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A particle method for non-local advection-selection-mutation
equations

Frank Ernesto Alvarez * T and Jules Guilberteau ¥

Abstract

The well-posedness of a non-local advection-selection-mutation problem deriving from adaptive dy-
namics models is shown for a wide family of initial data. A particle method is then developed, in
order to approximate the solution of such problem by a regularised sum of weighted Dirac masses whose
characteristics solve a suitably defined ODE system. The convergence of the particle method over any
finite interval is shown and an explicit rate of convergence is given. Furthermore, we investigate the
asymptotic-preserving properties of the method in large times, providing sufficient conditions for it to
hold true as well as examples and counter-examples. Finally, we illustrate the method in two cases taken
from the literature.

Keywords : Adaptive dynamics, non-local advection, Particle methods, Asymptotic preservation

1 Introduction

Presentation of the model

The goal of this paper is to develop a numerical method allowing to approximate the solutions of equations
of the form

owu(t,x) + Vg - (alt, z, Lyo(t, x))v(t, ) = R(t, z, I,o(t, z))v(t, z) + /m(tx,y, Lyv(t, z))v(t, y)dy,

v e B([0,T], L (RY)), b ®
v(0,-) = °(-) € WHH(RY),
where

(Tu) (¢, z) = / btz gult,y)dy, 1=ag,d
Rd

are non-local terms and a, R, m and ; are smooth functions.

This general formulation aims to bring together a wide family of PDE models typically used in the field
of adaptive dynamics. In this context, x represents a phenotypic trait (usually simply called ‘phenotype’
or ‘trait’) which is a characteristic inherent to individuals, and = — wv(¢,x) represents the density of the
studied population at time ¢ > 0. One purpose of adaptive dynamics is to understand the combined effect of
selection and mutations (which are usually assumed to be rare and small [19, 23, 37]) on living populations
[5]. The literature concerning phenotype-structured equations is abundant [3, 15, 38, 20, 34, 39, 30]. The
model proposed in this paper (which includes, among others, the equations studied in [33, 6, 4, 24, 22, 18])
takes into account
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e Selection and growth, via the term ‘R(t, x, I,v(t, x))v(t,x)’, where R can be interpreted as the instan-
taneous growth rate, which depends on the trait x and the whole population.

e Mutation, via the term ‘fRd m(t,z,y, Iqv(t,x))v(t,y)dy’, where the function m can be seen as the
probability density for a cell of trait y to mutate into a cell of trait x.

o Advection, via the term ‘V, - (a(t, z, Iov(t, z))v(t, z))’. This term models how the environment drives
the individuals towards specific regions, as opposed to random mutations. Among others, this term
can be used in order to model a cell differentiation phenomenon.

Mutations can also be modelled through a second order differential operator such as in [9] and [1]. Laplacian-
like terms can be approximated by integral operators, as shown in [16], which means that, after choosing an
appropriate integral approximation, our analysis could be extended to deal with second order equations. The
other two non local-terms (I, and I,;) allow to take into account the influence of the environment, created
by the whole population, over the behaviour of the individuals [42, 22], or competition between individuals
[38].

The long time behaviour of models considering only one phenomenon among selection, advection and
mutation is well-known: broadly speaking, it has been shown that considering selection alone, or advection
alone, leads to concentration phenomena (towards a finite number of traits) [33, 38, 21], meaning that the
density converges to a sum of Dirac masses, while mutations by themselves have a smoothing effect [25].
Nevertheless, the combined effects of these terms remains unclear, and may lead to different and non-intuitive
behaviours. As an example, considering both selection and advection can lead to convergence either to a
Dirac mass or to a continuous function [24, 12], and considering mutation and selection leads either to
convergence to a non-smooth measure or to a continuous function [4]. Note that this model also includes
the equation studied in [2], which was also approximated with a particle method.

Upon establishing the well-posedness of (1), this paper is concerned with the derivation of a particle
method inspired by [16], the analysis of its convergence and asymptotic-preserving properties. However, we
must emphasise the two main novelties with respect to that work: First, the use of non local terms, which
as we will show, poses technical difficulties and affects the existence of smooth solutions in certain cases.
Secondly, the study of the asymptotic preserving property, which guarantees that, under certain hypotheses,
the long time behaviour of the solution is conserved. As will be seen, these equations are naturally posed in
the space of Radon measures, making particle methods a natural tool to approximate then. Compared to
finite volume or finite element methods, they are more easily implemented. Furthermore, a change in model
leads to very few changes in the corresponding code, a clear advantage over other methods.

Particle method

Particle methods use ODE resolution in order to approximate the solution of PDEs. This makes them
particularly easy to implement, as they only require a classical ODE solver. The main idea is to seek a sum
of weighted Dirac masses, called particle solution, which is denoted

N
v (t) = Z @i ()02, (1) (2)

where the weights a; and the points z; are solutions of a suitable ODE system.

In order to recover a smooth function close to the solution of the studied PDE, the particle solution needs
to be regularised: this is usually done by means of a convolution with a so-called ‘cut-off function’ ¢, which
must satisfy some specific properties. We denote this regular solution

N
v (@) = Z a;(t)pe(z — zi(t)), (3)

where the scaling parameter ¢ is a function of N.
This method is especially adapted for the linear advection equation ‘O;v(t,z) + V - (a(x)v(t,z)) = 0’, but
has been generalised to many other kinds of equations which mostly come from physics [28], such as diffuson



equations [17, 41, 7, 32, 31], advection-diffusion equations [35, 27], convection-diffusion equations [16], the
Navier-Stokes equation [14, 10] or the Vlasov-Poisson equation [40, 13].
We apply the particle method by following its main three steps, as described in [8]:

(i)

(i)

(iii)

Particle approximation of the initial data. This first step consists of approaching the initial
condition of v¥ with a sum of weighted Dirac masses, i.e. choosing N € N, 29,....2% € R% of,...,a% €
R such that

N
v = g a?éx? ~ 0,
i=1

in the sense of Radon measures, which means that, for any ¢ € €°(R?),

N
S aload) = | o) (@)da.

N—+oo Rd

Assuming that v° has a compact support, a canonical way of choosing these values is to choose a finite
collection of subsets Q9 C supp (v°) satisfying

QN Qg =0, ifi # 4, and U QY = supp (v),
i€{1,...,N}

and to take, for any i € {1,..., N}

e w? =199, =10 @ =rvw.
Time-evolution of the particles. By using a weak formulation of the PDE, we determine the
ODE satisfied by the positions (denoted z;), the volumes (denoted w;) and the weights (denoted v;)

associated to each of the N particles, with initial conditions (2?, w{, v?) given at the previous step.

79
The exact ODE, and the way the particles are correlated with each other depends on the complexity
of the PDE. In the case where the advection term is local (a(t,z,I) = a(t,x)), the positions and the
volumes satisfy

i(t) = a(t, zi(t), wi(t) = Va - (alt, zi(t)))wi(t) (4)

and the formula for the v; depends on the selection and the mutation terms. The method described
in the core of this article also allows to use this method in the case of a non-local advection, which
modifies the ODE satisfied by the positions of the particles. Full formulas are given in Section 3.

Rewriting «; = v;w;, with the volumes w; which satisfy (4) is required for the approximation of the
different integral terms. Indeed, by Liouville’s formula [26], for any f smooth enough,

N
/Rd f(z)dzx ~ Zf(xl(t))wl(t)

Formally, v and v" (as defined by (2)) are both solution of (1) in the weak sense, with v™¥(0) ~ v°,

which implies that, assuming that the parameters of the PDE are smooth enough, for any given time
T >0, v™N(T) ~ (T, ).

Regularisation. In order to transform the discrete measure vV into a smooth function, we use a

regularisation process based on convolution, which writes as a sum, shown in (3), since the convoluted
measure is a sum of Dirac masses. The function

_ 1 (,)
905-*650 2]

depending on a parameter € > 0, is a scaling of the so-called cut-off function ¢, which must satisfy some
regularity and symmetry properties (which we specify in Section 4.1). The choice of €, which intimately



depends on the choice of NV, is intricate: if € is too large, then the solution is ‘over-regularised’, and the
scheme loses its accuracy. Conversely, if € is to small, then some of the particles will be neglected, and
the scheme does not converge towards the solution. Choosing the optimal € as a function of N is thus
not a trivial question, and it is possible in some cases to optimise the convergence rate by improving
this regularisation step [11, 29].

Main results

Well-posedness. We first prove that problem (1) is well-posed, i.e. that for any family of parameters
satisfying some regularity properties, defined in € ([0, +00), L' (R%)). The proof heavily relies on the use of
the characteristic curves X, (t,y), solution to the equation

Xu(tv y) = a(t’Xu(tvy)v (Iau)(ta Xu(tvy)>) = 'Q{u(thu(thy))’ te [O’T]a
Xu(0,9) =y,

for y € R% and u € €([0,T], L*(R%)). The main difference with respect to the approach taken for similar
problems, as in [16], is the need for continuity results for X, (¢,y), not only with respect to the trait vari-
able y, but with respect to u as well. The required results are stated in Section 2.1 and proved in Appendix A.

The well posedness of the problem for smooth initial data is proved in Section 2.2 using a standard
fixed point argument. Moreover, in Section 2.3, we consider a more general family of initial conditions
and we prove that the regularity of w(t,-) is linked to that of v°: more precisely, if v0 € W*>(R%)
with compact support, then v € €([0, +o00), W*~L1(R9)). This result can be improved if the advection
is local, i.e. a(t,z,I) = a(t,r): In this case, for any initial condition in W*!(R?), the solution v is in
([0, +oc), W (RY)).

Particle method: definition and well-posedness. In Section 3, we define the particle method cor-
responding to this PDE, by deriving the ODE system satisfied by the particles (z;,w; and v;). For the
non-local case, the equation we obtain is a coupled system with infinitely many equations and unknowns.
We generalise some classical results from the Cauchy-Lipschitz theory in order to deal with this problem,
and prove that the ODE system is well posed.

Convergence of the particle method. Section 4 is structured as follows: in Section 4.1 we prove the
following estimate, detailed in Theorem 6:

hyx
|lv— U?HLI(Rd) < C(ET + (E) + h”)||v0||Wu,1(Rd), forall 0<t<T,
with h = %, C > 0, r € N* (which depends on the regularity of ¢), x € N* (which depends on & and the
local or non-local nature of a) and p € N* (which depends on x and r). This result ensures the convergence
of the particle method in finite time, upon choosing € as an suitable function of h which allows to obtain a

convergence in (g(h)" + ( 5(}2) )"+ h*) which yields a convergence rate of h#+ after choosing the optima value

of e(h) ~ h=+ . Nevertheless, in general this scheme is not asymptotic preserving. Therefore, in subsection
4.2, we show examples for which the scheme is asymptotic preserving, and others for which it is not. In
general, the asymptotic behaviour of a solution is preserved when it converges to a sum of Dirac masses, and
is not when it converges to a smooth solution.

Perspectives and open problems

Although a loss of regularity appears to be taking place when advection is non local, we do not know
whether such a loss of regularity does happen in certain cases. The construction of such an example or, on
the contrary, the improvement of our results in order to prove that, in fact, no regularity is lost could be a



first way to extend our work.

Another open problem is the optimisation of the order of convergence for the numerical solution, improving
upon the order = obtained in the present work. The approach from [11], where the local averages are
viewed as point values of an approximation of the solution, and the regularisation of the solution at time
t > 0 is performed by interpolation rather than convolution, could be a suitable choice.

Lastly, as mentioned before, another direction could be the extension of our results in order to deal with
second order equations, as done in [16], where the Laplacian operator is approximated by an appropriate
sequence of mutation kernels.

2 The problem

For T > 0 and k € N we consider the functions
(t,z,I) = a(t,x,I) € W ([0,T], (WhETEoo(REF)) D) | (5)
(t,z,1) s R(t,z,1) € € ([0 T] x RY, Wkt OO(RI)) N ([0,T] x Ry, WhHLoe(RY)) . (6)

loc
We consider as well (¢, z,y,I) — m(t,z,y,I) such that
0<meF([0,7] x RE x RE, WHEHL2(R)) N ([0, 7] x RY x Ry, L*(RY))NF ([0,7] x RY x Ry, BF(RY))

which is globally Lipschitz with respect to the non local variables and uniformly compactly supported with
respect to the x variable. That is, we suppose m to satisfy the following hypotheses:

e There exists u > 0 such that

supz Z Z|8°‘83 (t,x,y, 1) — S im(t,x,y, J)| < plI — J|. (7)

BEY 2T |al=i j=1

e There exists a compact set & such that the function

M(x) = supz S S 0ot (8)

YT 20 =i j=1

satisfies
supp M (z) C #. (9)

Furthermore, we assume that
[ M| oo (may < M < 0. (10)

From a modelling point of view, assuming m to be uniformly compactly supported reflects the fact
that some traits are realistically out of reach for a given population, and that, in general, mutations
are rare and small.

