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Abstract

We prove discrete versions of the first and second Weber inequalities on H (curl) N H(div,,)-
like hybrid spaces spanned by polynomials attached to the faces and to the cells of a polyhedral
mesh. The proven hybrid Weber inequalities are optimal in the sense that (i) they are formulated
in terms of H(curl)- and H(div,,)-like hybrid semi-norms designed so as to embed optimally
(polynomially) consistent face penalty terms, and (ii) they are valid for face polynomials in
the smallest possible stability-compatible spaces. Our results are valid on domains with general,
possibly non-trivial topology. In a second part we also prove, within a general topological setting,
related discrete Maxwell compactness properties.

Keywords: Weber inequalities; Maxwell compactness; Hybrid polynomial spaces; Polyhedral
meshes; de Rham cohomology; Topology; Maxwell’s equations.
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1 Introduction

Let Q be a domain in R, i.e. a bounded and connected Lipschitz open set of R*. Our main motivation
in this work comes from the study of time-harmonic Maxwell’s equations. We are interested in PDE
models, posed in Q, for which the main (vector) unknown u lies in a subspace X, (€) of the space

X(Q) := H(curl; Q) N H(div,;Q),

where 7 is a physical parameter (possibly varying inside Q) and div,, := div(n-). In practice, the
unknown u is the (vector) complex amplitude of a time-harmonic electromagnetic field, which may
either be the electric field e (then 7 is the electric permittivity €), or the magnetic field & (then n
is the magnetic permeability i), or some vector potential a (then n = 1 if one adopts the Coulomb
gauge). Vector fields in X, () bear, almost everywhere on the boundary of Q, either zero tangential
or zero n-weighted normal trace. When zero tangential trace is imposed on the whole boundary of
Q, we let X, (Q) =: X+ (L), and we refer to this case as fully tangential. In the same vein, when zero
n-weighted normal trace is imposed on the whole boundary of Q, we let X, (Q) =: X,,(Q), and we
refer to this case as fully normal. All other cases are referred to as mixed.
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It is nowadays well-understood that the well-posedness of variational problems set in X, (L) is
topology-depending, and directly relates to the (co)homology of the underlying de Rham complex.
For standard (i.e. either fully tangential, or fully normal) boundary conditions, the homology of
the de Rham complex has been extensively studied in the literature, and the homology spaces,
spanned by harmonic vector fields, have been fully characterized [29, 21, 1, 30]. Based on the latter
characterizations, topologically general Poincaré-type inequalities, the so-called Weber inequalities,
can be established. These inequalities are named after Christian Weber, in relation to his seminal
contributions to the topic [42]. The first Weber inequality corresponds to the fully tangential case of
vector fields in X;(Q), whereas the second corresponds to the fully normal case (of vector fields in
X, (Q)). Whenever Q has trivial topology (think of a contractible domain), letting ||-||o indifferently
denote the {L?(€), L?(€)}-norm, the first and second Weber inequalities read:

Vllo < Cypu (1 div(mpw)llo + [l eurlvll) Vv € X (Q), )

for a real number C;, » > 0 only depending on €2, i, and on the boundary conditions type. Weber
inequalities are closely related to the compact embedding of X, (Q) into L?(), also known in the
literature under the name of Maxwell compactness property (see e.g. [6]). Weber inequalities must not
be confused with Gaffney inequalities, which are related to the continuous embedding of X, (L) into
H' (€2), only valid for smooth r7 and smooth or convex domains (see [1, Sect. 2.3] for further details).
On general Lipschitz domains €2, even under the additional assumption that € is a polyhedron, one
can solely prove that X, (Q) is continuously embedded (i) into H %“(Q) for some s > 0 if n is
globally smooth (cf. [19] and [1, Prop. 3.7]), or (ii) into H* () (still for some s > 0) if 1 is piecewise
smooth (see [20, 9]). When departing from standard boundary conditions, the (co)homology of the
de Rham complex can be more complicated. For mixed boundary conditions, the characterization of
the homology spaces has been investigated in [28], H* (Q)-regularity for piecewise smooth 1 proven
in [32], and Maxwell compactness in [31].

Let us briefly comment at this point on the terminology. We endow X (€) with its standard norm
Ivllx = (I3 + I eurlv||3) + (|| + | div(7v)||3). From an historical perspective, what Weber
actually proved in [42] (based on a preliminary work by Weck [43]) are not exactly inequalities of
the form (1), but rather Maxwell compactness properties in (X, (Q), ||-|lx). Whereas the ||-||x-norm
embeds an L?(Q)-norm control on the function, at the opposite, remark that such a control is absent
from the right-hand side of (1). To prove Poincaré-type inequalities of the form (1) from Maxwell
compactness, we know (by Peetre—Tartar’s lemma) that it is sufficient to identify, for some Banach
space Y, an injective bounded linear mapping A : (X« (), ||-llx) — (M, ||-|ly) such that

Ilix < ClIAMNy +1Ivlb) Vv € Xu(Q).

It then follows that
Ivllo < llvllx < Gl AWy Vv € Xy (Q).

For instance, when Q has trivial topology, the mapping
A X (Q) = Y= L}(Q) x L*(Q);v — (div(nv), curlv)

satisfies all the required properties, whence the inequality (1). Within a general topological setting,
identifying A crucially requires a precise characterization of the (co)homology spaces of the de
Rham complex. Such a characterization has not been provided by Weber in his seminal work, but by
different authors later on (cf. e.g. [29, 21, 1, 30]). In this respect, naming Poincaré-type inequalities
of the form (1) “Weber inequalities” is imperfect. However, considering that Weber was the first key
player in their discovery, and following [4], we will adopt this terminology throughout this article.



The focus in this work is on (arbitrary-order) skeletal methods over polyhedral partitions. Contrary
to plain vanilla Discontinuous Galerkin (DG) methods, skeletal methods attach unknowns to the mesh
skeleton, thus allowing for the static condensation of (potential) cell unknowns (cf. [34] for further
insight). In what follows, for X(Q) a given functional space on Q, we will term X (£)-conforming
any skeletal method attaching unknowns to the boundary of the cells so as to mimic the “continuity”
properties of the underlying continuous space X (Q). For instance, in the lowest-order case, H'!(Q)-
conforming methods attach unknowns to the mesh vertices so as to emulate (full) continuity of traces,
whereas H (curl; Q)-conforming methods attach unknowns to the mesh edges so as to reproduce
tangential continuity of (vector) traces. As opposed, we will term non-conforming any other kind of
skeletal method. In the polyhedral context, this dichotomy is particularly convenient to discriminate
between the approaches, for which, anyhow at the end, only fully discontinuous polynomial proxies
are computable. We exclusively focus in this work on non-conforming (skeletal) methods, often
referred to in the literature as hybrid methods. Hybrid methods only attach unknowns to the faces
and to the cells of the mesh. Examples of such approaches include the Hybridizable Discontinuous
Galerkin (HDG) [18], the Weak Galerkin (WG) [41], the Hybrid High-Order (HHO) [24, 25], or
the non-conforming Virtual Element (nc-VE) [5] methods. All these technologies share tight links,
as first observed in [17]. At the opposite side of the skeletal spectrum lie conforming polyhedral
methods, whose salient examples include the conforming Virtual Element (c-VE) [7] or the Discrete
De Rham (DDR) [23] approaches, between which strong connections also exist.

In this work, we aim at deriving, within a general topological setting, discrete functional analysis
tools for hybrid approximations of div-curl systems over polyhedral mesh families. To our knowledge,
hybrid methods have only been studied yet within a trivial topological setting. In the HDG and WG
contexts, these contributions respectively include [40, 14, 13] (cf. also [26]) and [37]. In the HHO
context, a discrete (first) Weber inequality was proven in [12] for H(curl)-like hybrid spaces satisfying
a discrete divergence-free constraint in trivial domains, and leveraged to perform the analysis of HHO
approximations of first- and second-order magnetostatics models. In this paper, building on [12], we
prove discrete versions of the first and second Weber inequalities on generic H(curl) N H(div,,)-like
hybrid spaces, which are valid for domains with general, possibly non-trivial topology. We also
establish the related discrete Maxwell compactness properties. The results are valid for complex-
valued fields and piecewise constant (over the polyhedral partition), real-valued, isotropic parameters
n. The results seamlessly extend to the case of complex-valued, Hermitian anisotropic parameters.
The hybrid Weber inequalities we prove are optimal in the following sense:

(i) they are formulated in terms of H(curl)- and H(div,)-like hybrid semi-norms designed so as
to embed optimally (polynomially) consistent face penalty terms;

(ii) they are valid for face polynomials in the smallest possible stability-compatible spaces.

The first property above guarantees that the corresponding stabilization Hermitian forms, of the so-
called Lehrenfeld—Schoberl type [33] (cf. also [16] for further insight), shall provide superconvergence
when used within hybrid numerical schemes (cf. [14, 12]). The second property, in turn, allows for
substantial savings when considering the approximation of first-order systems, for which discrete
differential operators need not be reconstructed (cf. [12, Sect. 3.1]). More generally, our work paves
the way to the analysis of hybrid polyhedral approximations of general div-curl systems on domains
with arbitrary topology, including non-linear (Hilbertian) problems as they may arise e.g. in the
modeling of ferromagnetic materials.

Let us finally relate our work to the so-called compatible approaches. In the Finite Element
(FE) context over matching tetrahedral partitions, Nédélec elements [38, 39] can be used to define
discrete (polynomial) de Rham complexes [10, 36]. Through the prism of Whitney forms [44] and,
more broadly, of the Finite Element Exterior Calculus (FEEC) [3, 2], the notion of discrete de Rham



complex can be extended from the framework of vector calculus to the one of exterior calculus over
differential forms. The corresponding numerical methods then lie in an analytical setting which is
referred to as compatible. In a compatible FE setting, Poincaré-type inequalities are straightforward
consequences of the (co)homological properties of the underlying polynomial de Rham complex. In
the polyhedral context, following the DDR approach [23, 8], discrete de Rham complexes can also
be written and analyzed, but at the price of some complications. These complications include the use
of discrete (reconstructed) differential operators over algebraic spaces of discrete unknowns, and the
tedious tracking in the analysis of mesh-dependent quantities. Notice that all the above-mentioned
compatible approaches are related to conforming (FE or polyhedral) methods. For non-conforming
methods, the only contributions we are aware of towards the developement of a compatible analytical
setting are [35, 15] (based on seminal ideas from [11]), in which the convenient notion of discrete
distributional differential form is introduced. The framework considered in [35, 15] is the one of
DG spaces over matching simplicial meshes. The subject thus still seems largely open for extending
such ideas to hybrid spaces over polyhedral partitions. We believe our work may constitute, in the
language of vector calculus, a first step in this direction.

