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1Université Paris-Saclay, CNRS/IN2P3, IJCLab, Orsay, France
2Laboratoire Charles Coulomb (L2C), Université de Montpellier, CNRS, Montpellier, France
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5Institute for Theoretical Physics, University of Münster, 48149 Münster, Germany

(Received 11 April 2023; accepted 12 June 2023; published 13 July 2023)

The aim of this paper is to highlight the challenges and potential gains surrounding a coherent
description of physics from the high-energy scales of inflation down to the lower energy scales probed in
particle-physics experiments. As an example, we revisit the way inflation can be realized within an effective
minimal supersymmetric standard model (eMSSM), in which the LLe and udd flat directions are lifted
by the combined effect of soft-supersymmetric-breaking masses already present in the MSSM, together
with the addition of effective nonrenormalizable operators. We clarify some features of the model and
address the question of the one-loop renormalization group improvement of the inflationary potential,
discussing its impact on the fine-tuning of the model. We also compare the parameter space that is
compatible with current observations (in particular the amplitude, AS, and the spectral index, nS, of the
primordial cosmological fluctuations) at tree level and at one loop, and discuss the role of reheating. Finally
we perform combined fits of particle and cosmological observables (mainly AS, nS, the Higgs mass, and the
cold-dark-matter energy density) with the one-loop inflationary potential applied to some examples of
dark-matter annihilation channels (Higgs-funnel, Higgsinos and A-funnel), and discuss the status of the
ensuing MSSM spectra with respect to the LHC searches.

DOI: 10.1103/PhysRevD.108.023511

I. INTRODUCTION

Tackling the understanding of the physics of inflation is
the next challenge of cosmicmicrowave background (CMB)
experiments. The observation of large-scale B-mode polari-
zation in the CMB will offer a unique probe of fundamental
physics at energies far beyond the reach of CERN’s Large
Hadron Collider (LHC), opening a new window towards
primordial cosmology.
Today, the results from the Planck satellite support the

inflation hypothesis [1–8]. Measurements of the amplitude
and spectral index of the primordial scalar power spectrum,
and constraints on its running, on the amount of non-
Gaussianities, on the amplitude of isocurvature modes and
on the tensor-to-scalar ratio, favor single-field slow-roll

inflationary models [9,10]. Such phenomenological models
are often inspired by high-energy constructions [11–13] in
which one or more scalar fields acquire a flat-enough
potential. Though, very few of them come with a complete
embedding within or beyond the Standard Model of
particle physics that would allow a coherent description
of physics from the high-energy scales of inflation down to
the lower energy scales probed in particle-physics experi-
ments. The aim of this paper is to use a well-defined
theoretical framework as a test case and study all the
aspects of a fully specified embedding.
In this perspective, the extensions of the Standard

Model of particle physics based on supersymmetry
(SUSY) (see e.g. [14,15] for reviews), such as the minimal
or next-to-minimal supersymmetric standard model
(MSSM, NMSSM) provide an appealing theoretical frame-
work that allows one to describe both the inflation era
(as they naturally include flat directions [16–19] that could
support inflation [20–31]) and the physical processes
that can be measured at the LHC [32]. Such a theory
can predict multiple observables, both for cosmology and
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particle-physics (HEP), which can then be compared to
measurements to more accurately assess the favored/
disfavored area in parameter space within a coherent
description of our Universe.
In this paper, the test case that we consider is an

inflationary scenario associated with two sets of flat
directions, dubbed LLe and udd, naturally encompassed
in the MSSM. The potential of the inflaton candidates can
then be generated only when these flat directions are lifted
by the combined effects of soft-SUSY-breaking masses
already present in the MSSM, and effective nonrenorma-
lizable operators that should be added to the model [21].
We will thus refer to this scenario as the effective
MSSM (eMSSM) to avoid confusion when discussing
the particle-physics features of the strict MSSM. The
analysis in [22,23,26,29] or the generalized MSSM infla-
tion model (GMSSM) analysis of [13] have been, for
example, motivated by such configurations. Since the
inflaton candidates are gauge invariant, the parameters of
the potential depend on the energy scale at which they are
evaluated through the renormalization group equations
(RGEs). This well-known aspect has already been studied
in this specific eMSSM case to relate the inflaton mass at
the scale of inflation to the one probed at the LHC [24–26].
In this paper, we go one step further and study how the
RGEs at one-loop level affect all parameters in the infla-
tionary potential and impact the way we connect cosmol-
ogy and particle-physics constraints.1

In a first part, we review the basics of slow-roll
inflation, and we revisit the eMSSM inflationary potential.
In a second part, we set the stage of the analysis with the
description of the phenomenological MSSM we are using,
together with the observational constraints, the tools and
the methodology. In a third part, we address the conditions
required on the inflationary potential parameters to fulfill
slow-roll inflation. In particular, we discuss the initial
conditions for inflation and the required level of fine-
tuning of the parameters, comparing the tree-level and
one-loop inflationary potentials. In a fourth part, we
identify the region of the parameter space where inflation
takes place and yields to predicted values of the ampli-
tude, AS, and tilt, nS, of the primordial spectrum that
are compatible with CMB experiments. We discuss the
LHC phenomenology in this region and also study
the impact of neglecting the RGEs (as done in previous
works [13,26]) in this analysis. Finally, we illustrate the
impact of the use of the one-loop potential on several
eMSSM points compatible with HEP observations, the
cold-dark-matter energy density and the inflationary
observables.

II. INFLATION AND eMSSM

Inflation is a phase of accelerated expansion that takes
place in the early Universe, and during which quantum
vacuum fluctuations are amplified by gravitational insta-
bility [43–47] giving rise to classical density perturbations.
Those seed the CMB anisotropies as well as the large-scale
structures of the Universe. For inflation to occur within
general relativity, the Universe must be dominated by a
fluid with negative pressure. This cannot be achieved by
common low-energy fluids, but rather requires working
with fields.

A. Single-field slow-roll inflation

To keep the paper as self-contained as possible, to set the
notations but also to stress the role played by reheating, we
start with a reminder of the main ingredients of single-field
slow-roll inflation.

1. Scalar-field inflation

The simplest field compatible with space-time sym-
metries is a homogeneous scalar field ϕ, referred to as
the “inflaton”. When minimally coupled to gravity, it
evolves according to the Klein-Gordon equation,

ϕ̈þ 3H _ϕþ Vϕ ¼ 0; ð1Þ

where dots denote derivatives with respect to cosmic time,
H ¼ _a=a is the Hubble parameter, with a the scale factor of
the Universe, and VðϕÞ is the potential energy stored in ϕ
(and Vϕ ≡ dV=dϕ). According to Friedmann’s equation,
the Hubble parameter is related to the energy density of the
Universe,

3M2
PlH

2 ¼ V þ
_ϕ2

2
; ð2Þ

where MPl is the reduced Planck mass. Inflation occurs
when ä > 0, which from the above is equivalent to

V > _ϕ2: ð3Þ

This implies that the potential function VðϕÞ must be
sufficiently flat for the field to roll it down sufficiently
slowly, such that its kinetic energy does not exceed half its
potential energy.

2. Slow-roll approximation

The Klein-Gordon equation (1) being second order, the
dynamical phase-space ðϕ; _ϕÞ has dimension two. When
inflation takes place, there exists a dynamical attractor
along which the acceleration term ϕ̈ becomes negligible
in Eq. (1), and the friction term 3H _ϕ compensates
the potential gradient Vϕ. Such an attractor is called

1The inclusion of RGEs corrections in other inflationary
potentials has already been performed for instance in [33–42].
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“slow-roll” [12] since for flat-enough potentials it is also
such that the condition of Eq. (3) is saturated, i.e. _ϕ2 ≪ V.
Technically, slow roll corresponds to the regime where

the slow-roll parameters εn are small. Starting from
ε0 ¼ 1=H, those are iteratively defined via

εnþ1 ¼ d ln jεnj=dN; ð4Þ

where

N − N0 ≡ lnða=a0Þ ¼
Z

t

t0

Hdt ð5Þ

is the so-called number of e-folds, Ne−folds, generated
between the times t0 and t. For instance, the first slow-
roll parameter is given by ε1 ¼ − _H=H2 ¼ 1 − aä= _a2, so
inflation (ä > 0) corresponds to ε1 < 1. Using Eqs. (1) and
(2), one also has ε1 ¼ 3 _ϕ2=ð2V þ _ϕ2Þ, and one recovers
the condition of Eq. (3), with ε1 ≪ 1 corresponding to
_ϕ2 ≪ V. Similarly, ε2 ¼ 2ε1 − 2V 0=ðH _ϕÞ − 6, so jε2j ≪ 1
corresponds to when the acceleration term in the Klein-
Gordon equation is subdominant. In this regime, _ϕ
becomes a function of ϕ only,

_ϕ ≃SRLO MPl
Vϕffiffiffiffiffiffi
3V

p ; ð6Þ

and approximate expressions for the slow-roll parameters
can be derived that only involve the potential function,

ε1 ≃SRLO
M2

Pl

2

�
Vϕ

V

�
2

; ð7Þ

ε2 ≃SRLO 2M2
Pl

��
Vϕ

V

�
2

−
Vϕϕ

V

�
; ð8Þ

ε3 ≃SRLO
2

ε2
M4

Pl

�
VϕϕϕVϕ

V2
− 3

Vϕϕ

V

�
Vϕ

V

�
2

þ 2

�
Vϕ

V

�
4
�
; ð9Þ

where ≃SRLO indicates that we work at leading order in the
slow-roll approximation and where only the first three
slow-roll parameters are given.
Cosmological perturbations can be introduced on top of

this homogeneous and isotropic expanding background.
Only the scalar and tensor sectors propagate with equations
of motion that are set by the dynamics of the background,
which can itself be described by means of the slow-roll
parameters. This is why, when the initial conditions for
inflation are set in the quantum vacuum state (the so-called
“Bunch-Davies vacuum”), the Fourier modes of these
perturbations only depend on the value of the slow-roll
parameters at the time when they cross out the Hubble
radius during inflation. At linear order in perturbation
theory, their statistics is Gaussian, hence fully specified

by the power spectra Pζ and Ph, where ζ denotes the scalar
curvature perturbation and h stands for the tensor pertur-
bation. At leading order in slow roll, their amplitudes are
parametrized by [48,49]

AS ≡ Pζjk� ≃SRLO
V�

24π2M4
Plε1�

; ð10Þ

r≡ Ph

Pζ

����
k�

≃SRLO16ε1�; ð11Þ

where k� denotes the CMB pivot scale that we chose to be
k� ¼ 0.05 Mpc−1. Stars indicate that the quantities are
evaluated at the time of k� Hubble crossing. The slight
scale-dependence of the scalar and tensor power spectra is
parametrized by the spectral tilts,

nS ≡ 1þ d lnPζ

d ln k

����
k�

≃SRLO1 − 2ε1� − ε2� and

nT ≡ d lnPh

d ln k

����
k�

≃SRLO − 2ε1�; ð12Þ

and by the running of these tilts,

nS;run ≡ d2 lnPζ

ðd ln kÞ2
����
k�

≃SRLO − 2ε1�ε2� − ε2�ε3� and

nT;run ≡ d2 lnPh

ðd ln kÞ2
����
k�

≃SRLO − 2ε1�ε2�: ð13Þ

In order to derive observational predictions from a given
inflationary potential VðϕÞ, one must therefore solve the
background dynamical equations (1) and (2), compute the
field value of the inflaton at the time of Hubble crossing of
the pivot scale, evaluate Eqs. (7) and (9) at that location,
and insert the result into Eqs. (10) and (13).

3. Field value at Hubble crossing

In this process, the nontrivial remaining step is the
calculation of the field value at Hubble crossing, ϕ�. As
mentioned in Sec. II A 2, slow roll is a dynamical attractor,
so in single-field models it singles out one phase-space
trajectory. Therefore, if one knows the end point of inflation
ϕend as well as the number of e-folds ΔN� elapsed between
the time the pivot scale k� crosses out the Hubble radius and
the end of inflation, the value of ϕ� can be derived from

ΔN� ¼
Z

ϕ�

ϕend

dϕffiffiffiffiffiffiffi
2ε1

p ≃
Z

ϕ�

ϕend

VðϕÞ
VϕðϕÞ

dϕ: ð14Þ

Here, the first part of the formula was obtained from Eq. (5)
jointly with the expression of ε1 in terms of ϕ and _ϕ given
by Eq. (4), and the second part of the formula follows from
Eq. (7). The end point ϕend can be obtained from solving
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ε1 ¼ 1, using slow-roll formula (7) for ε1. The number of
e-folds ΔN� depends on the Hubble scale during inflation
and on the expansion history since the end of inflation until
the present time. More precisely, it is given by [50–52]

ΔN� ¼ lnRrad − ln

�
k�

a0ρ̃
1=4
γ

�
−
1

4
ln

�
9Vend

ε1�ð3 − ε1endÞV�

�

þ 1

4
lnð8π2ASÞ; ð15Þ

where “end” denotes quantities computed at the end of
inflation. This equation is implicit for ΔN�. In this
expression, ρ̃γ is the energy density of radiation today
rescaled by the change in the number of relativistic degrees
of freedom between the completion of reheating and today,
and lnRrad is the so-called “reheating parameter”. It
incorporates the effect of reheating; i.e. the stage between
inflation and the radiation era, and is given by

lnRrad ¼
1 − 3w̄reh

12ð1þ w̄rehÞ
ln

�
ρreh
ρend

�
; ð16Þ

where w̄reh is the mean equation-of-state parameter during
reheating and ρreh is the energy density of the Universe at
the onset of the radiation era. If reheating is instantaneous
(ρreh ¼ ρend), or if its equation of state is the one of
radiation (w̄reh ¼ 1=3), then lnRrad ¼ 0, so lnRrad mea-
sures how much reheating departs from a radiation-
dominated phase. Note that it is common practice to
approximate the third term in Eq. (15) by its slow-roll
limit, the impact of this approximation is further discussed
in Sec. VA 2.