We remark that hypotheses (9) and (10) imply that

| M]| L1 (ray < |H|M =: K < . (11)



For all functions u € €([0,7], L'(R?)) we consider the linear mappings I,, I, and I; which satisfy, for all
t€[0,T], z € RY,

@mew:/mﬁwwmww@, (12)

]Rd
(Lu)(t.0)i= [ byt )utt,)dy, (13)

]Rd
(tau)ta) = [ watt,z,)ult, )y, (14)

]Rd

where

Yo € W ([0,T] x RE, L®(R) N & ([0,T] x RE, WHE=(RY)), (15)
0 <9y <ty € F([0,T] x R, L=(RY)) NG ([0,7] x Ry, WETL=(RY)) (16)
Ya € 6 ([0,T] x RE, L®(R) NE ([0,T] x RE, WHE=(RY)) (17)

for a certain ¢, > 0. We remark that I,u, I,u,Iqu € €([0,T], L°(R?)). The functions ¢, and ¢4 do not

need to be positive, reflecting this way how different traits have different impacts (which are not always
beneficial) on the environment, and ultimately on the population itself. On the other hand, v, has to be
bounded away from zero. This hypothesis reflects the fact that, at least for the growth term, all interactions
between individuals are of the same type. These interactions may be interpreted as either strictly competitive
or strictly cooperative. In particular, this means that only “very” non-local dependence with respect to u
are allowed. This excludes partial densities, for instance on part of the traits.
Lastly, we assume that there exist non-negative constants I* and 7* such that, for all t € [0,7], z € R%, and
I>17

R(t,z, 1)+ K < —r*, (18)
uniformly on ¢ and z. It is somewhat natural to assume that R is negative for a large population: for
example, if a carrying capacity is assumed to exist, and the population size is approaching such value, then
the growth rate will inevitably drop to levels where no amount of mutations will be able to compensate for
it.
For a given function v° € L*(R?), we will study the existence and uniqueness of solution for the problem

dw(t,x) + Vo - (alt, z, Lot z))v(t, x)) = R(t, z, Lu(t, z))v(t, z) + /m(t,x,dev(t,x))U(ty)d%
R4 (19)
v e €([0,T), L (RY)),
’U(O, ) = UO(')'

We will show that, under additional hypotheses, either over a or v°, we can guarantee the well-posedness
of this problem. In particular, we provide the results regarding the cases of local advection (Jra = 0) and
non-local advection (9ra # 0). We will see that this distinction directly affects the set of initial data v° for

which the existence of solutions is guaranteed.

2.1 Some bounds over the characteristics

Consider a satisfying (5) and 1, satisfying (15) for some k > 1. For all y € R? and u € €([0, T], L*(R%)) we
define the characteristic curve ¢t — X, (¢,y) as the unique solution the following ODE

{Xu(ta y) = a(t, Xu(t,y), (Llau)(t, Xu(t,y))) = Su(t, Xu(t,y)), t€ [OvT]v (20)

Xu(0,y) =y,



where (I u)(t,z) is defined in (12). Since the function t, belongs to W' ([0,T] x R%, L*(R%)), then
(Iqu)(t, z) belongs to W ([0,T] x RZ)  €1([0,7T] x R%). The regularity of a then implies that &/, (¢, z)
is a Lipschitz function with respect to the x variable, uniformly with respect to ¢, guaranteeing this way the

global existence of solution for (20).
For all u € €([0,T], L*(RY)), we define the norms

T
lull = llullzr o, xray = // |u(t, z)|dzdt and [|ul| := S [[u(t, )l L1 ra).-
0 Rd ’

We present some results involving the characteristics. The proofs for such results are given in Appendix A.

The first property we describe is the continuity of the family of characteristics with respect to the spatial
variables and the function wu.

Lemma 1. Let 1, satisfy (15) and a satisfy (5) for k = 0. Consider yi,y2 € R and ui,us € €([0,T], L' (R?)).
Then there exists a positive constant C(T,||u1, ||uzl), such that the solutions X,, and X,, of (20) satisfy
for any t € [0, 7],

d
DX () = X4, (ty2)| < CT Ml luzl) (g2 — ol + llur — usll).
j=1

Secondly, we claim that the spatial derivatives of the characteristics remain bounded by a constant only
depending on T" and ||ul|. We also claim that the spatial derivatives are continuous with respect to the spatial
variables and the function wu.

Lemma 2. Let a satisfy (5) and v, satisfy (15) for some k > 1. Consider u € €([0,T], L*(R%)). Then
there exists a positive constant C(T, ||u||), such that the solution X,(t,y) of (20) satisfies, for all t € [0,T]
and y € R?,

k d
o> > lopXity)l < C(T, [lul). (21)
i=1 |a|<i j=1

Furthermore, for any two points y1,y> € R, and any two functions uy,us € €([0,T], L' (R?)), there ewists
a positive constant Co(T, ||u1l], ||uz||), such that the solutions X, and X, of (20) satisfy for any t € [0,T]

k d
o> D 10X (tn) — 95 X3, (o)l < O(T, fluall, uall)(Jyr = yal + ur — uz]). (22)

i=0 |a|<i j=1

Since for all t € [0,T], y — X, (t,y) is a € -diffeomorphism from R? onto itself, we may define its inverse
as the function satisfying X, (t, X, 1(t,z)) = z for all (t,z) € [0,T] x RZ. We have the following results for
Xt

Lemma 3. Let a satisfy (5) and ¢, satisfy (15) for some k > 1. Consider u € %([0, 7], L*(RY)). Then

there exists a positive constant C(T, ||u||), such that the inverse of the solution X, (t,y) of (20) satisfies, for
allt €[0,T), v € R?

k d ) _
S0 Do () ()| < O |lul). (23)
i=1 |a|<i j=1

Lemma 4. Let a satisfy (5) and ), satisfy (15) for some k > 1. Consider any two functions uj,us €
€([0,T], L*(R%)). Then there exists a positive constant C (T, |lu1 ||, ||uz]|), which satisfies %im0 C(T, |lur]], Juzl]) =
—

0 and such that the inverses of the solutions X, and X,, of (20) satisfy, for all t € [0,T] and x € R?

k—1 d ‘ A N
D> D OEX) () =08 (X)) (6 2)| < C(T [lua ), luz|) lus — 21 (24)

i=0 |a|<i j=1



We remark that thanks to the relation ||ul|y < T'||ul|, the relations (22) and (24) also hold true when
replacing ||ug — usl[1 by [Ju1r — uz]|. Lastly, we give a result regarding the regularity of X, (¢, ) with respect
to t.

Lemma 5. Let a satisfy (5) and ¢, satisfy (15) for some k > 1. Consider u € €*([0,T1) x R?) such that
sup (||u(t,-)||L1(Rd) + [|Qpu(t, ')HLI(Rd)) < +00. Then Xu(t,y) € €1([0,T1],€*(R?)). As a consequence,

t€[0,Th)

X, (t,7) € B (0, T1], B* (RY)).

Proof. Thanks to Lemma 2, we know that under these hypotheses, for all T' < Ty, X, (¢,y) exists and belongs
to €1([0,T], €*(R?)). Consider 0 < t,t, < T}, then

k k d t
S>> Z 05 X0 (tr,y) — 05 Xt p) =D Y D | 25;Xg(s,y)ds|
i=0 |a|<i j=1 i=0 |a|<ij=1 't
k d to

|
N
]

a;x(lj(s, Xu(S, y)7 (Iau)(s, Xu(37 y)))ds‘

i=0 |a|<ij=1 1

Thanks to the regularity of a and v,, the bounds given in Lemma 2 for the derivatives of X, (¢,y) and the
uniform bound for ||ul|.1gre) we conclude that there exists a positive constant such that

Z > Z|8“Xﬂ t1,y) — 05X (t2,y)| < Cltr — ta.

1=0 ‘a|<1j 1

Similarly, we have

k d
Z Z ZW(XXJ (t1,y 8txXJ (ta,y Z Z Z‘a tl, y) — aj(du)j(tg,yﬂ,

=0 |a|<i j=1 1=0 |a|<i J=1

where
(ﬂu)] (t’ y) =aj (t’ Xu(tv y)’ (Iau) <t17 Xu(ta y)))

Again, the regularity up to order k + 1 of the involved coefficients allow us to conclude that

Z > ZWXJ (t1,y) — Xi(t,y)| < Clty — tal.

=0 |a|<i j=1

We have shown that X,(¢,-) is a Cauchy sequence in €*(R?) when t goes to Ty, therefore, there exists
X*(z) € €F(R?) and Y*(x) € €*(R?) such that

RIS ACOES o PER AR ol s
which is the desired result. O

2.2 Existence of solution for smooth initial data

We first provide the proof of existence and uniqueness of solution for problem (19) when the initial condition
vY is a smooth enough function. We still assume hypotheses (5) through (18) hold. For a smooth initial
condition v* we denote by classical solution any function v € €1([0,T] x R?) which satisfies problem (19).

The following a priori estimate will allow us to guarantee the global existence of a classical solution given

that such solution exists over a certain interval [0, T1].



Lemma 6. Let v € €L(R?) and Ty > 0 be such that a classical solution v € €L([0,T] x R?) exists for
problem (19) for all T < Ty, which is positive and has compact support with respect to the x variable. Then,
such solution satisfies the estimate

sup [|v(t, )| 1 ray < max{[[o°]|p1a), . (25)
tel0,Ty] 1/’9
Proof. Let v be the aforementioned positive solution. Denoting p(t) := [[v(t,)|[ 11 (re), We see directly from

equation (19) that

)= [ (Bt (e + [ it (o) e ) oft. )
Rd

If there exists t such that p(t) > 1%, then (I,v)(t,y) = ¢¥yp(t) > I*, which allows us to use hypothesis (18)

in order to conclude

plt) < —r*p(t) < 0.
This way, we see that either p(¢) is smaller than 1ITQ or p(t) is decreasing, which in turn implies the bound
(25). o O

A fixed point argument together with estimate (25) will allow us to conclude the existence of solution for
problem (19) for smooth initial conditions.

Theorem 1. Consider k > 1 and T > 0. Under hypotheses (15) through (18), for all non-negative functions
0 € GF(RY), there exists a unique non-negative classical solution v € €'([0,T], €*(R)) to problem (19).
Furthermore, such solution satisfies

I*
sup [[v(t, )| p1 (raey < max{[[v°|| 1 (gay, —}, (26)
te[0,T ﬁ
sup [[v(t, *)[lwra way < C7l[0° || wea gay- (27)
t€[0,T

Proof. Consider v° € €*(R9). For t > 0 and the function M introduced in (8) we define r; := 2||a| p~t, By,
the open ball centred at 0 and of radius ry,

O, = supp (v°) Usupp (M) + B,,,

and for a > 1 we define p,, := max{a/|[v?|| 11 (ra), } We consider

ue DI = {u € 6([0,T] x RY) - w > 0,supp (u(t,-)) C Ot,/ u(t,z)dr < p,, Vt € [O,T]} .
Rd
We denote as ®u the mapping defined by v = ®u, where v is the solution of

dv(t,x) + Vy - (alt, z, (Lau) (L, 2))v(t, ) — R(t,z, ([gu)(t,z = Jpam(t, z,y, (Lau)(t, z))u(t, y)dy
v(0,-) = v9(:).

Let us denote, for any y € R%, as X, (-,y) the unique solution of

Xu(tay) = a(t, Xu(t,y), (Lau)(t, Xu(t,y))) = Au(t, Xu(t,y)) t >0,
X(0,y) =v.



As stated before, for any t € [0,7], z — X, (t,7) is a €!-diffeomorphism, therefore, for all + > 0 and all
x € R? there exists a unique y € R? such that x = X, (¢,%), which we denote y = X (¢, 2).
We see that,

%v(t,Xu(tvy)) =[R(t, Xu(t,y), (Lgu)(t, Xu(t,y))) — div o (t, Xu(t,y))Jv(t, Xu(t y))

+ y m(t, Xu(t,y), z, (Tqu)(t, X, (t,y)))u(t, 2)dz,

and thus, denoting
Gu(t,y) = R(t, Xu(t,y), (Tgu)(t, Xu(t, y))) — div S (t, Xu(t,y)),
we get

Du(t, Xy (t,y)) =v(t, Xyu(t,y

exp(/ Gu(s,y)d )
+/0 9 m(s, Xu(s,y), z, (Tqu)(s, Xu(s,y)))u(s, z)dz exp </St Gu(T, y)dT) ds

or, equivalently

Du(t, x) =v(t, x)

=00(X, 1 (t, 2)) exp (/Ot Gu(s, X (¢, a:))ds>
+/Ot Rdm(&Xu(S,Xu_l(t,m))’&(Idu)(s,Xu(s,Xu_l(t,m))))u(s,z)dzexp (/t @, X;l(t,x))dr> ds.

