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∗ Université de Bordeaux, IMS (UMR 5218 CNRS), Bordeaux Inp,
33405 Talence, France (e-mail: firstname.name@ims-bordeaux.fr).
∗∗ Safran Data Systems, 33260 La Teste-de-Buch, France (e-mail:

firstname.name@safrangroup.com)

Abstract: This paper proposes a method to design a wind turbulence model based on real wind
spectral characteristics. It uses models based on Cole-Cole fractional functions to approximate
the wind turbulence power spectral density. Von Kármán model is the most commonly used
model but originally designed for aircraft in high altitude. Therefore, it is not suitable for
systems operating at low altitude, hence the need for more accurate models in these specific
conditions. Shaping filters issued from the fractional models are employed to generate realistic
random wind speed turbulence from a random white noise input. Then, a grey box model is
proposed from physical parameters such as the classic von Kármán ones (mean speed, turbulence
intensity and length scale).
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1. INTRODUCTION

Reducing the impact of wind disturbance on systems op-
erating outdoors is an important consideration in system
design. Models capable of accurately reproducing the be-
havior of wind turbulence are therefore required for sys-
tem dynamics modeling and controller design. The study
presented in this paper was conducted to improve the
performance of mobile antennas used for tracking. Indeed,
antennas are systems requiring a lot of precision, however
wind turbulence increases the errors and the signal loss
risks. The presented wind modeling can also be used in
other fields. It is interesting for realistic dynamic behavior
simulations of other systems than antennas: wind turbines
(blades, mechanical forces, ...) (Feytout (2013)), wind re-
sponse of solar panels, kites for traction or electric power
generation (Cadalen et al. (2018b,a)), sailing, etc.

The design method presented in this paper is based on
wind turbulence spectral characteristics because wind tur-
bulence is a non-stationary stochastic process and con-
sequently is difficult to model in time domain. These
characteristics are described by the wind power spectral
density (PSD) which will be approximated by models
based on the well known von Kármán approximation (von
Kármán (1948); Moorhouse and Woodcock (1982)) and
on the Cole-Cole Cole and Cole (1941) fractional function.
Cole-Cole functions have been widely used to model other
diffusive phenomenon such as heat transfers in lungs (see
Duhé et al. (2022)). Shaping filters designed from the wind
PSD approximations will be able to generate random wind
speed from a white noise input Diop et al. (2007).

A first study was proposed in Hajjem et al. (2021) where
some rough approximations of the wind PSD were pro-

posed by Cole-Cole and Davidson-Cole fractional PSD
functions. Neither synthesis of shaping filters nor any
time domain simulations were provided in Hajjem et al.
(2021). After studying fractional shaping filters, a grey box
model is proposed where the parameters can be adjusted
according to the operating conditions.

This paper is organized as follows. Section 2 presents the
von Kármán model and the results of its identification
and its limitations. Then, section 3 proposes improved
fractional models based on Cole-Cole fractional function.
Section 4 presents the design of a grey box improved Cole-
Cole model. Finally, a conclusion is drawn in section 5.

2. VON KÁRMÁN MODEL STUDY

2.1 von Kármán model

The wind speed can be represented as a sum of a steady
component representing the mean speed related to the
variations of the planetary weather and a fluctuating com-
ponent representing the turbulence caused by topographic
effects:

V (t) = V (t) + Vturb(t), (1)

where V (t) is the long-term component and Vturb(t) the
turbulence component. Van der Hoven (van der Hoven
(1957)) explained this behavior by identifying two phases
within the wind power spectrum. The turbulence phase
contains an energy peak with a period around 75s. This
paper will only focus on modeling this phase by the wind
PSD approximation. Since the study concerns a short
period of time, the mean wind speed will be considered
constant.

Fractional modeling of wind speed
turbulence
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model but originally designed for aircraft in high altitude. Therefore, it is not suitable for
systems operating at low altitude, hence the need for more accurate models in these specific
conditions. Shaping filters issued from the fractional models are employed to generate realistic
random wind speed turbulence from a random white noise input. Then, a grey box model is
proposed from physical parameters such as the classic von Kármán ones (mean speed, turbulence
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Mohamed Hajjem ∗,∗∗ Stéphane Victor ∗ Patrick Lanusse ∗

Pierre Melchior ∗ Lara Thomas ∗∗
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contains an energy peak with a period around 75s. This
paper will only focus on modeling this phase by the wind
PSD approximation. Since the study concerns a short
period of time, the mean wind speed will be considered
constant.