The rest of the article is organized as follows. In Section 2, after introducing both the topological
and functional frameworks, we state and prove, based on ad hoc Helmholtz—Hodge decompositions,
the continuous first and second Weber inequalities in H (curl; ) N H(div,;; ), as well as the related
Maxwell compactness properties. In Section 3 we introduce the discrete setting, and define the notions
of polyhedral mesh family, face and cell polynomial decompositions, and H(curl) N H(div,,)-like
hybrid spaces. Section 4 is dedicated to the statements and proofs of the first and second hybrid
Weber inequalities. The related discrete Maxwell compactness properties are, in turn, established in
Section 5. Finally, Appendix A collects a connected technical result.

2 Preliminaries

2.1 Topological framework

Let Q be a domain in R, i.e. a bounded and connected (strongly) Lipschitz open set of R?. We let
I' := 0Q denote the boundary of . By the Rademacher theorem, one can define almost everywhere
on I a unit vector field » normal to I, which we further assume to point outward from Q. We recall
that the Betti numbers SBp, 81 and B of Q respectively denote the number of (maximally) connected
components of Q (here, Sy = 1), the number of tunnels crossing through Q (8; € N), and the number
of voids enclosed in € (8, € N). For instance, for Q simply-connected, 5; = 0. In the same manner,
when the boundary I" of Q is connected, 8, = 0. In the following, when both 8, and 8, are equal to
zero, we say that Q has trivial topology.

When ; > 0, we make the following classical assumption: there exist 8; non-intersecting,
orientable, two-dimensional manifolds Xy, . . ., Xz, with boundary, called cutting surfaces, satisfying
0X; cT'foralli € {1,...,B1}, such that the open set Q:=0Q\ Ujeql,...,5 1 Zi is not crossed by any
tunnel (its first Betti number is then zero). Remark that aQ=Tu Uie(t,...,5, ) 2i- We will assume in
what follows that Q is connected (which is generally the case starting from a connected domain ),
and that the cutting surfaces are sufficiently regular so that the set Q is pseudo-Lipschitz (cf. e.g. [4,
Def. 3.2.2]). Since the cutting surfaces X; are orientable, one can then define almost everywhere on
Y;, forany i € {1,...,81}, a unit vector field ny, normal to Z;, whose orientation is arbitrary but
prescribed once and for all.

When S, > 0, letting I be the (connected) boundary of the only unbounded component of the
exterior open set R? \ Q, there exist 8, (maximally) connected components I'y, . . ., I'g, of I such that
I'=Ujeqo,...531"j. When B =0, there holds I' = I'y.

.....



2.2 Functional setting

Letn :  — R be a given function satisfying, for real numbers 0 <, < ny < oo,
m < n(x) < my fora.e. x € Q. 2)

We also introduce «;, :=174/m;, > 1 the (global) heterogeneity ratio of the parameter 7.

For m € {2,3}, and for X an m-dimensional, (relatively) open Lipschitz subset of Q, we let L2(X)
(respectively, L?(X)) denote the Lebesgue space of C-valued functions (respectively, C"-valued
vector fields) with square-integrable modulus on X. The standard Hermitian inner products (and
norms) in L>(X) and L?(X) are irrespectively denoted by (f, g)x := /X f-g (and ||-]o.x =V )x,
with the convention that ||-||o := ||-]lo.@). We also define

LY(Q) = {v e L*(Q) | /v = 0} and  L3(Q):= {v e L*(Q) | /v = 0},
Q Q

as well as the space L%I (Q) = (L*(Q), (-, -)q) (remark that the norm 2 -|lo is equivalent, by (2), to
the norm ||-||p in L2(Q)). For s € N*, we let H* (X) (respectively, H* (X)) denote the Sobolev space
of C-valued functions in L?(X) (respectively, C"-valued vector fields in L?(X)) whose partial weak
derivatives of order up to s have square-integrable modulus on X. The standard norms (and semi-
norms) in H*(X) and H®(X) are irrespectively denoted by ||-||s.x (and |-|5,x), with the convention
that [|-]|s := [|-lls.@ (and ||y := |-|s.@). We also define Hj () := {v € H'(Q) | vr = 0}.

Let Y be a three-dimensional, open Lipschitz subset of Q. Classically, we let

H(curl;Y) == {v € L*(Y) | curly € L*(Y)},
H(div,;Y) := {v € L*(Y) | div(yv) € L*(Y)},

as well as their subspaces

H(curl’;Y) := {v € H(curl;Y) | curly = 0},
H(div):;Y) == {v € H(div,;;Y) | div(yv) = 0}.

The spaces H(curl;Y) and H(div,,;Y) are endowed with the following weighted norms:

2y = 0212y +mglleurd 125, 1112,y = 0212y + 7, Idive )12

with the convention that ||:|lcurt = ||*|lcurt,@ and ||-||lgiv = ||-|lgiv,- Let ngy denote the unit outward
normal vector field to dY, defined almost everywhere on dY. For v € H(div,;Y), one can give a
sense to the normal trace of v on dY, denoted (17v)|sy ‘ngy. as an element of H: (0Y) (space of
bounded antilinear forms on H? (0Y)). In addition, the mapping v + (17v)|sy Ry is continuous from
H(div,;Y)to H -3 (9Y). Likewise, for v € H(curl;Y), one can give a sense to the rotated tangential
trace of v on dY, denoted v |5y Xn gy, as an element of H -3 (0Y)3 (space of bounded antilinear forms
on H? (0Y)?), and the mapping v > v |y Xy is continuous from H (curl;Y) to H: (0Y)3.

Remark 1 (Tangential vector fields). Remark that, with our above choice of notation, L*>(dY) =
L%(0Y)%. Define H? (9Y) := H? (0Y)? and H_%(BY) = H_%(BY)Z. Letting Hy denote the tan-
gent hyperplane to dY at point x, and considering T1(x),T2(x) C Hy two (orthonormal) vectors
such that (t1(x),T2(x), ngy (x)) forms a right-handed orthonormal basis of R?, one can identify
(vjay Xngy ) (x) with the vector of C? of its local coordinates in the basis (T1(x), T2(x)) of Hy. With
a slight abuse of notation, one can then write that v |y Xngy € H -3 (0Y). We will extensively make
use of this observation in the sequel.



In what follows, the (sesquilinear) duality pairings between H -3 (0Y) and H 2 (0Y) on the one side,

and between H~2 (0Y)and H 2 (0Y) on the other side, are irrespectively denoted by (-, -)sy. Whenever
v € H'(Y) c H(curl;Y) n H(div;Y) with H(div;Y) := H(div,;Y), for almost every x € dY,

vigy (x) = (vjay ‘Ray ) (X)ngy (x) + ngy (X)X (v sy Xngy ) (x).

In this case, v gy ‘nsy € L?*(9Y) and V|oy XRgy € L*(9Y).
We finally introduce the following subspaces of H (curl; ) and H(div,; Q):

Hy(curl; Q) := {v € H(curl; Q) | vjrxn = 0}
and Hy(curl’; Q) := Hy(curl; Q) N H(curl’; Q), as well as
Ho(div,; Q) := {v € H(div,;; Q) | (nv)jr-n = 0}

and Ho(div); Q) := Ho(div,; Q) N H(div); Q).

Assume that the first Betti number 8, of Q is positive. Then, for v € L2(Q) (resp. v € L*(Q)),
we denote by v (resp. ¥) its continuation to L?(Q) (resp. L?(Q)). Also, for each cutting surface X; of
Q,i€{l,...,B1}, we associate the superscript + to the side of Q (with respect to %;) for which ny,
is outward, and the superscript — to the side of Q for which ny, is inward. Let v be some function
defined on Q and, with obvious notation, let VTEi and v|‘2i denote its two traces on X; defined (if need

be, in a weak sense) from both sides of Q. Then, the jump of v on ¥; is defined by

[v]s =vis, —vis,- (3)

1

2.3 Helmholtz—Hodge decompositions

We introduce in this section two Helmholtz—Hodge decompositions for vector fields in L%(Q).

2.3.1 First Helmholtz—Hodge decomposition

Let us introduce the following space of harmonic vector fields:
H.(Q) := Hy(curl’; Q) N H(div);: Q). (4)

By [4, Prop. 3.3.10], the harmonic space H;(€2) has dimension 3,, and a basis for H,(Q) is given by

(grad a)j)je{l ,,,, 5,y Where, for j e {1,.... Bo} w; € H'(Q) is the unique solution to
—div(ngradw;) =0 in Q, (5a)
(L)J'=O OHF\FJ', (Sb)
w;j=1 onl’;. (5¢)

Remark that the w;’s are real-valued (since w; also solves the uniquely solvable Problem (5)), and
Cjrj = (ngradw;, grad w;), = ((n grad w)r,, -n, 1)1_[,,

which implies that grad w ; and grad w j are not L% (Q)-orthogonal in general. The real-valued matrix
€ € RA>*P2 ig called capacitance matrix, and is symmetric positive-definite (cf. [4, Cor. 3.3.8]). For
w € H.(Q) writing w = grad w, with v € H'(Q) such that w := Z'fil @jw;j, defining the vectors
ay = (j € C)jeqi,...p,} and B, = (((qw)ir;, -0, Dr;, € C)jeqi,...p,}» there holds

a, =C'8 . (6)



As a consequence, w = 0 if and only if <(nw)|rj,-n, Dr;, =0forall j" € {1,..., B>} (in fact, for all
j €{0,..., B2} sincew € H(divg;Q)).