The solution v is thus non-negative, according to the non-negativity of v°, u and m. Thanks to Lemma 3, v
belongs to €1([0,T],€"*(R%)) C €([0,T] x R?). Furthermore, the fact that for all t € [0,T], | X (t,y) — y| <
la|| Lot implies that supp (v(t,-)) C Os.

Additionally, directly from its definition, we see that

?u(stu_l(tvx)) S = ||RHL?,‘;,1 + ||a|‘wj~°°Lgf>I + ||a||W}»°°Lto’cI||wa||W;v°°L§oﬁa>

and consequently, for all u € DI we have
[@ut, Do) <™ | [ 0000 (00))do
d
t
+/ / m(s, Xu(s, X5 (t,x)), 2, (Iqu) (s, Xu(s, X, 1 (t,2))))u(s, z)dzdwds)
0 JRre Jrd

t
<e'T / (X (@) da + / M (s, Xu(s, X' (8, 2)))dz / u(s, z)dzds
0 Jrd Rd
d

Making the changes of variables y = X 1(¢,z) and y = X, (s, X, }(t,2)) respectively on each of the integrals
on the last expression, recalling that, according to Liouville’s formula

|JX | _ efo div o, (8,X 4 (t, y))ds

_ S div oy (7, X (8, X 1<s,y)))dr—f S div dy (7,y)dT
|un<t,X;1(s,y>>| = e’ . 0 )
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and using the hypotheses over a and m we obtain that for all ¢ € [0, 7],
[Pu(t, )| L1 (ray < e+ (10°] 1. (ray + KT ||ul| 1 (ray) 5
where a := HG/HW;,OOLS?I + ”aHW}’“’L;"I”waHWj’wafﬁa' Finally, using the hypothesis over v* and u we see
that )
Jout. s < 7207 (L4 KT )

Thanks to the condition « > 1 there exists T, (only depending on « and on the coefficients of the problem)
such that || ®ul| ;1 ey < B, for all ¢ € [0,T,]. In other words, ® : D> — DZe.

We now claim that the mapping ®u is a contraction on some D11, 0 < T} < T, with respect to the
usual norm in € ([0, 7] x RY). For two functions u;,us € DI~ and any t € [0,T,], thanks to Lemma 1 and
Lemma 4, we have

|Puy — Pus| <Ce™| XMt z) — X\ (¢, )|
<Ce"|Juy —us|
<O O4t||ur — uallg (o, xre)-

Clearly, for t =17 small enough, ®u is a contraction, and therefore, thanks to the Banach fixed point theo-
rem, there exists a unique v € D1t such that ®v = v. Such v is a solution of (19) over [0, T}]. Furthermore,
directly from the relation v = ®v we see that v € €1([0, 7], €5 (R?)).

Let us now assume that there exists Th, a finite maximal time such that a solution exists in B for
all T' < Ty, and let v be such solution. Directly from Lemma 6, the solution v satisfies estimate (25) over
[0, Tas). Furthermore, thanks to the relation v = ®v, we are able to show that

sup ([lo(t, )l L1 @ey + [0 )21 @e)) < +o0.
[07TM)

From Lemma 5 we get then that X, !(t,z) € €1([0, T, €*(R?)), and by composition of functions, so is
v = ®v. We can then iterate the previous ideas using v(Tys) € €*(R?) as a starting point in order to obtain
the existence of solution over a certain interval [Ty, Tps + ), contradicting this way the maximal character
of Ths. Hence, there exists a classical solution of (19) for all ¢ > 0.

The uniqueness on € ([0, 7], €5 (R%)) comes from the fact that every other solution on D2° will coincide
with v at least over a small interval (0,¢p) and then, by continuity, the same would hold for all t.

To obtain the W1 (R?) estimates, we differentiate the relation v = ®v and notice that for all multi-index
B such that |5] < k

afv:exp</0t?(sX ) Z o7 (X (@) F) (t, )

lvI<IBl
t t
+/ Fy(s, @,y)v(s, y)dy exp (/ ?U(T,x)d7> ds
0 JRrd o

where the functions F}' and F, are combinations of sums and multiplications of the derivatives up to order
|8] of X;1, R, m, I, and I,. Taking absolute values, integrating over R? and using the boundedness of all
the involved coefficients we arrive at

lo(t, Mlwea ey < Crllvf ”W’Cl(]Rd)JFCT/ [o(s, )llws1 (mayds

and thanks to Gronwall’s lemma we get (27). O
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2.3 Existence of solution for more general initial data

Depending on whether dra = 0 or dra # 0, we will have a different class of initial data for which we are able
to guarantee existence of solution for problem (19). Furthermore, the regularity of such solution might also
be affected.
We first prove that, when dra # 0, a solution exists (in a sense that will be defined below) for any initial
condition v° € W*>(R9), with compact support. However, we do not prove that the regularity of the
solution is preserved over time, even if we did not manage to highlight the existence of cases where a loss of
regularity is observed. Secondly, we will show that, when O;a = 0, not only the set of initial conditions for
which we can claim existence of solution is more general (v° € W*1(R4)), but the regularity of such solution
is preserved for all ¢ > 0.
We introduce the definition of weak solution for problem (19). We say that v is a weak solution of problem
(19) associated to v° € LP(R?) if

v € L*([0,T), L*(RY)),

and it satisfies the equation in the following weak sense

T
/ / vLi’jcpdmdt:/ v0pdz,
o Jrd R?

for any ¢ € €1([0,T) x R?), where we define the operator L by

LZ@(L 1‘) = _3t<p(t7 x)_a(ta Z, (Ia’U)(t, 'r))'v@(t’ LE)—R(t, €z, (Igv)(tv T’))‘)O(t? 1‘)— ]Rd m(tv Y, z, (Idv)(t7 y))@(t y)dy,

for all t € [0,7], y € RY. We remark that a classical solution is always a weak solution.

Theorem 2. Under hypotheses (5) through (18), for all k > 1 and any non-negative functions v° €
Wk (RY) with compact support, there evists a unique non-negative weak solution v € €([0,T], €*~1(R?))
to problem (19). Furthermore, such solution satisfies

I*
sup [|v(t, )| 1 ey < max{[[o°] pagay, ——}, (28)
tef0.7] Yo
sup_o(t, ) lwr-11(a) < Crl0°lwe—11 (g, (29)
t€[0,T]

and, for k > 2, v e €([0,T), € 1(R?)).

Proof. Directly from Morrey’s inequality, we get the relation v* € Wk (R4) c €LY RY). If k > 2, we
are able to apply Theorem 1 in order to get the desired result.

Consider now k = 1. The compact support of v and the W (R?) regularity imply that v € W*1(R9).
This means that, there exists a sequence of compactly supported functions v € %S(Rd) such that

supp (v°). C supp (v°),
[02]lwr.oe (ray <[00 lwrrco ma),

lim [0 = o2l gay = 0.

We denote as v, the solution of problem (19) associated to v?, and we claim that v, is a Cauchy sequence in
%(0,T), L' (R%)).
We recall that for all ¢,

.

_ 0 I*
sup ||'UsHL1(Rd) <P 1= max{”vs||L1(Rd)7 -
te[0,T] g
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Furthermore, the equality v. = ®v. holds true, where ® was defined on the proof of Theorem 1. Consequently,

for €1,e2 > 0 we have the relation

AV ey =Ve, — Vs,

=0y, — Dy,

= (vgl (ij (t,x)) —v2, (X;; (t, x))) exp (/Ot @ (7, t, x)dT) — v, (X;Ei (t,x)) (AE(O, t, 33))

t t
+/ / (ﬂl(s,t,x, z) — Mo (s,t, x, z))vel(s7 z)dz exp (/ fl(T,tx)dT) ds
0 Jre s

t t
—|—/ Mo (s, t, 2, 2) (AVEla2 (s, z))dz exp (/ < (T,t,x)dT) ds
0 JRd4 s

¢
+/ Mo(s,t,x,2)ve, (8, 2)dz <AE(s,t,x)> ds,
0 JRd '

where
Gi(r.t,x) = G, (1, X, (t,2)),
t t
AE(s,t,x) := exp (/ ?1(T,t,x)d7'> — exp (/ fﬁg(T,t,m)dT) ,
S S
.ﬂi(S, t,x, Z) = m(5> X'Usi (57 Xv_gl (tv .’L‘)), 2, (Idvai)(sv X'Usi (8’ Xv_al (tv x))))
We write 0 vt o vt 0 oo N
ve, (X (62)) —og, (X (2) = ol (X (82) — ve, (X (£,2))
+og, (X (@) — g, (X5 (¢, ).
Thanks to the change of variables y = X~ } (t,z) and the relations
T ] =l 8 o (0K Gt
g(saXv_; (t,2)) <v:= ||RHL?},1 + HGHW;*“L;%I + ||a||W11’°°Lt°f’z”wallwi’wa;Oﬁ’
div o, (s, Xy, (t,y)) <a:= ||a\|W11_,ooL??I + Ha||W11,ocL?f,m ||1/Ja||W$,ocL§op,

we conclude that

/ <v21 (Xo (b)) — o, (X0 (8 x))) exp ( /0 ‘it x)dT) da

Rd

t
= / (vgl () —”?2(11)) exp( /0 G, (7, y)dT)le,il (ta @Y

Rd
<eTTIT|0l — 00 || 11 (w).-

0
€97

On the other hand, the compactness of the support of v7_, together with the relation

|X7JE (tvy) - y| < Ha||L°°ta

implies that
v (X, (t,2)) — o2 (Xv:i (t,x)) =0, for all x € O; := supp v° + B,,,

€2 Veq
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where B,, is the ball of radius ||a||p~t. Hence, we obtain

R[ (o806 ) = o5 ) ) o [ ‘Gt )i

<‘Ot|HUQQHWLO"(RCL)G’YT'XU_; (t,ﬂ?) - X_l t,l‘)|

ol

<Crllve, = ves i, (32)

where we have used (24) on the second line!.
From the definition of &, (¢, ), we observe that

t
|AE(s,t,x)]| <67T/ |G1 (7, t,x) — Gao(T, t,x)|dr
<5T||v81 7'062H17 (33)

where éT depends on p, T, the derivatives of R, a and v,, and on the constant appearing in (24).
Using the change of variables y = X,,_ (s, X”:i (t,z)) and recalling that

. | = efot div ol (7, X0, (X0 (5,2)))d7— [§ div oo, (T,0)dT
(X0, (s,@) ’

Veo

Tx

veg

we see that

-1
Xk s W

Veo

//%2(5775,1‘72)(196 = /m(s,y7z, (Tqve, ) (s, 9))|J 5
Rd Rd

< 2T / sup me, (s,y, 2, dy < e*T|H|M.
s,z,1
]Rd

Therefore, we have the bounds

/UO(Xu_Ei (t,2))|AE(0,t,2)|dx < edT||v0||L1(Rd)éT||v51 — Vg1, (34)

Rd

t t
///./%g(s,t,x,z) (A‘/E152(8,Z)>dzexp /?1(T,t,x)d7' dxds < e('H'Q‘NI)T|k%’|MHUEl — Ve, |1, (35)

0 Rd R4

¢
////lg(t,x, 2)ve, (s, z)dz(|AE(s,t,x)|)dxds < AT\ g I Crl[ve, — vey|1.  (36)
0 Rd Re
The function m(¢, x, z, I) having a compact support on the x variable, leads to
Miy(S,t,x,2) — Ma(s,t,x,2) =0, for all x € K + Bay,.
On the other hand, the function m being differentiable and Lipschitz, implies that, for all z € & + Ba,,
[l (3,1, 3, 2) — s (s, by, 2)] <l e | Ko, (5, X2 (1 2)) = Ko, (5, X5 (1)
+ pl(Tave, ) (5, Xo, (5, X5 (8, 2))) = (Lave,) (5, Xo, (5, X, (2, 2))))
Smllypoe + 1allyr=p) Xo., (5, X500 (8, 2)) = X, (5, X (8, 2))]

+ [Yallze [[ve, = ve,ll L1 (ra)-

1This term is responsible for the possible loss of regularity for ¢ > 0: In order to prove that v. is a Cauchy sequence in
%([0, T], WL (RY)), we would need a W2>°(R%) estimate over v2, which we do not have.
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Using first Lemma 1 and then Lemma 4, we conclude that there exists a constant CN'T such that
|‘%1(87 t,x, Z) - ‘%2(37 iz, Z)| géT ('Xv; (t’ Ji) - Xu;i (tr Z')| + ||U51 — Vey ”1 + ||UE1 — Vey Ll(]Rd)>

géT (Hvé‘l — Ve, ||1 + ||U51 - U€2|L1(Rd)> :

Therefore, we have the bound

] / / (/%1(3,16, £,7) — Mla(s,t, . z))vgl(s, 2)dz exp ( / e t,x)dr> duds

0 Rd R4
<IF + Bary[pCre™ oz, — vey 1 (37)

Putting together the bounds (31) through (37), we get

T
Ve, — Ve, |l L1 (ray < Cr (H”gl -2l (w) +/ |ve, — UE2||L1(1Rd)d8> .
0

Thanks to Gronwall’s lemma, we have then the relation

sup [|ve, — Vel ey < Orl|vd, — 02,111 (Ra)
t€[0,T

for some 5T independent of 7 and &5, which proves that, up to the extraction of a sub-sequence, v, is a
Cauchy sequence in € ([0, T], L' (R?)). Therefore, there exists v € €([0,T], L'(R?)) such that

g%tes&l)%] [ve — vl L1 (rey = 0.

