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SAMPLING FROM A MULTIVARIATE GAUSSIAN DISTRIBUTION
TRUNCATED ON A SIMPLEX: A REVIEW
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ABSTRACT

In many Bayesian models, the posterior distribution of interest is
a multivariate Gaussian distribution restricted to a specific domain.
In particular, when the unknown parameters to be estimated can be
considered as proportions or probabilities, they must satisfy posi-
tivity and sum-to-one constraints. This paper reviews recent Monte
Carlo methods for sampling from multivariate Gaussian distributions
restricted to the standard simplex. First, a classical Gibbs sampler
is presented. Then, two Hamiltonian Monte Carlo methods are de-
scribed and analyzed. In a similar fashion to the Gibbs sampler, the
first method has a acceptance rate equal to one whereas the second
requires an accept/reject procedure. The performance of the three
methods are compared through the use of a few examples.

Index Terms— Markov Chain Monte Carlo methods, truncated
multivariate Gaussian distributions, Constrained Hamiltonian Monte
Carlo.

1. INTRODUCTION

Markov chain Monte Carlo (MCMC) methods are powerful tools for
sampling complex multivariate distributions. These methods have
been intensively studied for the last twenty years and have proven
their efficiency in solving numerous inference problems in the signal
processing and machine learning communities. In many applications
(e.g., linear mixtures corrupted by additive Gaussian noise), the full
posterior distributions or some conditional distributions of interest
are multivariate Gaussian distributions (MGDs). However, when the
unknown parameters (e.g., the mixing parameters) satisfy inequal-
ity and/or equality constraints introduced through prior distributions,
the posterior distribution is a MGD restricted to a constrained pa-
rameter space, or truncated MGD (TMGD). Efficient sampling from
TMGDs, is a challenging problem and classical simulation meth-
ods often reduce to a Gibbs sampler which samples sequentially
from univariate truncated Gaussian distributions. Each step of the
Gibbs sampler can be achieved using simple and efficient methods
[1-3]. However, the Gibbs sampler can be inaccurate for large vec-
tors (large number of Gibbs steps) and for correlated variables (slow
exploration of the target density).

In this paper, we focus on the special case where the parame-
ters to be sampled belong to a standard simplex, i.e., are positive
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and sum to one. This situation typically occurs whenever the un-
known parameters can be interpreted as fractions or probabilities,
for instance when analyzing chemical mixtures [4], hyperspectral
data [5] or gene expression microarrays [6]. Efficient sampling from
a simplex can be challenging since the variables can be a posteriori
highly correlated, mainly because of the sum-to-one constraint. In
this paper, we review Hamiltonian Monte Carlo (HMC) [7] meth-
ods which sample according to TMGDs restricted to the standard
simplex. HMCs are powerful simulation strategies based on Hamil-
tonian dynamics which can improve the convergence and mixing
properties of classical MCMC methods (such as the Gibbs sampler
and the Metropolis-Hastings algorithm) [8, 9]. These methods have
received growing interest in many applications, especially when the
number of parameters to be estimated is large [10, 11]. Classical
HMC methods can only be used for unconstrained variables. How-
ever, new HMC methods have been recently proposed to handle con-
strained variables [8, Chap. 5] [12—14] which allow HMCs to sample
according to TMGDs restricted to the standard simplex.

The paper is organized as follows. Section 2 introduces the
TMGD to be sampled from. The classical Gibbs sampler is pre-
sented in Section 3. Section 4 recalls the principle of HMC methods
and studies two methods for sampling according to the distribution
of interest. The performance of the HMC methods is evaluated using
a few examples in Section 5 and conclusions are finally reported in
Section 6.

2. PROBLEM

Consider the vector a@ = [a1,...,ar]” € R®, R > 1 belonging to
the standard (R — 1)-simplex defined by

R
Sp-1= {a Zar =1, ar> O,Vr}. (1)
r=1

The problem addressed in this paper is the simulation of samples dis-
tributed according to a multivariate Gaussian distribution restricted
to the standard simplex (1) defined by

Bmsfolalm,X) if a € Sp

flapm.z) = { ¢ ta @

where Sm,> is a normalisation constant and fo(a|m, X) is the prob-
ability density function of the multivariate Gaussian distribution

folalm, =) o |54 exp H (a—m)” = (a - m)

with mean m € R® and positive definite covariance matrix 3.