Building on [4, Prop. 3.7.1], and using [4, Thm. 3.4.1], we infer the following first L%I(Q)—
orthogonal Helmholtz—Hodge decomposition:

L*(Q) = grad (H)(Q)) & % curl (H'(Q) N L3(Q)) & H.(9). 7)

Furthermore, by [4, Thm. 3.4.1], we know that there is Cq; > 0 such that € H'(Q) N L(Z)(Q)
satisfying curl ¥ = z can always be chosen so that

¥l < Calizllo- ®)

2.3.2 Second Helmholtz—Hodge decomposition

Let us now introduce the following space of harmonic vector fields:
H,(Q) := H(curl’; Q) N Hy(div); Q). 9)

By [4, Prop. 3.3.13], the harmonic space H, () has dimension B, and a basis for H,(Q) is given
by (grad ”i)ie{l ..... 5, Where, fori € {1,.... 1}, m; € H'(©Q)n L%(f)) is the unique solution (recall

that Q is assumed to be connected) to

—div(ngrad ;) =0 inQ, (10a)
(ngradm;)-n =0 onT, (10b)
[(ngradr;)-ns, |5, =0 foralli’ € {1,...,B1}, (10c¢)
[7ils, =6 foralli’ € {1,...,B1}. (10d)

We remind the reader that grad zr; is the continuation to L?(Q) of grad n; € L*(€), and that the
jump operator I[']]Zw is defined in (3). Notice that the x;’s are real-valued (since 7; also solves the
uniquely solvable Problem (10)) and, following the convention (3),

;= (ngradr;, grad ;) = (1 grad m;, grad 7)o, = ((n grad 7y, ns,, 1)y

which implies that grad 7; and grad 7;7 are not L% (Q)-orthogonal in general. The real-valued matrix
L € RAB1 is called inductance matrix, and is symmetric positive-definite (see [4, Cor. 3.3.14]). For
w € H,(Q) writing w = grad r, with 7 € H'(Q) N L(Z)(Q) such that 7 := ZQ] a;m;, letting this time

@y = ((l’i € C)iE{l ..... B} and ﬂw = (<(T]W)|Zi,‘n2i,, 1>2i’ € C)i’e{l ~~~~~ B} there holds
a, =278, (11)

As a consequence, w = 0 if and only if ((nw)|s,, -ns,, 1)s, =0foralli’ € {1,...,5}.
Building on [4, Prop. 3.7.3], and using [4, Thm. 3.5.1], we infer the following second L%(Q)—
orthogonal Helmholtz—Hodge decomposition:

L*(Q) = grad (H'(Q) N L3 (Q)) & % curl (H'(Q) N Hy(curl; Q)) & H,(Q). (12)

Furthermore, combining the results of [4, Thm. 3.5.1] and [4, Thm. 3.6.7], we know that there is
Ca.» > 0 such that y € H'(Q) N Hy(curl; Q) satisfying curl ¥ = z can always be chosen so that

Il < Ca.2llzllo- (13)



2.4 Weber inequalities and Maxwell compactness

Recall the definition X () := H(curl; Q) N H(div,,; Q). Endowed with the (weighted) norm

2

2. 2
Ivllx = 1 llgy + 1V llcan:

X (Q) is a Hilbert space. The first and second Weber inequalities, as well as the related Maxwell com-
pactness properties, are direct consequences of the Helmholtz—Hodge decompositions (7) and (12).

2.4.1 First Weber inequality

Let
X:(Q) := Ho(curl; Q) N H(div,,; Q). (14)

As a closed subspace of X(Q) (recall that the rotated tangential trace map is continuous), X (€2),
endowed with the ||-||x-norm, is a Hilbert space. We state and prove the first Weber inequality.

Proposition 2 (First Weber inequality). There is Cyw 1 > 0 only depending on Q such that, for all
v e X (Q),

B2 2
Il IR 1 1l
I72vllo < Cw 1| m, * 1 div(w)llo +m || curlvllo + 7, * x5 § K@w)ir,-n, D 1P| |- (15)
J=1

Proof. The proof of (15) builds on the first Helmholtz—Hodge decomposition (7). Sincev € X;(Q) C
L?*(Q), there exist ¢ € Hé(Q), Y e H(Q) N L%(Q), and w € H,(Q) (writing w = grad w, with
w € H'(Q) such that w := Zfil @jwj), such that

v:gradgo+@curl¢+w. (16)
n
From the previous decomposition, there holds

1
||n2v||§ = (v, grad ) + ny (v, curly)g + (v, grad w)q.
By integration by parts, since ¢ € Hé(Q), v € Hy(curl; ), and each w; satisfies (5), we infer that
B2

129113 = = (div(yp). @)a + ny(curlv, o — (div(yp), w)a + Z((’l")m'n, Dr,@;.
j=1

The triangle and Cauchy—Schwarz inequalities, followed by the Poincaré inequality applied to both
¢ € Hy(Q) and w € H'(Q) (remark that wr, = 0), and the estimate (8), then yield

1 ) 1 1
In2vlly < C| Il div(nv)lloll grad ¢llo + 1, |l curlvllo n, || curl o

B2 2
+ [l div(mv)lloll grad wllo + Z K@), -n, D 2| e,
J=1
where |a@,, | denotes the Euclidean norm of @y, := (@; € C)jeq1,... g,}- Starting from the expression (6)
of @y, and since <(17w)|1~j, ‘n, Dr, = (ngrad w, grad w,)o, we infer that
1/2

B2
_ _ _ 1 1
| =167 B, < p(€ )|, < p(€ )| > lIn> gradwylig | IIn? gradwlly,  (17)
Jj'=1



where p(€1) > 0 denotes the spectral radius of the symmetric positive-definite (real-valued) matrix
€1, which is proportional to 77 . The conclusion then follows from the L2 (Q)- orthogonahty of the

decomposition (16), so that [|5? grad 90||0 < ||772V||0,771¢||77 2 curl ||y < [l72vllo, and [l grad wllo <
lIn2v o, and from the fact that ||-jp < nbzlln2 llo and nﬁ I-llo < mylln™ 3-lo- O
The above proof of (15) is constructive. An alternative proof (in the case n = 1), based on a

contradiction argument, can be found in [4, Thm. 3.4.3]. Another proof (in the case of a symmetric
tensor field 1), leveraging the inverse mapping theorem, is available in [4, Thm. 6.1.6 (s = 0)].

Remark 3 (Useful variant). Assume that v € Hy(curl; Q) satisfies

Ly
(mv,2)a=0 Vz € grad (H)(Q)) ® H.(Q).

Then, following the above proof, one can show that

1 1
21l < Ca.1my |l curlv|lo,

where Cq 1 > 0 is the multiplicative constant from (8).

The first Weber inequality enables us to define the following norm on X (€2):

B2
W1, = 5 I divOp) I3 + nglleurlv 2+ 75 > Ky, . D, P
=1

which is equivalent to the ||-||x-norm: there is C; > 0, only depending on €, such that
(Ce) Il < IVlE, < Cekylvly W9 € Xo(Q).

Endowed with the ||-||x,-norm (more precisely, with the corresponding Hermitian inner product),
X+ (Q) is a Hilbert space. We are now in position to state and prove Maxwell compactness in X, (Q).
Our proof partly takes inspiration from the one of [4, Thm. 3.4.4] (see also [4, Thm. 7.5.1 (s = 0)] in
the case of a symmetric tensor field 7).

Proposition 4 (Maxwell compactness in X (Q)). Let (v,;)men be a sequence of elements of X (L)
_1
Jfor which there exists a real number Cypy > O such that Ty *Nlvmllx, < Cym for allm € N. Then, there

exists an element v € X¢(Q) such that, along a subsequence as m — o, v,, — v strongly in L*(Q).

Proof. The proof proceeds in three steps.

1

Step 1 (Weak convergence): By assumption, ||v,,|lx, < C Mﬂé for all m € N. By definition of the
||I-|lx,-norm, and by the first Weber inequality (15), this implies that (i) (v, )men and (curl v, ), en are
uniformly (in m) bounded in L*(Q), and (ii) (div(7¥m))men is uniformly (in m) bounded in L?(Q).
Using standard (weak compactness and limit regularity) arguments, we then infer the existence of
v € X;(Q) such that, along a subsequence (not relabelled), (i) v,,, — v and curlv,, — curl v weakly
in L?(Q), and (ii) div(nv,,) — div(nv) weakly in L?(Q).

Step 2 (Characterization of the limit): For any m € N, since v,, € X;(Q) c L?*(Q), invoking
the first Helmholtz—Hodge decomposition (7), there exist ¢, € Hé Q),y, €¢H Q) n L%(Q), and
w,, € H:(Q), such that

=grad ¢, + ™ curl W+ W, (18)
n



with ||y, |l1 < Cq.1l| curly,,|lo by (8). Since the sequence (v,;)men is uniformly (in m) bounded in
L?*(€), and the decomposition (18) is L%I(Q)—orthogonal with n essentially bounded by above and
by below away from zero in €, the three sequences (grad ¢,,,)men, (curl ¥, )men, and (W, )men are
also uniformly (in m) bounded in L*(Q). Given that (W,,)men C H(Q), and that the harmonic
space H:(Q) has finite dimension, we directly infer from the Bolzano—Weierstral theorem the
existence of w € H,(Q) such that, up to extraction (not relabelled), w,, — w strongly in L?(Q).
Let us now deal with the two remaining terms of the decomposition. By the Poincaré inequality
applied to ¢, € H(l) (€2), and the estimate ||¢,,,|[1 < Cq,1|| curly,, ||o, there holds that (i) (@ )men is
uniformly bounded in H'(Q), and (ii) (,,)mex is uniformly bounded in H'(Q). Invoking standard
(weak compactness and limit regularity) arguments, one can infer the existence of ¢ € Hé(Q)
and y € H'(Q) n L(Z)(Q) such that, up to extractions (not relabelled), grad ¢,, — grad ¢ and
curly,, — curly weakly in L?(€). By linearity, we have thus proven that, along a subsequence
(not relabelled), v,,, — grad ¢ + %” curly + w weakly in L?(Q). The uniqueness of the weak limit

. _ 4
then yields that v = grad ¢ + r curly +w.

Step 3 (Strong convergence): By Rellich’s compactness theorem, it actually holds that, along the
same subsequence (not relabelled) as in Step 2, ¢,, — ¢ strongly in L?(Q) and ,,, —  strongly in
L?(Q). We now want to prove the strong convergences of (grad ¢,,,)cy and (curl )y in L2 (Q)
(we remind that we already proved strong convergence for (w,,)m,en). Recalling the expression of
v € X (Q) we derived in Step 2, since the decomposition (18) is L%(Q)—orthogonal, we have

1 .

72 (grad ¢,, — grad @) |5 = (N(vim — ), grad(g, — ¢)) o = — (VO m =), om — @) g
where we have used that ¢, ¢ € H(l) (Q). By Cauchy-Schwarz inequality, combined with the fact
that || div(nv,)llo < Cuny for all m € N and div(nv,,) — div(nv) weakly in L%(Q) (so that
I div(mv)llo < Carmy), we infer that

1
172 (grad ¢,, — grad ¢)|I7 < 2Cpmyllom — ¢llo.

Since ¢,,, — ¢ strongly in L?(Q), passing to the limit 1 — co we conclude that grad ¢,, — grad ¢
strongly in L?(Q). By the very same arguments, there holds

7% (curly,, — curly) |3 = 15" (v = v, curl(p,,, = ) = 15" (CArl(vn = ¥), 4, = ¥) g,

where we have used that v,,,, v € Hy(curl; Q). This implies that

_1 _
72 (curlyp,,, — curly) |l < 2Carmy ' 18, = ¥ lo,

which eventually yields that curly,, — curly strongly in L?(Q). Thus, along a subsequence (not
relabelled), v,, — v strongly in L?(), which concludes the proof. m|

2.4.2 Second Weber inequality

Let
X, (Q) := H(curl; Q) N Hy(div,; Q). (19)

As a closed subspace of X(Q) (recall that the -weighted normal trace map is continuous), X, (),
endowed with the ||-||x-norm, is a Hilbert space. We now state and prove the second Weber inequality.