Furthermore, such function satisfies the bounds (25) and (27).
We claim now that the sequence L}_¢ converges to L in L>([0,T] x R?) for all ¢ € €2([0,T') x R?). This
is a direct consequence of the relation

[L*vep = L vep| < (Lel|Ygllee + plldalloe) ¢l Lo ey [07 = vll L2 ey

In order to conclude, we recall that all classical solutions are weak solutions, and therefore, for all € > 0

T
/ / ngZEgadxdt:/ vpdz,
o Jrd R4

and taking the limit when e goes to 0 we see that v is a weak solution of problem (19). O

Considering initial data with compact support might be enough in order to model most of the biological
scenarios found in nature. However, the hypothesis v* € W*>°(R9) might be too restrictive for some real
life scenarios. Furthermore, the study of the problem when more general initial conditions are present, is of
theoretical interest. We show below that, when d;a = 0, a solution exists for any initial data v° € I/Vk’l(IRd)7
k>1.

Theorem 3. Under hypothesis (15) through (18), if Ora = 0, for all non-negative functions v° € W*(R4),
there exists a unique non-negative weak solution v € €([0,T], Wk1(R?)) of problem (19). Furthermore, such
a solution satisfies

I*
sup ||v||p1 ey < maX{”UO”Ll(]Rd)a —}, (38)
t€[0,T] %
sup [|vllwe.ray < Opllv°|lwes gy (39)

t€[0,T)
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Proof. As in the proof for k = 1 when dra # 0, we can approximate any function v € W*! by a smooth,
compactly supported sequence of functions v?. The same arguments as in the previous proof will show that
v, the sequence of solutions associated to v, is a Cauchy sequence in ([0, T, L*(R)). Furthermore, given
that the second term in (30), which is responsible for the possible loss of regularity in the previous case, is
equal 0 when d7a = 0, we show that v. is a Cauchy sequence in €([0, T], W*1(R?)) as well. We prove as in
Theorem 2 that the limit of v, is the required weak solution. O

Given that the regularity of the solution varies depending on whether d;a = 0 or dya # 0, and that such
regularity will be of importance in the upcoming sections, we define the parameter

k— 1, if 81(1 7é 0,
k?, if 81a = 0,
which encompasses the information over said regularity.

We remark that if we had 0ym = 0, we might obtain existence for a larger class of mutation functions
m. For conciseness, we will however not consider such cases in the present work.

3 Particle Method

The particle method basically consists in searching for an approximate solution of problem (19) which is a
sum of weighted Dirac masses.
Throughout the following section we suppose

Ve € € ([0,7] x RE, WH=(RY) N6 ([0,T] x Ry, €*(RE) N W (RY)), (40)
0 <9y <ty €% ([0,T] x RE,WHS(RY)) N B ([0,T] x Ry, " (R) N WH>(RY)) (41)
ta € € ([0,T] x RE, WH(RY)) N € ([0, T] x RE, 1 (RE) N WH>(RY).) (42)

Notice that, unlike the set of hypotheses (15)-(17), we have imposed W > (R?) regularity for the y variable,
which is needed in order to approximate the integral terms by sums over a countable set.
Consider as well

0<me@([0,T] xR x REWHS(Ry)) NE ([0,T] x RE x Ry, WH(R)) N % ([0, 7] x RY x R,,‘gj(]R&é))
satisfying hypotheses (7) through (18).

For h > 0, consider a countable set of indices %, € Z%, points ¥ € R? and weights w{ for i € #,. The
weights w? can be regarded as the respective masses of a collection of subsets QY C R? satisfying

QPNQY =0, ifi #j, and | J QF =R% (44)
€S

For example, we may choose the QY as the set of all non intersecting cubes of side length equal h having the
points hi as centers , i € Z?. This way, wd = h?, with each of the 2¥ being a point in Q?. In general we
assume that there exist positive constants ¢ and C such that

ch < |2 — 2}| < Ch, Vi # j, (45)
ch? <wl < Chl, Vi€ g, (46)
Following [16], the particle method then consists in looking for a measure v, of the form

vn(t) = D vi(t)wi(t)da,r),

€I
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where (v := {v;(t) }ieg,, w = {w;i(t) }ieg, T = {x:i(t) }icz, ), is the solution of the following system

.’Ez(t) = Ay’w(t7xi)7
wi(t) = div Ayt zi(t))wi(t),
vi(t) = ( —div A, (t, zi(t)) + R(t, (1), I4(t, x:(t), v, w)))uz(t) (47)
+ g;’ wj(t)yj(t)m(t7xi(t)?xj(t)vjd(taxi(t)7V? ’LU)),
2;(0) = af, wi(0) = wf, vi(0) = %x7),
where
Ay w(t,z) =alt,z, I,(t, z,v,w)),
and

Ltz v,w) o= Y vi(t)w;(t)eu(t, o, z;(t)),

JEIn

with [ € {a,g,d}.
In what follows we assume that h and mg are chosen in such a way that

[0 =Y 00w < oc. (48)
1€ 7n

We define the subset of indices
Fm={ic B 2 € supp m + Blajj o1}

where B, 7 is the ball of radius ||al|z~T". The compact support of m implies that | 7"| < oco.

For a positive value of h and a set of indexes _#, we define the functional spaces

N ) = {u = {uiticg, : Z lu;| < —|—oo},

1€ Jn
() = {w = {w; }icg, : sup lw;| < —|—oo}.
i€

We equip these spaces with the norms

lulles == lus] and [wl|s := sup [w|
= 1€ 7n

respectively. It is clear that for all u € £1(%,) and v € £°°(%,), then uv € £1(#,). For T > 0 we define as
well the spaces
X =%(0,1),¢"(#)) and ;| := €([0,T],£%(5)),

equipped with the norms

lull1,n := sup [lu(t)]l,r and [[w]loo,n := sup [[w(t)]|s=.
te[0,7) te0,T]

Problem (47) is a strongly coupled system of ODEs, with an infinite number of unknowns and equations.
In some cases the system becomes uncoupled (for example if 9ra = 0) or with a finite number of equations
and unknowns (for example if v°, a and m have compact support), however, for the sake of generality, we
present below the proof of existence of solution in the general case, and later discuss briefly these particular
scenarios.

We start by giving two results that will be of great use for the proof of existence for problem (47). First, we
deal with the existence of solution for a simpler system of infinite equations with infinitely many unknowns:
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Lemma 7. Consider a € €([0,T], Wh*(R™ )4, v € XI', w € VI and ¢, satisfying hypothesis (40).
Then there exists a unique family of functions x := {x;}ic 5, i € €1([0,T]) for all i € B, which is solution
of the system of equations
Zi(t) = Auw(t, ), t€[0,T], z;(0) =Y. (49)
When 9ra = 0, system (49) becomes uncoupled, each individual equation has a solution, thanks to the
classic Cauchy-Lipschitz theory. The proof of the general case is given in Appendix B.
The second auxiliary result comes from approximation theory, and it will also be of great use in Section 4:

Lemma 8.

Yo € WEL(RY), ‘/ r)dr — Zm zi( ’ Ch*[|¢llk.1,
Rd i€ Jn

where C is a constant which depends on a, g, |[vw||1,n and T

This result is a direct corollary of Lemma 8 in [36]. More details regarding its proof are given in Appendix
C.
From now on, we suppose h to be small enough so that for any ¢ € [0, 7],

*

S witymlt, @i(t), v, La(t, 2i(t), v,w)) < K + =,

. (50)
[ISH7%

where the values of K and r* are given in (11) and (18) respectively. Such a choice is always possible thanks
to Lemma 8.

Theorem 4. Under hypothesis (5) through (18) and (40) through (46), for all T > 0 and all non-negative
initial data v° € £1(F,, Q0) there exists a unique solution x; € €1([0,T)), for alli € F, w:={w;(") }ics €
G([0,T),£°°( %)) and 0 < v == {vi(-) }ics, € B([0,T),1(F)) of problem (47). Furthermore, there exist
positive constants cr and Cr such that the solution satisfies, for all t € [0,T)

erh < |xi(t) —x;(t)| < Crh, Vi, j € Fu, i # j, (51)
erh < wi(t) < Crhl, Vi€ 5, (52)

I*
lvwl1, < max{HUOhdHﬂ, —1. (53)

Pg

Proof. Consider v° € £1(%,, ), satisfying v° > 0. Consider as well a > 1, and define

I*
ﬁa = max{ahd\|vo\|f17 7}7
g

a:= HGHWT}”‘JL??t + ||a||w;v°°Lgfz||%||W;vw0a-
For T' > 0 we define the set
DT = {(u,w) € X x Vi |luwl|l1.n < By, ¥Vt € [0,T), u(t) = 0,w(t) >0, h%e™ < wy(t) < b}

For any (u,w) € DL we introduce the problem, for ¢ € [0, 7],

:.Ei (t) == Au,w (t; :Ei),

wit) = div Ayt zi(t))wi(t),

vi(t) = (= div Auw(t,@i(t) + R(t,zi(t), Iy(t, 2(t), u, w)))vi(t) (54)
+ g wj(t)uj(t)m(t’xi(t)7xj(t)aId(t?xi(t)vu’w))v

z;(0) = 29, w;(0) = wd, 1(0) = v°(a?).




We denote (v,w) = ®(u,w).
For each pair (u,w), the existence and uniqueness of x; is immediate from Lemma 7. Furthermore, for
all values of 7, we have the following explicit expression for w;

wi(t) =w, efo div Ay, w(s,zi(s))d 87

which satisfies, for any ¢ € [0, 7] ] )
he™ < w;(t) < hed.

On the other hand, for all (u,w) € DL and all values of i, the right-hand side of the differential equation in
(54) is well defined, as we have for all ¢ € [0,T]

> wj(tyu (tymt, (), ;(t), Ta(t (), u,w)) <MY wj(t)u;(t) < Mp,.
JEIn JES
Therefore, the expression for v; is given by

vi(t) =00 )efo Gi(s)ds Z w;(s)u;(s)m(s, z;(s), z;(s), La(s, z:(s), u, w))els G Mg, (55)

0 J€In
where
Gi(t) == —div Ay w(s,z:(5)) + R(s,z:(), I (s, zi(s), u(s),w(s))),
satisfies
sup |%;(t)] <v:= ”RHL;’OI P Hanwj’xLooI + ”a”W}vooLoo_||7/}a||wjv°°Looﬁa-
te[0,7) & b® v

The positiveness of v is immediate from the positiveness of v and m.
Furthermore, given that |z;(t) — 29| < ||a||L=T, for all k € %, and t € [0, T], we have

m<t7 xi(s)a:% I) =0,

forallig 7™ t€[0,T],y € R and I € R. As a result, multiplying (55) by w;(t) for each i and adding for
all values of i, we obtain

Z vi(t)w; (t) < O+ Z (29 hd—i-hd/ Z Z wj(s)u;(s)m(s, xi(s), x;(s), La(s, zi(s), u, w))ds

1€ Jn 1€Jn 0 t€SnIEIN

= (+a)T Z O(x) hd—i-hd/ Z ij s)uj(s)m(s,x;i(s),z;(s), Ia(s, zi(s), u, w))ds
1€Fn 0 S IEI
¢

< AT Z 00 (z9)hd 4 hd\fh"ﬂﬁ/ Z wj(s)u;(s)ds

€S 0 JEIm

N 1
< e(7+O¢)T(a + TKh)ﬁow

where Ky, := h?| #™|M?. Thanks to the condition a > 1 there exists T, (only depending on « and on the
coefficients of the problem) such that ® : DI — DT for all T < T,,.