In this paper, we will focus on sampling vectors on the stan-
dard simplex defined in (1). For more general simplexes, an affine
transformation can be applied to scale the parameters to the standard
simplex. The density in (2) is known up to the scaling factor

Bz = /S folalm, =)da 3)

which is generally not easy to compute [15]. Since f(a|m,X) is
a non-standard distribution, MCMC methods are used to generate
samples asymptotically distributed according to (2). The next sec-
tion recalls the main steps of the Gibbs sampler usually considered
to sample from the multivariate Gaussian distribution restricted to
the standard simplex in (2).

3. GIBBS SAMPLER

The first sampling strategy investigated in this paper is a classical
Gibbs sampler which consists of a sequential sampling of the ele-
ments of a. However, because of the sum-to-one constraint for the
elements of a, at least two components must be updated simultane-
ously. The vector a can be rewritten

c
a = |:1*CT1R—1:| =Jc+b

where ¢ = [Cl, ce. ,CR_l]T = [al, ce ,aR_l]T is an (R — 1) x 1
vector, J = [Ig—1,—1g—1]" isan (R — 1) x R matrix and b =
[0%_1,1]7 is an R x 1 vector. Moreover, 1r_; (resp. Or_1)
stands for a vector of (R — 1) ones (resp. zeros). Note that this
reparametrization is chosen for notation simplicity. However, the
component of a to be discarded can be randomly chosen. Sampling
from (2) can be achieved by sampling from

_ [ Busfoleln,S) if Je+b € Sr
fielis$) = { i @
where
s™t = J'x2 )
p = ST '(m+b) -

The easiest way to sample from (4) is probably to use a standard
rejection sampling method [9, p. 49] that consists of sampling from
fo(c|w, S) until the generated sample satisfies Jc + b € Sg_1.
However, this can lead to very low acceptance rate if the probability
PJc+b e Sgp_ilc~N (u,S)] is low.

The classical Gibbs sampler consists of drawing sequentially the
elements of ¢ from their full conditional distributions. As it [16], it
can be shown that the distributions f(c.|c\., pt, X) are doubly trun-
cated Gaussian distributions from which it can be easily sampled
using the algorithm described in [3]. Though the convergence of this
sampler to the target distribution (2) is ensured, the intrinsic limita-
tions of the Gibbs sampler can lead to poor mixing properties, es-
pecially for high dimensional simplexes and/or correlated variables.
Note that Block-Gibbs samplers cannot be used here since they also
rely on sampling from multivariate Gaussian distributions restricted
to simplexes. The next section presents new sampling strategies to
sample from (2) using simultaneous updates of all the elements of a.

4. HAMILTONIAN MONTE CARLO METHODS

Hamiltonian Monte Carlo (HMC) methods are powerful tools for
sampling from many continuous distributions by introducing ficti-
tious momentum variables. Let q € R” be the parameter of interest

and 7(q) its corresponding distribution to be sampled from. From
statistical mechanics, the distribution 7(q) can be related to a poten-
tial energy function U(q) = — log [7(q)] + ¢ where ¢ is a positive
constant such that [ exp (—U(q) 4 ¢) dq = 1. The Hamiltonian of
m(q) is a function of the energy U(q) and of an additional momen-
tum vector p € R” defined as

H(q,p) = U(q) + K(p) (6)

where K (p) is an arbitrary kinetic energy function. Usually, a
quadratic kinetic energy is chosen, i.e. , K (p) = p” Mp/2 where
M is a positive definite symmetric matrix. The Hamiltonian (6)
defines the distribution

fla,p) o exp[-H(q,p)]

x 7(q)exp (f%pTMp) @)

for (q, p) which shows that q and p are independent and that the
marginal distribution of p is a A/(0p, M) distribution. HMC al-
gorithms generally allow samples to be asymptotically generated ac-
cording to f(q, p). The ith HMC iteration starts with an initial pair
of vectors (q?, p() and consists of two steps. The first step resam-
ples the initial momentum p‘*) according to A(0p, M). The sec-
ond step uses Hamiltonian dynamics to propose a candidate (q*, p*)
which is accepted with the following probability

p=min{exp [~H(a",p") + H@” 5.1} ®

If the vector q satisfies inequality constraints, the dynamics can be
modified to ensure q* belongs to its admissible set. Hamiltonian dy-
namics are usually simulated by discretization methods such as Eu-
ler or leapfrog methods (as will be shown in Section 4.2). However,
when U(q) is quadratic, it has been shown [14] that it is possible to
simulate exactly from f(q, p). This method is summarized below.