B. eMSSM

In this work, inflation is realised within an effective
MSSM (eMSSM), in which the LLe and udd flat directions
are lifted by the combined effect of soft-SUSY-breaking
masses already present in the MSSM, together with the
addition of effective nonrenormalizable operators. The goal
of this section is to introduce the relevant parameters, and to
derive the inflationary potential. We will treat the renorm-
alization-group-improved inflationary potential differently
from previous studies, reaching different conclusions
concerning the amount of fine-tuning in the model
(cf. Sec. IV C).

1. eMSSM flat directions and the inflationary potential

The scalar potential of the R-parity conserving MSSM
has a large number of flat directions in the supersymmetric
limit that can be lifted by soft-SUSY-breaking terms and/or
by higher-dimensional supersymmetry-preserving opera-
tors [19]. This offers in principle various possibilities for
implementing inflationary scenarios with the inflaton being
a combination of scalar fields within theMSSM. The model

we study in the present paper extends the MSSM by
specific nonrenormalizable superpotential terms that lift the
so-called LLe or udd flat directions in order to trigger an
inflationary phase [21].
We will first go through the main ingredients of the

model. This will allow us to recall the underlying physical
assumptions and possible uncertainties, introduce the
notations, but also clarify discrepancies between the differ-
ent parameter normalizations performed in the literature.
The notations LLe and udd stand for the SUð3Þc ×

SUð2ÞL × Uð1ÞY gauge-invariant operators, Li · Ljek ≡
εαβLα

i L
β
j ek and ðui × djÞ · dk ≡ εabcuai d

b
j d

c
k, that character-

ize the corresponding flat directions [16–19] for specific
lepton or quark generation indices i, j, k. L denotes an
SUð2ÞL doublet scalar field and e, u, d, SUð2ÞL singlet
scalar fields; a, b, c are color indices and α, β, SUð2ÞL
flavor indices. Because the ε symbols are antisymmetric
with respect to all their indices, the relevant cases are
obviously i ≠ j for LLe and j ≠ k for udd. The associated
flat directions of the potential correspond to scalar field
components satisfying the following configurations for a
fixed choice of generation, flavor and color indices:

L1
i ¼ L2

j ¼ ek ≡ lðxÞ; ði ≠ jÞ ð17Þ

uai ¼ dbj ¼ dck ≡qðxÞ; ðj ≠ k; a ≠ b ≠ cÞ; ð18Þ

where lðxÞ and qðxÞ denote arbitrary complex-valued
scalar fields, and all other scalar field components are set
to zero.
In the absence of renormalizable R-parity violating terms

in the superpotential, these flat directions are lifted by
dimension-6 operators of the form,

W
ðLiLjekÞ
6 ¼ λLLe

ðLi · LjekÞ2
M3

Pl

;

W
ðuidjdkÞ
6 ¼ λudd

ðui × dj · dkÞ2
M3

Pl

: ð19Þ

These contributions to the superpotential (where we denote
the superfields by the same letters as their scalar compo-
nents) can be viewed as effective operators originating from
an UltraViolet (UV) completion of the MSSM after
integrating out the corresponding heavy fields. The dimen-
sionless couplings (that we take to be real-valued) λLLe and
λudd are thus expected to be typically of order one. For
definiteness, we choose the corresponding mass scale to be
the Planck scale. However, depending on the content of the
UV completion, similar operators with lower mass scales
such asMGUT (where GUT stands for grand unified theory)
can also arise. We will come back to the consequences of
such a change in Eq. (19) in Sec. VI. Since we are interested
in single-field inflation, we will be considering one flat
direction at a time, i.e. one given choice of ði; j; kÞ for the
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slepton or squark generation content. (For the latter case,
we also avoid extra color factor enhancement of λudd
by assuming for simplicity a fixed choice for the color
indices a ≠ b ≠ c).2

We will use the common notation φðxÞ to denote either
lðxÞ or qðxÞ. Since in Eqs. (17) and (18) there are always
three distinct canonically normalized complex-valued
fields involved, the three corresponding kinetic terms in
the MSSM immediately lead to the normalization,

lðxÞ;qðxÞ ¼ 1ffiffiffi
3

p φðxÞ; ð20Þ

in order for the complex-valued φðxÞ to have a canonical
kinetic term. Taking into account the (soft) mass terms of
the three fields leads also to the canonically normalized
mass for φðxÞ,

m2
φ ¼

m2
ũiR

þm2

d̃jR
þm2

d̃kR

3
ðuddÞ; ð21Þ

m2
φ ¼

m2
l̃iL
þm2

l̃jL
þm2

ẽkR

3
ðLLeÞ: ð22Þ

The normalizations in Eqs. (20)–(22) are in agreement with
the literature [22,24–26]. However, we found differences
with respect to the same literature in other parts related to
the normalization of the couplings in W6 as well as in the
soft-SUSY-breaking parameter that modify the inflationary
potential. To ease the discussion, we will adopt three
notations to distinguish among the various occurrences
of W6. We will generically denote by eλ6 the couplings
appearing in Eq. (19),

eλ6 ¼ λLLe or λudd; ð23Þ

and by eeλ6 the coupling appearing in W6 along a given flat
direction, defined as

W6 ¼
eeλ6
6

φ6

M3
Pl

: ð24Þ

Note that the 1=6 normalization is the one adopted in the
literature [21,22,24–26]. From Eqs. (17) and (20), one

obviously finds the reduction eeλ6 ¼ ð2=9Þeλ6, which is

inconsistent with the identification eλ6 ¼ eeλ6 ≡ λ6 performed

in the literature, where λ6 denotes the actual coupling
entering the inflaton potential. We will see that λ6 comes

with a prefactor with respect to eλ6 and eeλ6. Indeed, the
proper normalization that leads to a canonical kinetic term
for the real-valued inflaton field ϕðxÞ is

φðxÞ ¼ 1ffiffiffi
2

p ϕðxÞeiθðxÞ; with θðxÞ ∈ ½0; π�: ð25Þ

Note that ϕðxÞ is defined by ϕðxÞ ∝ �jφðxÞj which is why
θðxÞ takes values between 0 and π only. From Eqs. (19),
(20), (25) and the supersymmetric contribution j ∂W6

∂φ j2 to
the potential, one finds that the coupling λ6 appearing
in the last term on the right-hand side of Eq. (29) below, is
given by

λ6 ¼
eeλ6

4
ffiffiffi
2

p ¼
eλ6

18
ffiffiffi
2

p ≲O
�

1

18
ffiffiffi
2

p
�
: ð26Þ

To summarize: on the one hand, λ6 differs by a factor
4

ffiffiffi
2

p
from the normalization found in the literature

[21,22,24–26] where eeλ6 was identified with λ6. On the
other hand, it also differs by a factor 18

ffiffiffi
2

p
from eλ6 which

satisfies eλ6 ≲Oð1Þ and which was also identified with λ6 in
the literature. This latter difference should be taken into
account when assessing the consistency of the magnitude
of λ6. The former difference could have been just an
unphysical redefinition of the coupling, were it not for
the presence of the extra term in the potential generated by
SUSY breaking that does not scale similarly to the super-
symmetric term, as we now discuss.
For simplicity, we take here, as in [22,24–26], the

example of minimal supergravity (mSUGRA) mediation
of SUSY-breaking, and in particular the soft-SUSY-
breaking terms corresponding to W6. In mSUGRA (min-
imal Kähler potential, see e.g. [14,53] for reviews), the soft-
SUSY-breaking part of the potential at the SUSY breaking
scale MSUSY has the universal form,

Vsoft ¼ jm3=2j2
X
i

jφij2

þ
�
m3=2

�X
i

φi
∂W
∂φi

þ ða − 3ÞW
�
þ H:c:

	
; ð27Þ

where the φi denote all the complex-valued scalar compo-
nents of the matter superfields in the visible (MSSM)
sector, W is a general superpotential depending on these
fields,m3=2 the gravitino mass parameter and a a parameter
related to the model-dependent mechanism of SUSY
breaking, both fixed by the vacuum expectation values
of scalar fields and superpotential in the hidden sector and
are in general complex-valued. The first term in Eq. (27)
corresponds to the soft-SUSY-breaking masses of all the

2This does not prevent other similar W6 operators from being
generated by the UV physics [note that, beyond Eq. (19),
operators of the form ðLi · LjekÞðLl · LmenÞ or ðui × dj ·
dkÞðul × dm · dnÞ or ðLi · LjekÞðul × dm · dnÞ can also arise].
Rather, it corresponds to setting initial field conditions near
the considered flat directions at the onset of inflation.
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scalar fields in the observable sector taking the universal
value jm3=2j at the scaleMSUSY. As for the second term, it is
easy to see that any monomial Wn contributing to W and
containing a product of n φi ’s, satisfies the identityP

i φi
∂Wn
∂φi

¼ nWn. The overall contribution of a given

Wn is thus ÃnWn þ H:c: where Ãn ¼ m3=2ðaþ n − 3Þ
defines the corresponding soft-SUSY-breaking scalar cou-
pling, the A-term, which is in general complex-valued. In
the eMSSM, the relevant terms in W are W3 (comprising
the full MSSM renormalizable superpotential) and W6

given by Eqs. (17) and (18). The expression for Ãn noted
above then immediately leads to a relation between the
trilinear soft-SUSY-breaking coupling Ã3 and the bi-
trilinear coupling Ã6 at the SUSY breaking scale,

Ã3 ¼ am3=2; Ã6 ¼ ð3þ aÞm3=2; whence

Ã6 ¼
3þ a
a

Ã3: ð28Þ

Ã3 stands for the universal value of all the soft-SUSY-
breaking trilinear scalar couplings of the MSSM at the
MSUSY scale. Eq. (28) is a key relation. It links, at the
SUSY-breaking scale, Ã6 to a universal value of the soft
trilinear couplings in the squark/slepton sectors of the
MSSM. It will therefore allow us, together with
Eqs. (21) and (22), to relate the particle-physics features
of the MSSM to the inflation features of the eMSSM. To
obtain the full potential, Vsoft should be added to the
supersymmetric F-term, VF ¼ j ∂W6

∂φ j2, and D-term (VD)
contributions.3 Along the LLe or udd flat directions, VD
vanishes, as well as the W3 contribution to VF and to Vsoft.
Adding the F-term contribution of Eq. (24) to its contri-
bution to Vsoft, one finally finds the potential,

VðϕÞ ¼ 1

2
m2

ϕϕðxÞ2 þ
ffiffiffi
2

p
jÃ6j cos ½6θðxÞ þ θ6�

λ6ϕðxÞ6
6M3

Pl

þ λ26
ϕðxÞ10
M6

Pl

; ð29Þ

where we wrote Ã6 ¼ jÃ6jeiθ6 . To reach this form of the
potential, we used Eq. (25) which leads consistently to
m2

ϕ ¼ m2
φ, but requires reabsorbing some normalization

factors in the redefinition of the coupling, eeλ6 ¼ 4
ffiffiffi
2

p
λ6, as

was already anticipated in Eq. (26). We also took into
account a factor 2 coming from the Hermitian conjugacy in
Eq. (27). The outcome differs from the literature by the

relative factor
ffiffiffi
2

p
in the A-term and a factor 18

ffiffiffi
2

p
between

λ6 and the effective coupling in W6.
Back to Eq. (28), we note that, in practice, the universal

value Ã3 of the trilinear couplings in the various squark/
slepton sectors is lost at lower scales, as these couplings run
differently with the RGEs. Since the MSSM spectrum
is mostly sensitive to the third-generation quark/squark
sector, we will take Ã3 to be At, the trilinear coupling
involving the top squark at MSUSY. Furthermore, we will
follow [22,24–26] by making use of the knowledge of the
a-parameter in the simple Polonyi model for the hidden
sector where a ¼ 3 −

ffiffiffi
3

p
[14,54], to obtain from Eq. (28)

the relation,

Ã6ðMSUSYÞ ¼
6 −

ffiffiffi
3

p

3 −
ffiffiffi
3

p AtðMSUSYÞ; ð30Þ

between Ã6 and At, where we now indicate explicitly the
scale dependence.4 Note, however, that Eq. (30) is found to
be the reverse of the relation given in [22,24–26]. Eq. (30)
will be assumed in the rest of the analysis, where we will
also equate for simplicity the two scalesMSUSY andMGUT.
Since in our analysis all parameters, including At, are taken
real-valued, cf. Sec. III A 1, Eq. (30) implies real-valued
positive or negative Ã6, and thus θ6 ¼ 0 or π. The actual
values of θ6 are, however, irrelevant due to the preferred
alignment of the θðxÞ field during inflation, as we now
explain.
Let us note that, since φ is a complex field, Eq. (29) is

a priori a two-field model, for ϕ and θ. The angular
direction θ is however heavy and can therefore be inte-
grated out. Indeed, in the θ direction, the potential is
minimal when cosð6θ þ θ6Þ ¼ −1. Around this minimum,
when θ is properly normalized so to have a canonical
kinetic term, its mass is of order HMPl=ϕ; hence it is much
larger thanH as long as the inflaton takes on sub-Planckian
field values, which is always the case hereafter. This
implies that θ decays to the configuration cosð6θ þ θ6Þ ¼
−1 in a small fraction of an e-fold, and that its excitations
are sufficiently suppressed to yield small amounts of
isocurvature modes and of non-Gaussianities (note that,
in principle, one would have to check that all other
orthogonal directions are stabilized too [55]). We can
therefore consider the one-field potential,

V treeðϕÞ≡ VðϕÞ ¼ 1

2
m2

ϕϕ
2 −

ffiffiffi
2

p
A6

λ6ϕ
6

6M3
Pl

þ λ26
ϕ10

M6
Pl

; ð31Þ

3VD ¼ 1
2

P
i g

2
i D⃗

i · D⃗i with D⃗i ¼ P
j Φ

†
j T⃗

iΦj. The i index
runs over the three gauge groups, with the corresponding gauge
coupling gi, and generators T⃗i; Φj is the scalar multiplet for the
jth squark or slepton generation.