We now prove that there exists T € (0,T,) such that ® is a contraction over DZ.

Step 1: Bounds over x = {x;}ic g,

Let (u',w!) and (u?, w?) be two pairs in DI, and let o, 22 be the respective solutions of

xz = Auj)wj (t, IZ)

2Notice that h?| 7| ~ |supp m + Bja) poo T
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By following the same ideas as in the proof of Lemma 1 (see Appendix A), we obtain that for all ¢ € [0, T],
Izt (t) = 2?(t)lloo,n < C(T, 1) (lw' — w?|loo,n + [lu' = w®[l1n)

where the constant C(T, h) satisfies %im0 C(T,h) =0
—

Step 2: Bounds over w = {w; }ic s,
From the expression for w, we get, for all ¢ € [0, 7

wx>—w<n<wTwT@wwm4-w@@@w%wﬂﬁmwﬁ—wwmﬁ
+ llallyee (14 [0: La(t, 27, 0, w?) ) Lo (t, 2wt wh) = Lu(t, 7, 0, w?)|
x, I
Hlallyr o 0 ot 2t 0t wt) — a$1a<t,x§,u2,w2)|) .
On the other hand we have

|00 L (t, 27, u?, w?)| <||1/)a||wl°°pa7

[a(t, 2f, ul,wh) = Lo(t, 27, u?, w?)| <Pallvallpre et — 2°|o,n,
+1allzse, e (A lut — |10 + ot = w?|loo,n),
and
|8w[a(taleaulawl) — Ozl (t 37 u , W )‘ <paH1/)aHW2°°”'r _332”00 h
+ [Yallypree e (R flut — w100 + %}llw1 — w?]|oo,h)-
In conclusion, there exists a constant C(T, h), satisfying }iglo C(T,h) = 0 such that
lo = w?lloon < C(T, 1) (' = w?[loon + llut = u?[l1,n) -
Step 3: Bounds over v = {v;}ic,

Using the expression for v, the regularity of m and bounds similar to those used for w, we see that there
exists a constant C'(T', h) satisfying %imo C(T,h) = 0 such that
—

W' = Pl < OB (o~ w

n)-

Consequently, there exists a constant C(T, h) satisfying %im0 C(T,h) =0, such that
—

! = w?lloo,n + 1" = vl < C(T,R) (' = w[loon + llu' = u?[l1n)

which implies that, for 0 < T} < T, small enough, ® is a contraction over DI, and therefore it has a unique
fixed point. Such fixed point is a solution of problem (47) over [0,77).

We now claim that the solution exists for 7" arbitrary, and furthermore, it satisfies the relation (53). Let T}
be the maximal time of existence of solution. Suppose that there exists to € (0, T] such that ||vwl|1 n > P,.
This implies that there exist 6 > 0 and t* > 0 such that for a certain finite subset of _#,, that we denote as
H,, the following statements are true:

S vi(tywilt) < Pas VEE [t —6.8°),

1EH)

3" vitywit) > pa, Yt € (7,8 + 4],

1E€EXn
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This implies the existence of t; € [t*,t* 4+ §] such that the following properties are satisfied simultaneously

Z v;(t1)w;(t1) > p, and <Z Viwi> (t1) = 0. (56)

iE‘%}L ie%h
Multiplying the equation satisfied by v;(t) by w;(t) we get the relation
Ui (t)wi(t) =(— div Ay (t, 2(2) + R(E, 2i(t), Ig(t, zi(t), v, w)) ) vi(t)w;(t)

=+ wi(ﬂ Z wy (t)l/j (t)m(ta xi(ﬂ) Lj (t)7 Ig(tv xi(t)v v, w))7
JEIn

while, directly from the equation for w;(t) we deduce
Vl(t)’wl(t) = div Al,7w(t, xz(t))ul(t)wl(t)

Therefore, adding both relations for i € %}, and using (50), we get

(Z Viwi> (t) = (Z R(t,a:i(t),lg(t,xi(t),I/,w))vi(t)wi(t))

iE€EHn 1€EHn

+ 3 wiwt) ST mltai(t), 25 (t), La(t wi(t), v, w) ywi(t)

jes €A I

< (Z R(t,mi<t>7Iga,xl—(t)))vz-(t)wi(t)) FE )Y witn(0),

1€EHn JEHN

Given that [[v(t1)w(t1)| = P, = i—*, then I,(t1, z;(t1), v(t1), w(t1)) > I*, and consequently
—9g

R(tl,xi(tl),lg(tl,l‘i(tl),lj(tl),w(t]_))) < —pf K,

for all values of i, which in turn implies that

(Z Viwi> (t1) < —% Z vi(t1)w;(ty) <0,

1EH P1EH

which contradicts (56). Therefore, ||vwl1 5 < B, for all values of & > 1 and for all ¢ € (0,7f). We can then
iterate the arguments used to prove existence of a solution, and conclude that the solution can be extended

to any interval [0,T]. As |lvwl||1,n < P, for all ¢, independently of «, taking the limit when « goes to 1, we
obtain (53). O

4 Convergence of the numerical solution towards a weak solution

We study now the conditions under which a solution of problem (54) converges towards a solution of prob-
lem (19), in a certain sense that will be defined later. We split our analysis in two cases: first, the study of
convergence on a finite interval of time [0, 7]. We will see that for any T' > 0, the solution obtained through
the particle method converges towards the solution of the PDE (19). However, the speed of convergence
might be affected by the value of T'. The second case we study is the asymptotic proximity of both solutions
when ¢ goes to co. This is a far more complex and interesting issue, and we show different examples exposing
some of the behaviours that can be observed.

Directly from the study of existence of solutions for each problem, we notice that the sets of hypotheses
we have used, do not coincide. We give a set of hypotheses which simultaneously guarantees the existence of
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solution for both problems, while taking into account the distinction of cases involved in the definition of .
For a certain T' > 0 and k > 0, we consider the functions

Yo € B([0,T] x RE,WHX(RE) N E ([0,T] x RE, G FHRE) N WHHL2(RY)), (57)
0 <ty <ty € F([0,T] x Ry, WH2(RY)) N B ([0,T] x Ry, B°(RE) NW>(R})), (58)
$a € € ([0,T] x RE,WH>(RY)) N ([0, T] x RE, %(R) N W™= (RY)). (59)
As in Section 2 we introduce
a € B([0,T], Wrtloo(RIHLY)), (60)
Re % ([0,T] x Ry, WL (RE)) NE ([0,T] x Ry, €"(RY) N W™ (RY))) (61)

We consider as well

0<me@([0,T] x RE x RE W (R;))NE ([0,7] x RE x R, W=(R%))NE ([0,T] x R} x R}, €5 (RY)) .
62)

satisfying hypothesis (7) through (18).

Finally, we consider v° € W*1(R?) if 9;a = 0 and v° € WEI(RY) N W (R?) with compact support

otherwise.

4.1 Convergence on a finite time interval

We recall that the function v represents the solution of problem (19) while z;, w; and v;, i € #, represents
that of problem (54). We recall as well that

I* _
max{|Jvl, [vwll1n} < max{][v’] L1 gay, [0°h] 1, G TP
Yg
Let € > 0, r € R and ¢ € G.(R?) satisfy the following conditions
[ elads =1 (63)
Rd
/ z%p(x)dr =0, VaeN" |a]<r—1. (64)
Rd
. We define, for all ¢t € [0,T], z € R?
i)
V) =Y viltwi(t)s (e — zi(1)), (65)
1€Jn
a time dependent measure obtained as a sum of weighted Dirac deltas at x;(t),
vi(t,) = (1) ko) (2) = D vi(tywi(t)pe(x — (1)), (66)
1€/

a regular function obtained as the space convolution of v"(¢,z) and . (), where
1 -
Pe = ;d@(g)
We also introduce the following operator, for any function v € L*°(0,T; L*(R%)):

(H?mv) () = S wilt)ot, 24())pe(w — (1))

1€ Jh

We recall a direct corollary of the Theorem 3 in [36]:
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Proposition 5. Let k, r be two integers, with k > d, and let us assume that a € L™ (0, T; Wk+1’°°(Rd)d),
and that ¢ € €L(RY) N WHFHLL(RY) satisfies conditions (63) and (64). Then, for any p € [1,+00], there
exists C = C(T) > 0 such that, for any u € WH*H(R?) (u = max(r, k)),

, E\k
lu =T (B)ul Lo gay < C (" [ullwro@ay + () lullwes @)

We seek to prove the following approximation result between U " and v, the solution of problem (19).

Theorem 6. Assume that hypotheses (57) through (62) are satisfied, and that ¢ € €L(R?) N WkTLL(RY)
satisfies (63) and (64). Then, there exists C = C(T,a, R,m,p) > 0, a positive constant which depends on
T, a, R, m and p such that

N N
||v—vQ||L1(Rd)<C(s’+(g) + ) [[0° i gay, VO <t LT,

where p = max(r, k).
The proof of Theorem 6 strongly relies on Proposition 5 and the following result:

Proposition 7. Under hypotheses (57) through (62), there exists a constant Ct > 0, depending only on T
and on the parameters of problems (19) and (54), such that their respective solutions satisfy, for allt € [0,T],

> lolt,zi(0)) = vi(®)lwi(t) < Orh* o lwas gay. (67)
1€ Jn
Proof. Consider §; as in (88). We define e = {¢;(-) };es where for all i € # and ¢ € [0, T,

ei(t) == v(t, z;(t)) — vi(t),
eci(t) = Be(ei(t))wi(?),

and compute
éc,i(t) = Bllei(t))éi(t)wi(t) + B=(ei(t))wi(t). (68)
We recall that
é;(t) = <Gl,,w(t7 x;(t)) — G, (¢, zz(t))> vi(t) + <Au7w(t, xi(t)) — o, (¢, zz(t))) Vo(t, z;(t))
= Gu(t,zi(t))eilt) + A (t, z:(t)),
where

Gow(t,zi(t)) :==div Ay W (t, xi(t)) — R(t, zi(t), Iy (t, z: (L), v, w)),
Go(t,xi(t)) = div &, (t, z;(t)) + R(t, z:(t), (Igv)(t, zi())),

AM(t,x; (1)) := /m(t,xi(t),y, (Lqv)(t, x:))v(t, y)dy — Z w; (v (E)mt, zi(t), z;(t), La(t, zi(t), v, w)).

