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This study proposes a sampled-data-based practical consensus control method for heterogeneous multi-
agent systems with gain fluctuations. First, the heterogeneous multi-agent system is formulated together
with randomly occurring nonlinear dynamics. Second, unlike the existing studies, a more general retarded
sampled-data control approach is designed, which involves the gain fluctuations along with the actual
sampling pattern and constant time delay, to achieve the practical consensus of the considered system.
By utilizing the aperiodic sampling information, and looped functional approach, a Wirtinger’s inequality-
based discontinuous Lyapunov-Krasovskii functional is constructed to derive the delay-dependent stability
condition of the closed-loop system in the form of linear matrix inequality. Finally, numerical simulation
is presented to illustrate the derived theoretical results.

1. Introduction

A significant amount of research on a multi-agent system (MAS)
can be found in the applications of formation control, an attitude
of spacecraft alignment, and so on [4,10,26,28]. In the past decades,
the cooperative control technique has been sufficiently developed
for MAS. As in the cooperative control of MAS, one of the re-
search topics is consensus [27], which acquires a suitable proto-
col for agents to reach an agreement on states. Towards this prob-
lem, the distributed controller has been designed for each agent by
utilizing the agent, and its neighbor’s local information only [30].
The leader-following consensus has considerable attention in re-
cent years in which a leader is independent of the follower agents,
and it has a significant impact on the information update of the
follower agents [8,29]. For example, Shi and Shen [29] have inves-
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tigated the leader-follower consensus problem for uncertain non-
linear MAS.

However, network connectivity also plays an essential role to
achieve a consensus among the agents. In order to represent the
network connectivity, the algebraic graph theory is employed in
the literature under different topologies [13,21,25,32]. Further, var-
ious assumptions on system topologies have been considered by
the researchers to guarantee the consensus of MAS [1,6,20,32,34].
For example, Tong et al. [32] have investigated the average con-
sensus problem for multiple integrators over fixed and switch-
ing, undirected and connected network topologies. Cheng et al.
[6] have studied the consensus problem under both fixed and
switching topologies for leader-follower MAS with external distur-
bances. Based on the switching topology, You et al. [34] have de-
signed a consensus protocol for leader-follower MAS with actuator
saturation and time-varying delay. From the above work, the con-
sensus analysis of MAS under the switching topology has practical
significance, and it is a more general case with fixed topology as a
particular case.

Nevertheless, the convergence of MAS may only attain a
bounded region encompassing the equilibrium because of the ex-



istence of the physical restrictions and communication constraints,
usually named the practical consensus of MAS [3,9]. For instance,
in the work of Dong et al. [9], the practical consensus problem
has been established for linear time-invariant uncertain swarm
systems. Recently, the practical consensus has been analyzed by
Bernuau et al. [3] for homogeneous MAS with sampled-data in-
formation. In the literature above, most of the researchers have
taken identical dynamics for all agents. In reality, all the agents
have different dynamics due to the parameter difference or uncer-
tainty and model mismatch; such a system is called heterogeneous
MAS [7,22,38]. Compared to the study of consensus for homoge-
neous MAS, the heterogeneous MAS has a challenging problem
since heterogeneity among the agents [7,18,23,31]. For instance, the
heterogeneous MAS has proposed for linear cases in [35,36]. How-
ever, the intrinsic nonlinearities are unavoidable when analyzing
the consensus problem of heterogeneous MAS, and it made much
effort in the literature (see, [2,7,24] and references therein). Also,
the nonlinearities may undergo randomness under a specific form
in the networked environment. In this case, Wang et al. [33] in-
troduced the Bernoulli distributed random variable to model the
randomly occurring nonlinearities for the synchronization problem
of complex networks. Moreover, the randomly occurring nonlinear-
ities have been modeled for MAS in existing studies [14,17]. There-
fore, we consider the issue of randomly occurring nonlinearities for
heterogeneous MAS in the present study.

On the other hand, to obtain the consensus, the researchers
have focused more on the sampled-data control for MAS due to
the development of communication and digital technology, digital
feedback and low-cost applications [3,5,11]. The results of the stud-
ies, as mentioned earlier [3,5,11], were considered MAS with iden-
tical dynamics. Further, by using the sampled-data control (SDC)
technique, the consensus problem has been studied for heteroge-
neous MAS in the works of Zhang et al. [35]. Recently, the SDC has
been designed for obtaining the practical consensus of heteroge-
neous MAS in the works of Ding and Zheng et al. [7]. Besides that,
the fluctuation in control gain may appear for the physical sys-
tems, which leads to realizing the consensus difficulty. To mitigate
the effect of fluctuation in control gain, the non-fragile(resilient)
control has been designed in the works of [12,15,16]. For exam-
ple, non-fragile control has been designed for the consensus of
MAS with nonlinear dynamics via switching topology in the works
of Kaviarasan et al. [16]. Moreover, the non-fragile control with
sampled-data information has been designed for consensus of non-
linear MAS in Jiang et al. [15]. Until now, to the best of our knowl-
edge, the practical consensus of nonlinear heterogeneous MAS has
not yet been fully investigated in the literature via sampled-data-
based resilient control, which is the overarching motivation of this
work.

Motivated by the above literature, this paper investigates the
practical consensus problem of heterogeneous MAS with nonlin-
ear dynamics via resilient retarded sampled-data control (RRSDC).
Unlike the previous studies, the randomly occurring nonlineari-
ties, gain fluctuations, and constant signal transmission delay are
taken into consideration to study the practical consensus of het-
erogeneous MAS. Initially, the practical consensus of heterogeneous
MAS is studied via fixed topology. Then, these results are extended
into the switching topology case. In order to achieve the practical
consensus for heterogeneous MAS, sufficient conditions are derived
in the form of linear matrix inequalities (LMIs) via Wirtinger’s
inequality-based discontinuous (WIBD) Lyapunov-Krasovskii func-
tional (LKF). Finally, numerical examples are provided to demon-
strate the proposed methods.