4In subsequent sections where the framework of our analysis is
described, we depart from the strict assumption of high-scale
universality of soft-SUSY-breaking parameters. We will however
stick to Eq. (30) as an illustrative example of possible correla-
tions.
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where, from now on, we denote jÃ6j by A6ð> 0Þ in
accordance with the common notation used in the
literature.5

Eq. (31), together with the definition range of the
parameters,

m2
ϕ > 0; ð32Þ

A6 > 0; ð33Þ

0 < λ6 ≲O
�

1

18
ffiffiffi
2

p
�
; ð34Þ

will be our starting point for the analysis of inflation.

2. Renormalization-group-improved potential

Beyond the tree-level approximation, the effective poten-
tial has a more involved dependence on ϕ than that given by
Eq. (31). It is important to carefully examine this aspect as
it can lead to sizeable modifications of the inflationary
predictions of the model. As well known, a powerful
approach to capture classes of loop contributions to the
effective potential is the requirement of renormalization
group invariance of the full effective potential [56–59].
This allows a resummation to all orders in perturbation
theory of powers of logarithms appearing in the loops.
Obtaining the effective potential including the leading-
order logarithms boils down to replacing all parameters in
the tree-level potential by their one-loop running counter-
parts. In our case, the inflationary potential becomes

VRGEðϕÞ≡ VðϕÞ ¼ 1

2
m2

ϕðϕÞϕ2 −
ffiffiffi
2

p
A6ðϕÞ

λ6ðϕÞϕ6

6M3
Pl

þ λ6ðϕÞ2
ϕ10

M6
Pl

; ð35Þ

where the running quantities mϕðϕÞ, A6ðϕÞ and λ6ðϕÞ are
governed by the RGEs given below. This has two potential
impacts. First, although this introduces essentially a mild
(logarithmic) dependence, it can lead to substantial mod-
ifications of inflationary predictions, which is reminiscent
of the so-called η problem [60,61]. Second, this allows one
to relate the physics at the scale of inflation to the one
observed by HEP experiments. We will discuss both
aspects in the rest of the paper.

The operators LLe and udd labeling the considered flat
directions are R-parity violating. One can thus use the
general results of [62] to extract the one-loop renormaliza-
tion group equations governing A6ðϕÞ and λ6ðϕÞ, including
multiplicative factors for the nonrenormalizable operators
[63], and neglecting contributions suppressed by MPl.
In the following, we use the conventions of

SuSpect3 [64,65] and the notations summarized in
Sec. III A 1. In particular, our sign convention for the
gaugino masses is that of [66], opposite to the one adopted
in [22,24–26]. We denote the energy scale by Q. Since, as
stated previously, Eq. (30) is defined at the GUT scale, we
use the RGEs with the GUT scale as boundary and adopt
the SU(5)-GUT normalization g1 ¼

ffiffiffiffiffiffiffiffi
5=3

p
gY (where gY

denotes the SM hypercharge gauge coupling). Within the
above-mentioned assumptions, the RGEs of the potential
parameters read.
For LiLjek,

Q
dm2

ϕ

dQ
¼ −

1

6π2

�
9

10
M2

1g
2
1 þ

3

2
M2

2g
2
2 þ YLiLjek

mϕ

�
; ð36Þ

Q
dÃ6

dQ
¼ 1

2π2

�
9

10
M1g21 þ

3

2
M2g22 þ YLiLjek

A6

�
; ð37Þ

Q
dλ6
dQ

¼ −
λ6
4π2

�
9

10
g21 þ

3

2
g22 þ YLiLjek

λ6

�
; ð38Þ

For uidjdk,

Q
dm2

ϕ

dQ
¼ −

1

6π2

�
2

5
M2

1g
2
1 þ 4M2

3g
2
3 þ Yuidjdk

mϕ

�
; ð39Þ

Q
dÃ6

dQ
¼ 1

2π2

�
2

5
M1g21 þ 4M3g23 þ Yuidjdk

A6

�
; ð40Þ

Q
dλ6
dQ

¼ −
λ6
4π2

�
2

5
g21 þ 4g23 þ Yuidjdk

λ6

�
; ð41Þ

with A6ðQÞ ¼ jÃ6ðQÞj. It is worth noting that the Uð1Þ
gauge contributions that depend on a universal combination
of all soft-SUSY-breaking squared scalar masses,
present in the β-function of the RGEs of each of these
masses individually (see e.g. [66]), cancel out exactly in
Eqs. (36) and (39) as a consequence of Eqs. (21) and (22).
It follows that the running of m2

ϕ is generally given by
Eqs. (36) and (39) (even without a universality assumption
of the soft-SUSY-breaking scalar masses at some scale, in
which case the aforementioned combination would have
vanished at all scales). Moreover, the one-loop runnings of
the gauge couplings gi and gaugino massesMi for i ¼ 1, 2,
3 are obtained from the following RGEs (see e.g. [67]):

5A word of caution: This notation should not lead to believe
that a negative sign is not allowed for At in view of Eq. (30);
indeed the latter reads now A6ðMSUSYÞ ¼ 6−

ffiffi
3

p
3−

ffiffi
3

p jAtðMSUSYÞj; At

can have either sign, which is phenomenologically important
when identifying parameter-space regions compatible with the
observed Higgs mass, but its sign does not affect the inflationary
potential.
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Q
d lnMi

dQ
¼ Q

d ln g2i
dQ

¼ bi
8π2

g2i

with b1 ¼
33

5
; b2 ¼ 1 and b3 ¼ −3: ð42Þ

The Yukawa terms contributing to Eqs. (36) to (41)
depend on the inflaton type. They are mainly functions
of the renormalizable Yukawa and trilinear soft-SUSY-
breaking couplings, the dependence of YA6

and Yλ6 on λ6
and A6 themselves being negligible due to Planck-mass
suppression. They are given for completeness in
Appendix A. Equations (36) to (41) should thus be coupled
to the RGEs governing the runnings of the Yukawa and
trilinear soft-SUSY-breaking couplings on top of Eq. (42)
and, in general, cannot be solved analytically. Numerical
solutions for the full set of RGEs can be obtained from
SuSpect3 [65].When the Yukawa terms can be neglected,
which is the case for the LLe and udd flat directions
involving first and/or second lepton and quark generations,
analytical solutions become available. For simplicity, this is
the case studied in this work. One can find the RGEs’
solutions within this approximation [22] in Sec. A.6 When
the radiative corrections are included, one needs to ensure
that Eq. (32) is verified at all scales of the theory, and that
Eq. (34) is validated at high scale (cf. Sec. VI B 3).
Although we rely in the sequel on Eq. (35) to evaluate

the effects of the loop corrections on inflation, it is useful to
keep in mind some possible caveats. In principle, in the
monomials appearing in Eq. (35), one should replace the ϕ
field itself by its running counterpart taking into account
the corresponding anomalous dimension. Furthermore, a
constant can be in general added to the effective potential.
This was considered by [68] in the context of the present
model. However, when the potential is RGEs improved in
the presence of such a constant, the latter does not remain
constant and induces an extra field dependence [58,59].
Last but not least, the nonrenormalizable operators in
Eq. (31), when inserted in loops, induce in the one-loop
Coleman-Weinberg potential other effective operators of
the form ϕn, with n ¼ 4; 8;… that were absent at tree-level.
Some of these operators would cancel out in the large ϕ
limit, due to supersymmetry. Others will have to be
renormalized away through counterterms at some boundary
scale, say MGUT, but will be regenerated at lower scales.

C. Slow roll in the eMSSM

With a fully defined potential like V tree or VRGE, we can
further discuss slow-roll conditions and the calculation of

ϕ� in order to determine the predicted values of the inflation
observables. To ensure that slow-roll inflation can occur,
the potential needs to exhibit an inflection point at some
field value ϕ0 defined by

Vϕϕðϕ0Þ ¼ 0 and ν≡ Vϕðϕ0Þ: ð43Þ

The slow-roll parameters [see Eqs. (7)–(9)] should be small
enough around ϕ ¼ ϕ0. In particular, the condition ε1 < 1
reads

jνj <
ffiffiffi
2

p

MPl
jVðϕ0Þj: ð44Þ

We will refer to ϕ0 as “quasiflat inflection point”
whenever it satisfies Eqs. (43) and (44). For V tree, this
condition delineates a region of size jϕ − ϕ0j=MPl∼
ðϕ0=MPlÞ3=2, while a more stringent requirement comes
from the condition jε2j < 1, which holds in the range,

jϕ − ϕ0j ≃
ϕ3
0

60M2
Pl

: ð45Þ

Note that a similar condition is obtained from jε3j < 1, and
we have numerically verified that this relation still holds for
VRGE. In the range defined by Eq. (45), Eq. (15) can be used
and the inflection point is very close to the value of the field
at Hubble crossing, ϕ�.
In order to determine ϕ�, one needs to solve Eq. (15), of

which two important ingredients are lnRrad and ρ̃γ . The
former describes how the reheating occurs, and the latter is
a function of the variation in the number of relativistic
degrees of freedom between the reheating epoch and today,
which depends on the field content of the theory. An
interesting feature of eMSSM inflation is that, in principle,
both are entirely determined by the MSSM spectrum.
For the reheating parameter, lnRrad, the corresponding

calculation is however complex and goes beyond the scope
of the present work. The analyses of [69,70] suggest that
0 < lnRrad ≪ 1 (i.e. quasi-instantaneous reheating) both
for udd and LLe, so, hereafter, we will assume lnRrad ¼ 0
unless specified otherwise.
The effective number of relativistic degrees of freedom at

reheating is 427=4 in the Standard Model of particle
physics if reheating occurs above ∼100 GeV, while it is
expected to be 915=4 in the MSSM [71]. Instead, in the
following, we do not include such details, and we assume
that the ratio of the relativistic degrees of freedom between
the reheating epoch and today is equal to one. It only leads
to differences in the value of ΔN� inferred from Eq. (15) of
the order of 0.4e-folds. Compared to the other sources of
uncertainties discussed below, this error can be neglected.
The impact of assuming different values of ΔN� (and

different lnRrad) is further discussed in Secs. VA and V C.

6Note that the energy scale Q should be replaced by ϕ when
the runnings are used in VRGE. Indeed the same RGEs play a
double role: They allow one to improve the effective potential and
to improve the energy dependence of physical scattering proc-
esses. In the latter case Q stands for the typical energy of the
process.
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III. ANALYSIS FRAMEWORK

In this part, we introduce the phenomenological MSSM,
the benchmark points, the observational constraints and the
tools and methodology used to perform the analysis.

A. pMSSM and benchmark points

1. pMSSM

Even though the unconstrained MSSM may contain up
to 105 parameters on top of the Standard Model ones,
we only consider a subset of them in this analysis, as is
frequently done in various studies (see e.g. [72]). They are
listed in Table I. We will refer to this phenomenological
MSSM, thus defined, as pMSSM.
We assume all the parameters to be real-valued, which

implies, among other things, no extra sources of explicit
CP-violation from the SUSY extension of the Standard
Model. As the K0 − K0 mixing limits the mass splitting
between the first and second squark generations [72,73],
we assume that the squark masses of the first two
generations are equal. The same applies to the slepton
masses and the A-terms. To ensure this, and as a further
simplification inspired by mSUGRA, we will use

mq̃12L
¼ mũ12R

¼ md̃12R
: ð46Þ

In the following, gauge couplings are unified at the GUT
scale (MGUT). Unless otherwise indicated, it is set to
3 × 1016 GeV in the following. In Sec. VI, it is directly
calculated for a given MSSM spectrum within SuSpect3
following [74].
The scale of electroweak symmetry breaking (EWSB) is

defined through the SuSpect3 convention [64,65],

MEWSB ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffi
mt̃1mt̃2

p
: ð47Þ

In what follows, we will assume that the lightest super-
symmetric particle (LSP) is the neutralino χ01, and it acts as
the dark-matter (DM) candidate.

2. Benchmark points

As shown in Sec. II B 2, the runnings of the parameters
of VRGE depend on the inflaton type, but also on the values
of the gauge couplings, the masses of the gauginos, the

Yukawa couplings and the trilinear soft-SUSY-breaking
scalar couplings (the latter two will be neglected in this
work). For this reason, we define in this section two
examples that will be used for illustration in the following
sections. They are hereafter called “benchmark points”, and
their characteristics at the GUT scale are given in Table II.
The chosen values are representative of the MSSM points
discussed in Sec. VI: BP1 (respectively BP2) corresponds
to h1 (respectively A1), run to GUT scale. We only specify
the quantities entering the potential parameters RGEs at
this stage.
Note that to remain as general as possible we clearly

depart here from a universality assumption for the gaugino
soft-SUSY-breaking masses.

B. Observational constraints

1. Cosmological observables

The main constraints from cosmological observations
that are used in this paper are the cold-dark-matter energy
density (Ωcdmh2), the amplitude (AS) and spectral index
(nS) of the primordial scalar perturbations. For Ωcdmh2, we
are using [75]

Ωcdmh2 ¼ 0.1187� 0.0017: ð48Þ

On top of the experimental uncertainty quoted above, we
consider a theoretical uncertainty of 0.012 associated to the
prediction of Ωcdmh2 in the MSSM [76]. For AS and nS, we
are using the measurements inferred from the combination
of Planck temperature, polarization, lensing, and BAO data
assuming a Λ-CDM model [77]. The corresponding mea-
surements of the parameters inferred for k� ¼ 0.05 Mpc−1

are given in Table III. In the following, when we refer to the
measurements instead of the parameters, we make use of
the notations nS � σnS , and AS � σAS

.
As shown in [13], the tensor-only contribution to the

tensor-to-scalar ratio, r, for this potential is beyond the
reach of present and future experimental constraints [and
below the threshold of secondary gravitational waves
induced by scalar fluctuations through gravitational non-
linearities (see e.g. [79])]. We therefore consider a (not
r-extended) Λ-CDM model for the nS and AS constraints,
and we do not make use of the current experimental
constraint on the tensor-to-scalar ratio. We will discuss

TABLE II. Benchmark points definition. The gauge couplings
and gauginos masses are given at MGUT.

gGUT1 gGUT2 gGUT3

MGUT
1

(GeV)
MGUT

2

(GeV)
MGUT

3

(GeV)

BP1 0.70 0.69 0.68 136 1143 899
BP2 0.70 0.69 0.68 898 1790 883

TABLE I. Parameters of the phenomenological MSSM.