R JEIn

The functions a and R being Lipschitz, there exists a constant C' depending on the parameters of the problem
and the value p, such that

]awwmu»%wa<ﬂ<00<)@xm»&@wmxmw|
+ |8x(IaU)(t7xi(t)) a I, (t xz( ) w)‘

+K%®@%UD—%@JNLMMO-
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Notice that

[(Lav)(t, i (t)) = La(t, 2i(t), v, w)| =

[tttz ety - Y- m,m(t),xj(t))uj(t)wj(t)\
Rd

je]h

JE€ESn

| [vattmw e - 3 «w,mt),xj<t>>v<t,xj<t>>wj<t>]
Rd

|35 vty o) (w6630 = 15(0) s 0)

JEIn

c(h”nmwwm iy |ej<t>wj<t>)7

JEIn

where in the last line we have used Lemma 8 and the W*!(R%) regularity of v. Similar results are true for
|02 (1av)(t, 2i(t)) — Opla(t, i(t), v,w)| and |(Igv)(t, z:i(t)) — I4(t, zi(t), v, w)|. In conclusion, thanks to (27),
there exists a constant Cr, only depending on T, the parameters of the problem and the value p, such that

Gt 24(1)) — Bt 2l >>] CT(h“nvOnWwRd Y Jeite |w7<>) (69)

JES

Again, using the Lipschitz regularity of a, we see that

A1) =t 10| <UL 00) ot 50
<Cr (W1l + 3l Olus). (70)
JE€In
The boundedness of a and R implies the existence of a constant G such that for all i € # and ¢ € [0,T],
%0 (t,2:(8))] < C. (71)
We recall from the previous section that
AL (t,xi(t)) =0, Vi & Fy",

where the set of indexes 7" has a finite number of elements, which depends on 7". On the other hand, for
those i € 7", we have

|A(t, 2i(1)))|
< /M(t»fﬂi(t)vy, (Lao)(t, i(t)o(t,y)dy — Y wj(t)v(tij(t))m(t»xi(t)awg‘(t%(Idv)(tyffi(t)))‘
Rd

JE€EIn

+ Y wit)u(t,z(t ‘m (&, 2i(t), (1), (Lav)(t, 2i(t))) — m(t, zi(t), 2;(t), La(t, mi(t)7V7W))‘

JEIn
+ Y wi()]e; (0)m(t @i (t), 2 (t), (Tav)(t, (1))
JES
<c(h“|v||wm<m+u|<fdv><t,m (1)) — La(t, 2:(t), v.w)| 3 wy(t)olt, ;) + 7 Y |ej<t>wj<t>),

JES JEIn

where we have used again Lemma 8, the W1 (R?) regularity of m(t,z,y, I)v(t,y) with respect to the y
variable, and the Lipschitz regularity of m. Furthermore, Lemma 8 gives us the bound

> wi(ty(t,z; (1) < (o]l ey + ChF|[v]lwer (ga,
JE€En
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which together with manipulations similar to those made for |(I,v) (¢, z;(t)) — I, (¢, x;(t), v, w)]|, and the bound
(27), gives

Al (t,2:(1))] < Cr (h”||v°||W~,1<Rd> iy ej<t>|wj<t>). (72)
€I

We denote as F an arbitrary finite subset of %,. If we add (68) for all values of i € &, and use bounds (69)
through (72), together with the equation for w;, we get

(Z es,i(t)> <CrB(t) (h“||v°||wm(uad) + ) |€j(t)|wj(t)),

K i<
where B ~
B(t) := Z(Vz(t) + |V’U(t,3;‘i(t))|)wi(t) +G+ |% N fhm|hdeaT +a.
=K 4
Given that
> vitywi(t) <p,
=4
and

> wi OVt 25 ()] < [Voll ey + CB* [ Vol lws-11(ga),

IEX
thanks to (27), we conclude that there exists a constant B, independent of the choice of # and h, such
that B(t) < Bp. Consequently, for all values of ¢ € [0,7], h small enough and any finite subset of _#,, we

have the relation ,
<Z eg,i(t)> <Cr (hN + |€j(t)|wj(t))~

1EH JEIn

Integrating between 0 and ¢, taking the limit when e goes to zero, and using Gronwall’s lemma, we obtain
that there exists a constant Cr, independent of # such that

Z |e |’LUl CThRHUOHWN,l(Rd).
1€EH

Being Cr independent of & and h, (67) is immediate. O

In other words, we proved in Proposition 7 that the piece-wise constant functions that take values
v(t, 1 (t)) and vy (t) respectively over the intervals Q(t) are close in L (R%).
Proof of Theorem 6. According to the triangle inequality,

v — U?HLl(Rd) < v — H?(t)UHLl(]Rd) + [ITI2 (v — U?HLl(Rd)a (73)

it only remains to bound both terms on the right hand side.

i) According to Proposition 5 with p = 1, and bound (27)

r €Nk r €Nk
o = T2 @)vllr@ey < CE+ ()0l < Crle”+ ()0 up-

i1) On the other hand, one computes

00 = sy = [ | withpel =0 (o(t:(6) = 1) o

i€

< ¥ (whta) - 0] [ loca - o)iae).

1€ 7n
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z—x (1)
€

According to the definition of ¢., with the change of variable 2’ = , we note that

[ lesa = antenlda = [ fotaide <+

by hypothesis on ¢. We have then, according to Proposition 7, that
T2 (6)0 — 02| 1 ey < Crh® 0%l < CRF|[0° |1,

which concludes the proof of Theorem 6.

4.2 Asymptotic preserving properties

The study of the asymptotic behaviour of the solution for adaptive dynamics models, such as (19), is one of
the main interests often treated in the literature (see [3, 4, 6, 12, 15, 18, 22, 24, 30, 33]). For this reason,
the design of numerical methods which preserve the asymptotic behaviour, or at least, the identification of
the problems for which the asymptotics are preserved under a certain numerical scheme, is a priority. In
other words, given that v(¢,-) converges to a measure p when ¢ goes to infinity, we expect to identify the

conditions under which lim lim v”,,(t,-) =, that is, ensuring the commutativity of diagram (74):
h—0t—Fo0 (M)

’U(t, ) 2

t—o0

h—)OT T;Ho (74)

h
Ve () TiSeo! Hh

In what follows, we formally define the concept of an asymptotic preserving approximation, and give exam-
ples and counter-examples of this concept.

We recall that, according to the Riesz representation theorem, the space of finite Radon measures can be
identified with the topological dual space of €.(R%). Hence, we say that a sequence of finite Radon measures
{ttn }nen converges weakly to a finite Radon measure p (denoted p, = ) if for all ¢ € G.(R?),

n—-+0oo

¢(@)dpn(x) — | d(z)du(z).
R4 R4

n——+o0o

This leads us to introduce the following definition:

Definition 1. We say that the particle solution v” defined in (66) is an asymptotic preserving approzimation
of v, the solution to (19), if for all € : (0, 1] — R* which converges to 0 when h goes to 0, and all ¢ € €.(R?),

lim sup

— 0.
t—+oco h—0

Rd

(z)v?(h) (t,x)dx — y o(z)v(t, z)dx

The following lemma ensures that, in the previous definition, v?(hy introduced in (66), can be replaced
by v", introduced in (65).

Lemma 9. The function v is an asymptotic preserving approzvimation of v if and only if

lim sup

— 0.
t——+o00 h—0

qb(x)dvh(t, x) — y o(z)v(t, x)dx

R4
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Proof. Let us prove that for all ¢ : (0,1] — R which converges to 0 as h goes to 0, and all ¢ € G.(R?),

lim sup
t——+oo

(2 )0l (t, 2)dx — o ¢(z)dv" (t,x)

— 0.
h

Rd —0

Let h > 0. According to the definitions of v" and v”, and since [y, o(n) (@ — 2;(t))dz =1 for all i € B,
we get, for all ¢ > 0,

| P@iy (b a)de = | o)

/ zuz Y (1) (6(x) — Blaa(t)) o (@ — i(t))de

<3 ouilt) / (03(8)) 220 o = (2

With the change of variable ‘y = Z” )( )* e get, for all 7 € #,

[ 166 = olast) o = ai@)do = [ [(@(e()y +au(6) = o) ot

where K is the support of ¢. Let n > 0. Since ¢ is continuous with a compact support, and thus uniformly
continuous, then |p(e(h)z + z;(t)) — ¢p(z;(¢))| < n for all i € F, x € K, t > 0 and any h small enough.
Therefore, for any h small enough,

P(x)vly (tx)de — [ (a)dv

Rd Rd

WZ% wz

€S

which concludes the proof, since there exists p > 0 such that 0 < > v;(t)w;(t) < pforall h > 0,¢ >0, as
Zej‘]‘b
proved in Theorem 4. O

The problem of determining if v? is an asymptotic preserving approximation of v is generally a difficult
question. In what follows, we deal with cases where we are able to determine the asymptotic behaviour
of both v and v", and we check if the necessary and sufficient condition from Lemma 9 holds. From now
on, we assume that a is local and not time dependent, i.e. a(t,z,I) = a(z) and that that the functions m,
R, 94 and 14 are not time-dependent. We assume as well that the function (x,y,I) — m(z,y,I) is not
only uniformly compactly supported as a function of the = variable, but relative to the y variable as well.

That is, there exist two compact sets K, and K, such that supm(z,y,I) = 0 for all y outside of K, and
y,I

supm(x,y,I) = 0 for all z outside of K,. We denote K, := K, U K,,. Finally, we assume v, and 14 to be
x,I

compactly supported as functions of the y variable.
4.2.1 Necessary conditions of convergence towards a Radon measure

With the help of necessary conditions, we would be able to rule out those cases where v does not converge
towards certain types of Radon measures, which are the object of our interest. We start by giving a general
result, involving the necessary conditions of convergence towards any Radon measure.

Lemma 10. Let us assume that v(t,-) . j 1 in the weak sense in the space of finite Radon measures.
—+00
Then, for v € {g,d},

A /R ale,y)dply) = To(x) Ve € R,

and for all ¢ € G} (RY),

[ (o) Vot) + e Ty o) Jaute) + [ ([ m oo Tatw) ot )auto) =
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Proof. Let us assume that v(t, -) . : 1. By definition of the weak convergence in the space of finite Radon
— 400

measure, for any ¢ € EL(R?),
t,r)dr — o(x)du(x).
y d(x)v(t, z)dx . » (x)dp(z)

The first identity is thus a direct consequence of the definition of the weak convergence, applied with ¢ =

w’y(‘r> ')7 Y € {g7d}
Let ¢ € €.(R?). One computes

(jt p(x)o(t, x )xZ—/R ¢(@)V - (a(z)o(t,z) + | R(z, I4(t,z))p(x)v(t, x)dz

d Rd

t ( | m(x,y,fd@,x))v(t,y)) b(a)d
= [ (st w0t + G 1 ))¢<x>)< 2)da

+ /Rd (/Rd m (z,y, I4(x)) ¢($)d$> du(y)-

Thus, t — fRd Ju(t,x)dx is a convergent function with a convergent derivative, which ensures that the
limit of its derlvatlve is zero, which concludes the proof. O

The following proposition provides a necessary condition for the convergence to a sum of Dirac masses.

N

Proposition 8. Let us assume that v(t,-) t_: 3 Ciby,, with z1,...,2x € RY, Cy,...,On > 0. Then,
=1

for a = g,d, I,(t, ) oo ZCﬂ/}a(m z;) =: Io(z). Moreover, for all i € {1,...,N}, a(z;) = 0,

R (zi,14(x;)) =0, and for all x € Rd m(z, 2, Ig(x)) = 0.

Proof. According to the previous lemma, for all ¢ € €1(RY),

N

N N
Z Cia(z;) - Vo(xi) + Z CiR (24, Iy(x:)) o) + Z Ci /Rd m (z, x4, La(x)) p(x)dx = 0.

=1

Let ¢ > 0. For any non-negative function ¢. € €(R?) with a support on R%\ Ufil B(zi,e), we have
that
N —
/d Z Cim (z, 2, I4(x)) ¢e(x)dz = 0,
R =1

N —
which proves that = — Y- Cim (2, z;, Is(z)) is 0 on RY\ Ufil B(z;,e). Since m is a non-negative function,
i=1

foralli € {1,..N}, z —» m (x,xi,Td(x)) is 0 as well on R%\ Uivzl B(x;,¢), and therefore on R, since the
result holds for any € > 0. Hence,

N N

> Cia(w) - V(i) + Y CiR (w5, Iy(w:)) $lw:) =0,

=1 i=1
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for any ¢ € €} (R%). By choosing qﬁ; such that

¢5(x;) = 6;j and Vi (z;) =0, i,j € {1,...N},

where 0;; represents the Kronecker delta, one proves that R (x“E(xl)) =0forallie{l,..N}.
Finally, by choosing ¢;; such that
Vo2 (i) = dijer, i,j € {1,..N}, 1 € {1,..d},

where {e;}&_, represents the euclidean basis in R?, one proves that a(z;) = 0, for any i € {1,...,N}. O

4.2.2 Limit identification and asymptotic preserving approximations

In some cases, it is possible to guarantee the existence of a limit for v and identify it.
Assume that there exists & € R? an asymptotically stable equilibrium for the ODE ‘¢ = a(z)’ and that there
exists C,0 > 0 such that

Yy € supp(n®),t >0, | X(t,y) —z|| < Ce . (75)

Moreover, let us assume that there exist positive values D, I"™ and I such that
R(z,I™) >0, R(z,I™)<0and 0;R(z,I) < —D, Vx € supp(x®). (76)

Then, we can compute the limit of v" when t goes to 4+00, whatever the value of m, as stated in the following
proposition.

Proposition 9. Let us assume that supp (’UO) is a compact set such that hypotheses (75) and (76) hold.

Then, v converges to py 6z in the weak sense in the space of Radon measures, where py, is the unique
solution of
R, (2,&)pn) = 0.

The following lemma, proved in Appendix D, is required in the proof of this result.

Lemma 11. Let u € €% (R, ,R) be a bounded function, and let us assume that there exist pg >0, p: Ry —
Ry a function which satisfies p > po and B € L*(R,) an integrable function such that

u(t) = —p(t)u(t) + B(t).