Proposition 5 (Second Weber inequality). There is Cw » > 0 only depending on Q such that, for all
v € Xn (Q))

1

Bi 2
1 1 1 1l
7 vllo < Cw 2(m, Il div)llo +n; | eurl vllo + 1, Z|<(77V)|zl—'nz,~,1>z,~|2) ) (20)
i=1
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Proof. The proof of (20) builds on the second Helmholtz—Hodge decomposition (12). Since v €
X, (Q) c L*(Q), there exist ¢ € H'(Q) N LA(Q), ¢ € H'(Q) N Ho(curl;Q), and w € H,(Q)

(writing w = grad 71, with 7 € H'(Q) N L%(fl) such that 7 := Z'B

. lcxﬂr,) such that

v:grad¢+@curlcﬁ+w. (21)
n
From the previous decomposition, there holds

1
||n2v||§ = (npv,grad )o +ny (v, curly)g + (v, grad 7r)g .
By integration by parts, since v € Ho(div,,; Q), ¥ € Hy(curl; Q), and each r; satisfies (10), we infer

Bi

1 . . —
721l = —(div(pw), p) + ny(curl v, o — (div(yy), m)s + Z((UV)m,.-nzi, D, ;.
i=1

The triangle and Cauchy—Schwarz inequalities, followed by the Poincaré—Steklov inequality applied
to both ¢ € H'(Q) N L3(Q) and « € H'(Q) N L3(€) (recall that & is assumed to be connected), and
the estimate (13), then yield

1 . 1 1
In2vlly < C| Il div(nv)lloll grad ¢llo + 1, |l curlvllo , || curl o

Bi 2
+ || div(nv) llollgrad x|l + (Z K(mv) s, ns,, 1)2,-|2) |0/w|),

i=1

where |a,, | denotes the Euclidean norm of a,, := (a; € C);cq1,... g}, and where we also used that
| div(mv)llg.q = Il div(nv)llo since v € H(div,;€), and that || grad r||, o = lgrad x|o. Starting
from the expression (11) of a,,, and since ((nw)s, -ns,, 1)z, = ( grad 7, grad 1; )o, we infer that

B 2
= 12718, | < p(e”! e[S ntgradnel| fnigraa 22
o] =127 B, < p(@7)IB,| < p(&7) | )] In*grad i3] Iln7gradzlo,  (22)
i’=1

where p(27") > 0 denotes the spectral radius of the symmetric positive-definite (real-valued) matrix
2!, which is proportional to 77‘1 The conclusion then follows from the L2 (Q)- orthogonahty of the

decomposition (21), so that |52 grad90||o < lln2vllo. 7711”’7 *curlyllg < [ln?vllp. and |y grad o <
ll7*vlo. and from the fact that [|-[lp < ,,b2||,72 llo and 7 [I-llo < mylln~ 2-[l. o

As for (15), the above proof of (20) is constructive. An alternative proof (in the case 7 = 1), based on
a contradiction argument, can be found in [4, Thm. 3.5.3]. Another proof (in the case of a symmetric
tensor field 1), leveraging the inverse mapping theorem, is available in [4, Thm. 6.2.5].

Remark 6 (Useful variant). Assume that v € H(curl; Q) satisfies

(nv,2)a =0 Vz € grad (H'(Q) N L} (Q)) EB H,(Q).

Then, revisiting the above proof, one can show that

1 1
721l < Caamy |l curlvllo,

where Cq 2 > 0 is the multiplicative constant from (13).
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The second Weber inequality enables us to define the following norm on X, (Q):

B
19113, = n I div ) 13-+ mgll curl v+ > 1wy, s, D
i=1

which is equivalent to the ||-||x-norm: there is C,, > 0, only depending on £, such that
(Cok) ' IVIx < Ilx, < Cakpllvlly W9 € Xa(Q).

Endowed with the ||-||x,-norm (more precisely, with the corresponding Hermitian inner product),
X, (Q) is a Hilbert space. We are now in position to state and prove Maxwell compactness in X, (Q2).
Our proof partly takes inspiration from the one of [4, Thm. 3.5.4] (see also [4, Thm. 7.5.3] in the case
of a symmetric tensor field 7).

Proposition 7 (Maxwell compactness in X,,(Q)). Let (v,;)men be a sequence of elements of X,,(L2)
_1
for which there exists a real number Cyy > 0 such that My Nvmllx, < Cum forall m € N. Then, there

exists an element v € X,,(Q) such that, along a subsequence as m — co, v,, — v strongly in L*().

Proof. The proof proceeds in three steps.

Step 1 (Weak convergence): By assumption, ||v,,||x, < Cm 173 for all m € N. By definition of the
||-|lx,,-norm, and by the second Weber inequality (20), this implies that (i) (v,,,)men and (curl v, ),en
are uniformly (in m) bounded in L?(€), and (ii) (div(7¥ ) )men is uniformly (in m) bounded in L?(Q).
Using standard (weak compactness and limit regularity) arguments, we then infer the existence of
v € X, (Q) such that, along a subsequence (not relabelled), (i) v,, — v and curlv,, — curl v weakly
in L*(Q), and (ii) div(yv,,,) — div(ypv) weakly in L>(Q).

Step 2 (Characterization of the limit): For any m € N, since v,, € X,(Q) c L*(Q), invoking
the second Helmholtz-Hodge decomposition (12), there exist ¢, € H'(Q) N L3(Q), ¢, € H'(Q) N
Hy(curl; Q), and w,, € H,,(Q2), such that

Vv = grad ¢, + i curly,, +w,,, (23)
n

with ||¢,,|l1 < Ca.|l curly,,|lo by (13). Since the sequence (v,,)men is uniformly (in m) bounded
in L?(€), and the decomposition (23) is L%, (Q)-orthogonal with 1 essentially bounded by above and
by below away from zero in €, the three sequences (grad ¢,,,)men, (curl ¥, )men, and (W, )men are
also uniformly (in m) bounded in L*(Q). Given that (W,)men C H,(€), and that the harmonic
space H,, () has finite dimension, we straightforwardly infer from the Bolzano—Weierstral} theorem
the existence of w € H,,(Q) such that, up to extraction (not relabelled), w,, — w strongly in L?(Q).
Let us now deal with the two remaining terms of the decomposition. By the Poincaré-Steklov
inequality applied to ¢,,, € H'(Q) N L(z)(Q), and the estimate ||y, |li < Cq.2|| curly,, o, there holds
that (i) (@ )men is uniformly bounded in H'(Q), and (ii) (¢,,)mey is uniformly bounded in H' (Q).
Invoking standard (weak compactness and limit regularity) arguments, one can infer the existence
of p € H(Q) N L(Z)(Q) and y € H'(Q) N Hy(curl; Q) such that, up to extractions (not relabelled),
grad ¢, — grad ¢ and curly,, — curly weakly in L?(€). By linearity, we have thus proven that,
along a subsequence (not relabelled), v,,, — grad ¢+ %ﬁ curl  +w weakly in L?(Q). The uniqueness

. . _ 4
of the weak limit then yields that v = grad ¢ + o curly +w.

Step 3 (Strong convergence): By Rellich’s compactness theorem, it actually holds that, along the
same subsequence (not relabelled) as in Step 2, ¢,, — ¢ strongly in L?>(Q) and ¢, — ¢ strongly in
L?(€2). We now want to prove the strong convergences of (grad ¢,,, )men and (curl g m)mel in L*(Q)

12



(we remind that we already proved strong convergence for (w,,)nen). Recalling the expression of
v € X,,(Q) we derived in Step 2, since the decomposition (23) is L%I(Q) -orthogonal, we have

1 .
[|772 (grad ¢m — grad ‘10)||§ = (U(Vm - V), grad(y,, — ‘p))g = —(le(U(Vm - V)), Om — SO)Q,

where we have used that v,,,v € Hy(div,;€2). By Cauchy-Schwarz inequality, combined with the
fact that || div(nv,,)llo < Cany for all m € N and div(nv,,,) — div(nv) weakly in L?*(€) (so that
[l div(nv)llo < Camny), we infer that

1
7% (grad ¢,,, — grad ¢)|l5 < 2Cpngllom — ¢llo-

Since ¢,,, — ¢ strongly in L?(Q), passing to the limit m — oo we conclude that grad ¢,,, — grad ¢
strongly in L?(Q). By the very same arguments, there holds

7% (curl g, — curl ) ||2 = Ny (v = v curl(Y,, —9))q =y (curl(v = v), 4, =),

where we have used that ,,,, ¥ € Hy(curl; ). This implies that

-1 —
772 (curlyp,, — curly) |l < 2Carmy 18, = ¥ lo,

which eventually yields that curly,, — curly strongly in L?(€). Thus, along a subsequence (not
relabelled), v,, — v strongly in L?(Q), which concludes the proof. |

3 Discrete setting

From now on, we assume that the domain Q c R3 is a (Lipschitz) polyhedron.

3.1 Polyhedral meshes

We consider meshes My, := (75, F1) of Q@ c R3 in the sense of [22, Def. 1.4].

The set 7, is a finite collection of disjoint, open Lipschitz polyhedra T (called mesh cells) such
that Q = Ure;, T. The subscript & here refers to the mesh size, defined by & := maxreg;, hr, where
hr = max, . |x — y| denotes the diameter of the mesh cell T. The set ¥, is a finite collection of

disjoint, two-dimensional connected subsets of Q (called mesh faces) such that, for any F € 7, (i) F
is a relatively open Lipschitz polygonal subset of an affine hyperplane, and (ii) either there exist two
distinct mesh cells 7+, T~ € 75, such that F C 8T N T~ (F is then an interface), or there exists one
mesh cell T € 7}, such that F € 8T N T (F is then a boundary face). The set of mesh faces is further
assumed to satisfy Ureq;, 0T = Urpeg, F. Forall F € 7, we let hg := max, . |x — y| denote the
diameter of the face F. Interfaces are collected in the set ¥,’, whereas boundary faces are collected
in the set ?"h‘? . For all T € 75, we denote by 77 the subset of ¥}, collecting those mesh faces lying
on the boundary of T, so that 0T = Jpcs, F. For all T € 7j,, consistently with our notation so far,
we let ngr denote the unit vector field, defined almost everywhere on 97, normal to 07 and pointing
outward from 7. For all F € Fr, we also let n7 r := ngr | denote the (constant) unit vector normal
to the hyperplane containing F* and pointing outward from 7. Finally, for all F € ¥, we define np
as the unit (constant) vector normal to F such that either np = np+ p if F C 0T N dT~ € ¥, > or
ng:=nyrp(=np)if FCoT NI € 7—”}1‘9. For further use, we also let, forall T € 7, and all F € ¥,
ET.F € {—1, 1} be such that ET,F ‘= AT F'RF.