Origin Parameters

Higgs-sector m2
Hu
, m2

Hd
, tan β, sgnðμÞ

Gaugino masses M1, M2, M3

Slepton masses ml̃12L
, mẽ12R

, mτ̃L , mτ̃R

Squark masses mq̃12L
, mũ12R

, md̃12R
, mq̃3L

, mt̃R , mb̃R

A-terms Au12 , Ad12 , Al12 , At, Ab, Aτ
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the consistency between the nS;run predictions and the
measured value in Sec. VI.
Another experimental constraint is the one on ργ ¼

Ωγρcri with Ωγ the density parameter of radiation today
and ρcri the critical density which leads to ργ ¼ ð4.645�
0.004Þ × 10−34 [80]. This observable enters in Eq. (15).
The propagation of the experimental error on this quantity
leads to a negligible contribution to the error on ΔN� of
ð1=4Þ ln ð1þ 0.004=4.645Þ ¼ 2 × 10−4 [similar to lnRrad
and the number of relativistic degrees of freedom discussed
in the previous section, see Eq. (15)]. The value of ργ
together with the measured values of AS and nS are
hereafter called “inflationary observables”.

2. Particle-physics observables

On the particle-physics side, the values of the main
measurements considered in this analysis are summarized
in Table IV with their statistical and systematic errors.
Where relevant, the theoretical errors associated with the
supersymmetric predictions are also indicated (with the
subscript “th”).
To complete the Higgs-sector constraints, on top of the

mass quoted in Table IV, we include the Higgs couplings,
which are taken from [80–89]. Also, we use the Large
Electron-Positron collider limit on the mass of the first
generation chargino: mðχ̃þ1 Þ > 103.5 GeV [90]. Finally, on
the DM searches’ side, we also consider the limits on the
direct detection rate, which are provided by the XENON1T

experiment, with a rate above 0.4 keV to be less than
1 event=ðtonne × day × keVeeÞ [91].
The measurements of the W and Z masses, the Higgs

boson width together with the forward-backward asymme-
tries, the left-right asymmetries, the effective weak mixing
angle, and the hadronic corrections to the QED coupling
are also included.
As far as the MSSM parameter space is concerned

(without considering the need to embed inflation), the
modeling of the parameter space comes essentially from the
intertwined constraints of the Higgs mass and the cold-
dark-matter energy density [76,92].

C. Tools and methodology

Several tools have been used to perform the analysis
described in this paper:

(i) ASPIC7 [13]: even though not directly interfaced to
our framework, we have adapted ASPIC to derive
reheating-consistent observable predictions.

(ii) SuSpect3 [65]: it calculates the MSSM physical
masses and couplings, taking into account the
dominant radiative corrections, the requirement of
EWSB, and the running of the eMSSM parameters
through their RGEs, relating the low-energy physics
to several high-energy model assumptions. In par-
ticular, on top of the Z-mass and the EWSB scales, it
allows one to define boundary conditions for the
relevant running parameters, at up to three different
physical scales that can be chosen to be the GUT, the
SUSY-breaking and the inflection point scales. The
version of SuSpect3 used in this analysis is
the 3.1.1.

(iii) SFitter [93]: it allows one to confront the
experimental data with predictions determined from
the spectrum calculated by SuSpect3. The stat-
istical analysis is performed on the basis of a global
χ2 calculated from the individual Δχ2’s of the
measurements versus predictions for the observables
described in the previous section. We then make use
of MINUIT [94], included in SFitter, to infer the
values of the underlying parameters. This is done in
particular through an interfacing with Microme-
gas [95] for the predictions of the dark-matter
energy density and the rare B-decays branching
ratios. SusyPope [96] and HDecay [97] are used
to calculate the predictions of the Z-pole observables
and the Higgs couplings respectively. In SFitter,
the statistical errors on the measurements are treated
as Gaussian or Poisson where appropriate. The
systematic errors are correlated if originating from
the same source. Theoretical uncertainties are treated
using flat errors.

TABLE IV. Main particle-physics measurements used in the
analysis [80]. The last number is the theoretical uncertainty on the
supersymmetric prediction, except for BRðb → sγÞ and mt for
which no such error is considered.

Measurement Value and error

mh [GeV] 125.10� 0.14� 3.00th

BRðBS → μþμ−Þ ð30� 4� 2thÞ × 10−10

BRðb → sγÞ ð33.2� 1.5Þ × 10−5

Δaμ ð26.1� 7.9� 2thÞ × 10−10

mt [GeV] 172.76� 0.30

TABLE III. Measurements of the amplitude (AS) and spectral
index (nS) of the primordial scalar spectrum [10] used in this
analysis. For reference, we also give the running of the scalar
index (nS;run) [10] and 95% C.L. upper limit on the tensor-to-
scalar ratio r [78].

Parameter Value and error

lnð1010ASÞ 3.047� 0.014
nS 0.9665� 0.0038

nS;run −0.0042� 0.0067
r <0.032

7http://cp3.irmp.ucl.ac.be/~ringeval/aspic.html.
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The methodology we adopt to infer the parameters
of an inflationary potential given some cosmological
observations is inspired by ASPIC. Starting from an
MSSM potential, V tree [Eq. (31)] or VRGE [Eq. (35)],
we have identified the area of the parameter space that
satisfies the conditions of a quasiflat inflection point
(defined in Sec. II C), then we solve numerically
Eq. (10) and Eq. (12), setting AS and nS to their measured
values at ϕ ¼ ϕ� which, itself, is determined through
Eqs. (14) and (15).
In practice, since the potential has three main free

parameters (mϕ, A6, λ6), one needs to fix a degree of
freedom, e.g.: A6 (respectively ϕ0), on top of the two
constraints from nS and AS, in order to be able to determine
the two other ones. For reasons that will be further detailed
in Sec. IV C, the 2 degrees of freedom we choose to tune
are ν and ϕ0 (respectively A6). To be able to do that, we
need the expressions for the potential and its derivatives
taking ϕ0 and ν directly as inputs: their full expressions are
given in Sec. IV C. Choosing to fix A6 or ϕ0 obviously
leads to the same results, this choice is made according to
the situation.
Moreover, in the specific case of the one-loop VRGE,

one also needs to specify the gaugino masses and gauge
couplings [cf. Eqs. (36) to (41)]. We make use of
SuSpect3 for the calculations of the RGEs for the
inflationary parameters, as well as for the calculation of
the physical spectra given a point in the MSSM parameter
space. The correspondence between the squark or
slepton soft masses and the inflaton mass [Eq. (46)] as
well as the relation between At and A6 [Eq. (30)]
are added at this stage. Finally, SFitter is used to
perform the χ2 calculation and its minimisation by compar-
ing the HEP predictions and actual measurements
(cf. Table IV).

IV. SLOW-ROLL CONDITIONS, INITIAL
CONDITIONS AND FINE-TUNING

In this section, after an illustration of the shape of the
potential, we address two essential questions: on the one
hand, the field phase-space initial conditions required for
inflation to take place, and on the other hand, the conditions
the inflationary potential parameters must satisfy to yield
predictions in agreement with observations. This will lead
us to an assessment of the level of fine-tuning involved in
this model.

A. Shape of the potential

To begin with, we discuss and illustrate the shapes of the
V tree and VRGE potentials. For VRGE, we take the example of
a LLe inflaton for BP1 (Table II). The parameter sets (ptree

and pBP1
LLe) have been respectively determined for V tree and

VRGE following the methodology described in Sec. III C, so
that both potentials exhibit a common inflection point at
ϕ0 ≃ 1.2 × 1015 GeV and match the inflationary observ-
ables (Table III). They are shown in blue and red in Fig. 1.
We do not propagate here the experimental errors on the
observables and assume an instantaneous reheating for the
purpose of illustration.
Around this inflection point, the slow-roll approximated

first Hubble-flow parameter, as given by Eq. (7), is plotted
in the upper-right panel of the same figure. Note that this
approximation applies only when ε1 ≪ 1 and that, in
practice, ε1 can never be larger than 3—thus values of
ε1 of order one or larger in Fig. 1 simply signal a break
down of the slow-roll approximation. Slow roll takes place
when ε1 < 1 (orange region). A zoom of the potential is
also given in the lower-right panel in the same field range
(the red curve is above the Y-axis range of the plot).

FIG. 1. Left panel: Example of the shape of the inflationary potentials as a function of the field value for ϕ0 ¼ 1.2 × 1015 GeV. V tree is
shown in blue and LLe BP1 VRGE in green (dashed line) for the parameters determined to match the inflationary observables assuming
V tree. The red-dotted line illustrates the LLe BP1 VRGE for the parameters determined by taking into account the one-loop RGEs’
corrections. Right panel: The associated ε1 function [defined by Eq. (7), more details in the text] is represented on the upper-right panel
(the slow-roll region, where ε1 < 1, is identified in orange). Zooms of the potentials around ϕ0 are given on the lower-right panel.
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One sees that the inflection points are very close to flat
for V treeðptreeÞ and VRGEðpBP1

LLeÞ, with ε1 diving well below
one in the slow-roll region [whose narrowness has been
quantified in Eq. (45)].
Applying the parameters obtained with V tree (ie. ptree) to

VRGE leads to a tilted inflection point shown in green in
Fig. 1. In this case, VRGEðptreeÞ does not satisfy the slow-
roll conditions: the corresponding values of the parameters
are thus ruled out.
This illustrates that the parameters determined for V tree

cannot be simply applied to a one-loop corrected VRGE
potential, suggesting that the one-loop correction of the
inflationary potential is a feature that cannot be ignored
(contrary to what is often done in the literature). Instead,
one needs to redetermine the new set of parameters
specifically for VRGE. Proceeding this way, we recover a
shape similar to the V tree one, with the same order of
magnitude for ε1 at the inflection point as shown with
VRGEðpBP1

LLeÞ in red.

B. Field phase-space

As mentioned in Sec. II A 2, slow roll is a dynamical
attractor. This implies that, in a given inflationary potential,
a successful phase of inflation takes place starting from a
large set of initial conditions ðϕ; _ϕÞ, all attracted towards
the same slow-roll solution [98,99]. However, it is also
known that the size of the basin of attraction depends on the
shape of the inflationary potential (for instance, it is larger
for plateau and large-field models than for hilltop potentials
[99]). In order to determine to which extent eMSSM
inflation is robust under changing the field initial con-
ditions, let us thus study its field phase-space structure.

Both VRGE and V tree have a slow-roll region whose
(narrow) extent is given by Eq. (45). We therefore expect
the conclusions of this section to be identical when
one uses either potential. Hence, we consider for explic-
itness V tree, where we arbitrarily set ϕ0 ¼ 0.395MPl, and
apply the methodology defined in Sec. III C to determine
the potential parameters such that the predicted values of nS
and AS match the measurements given in Table III.
This leads to: mϕ¼4.29×109 GeV, A6¼5.42×1010GeV
and λ6 ¼ 2.29 × 10−8.
In the left panel of Fig. 2, the phase-space trajectory

obtained by numerically integrating Eqs. (1) and (2) is
shown for three different initial conditions. In particular, the
light-green one is starting near the inflection point, in the
slow-roll region. In this figure, the blue area indicates
the region where inflation takes place [i.e. where Eq. (3) is
satisfied]. The red-dotted lines correspond to the slow-roll
trajectory (6), where inflation proceeds at small velocity
close to the inflection point, i.e. around ðϕ ¼ ϕ0; _ϕ ≃ 0Þ. If
initial conditions are set close enough to the slow-roll
trajectory, it acts as an attractor, as expected. This is the
case for the light-green trajectory.
Otherwise, the inflection point is overshot (this is the

case for the magenta and brown trajectories), and the field
quickly oscillates around the minimum of its potential at
ϕ ¼ 0. Let us note that, during this oscillating phase, the
system repeatedly crosses the inflating region, but it does so
across very short periods of time and when averaging over
several oscillations it does not inflate (but rather behaves
as pressureless matter for a quadratic minimum [100]).
Therefore, the relevant phase of inflation to consider is the
one taking place before the oscillations. Unless initial

FIG. 2. Phase-space diagram of the eMSSM inflationary potential V tree, with mϕ ¼ 4.29 × 109 GeV, A6 ¼ 5.42 × 1010 GeV and
λ6 ¼ 2.29 × 10−8 (such that the model is compatible with cosmological observations). Left panel: A few trajectories (brown, magenta
and light-green curves) are compared to the slow-roll attractor Eq. (6) (red-dotted lines). The blue shaded region indicates where
inflation takes place, i.e. where the condition of Eq. (3) is satisfied. Right panel: Zoom-in on the low-velocity inflection-point region
(black square on the left). The color encodes the total number of inflationary e-folds generated by the trajectory starting at the given
point of the phase space. A few examples of initial conditions (the light-green trajectory is the same on both panels) with their associated
e-folds are also displayed.
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conditions are chosen close to the slow-roll attractor, that
phase is very short-lived, as illustrated in the right panel of
Fig. 2. In this panel, some trajectories and their generated
total number of e-folds Ne-folds [given by Eq. (5), evaluated
between t ¼ 0 and the time of the end of inflation] are
represented. One can see that only the ones being attracted
by the slow-roll trajectory generate enough e-folds (i.e.
originates in the dark-blue region). From Eq. (15), inflation
must at least generateNe-folds ≃ 50, and one can see that this
requires to fine-tune the initial conditions close to the slow-
roll attractor. The basin of attraction is therefore very
narrow in this model, which constitutes a first level of
fine-tuning.
Let us note that, at large-field values, ϕ ≫ ϕ0, the

potential is of the “large-field type”, V tree ∝ ϕ10; hence
the slow-roll attractor is very powerful in that region [99]
(i.e. its basin of attraction is very large). If initial conditions
are set in that region, it uniquely determines the trajectory
along which the inflection point is approached at lower
field values. This trajectory is the magenta one in the left
panel of Fig. 2, which starts at ϕ ¼ 100MPl, oscillates a few
times around the potential minimum, before entering the
range of the plot and overshooting the slow-roll attractor
around the inflection point.
Therefore, another mechanism must be invoked to set the

initial conditions close to slow roll at the inflection point,
possibly involving additional dynamical fields [101].
Hereafter, wewill assume that such a mechanism takes place,
and we will restrict the analysis to the slow-roll attractor.
Finally, let us point out that the reason why the slow-roll

attractors at large-field values and around the inflection
point are disconnected is because, when ϕ0 is sub-
Planckian, the slow-roll conditions are violated between
these two regions. This implies that the slow-roll attractor is
broken, and we found that the problem becomes worse
when decreasing ϕ0. Here, for illustrative convenience, we
have set ϕ0 to a mildly sub-Planckian value, but as will be
made explicit below, ϕ0 is usually expected to be much
lower. This implies that, in practice, the fine-tuning
problem of the field initial conditions is even worse than
what can be seen in Fig. 2. To this respect, eMSSM
inflation (and inflection-point models in general) behaves
like small-field hilltop models [99].