The remainder of this paper is organized as follows:
Section 2 formulates the heterogeneous nonlinear MAS.
Section 3 presents the practical consensus results of the pro-
posed system. In Section 4, the validity of the presented method

is verified by the simulation results. Section 5 concludes the
paper.

2. Preliminaries and problem formulation
2.1. Notations and preliminaries

Throughout this paper, R™*" and R" represents the n x n real
matrix and the n-dimensional Euclidean space, respectively. S >
0 (< 0) means that S is a positive (negative) definite matrix. I de-
notes the identity matrix and diag{---} is a block diagonal matrix.
Z = col{zq, 25, z3} indicates the column vector of Z. col{A;}y and
diag{B;}y represent the col{A;,A,, ..., Ay} and diag{B;, B>, ..., By},
respectively. The sign ® represents the Kronecker product of the
matrix. The transpose and inverse of a matrix is represented by
the superscripts “T” and “—1”, respectively. Sym{A} = A+ AT and
Il - || is the Euclidean norm for given vector. The notation = is used
to denote the symmetric term in a symmetric matrix.

G = {V,E,W} represents a directed weighted graph of order N,
with the set of nodes V = {vy,1,,...,vy} and edges E €V x V. An
edge defined as (v;,v;) implies that node v; can receive infor-
mation from node v;. The neighbors of node v; represented as
N;={vj e V|(v;,v) € E,i # j}. Here, W e RNV denotes the adja-
cency matrix with the entries w;; =0 if any i and w;; # 0 if i re-
ceives information from j. A = diag{wy,w,,...,wy} is a degree
matrix of G with w; = 3" w;;. The Laplacian matrix of G is defined
as L= A —W. A directed graph G is a directed spanning tree if
there exists an agent, called the root, with directed paths to all
other agents.

2.2. Problem formulation

Consider a heterogeneous MAS with N agents, where the dy-
namics of ith agent is

xi(t) = Aix;i(t) + B()B; f (x;(£), t)

+ (1= B)Gexi(t),t) +ui(t), (i=1,2,....,N), (1)
where A;, B; and ( are nxn constant matrices; x;(t) =
(X1 (£). X (1), ... Xin ()T € R" is the state vector with x;(0) = x?
fori=1,2,..., N; u;(t) € R" is the control input for all ¢ > 0. The
Bernoulli stochastic variable B(t) represents the following random
events of system (1), forall t >0

1 if f(x;(t),t) occurs,
B = {0 if g(x;(t), t) occurs,

it follows that

Prob{B(t) = 1} = E{B ()} = o,

Prob{B(t) =0} =1 -E{B()} =1~ Bo,

where By € [0, 1] denotes the probability occurrence of nonlinear
functions f(x;(t),t) and g(x;(t),t).

Assumption 1. For any yq,Y5, 21,2, € R", the nonlinear functions
f, g:R" x [0, 00) — R" satisfies the conditions as follows:

f 1.6 = f2. O < IT 1 =yl
and  |lg(z1,t) —g(z2, )| < |1 (z1 —22) ||, VE=0 (2)
where I" and Y are known constant matrices.

The leader agent dynamics labeled as i = 0 is given by

Xo(t) =Axo(t) + B(t)Bf (xo(t). 1) + (1 = B(D))Ce(Xo (D). 1),  (3)

where A, B, C are n x n constant matrices and xg(t) € R" is the state
vector with x(0) = xg. Let the graph G includes the graph G and a
leader which has no neighbors. The adjacency matrix of the leader
is M = diag{my, my, ..., my} with m; > 0 for any i. If the leader is



a neighbor of node v;, then m; > 0; otherwise, m; = 0. Thus the

0 O
L H |

,my]T e RVT and H =L+ M e RN*N,

Laplacian matrix of the graph G represented as £ = |:
where Ly = [mq,my, ..

Assumption 2. The leader is a root of a directed spanning tree in
g.

Assumption 3. The state xq(t) in (3) is bounded, i.e., ||xq(t)|| < ¥
for any initial condition with the constant y > 0.

As in the SDC input, the sequence of holding times are 0 =ty <
< <tp<--, klim ty = +oo. Then, the following non-fragile
— 00

retarded SDC input is proposed via zero-order hold function

N
u(t) = (K + AKﬁ(f))[ZWu[Xi(t —q(0) —x;(t —q())]

j=1

+ mix;(t — q(t)) —xo(t — Q(f))]]

N
+ (K + AKZi(t))[ZWij[Xi([ —q(®) = p) = x;(t —q(t) - p)]

j=1

+ mi[Xi(f*CI(f)*P)*Xo(t*Q(f)*P)]], (4)

where i=1,2,...,N, q(t) =t —t, for t €[ty t;,1) and the sam-
pling interval can be defined as t,; —t, = q, < g. Here @ is the
largest sampling interval and p is a constant signal transmission
delay. Ky;, Ky; are the control gain matrices. The controller gain
fluctuations AK;;(t), AKy;(t) are assumed to satisfy the following
form:

[Akli(t), AKz,(t)] :/\/,]-—l(t)[/\/ll(]), Mi(Z)]’

where A, /vll.(l) and Ml@ are known constant matrices and F;(t)
denotes the unknown matrix, which satisfies }‘iT (t)Fi(t) < I. Sub-
stituting (4) into (1) yields

Xi(8) = Aixi(t) + B(OB; f(x; (), t) + (1 - B(£))Cgxi(£), t)
N
+ (K + AKﬁ(f))[ZWu[X:‘(t —q(t))

j=1

— X (t —q(@)] + m[x;(t — q(t)) —xo(t — q(t))]]

N
+ (Ko + AKZi(t))[ZWij[xi(t —q(t) —p) = x;(t —q(t) — p)]

j=1

+mf[xf(t—q(o—p)—xO(t—q(t)—p)l], tk <t <ty (5)