The modeling of the wind turbulence phase will be based
on the von Kármán model (von Kármán (1948); Moor-
house and Woodcock (1982)). It is a non-integer order
approximation of the linear and angular wind speed com-
ponents PSD. It was developed by the United States De-
partment of Defense based on earlier work by von Kármán
for aircraft design and simulation applications. The wind
speed PSD according to the von Kármán’s longitudinal
model is expressed as:

S(f) =
4σ2 L

V(
1 + 70.8( L

V
f)2

)5/6
, (2)

where f is the frequency, σ is the turbulence standard
deviation, L is the length scale and V is the mean speed.

The von Kármán model is adjusted by the length scale
L and the turbulence intensity I. The length scale rep-
resents the average size of a gust in appropriate directions
and it is an important scaling factor in determining how
rapidly gust properties vary in space. The turbulence stan-
dard deviation is expressed from the turbulence intensity
by:

σ = IV . (3)

Mathematical models exist to estimate the values of L
(ESDU (1985)) and I (IEC (2005) Ren et al. (2018)).

2.2 Shaping filters

Wind real-time simulation cannot be carried out directly
from the PSD approximation. For this purpose, filters are
employed to shape a random white noise at the input into
an output that has the desired PSD, which in our case
belongs to the wind turbulence. A shaping filter with a
frequency response H(f) will transform a white noise x[n]
into a signal of interest y[n], namely:

Y (f) = H(f)X(f) (4)

where Y (f) and X(f) respectively are the Fourier trans-
forms (FT) of the output y[n] and the input x[n].

The white noise x[n] at the input will have a constant PSD
(Sxx) equal to its variance σ2

x. Assuming that the input is
a zero-mean and unitary variance white noise (σ2

x = 1),
the output PSD (Syy) can be expressed as:

Syy(f) = Sxx(f)|H(f)|2 = |H(f)|2 = H(jf)H∗(jf), (5)

where * denotes the conjugate operator.

In the case of wind turbulence modeling, the desired PSD
is given by the expression of the von Kármán model, and
therefore can be used to obtain the transfer function of a
shaping filter, namely:

SV K(f) =
4σ2 L

V(
1 + 70.8( L

V
f)2

)5/6
=

K

(1 + (τf)2)
5/6

, (6)

where K = 4σ2 L

V
and τ =

√
70.8 L

V
.

The shaping filter issued from the von Kármán PSD
approximation can be expressed as:

HV K(jf) =

√
K

(1 + jτf)
5/6

(7)

where HV K(jf) verifies (5).

2.3 Model identification

The reference for the model parameter identification is the
PSD of one of the 28 wind speed datasets recorded next to
the city of Montpellier, France. The studied signals have
a period of 3 hours and a quasi-constant mean speed.

The nonlinear simplex algorithm (Subrahmanyam (1989))
is used to estimate the parameters of the von Kármán
model. It will estimate the parameters K and τ of the
von Kármán PSD expression (6) by minimizing the cost
function corresponding to the normalized sum of the
square errors between the measured PSD, S, and the

estimated model, Ŝ, as:

J =
1

N

N∑
i=1

∣∣∣SdB(fi)− ŜdB(fi,K, τ)
∣∣∣
2

(8)

where N is the number of samples and fi are the frequen-
cies defined in the chosen frequency range.

The optimization is carried out in dB in order to main-
tain a better accuracy in the considered frequency range.
Indeed, the PSD modulus is tending towards zero, thus
leading to suboptimal optimization.

The estimated von Kármán model obtained on Matlab®
is presented in Fig. 1.
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Fig. 1. Comparison between the estimated von Kármán
PSD (–) and the measured wind PSD (–)

Fig. 1 shows that the von Kármán model provides a good
fit in low frequencies. However, for f > 0.01Hz, the slope
of the model seems to be different from the one of the
measurements. The frequency range of wind turbulence
is between 0.01Hz and 0.1Hz (van der Hoven (1957))
which corresponds to the range where the model is less
accurate. This can be explained by the fact that the von
Kármán model was originally designed for aircraft, and
consequently for high altitudes and fast moving systems.