C. Fine-tuning of the inflationary potential parameters

A peculiarity of the eMSSM potential that has been
pointed out, in particular in [13,21,22,25,26], is that there is
a high level of fine-tuning of the parameters when one
imposes the condition of a quasi-flat inflection point. We
discuss this point in the case of V tree and VRGE in this
section.

1. At tree level

To ensure that the potential function remains monotonic
with a quasi-flat inflection point for V tree, the parameters

have to fulfill the following very restrictive relation between
the bi-trilinear coupling and the combination of soft-SUSY-
breaking scalar masses appearing in mϕ [13,21,22,24–26]:

0 < 1 −
A2
6

20mϕ
2
≪ 1; ð49Þ

where the additional factor
ffiffiffi
2

p
, cf. Eq. (31), is included, as

compared to the literature.
For later use, we define8

α≡ 1 −
A2
6

20mϕ
2
: ð50Þ

We recall here the origin of the fine-tuned requirement,
Eq. (49), at tree-level. One can determine the value of ϕ0

that satisfies the inflection-point requirement, the first
equation in Eq. (43). Indeed, V tree;ϕϕ being quadratic in
ϕ4 irrespective of the magnitude of α, there is a two-branch
solution for ϕ4

0,

ϕ4
0� ¼ mϕM3

Pl

9λ6
ffiffiffiffiffi
10

p ð5
ffiffiffiffiffiffiffiffiffiffiffi
1 − α

p
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
16 − 25α

p
Þ: ð51Þ

When α < 16
25
, the two branches are a priori acceptable

since ϕ4
0� remain real-valued and positive. One also finds

that V tree;ϕðϕ0þÞ vanishes for α ¼ 0 and V tree;ϕðϕ0−Þ
vanishes asymptotically for α very large and negative, so
that the second equation in Eq. (43) can be satisfied with
vanishingly small ν. However the “−” branch cannot satisfy
Eq. (44) and will not be further considered. As for the “þ”

branch, ε1, cf. Eq. (7), is found to scale as λ
1
2

6M
1
2

Plm
−1
2

ϕ and
vanishes for α ¼ 0, whence the required high degree of
fine-tuning on α around zero in order to keep ε1 < 1.
It is thus justified to rely on the lowest order expansion in

α for the field value and the potential function and its first
derivative at the inflection point, ϕ0 ¼ ϕ0þ, that can be
derived analytically from Eq. (51),

ϕ4
0 ¼

mϕM3
Pl

λ6
ffiffiffiffiffi
10

p þOðαÞ; ð52Þ

V treeðϕ0Þ ¼
4

15
m2

ϕϕ
2
0 þOðαÞ; ð53Þ

and

V tree;ϕðϕ0Þ ¼ m2
ϕϕ0αþOðα2Þ: ð54Þ

8Beware the different conventions between [13,25,26], and the
one adopted in this work in the definition of α. The relations
between the different conventions are as follows: α½26� ¼

ffiffiffi
α

p
=2

and α½13� ¼ 1 − α.
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As clear from the above equation, relaxing the monoto-
nicity assumption boils down to allowing for negative α
[since VðϕÞ increases monotonically for 0 < ϕ ≪ ϕ0 and
ϕ ≫ ϕ0]. Such potentials predict values for nS that are
always incompatible with measurements (see [13]), and
they will not be further investigated here.
Restricting to α > 0, Eq. (7), Eq. (53) and Eq. (54) imply

a tight relation between α and the first slow-roll parameter
at ϕ0,

α ¼ 4
ffiffiffi
2

p

15

ϕ0

MPl

ffiffiffiffiffiffiffiffiffiffiffiffiffi
ε1ðϕ0Þ

p
þO

�
ϕ2
0

M2
Pl

ε1ðϕ0Þ
�
: ð55Þ

The required level of fine-tuning of the parameter α is
illustrated by this equation as slow-roll conditions impose
ε1 ≪ 1. More precisely, ε1 < 1 implies that α < 4 × 10−3

for ϕ0 ¼ MGUT, and this required level of precision
increases when ϕ0 decreases. It gets even more stringent
when one requires that cosmological observables are
correctly reproduced (cf. Table III). This is further illus-
trated in Sec. IV C 2.
In practice, the fine-tuning of α requires a high level

of (quadratic) precision in the numerical determination
of the parameter space if we solve Eq. (15) directly for
V tree (see [13]). However, this would lead to computational
accuracy mismatch when interfacing with lower
(double-)precision codes such as SuSpect3 and
SFitter. To circumvent this problem and also set the
stage for the generalization to the one-loop effective
potential in the next subsection, we give the exact solution
of Eq. (43),

m2
ϕ ¼ 1

40

�
45

ν

ϕ0

þ A2
6 þ A6

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2
6 − 10

ν

ϕ0

r �
; ð56Þ

λ6 ¼
M3

Pl

20
ffiffiffi
2

p
ϕ4
0

�
A6 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2
6 − 10

ν

ϕ0

r �
: ð57Þ

This form is different, though equivalent, to the one
discussed above. To obtain these equations we used the
fact that both V tree;ϕϕðϕÞ and 1

ϕV tree;ϕðϕÞ are quadratic in

λ6ϕ
4=M3

Pl and retained the “þ” branch solution as dis-
cussed previously. Using this form of the solution one can
reexpress VϕðϕÞ and VϕϕðϕÞ by expanding λ6ϕ

4 around
λ6ϕ

4
0 so that large cancellations are already effected

analytically, thus bypassing the need for numerical quad-
ratic precision. Here, we give the corresponding exact
expressions,

Vtree;ϕðϕÞ ¼ ð1þ Δ4Þ14
�
νþ Δ4λ6

ϕ5
0

M3
Pl

×

�
10ð2þ Δ4Þλ6

ϕ4
0

M3
Pl

−
ffiffiffi
2

p
A6

�	
; ð58Þ

V tree;ϕϕðϕÞ ¼ 5Δ4λ6
ϕ4
0

M3
Pl

�
18ð2þ Δ4Þλ6

ϕ4
0

M3
Pl

−
ffiffiffi
2

p
A6

�
;

ð59Þ

where Δ4 ≡ ϕ4=ϕ4
0 − 1 and ν [Eq. (43)] can be taken as

input. These expressions are at the core of the methodology
described in Sec. III C: given a value for A6, one tunes ϕ0

and ν such that the predicted values for nS and AS match
the observations, then one gets λ6 and mϕ thanks to
Eqs. (57) and (56).

2. At one-loop level

We now consider the one-loop potential, VRGE. To
estimate the level of fine-tuning in this case, we first note
that the successive derivatives of VRGEðϕÞ will have the
same polynomial dependences on ϕ as those obtained when
differentiating V treeðϕÞ. This is a direct consequence of the
form of the RGEs. The first and second derivatives of the
potential (35) read

VRGE;ϕðϕÞ ¼ ϕ ×

�
m2

ϕðϕÞ þ
1

2
βmðϕÞ − ξ1ðϕÞ

λ6ðϕÞϕ4

6M3
Pl

þ ξ2ðϕÞ
λ6ðϕÞ2ϕ8

6M6
Pl

�
ð60Þ

VRGE;ϕϕðϕÞ ¼ m2
ϕðϕÞ þ

1

2
B1ðϕÞ þ ξ3ðϕÞ

λ6ðϕÞϕ4

6M3
Pl

− ξ4ðϕÞ
λ6ðϕÞ2ϕ8

6M6
Pl

; ð61Þ

where B1 and the ξi’s depend on the running of A6, the gauge couplings and the gauginos masses, as well as the Yukawa and
trilinear soft-SUSY-breaking scalar couplings. Their explicit expressions do not require the knowledge of the solutions of
the RGEs. They are given in Sec. B in the approximation of negligible Yukawa terms.
At the inflection point introduced in Eq. (43) and taking into account the ϕ dependence in Eqs. (60) and (61), one finds

m2
ϕðϕ0Þ ¼

A2ðϕ0; νÞ
20

; ð62Þ
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λ6ðϕ0Þ ¼ 3
M3

Pl

ϕ4
0

B1ðϕ0Þξ2ðϕ0Þ − B2ðϕ0Þξ4ðϕ0Þ þ 2m2
ϕðϕ0Þ½ξ2ðϕ0Þ þ ξ4ðϕ0Þ�

ξ1ðϕ0Þξ4ðϕ0Þ − ξ2ðϕ0Þξ3ðϕ0Þ
; ð63Þ

where B2ðϕÞ is given in Sec. B for the LLe case, and
A2ðϕ; νÞ is given in Sec. C.
Inview of Eq. (62), a straightforward generalization at one-

loop of the tree-level α parameter, see Eq. (50), is given by

αðloopÞ ≡ 1 −
A2ðϕ0; ν ¼ 0Þ
20m2

ϕðϕ0Þ
: ð64Þ

Taking Eq. (62) into account, one can remark that αðloopÞ
vanishes in the flat-inflection limit, ν ¼ 0, and deviates
from 0 for the quasi-flat-inflection, cosmology-consistent
configurations. In the limit of negligible one-loop correc-
tions, Eqs. (62) and (63) give back the exact tree-level
relations [Eqs. (56) and (57)] and αðloopÞ ¼ α.
To illustrate the level of fine-tuning, for V tree and VRGE,

one can compute and compare α and αðloopÞ at ϕ0 once we
have applied the methodology described in Sec. III C.
This is done in Fig. 3, where the tree level case is shown in
black, and the LLe and udd cases for the two benchmark
points are illustrated in colors.9 The right panel of this
figure provides evidence that the level of fine-
tuning needed in VRGE is of the same order of magnitude
as the one in V tree (contrary to what is suggested for
instance in [25]). However, it cannot be estimated by
simply replacing the tree-level quantities by their
running counterparts in the definition of α [Eq. (50)],
as illustrated on the left panel. One needs to compute
αðloopÞ instead.

Similarly to the V tree case, we can circumvent the issue
of the quadratic precision calculations required to solve
Eqs. (14) and (15) for VRGE directly by expanding the
first and second derivatives of the potential around ϕ0. In
contrast to the tree-level case where exact forms can be
obtained, Eqs. (58) and (59), here the nonpolynomial
dependence in ϕ is handled analytically through a
Taylor expansion around ϕ ¼ ϕ0, where only the know-
ledge of the β-functions (and not the RGEs solutions)
is needed. We have performed this calculation up to
the tenth order in δϕ ¼ ϕ − ϕ0. This is absolutely
required when one needs to make use of the double-
precision calculations of SuSpect3 to estimate the
radiative corrections. We make use of this trick in Sec. VI.

V. INFLATIONARY CONSTRAINTS ON THE
PARAMETER SPACE

The aim of this section is to study the inflationary
potential parameter space that satisfies the inflationary
constraints. We first address this question using V tree
(cf. Sec. VA). We then compare the results to those
obtained with VRGE (Sec. V B).

A. Results for the potential at tree level

In this section, we consider the case of the tree-level
inflationary potential, V tree.

1. Parameter-space constraints

Following the methodology defined in Sec. III C, one
can determine mϕ, A6 and λ6 such that inflation takes place

FIG. 3. α (left panel) and αðloopÞ (right panel) as a function of ϕ0, such that V tree and VRGE lead to predictions on nS and AS in
agreement with measurements in the case of the two inflaton types (LLe and udd) and of the two benchmark points (BP1 or BP2). On
the left panel, the green and cyan udd contours are almost superimposed and the black contour close to zero corresponds to αtree. The
vertical gray line indicates the GUT scale.

9In the right panel, the different cases do not overlap exactly at
low ϕ0: this is linked to the fact that the inflaton mass needs to
satisfy Eq. (32). This is further discussed in the next section.
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at ϕ0, given the current measurements of the inflationary
observables. The result depends on the assumptions made
on reheating through Eq. (15). Fig. 4 shows the parameter-
space projections as a function of ϕ0, in log-scale. In red,
we illustrate an instantaneous reheating, and in blue, we
assume lnRrad ¼ −10 for illustration (see next section).
The figure of the upper-left panel is a zoom on the low-ϕ0

region (in linear scale). At tree-level, the factor
ffiffiffi
2

p
in front

of the ϕ6 term that was introduced in Eq. (35) with respect
to [26] may appear equivalent to a simple redefinition of the
A6 parameters. But this is not the case when one wants to
relate inflation and HEP constraints and make use of
Eq. (30) which connects A6 to At at the GUT scale (this
is further discussed in Sec. VI).
The width of the contour corresponds to the one-σ error

on nS. The relative error due to the AS uncertainty
(cf. Table IV) is roughly of the order of seven per mille.
It is therefore not propagated. The σnS error translates into
a σmϕ

=mϕ of the order of 3% for a given ϕ0. This compares
to the approximately 15% previously obtained in [26].
This difference is mainly due to the reduction of the
error bar on nS between WMAP and Planck (the improve-
ment factor is approximately 3.5 between the two
measurements).