Remark 1. The SDC techniques for consensus analysis of MAS
are widely established in the literature [5,11]. In the real world,
it is challenging to accurately acquire the control gain param-
eter for MAS because of the equipment limitations and the
influence of uncertain factors. In the works of [15], a non-
fragile sampled-data control scheme is used to track the con-
sensus for nonlinear MAS. Further, the RRSDC scheme has
been utilized only for homogeneous MAS in [12,16]. It is
worth mentioning that the RRSDC in (4) has been considered
for heterogeneous MAS for the first time. When K,; =0 and
AK;(t) =0 or p =0 in equation (4), the proposed resilient re-
tarded sampled-data control scheme can be modified to resilient
SDC as given by u;(t) = (K; + AK,-(t))[Z?’=l wij[x; (t = q(t)) —x;(t -
q)]+ m[x;(t — q(t)) —xo(t — q(t))]]. Therefore, the traditional,
resilient and memory SDC are the particular cases of the proposed
RRSDC.

Defining the error variable as X;(t) = x;(t) —xq(t), for each
agenti=1,2,..., N, we obtain the following from (5):

50 = AR + BOBTE (0.0 + (1 = BOICEE (). 0) + (K
N
+ Bk ) L wylR (e - a(0))
j=1

—X;(t - ()] + miFi(t — q(t))]

N
+ (K + AKZi(t))[ZWij[;{i(t —q(t) — p) =Xt —qt) — p)]

j=1

+mix;(t — q(¢) — p)] +hi(xo (1))

with f(Ri(t),t) = Fxi(). t) — fxo(b),£), BRi(t),t) = g(xi(t),t) —
g(xo(t),t), and

hi(xo(t)) = (Aj — A)xo(t) + B(t) (B — B) f(xo(t). t)
+ (1= B)) (G - O)glxo(t). 1).

From the above h;(xq(t;)) denotes the unmatched terms between
follower and leader agents.
Now, let us define the vectors,

X(t) £ col{x;(t),X2(t),....Xn(t)}.
FEE).0) 2 col{FF (D). 1), f&(t). ), ... FEn (). D},
g(X(t),t) £ col{g(X; (t). 1), (X2 (). 1), ..., 8Rn(t). 1)},
h(xo(t)) £ col{hy (Xo(t)), ha (X (1)), ..., hn(xo(t))}.
then we get
X(t) = AX(6) + BOBFR(E).£) + (1 - B(£))CER (D). t)
+ KiHX(t — q(t)) + IGHX(t — q(t) — p)
+ NFO[MDHR(E - q(t)) + MPHX(t - q(t) — p) ]
+ h(xo(t)). (6)

where A = diag{A;}n, B = diag{B;}y, € = diag{C}n, K; = diag{Ky;}n,
K = diag{Ky}y, N =diag{Ni}y, F(t) = diag{F )}y, MD =
diag{Ml.“)}N. MO = diag{Ml.(z)}N, and H=HQ®I,.

From (6) the error system with the initial condition can be
written as

R(t) = AR(t) + BoBF(R(t). 1) + (1 — Bo)CER(t). )
+(B©) = Bo)BFR(t), t) — CER(E), )] + h(Xo (1))
+ K HX(t — q(t)) + KoHX(E = q(t) — p)
+NFO[MDHR(E - q(t)) + MPHR(E - q(t) - p) ]
XO)=¢©), 0ec[-q.0], t<t<tyy, (7)

where ¢* = max{q, p} and ¢ (@) be the difference between the ini-
tial conditions in (1) and (3) in the interval [—g*, 0]. Based on
hi(xo(t)), we have

h(xo(t)) = Axo(t) + B(E)Bf (xo(t),t) + (1 — B(£))CgXo(t), 1),

where A= col{ﬁ,-}NN, B = col{B;}y, and C = col{C}y with A; = A; — A,
B; =B; — B, and G =C; —C. The following can be obtained from
Assumptions 1 and 3,

[hxo(E)] < Axo ()| + | BE)BS (xo(£). D) |
+ 111 = B(E)Cexo (). D)
s(nﬁn +IBO BT +11(1 - ﬂ(t))llllﬁllllTll)V
+1BONB] 1£(x0(0). 0
+ 111 = BENCIlllg(x0(0). 0)[| 2 5.



Definition 1. [7] For a given scalar 7 > 0, the heterogeneous MAS
(1) and (3) are said to achieve the practical consensus in the mean
square sense via the RRSDC (4) if the following condition is satis-
fied:

lim d(x(t, %), £(P. 7)) =0,

— 00

where X(t,Xy) represents the error trajectory (6) with an initial

condition Xy € RN"; and d(X(t,Xp), E(P, 7)) = 1r(11§ )||5{(t,)70) —z||
ze&Pt

represents the distance from X(t,Xp) to £(P, 7). Here, £(P, ) de-
notes an ellipsoid which defined as

£(PT) 2 {;?(t) e RV : 5T (£)PR(t) < r}
with the matrix P > 0.

Lemma 1. [19] For a given matrix R € R™", R=R" > 0, and a con-
tinuously differentiable function w : [a,b] — R", the following in-
equality holds:

b
/ &7 (SR> (s)ds = ﬁ(sﬂml 1+ 3QIRQy).
i -

where Q1 = w(b) — w(a), and 2, = w(b) + w(a) — bf—a [fa)(s)ds.

Lemma 2. [37] For any vectors x,y € R", matrices D, E, and F that
are real appropriate dimensional matrices with FTF <1, and a scalar
> 0, the following inequality holds:

2x"DFEy < w~'x"DD"x + 1 y"ETEy.

3. Main results

In this part, we will investigate the practical consensus of
heterogeneous MAS with randomly occurring nonlinear dynamics
(1) and (3) under a fixed and switched topology through the de-
signed RRSDC.