4.1. Exact Hamiltonian Monte Carlo

In this section, we summarize the Exact Hamiltonian Monte Carlo
(EHMC) method investigated in [14] to sample from (4). Let q =
ceR* U@ = (a—p)'8 ' (a—p)/2and M = S7".
Hamilton’s equations,

da _ (0H\' op _  (0H\' )
ot \ op oot oq
can be combined, leading to the solution
q(t) = acos(t)+ bsin(t) 10
p(t) = S (asin(t) — b cos(t)) (10)

where a and b are (R — 1) x 1 vectors related to the initial cou-
ple (@9, p™) (see [14] for details). Moreover, it can be shown that
H(q(t),p(t)) = H(q"”, p™), Vt and that (10) can be used to sam-
ple from fo(c|p, S). However, since q(t) satisfies the constraints
Jq(t) — b > 0, a reflection-based dynamic is proposed in [14] to
ensure that Jq(t) — b € Sg_1. Precisely, the trajectory described
by (10) is used until g reaches a boundary of its admissible set. The
active constraint is considered as a wall on which q is reflected. The
trajectory is then modified until the next wall while preserving the
Hamiltonian (6).

The EHMC method allows all the elements of ¢ to be updated
simultaneously with a unitary acceptation ratio. The performance



of this sampler depends on the trajectory length, i.e., the maximum
value T of the parameter ¢ €]0, 27| in (10). Small values can lead to
slow distribution exploration whereas large values lead to long tra-
jectories and potentially more bounces onto the constraints. In [14],
a tradeoff is proposed by setting 7" = /2. However, computing the
bouncing time instants and the new trajectories are the most compu-
tationally intensive steps of the method. If the EHMC can be very
accurate (in terms of mixing properties and computational cost) for
small vectors, it is important to note that the computational burden
can be prohibitive for large vectors since the probability of hitting
a wall generally grows with the number of constraints (equal to R
here). Indeed, it is difficult to predict the number of bounces and thus
the algorithm running time in advance. The next paragraph studies a
second HMC method, which relies on an accept/reject procedure but
whose complexity can be more easily tuned.

4.2. Constrained Hamiltonian Monte Carlo

Efficient sampling from (2) is difficult, mainly because the sum-to-
one constraint involves all the elements of a. In [17] was proposed
the following change of variables

r—1
a, = (sz) ><{ 1 zr

k=1
One motivation for using the latent variables z, instead of a, is
the fact that the constraints associated with (1) for a translate for
z=1[21,...,2r-1)  as0< z- <1, Vre{l,...,R—1}. Asa
consequence, the constraints for z are much easier to handle for the

sampling procedure than those for the original vector a. Straightfor-
ward computations lead to

o { [ e 0

ifr <R
ifr=R - (1n

0 otherwise (12)

where f(z) Hf:ll 2F="=1 and a is given by (11). In this para-
graph, we investigate a constrained HMC (CHMC) method to sam-
ple from (12). In contrast to the exact HMC method described in the
previous paragraph, a discretization method must be used to simu-
late Hamiltonian dynamics associated with (12). In this paper, we
consider a constrained leapfrog method which consists of Nir steps
with a discretization stepsize ¢. Letq = z € R, M = Ix_;
and

R—1

Ula) = 5 (a—m)" S (a—m) = 3 (R~ log(g,),

where a is given by (11). The nth classical leapfrog step can be
expressed as

Ginete/2) _ (ime) _ € OU [ (z’me)] 13
p p 5 9 (13a)
q(iy(n-‘rl)é) _ q(imf) + 6p(i,ne+€/2) (13b)

(i,(n+D)e) _ (imetes2) _ € OU [ (i,(n+1)e)] 13
P P 5 9qT . (13¢)

The leapfrog method starts with (q(i’o), f)(i)) = (q“), f)(i)) and the
candidate is set after Nir steps to (q*,p*) = (q(i’ENLF), plielNie)),

However, since q is subject to constraints, more sophisticated
discretization methods must be used. In this paper we propose the
use of the constrained leapfrog scheme studied in [8, Chap. 5].
Each CHMC iteration starts in a similar way to the classical leapfrog

method, with the sequential sampling of the momentum p (13a) and
the vector g (13b). However, if the generated vector q violates the
constraints, it is modified depending on the violated constraints and
the momentum is negated (see [8, Chap. 5] for more details). This
step is repeated until each component of the generated q satisfies
the constraints. The CHMC ends with the update of the momentum
p (13c). The performance of the HMC mainly relies on the values
of the parameters Nir and ¢, which can be tuned using preliminary
runs or during the burn-in period (see [8, Chap. 5] and [18]).