When 8; > 0, foralli € {1, ..., B}, we assume that there exists a subset Fi s, of 7, such that

i =U Fefy,. F, and for which np = ny,p forall F € 7—"}!",21,. This ensures that we do associate
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the superscript + to the side of Q (with respect to %;) for which ny, is outward, consistently with our
assumption from Section 2.2. Remark that, since the cutting surfaces are piecewise planar, the set
is indeed pseudo-Lipschitz. We also set

Bi
Fro = F \ | Frs,
i=1

When 3, > 0, forall j € {0,..., B2}, welet ﬂar_ denote the subset of7-'h‘9 suchthatI'; = UFGT;?F F.
£l ] N j

At the discrete level, the (real-valued) parameter 1 :  — [, 73] introduced in (2) is assumed
to be piecewise constant on the partition 7; of the domain €2, and we let

m <nr=nr < ny VT € 7y,. (24)

Let H c (0, o) be a countable set of mesh sizes having 0 as its unique accumulation point. When
studying asymptotic properties with respect to the mesh size, one has to adopt a measure of regularity
for refined mesh families (My)ncqr. We classically follow [22, Def. 1.9], in which regularity for
refined mesh families is quantified through a uniform (with respect to i) parameter o € (0, 1), called
mesh regularity parameter. In a nutshell, it is assumed that, for all & € H, there exists a matching
tetrahedral submesh of My, (i) which is uniformly shape-regular, and (ii) whose elements have a
diameter that is uniformly comparable to the diameter of the cell in M, they belong to. In what
follows, we write a < b (resp. @ 2 b) in place of a < Cb (resp. a > Cb), if C > 0 only depends
on , on the mesh regularity parameter o, and (if need be) on the underlying polynomial degree, but
is independent of both /4 and . In particular, for regular mesh families (My,)cq, for all h € H,
and for all T € 7}, there holds card(¥7) < 1, as well as hy < hp < hy for all F € ¥ (cf. [22,
Lem. 1.12]). Finally, for X € 7, U 75, we let xx € R3 be some point inside X such that X contains
a ball/disk centered at xx of radius hx < rx < hx. The existence of such a point is guaranteed for
regular mesh families.

3.2 Polynomial spaces

For £ € N and m € {2,3}, we let P/, denote the linear space of m-variate C-valued polynomials of
total degree at most £, with the convention that, for any m, P is identified to C, and P,! := {0}.
For any X € 7, U F,, we denote by P¢(X) the linear space spanned by the restrictions to X of the
polynomials in SD§ . Letting m € {2,3} be the dimension of X, P¢(X) is isomorphic to P¢, (cf. [22,
Prop. 1.23]). We let nf( denote the L?(X)-orthogonal projector onto P¢ (X). For convenience, we also
let PY(X) := PL(X)™ (ie. forall T € Ty, PE(T) = PE(T)3, and for all F € F,, PL(F) = PL(F)?),
and we define ﬂf( as the L%(X)-orthogonal projector onto P (X).

For any F € ¥, we let Hr denote the hyperplane containing F, that we orient according to
the normal ny. For w : F — C, we let gradp w : F — C? denote the (tangential) gradient of w.
Likewise, for w : F — C?, divp w : F — C denotes the (tangential) divergence of w. We also let
rotzw : F — C2 be such that

rotpw := (gradp w)",

where z* is the rotation of angle —x/2 of z in the oriented hyperplane Hg. Let us introduce the
following subspaces of P*(F), £ € N:

RE(F) = rotp (P (F)), REE(F) =P (F) (x - xp),

where, for x € F, (x — xp) C Hp is identified to its two-dimensional tangential counterpart
(cf. Remark 1). The polynomial space R%’(F) is the so-called Koszul complement of RY(F). As
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a consequence of the homotopy formula (cf. [2, Thm. 7.1]), the following (non L?(F)-orthogonal)
polynomial decomposition holds true:

PUF) = RE(F) @ REE(F). (25)

Furthermore, by exactness of the (tangential) polynomial de Rham complex, the differential mapping
divp : R&C(F) — PC1(F) is an isomorphism.
For any T € T;, now, we introduce the following subspaces of P (T), £ € N:
G (T) = grad (P1(T)), G°(T) = PN T)x(x —x7),
RY(T) := curl (PN(T)), RUT) == PN T (x — x7).
The two polynomial spaces G%¢(T) and R®(T) are the Koszul complements of G¢(T) and R (T),

respectively. By the homotopy formula (cf. [2, Thm. 7.1]), the two following (non L?(T)-orthogonal)
polynomial decompositions hold true:

PUT) = G (T) ® G“/(T) = RUT) & RU(T). (26)

By exactness of the polynomial de Rham complex, the differential mappings curl : G&‘(T) —
RE(T) and div : RS (T) — PL~1(T) are isomorphisms.

Remark 8 (Inverses of cell-wise differential mappings). By the inverse mapping theorem, we know that
the inverse mappings curl™ := (curl)™' : R“YT) — GU(T) and div™! := (div)™! : PI-1(T) —
‘RC’K(T) are bounded. From a quantitative viewpoint, one can show that

learl™ ¢llor < hrllellor Ve e RTNT),  |ldividlor < hrlldlor Vd e PNT). @27)

This has been proven for general polyhedral cells by a transport/scaling argument in [23, Lem. 9].
For star-shaped polyhedral cells, it is possible to obtain explicit multiplicative constants (cf. [12,
Lem. 2.2] for curl™, and Appendix A for div™").

ForallT € 7 and all F € ¥, since forv : T — C we have npx((gradv)|pxnr) = gradz (v|r)
(where npx((gradv)|rxnr) is identified to its two-dimensional tangential counterpart), there holds

G (T)pxnr = R (F), (28)

where vectors in G° (T)|rxnF are identified to their two-dimensional counterparts. In the same vein,
since for v : T — C> we have (curl v)iF-np = dive (v|pxnp) (Where v|pXnp is identified to its
two-dimensional tangential counterpart), and dive (P (F)) = P{(F) (by (25) with £ « €+ 1 and
recalling that divy : R (F) — PL(F) is an isomorphism), there holds

RET) p-np = P(F). (29)

For the 3-variate C-valued polynomial space P¢, and C3-valued polynomial space P!, we intro-
duce the following broken versions:

PUTR) ={v € L*(Q) | vir € PL(T)VT € T},
P(Th) ={v € L*(Q) | vir € P/(T)VT € Tp,}.

We classically define on P¢(7}) the broken gradient operator grad,,, and on PL(T5) the broken
rotational and divergence operators curl, and div,. We let ni (resp. ni) be the L*(Q)-orthogonal

(resp. L?(Q)-orthogonal) projector onto P¢(75,) (resp. P (71)).
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3.3 H(curl) N H(div,)-like hybrid spaces
Let £ € N be a given polynomial degree. We define the following discrete counterpart of the space
X(Q) = H(curl; Q) N H(div,;; Q):
vr e PUT) VT €7,
X} =1, = (0rhren, Orarer, (IWlraren,) 1 vee €Q(F) YFeFip, (30)
[1v]F.n € PE(F) VF €,

where the (possibly trimmed) polynomial space Q° (F) satisfies
RE(F) C QU(F) c PU(F). (31)

We let n'g - denote the L?(F)-orthogonal projector onto Q“ (F). In (30), v F.r stands for the rotated
tangential trace unknown, whereas [nv]r_, stands for the n-weighted normal trace unknown.
Given a mesh cell T € 7}, we denote by X' [} the restriction of X' fl to T, and by

vy = (vr, OF)Fes (VIFa)res ) € X5

the restriction of the generic element v, € X i tothecell T. For v, € X fl, we let v, (not underlined)
be the broken polynomial vector field in ¢ (7;,) such that

(vh)|T =vr YT € Ty,.

Also, we let y, j, : Xfl — L*(I") denote the discrete rotated tangential trace operator, and Vb
X i — L*(T) be the discrete 17-weighted normal trace operator such that, for all v n €X fl,

71',h(yh)|F =VFr and ')’n,h(yh)lF = [nv]F,n VF € 7:}16‘ (32)

Note that, for almost every x € I', . ;,(v,,)(x) is a vector in C2. The discrete trace operators enable
us to define the following subspaces of X ¢, which are the discrete counterparts of X, () and X,,(Q),
respectively defined in (14) and (19):

Xy o={v, e X} | ven(w,) =0}, X4, ={v, e X [yn(v,) =0}.  (33)

For any T € 7, we introduce the following local Hermitian, positive semi-definite, sesquilinear
forms: for all w,, v, € X?,

Scurl, T (ET,XT) = Z hfvl ((ﬂg’F(WﬂFan) - wF,T)’ (ﬂé,F (VT|F><nF) - vF,T))F’

FeFr (34)

Sdiv,T (W, vy ) 1= Z h}l((UTWﬂF'nF = [nwlF.n), (nrvr|FnF — [UV]F,n))F,
Fefr

where wr|pXnp and vy |pXnp are identified to their two-dimensional (tangential) counterparts.
Based on (34), we next define H(curl)- and H(div,,)-like hybrid semi-norms: for all v, € Xi,

1% = (Iearlvr By + s (w7 7)) (35)
TeT,
and
= D (VG IR 7+ sawr (w7 57) - (36)
TeT,
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Finally, we equip the discrete space X fl with the following weighted norm:

2. 1 2 -1 2 2
”K}LHXJ, = ||772Vh||0 +n, |Xh|div,h +Uﬁ|yh|cur|,h- (37)

Notice in (35) the deliberate presence, within the least-squares face penalty terms of Scup, 7, Of the
tangential face projection ng, F (vripxng). As will be made precise in Lemma 12, this projection
aims at guaranteeing the optimal (polynomial) consistency of the local Hermitian form seup,7, making
of the latter a ready-to-use (optimal) stabilization for hybrid schemes. It is quite crucial to note that
the introduction of this face projection does not jeopardize stability, as is made clear in Lemma 9
below. This latter fact essentially relies on the assumption (31) on the tangential face space. Similar
considerations actually apply to (36) and sqiy,7 but with the difference that, since the normal face
space is chosen to be PL(F) and 77 is piecewise constant on 7}, then ﬂg (mrvr|F'nF) =NTVT|FRF
for v € PY(T). The heuristics behind the choice of face spaces is further motivated in Remark 10.