For our convenience, the following notations are defined Z;, =
Ong-1yn I Opa2—pal 1=1,2,..., 12) as a block entry matrices
and the other notations are defined as follows:

T
m(t):[&”(t), 7 (6. / t?(s)ds] ,
. T
nz(r>=[>“<7(tk), 7. W(tk—m],
. T
N3 (t) = R (t) — X (t). na(t) = [ff ©. 0.% (t)] ,
ns(t) = [F (0. 0. X (t—p)] .
Ne(t) =X (6)+ X" (t)— 2z(t), n7(t) =X (t — p)— X" (t — p).
ns(t) = & (£ — p)+ 7 (t — p)— 22(0),

1 t ~
z(t) = { & Jo X()ds,  t £t
X(tk)v t =t
1 t—p 3,
Z(t) = { Fh: o X(S)ds,  t £
Xte—p),  t=t,
e
M X, X
- X
== * HXK Ky,
- * X +Xs

3.1. Fixed topology

In order to derive the practical consensus of the system (7), we
consider the following LKF including WIBD term V,, (t)

V() =Ve(t) +Vy(t), t<t< st (8)

where

4
Ve(t) =) Vi(t) and Vi (t) = Vs(t) + Vs (t)
=1

with
Vi(t) = X" (t)PX(t),

T
Va(6) = (b1 — O O (©) + (0~ qa»qm[gg;} U[jgﬂ

t t . .
Vs(t) = / €901 (5)Qnz (s)ds + / !0 (5)YR(s)ds,
[ t—p
t t
Va(t) =/ ea(S*t))“c'T(s)Rli(s)dsqL/ e?6-DRT (s)RyX(s)ds
t t—p

0 t ~T ~
+p/ / e®S-DX" (s)R3x(s)dsd6,
—p Jt+6

t o "
Vs(t) = @ / e?-0F (5)Ry%()ds — q(t)n] (¢)Ratja (©)
390 (ORas (0),

t—p . .
Ve) =3 [ eD% (5)Rsk(s)ds — q(t)nT (£)Rs77 ()
tk—p

—3q(6)ng (ORsM(t).

The following lemma is very useful for finding the practical con-
sensus for the proposed system.

Lemma 3. If there exist scalars a >0, b> 0, and symmetric ma-
trices P>0,Y >0, R >0,R; >0, R3 >0, R4 >0, Rs >0, Q3 >0,

Qu Qn Qs Us U

Q=| * Qun Q3| U= |: n 12}, and any matrices X;(I =

* Usy
* * Q33

1,2,...,5) such that the LKF (8) along the trajectories of (7) satisfies

W(t) £ LV(8) +aV (t) = bh' (xo(6))h(xo(t)) <O, (9)
then the system (7) will exponentially converge to the following ellip-
soid

£ 2 {i(t) e RV & (6)PR(t) < 252}

with a decay rate a/2.

Proof. Multiply e® on both sides of (9), we get

LMV (1)) =€ LV (t) + ae®V (t) < be®™hT (xo(t))h(xo(t)). (10)

Integrating (10) from O to t > 0, we have

V(t) <e (V(O) + /0 beaShT(xo(t))h(xo(t))ds)

t
<e™® (V(O) + b52/ e”sds>
0
2
:%(l —e %) 4 e7%V(0). (11)
Since XT (t)PX(t) <V (t) and (11), we have IILTCRT(t)PE(t) <bs2 1t
ensures that the system (7) exponentially converges to the ellip-

soid £ with the decay of a/2. O

Theorem 1. Given positive scalars a, By, G, p and under Assump-
tions 1-3, the MASs (1) and (3) together with RRSDC (4) is expo-
nentially achieved the practical leader-following consensus in the con-
verging area £ at a decay rate a/2, if there exist positive scalars b,
W, symmetric matrices P>0,Y >0, R >0(I=1,2,...,5), Q2 >0,

Qi Q2 Qi U U

Q=] * Qpn Q3| U= |: 1 12:| and any matrices X;(l =

* Uy,
* * Q33



1,2,...,5), S, diagonal real matrices ©, ® > 0, Ky = diag{Ky;}n, Ky =
diag{Ky;}y such that the following inequalities hold:

21 +q0%;, TN -0 (12)
* —ul ’

Si40%; IV -0 (13)
* —pl ’

where T =7TST + 71T,
oy :5ym{I{P18} +IT(@P+R + R+ Iy @ TOT + Iy @ TOT)T,

— T o, BI'EIT, T, B+ (T2, Ts, T6]" QT Ts, Te]
— e P IIRTs + T1 (0*R3 + @Ry + Y)Zg — bT],T1p

— e (Z{Y Ty — PIIRsTo) - Thy(Iy ® ©)T10— 1, (Iy ® ©)Ins
— e [y - Is]"Rs[Zy — Ts]

—3[Th + Iy — 274 R4 T4 + T — 274]

- GSym{[L +Tp — 274]"Ra[ T4 — Il]}

—[Zs — Z1"Rs[Zs — Zs] — [T1 — TL1"Ral Ty — To]

— 3[Zs + Is — 277]"Rs[Zs + g — 217]

— 6Sym({[Zs + Zs — 2Z7]"Rs[Z7 — Z5]}

+ u[MDAL, + MP AL [MDVAL, + MPHALG]

+ Sym{—T1Zg + MAZ; +BoI1BZ1 + (1 — Bo)1CTy;

+ 71 + (27 + 7)) (K AT + KAL)},

7" [ " n T
— o I4 I4
Y, =21, Bl 0 |+a|ll o] 5 +|:Ii|U|:Ii|
I 7 I3 I3 ’ !
7 r Is+ T T r T
4 Iy +T ~| Iy 4
Y3=— Sym[[L - IZ]TR4IB] - Sym{[I5 - 17]TR519}
- 35ym{[Il + 7 — 214]TR413}
— 24, T;'U[ 14, T7] —35Ym{[15 +Zs —217]TR519}
— 0{3[15 +Zg — 2[7]TR5[15 + Z5—2T17]
+ [T — I"R4| Ty — To] + [Zs — Z6]"Rs[Zs — Ts]
+3[T1 + 1 - 2I4]TR4[I1 + 7 — 2I4]}4

Moreover, the RRSDC gain matrices are given by K; = S~TK;, Ky =
Skaz.