2. Number of e-folds and reheating

In order to obtain the contours shown in Fig. 4, one has
to solve Eq. (15), which gives the number of e-folds ΔN�
between the time the pivot scale k� crosses out the Hubble
radius and the end of inflation (at next-to-leading order in
slow-roll approximation). The larger ϕ0, the larger ΔN�:
typically at the GUT scale for an instantaneous reheating,
ΔN� ≃ 45, and for ϕ0 ≃ 1 × 1014 GeV, ΔN� reaches 37.5.
For slow-rolling potentials with ϕ� ≃ ϕ0, the ΔN� expres-
sion (15) is often reduced to its slow-roll leading-order
approximation,10

ΔN� ≃ − ln

�
k�

a0ρ̃
1=4
γ

�
−
1

4
lnð9Þ þ 1

4
ln
V treeðϕ0Þ

M4
Pl

ð65Þ

≃ 61.2þ 1

4
ln
V treeðϕ0Þ

M4
Pl

; ð66Þ

for k� ¼ 0.05 Mpc−1, ργ being given in Sec. III B 1. The
difference between both estimates for the number of e-folds

FIG. 4. Tree-level inflationary potential parameters compatible with the inflationary observables as a function of ϕ0: mϕ on the upper-
left panel (low ϕ0 in linear scale) and upper-right panel (wider range in log-scale), A6 on the lower-left, and λ6 the lower-right (log-scale).
Two assumptions on lnRrad are illustrated: −10 in blue and 0 (instantaneous reheating) in red.

10Beware the difference with [26] linked to the k� values at
which the inflationary observables are estimated.
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is of the order of 0.1, showing that Eq. (65) is a very good
approximation for this potential. We nevertheless keep
solving Eqs. (14) and (15) explicitly in the following.
So far we have not propagated any error on the prediction

of ΔN�. As already discussed in Secs. II C and III B 1, such
an error can be sourced by various effects: a deviation from
an instantaneous reheating (i.e. lnRrad ≠ 0), a corrective
term to account for the MSSM relativistic number of
degrees of freedom at reheating, the experimental uncer-
tainty of the ργ measurement or the use of the slow-roll
approximation. In Fig. 4, in blue, we illustrate the case
where the contributions from these different terms end up
shifting ΔN� by −10 e-folds. It is a very pessimistic
example since one expects the various contributing errors to
be at most of order 1. Such a value of ΔN� could, for
example, arise from an extremely long reheating scenario
with lnRrad ¼ −10. Such a change is equivalent, for the
tree potential, to a shift of the nS value from 0.9665 to
1.0353 (while keeping the instantaneous reheating
assumption). Conversely, the current constraint on nS
would propagate into an error on lnRrad of 0.6 if all other
parameters were to be fixed.

B. Results for the one-loop RGEs potential

In the two next sections, we compare the parameter space
constraints assuming a tree-level potential to the ones
obtained when taking into account the one-loop RGEs in
the potential.

1. Comparisons for given ϕ0

In this section, we determine the parameters such that,
for both potentials V tree and VRGE, inflation takes place at
the same value for ϕ0, and we first compare their values at
this scale. We refer to each set of values as: pVtreejϕ0 (resp.

pVRGEjϕ0 ) where p can be mϕ, A6, λ6. Note that m
Vtreejϕ0
ϕ

corresponds tomϕ of the previous section (the same applies
for the other parameters). Figure 4 gives the absolute scale
of these parameters at tree level.
To proceed, we introduce, for each parameter p, the

following notations:

ΔBPj
i ½p� ¼ pVtreejϕ0 ðQ ¼ ϕ0; nS ¼ nSÞ

− pVRGEjϕ0 ðQ ¼ ϕ0; nS ¼ nSÞ; ð67Þ

σBPjnS;i
½p� ¼ 1

2

����pVRGEjϕ0 ðQ ¼ ϕ0; nS ¼ nS þ σnSÞ

− pVRGEjϕ0 ðQ ¼ ϕ0; nS ¼ nS − σnSÞ
����; ð68Þ

where i indicates the inflaton type (udd or LLe) and the
subscript j refers to the benchmark point (as defined in
Table II). The Δ’s give the biases that are related to the use

of V tree instead of the one-loop VRGE on the values of the
parameter p. The σ’s indicate the statistical errors on the
parameter p given the current 1σ error on nS. In Fig. 5,
these quantities are represented as a function of ϕ0 for mϕ

(upper-left panel), A6 (upper-right panel) and λ6 (bottom
panel) for all benchmark points.
The dotted lines in Fig. 5 show that at any inflation scale,

for all parameters, and for both inflaton types and bench-
mark points, we recover the 3% relative statistical error that
we have quantified for V tree (cf. Sec. VA).
In the high-ϕ0 region, as illustrated by the comparison of

the solid lines, the parameters are systematically shifted
towards larger values when using VRGE instead of V tree. In
these examples where the Yukawa’s terms can be neglected,
this bias depends mainly on the inflaton type (the red and
blue curves are perfectly superimposed). It is almost
insensitive to the values of the gaugino masses and the
gauge couplings assumed at the GUT scale. It is of the
order of 253 GeV at ϕ0 ≃ 1.2 × 1015 GeV for mϕðϕ0Þ
(upper-left panel) and ≃1.3 TeV for A6ðϕ0Þ (upper-
right panel) for udd. This compares to the precisions on
the determination of the parameters that are linked
to the current uncertainty on nS which are of the order
of 360 GeV and 1.6 TeV respectively. The bias is not
negligible: it is roughly 70% of the current statistical error
due to σnS .
The low-ϕ0 area exhibits two distinctive behaviors. On

the one hand, in the RGEs case, there are unphysical
regions where the inflaton masses become tachyonic
[i.e. Eq. (32) is not satisfied]. This implies that there exist
lower bounds in the parameter space that depend on the
benchmark point and on the inflaton type. This is an
important difference to the tree-level potential for which the
domain of definition of the parameters is unrestricted. In
our examples, ϕ0 cannot be lower than 2 × 1014 GeV to
5 × 1014 GeV depending on the cases. On the other hand,
one can see a change of slope in the Δ’s curves at low-ϕ0. It
is the same feature one could already see in Fig. 3. In this
area, the systematic bias gets even larger than the statistical
error and dominates the error budget. These two combined
effects show how important it is to properly take into
account the runnings of the parameters in the potential.
To assess the effect of these biases on the particle-

physics phenomenology, the RGEs [Eqs. (36) to (41)] are
used to calculate the values of these parameters at the
EWSB scale taken to be 2 TeV as an illustration. For V tree,
by definition, the parameters do not depend on ϕ in the
potential, the RGEs are therefore taken into account only at
this stage, as done in [26].
The induced difference between the parameters using

V tree and VRGE is almost the same at 2 TeVas at ϕ0. To give
orders of magnitude, for the LLe BP1, while fixing
ϕ0 ¼ 1.2 × 1015 GeV, if one assumes Vtree and runs the
parameters from ϕ0 to 2 TeV, one obtains
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m
Vtreejϕ0
ϕ ðQ ¼ 2 TeVÞ ¼ 10892358−349 GeV; ð69Þ

A
Vtreejϕ0
6 ðQ ¼ 2 TeVÞ ¼ 476811605−1565 GeV; ð70Þ

λ
Vtreejϕ0
6 ðQ ¼ 2 TeVÞ ¼ 0.045� 0.001: ð71Þ

In addition, while using VRGE and running the parameters
to 2 TeV, one gets

m
VRGEjϕ0
ϕ ðQ ¼ 2 TeVÞ ¼ 11020363−354 GeV; ð72Þ

A
VRGEjϕ0
6 ðQ ¼ 2 TeVÞ ¼ 483361627−1586 GeV; ð73Þ

λ
VRGEjϕ0
6 ðQ ¼ 2 TeVÞ ¼ 0.045� 0.001: ð74Þ

In such an example, the predicted value of the inflaton
running mass at the EWSB scale assuming V tree instead of
VRGE, is underestimated by 128 GeV (more than one third
of the statistical error bar linked to the propagation of the
current value of σnS ). For A6, this systematic shift is of the
order of 655 GeV, about 40% of the statistical error, hence it
is not negligible.

The precise values of the induced systematic effect does
depend, eventually, on the inflaton type, the gauginos
masses and the gauge couplings. Still, as illustrated in
the present example, using the simplified tree version of the
inflationary potential may induce non-negligible bias in the
end-results when one wants to combine constraints from
cosmological and HEP observables: a shift of more than
100 GeV on sparticle masses could lead to erroneous
conclusions in the determination of the favored/disfavored
area of the eMSSM parameter space if one wants to
sample it extensively and couple it to particle-physics
observables.

2. Comparisons for given A6ðMGUTÞ
To illustrate the favored areas of the parameter space, one

can also choose to compare their values assuming the same
value of A6 at the GUT scale, a particularly interesting
quantity since it relates to At through the Polonyi relation,
and, thus, to the particle-physics phenomenology (see next
section). This implies that the comparison of the values of
the V tree and VRGE parameters is performed at different
values of ϕ0.

FIG. 5. Systematic biases—Δ’s as defined by Eq. (67) in solid lines—and statistical uncertainties—σ’s as defined by Eq. (68) in dotted
lines—on the determination of the inflationary potential parameters as a function of ϕ0: in the upper-left formϕ, in the upper-right for A6,
and in the lower-left for λ6. BP1 (respectively BP2) is illustrated in dark blue (respectively red) for an LLe inflaton, and in green
(respectively light blue) for udd.
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Similarly to what was done in Sec. V B, one defines

Δ̃BPj
i ½p� ¼ pVtreejA6ðMGUTÞ ðQ ¼ MGUT; nS ¼ nSÞ

− pVRGEjA6ðMGUTÞ ðQ ¼ MGUT; nS ¼ nSÞ; ð75Þ

σ̃BPjnS;i
½p� ¼ 1

2

����pVRGEjA6ðMGUTÞ ðQ ¼ MGUT; nS ¼ nS þ σnSÞ

− pVRGEjA6ðMGUTÞ ðQ ¼ MGUT; nS ¼ nS − σnSÞ
����:
ð76Þ

These errors are shown in Fig. 6 formϕ, λ6 and ϕ0. When
proceeding this way, because of the fine-tuning relation the
propagation of the error on nS on the mϕ axis is almost
negligible (of the order of a few 0.1 GeV). The systematic
bias when one compares the results using VRGE versus V tree
for mϕ at the GUT scale is 250 times larger than this
statistical error. This implies that tree-level and one-loop
predicted inflaton masses are not compatible with each
other. Such a high precision in the prediction of the inflaton
mass comes with a worse determination of the ϕ0 values.

For example, for A6ðMGUTÞ ¼ 49562 GeV, one gets
for VRGE,

m
VRGEjA6ðMGUTÞ
ϕ ðQ¼MGUT; nS ¼ nSÞ ¼ 10999.4� 0.2 GeV;

ð77Þ

λ
VRGEjA6ðMGUTÞ
6 ðQ¼MGUT;nS¼nSÞ¼0.022�0.001; ð78Þ

ϕ
VRGEjA6ðMGUTÞ
0 ðQ ¼ MGUT; nS ¼ nSÞ
¼ ð1.20� 0.02Þ × 1015 GeV; ð79Þ

which compare, for V tree, with

m
VtreejA6ðMGUTÞ
ϕ ðQ¼MGUT;nS¼nSÞ¼11049.03�0.01GeV;

ð80Þ

λ
VtreejA6ðMGUTÞ
6 ðQ¼MGUT;nS¼nSÞ¼0.021�0.001; ð81Þ

ϕ
VtreejA6ðMGUTÞ
0 ðQ ¼ MGUT; nS ¼ nSÞ
¼ ð1.21� 0.02Þ × 1015 GeV: ð82Þ

FIG. 6. Systematic biases—Δ̃’s as defined by Eq. (75) in solid lines—and statistical uncertainties—σ̃’s as defined by Eq. (76) in dotted
lines—on the determination of the inflationary potential parameters as a function of A6ðMGUTÞ: on the upper-left panel for mϕðMGUTÞ,
on the upper-right panel for ϕ0, and on the lower panel for λ6ðMGUTÞ. BP1 (respectively BP2) is illustrated in dark blue (respectively red)
for an LLe inflaton, and in green (respectively light blue) for udd.
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C. Error-budget summary

A summary plot of the different contributions to the error
budget on the determination of the inflaton mass is given in
Fig. 7, which shows the relative errors on the determination
of mϕ for V tree and VRGE: at Q ¼ ϕ0 assuming inflation
occurs at ϕ0 (left panel) and at Q ¼ MGUT assuming given
values of A6ðQ ¼ MGUTÞ (right panel). The solid lines
show the systematic bias induced when adopting a tree-
level approximation instead of taking into account the one-
loop corrections in the potential for the four configurations
already discussed in the previous sections. The dotted lines
represent the propagation of the error on nS in the LLe BP1
case (in blue) and in the tree case (in black). Finally, the
black-dash-dotted line represents the propagation of the AS
error, and the black-dotted line corresponds to the propa-
gation of a theoretical error of one unit on lnRrad.
This shows that the one-loop corrections to the infla-

tionary potentials cannot be neglected. The tree-level fine-
tuning that implies a tight relation betweenmϕ and A6 at ϕ0

is broken by the radiative corrections. It leads to a
systematic underestimation of the parameters when one
uses V tree instead of VRGE at high ϕ0. In addition, because
of the RGEs’ runnings of the parameters, their definition
domain is reduced, implying a minimal energy scale below
which the parameters are not physical. Such a behavior is
completely absent from the tree-level treatment of the
potential. Moreover, for the same A6ðQ ¼ MGUTÞ the
predicted inflaton masses using V tree or VRGE are not
compatible with each other anymore, the systematic
error dominating the statistical error by several orders
of magnitude. Finally, we also show the contribution
of a theoretical error of lnRrad of one unit, which
dominates the error budget if one wants to fix ϕ0 in the
analysis.
We have demonstrated that the measurements of the

inflationary observables are, to date, accurate enough for
this analysis to be sensitive to radiative corrections on the
parameters of the inflationary potential. RGEs cannot be
ignored anymore.