Lemma 9 (Full control of tangential jumps). Forall v, € Xi, and all T € Ty, the following holds
true:
1/2
ST nEvripxne —ve R p| s lleurlvrllor + seanr (v w7)". (38)
Fefr

Proof. By Remark 8, notice that (vz — curl™! (curlvr)) € G (T). Hence, by (28), for any F € F7,
(vripxnp — curl™ (curlvr ) pxnr) € RY(F).
Since R’ (F) € Q“(F) owing to (31), we then infer that
vrpxXng —vi e = (I -1 p)(curl™ (curlvy ) pXnp) + w1l o (v pXnE) = Vi

By the triangle inequality, and the L?(F)-optimality of the orthogonal projector 71'22’ F» We get

_1 _1 ~
]/le ||vT|F><nF - VF,THO,F < hF2” curl l(curlvT)|F><nF||0,F
_1
+ th “ﬂi),F(leFan) - Vvrzllo,Fs

which, in turn, by a discrete trace inequality (cf. e.g. [22, Lem. 1.32]) combined to mesh regularity,
the estimate (27) on the local norm of curl™!, and the expression (34) of Scur1, 7, yields (38). m]

Remark 10 (Face spaces). For a cell unknown vy in P°(T), the choice of the tangential face space
Q[(F) satisfying (31) is driven by the following stability argument. Locally to a mesh cell T € Ty, the
face projection né r (vrpxnF) for F € Fr must enable to control, via least-squares face penalty,

(at least) the rotated tangential trace of the G (T)-part of vy (i.e. vy — curl™!(curlvr)). As a
matter of fact, G*(T) is precisely the kernel of the rotational operator in P (T). Since, by (28),
G’ (T)pxnp = RE(F), this motivates the choice of Q° (F) such that R (F) € Q“(F) € P! (F), the
space R (F) being the smallest admissible set ensuring stability. If one wants to adapt the argument
to the normal face space, one must now control with a face projection of nrvr|r-nr (at least) the
normal trace of the R (T)-part of nrvy (i.e. nyvy — div_ ' (div(nrvr))). As a matter of fact, nr is
a constant, so that nrvy € PL(T), and RE(T) is precisely the kernel of the divergence operator in
PUT). Since, by (29), R¢ (T)pnp = PL(F), this means that choosing P*(F) as the normal face
space is actually optimal.
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For g > 2, we define the following global reduction operator: I i X Q)NLI(Q) - X fl is such
that, for allv € X(Q) N L9(Q),

I,(v) = ((”? (V|T))Te77,’ (ﬂé,F(vlFan))Feﬂ’ (”2((’7V)IF'”F))Feﬁ,) ’ (39)

where v\ Xn F is identified to its two-dimensional (tangential) counterpart.

Remark 11 (Regularity). Following [27], for n satisfying (2), the regularity v € X(Q) N L9(Q) is
sufficient to give a (weak) meaning to the face polynomial projections in (39). Besides, this regularity
is typically satisfied by the solutions to the Maxwell system with piecewise smooth parameter n as
in (24). Indeed, functions in X (Q) or X, (Q) with piecewise smooth n belong to H® (Q) for some
s > 0(cf. [20, 32, 9]), i.e. by Sobolev embedding, to L1(Q) for some g > 2.

For all T € 75, we also introduce the local reduction operator: E; : H(curl; T) N H(div,;;T) N
LY(T) — X? is such that, for all v € H(curl; T) N H(div,,; T) N L9(T),
I5.(v) = (n§<v>, (o, (VIFXRE)) peg s (né(nrvm-nm)peﬁ) : (40)
The proof of the next lemma is straightforward based on the definitions (34) and (40).
Lemma 12 (Optimal polynomial consistency). Let T € Ty,. For all p € P (T), letting P, € X‘} be
such that P, = I ‘} (p), the following holds true:
® Scurl,T (ETyXT) =0 forall Vr € X; ,

o sav.r (P vy) =0 forall vy, € X7

The important Lemma 12 above guarantees that the stabilization Hermitian forms (34) shall provide
superconvergence when used within hybrid numerical schemes (cf. [14, 12]). In the literature, this
kind of stabilization is often referred to as of Lehrenfeld—Schoberl type [33] (see also [16]).

4 Hybrid Weber inequalities

Let £ € N be a given polynomial degree.

4.1 First Weber inequality

Recall the definitions (33) of the discrete space X ¢ (35)=(36) of the hybrid semi-norms |-|cur1,» and

=h,t°
|ldiv.n, and (32) of the discrete -weighted normal trace operator y,, 5.

Theorem 13 (First hybrid Weber inequality). There exists cw 1 > 0 independent of h and n such
that, for all v, € Xfm, one has

L[ B 12

1 _1 1 _1 1 2
hll0 = CW,1 Yy ldiv,h Y leurl,h n nh\¥p ) 1) .
Im2villo < ew.a | m, " [ plaiv.n + 715 |9, leurtn + 1, "k (Ynn (W) )y, (41)
J=1

Proof. Since v, € PY(T,) c L*(Q), by the first Helmholtz—Hodge decomposition (7), there exist
@ E Hé (Q),y e H(Q) N Lﬁ(Q), and w € H.(Q) (writing w = grad w, with w € H'(Q) such that

w = Z_/;il @jwj), such that

Vi :gradgo+@curl¢ﬁ+w, 42)
n

18



with |||} < Cg,1|| curl ¥||p by (8). From the decomposition (42), we directly infer that

1
I72vall§ = (v, grad )a + ny (va, curl ), + (pvp, gradw), = Iy +qylo + 3. (43)

Let us now estimate the three addends in the right-hand side of (43).
For 1, first remark that

> err(lemw oiF)p =0,

TE(];, FGTT

as a consequence of the fact that ¢ € Hé(Q) (so that ¢ is single-valued at interfaces and vanishes
on boundary faces) and that, for any F c T N JT~ € 7—'h°, er+r +&r- r = 0. Hence, performing
cell-by-cell integration by parts, we get

Li= ) (nrvr.grad)y = ) (—(diV(nrvT),¢)T+ D (mrvrienr o)

TeT, T <7, Fefr
= Z —(div(nrvr), @), + Z Z er,r(mrvrip-ne = [MV1Fn, @|F) -
TeT, TeT, FeFr

Repeated applications of the Cauchy—Schwarz inequality then yield

1/2
I < 1w laiv.n (||¢||3+ > hF||¢|F||§,F) :

TeTn FeFr

Applying a continuous trace inequality (cf. e.g. [22, Lem. 1.31]) combined with mesh regularity,
using the fact that iy < diam(Q) for all T € 7}, and concluding with the Poincaré inequality applied
togp € Hé (€), we finally infer that

1) < vy, laiv.nll grad ¢llo. (44)

Let us now turn to the estimation of Z,. In what follows, following Remark 1, all tangential vector
fields are pointwise identified to their counterparts in C2. First, notice that

Z Z er . F (Vo X pxnp)) =0,

TeT, FeFfr

as a consequence of the fact that € H'(Q) (so that all components of ¥ are square-integrable and
single-valued at interfaces), that v, € sz,r (sothat vp r = 0 for all F € 7—'}1‘7), and that, for any
FcoT*ndT™ € ¥, er+ r +er- r = 0. Hence, performing cell-by-cell integration by parts yields

L= Z (vr,curly), = Z ((curlvT,xp)T+ Z (vripXnr ponpX (Y pXRE)) £

T<T, TeT, Fefr
= Z (Clll‘lVT,lﬁ)T + Z Z ST,F(VT|FX’1F —vF,T,an(than))F.
T €T TeT, FeFr

By repeated applications of the Cauchy—Schwarz inequality, we then get

1/2

2 -1 2

L < ||l curlyv,ly + Z Z he llvripXnp —VF,r||0,F)
TeT, FeFr

]/2

x(||w||§+ D0 D helnpx@ )i p| - @5)

TeTn FeFr
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Letus focus on the first factor in the right-hand side of (45). By the estimate (38), and the definition (35)
of |“|curt,n, We infer that

1/2

1 2 h—l _ 2 <

|| cur hvh“() + F ||VT|Fan vF,T”()’F = |Eh|curl,h-
TeTn FeFr

For the second factor in the right-hand side of (45), applying a continuous trace inequality combined
with mesh regularity, using the fact that A7 < diam(QQ) for all T € 7},, and concluding with the
estimate |||} < Cq.1|| curl¥||o, there holds

1/2
(|wf||§+ >y hF||an<w|FXnF)||3,F) < llcurly .

TeT, Fefr

Collecting the different results, we finally infer that

I < |Xh|curl,h|| curl |o. (46)

We are now left with estimating J3. First, remark that

B
> err(lvlemwir)p =) (Ynn(wy). 1)p, @
TeT, FeFr j=1

as a consequence of the fact that w € H'(Q) (so that w is single-valued at interfaces), that w =
Zfil ajwjwithw;r, = 6;j forall j* € {0, ..., B2} (see (5)), and that, for any F' C oT*NaT™ € .,
er+r +er-F =0, whereas forany F c 9T NI € 7—'}16, er.r = 1. Hence, performing cell-by-cell
integration by parts, we get

L= (nrvr.gradw), = > |=(diviprvr), @), + D (mrvrienr popF) p

TeT, TeT, FeFr
= Z —(div(nrvr), w), + Z Z er,r(mrvrip-ne — (V1 n, wiF)p
T €T, TeT, FeFr

B2
2 () Dy @5
J=1

Repeated applications of the Cauchy—Schwarz inequality then yield
1/2

2 B2
B< |wylavn [0l + > hF||w|F||§,F) +(Z|(yn,h<yh>,1)rj|2) v,
j=1

TeT, Fefr

where |, | denotes the Euclidean norm of @, := (@ € C)jcq1,... g,}- Proceeding as in the continuous
setting to estimate |a,, | (cf. (17)), and as for the term 7, to estimate the w-factor (recall that w|r, = 0),
we finally infer that

11

B2 12
1 2 1
L < 1w, lavall gradollo + 1, K5(2|<yn,h<yh>,1)rj|) Infgradwlo. @)
J=1

_1
By the L%(Q)—orthogonality of the decomposition (42), there holds || grad ¢||p < m, 2 ||n%v nllos

_1 1 -1 1 - 1 .
[ curlyllo < n,*[ln>vallo, and || grad wllo < n, *[|In> grad wllo < 1, *[[7>vallo. Plugging the three
estimates (44), (46), and (47) into (43), we eventually obtain (41). ]
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Remark 14 (Useful variant). Let us introduce the following hybrid counterpart of the space H (curl; Q):

(48)

vr € Pg(T) VT € 7;1
Xi = {Kh = ((VT)TE'IL’ (VF,-r)Fe‘Fh) : ’

vir € QUF) VF e,

along with its subspace Xfl L= {Kh € Xfl |vFr=0VF € Tha} (hybrid counterpart of Hy(curl; Q)).
Following Remark 3, assume that v, € X i’T is such that

1,
(vm2)a=0  Vzegrad (H\(Q) & H.(Q). (49)
Then, following the proof of Theorem 13, and (seamlessly) restricting the definition (35) of |-|curl,n t0
vectors in X fl, one can show that
1 1
||772Vh||0 S Tlé |Kh |curl,h’ (50)

which is a complex-valued, variable-n extension to possibly non-trivial topologies of [12, Thm. 2.1].
We refer the reader to [12] for an example, in the magnetostatics framework on trivial domains, of
how the orthogonality condition (49) may be (possibly approximately) imposed at the discrete level
on general polyhedral mesh families.