Proof. For t;, <t <t} 1, taking the infinitesimal operator £ [17] of
V(t) in (8) along the state trajectories of the system (7), we get

E{LV;(t)} =257 (t)PX(t), (14)

E{LV () =t — O] (OQE 14(6) + Eny ()
T
~ 0 OEm(®) + (@ - 2q(0)) [ﬁgﬂ U[jﬁﬂ

T ~
+2<qk—q(t>>[§$ﬂ U[_g(f)“j;(f(f)p)] (15)

t
E{LVs(D)} = —a / €011 (5)Qn2(5)ds + 73 (6)Q 7 ()

4

—a / " 0% (s)YE(s)ds + & (OYR(D)
t—p

— e X (t—p)YR(t—p), (16)

E{LVa(t)} =—a / DR ($)RiT(s)ds + R (0) (Ry + Ro)R(D)

[

0 t T N
—ap/ / e?=0% (s)Rsx(s)dsd6
—p Jt+6

—/t ed-0) (a)?T(s)Ry?(s)+p§T(s)R3§(s))ds
t—p

— e X" (t — p)RX(t — p)
+ 2% (ORSX(D), (17)

E{LV5(t)} = - Ga / g ()R4(s)ds + G2% (£)R4(0)

k

— 05 (ORan3 () — 2q(0)n5 (O)RX(E)

—3nL(©)Rans(t) — 6nE (H)R4[q()X(t)
+2z(t) — 2X(t)], (18)

E{LVs(t)} = - Ga f T a0 (s)RsX(s)ds — nJ (t)Rsn7 (1)
ti=p

+ e X (t - pIRsR(t — p)
—2q(6)n} (ORsX(t — p)— 313 (ORsns(£)
— 6n] (t)Rs [q(r)i?a )+ 22(t)— 2R(t — p)]. (19)

Substituting the above-obtained derivatives of V(t) to inequality
(9), we get

E{W(t)} <2XT (t)PX(t) + X" (t)(aP + Ry + Ry)X(t)
+ 2(tepr — ON] (O ENa(t) — 0] (OB 1 (1)
T
+ (- 20(0) [jgg} U[ﬁgg]
T ~
+2(qk — q(t)) [jﬁﬂ u[_z(f)(‘j ;(;‘(_t)p)}
+ 05 (OQN2(t) + alty — OB (O En1(8)
— e X (t — p)RX(t — p) — 05 (H)Ran3(t)
+ & (0(?Rs + FRa + )R — 2000} (ORK(O)
—3n& (6)Rams (t) — 3ng (£)Rss(t)
— 678 (ORa[q(OX(E) + 22(¢) — 2%(8)]
+ e X (t — pIRsK(t — p) — 1} (ORs77(0)
—2q(t)n} (t)RsX(t — p) — aq(t)n} (t)R4ns(t)
— 615 (H)Rs[q(D)X(t — p) +22(t) — 2X(t — p)]
— e X (t— p)YA(t - p) — 3aq()n} (OR46 ()
— aq(t)n} (©)Rsn7 (¢) — 3aq(6)nk (ORsns(0)

T
+ag, -qa»qm[;g;} u [%ﬂ

+e & —bh" (xo(t))h(xo (1)), (20)



where & = —p [ & (5)Rs¥(s)ds. Now, we define
¢t = [?c’f(t), X (t-q(0), /t:iT(s)ds, Z'(t), X (t - p),
F(t—q) - p). 21). X (0),
R-p). F&o.0. FEO), 0, hT(Xo(t))i|T-
Based on the Jensen’s inequality, the & in (20) can be written as
-p [[pir(S)Ra)'?(S)ds < —[X(t) = X(t — p)]"R3[X(t) —X(t — p)].

. 21)

For a system (7), the following equation holds for any appropriate
dimensional matrix S :

0 =2$2(t){ —X(t) + AR(t) + BoBFE(), 1)

+ (1 - Bo)CER(t). t) + (B(t) — Bo)

x [BfR(t).t) — CE(R(t), )] + Ky HR(t — q(t))

+ IGHR(t — q(t) — p) + h(xo(t))

FNFO[MORRE - q(0) + MPFRE - ) - )]} 22)
where Q(t) = X7 (t)ST +?<I(t)ST. By utilizing Lemma 2, one can get
the following inequality from (22),
2QONF (&) [ MVHR(E - q(t)+ MPHR(t - q(t) — p) |

< 1 QONNTRT O+ | MORR(E - q()
+ MORS(E - q©) = p) |1
x [MWHAX(t — q(t)) + MPHX(t — q(t) - p)].
(23)

Now, the nonlinear function f(x;(t),t) and g(x;(t),t) satisfies the
Lipschitz condition (2), which implies that for a diagonal matrix
0,0 >0,

FT@), t) (v @ ©) FR(t), t) <X (t)(Iy ® TOD)R(L), (24)

g (X(1), ) Iy ® ®)F(R(1), t) < X (t) (Iy ® YTOT)R(t). (25)

Let us define K; = STK; and K, = STK,, then combining (20)-(25)
for t; <t < ty,q, which gives that

E(W()} < CT(f){El + (b — )X + (t - tk)23}§(t)

= {1035,

where ¥; = 3 + u 'TINNTIT. It is clear that E)W(t)} <0 if
3 < 0. By the convex combination method, we obtain J <0 for
ty <t <t,q. Applying Schur complement to J <0 we get the
inequalities (12) and (13). We can conclude from Lemma 3,
tlLTod(i(t,Zo), E(P, (b/a)82)) = 0. This completes the proof of

Theorem 1. O

Remark 2. Note that }Lrg(%(t) =Vi(t) >0, 1=1,3,4. For the
looped LKF V,(t) satisfies tl_l,r?— Vo(t) = tl_l)rg Va(t) =Vy(t) =0.
Since }ert}( Ve(t) = Ve(ty) = 0, therkefore Ve(t) ‘ is continuous in

time. Moreover, by Lemma 1lim Vj(t) > V,(t) =0, =5,6. The
t—>t,;
positive-definiteness of V;(t),l =1,3,4 can be easily obtained by

the positive-definite matrices P, Q,Y,Rq,Ry,R3. When utilizing
Lemma 1 and the matrix R4 > 0, the positive-definite of V5(t) can
be obtained as follows:

t . .
V5(t) > q(t)? / e6-0F (s)Ry(s)ds — q(t)n] (D)R473 ()

4

—3q(t)ng (t)Rang (1)

t » .
—q(t) [q(t) / e25-0%' (5)R%(s)ds — 18 (O)R413(t)

=3 ORame(0)] > 0.