Then, there exists us € R such that lim u(t) = teo.
t——+oo

Proof of Proposition 9. Given that supp (vo) U K, is a compact set which is strictly contained in the basin
of attraction of # we will have the existence of %0 C %, with |£0] < +oo such that v"*(t) # 0 only for
ie 7.

Let us denote, for all i € 70, a;(t) := v;(t)w;(t), and

pr(t) == Z a;(t) = Z a;(t).
i€ Sn ie s

Let us note that, according to the hypotheses on a, for all i € £, z;(t) converges to &. Thus,

ot = pu()s —

¥ ttoo
Hence, it only remains to prove that p, converges to the expected limit. According to the definition of py,

pn(t) =Y Rlzi(t), Lot zs())as(t) + Y wiltym(ai(t), z;(t), La(t, zi(1)))a (¢) - (77)

iegP i,jEFY

:=e(t)
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According to hypothesis 75, there exist C,d > 0 such that
|zi(t) — 2| < Ce™®, Vie g2, Vt=>0.
Thus, for all i € £,

w; (t) _ efof div a(zi(s))dswi (0) < efJ div a(z;(s))—div a(£)ds ediv a(i)twi (0)

b

<C
which proves, since div a(#) < 0, that there exist C’, 4’ such that for all ¢ > 0,
0 < max w;(t) < et (78)
ie s
In particular, it proves that ¢ — &(t) defined in (77), converges to zero with an exponential speed, since

|e(8)] < max w;(t)]7,|[ml| Lo pa (t),
1€ 7n

and pp, is bounded, according to Theorem 4.
Moreover, according to the hypothesis on 1y, 1 p(t) < Iy(t, 2i(t)) < [[1bglloc p(). Thus, according to the
hypotheses (76) on R, the relation

i) > (i (R (0. Ly, s0) ) (0

ie g

implies that, as soon as p, becomes small, and so does I, pp, becomes increasing, which proves that py is
lower bounded by a positive constant. Moreover, since p, and ¢ are bounded, and

lédley = D la(®) < D 2ldiv a(wi())] + [R(xi(t), 1y(t, 2i(8)]) cit) +£(t)
=7 =7

< (2llallwr ey + R) pu(t) + (),

where

R:= max |R(x;(t),I,(t,zi(t)))],
teR i€ 7Y

then ||&||s, is also bounded.
Now, let us prove that pj, satisfies the equality of Lemma 11. First, for v € {g,d}, we compute

G 0ai) = 00,20 < | 3 (o000 030,250 + iy 00, )0 )

jes?

ST (s (wa(t), () — by (8 8)) by (1)
jesP
<2 ?el?ﬁa(xi(t)””ZZJ'V”WLOO(Rd)Ph(t) + ir;lgolw(xi(t),fﬂj(t)) =Py (&, 2)][ ]|, -

’ h

Since hypothesis (75), is satisfied, the functions ¢ — ma>0<|a(aci(t))| and t — max0|wv (xi(t), z;(t)) — (2, 3)]
i€ LIES

converge to zero with an exponential speed. Since | 72| < +oo, this proves that, for v € {g,d},

2.

ety

DL 0 i(0)) (3, 2)n (1) = O, (79)
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for a certain § > 0.
Thus, by differentiating (77), we get

pn(t) = > alwi(£)da R(wi(t), Lot x:(0))ai(t) + Y (jtf.qu,xi(t))) OrR(wi(t), Iyt i(t)))evs (1)
ieg? ie 7Y
+ Y R (), Tt i) + Y, wilt)ym(@i(t), a;(1), La(t, z:(t)))d; (t)
i€ g0 1,JET
+ Y () m(ai(t), 25 (0), Lat, @)y () + D wi(t)%m(wi(t)»wﬂt),Id(t,wi(t)))aj(t),

i,JEFY i,jEFY
where

i) > a(xi(t)0p R(zi(t), I,(t, xi(t))ay(t) = O(e™), since néivx|a(xi(t))| converges to zero with expo-
i€ 7Y 1€Jn
nential speed, and d, R and p;, are bounded,

ii) according to (79), > (&1,(t,z:(t))) OrR(zi(t), Iy(t, zi(t)))as(t) = —p(t)pn(t) + O(e~"), where
i€gy

pt) = =ty (8,8) Y OrR(wilt), Ly(t, zi(t)))a(t) > Dy min pu(t) > 0,

ie g
i)
D @) R(@i(t), Iy(t,zi(t)) = Y Rlwi(t), I (t, (1)) i (t)
i€ 70 ie gL
:=P(t)=0
+ Y wi®)R(@i(t), Ly(t, (1)) (E)mlt, wo(t), 2;(2), Tat, (1)),
LIESY

=0(e—9%)

where the relation for the second term was proved thanks to the bound

D wilt) R(wi(t), Iy(t wi(t)) ey (Dm(t, @ (t), 25 (t), La(t, 2i(t))) sﬁﬁph(t)\ﬁ?\@gwi(t%
i,jEF

the boundedness of p;, and inequality (78),

i)
> wilt)yml@i(t), m;(8), La(t, i (8))ds(0) + Y abi(8ym(as(t), @5(0), La(t, ws(t)))oy ()
i,5EFL i,jEFY
B YD wilt) gm0, 50, Tt i)y 1) = Oe™)
LIEF

since for all ¢ > 0,

> witym(i(t), z;(t), La(t, (1)) (t) | < M|F [l greliggwi(t),
i,jEFD h
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> i(t)m(ai(t), (1), Lat wi(t))a; (1) <Mph(t”jiﬂ”anwlm(ﬂw)?eli%wi(t)v

,JE€In
and
Mie;hw(t)jtm(xi(t),xj<t>,fd<t,mi<t>>>aj<t> 7 (e + | Tt )] ) )15 s ),

where 4 I,(t, z;(t)) is bounded thanks to (79). For these three inequalities, we conclude with (78).

Hence, ph( ) = —p(t)pn(t) + O(e%). According to Lemma 11, p, has a limit when ¢ goes to co, which

we denote Pn. Since ph(t) = > R(xzi(t),I,(t, z:(t)))ou(t) +&(t), which converges to R(Z, ¥q(&, &)pn)pn, we
z€fh

deduce that R(&,v4(&,&)pn) = 0, since p, > 0. O

When m = 0 and under the same assumptions for the remaining coefficients of the problem as in
Proposition 9, we are able to identify the limit of v and prove that it coincides with the limit of v”. According
to Lemma 9, this ensures that v" is an asymptotic preserving approximation of v.

Theorem 10. Let us assume that there exists & € R? which is an asymptotically stable equilibrium for the
ODE & = a(x) such that hypothesis (75) holds. We assume as well that m = 0 and that hypotheses (76)
hold. Then, v converges to p dz in the weak sense in the space of Radon measures, where p is the unique
solution of

R(&,v4(2,2)p) = 0.

Consequently, v? is an asymptotic preserving approximation of v.

Proof. Let us recall that

p(t) = /]R ot 2)dr.

We recall as well that, the function a being only dependent of z, the characteristic lines X;(x) := X (¢, z)
satisfy X; ' (z) := X 1(t,x) = X_;() and X;(X,(x)) = X;1 (). By using the fact that, for any = € RY,

v(t, ) = 0(X_y(x))e? OO0,
where

G(s,t,7) = / R(Xr o), (L,0) (7, Xr—o(2))) — div a(Xs_s(x))dr,

and that, by hypothesis, K := supp(v°) is a compact set included in the basin of attraction of Z, one proves
that supp(v(t,-)) is the image of supp(v°) by X¢(+). Since X;(y) converges to & for all y € supp(v°), we
prove that K; := supp(v(t,-)) = X;(supp(v?)) = X;(K) is a compact set included in the basin of attraction
of , for all t > 0. By (75), there exist C' > 0 and § > 0 such that

[X:(y) — 2] <Ce ™, VyeK, Yt=0

Let ¢ € €.(R%). By definition of p and by using the change of variable ‘z = X;(y)’ we get
| 16@) = s(@)o(t,a)do
K

= /K 16(X4(y)) — (&) [v(t, X, (y))elo v alXe@) gy

p(z)u(t, x) — p(t)d(2)

N

‘Rd

< mald(Xi(y) = 0(@)] [ olt, Xi(y)eld 0 21y
= maxl6(X; 1) ~ 6(@)lo(0).
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Since p is bounded, this proves that

o(t,) — p(t)ss — 0. (80)

t——+o0

Hence, it only remains to prove that p converges to the expected limit. We see that
p(t) = | R, (L)t 2))o(t, 2)de. (s1)
Rd

First, let us note that p has a positive lower bound. Indeed, according to the hypothesis on 1, for all z € R4,
g p(t) < (Igv)(t, @) < ||1bgl[L p(t). Thus,

0> (smin (Rle. (10)(t.2) ) p(0)

rEK

Hence, as soon as p(t) becomes small, and so does I,(¢,z), p becomes increasing, which proves that p is
lower bounded by a positive constant. We get an upper bound for |p(¢)| from the relation

Ip(t)| < (max (R(z, (Igv)(t,ac))) p(t),

reEKy

and the boundedness of p(t).
We introduce now the function .
3t y) = v(t, Xi(y))elo I o,

which satisfies
[ty = [ ottado = 0.
K K

Moreover,

9o (t,y) =R(X¢(y), (Ig0)(t, Xe(y)))o(t, y)- (82)

Before proving that p satisfies the equality of Lemma 11, we observe that the following relation holds for all
y € K:

X)) 0y (2000 < | [ X)) oty (o), o,
Ky

. (83)

][0 2) — vyl 0unte 20
Ky
From the equation satisfied by v, we see that

[ (X)) = 040 2)) Dot )

= V. 0e(Xe(y), 2)a(z)v(t, 2)dz
Ky
| @i 2) ~ 60, 2) R (L), 2ot 2)d
Ky

= [ Vo (). X @al X)), 2)a

+/K(wg(Xt(y)th(E))—%(f%i))R(Xt(i),(Igv)(t,Xt(Z)))ﬁ(taf)di
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which allows us to conclude that

g (Xe(y —y(&,2))0(t, 2)dz

<mas [a(Xe(2) 4l < o)

+ max [, (Xe(y), Xe(2)) = g (@, 8)| Rp(h).

’Kt

Using this relation in (83) gives

d
L

Lyw)(t, Xu(y)) - wv(f,i)b(t)‘ <2max |a(Xe (2) [y llw.oe @) p(t)
+ max ¢ (Xe(y), Xe(2)) = ¥5(2, 8)| Rp(?),

which proves, according to hypothesis (75), that for all y € K

S X (1)) = Va3, 2)3(0) + Oe™)),

for a certain § > 0.
Differentiating (81) we get

( o )

d
=%
d
@
- /K a(Xu(y)) - VaR(Xu(y), (L)t Xo(1))5(t, y)dy
- / j(z O)(t X2 () ROGw). (L) (1 X4 (0)2(0, 0)dy

Let us note that

i) Since a(X;(y)) converges uniformly to zero with an exponential speed, then

[ i) VLR ). ()t Xu0) 66,y = O,

thanks to the boundedness of VR and p(t).
it) According to (84),

[ 506 Xel)01 RX0), () 8 X5 ()56 )y = ~p(p(0) + O™,

with

p(t) i= =y (&, 1) /K 1 R(X(y), (Lgv)(t, Xe(y)))0(t, y)dy > 1g(&,2)D min p(t) > 0.

t>0

iii) Directly from (82),

2
[ RO L) e X))t i / 0) (1 X)) 0t )dy
K
: P(t

34



Thus, () = —p(t)p(t) + O(e=), hence, p converges, thanks to Lemma 11.

Recalling (80), v(t,-) thus converges to pd;z, where p is the limit of p. We conclude, according to
Proposition 8, that j satisfies the expected equality.
Having proved that v and v" share the same limit is enough then to conclude, thanks to Lemma 9, that v”
is an asymptotic preserving approximation. O

If m is not 0, under very specific hypotheses over its support, we can extend the result of Theorem 10.
The explanation behind this is simple: as long as the population is composed of traits that are not prone to
mutatations, it will evolve as in the case where mutations are not possible at all.

Theorem 11. Let us assume that there exists & € R? which is an asymptotically stable equilibrium for the
ODE i = a(z) such that (75) holds. Moreover, let us assume that supp (v°) U K, is a compact set such that
there exist C', 6" > 0 such that

Vy € supp () UKy, t>0, [X(ty) -] <Ce,
that |J (Xs(supp(v®) U K,))NKy, = 0 and that hypothesis (76) holds. Then, v converges to pd; in the weak

=20
sense in the space of Radon measures, where p is the unique solution of

R(%,¢4(2,2)p) = 0.
Consequently, v? is an asymptotic preserving approximation of v.