4.2 Second Weber inequality

Recall the definitions (33) of the discrete space X‘),n, (35)—(36) of the hybrid semi-norms |+|curl,x
and |-|giv, 5, and (32) of the discrete -weighted normal trace operator y,, 5.

Theorem 15 (Second hybrid Weber inequality). There exists cw 2 > 0 independent of h and 1 such

that, forall v, € Xfun’ one has

1

i _1 1 (& ) v
l2villo < cw 2| m, " (L pldiv.n + 14 | ¥ lewrtn + 1, "5 Z|(7n,h(yh),1)zi| . (5D
in1

Proof. Since v;, € PL(T,) c L*(Q), by the second Helmholtz—Hodge decomposition (12), there
exist p € H'(Q) n L(Z)(Q), Y € H'(Q) N Hy(curl; Q), and w € H,,(Q) (writing w = grad , with
meHY(Q)n L(z)(ﬁ) such that 7 := Z?:'] a;m;), such that

Vi :grad¢+@curl¢+w, (52)
n

with [[|l1 < Cq.2|| curl¥||p by (13). From the decomposition (52), we directly infer that

1
In2vrllg = (v, grad @)o + ng (vs, curly), + (i, grad n) o =: I +ny Do + 1. (53)

Let us now estimate the three addends in the right-hand side of (53).
For 17 and 15, it is straightforward to prove, adapting the arguments advocated in the proof of
Theorem 13, that

L +nyly < vy, laiv,nll grad @llo + m4] v, leurt,n || carl g |lo. (54)
Let us now focus on 73. First, remark that

Bi

Z Z ST,F([UV]F,n’ (7T|T)|F)F = Z ('}/n,h(Yh)’ l)zia'_ia

T €T, FeFr i=1
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as a consequence of the fact that 7 € H'(Q) (so that 7 is single-valued at interfaces F € ?A'h"),
that 7 = Z,-lel a;m; with [7;]s, = 6;» for all i” € {1,...,B1} (see (10)), that v, € Xfln (so that
[7v]F.. = 0 forall F € F2), and that, for any F C 8T* N 0T~ € F, er+p + &r- p = 0 with, for
anyi € {1,...,B1},andany F Cc 9T* N IT~ € Fns,» €r+,F = 1. Hence, performing cell-by-cell
integration by parts, we get

;= Z (nrvr,gradm)r = Z —(div(nrvr), ), + Z (nrvripnr.r (1r)iF) g

Te7; 77 Fefr
= Z —(div(nrvr), 7). + Z Z er,r(mrvrip-ne — [V a, (Tr)iF) g
TeT, TeT, Fefr

Bi
+ Z (Yn,n (), 1), @
i=1

Repeated applications of the Cauchy—Schwarz inequality then yield

2 Bi 172
2
L < Wi (1718 0+ D D, hF||<nT>|F||5,F) +(Z|(7n,h<yh>,1)zi|) .
i=1

TeTn FeFr

where |y, | denotes the Euclidean norm of @, := (a@; € C);cq1,... ;). Proceeding as in the continuous
setting (cf. (22)) to estimate |a,, |, and applying to the 7-factor a continuous trace inequality combined
with mesh regularity (and the fact that A7 < diam(Q) for all T € 7,), along with a Poincaré-Steklov
inequality (recall that 7 € H' Q) n L(z)(f!) and that Q is assumed to be connected), we finally infer

D=

Bi /2
v -1 2 v
1 < v, laallgrad xllo + ZKU(Z |y () 1) ) In'"grad xlo, (55)
i=1

where we also used that || grad x|, 4 = llgrad 7||o.
_1
By the L%(Q)—orthogonality of the decomposition (52), there holds || grad ¢|lo < 7, * ||r]%v nllos

1 . T 1 ]
leurlgllo < n,*[In2vpllo. and [lgradzllo < n,*|ln2gradxllo < n,*[In>vallo. Plugging the two
estimates (54) and (55) into (53), we eventually obtain (51). ]

Remark 16 (Useful variant). Recall the definition (48) of the hybrid counterpart X i of the space
H(curl; Q). Following Remark 6, assume that v, € X i is such that

(v, 2)a =0 Vz € grad (HI(Q) N L%(Q)) tg H,(Q). (56)

Then, revisiting the proof of Theorem 15, one can show that

1 1
l72vallo < 775 |Kh|curl,h- (57)

5 Discrete Maxwell compactness

Let £,m, p € N be three given polynomial degrees.
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5.1 Discrete differential operators

Recall the definitions (30) of the discrete space X ¢ (34) of the local Hermitian forms Seyn 7 and
Sdiv.T» and (35)—(36) of the hybrid semi-norms |+|cur1,, and ||div, s-

We define the (global) rotational reconstruction operator C}' : X fl — P"™(7},) through its local
restrictions C7' : X‘} — P™(T) to any mesh cell T € 7j,: forall v, € X?, Ci(vy) € P™(T) is
the unique solution to

(CT(vy).q)y = (vr,curlg)r —Z er.F(VE o nEX(q pXnE)) g Vq € P"(T), (58)
Fefr

where, as now standard, npX(qrXnr) is identified to its two-dimensional (tangential) counterpart.
Performing an integration by parts of the term (v, curl ¢)r, and using a discrete trace inequality
along with Lemma 9, it is an easy matter to prove that

2 (ICp @Ry + senr (v mp)) € 19,2y Ve, € XL (59)
T<T,
If m > £ -1, and Q(F) (already satisfying (31)) also satisfies P~ (F) ¢ Q(F) for all F € ¥,
one can also prove that |yh|3uﬂ,h < Xreq; ||C¥’(XT)||§’T + Searl,7 (Y, V) )
In the same vein, we define the (global) divergence reconstruction operator DZ : X fl — PP(Tn)
through its local restrictions D? : X; — PP(T) to any mesh cell T € 7,: for all v, € X¢,
D? (v, ) € PP(T) is the unique solution to

(DY (vy),q)y = —(nrvr.grad g)r + Z er,r ([MV1F nqF) g Vg e PP(T).  (60)
Fefr

Performing an integration by parts of the term (nr vy, grad ¢)r, and using a discrete trace inequality,
it is an easy matter to prove that

> (IR Ry + sanr (wrowp)) s lmyldes Vo, € X5 (61)
TeT,

If p > £ — 1, one can also prove that |yh|§iv’h < Xreq; (llD? (XT)H(%,T + Sdiv.T (KT’ET))-

vl
5.2 Compactness in X,

Recall the definitions (33) of the discrete space X ¢ and (35)—(36) of the hybrid semi-norms |*|cur1, 5

=h,t’°
and |-|giv, - Leveraging the first hybrid Weber inequality from Theorem 13, we infer that

B2

_ _ 2
||Yh||§(ﬁh =1, : |Eh|§iv,h + Uﬁllhlczurl,h + 77b1 Z |(7n,h(yh)’ l)l"j’ (62)
j=1

defines a norm on X fz,r’ which can be proven uniformly (in /) equivalent to the ||-||x,,-norm (37):
there is c¢; > 0, independent of & and 7, such that

-1 2 2 2 £
(CTKU) ”Ehnx’h < ”Yh”XT,h < CTKI]”Xh”X’h Vyh € Xh,-r'

Theorem 17 (Maxwell compactness in Xfm). Let (M},) neq be a regular mesh family as defined in
Section 3.1. Let (v, )ne be a sequence of elements of XZ,T for which there exists a real number

_1
cym > 0 (independent of h) such that My N, llx..n < cmforall h € H. Then, there exists an element
v € X (Q) such that, along a subsequence, as h — 0,
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(a) v, — v strongly in L>(Q);
(b) C7'(v,) — curly weakly in L*(Q);

(c) Di(yh) — div(nv) weakly in L*(Q);

ol
(d) Yn.n(wy) = (qv)ir-n weakly in H72 (I').
Proof. As in the continuous case (cf. Proposition 4), the proof proceeds in three steps.

Step 1 (Weak convergence): By assumption, ||v, [|x,.n < ¢ Mnj for all h € H. By definition (62)
of the ||-||x, »-norm, by the boundedness results (59) and (61), and by the first hybrid Weber inequal-
ity (41), this implies that (i) (v4)pe and (C n( v,)) neq are uniformly bounded in L?*(Q), and (ii)
(D7 (v},))},cq¢ i uniformly bounded in L?(€2). By weak compactness, we then infer the existence of
v € L*(Q), ¢ € L*(Q), and d € L*(Q) such that, along a subsequence (not relabelled), (i) v, — v
and C}'(v,) — ¢ weakly in L*(Q), and (ii) DZ(yh) — d weakly in L?(Q).