2.4 Model parameters

In this section, the von Kármán model estimated param-
eters K and τ (Fig. 2) are analyzed for all 28 datasets
recorded next to the city of Montpellier, France.
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Fig. 2. The estimated parameters K and τ of the von
Kármán model for different datasets

Both model parameters K and τ depend on the mean
speed V , the reference standard deviation σ and on the
length scale L, and can be expressed as:

K = 4σ2 L

V
(9)

τ =
√
70.8

L

V
= 8.4

L

V
. (10)

V and σ are assumed known. As for L, it is very difficult to
know its exact value because it depends on several factors,
and at best, it can be approximated by mathematical
models. The approximated value of the length scale from
the ESDU model (ESDU (1985)) is:

LESDU = 25z0.35z−0.063
0 = 109.8m, (11)

where z = 40m is the measuring altitude and z0 = 0.05 is
a surface roughness parameter for open country.

Fig. 3 shows LK and Lτ the length scale value calculated
respectively from the estimated parameters K and τ .
LK directly stems from the von Kármán model gain
(9) and therefore, the same coefficient 4 appears in the
denominator.

LK =
KV

4σ2
(12)

On the other hand, Lτ , needs to be adjusted with a
coefficient of 19.5 in order to be close to LEDSU (11).

Lτ =
τV

19.5
. (13)

The obtained values of LK and Lτ vary between 80m
and 130m with an average value of 106.4m for LK and
109.2m for Lτ , thus, the two estimated parameters K
and τ provide values very close to the approximated
LESDU . The von Kármán model well estimates the gain K
which provides directly accurate values of the length scale.
Nevertheless, the coefficient

√
70.8 was too low to provide

coherent values of the length scale. This means that the
estimated time constant τ was too high.

3. FRACTIONAL MODEL APPROXIMATIONS

The von Kármán model which uses a non-integer order
produces a fractional shaping filter whose differentiation
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Fig. 3. Comparison between LK the length scale value from
K and Lτ obtained from τ

order is equal to ν = 5/6 ≈ 0.833. Fractional calculus
has extended the possibilities of time and frequency iden-
tification by releasing the limit of the integer order. The
Cole-Cole functions (Cole and Cole (1941)) are generally
used to model complex systems with a reduced number of
parameters (Sommacal (2007)). In order to improve the
wind turbulence PSD estimation in high frequency, a new
wind model based on the Cole-Cole fractional function
form is introduced.

3.1 Cole-Cole based model

The slope obtained with von Kármán in high frequency
is fixed by the non-integer order 5/6. However, according
to the real data, this constraint can be released. Thus,
the model fixed order will be replaced by an unknown
parameter ν which will be estimated by the nonlinear
simplex method, along with K and τ . The new model
will be called the Cole-Cole (CC) model and its transfer
function has the following expression:

HCC(s) =

√
K

1 + ( τ
2π s)

ν
. (14)

The PSD expression that will be identified is deduced from
HCC(s) using equation (5):

ŜCC(f) = HCC(jf)HCC(jf)
∗

=

√
K

1 + (jτf)ν

√
K

1 + (−jτf)ν

=
K

(1 + (jν + (−j)ν)(τf)ν + (τf)2ν)
.

(15)

The expression of the Cole-Cole model PSD, ŜCC(f), is
then:

ŜCC(f) =
K

1 + 2 cos(ν π
2 )(τf)

ν + (τf)2ν
. (16)

Fig. 4 presents the PSD obtained from the CC model
compared to the von Kármán model.

With the CC model, the high frequency slope well corre-
sponds to the measurements and therefore meets the ex-
pectations. Indeed, The estimated order ν varies between
1.16 and 1.25, so it is very different from 5/6 ≈ 0.83 the
von Kármán model order. However, the CC model gain in
low frequency seems to be underestimated. Consequently,
the CC model works well in high frequency, but it has
difficulties in estimating at low and middle frequencies.
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Both model parameters K and τ depend on the mean
speed V , the reference standard deviation σ and on the
length scale L, and can be expressed as:

K = 4σ2 L

V
(9)

τ =
√
70.8

L

V
= 8.4

L

V
. (10)

V and σ are assumed known. As for L, it is very difficult to
know its exact value because it depends on several factors,
and at best, it can be approximated by mathematical
models. The approximated value of the length scale from
the ESDU model (ESDU (1985)) is:

LESDU = 25z0.35z−0.063
0 = 109.8m, (11)

where z = 40m is the measuring altitude and z0 = 0.05 is
a surface roughness parameter for open country.