In addition, the theoretical error on the reheating phase
is, today, a limiting factor in the constraints one can put on
the eMSSM parameter space.

VI. CONSTRAINED MSSM SPECTRA BY HEP
AND COSMOLOGICAL DATA

In this section, we combine cosmological and HEP
measurements using VRGE and discuss some MSSM points
in the context of the current data. We assume an instanta-
neous reheating (see Sec. II C), and we do not propagate
any error on the prediction of ΔN�. The goal of this section
is to pinpoint some specific examples of a combined
fit but not to perform an exhaustive scan of the parameter
space.

A. Combined fit

1. Method

We base our study on the best-fit MSSM points that have
been identified in [76], which were found to match particle-
physics observations and Ωcdmh2 measurements. We have
updated the experimental constraints (cf. Table IV and
Table III), and refitted the MSSM parameters in order for
the corresponding predictions of the observables to
be in agreement with the current measurements, using
SFitter.
For each of these points, we proceed as follows. We set

At at the GUT scale such that the Higgs sector is almost
unchanged (while keeping a low χ2). This allows us to fix
A6ðMGUTÞ through Eq. (30). We are therefore in the case
discussed in Sec. V B 2. We then determine the corre-
sponding values ofmϕ, λ6 and ϕ0 imposed by AS and nS. To
do this, we bypass the quad-precision computation as
explained at the end of Sec. IV C 2, in order to compute
the one-loop corrections with the double-precision code
Suspect3 and feed the ASPIC-like part of the code.
Finally, we tune the eMSSM parameters in order for the
soft-SUSY-breaking masses to match the inflaton mass

FIG. 7. Summary of the different contributions to the relative errors on the predicted inflaton mass for different benchmark points and
inflaton types. Left panel: for Q ¼ ϕ0 as a function of ϕ0. Right panel: for Q ¼ MGUT as a function of A6ðQ ¼ MGUTÞ.
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[according to Eq. (21) or Eq. (22)]: either the mass of the
second generation squarks (for a udd inflaton), or the mass
of the sleptons (for LLe), given the relations defined by
Eqs. (21) and (22). To keep the Yukawa’s terms low enough
to be neglected, we only focus on the first two generations
for the inflaton candidates: u1d1d2 and L1L2e1. Finally, we
ensure the full consistency of the procedure in a global χ2

minimization using SFitter. In this way, the obtained
corresponding MSSM spectra are compatible with all
current observational constraints described in Sec. III B.

2. Results for different dark-matter annihilation channels

We have considered the MSSM spectra that correspond
to three dark-matter annihilation channels: a Higgsino11

channel, for example χ̃01χ̃
0
1 → WþW− via a t-channel (here-

after points H1 and H2), a h-funnel channel χ̃01χ̃
0
1 → h

(points h1 and h2), and a A-funnel channel χ̃01χ̃
0
1 → A

(points A1, A2 and A3).
The corresponding spectra are summarized in Table V

for different inflaton hypotheses (udd and LLe). For each
point, the first block provides the MSSM fundamental
parameters at the EWSB scale. The second one gives the
determined mass spectrum (the slepton physical masses are
of the same order as the soft masses), together with the
inflationary parameters, mϕ, A6 and ϕ0 determined with
VRGE, whose values are given forQ ¼ ϕ0. A χ2 value is also
given, it refers to the difference between predictions and all
HEP observables described in Sec. III B 2 as well as
Ωcdmh2. The contributions to the χ2 are evenly distributed
among the different observational constraints taken into
account.
This table shows that we are able to combine all current

observations to study, within the coherent framework of the
eMSSM, the underlying parameter space and relate infla-
tion to LHC physics at the level of the one-loop RGEs
corrections on the inflationary potential. For the different
DM annihilation channels we have considered, we have
found eMSSM points that are compatible with the Higgs
mass and the cold-dark-matter energy density but also with
nS and AS (together with all the HEP observables detailed
in Sec. III B). Apart from A3, all the points have a similar
value of At, for this reason the inflaton masses are of the
same order of magnitude (≃1 × 104 GeV), so are the values
for ϕ0 (≃1 × 1015 GeV).
Using V tree, we would have obtained an inflaton mass

(hence squark masses) roughly 30 GeV below the one
obtained with VRGE for the A1 case. This difference is
significantly larger than the statistical error linked to σnS ,
which is lower than one GeV. Even though these 30 GeV
will highly depend on the inflaton type and on the values of
the gauge couplings and gaugino masses, it is far from

being negligible when considering HEP data. This further
reinforces the fact that the measurements of inflationary
observables are, to date, sufficiently accurate for infla-
tionary potential analyses to be sensitive to radiative
corrections on the parameters.

B. Additional cross-checks

1. LHC direct searches

As the gluino and the neutralino masses are, for some
points, close to the limit of the current LHC searches, we
have performed additional a posteriori cross-checks of
these points, adding the constraints from direct searches for
supersymmetric particles at the LHC.
For this, we use SmodelS [102–107] with cross-sections

calculated using PYTHIA6 [108] and NLL-fast [109–115]
comparing to a database of run 2 analyses [116]. It should
be noted that the phenomenology of the points illustrated in
Table V is far from the “simplified models” topologies used
to express exclusions in LHC experiments. In particular,
gluinos masses are close to the excluded regions for
simplified models, but in these points they rather tend to
decay via sbottom or in long cascade decays. For most of
the points, a definite conclusion would require a complete
event simulation and analysis. Nevertheless, the h-funnel
points (h1 and h2) with their low-mass charginos and
neutralinos are excluded with a small margin by searches
for dileptons and missing transverse momentum (MET).
The A-funnel A3 point with a low-mass gluino has a large
enough cross section to be excluded despite the complex
decay chain by multiple analyses for topologies like jets
and MET, and leptons jets and MET.
These additional cross-checks on the h1, h2 and A3

points are interesting examples of how particle-physics
measurements can disfavor values of the inflationary
potential parameters. It also shows how important it is to
perform dedicated and detailed analysis of the particle-
physics inputs from observations if one wants to perform a
full analysis of the eMSSM (as was done for instance
in [117] for the extensive study of the pMSSM).

2. Cosmology and LSP

We proceed here to two other cross-checks: one on the
parameters related to cosmology, and the other on the
nature of the LSP.
As discussed in Sec. III B 1, the predicted value of the

tensor-to-scalar ratio r is too low to be meaningful, since it
is expected to be lower than the threshold of secondary
gravitational waves induced by scalar fluctuations
through gravitational nonlinearities. This remains true for
VRGE, implying that r cannot be used in the global fit.
We have also checked the predicted values of nS;run. For the
eMSSM points discussed in this section, we obtain
nS;run ≃ −4.4 × 10−3. This is perfectly consistent with

11The channel is called as such because the neutralino is
mainly Higgsino in this example.
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current measurements (quoted in Table III) and reinforces

the fact that the eMSSM points are robust to the current

observational constraint. As a side comment and to give

orders of magnitude, the energy density at the pivot scale

can also be derived thanks to the following relation:

ρ� ¼ 3M2
PlH

2� ≃SRLO24π2M4
PlASε1�. We obtain ρ1=4� ≃ 2 ×

109 GeV (corresponding to H� ≃ 1 GeV) for the points

of Table V.
The second a posteriori cross-check one can perform is

linked to the nature of the LSP. We have made the

TABLE V. Fitted benchmark MSSM spectra and their status regarding the observables. The parameters are given at MEWSB. All the
masses and energy scales are given in GeV. The ✗ symbol highlights the points excluded by direct LHC searches (see Sec. VI B 1).

ID H1 H2 h1 h2 A1 A2 A3

DM channel Higgsino h-funnel A-funnel

inflaton u1d1d2 L1L2e1 u1d1d2 L1L2e1 u1d1d2 L1L2e1 L1L2e1

EWSB scale 2556.9 2556.8 2713.1 2713.0 4008.9 4008.9 4009.7
tan β 29 26.6 18.3 24.7
sgnðμÞ þ þ −
MGUT 1.237 × 1016 3 × 1016 1.295 × 1016

M1 1571 61 400 362
M2 2917 967 1515 1662
M3 1931 1934 1898 1098
Mμ̃L 2864 12108 4210 9892 2564 10567 4773
Mμ̃R 2785 12108 4221 9892 3976 10400 4723
Mτ̃L 3342 4068 2039
Mτ̃R 2064 3931 2801
Mq̃2L 11959 9090 9860 7370 10452 7299 2984
Mq̃3L 2176 3155 3950
Mt̃R 3003 2330 4066
Mb̃R

3474 1952 2422
Aτ −3499 −2564 −3010
At 3180 3223 2985 3020 3450 3493 1190
Ab 148 143 187

mðχ̃01Þ 1108 1108 60.0 60.1 397 398 357
mðχ̃02Þ −1113 −1112 497 496 766 766 760
mðχ̃03Þ 1578 1587 −504 −503 −769 −770 −763
mðχ̃04Þ 2992 3005 1041 1041 1589 1592 1710
mðχ̃þ1 Þ 1111 1111 496 495 765 766 760
mðχ̃þ2 Þ 2992 3005 1041 1041 1589 1592 1711
mðg̃Þ 2371 2333 2351 2310 2382 2332 1389
mðq̃LÞ 12072 9173 9956 7442 10557 7376 3036
mðq̃RÞ 12056 9162 9939 7429 10540 7364 3024
mðb̃1Þ 2243 2244 2031 2031 2499 2499 2453

mðb̃2Þ 3512 3512 3177 3177 3974 3974 3971
mðt̃1Þ 2244 2244 2347 2347 3946 3945 3972
mðt̃2Þ 2992 2992 3188 3188 4074 4075 4059
mðτ̃−1 Þ 2066 2066 3931 3931 2055 2055 2055
mh 125.3 125.2 125.3 125.2 125.4 125.3 122.2
mA 784.9 783.9 3625.9 3625.8 782.2 784.4 757.2
m3=2 12596 12557 10352 10383 11005 11010 4886

ϕ0 1.25 × 1015 1.26 × 1015 1.13 × 1015 1.14 × 1015 1.16 × 1015 1.17 × 1015 7.68 × 1014

mϕðϕ0Þ 11982 11973 9847 9892 10459 10487 4661
A6ðϕ0Þ 53757 53593 44181 44312 46970 46990 20855
λ6ðϕ0Þ 0.0224 0.0218 0.0278 0.0269 0.0260 0.0252 0.0609

χ2HEP (d:o:f: ¼ 78) 50.9 51.7 46.1 46.5 47.5 47.0 49.2
LHC searches ✗ ✗ ✗
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assumption for our analysis that the LSP is the lightest
neutralino, which is ensured by the global fit for all
sparticles except for the gravitino, which is not part of
the MSSM. Given the mSUGRA relation [Eq. (28)], one
can deduce m3=2 from A6: the corresponding values are
given in Table V, where we show that the gravitino mass is
always larger than mðχ̃01Þ, ensuring the consistency of the
analysis. Sufficiently fast gravitino decays will thus evade a
potential problem of thermal gravitino overabundance (a
detailed study taking into account the reheating and decay
temperatures is however beyond the scope of the present
paper, see e.g. [118,119]).

3. Consistency of the theory

Finally we have checked two theoretical assumptions:
the bounds on the parameters and the choice of the
UV scale.
In order to avoid tachyonic masses for the inflaton,

we have checked that Eq. (32) is satisfied at all scales. One
also needs to check that eλ6 remains of order 1 betweenMPl
and ϕ0. Since the RGEs enhance the values of λ6 at
low scales, one only needs to check that eλ6ðQ ¼ ϕ0Þ ¼
18

ffiffiffi
2

p
λ6ðQ ¼ ϕ0Þ ≲ 1. As shown by the values of

λ6ðQ ¼ ϕ0Þ of Table V, this is verified for our points.
The last check concerns the choice of the UV completion

scale in the definition of λ6, cf. Eqs. (19), (23) and (26). It
has to be noted that the MPl dependence in the potential
only appears through λ6=M3

Pl. The choice of a different UV
scale (say MGUT), as mentioned in Sec. II B 1, would be
equivalent to a rescaling of λ6 by a factor ðMGUT=MPlÞ3. In
addition, such a rescaling is valid at any energy scale, due
to the fact that Eqs. (38) and (41) are invariant under a re-
scaling of λ6. Assuming MUV ¼ MGUT instead of MPl
preserves the consistency of the theory, since λ6 (required to
be ≲Oð1=ð18 ffiffiffi

2
p ÞÞ) now takes an additional 10−6 factor.