Let us first prove that v € Hy(curl; Q) and that ¢ = curlv. Let z € C*(Q). There holds

(Crwp) g = D, (CF(wp). 7 zir))y
T <7,

= Z ((curlvr,ﬂ?(mT))T

TeT,

+ Z ST,F(VT|F><nF —VF nFX(ﬂg‘1(z|T)|Fan))F
Fefr
= (curly vy, z)g + Z Z er . F (VT |FX0E = VE £, REX(Z)FXRE)) p + Tearl i
TeT, FeFr
= (vn, curlz) g, + Zeur, s
(63)

with Zeyr 5, given by

Teurt,n = (eurly vy, 73 (2) — 2) g

+ Z Z er,r(vripXng —vp o, npx((7F (2i7) — 2)|FX0F)) £,
TeT, FeFr

where we have (i) used that CJ'(v,.) € P"(T) for all T € 7, in the first line, (ii) applied the defi-
nition (58) of C¥ (v ) along with an integration by parts of the term (v7, curl 77" (z 7)) ;- in the second
line, (iii) added/subtracted (curly vj,,z)q and Y e Xpeqy er.F (VT FXRE—VFE 2, REX(Z|FXRE)) &
in the third line, and (iv) performed cell-by-cell integration by parts of the term ( curly, v, z)Q and
used that Yy cq, Xpes ET.F (vF’T, npX(z|F an))F = 0 (since z is single-valued at interfaces and
virr =0forall F e 7—']13 for v, € Xfm) in the fourth line. For the term Zgyy 5 in the right-hand
side of (63), standard approximation properties for z}" on mesh cells (cf. e.g. [22, Thm. 1.45]) on the
one side, and repeated applications of the triangle and Cauchy—Schwarz inequalities along with the
estimate (38) and approximation properties for zr;' on mesh faces on the other side, yield

|Icurl,h| < hm”lyh |curl,h|z|m+l-

Starting from (63), and using that v, — v and C}'(v,) — ¢ weakly in L?(€), combined with the
fact that Zeyr,, — 0 as h — 0 (since |v, |eurl,n < ¢ forall h € H and m + 1 > 1), we infer that

(¢,2)a = (v,curlz)q Vz € C°(Q).
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Since the latter relation is, in particular, valid for all z € C{7 (L), we infer that v € H(curl; Q)
and that ¢ = curlv. Then, integrating by parts the left-hand side of the relation, we get that
(virxn, nx(z;rxn))r =0forall z € C>(Q), which implies that v € Hy(curl; Q).

Let us now prove that v € H(div,;; Q) and that d = div(nv), along with the weak convergence
result v, 5 (v,,) = (nv);r-n in H? (). Let z € C*(Q). Adapting the arguments used in (63) in the
case of the rotational operator to the case of the divergence operator, we infer that

(D) (v))2)q = —(nvh.gradz) g + (Ya.n(w},), 201 + Zaiv.hs (64)

where Zgiy , is given by

Toivn = (divapn), 7 () =g+ Y, >, er e ((vlen —nrvriene, (2h (2r) = 2iF) -
TeTn FeFr

Adapting the arguments from the rotational case, it is an easy matter to prove that

1
I-Z:iiv,h| < hP* Ilhldiv,h|z|p+l-

Let us first choose z € C°(€2). Remark that the boundary term in (64) vanishes. Starting from (64),
and using that v, — v weakly in L?() and DZ (v;,) — d weakly in L?(Q), combined with the fact
that Zyiy,, — 0 as h — 0 (since |v, |dgiv,n < cpmy forall h € H and p +1 > 1), we infer that

(d,2)a =-(nv,gradz)g Vz e C5(Q).

The latter relation directly implies that v € H(div,,; Q) and that d = div(nv). Now, passing to the
limit 2 — 0 in (64) for a generic z € C*(Q), we infer that

}1113% (Ynn(wy,), zi0)p = (div(nv), 2)a + (v, grad 2)o = ((7v)r-n, Zjr)r,

which implies that y, ,(v,) — (7v)r-n weakly in H3 I).

Step 2 (Characterization of the limit): This step is identical to Step 2 from the continuous case
(cf. the proof of Proposition 4), up to the replacement of m € N by h € H (and m — oo by
h — 0) and of v,, € X(Q) by vj, € P!(75). For any h € H, by (7), there exist ¢;, € Hé(Q),
Y, € H'(Q) N LY(Q), and w), € H-(Q), such that

v =grad<ph+@curl¢h+wh, (65)
n

with ||, ]li < Cq.1ll curly,|lo by (8). Proceeding as in the continuous case, one can infer the
existence of w € H(€) such that, up to extraction (not relabelled), w;, — w strongly in L?(€), and
ofp e Hé (Q)andy € H'(Q) ﬂL%(Q) such that, up to extractions (not relabelled), grad ¢, — grad ¢
and curly, — curly weakly in L?(Q). By linearity, we have thus proven that, along a subsequence
(not relabelled), v, — grad ¢ + TZ—I” curl + w weakly in L?>(Q). By uniqueness of the weak limit,
v =grad ¢ + %curl«/z +w.

Step 3 (Strong convergence): Here again, the arguments are inspired by what is done in Step 3
from the continuous case, but with the important difference that here v;, € P (7,) ¢ X-(Q). By
Rellich’s compactness theorem, we actually have that, along the same subsequence (not relabelled) as
in Step 2 above, ¢;, — ¢ strongly in L?>(Q) and ¢, — W strongly in L*(Q). We now want to prove
the strong convergences of (grad ¢j,), ez and (curly ), e in L?(Q) (we remind the reader that we
already proved strong convergence for (W, ), eq).

25



Recalling the expression of v € X (Q) derived in Step 2, since the decomposition (65) is
L% (Q)-orthogonal, there holds

1
72 (grad ¢;, — grad )||5 = (n(v4 — v), grad(¢, — @)

- Z ( — (div(nr (vz =), ¢n — SD)T

TeT,

+ Z (nrvripnr,r. (on — ©)\F) g
Fefr

= —(diva(n(va —v)), 00 — ¢) g
+ Z Z er.r(mrvrip-ne — [v1En, (0n — ©)1F) s

TeT, FeFr

where, to pass from the first to the second line, we have performed cell-by-cell integration by parts and
used that X7, ((nv)wT ‘nar, (On—@)\or >6T = 0 (as a consequence of the fact thatv € H(div,; Q)
and that ¢, ¢ € Hé ()) and, to pass from the second to the third line, we have again used the fact that
(¢n — ) is single-valued at interfaces and vanishes on the boundary of the domain to subtract the zero
contribution Y.y c7, X e €T.F ([7v]F.n, (on — (p)|F)F. By Cauchy—Schwarz inequality, combined
with a continuous trace inequality (along with mesh regularity), and the fact that | v, [giv,» < cprny for
all h € H and || div(nv)|lo < liminf, o |v, |dgiv,» (by weak convergence of (DZ(yh))th{ to div(nv)
in L?(€) and the uniform bound (61)), we infer that

1
72 (grad ¢, — grad @) |12 < 74(llen — ¢llo + Al grad ¢, — grad ¢llo). (66)

_1
Since || grad ¢pllo < 7, 2 ||17%vh llo (by L%(Q)-orthogonality of the decomposition (65)), ||77%vh||0 <
1 1 1
CW,l\/gKTZICMl]é (by (41), (62), and ||Kh||X,,h < CM’]; ), and || grad ¢||p < liminfj_q || grad ¢p|lo
(since grad ¢, — grad ¢ weakly in L?(Q)), we infer by the triangle inequality that
| grad oy, - grad glly < 2cw .1 V3kyen.

Combining this uniform boundedness result to the fact that ¢;, — ¢ strongly in L?(Q) to pass to the
limit 4 — 0 in (66), we conclude that grad ¢;, — grad ¢ strongly in L?(Q).
Adapting the latter arguments, there also holds

nglln ™2 (curly,, — curl )2 = (v, - v, curl(y, —¥)),
= (curl, (v, —v), ¥, — ¥),
+ Z Z er,r(vriEXnE —vp o, npX((Y), — ) FXnF)) 5,

TeT, Fefr

where we have used that v, € Xf” v € Hy(curl;Q), and ¢,y € H'(Q). Additionally invok-
ing (38), this implies that

nglln ™ (curl g, — curd ) |2 < (I, — ¥llo + 2ly, —w1h),

which eventually yields, since |y, — ¢¥|; < 2Cg,1cw,1\/§K,%7cM (here, we additionally used the

estimate |y, |; < Co.1]| curly, ||o and the fact that ¢, — ¢ weakly in H' (Q)), and ¢, — ¥ strongly
in L?(Q), that curly;,, — curly strongly in L?(Q).

Thus, along a subsequence (not relabelled), v, — v strongly in L?(Q), yielding the conclusion.

O
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ol
5.3 Compactness in X, |

Recall the definitions (33) of the discrete space X ¢ and (35)—(36) of the hybrid semi-norms |-|cur1.x

—h,n>
and |-|giv,». Leveraging the second hybrid Weber inequality from Theorem 15, we infer that

B
_ _ 2
(R [ LN AR 1 g e E , | (¥ (), 1)2i| (67)

i=1

defines a norm on Xfl ,,» Which can be proven uniformly (in /) equivalent to the ||||x ,-norm (37):
there is ¢,, > 0, independent of 4 and 7, such that

-1 2 2 2 £
(CnKn) ”Xhllx,h < ”Xh“Xn,h < CnKnHXh”X,h Vyh € Xh,n-

Theorem 18 (Maxwell compactness in X fl o) Let (Mh) neqq be a regular mesh family as defined in
Section 3.1. Let (v, )new be a sequence of elements of Xﬁ ., Jor which there exists a real number

_1
¢y > 0 (independent of h) such that n, Nwyllx,,n < cm for all h € H. Then, there exists an

element v € X,,(Q) such that, along a subsequence, as h — 0,
(a) vy, — v strongly in L*>(Q);
(b) C7'(v,) — curlv weakly in L*(Q);

(c) Dﬁ(yh) — div(nv) weakly in L*(Q);

(d) ¥ (w),) = virxXn weakly in H_%(F).

Proof. The proof proceeds in three steps, as in the continuous case (cf. Proposition 7). For the sake
of brevity, since, up to inverting the roles of the rotational- and divergence-related parts in the proof,
the three steps are essentially identical to those from Theorem 17, we do not detail them. |
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A Continuity modulus of div~' on star-shaped cells
Lemma 19 (Continuity modulus of div'"). Let ¢ € N. Let T € Ty, and assume that T is star-shaped

with respect to xt. Then, for all d € P*~(T),

2
< Z

ldiv'd|lor < 3hT||d||O,T- (68)

Proof. The mapping div : RS (T) — P¢~1(T) being an isomorphism, let € P¢~!(T) be the unique
solution to
d =div (r(x —x7)).

Using a simple vector calculus identity to expand the right-hand side, there holds

d=3r+gradr-(x —x7).
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Now, multiplying both sides by 7, integrating over 7, and taking the real part, we get

1
R((d,r)r) =3Irl37 + E(gmd(|r|2), (x =x7))1
3 1
=37l — EIIrIIS,T + 5(Ir|2, (x =x7)-n47) 51

3 2
> —||r R
S 11,7

where we have used an integration by parts formula to pass to the second line, and the fact that T’
is star-shaped with respect to x7 to conclude. Finally, applying the Cauchy—Schwarz inequality to
(d,r)r, we infer

. 2
ldiv'dllor = lIr(x —x7)llor < hrlirlor < ghTHdHO,T,

which proves (68). O
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