Fig. 3 shows LK and Lτ the length scale value calculated
respectively from the estimated parameters K and τ .
LK directly stems from the von Kármán model gain
(9) and therefore, the same coefficient 4 appears in the
denominator.

LK =
KV

4σ2
(12)

On the other hand, Lτ , needs to be adjusted with a
coefficient of 19.5 in order to be close to LEDSU (11).

Lτ =
τV

19.5
. (13)

The obtained values of LK and Lτ vary between 80m
and 130m with an average value of 106.4m for LK and
109.2m for Lτ , thus, the two estimated parameters K
and τ provide values very close to the approximated
LESDU . The von Kármán model well estimates the gain K
which provides directly accurate values of the length scale.
Nevertheless, the coefficient

√
70.8 was too low to provide

coherent values of the length scale. This means that the
estimated time constant τ was too high.

3. FRACTIONAL MODEL APPROXIMATIONS

The von Kármán model which uses a non-integer order
produces a fractional shaping filter whose differentiation
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order is equal to ν = 5/6 ≈ 0.833. Fractional calculus
has extended the possibilities of time and frequency iden-
tification by releasing the limit of the integer order. The
Cole-Cole functions (Cole and Cole (1941)) are generally
used to model complex systems with a reduced number of
parameters (Sommacal (2007)). In order to improve the
wind turbulence PSD estimation in high frequency, a new
wind model based on the Cole-Cole fractional function
form is introduced.

3.1 Cole-Cole based model

The slope obtained with von Kármán in high frequency
is fixed by the non-integer order 5/6. However, according
to the real data, this constraint can be released. Thus,
the model fixed order will be replaced by an unknown
parameter ν which will be estimated by the nonlinear
simplex method, along with K and τ . The new model
will be called the Cole-Cole (CC) model and its transfer
function has the following expression:

HCC(s) =

√
K

1 + ( τ
2π s)

ν
. (14)

The PSD expression that will be identified is deduced from
HCC(s) using equation (5):

ŜCC(f) = HCC(jf)HCC(jf)
∗

=

√
K

1 + (jτf)ν

√
K

1 + (−jτf)ν

=
K

(1 + (jν + (−j)ν)(τf)ν + (τf)2ν)
.

(15)

The expression of the Cole-Cole model PSD, ŜCC(f), is
then:

ŜCC(f) =
K

1 + 2 cos(ν π
2 )(τf)

ν + (τf)2ν
. (16)

Fig. 4 presents the PSD obtained from the CC model
compared to the von Kármán model.

With the CC model, the high frequency slope well corre-
sponds to the measurements and therefore meets the ex-
pectations. Indeed, The estimated order ν varies between
1.16 and 1.25, so it is very different from 5/6 ≈ 0.83 the
von Kármán model order. However, the CC model gain in
low frequency seems to be underestimated. Consequently,
the CC model works well in high frequency, but it has
difficulties in estimating at low and middle frequencies.
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3.2 Improved Cole-Cole based model

To improve the CC model at low and middle frequencies,
a second cell of a fractional order 2ν is added to the CC
fractional function of the PSD, which will be denoted as
Cole-Cole×2 (CC×2).

HCC×2(s) =

√
K

(1 + ( τ1
2π s)

ν)(1 + ( τ2
2π s)

2ν)
. (17)

The second cell will allow the model to have a second
slope in low and medium frequencies and thus a better
fit. Nevertheless, the model has one more parameter to
estimate and its PSD structure is more complex. Based on
the PSD calculation (15)-(16) for the CC model, the PSD
obtained from the CC×2 model is expressed as follows:

ŜCC×2(f) =
K

D1(f)D2(f)
(18)

where:

D1(f) = 1 + 2 cos(ν
π

2
)(τ1f)

ν + (τ1f)
2ν (19)

and
D2(f) = 1 + 2 cos(νπ)(τ2f)

2ν + (τ2f)
4ν . (20)

Fig. 5 presents the PSD obtained from the CC×2 model
compared to the previous proposed models.
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Fig. 5. Comparison between the estimated von Kármán
model (–), CC model (- -) , CCx2 model (–) and the
measured wind PSD (–)

For f < 0.01Hz, the estimated PSD of the model CC×2
has a second slope which provides a better fit as desired
in middle frequencies. It can be noticed that the better fit
quality in high frequency obtained with the CC model is
maintained.