Similarly we can verified Vg(t) is positive-definite for (t, ti ).
Also the looped functional V,(t) satisfies V;(ty) = Va(tyyq) =0,
which provides that it not required to be a positive-definite, so it
relaxed the stability condition.

Remark 3. We have discussed the practical consensus of het-
erogeneous MAS with randomly occurring nonlinearities under a
fixed topology in the above subsection. In general, communication
among the agents may be required to switch according to various
practical applications. Hence, it is necessary to study the practical
consensus of heterogeneous MAS with switching topology and it is
summarized in the following subsection.

3.2. Switching topology

In this case, we consider a group of directed graph G (¥ (t)) €
{G1,Ga, ..., G}, with 9 (t) is the switched signal which has the val-
ues in a finite set T = {1,2,...,1}.

Assumption 4. Every possible graph G;,s € T has a directed span-
ning tree with a root of the leader.

The switching transmission between each agent occurs only at
the sampling instant ¢, k € N, which means that the graph G (¥ (t))
is sampled at the same sampling time ¢, i.e.,) G(¢(t;)) and also
which is constant until the next sampling. For the switching topol-
ogy, RRSDC is given as follows:

N
wi(6) = (K™ + AKE () [Z wi @ = q(0) = x;(t ~ q(6)]
j=1

+m @ [x;(t —q(t)) — xo(t — CI(f))]i|
+ (KD 1 AKD® (1))

N
x [sz(t")[xf(t —q(t) — p) —x;(t —q(t) — p)]

j=1
+m! @t —q(t) — p) — xo(t — q(t) —p)]], (26)

Z(t") and m?(t") are weighted coefficients of the graph

G(¥(t,)) and Kz.(tk). Kz(tk) are the controller gain matrix depend-

ing on switching signal. AI(ﬁ(t">, AKZ([") are the controller gain

fluctuations.
From (26), the system (7) can be modified as follows

X(t) = AR(t) + BoBf (R(t), t) + (1 — Bo)CER (L), 1)

+(B(t) — Bo)BFR(), t) — CER(t), )] + h(xo(t))
+ KisHX (t — q(t)) + KosHsX (t — q(t) — p) + NoFs(t)

x [M@Flsm —q(t)) + MPHRX(t —q(t) - p)]
XO)= ¢©0), 0el-q.0], tp<t <t (27)

where w



where Ms(l), M§2>, Ns are known matrices and Fs(t) satisfies
FI(t)Fs(t) <I. Kys, Kos and Hs are the control gain matrices of
K (9 (t)), Ko (D(t)) and the weighted matrix H(1(t,)) corre-
sponding to ¢ (ty) =s € T respectively.

Theorem 2. Suppose that under Assumptions 1, 3 and 4, given
positive scalars a, Bo, q, p there exist scalars b>0, >0,
symmetric matrices P>0, Y>0, Ry, >0(=1,2,...,5), Qy >0,

Qun Qi Qs U U
Q=| * Qn Q3| U= |: ;1 Ulz] and any matrices X;(l =
* * Q33 22

1,2,...,5), S, diagonal matrices ©, 0 > 0, K, = diag{Ky;}n, Kos =
diag{Ky;s}n such that the following LMIs hold:

Si+dT NG| _ (28)
* —ul ’

215 + 623 1-[-/\[S <0 (29)
* —ul ’

where T =7TST + 71T,

S = Sym{z{azg} +27(aP + Ry + Ry + Iy ® TOT
+Iv® YOIy — 11, T, T3] E[T1, Tp. T5]
+[T5, Ts, T6]"QlZ5. Ts, T6] — e “PIiR,T5
+ ZE(0?R3 + PRy + Y)Tg — T (Iy ® ®)Iyg
B[+, — 2Z4]TR4[11 + 1 — 214]
— GSym{[ﬂ +1I; — 22_4]TR4[Z4 -7 ]} — bZ{ZIQ
—3[Zs + Zs — 271" Rs[Zs + I — 277]
— e [Ty — I5|"Rs[ Ty — I5]— e~ " (Z§ YT — G*ZIRsTo)
—65ym{ [Z5 + Z6—277]"Rs[Z7 — Is]}
+ M[Mél)HsI2 +M;Z)HSIG]T[MS)HSIZ+Ms(2)HsIG]
—[T1 = L) R[Th — I] - I, (Iy ® O) Iy
— [Zs — Z6]"Rs[Zs — Tg] + Sym[ — 7
+TATZ; + BoT1BZ1o + (1 — Bo)ICZyy + My
+ (@] + I KA + (Z] + I8 KosHsTs }

¥, and X3 are given in Theorem 1. Then exponentially achieved the

practical leader-following consensus for the MASs (1) and (3) under
the controller (26) with the convergence region £, is given by

&2 [xo e F ORFO = 207), (30)

where P2 min{P :seT} at a decay rate a/2. Moreover, the
sampled-data controller gain matrices are given by Kis =S TKy,
Ky = STy,

Proof. Choose the same LKF in Theorem 1 by replacing V;(t) into
X7 (t)PX(t). Then, define K;5 = STK;s and Ky = STK,s and all other
notations and proof are similar to the Theorem 1. Then, we achieve
the practical leader-following consensus for the system (27) in the
switching case. This proof is completed. O

Remark 4. The novel features and contributions of this paper lie
in the following:

o The random variables are introduced to represent the stochastic
nonlinearities in the heterogeneous MAS at any instant of time,
which obeys the Bernoulli distribution.

