41 then either both UAVs
are on their parking slots or the last one is
reaching the parking slot.

In the first outcome, S, (s) — S, +1(s) is smaller

than AS. which is smaller than AS,.

In the second outcome,

Sn(s) = Snt1(s)
= {L(P) + (N - TL)AS(} - {S - TI‘AS’V’}
<AS,

3) When s € [Lon+1, Li+1.n), then both UAVs are
moving and

Sn(8) — Snt1(s) = AS,

IA

O
Lemma 6. Let a; be an increasing sequence of I

— —
numbers and e;  be unitary vectors. Let f (x) be
a _function defined as

N I—1
f @)= Resi(a) e
1=1

—>
Then f (x) is a contraction mapping.

—

—>
()= f (z2)|| <21 — 22 (23)

where || || is the norm.

Proof. With no less of generality, we assume that
r1 < T2.
o First we consider that both z; and z, are
in [a1,as]. Let i,5 such that z; € [a;,a,4+1) and
XTo € [aj,a/jJrl), we get
— —

[ (x2) = f (z1) = (22

—
—a;) €

P —_— —
+Z?€=;+1(ak+1 —ag) er +(a; —x1) €

Because the vectors €_k> are unitary and be-
cause of the triangle inequality, we have

—

H
H [ (z2) = f (1)

< (22— a5) + 4lip (ars1 — ar) + (4 — 21)

=ZT2— 21

o If 21 < ay, f(z1) = f(a1) and by applying
equation (23) to (a1, z2), we have

—

_
H f(x2) = f (1)

<xo—ay < x2— 2y

o If 29 > ar, f(z2) = f(ar) and by applying
equation (23) to (z1,a;), we have

—

.
H f(z2) = f (1)

<ar—x1 < 22— 21

Below is the proof of theorem 5.

Proof. Let P be a complete path and N > LA(—? - 1.

The proof is in four parts, dealing first with con-
nectivity among UAVs, then with connectivity first
to A, then to B, and finally with A or B.

1) To prove that all UAVs are connected to each
other, it is sufficient to prove that each UAV
is connected to its follower when it has one,
that is

Vi€ {1...N — 1}, Ry ()><Rps1 ()

Let n € {1...N — 1} refer to a UAV. Equa-
tion (17), lemmas 5 and 6 yield an upper
bound on V,,()V,41(t).

Vn (t)Vn—H (t)

— —
= | AV (Sni1(S(1) — AV (Sn(S(t))H

< [Sn1(S(t) = Sa(S(1))]
< AS,

The triangle inequality, equation (23) and as-
sumptions 1 and 3 prove that this UAV is
directly connected with its follower.

Rn (t) Rn+1 (t)
< Ru(t)Vn (t) +Vn (t)VnJrl(t) + Ro1(t)Vnia (t)
< 2,0(' + AS7 = Pr

2) We prove here that connectivity to A is en-
sured when

S(t) € [0, NAS,] (24)



3)

4)

This interval comes from the following calcu-
lation.

N
0,NAS,] C | [Lin — AS,, Ly p + AS,]
n=1

Hence to prove the statement, it suffices to
show for all n that

S(t) € [L1,, — ASy, L1 5, + AS;] = R, (1)PA

Let n € {1...N} and ¢ such that S(¢) belongs
to [le — AST, Ll,n + AST]

Because A=V(0) =V(Sy(L1n)), equa-
tion (17), lemmas 5 and 6 show that

Va(HA = [[V(Sn(S(t)) = V(Sn (L))l
< |S71(S(t)) - Sn(Ll,n)|
S |S(t) - Ll,n‘ § AST

The triangle inequality, equation (23) and as-
sumptions 1 and 3 prove that R, (¢)>JA.

We prove here that connectivity to B is en-
sured when

S(t) € [L(P) — AS,, L(P) + NAS, ] (25)

This interval comes from the following calcu-
lation.

[L(P) - AS,, L(P)+ NAS,] C

N
U [LK,TL - AST‘ P LK,n + AST]
n=1

Hence to prove the statement, it suffices to
show for all n that

S(t) € [Li.n — ASy, Licn + AS,] = R, (£)><B

Let n € {1...N} and ¢ such that S(¢) belongs
to [L(P) — AS,, L(P) + NAS,].

Because B=V(L(P)) =V(Sn(Lrn))
equation (17), lemmas 5 and 6 again show:
Vo ()B = [[V(Sn(S(t)) = V(Su(Lrn))|| < AS,

The triangle inequality, equation (23) and as-
sumptions 1 and 3 prove that R, (¢)><B.
All-time connectivity (i.e. Vn,t, R,(t)DJA or
R,(t)>XIB) is directly derived from equa-
tions (24) and (25) when

[0, NAS JUIL(P) — AS,, L(P) + NAS,]
200, L(P)+ (N —1)AS,]
that is when
NAS, > L(P) — AS,

. . . L(P)
which is equivalent to N > ZT5~ — 1.
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