5. SIMULATIONS

The performance of the Gibbs sampler introduced in Section 3 and
the two HMC methods described in Section 4 are evaluated using the
three following scenarios

R=3m=R 13,2 =102,
R=20,m=R 1, =102,
R=20,m=R '1z,X =3,

Scenario #1:
Scenario #2:
Scenario #3:

characterised by different vector sizes R € {3,20} and covariance
matrices, where

[Zo]i,; = exp (%) Vi,je{l,...,R}. (14)

This choice of covariance matrix is motivated by the resulting high
correlations between the components of a. Note that the mean m
belongs to the simplex Sr—;1 for each scenario. The number of
leapfrog steps for the CHMC sampler studied in paragraph 4.2 has
been arbitrarily set to N = 1 (constrained Langevin move denoted
CL in the sequel) and Ny = 25. The stepsizes have been fixed
from preliminary runs to obtain an acceptance rate around 65% for
each scenario. The mixing properties of the Gibbs, EHMC, CL and
CHMC samplers are evaluated using the root mean squared errors

(RMSES) defined as RMSE(t) = /||awwse(t) — ase(00)||
where avmse (o) = E[f(a|m, )] and

Npi+t

dMMSE(t):% S a® (15)

i=Npit1

is the minimum mean square error (MMSE) estimator of a after
t + Ny, iterations. Moreover, Vy; stands for the number of burn-
in iterations and a? is the vector generated at the 4th iteration. In
this paper, Vpi has been set to Vi = 300 for all simulations and
samplers. The lower the RMSE, the better the mixing properties of
the sampler. Fig. 1 shows the RMSEs of the three samplers for the
first N, = 700 iterations (after removing the burn-in iterations) av-
eraged over 50 random initializations. Table 1 provides the average
time required to achieve the N; + Np; = 1000 first iterations. For
the first scenario, the results show that the four samplers mix in a
similar fashion. However, for scenarios #2 and #3 (R = 20), the CL
is less accurate than the Gibbs sampler and the other HMC methods
(primarily because of too small an Nir) and the EHMC mixes bet-
ter than the CHMC. From a computational point of view, the Gibbs
and EHMC samplers have similar behavior and their complexity in-
creases with the number of parameters R. For the former, the pro-
cessing time increases mainly because of the number of Gibbs steps
(equal to (R — 1)) while the main computational cost of the latter
consists of computing the derivatives in (13a) and (13b). As men-
tioned above, the complexity of the EHMC is difficult to predict and
relies on the parameters (mean and covariance) of the distribution,
as well as the sample size R.
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Fig. 1. RMSEs of the Gibbs (blue), EHMC (red) and CHMC with
Nir = 1 (green) and Nir = 25 (black) for the scenarios #1 to #3.

Gibbs | EHMC CHMC
Nip=1 Nip = 25
Scenario #1 0.20 0.04 0.28 1.50
Scenario #2 2.12 0.29 0.68 6.69
Scenario #3 2.20 7.57 0.69 6.76

Table 1. Processing time for N = 1000 it. (in s):

6. CONLUSION

In this paper, we have reviewed two recent HMC methods to sample
from multivariate Gaussian distributions restricted to a simplex. The
EHMC is a powerful sampler with unitary acceptance ratio which
can drastically improve the mixing properties when compared with
the classical Gibbs sampler. However, its computational complex-
ity can be prohibitive, especially for large dimensional spaces. The
CHMC, which relies on an accept/reject procedure, can also improve
the mixing properties of the chains with a controled computational
cost. However, the gain obtained with this sampler depends on the
leapfrog parameters which must be tuned carefully from prelimi-
nary runs. Both HMC methods can be considered as interesting al-
ternatives to the Gibbs sampler but the choice of the method can de-
pend on the application and relies on a tradeoff between good mixing
properties and computational considerations. Finally, it is important
to note that the EHMC can be applied more general TMGDs with
linear and/or quadratic constraints [14], whereas the CHMC can be
easily applied to non-Gaussian distributions restricted to the simplex
Sr—1[18].
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