>0
1 2 3

Fig. 1. Directed graph G.

Developing a control protocol for the heterogeneous MAS, the
gain fluctuation and constant signal transmission delay are si-
multaneously considered so that the designed RRSDC scheme is
insensitive in these factors.

« For the proposed SDC scheme, the sampling intervals are time-
varying and aperiodic, which is more general than the periodic
sampling to analyze and achieve the mean square practical con-
sensus for the heterogeneous MAS.

A novel LKF, including the looped functional and WIBD term
is proposed to deploy the available information on the saw-
tooth structure characteristic of the actual sampling pattern. In
the proposed LKF, some matrices are no need to satisfy the
positive-definite condition.

The practical consensus problem for a heterogeneous MAS is in-
vestigated under fixed topology. Then, it has been extended for
the switched case also.

4. numerical examples

Example 1. Consider the generalized Chua’s circuit described as in
the works of Ding and Zheng [7]

9?1 = k1 (%3 — aoXy — v(x1))
X) =X1 — X2 +X3 (31)
)&3 = —K2X3 — K3X3

with nonlinear function v(x;) is given by
1
V(x1) = aaXq + j(oh — o) (%1 4+ 1] = [x1 = 1]).

Now, we consider three follower agents and one leader agent.
The directed graph G in Fig. 1 represents the topology of the sys-
tem, which is a directed spanning tree with leader agent node 0.
For our convenience, assume that all connecting weights are to be

1 0 O
1 and corresponding H = |:—] 1 Oj|. Consider the randomly
0o -1 2

occurring nonlinear functions in (31), the dynamics of each agent i
for system (31) under the control input u; with i =1, 2,3 is given

by
xi(t) = Ax;(t) + B(D)B; f(x;(£), 1)

+ (1 - B(6))Ggx;(t), t) + u; (),
xi(8) = [xa (), xp (), x;3(O)]".

The resultant parameter values for the dynamics of the follower
agents are given by

a; b,’ 0 d,’ 0 O e 0 O
A=|1 -1 1[.B=|0 0 ol.cg=|0o 0 o
0 ¢ O 0 0 O 0 0 O
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Fig. 2. State trajectories of X;; (t) without control input.
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Fig. 3. State trajectories of Xj, (t) without control input.
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Fig. 4. State trajectories of X;3(t) without control input.

with a = -3.2, a; = -2.5, as = —2.5714, b1 =10, b2 =10, b3 =
9, ¢4 =-14.87, ¢c; = —18, C3 = —14.286, d] =59, d2 = 5.833, d3 =
3.8571, e; =5.9, e; =5.833, e3 = 3.8571. The randomly occurring
nonlinear functions are given by f(x;) =g(x;) =[0.5(]x;; + 1] —
|x;1 —1]),0,0]T. The leader agent parameter values are given by

~2.3714 89000 0 48571 0 0
A=| 1 -1 1.B=| 0o 05 0]

0 —14.4860 O 0 0 1
48571 0 O
C= 0 05 Of.
0 0 1

The state trajectories for the error system (7) without control input
(i.e., u;(t) = 0) is plotted in Figs. 2-4. It is clearly observed that the
controller must need for the agents to achieve the consensus with
the leader. Now we assume a = 0.6, 8y = 0.8, §=0.06 and p = 0.1.
The uncertain parameter matrices are chosen to be MM = M@ =
N =0.09Iy and F(t) =1Iy x 0.09sin(t). According to the proposed
control technique with the value of the above parameter, the fol-
lowing control gains are obtained by solving the LMIs (12) and

200

Agent 1
Agent 2
100 Agent 3|1
=
1 0
s
-100¢
-200 - - - - -
0 5 10 15 20 25 30

Time(Secs)

Fig. 5. State trajectories of X;; (t) with control input (4) for each agent i =1,2,3.

200
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Agent 2
100+ Agent 3|
S AMAAAAA
1)
-1001
_200 i i i i i
0 5 10 15 20 25 30

Time(Secs)
Fig. 6. State trajectories of Xj, (t) with control input (4) for each agent i =1,2,3.
Table 1

Maximum sampling period ¢ for different val-
ues of p in Example 1.

p 010 0.15 0.20 0.30

g 0060 0.0585 0.040 0.0345

(13) in Theorem 1,

T-0.1153 —0.0311 —0.0671]
Ky = | -0.1134 -04922 —0.0720 |,
| -0.0816 -0.0176 —0.5323 ]
[-0.0573 —0.0373 —0.0584]
Ko = | —0.0616 —0.3058 —0.0132 |,
| -0.0331  -0.0376 —0.3227
[-0.0379 -0.0281 —0.0336]
Kz = [ -0.0492 —0.1953  0.0157 |,
| —0.0119 -0.0072 —0.2086 |
[0.0009 —0.0002 0.00037]
Ky = | —0.0001  0.0002  0.0011 |,
| ~0.0002 —0.0002 0.0007 |
[ 0.0003 —0.0001 0.0001)
Ky = | —0.0001  0.0001  0.0003 |,
| —0.0001 —0.0001 0.0004 |
£ 0.0003 —0.0001 0.0001]
Ky = | —0.0002  0.0000  0.0004 |.
| —0.0001 —0.0001 0.0003 |

Based on the above control gain matrices, the simulation re-
sults on the state trajectories for the error system (7) are plotted
in Figs. 5-7. Evolution of random nonlinearities and control input
trajectories are given in Figs. 8 and 9, respectively. Also, the max-
imum sampling period is calculated for different values of p with
the above same parameter values based on Theorem 1 and it is
tabulated in Table 1. We can observe from Table 1, the maximum
sampling period is decreased gradually when increase the memory
parameter value. From the simulation results, we conclude that the
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Fig. 7. State trajectories of X;3(t) with control input (4) for each agent i =1,2, 3.
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Fig. 8. Control responses of the system in Example 1.