Since new physics is expected both at MPl and at MGUT,
one could instead consider natural to have contributions
from these two scales to the superpotential W6 [Eqs. (19)
and (23)]. In that case, one would need to apply the
following transformation:

eλ6
M3

Pl

→
eλ6;MPl

M3
Pl

þ
eλ6;MGUT

M3
GUT

; ð83Þ

where eλ6;MPl
and eλ6;MGUT

are expected to be of order 1. Thus,

unless eλ6;MGUT
is unnaturally suppressed, the dominant

contribution is the one from MGUT. One can then read off
the resulting inflationary configuration from our study by
replacing therein formally λ6ðϕÞ by ðM3

Pl=M
3
GUTÞλ6;MGUT

ðϕÞ.
Again, unless λ6;MGUT

ðϕÞ is unnaturally suppressed, these
significantly increased values of λ6ðϕÞ would come with
significantly smaller values of ϕ0, A6 andmϕ, leading to too
light sfermions and Higgs mass that are excluded by HEP

constraints. Our conclusion is strengthened whenMUV, the
scale at which new physics arise, is smaller thanMGUT, but
still large enough to justify the use of effective operators.
Hence, for the udd and LLe inflatons studied in this work,
our results strongly suggest that potential new physics
effects at the GUT (or any other sufficiently heavy UV)
scale have to be (surprisingly) suppressed with respect to
those originating from the Planck scale.

VII. CONCLUSIONS AND OUTLOOKS

In this work, we have shown how a consistent analysis of
cosmological and particle-physics constraints can be per-
formed in the context of the eMSSM model.
We have studied the field phase-space structure and

showed that eMSSM inflation behaves as a small-field
model, with a narrow basin of attraction.
We have identified the region of parameter-space that

can support inflation when the one-loop RGEs corrections
are included and compared it with the one obtained at tree
level. We have derived a new way to estimate the level of
fine-tuning including one-loop RGEs corrections. We have
demonstrated that this level remains the same as the tree-
level one. We have proposed a solution to overcome the
resulting accuracy requirement. Furthermore, we have
shown that the parameters of the one-loop inflationary
potential are bounded at low scale in order to avoid
tachyonic inflaton masses.
We then detailed the area of the parameter space

compatible with the AS and nS measurements, when
neglecting or not the one-loop corrections in the expression
of the inflationary potential. We have shown that the small
changes in the potential due the RGEs induce a significant
modification in the prediction for the model. While this
shift depends on the masses of the gauginos and on the
gauge couplings at the GUT scale, we have given examples
for which the induced bias can be, for example for the
inflaton mass, almost comparable to the statistical error
linked to the nS measurements for a fixed value of ϕ0. We
also demonstrated that this effect is even more important
when one fixes A6 at the GUT scale. This shows that, with
the current constraints on nS, one cannot neglect the one-
loop corrections in the inflationary potential.
We have also compared these shifts to the ones induced

by the uncertainty on the reheating duration and have found
that the value predicted for nS is very sensitive to the
reheating details. More precisely, changing the reheating
temperature by 1 order of magnitude is enough to shift the
spectral index by more than its measurement error. On the
one hand, this means that CMB measurements weakly
constrain the MSSM parameters, due to this large degen-
eracy with the reheating sector. On the other hand, this also
implies that if those parameters were measured in particle-
physics experiments, the CMB data would already be
accurate enough to deliver a precise measurement of the
reheating temperature. This contrasts with other single-field
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models of inflation where the reheating is still poorly
constrained, even when the inflationary potential does not
contain additional parameters [120,121].
Finally, we have found points in the MSSM that are

compatible with current measurements (in particular the
Higgs mass, the cold-dark-matter energy density, and the
inflationary observables). We have shown how conclusions
about their compatibility with inflationary constraints can
be affected by the way we take into account RGEs at
inflation scale. In particular, beyond the Higgs funnel
example, we have highlighted an A-funnel point compat-
ible with most HEP and cosmological observations, yet
excluded by the LHC beyond Standard Model searches,
which opens a door to constrain inflation using HEP
measurements. We have also given other examples of
Higgsinos and A-funnel points that are at the limit of
the current LHC constraints, for which the SUSY phe-
nomenology shows many cascade decays. For all these
reasons, new insights into the eMSSM inflationary poten-
tial are expected in the coming years. But to fully exploit
the LHC data, a detailed implementation of the full
exclusions for all analyses would be required.
We have used the eMSSM as a test case to combine all

HEP and cosmological observations. In order to proceed,
we had to make choices to specify the theoretical frame-
work. For example, we relied on the simple correlation
between A6 and At obtained in mSUGRA assuming a
Polonyi hidden sector and setting the SUSY breaking
energy scale to the GUT scale, although we carried out
the analysis in the more general phenomenological MSSM.
Finally, we did not consider additional terms in the infla-
tionary potentials when we derived VRGE from V tree, such
as anomalous dimension running effects in the inflaton
field, or possible induced runnings if considering an
additive constant to the potential, or non-RGEs loop-
induced operators in the effective potential. These assump-
tions would require further investigations in future work.
Needless to say that a detection of the tensor-to-scalar

ratio (for instance by LiteBIRD [122]), or of primordial
non-Gaussianities, would question this model. However,
we have demonstrated that this work is very timely given
the fact that, to date, the measurements of nS and AS are
already sufficiently accurate for inflationary potential
analyses to be sensitive to radiative corrections on the
parameters (and their accuracy will be significantly reduced
in a close future [123]). This analysis opens the door
towards full-scan studies of the parameter space combining
all observational constraints, but it also paves the way for
future studies of theories that are able to describe the
physical processes at the low-energy scale of the LHC up to
the inflation scale in a well-defined theoretical framework.
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APPENDIX A: RUNNINGS

For completeness, we give hereafter the explicit depend-
ence of the Yukawa contributions to Eqs. (36) to (41) for
four flat directions involving the third generation of leptons
or quarks.

LeLμτ∶

YL1L2e3
mϕ ¼ 1

2
ðYE33

Þ2
h
ðAE33

Þ2 þm2
Hd

þm2
τ̃R
þm2

τ̃L

i

þ 1

4

X2
i¼1

ðYEii
Þ2
h
ðAEii

Þ2 þm2
Hd

þm2
ẽiR
þm2

l̃iL

i
;

ðA1Þ

YL1L2e3
A6

¼ 1

2

X2
i¼1

AEii
ðYEii

Þ2 þAE33
ðYE33

Þ2; ðA2Þ

YL1L2e3
λ6

¼ −
1

2

X2
i¼1

ðYEii
Þ2 − ðYE33

Þ2; ðA3Þ

LτLμτ∶

YL3L2e3
mϕ ¼ 3

4
ðYE33

Þ2
h
ðAE33

Þ2 þm2
Hd

þm2
τ̃R
þm2

τ̃L

i
þ1

4
ðYE22

Þ2
h
ðAE22

Þ2 þm2
Hd

þm2
ẽ2R
þm2

l̃2L

i
; ðA4Þ

YL3L2e3
A6

¼ 1

2
AE22

ðYE22
Þ2 þ 7

4
AE33

ðYE33
Þ2; ðA5Þ

YL3L2e3
λ6

¼ −
1

2
ðYE22

Þ2 − 2ðYE33
Þ2; ðA6Þ

tds∶

Yu3d1d2
mϕ ¼ 1

2
ðYU33

Þ2
h
ðAU33

Þ2 þm2
Hu

þm2
t̃R
þm2

q̃3L

i

þ 1

2

X2
i¼1

ðYDii
Þ2
h
ðADii

Þ2 þm2
Hd

þm2
d̃iR

þm2
q̃iL

i
;

ðA7Þ
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Yu3d1d2
A6

¼
X2
i¼1

ADii
ðYDii

Þ2 þAU33
ðYU33

Þ2; ðA8Þ

Yu3d1d2
λ6

¼ −
X2
i¼1

ðYDii
Þ2 − ðYU33

Þ2; ðA9Þ

tsb∶

Yu3d2d3
mϕ ¼ 1

2
ðYU33

Þ2
h
ðAU33

Þ2 þm2
Hu

þm2
t̃R
þm2

q̃3L

i
þ 1

2
ðYD33

Þ2
h
ðAD33

Þ2 þm2
Hd

þm2
b̃R

þm2
q̃3L

i
þ 1

2
ðYD22

Þ2
h
ðAD22

Þ2 þm2
Hd

þm2
d̃2R

þm2
q̃2L

i
;

ðA10Þ

Yu3d2d3
A6

¼
X3
i¼2

ADii
ðYDii

Þ2 þAU33
ðYU33

Þ2; ðA11Þ

Yu3d2d3
λ6

¼ −
X3
i¼2

ðYDii
Þ2 − ðYU33

Þ2: ðA12Þ

Following the notations of [62], the bold-faced Y and A
are matrices in the lepton or quark flavor space of the
R-parity-conserving MSSM Yukawa and trilinear soft-
SUSY-breaking couplings. We take these matrices to be
real-valued and assume for simplicity vanishing off diago-
nal components.
From Eq. (42), one can deduce in the general case that

giðQÞ ¼ giðQ0Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − bi

8π2
giðQ0Þ2 ln



Q
Q0

�r ; ðA13Þ

MiðQÞ ¼ MiðQ0Þ
�
giðQÞ
giðQ0Þ

�
2

: ðA14Þ

Neglecting the Yukawa terms it gives for LLe,

m2
ϕðQÞ ¼ m2

ϕðQ0Þ þ
h
M2

2ðQ0Þ −M2
2ðQÞ

i
þ 1

11

h
M2

1ðQ0Þ −M2
1ðQÞ

i
; ðA15Þ

A6ðQÞ ¼ A6ðQ0Þ − 6½M2ðQ0Þ −M2ðQÞ�

−
6

11
½M1ðQ0Þ −M1ðQÞ�; ðA16Þ

λ6ðQÞ ¼ λ6ðQ0Þ
�
g2ðQ0Þ
g2ðQÞ

�
6
�
g1ðQ0Þ
g1ðQÞ

�
6=11

; ðA17Þ

while for udd,

m2
ϕðQÞ ¼ m2

ϕðQ0Þ −
8

9

h
M2

3ðQ0Þ −M2
3ðQÞ

i
þ 4

99

h
M2

1ðQ0Þ −M2
1ðQÞ

i
; ðA18Þ

A6ðQÞ ¼ A6ðQ0Þ þ
16

3
½M3ðQ0Þ −M3ðQÞ�

−
8

33
½M1ðQ0Þ −M1ðQÞ�; ðA19Þ

λ6ðQÞ ¼ λ6ðQ0Þ
�
g3ðQ0Þ
g3ðQÞ

�
−16=3

�
g1ðQ0Þ
g1ðQÞ

�
8=33

: ðA20Þ

APPENDIX B: USEFUL FUNCTIONS

The functions appearing in Sec. IV C 2 are given below.

ξ1ðϕÞ ¼
ffiffiffi
2

p
fβAðϕÞ þ A6ðϕÞ½6þ βλðϕÞ�g; ðB1Þ

ξ2ðϕÞ ¼ 12½5þ β̄λðϕÞ�; ðB2Þ

ξ3ðϕÞ ¼ −
3

2
ffiffiffi
2

p
π2

X
i¼1;k

bieiMiðϕÞgiðϕÞ4 −
ffiffiffi
2

p
βAðϕÞ½11þ 2β̄λðϕÞ� þ

ffiffiffi
2

p
A6ðϕÞ

�
3

2

X
i¼1;k

eiβg2i ðϕÞ − ½5þ βλðϕÞ�½6þ β̄λðϕÞ�
	
;

ðB3Þ

ξ4ðϕÞ ¼ 12

�
3

2

X
i¼1;k

eiβg2i ðϕÞ − ½5þ β̄λðϕÞ�½9þ 2β̄λðϕÞ�
	
;

ðB4Þ

B1ðϕÞ ¼ 3βmðϕÞ −
3

8π2
X
i¼1;k

bieiM2
i ðϕÞg4i ðϕÞ; ðB5Þ

B2ðϕÞ ¼
2ν

ϕ
− βmðϕÞ: ðB6Þ

These functions depend themselves on the β-functions
given by

βg2i ðϕÞ ¼
bi
8π2

g4i ðϕÞ; ðB7Þ
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βMi
ðϕÞ ¼ bi

8π2
g2i ðϕÞMiðϕÞ; ðB8Þ

β̄λðϕÞ ¼
βλðϕÞ
λðϕÞ ¼ −

X
i¼1;k

3

2
eig2i ðϕÞ; ðB9Þ

βmðϕÞ ¼ −
X
i¼1;k

eig2i ðϕÞM2
i ðϕÞ; ðB10Þ

βAðϕÞ ¼
X
i¼1;k

3eig2i ðϕÞM2
i ðϕÞ: ðB11Þ

To obtain the LLe (respectively udd) case, take k ¼ 2
(respectively k ¼ 3) in the equations above, with

e1;2 ¼
3

20π2
;
1

4π2
forLLe; ðB12Þ

e1;3 ¼
1

15π2
;
2

3π2
for udd: ðB13Þ

APPENDIX C: NEW FINE-TUNING PARAMETER

The general definition of A2 is

A2ðϕ; νÞ ¼ 1

2

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r22 − 4r1

q
− r2

�
; ðC1Þ

with

r1 ¼
c1ðϕÞ
c3ðϕÞ

; r2 ¼
c2ðϕÞ
c3ðϕÞ

; ðC2Þ

c1ðϕÞ ¼ 3½B1ðϕÞξ2ðϕÞ − B2ðϕÞξ4ðϕÞ�2 − ½B1ðϕÞξ1ðϕÞ − B2ðϕÞξ3ðϕÞ�½ξ1ðϕÞξ4ðϕÞ − ξ2ðϕÞξ3ðϕÞ�; ðC3Þ

c2ðϕÞ ¼
1

10
f6½ξ2ðϕÞ þ ξ4ðϕÞ�½B1ðϕÞξ2ðϕÞ − B2ðϕÞξ4ðϕÞ� − ½ξ1ðϕÞ þ ξ3ðϕÞ�½ξ1ðϕÞξ4ðϕÞ − ξ2ðϕÞξ3ðϕÞ�g; ðC4Þ

c3ðϕÞ ¼
3

100
½ξ2ðϕÞ þ ξ4ðϕÞ�; ðC5Þ

where the ξi’s and Bi’are given in Appendix B.
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