4. WIND MODEL DESIGN AND TIME SIMULATION

4.1 Model parameter tuning method

In this section, a methodology is presented to propose to
similar models: one stemming from a black box CC×2
model, identified directly from wind measurements, and
another one stemming from a grey box CC×2 model,
where the parameters K, ν, τ1 and τ2 are obtained from
direct physical parameters (namely the mean speed, the
turbulence intensity and the length scale). Having this
type of model is interesting in the case, where there is no
access to reference measurements for the model estimation.

The estimated values of the CC×2 are presented in Fig. 6.
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Fig. 6. Estimated parameters K, ν, τ1 and τ2 of the Cole-
Cole×2 model for different datasets

Both CC×2 and von Kármán models well approximate the
static gain, in consequence, the CC×2 model gain K is
assumed to have the same expression as the von Kármán’s
one:

K =
4σ2L

V
. (21)

LK is the value of the length scale is deduced from the
estimated parameter K. The CC×2 model has two time
constants τ1 and τ2. The length scale L12 is defined from
τ1 and τ2, inspired by the von Kármán model:

L12 =
V
√
τ1τ2

4.7
. (22)

Fig. 7 shows the values of LK and L12 for different
datasets.
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(21) and L12 obtained from (22)

The obtained values of LK and L12 are close to the
approximated LESDU (11), therefore, the estimated model
parameters do not provide aberrant values of length scale.
LK and L12 have the same shape, which confirms that
K and time constants are related as in the von Kármán
model.

Concerning the time constants, τ1 can be calculated using
the mean speed and the length scale and τ2 can then
be deduced from τ1. Indeed, the ratio between τ1 and τ2
varies between 2.6 and 4.6 with an average of 3.6 (Fig. 8).
Therefore, τ2 can be approximated by:

τ2 =
τ1
3.6

. (23)

This is an optimistic approximation but it allows to have
consistent values for the model in the absence of a reference
dataset. The equation to calculate τ1 from the inputs
becomes:

τ1 = 8.9
L

V
. (24)
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Therefore, the CC×2 model parameters can be tuned using
equations (21), (23) and (24) and the constants: the mean
speed V , the standard deviation σ and the length scale L.
For the order ν, it does not vary much, so it can be fixed
at the estimations mean value: ν = 0.516.

4.2 CC×2 model simulation

In order to validate the methodology presented in Section
4.1, the grey box CC×2 model tuned with (21), (23) and
(24) will be compared to the black box model identified in
Section 3.2.

Identified black box model
The reference signal has a mean speed V = 6.6m/s and a

standard deviation σ = 1.92. The estimated CC×2 model
parameters are:

K = 301.09, τ1 = 179.17s, τ2 = 50.13s, ν = 0.518.
(25)

The fractional transfer function of the shaping filter stem-
ming from these parameters is:

HBlackBox(s) =
17.35

48.72s1.554 + 8.59s1.036 + 5.67s0.518 + 1
.

(26)

Grey box model
Using the tuning method (see equations (21), (23) and

(24)), the known inputs V = 6.6m/s, σ = 1.92 and
L = 120m, and ν fixed at the mean value of its estimations
ν = 0.516, the following grey box model parameters are
obtained:

K = 269.94, τ1 = 161.74m, τ2 = 44.93s. (27)

The fractional transfer function of the shaping filter issued
from these parameters is:

HGreyBox(s) =
16.43

40.7s1.548 + 7.62s1.032 + 5.34s0.516 + 1
.

(28)
Rational transfer functions are then drawn from (26)
and (28) using the Oustaloup’s approximation (Oustaloup
(1983)).

PSD comparison
The PSD of the signals generated by the two models are

compared to the reference data PSD (see Fig. 9).
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Fig. 9. Comparison between the measured wind PSD (–) ,
the black box CC×2 generated PSD (–) and the grey
box CC×2 PSD (- -)

Both models provide signals with a PSD that has the same
shape as the PSD of the wind measurements, and thus the
same spectral characteristics.