B(t)

Fig. 9. Evolution of B(t) in Example 1.

0
. 3 o< I >0
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Fig. 10. Two possible switching topologies: (a) Graph G; (b) Graph G,.

practical consensus achieved by all agents together with a leader in
a bounded domain.

Example 2. In this example, we have to demonstrate that the ef-
fectiveness of Theorem 2 for heterogeneous MAS (1) and (3). Con-
sider the system (1) with three follower agents, and their commu-
nication topology is assumed to be two different directed graphs
which are given in Fig. 10. The dynamics of each follower agents
are taken by

-105 -03 1
A = 0 -8.3 0.7 |,

0 0.6 -12.5

Bi=|0 0.3 0

02 0 01
r18 0 0 38 0 07

Bb=| 0 12 o/, B=|0 -06 0|
05 0 1.0 0 02 0
19 0 07 20 0 02

G=|0 0 03|.Gg=|0 02 o]
03 0 -06 06 0 12
35 0 04

G=|0 0 -06]|.
02 0 09

The nonlinear functions are chosen to be f(x;) =g(x;) =
[0.8(|xi1 + 1| — |x;; — 1]), 0, 0]T. The parameter values of the leader
agent given by

-29 04 -01 78 0 0
A= 1 -15 08 |,B=| 0 35 0f,

-06 07 -36 0 0 1

82 0 O
c=(0 05 0].
0 0 1

For two different topology, the corresponding uncertain param-
eter values are taken by Mgl) = M§2) = Mgl) = /\/152) = 0.05ly,
N1 =MN;=001ly and Fy(t) = F(t) =Ig x 0.5sin(t). Taking a=
0.2, Bg = 0.8, p = 0.1 and solving the LMIs (28)-(29) with the max-
imum sampling interval ¢ =0.01, and the corresponding RRSDC
gains are

[—-0.0055 —0.0012 —0.0004]
K{} = | -0.0040 -0.0040 -0.0061 |,
| -0.0014 —-0.0057 —0.0051 |
[—-0.0025 —0.0011 —0.0002]
Ki; = | -0.0020 —0.0003 —0.0024 |,
| —0.0003 -0.0015 —0.0102
[—-0.0031 —0.0006 —0.00157
K{} =|-0.0024 0.0015 -0.0091 |,
| -0.0010 —0.0012  —0.0256
[-0.1982 —0.0177 —0.0059]
K§i =107 x [ -0.0302 —0.1951 —0.0361 |,
| -0.0104 -0.0460 —0.1935
[-0.0750 —0.0061  0.0008 7
K} =10* x [ -0.0103 —0.0817 —0.0037 |,
| -0.0003 —0.0052 —0.0869 |
[-0.0594 —0.0035 —0.00457]
K53 =107 x [ -0.0097 —0.0748 —0.0173 |,
| -0.0049  -0.0151 —0.1644 |
[-0.0034 -0.0007 —0.0003
K = | -0.0026 -0.0026 —0.0043 |,
| -0.0010 -0.0039 —0.0035
[-0.0058 —0.0025 —0.0007
K3 = | —0.0051 —0.0006 —0.0064 |.
| —0.0009 —0.0039 —0.0286
[—-0.0051 -0.0010 -0.0028
K3 = | -0.0041  0.0026 -0.0164 |,
| -0.0019 -0.0024 —0.0489
-0.1044 -0.0082 —0.0026
K$» =107 x | —0.0116 —0.1080 —0.0116 |,
-0.0036 -0.0179 -0.1037
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Fig. 11. Switching mode.
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Fig. 12. State trajectories of X;; (t) with control input (26).
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Fig. 13. State trajectories of Xj, (t) with control input (26).

~0.1398 —0.0033  0.0033
K% =104 x | -0.0021 —0.1988  0.0105 |,
0.0005  0.0000 —0.1027
—0.0581  0.0013  0.0034
K% =10 x| 0.0080 -0.1279  0.0353
0.0016  —0.0009 —0.0651

Figure 11 illustrates the switching topology for the agents,
where modes 1 and 2 represent the graphs G; and G,, respectively.
The state trajectories of the error system are given in Figs. 12—
14, which shows that the proposed resilient retarded sampled-data
controller stabilizes the considered heterogeneous MAS, and their
corresponding control response for switched topology is displayed
in Fig. 15. From the above discussions, one can conclude that, for
heterogeneous MAS, all the follower agents achieved practical con-
sensus together with the leader under the control input (26).

5. Conclusion

In this paper, the practical consensus analysis for heteroge-
neous MAS with randomly occurring nonlinearities under fixed
and switching topologies has been investigated in a mean-square
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Fig. 14. State trajectories of X;3(t) with control input (26).
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Fig. 15. Control responses of the system in Example 2.

sense. Besides, a stochastic variable has been introduced to de-
pict the random behavior of the nonlinearities. The main advan-
tage of the method is to design the RRSDC scheme for heteroge-
neous multi-agent systems, which considers the control gain vari-
ation and signal transmission delay. Based on the WIBD term and
looped functional information, a novel LKF has been constructed
to derive sufficient conditions for the leader-follower practical con-
sensus of heterogeneous MAS under a fixed topology. Then, the de-
rived conditions have been extended for heterogeneous MAS under
the switching topology. At last, the effectiveness of the RRSDC de-
sign method was verified via a numerical example with its sim-
ulations. An increasing number of agents will burden the compu-
tational resource, and thus in the future, we will introduce some
lemmas based on the free matrix-based inequalities to alleviate the
computational burden. It would also be interesting to further con-
sider the sampled-data control-based practical consensus problem
for singular MASs and stochastic MASs with communication delays
and packet dropouts.
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