5. CONCLUSION

Wind spectral characteristics are used to model turbulence
because of its stochastic behavior. The von Kármán model
is the reference in terms of spectral modeling of wind
turbulence. However in our operating conditions, its fixed
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The obtained values of LK and L12 are close to the
approximated LESDU (11), therefore, the estimated model
parameters do not provide aberrant values of length scale.
LK and L12 have the same shape, which confirms that
K and time constants are related as in the von Kármán
model.

Concerning the time constants, τ1 can be calculated using
the mean speed and the length scale and τ2 can then
be deduced from τ1. Indeed, the ratio between τ1 and τ2
varies between 2.6 and 4.6 with an average of 3.6 (Fig. 8).
Therefore, τ2 can be approximated by:

τ2 =
τ1
3.6

. (23)

This is an optimistic approximation but it allows to have
consistent values for the model in the absence of a reference
dataset. The equation to calculate τ1 from the inputs
becomes:

τ1 = 8.9
L

V
. (24)
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Therefore, the CC×2 model parameters can be tuned using
equations (21), (23) and (24) and the constants: the mean
speed V , the standard deviation σ and the length scale L.
For the order ν, it does not vary much, so it can be fixed
at the estimations mean value: ν = 0.516.

4.2 CC×2 model simulation

In order to validate the methodology presented in Section
4.1, the grey box CC×2 model tuned with (21), (23) and
(24) will be compared to the black box model identified in
Section 3.2.

Identified black box model
The reference signal has a mean speed V = 6.6m/s and a

standard deviation σ = 1.92. The estimated CC×2 model
parameters are:

K = 301.09, τ1 = 179.17s, τ2 = 50.13s, ν = 0.518.
(25)

The fractional transfer function of the shaping filter stem-
ming from these parameters is:

HBlackBox(s) =
17.35

48.72s1.554 + 8.59s1.036 + 5.67s0.518 + 1
.

(26)

Grey box model
Using the tuning method (see equations (21), (23) and

(24)), the known inputs V = 6.6m/s, σ = 1.92 and
L = 120m, and ν fixed at the mean value of its estimations
ν = 0.516, the following grey box model parameters are
obtained:

K = 269.94, τ1 = 161.74m, τ2 = 44.93s. (27)

The fractional transfer function of the shaping filter issued
from these parameters is:

HGreyBox(s) =
16.43

40.7s1.548 + 7.62s1.032 + 5.34s0.516 + 1
.

(28)
Rational transfer functions are then drawn from (26)
and (28) using the Oustaloup’s approximation (Oustaloup
(1983)).

PSD comparison
The PSD of the signals generated by the two models are

compared to the reference data PSD (see Fig. 9).
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Fig. 9. Comparison between the measured wind PSD (–) ,
the black box CC×2 generated PSD (–) and the grey
box CC×2 PSD (- -)

Both models provide signals with a PSD that has the same
shape as the PSD of the wind measurements, and thus the
same spectral characteristics.

5. CONCLUSION

Wind spectral characteristics are used to model turbulence
because of its stochastic behavior. The von Kármán model
is the reference in terms of spectral modeling of wind
turbulence. However in our operating conditions, its fixed

non-integer differentiation order prevents optimal model-
ing in high and middle frequencies. Therefore, an improved
model based on the Cole-Cole two-cell fractional functions
is designed. It allows a better fit in high frequency, because
it has no constraints on the differentiation order, and
keeps an accurate fit thanks to the second slope brought
by the second fractional order cell. Then for real-time
simulation, a grey box model is proposed where the tuning
parameters are similar to the von Kármán ones. A method
for tuning the model parameters has been proposed for the
case where there is no access to reference data. The PSD
of the black box and grey box wind turbulence models
showed that they have similar spectral characteristics as
the measured wind. In this study, the wind mean speed was
considered constant because only short-term fluctuations
were studied, however the mean speed varies slowly de-
pending on the atmospheric conditions and the season. It
could be interesting to integrate a long period wind mean
speed generator into the real-time wind generator.
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l’optimisation de la production d’une éolienne. Ph.D.
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