Proof. By using the fact that, for any 2 € RY,

v(t,z) = v0(X_y(2))e” ") +/ m(Xs—i(2), 2, (Lav)(s, Xs—t(x)))v(s, 2)dze? S0 ds,

Rd
where
(5,,2) / R(Xo—1(2), (1) (7 Xr—o(2))) — div a(X,—o(x))dr,
we observe that supp(v(t,z)) C Xy(supp(v?))U U X (K.) C U (Xs(supp(v®) UK, )), therefore
0<s<t 520

u(t, ) =0 (X _4(x))e? ") / Rdm s—t(2), 2, (Lqv) (8, Xo—t(2)))0(s, 2)dze? S0 ds

:'UO(X7 ( 00 / / (XS*t(x)vzv (IdU)(S,Xsft((E)))’U(S,Z)dzeg(s’t@)ds
supp(v(t,z)
ZUO(X_t(l‘))eg(O Jt,x)
Therefore, we can replicate the proof for the case m = 0. [

The result of Theorem 10 does not generalize when supp (UO) is not strictly contained in the basin of
attraction of x4, as shown in the following result:

Proposition 12. Let us consider the one-dimensional PDE

Ov(t, x) + Vo - (alx)o(t, x)) = (r(x) — p(t))v(t, ),
p(t) = [z o(t, z)dz, (85)

which is a particular case of (19), and let us assume that there exist x,, < xs such that a(x,) = a(z ) =0,
0

a(zy) > 0, d(z) < 0, supp(n®) C [z, zs], n°(zy) = 0, and that there exists a > 0 such that n® (z) =
@) +(((E — 2y)%) and that r(xy) — (L +a)f'(zy) > r(xs). Then, v! is not an asymptotic preserving approz-

T,
imation of v.
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Proof. The long-time behaviour of the solution of (85) has been studied in detail in [24], and it has been
proved, under the hypotheses of Proposition 12, that v converges to a function in L'. Let us now compute
the limit of v". Since n°(z,) = 0, we can assume, without loss of generality, that for all i € %,, 2¥ € (0, 1].
Thus, since a > 0 on (2, zs), for all ¢t > 0, z;(t) converges to z5. As seen in the proof of Proposition 9, v"
therefore converges to r(z;)d,,, and v? is therefore not a asymptotic preserving approximation of v. O

5 Simulations

In this section, we present some simulations obtained with the particle method developed throughout the
article. In Figure 1, we deal with the non-local advection equation presented in [22], which writes

O (t, ) + Vg (a(t, [o(t,z), Lu(t,z)) =0, xR t>0, (86)

with Ljv(t,z) = fw z;v(t, x)dz, for j € {1,2}. Note that this equation is not exactly a particular case of (1),
since there are two non-local terms involved for advection, but the particle method can straightforwardly be
adapted to this case. As in this paper, we show that, depending on the parameters, the solution of this PDE
can converge to a single Dirac mass, to a sum of two Dirac masses, or to the sum of four Dirac masses. The
parameters used for the simulations are the same as the one detailed in Figures 9, 10 and 11 of [22].

Figure 2 illustrates different scenarios for the equation

dpo(t, ) + Ve (a(z)v(t, x)) = (r(z) — p(t)) n(t, z),
p(t) = [y o(t,z)dz, (87)
n(0,z) = n°(z),

with a(z) = (1 —x), and an initial solution supported in [0, 1]. This equation has been studied in [24] where

it has been proved that its solution can either converge to a function in L!, (which depends on the initial
condition), or to a Dirac mass on 1, depending on the functions r and n°.
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(a) Monostability
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35
0.3 1.50 50
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o1s 0.75
: 20
0.10 05 050 05
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(b) Bistability
T=0.05 T=0.2
30
035
1.50 .
030 125
0.25 20
1.00
0.20 15
075
15
° 0.50 10
0.10 :
0.05 0.25 5
0.00 0.00 0

(c) Quadstability

Figure 1: The three possible regimes of convergence for equation (86), obtained with the particle method.
The lines (a), (b) and (c) respectively show the convergence to a single Dirac mass, two Dirac masses and
four Dirac masses, and have been obtained by choosing the parameters of Figures 9, 10 and 11 of [22]. In
the three cases, we have chosen N = 100, h = 2./100, e = h°8, and the cut off function ¢ is a Gaussian.
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(d) Solution of (87) at different time steps, with n°(x)
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(b) Solution of (87) at different time steps, with n°(x)

T=1

0.6

T=5

(c) Solution of (87) at different time steps, with n°(z) = 2%, r(z) = 6 — 4z
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Figure 2: Different possible regimes of convergence for the solution of (87). The first three lines (green, blue

and orange curves), show the convergence to a function in L', which can be explicitly computed (see [24]),
and is represented by a black dashed line. Note that the limit function is different when the initial condition

changes. The last line (red curves) shows the convergence to a Dirac mass in 1. In the four cases, we have
chosen a(z) = z(1 — ), N = 5000, h = &, & = Vh and the cut-off function ¢ is a Gaussian.

A  Proof of the results over the characteristics

In order to prove results which involve the use of absolute values, we introduce a smooth re-normalizing
sequence of functions. Consider a sequence of smooth positive functions S, satisfying 5.(0) = 0, S-(s) > 0
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for all s # 0, B.(s) < |s|, Be(s) — |s| almost everywhere, |5.(s)| < 1 and s8.(s) — |s| almost everywhere.
For example we may choose

—s—e(1-2) if s < —¢,
Be(s) =< 2 (1 —cos(£s)) if —e<s<e, (88)
s—e(l—2) if s>e.

Proof of Lemma 1. We introduce the notation
AX;(t) = X3, (tyn) — X3, (1, 42).-
For all t € [0, 7], the function

d
)= 30 8.(A%; (1)

satisfies then the relation

d
Ue(t) = Z ﬁE(AX](t)) (aj(tv Xy (tv yl)a (Iaul)(tv Xy (tv yl))) - a’j(tv Xy (tv yQ)a (Lﬂtg)(t, X, (tv yQ))))

d d
< (IIajIIW;»oo D IAXO] + lag e | (Lawn) (8, X (t:91)) — Lauz) (¢, Xu, (tyz))I)

i=1

<dlallyp1 .o <Z|AX )+ [(Taua)(t, X, (8, 91)) — (faU2)(t7Xu2(t,y2))>
d

<dlallyp .o <(1 F [Vl poe lluall) D IAX ()] + [[Yal o< flua u2|L1(]Rd)> :

=1

Integrating between 0 and ¢ we get

U5(t7 y) - UE(O’ y)
< dlall <<1+||wa||mwg,w||ul||> A me s + el [ ||U1—U2L1(Rd)d5>-

Taking the limit when € goes to 0 and applying Gronwall’s lemma we get the desired result. O

Proof of Lemma 2. We explicitly give the proof for £ = 1. The proof for higher values of k follows the same
ideas.

Thanks to the hypothesis over a, the function X, is one time differentiable with respect to y, and directly
from (20) we get the system of equations

0y, Xu(t,y) = Ju(t, Xu(t, )0y, Xu(t,y), te[0,T], (89)
0y, X (0, ) = ey,
for all values of ¢ € {1,...,d}, where
[Ja(t,2)];; = Oza;(t, 2, (Lau)(t, ) + Ora;(t, x, (Lou)(t, x)) /d O, o (t, z,y)ult, y)dy, (90)
R

is the Jacobian matrix of the function a(t,x, (I,u)(¢,z)) and the e; represent the canonical basis of RY.
The function

Zﬁga X ()

i,5=1
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satisfies then

n d
%(tay) = Z ﬁ Z 7y )]k] ath ( )
i,7=1 k=1

and consequently

Va(t,y) < dllalyy e (1 + [1¥allyz oo l[ull) > 10, Xt ).
ij=1

Integrating between 0 and ¢, we obtain the relation
Ve(t,y) — V(0,y) < doq/ Z|6%X (s,y)|ds
0
3,j=1

with @; := sup ||a||W1,?o(1 + ||Yall 100 o [lu]|), which after taking the limit when € goes to 0 leads to
te[0,7) z v v

Z 10y, X2 (t,y)| d+da1/ Z 10y, X7 (s,9)|ds.
i,7=1 i,7=1

We obtain (21) thanks to Gronwall’s lemma.
In order to prove (22) we adopt the notation

Aakaj(t) = akail (tayl) - akaszQ (tayZ)

and define 4
[JXu (t, y)]jk? = ayk Xi (ta y)>

which satisfies the relation
J).fu (ta y) = Ja(ta Xu(tv y))']Xu (ta y)7 JXu (Oa y) = Ida

with J,(t,x) as defined on (90). Consequently, we have that

0= 330 (30,00

j=1k=1

satisfies for all ¢ € [0, 7]

M&

65 Aa"/kX t Xu1 t yl))]ijaykxil(tvyl) - [Ja(t,XuZ(t,yz))]ijakaiz(t,yz))

>
U
‘Mg..
Mg

~

Il
N
x~

Il
_

z=1

| [Ja (ta Xu1 (ta yl))]ijayk Xju (t, yl) - [‘]a (ta Xu2 (tv y2))]ijayk X71j42 (tv y2)|

-
M=
M=

J=1k=1:=1
d d d
< Zl; 2 |[a(t, Xy (t,92)))is | |20y, X (1)]
+ Z Z Z H']a(tv Xu1 (t7 yl))]ij - [‘]a(t7 Xu2 (tv yQ))]l]‘ |8ka1iLz (tv 92)| .

From the hypothesis over a and v, we see that

[ a(t Xuy (6 y1))]ij] < llaflyree (U [[dallypre oo lual])-
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Furthermore, from the definition of J, (¢, ) we conclude that there exists a constant C, depending only on
||a||Wf»I°°7 ”wanwﬁ"x’L;o and ||u;|| such that

|[Ja(t,Xu1(t»y1))}ij - [Ja(t»Xw (t,y2) 2]| Z |X (t,y1) (t7y2)| + [lur — “2||L1(]Rd))

(|y1 —yo| + [lur —ualli + lur — w2l L1 (ray),

where we have used the results from Lemma 1 on the second line.
Putting all estimates together, we conclude that there exist constants C; and C5 only depending on ||a||Wz,;>e7

||¢a||v[,§,ooch and ||u;|, such that

d d
<CLY Y 10y, XY, (8 1) — 0y, X3, (£, y2) + Callyr — yal + [lur — ually + [lur — |1 za))-
j=1k=1

Integrating in time, using Gronwall’s lemma and taking the limit when € goes to zero, we obtain (22). O

Proof of Lemma 3. We explicitly give the proof for £ = 1. The proof for higher values of k follows the same
ideas.

Differentiating once each component of the equality X, (¢, X, !(¢,7)) = x with respect to each of the variables
Tk, we obtain the family of relations

d
> 0, X0 X (4, 2)0x, (X 1) () =65k, Gk =1,....d,

i=1

where 0, represents the Kronecker’s delta. Written in matrix form, this equality reads
Tx, (t, X (t,2) o (@) = La.

It is known that the matrix Jx, (¢,y) is invertible for all values of z, furthermore, its determinant is given
by the expression

I3 Vara(s,y,(Iau)(s,9)+0rals,y,(Taw)(5,9)) [ Vatba(s,y,2)u(s,z)dzds
det(Jx,(t,y)) = e rd >er >0

for all values of ¢t € [0,7] and y € R%.
We conclude by writing
JXu_1 (ta (E) = Jil (tv szl(tv l’)),

and noticing that all of the components of J (t X, 1(t,x)) are a combination of sums and multiplications of

the components of Jx, (t, X (¢, z)), divided by det(Jx,(t,y)). The bound (21) from Lemma 2, together with
the lower bound for the determinant of Jx, (t,y) gives the bound (23) over the components of Jy -1 (¢,x). [

Proof of Lemma 4. We explicitly give the proof for £ = 1. The proof for higher values of k follows the same
ideas.
Differentiating with respect to ¢ the relation X, (t, X, (¢, 2)) = z, for i = 1,2, we see that

a(t, z, (Tow)(t, z)) + Jx,, (t, X, Mt 2) Xt 2) =0,

which gives )
X;il(t, x) = —J)_(i_ (t,quil(t, x))a(t, z, (Lyu;)(t, x)). (91)
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From now on we adopt the notations
At x) = a(t, x, (I,u;)(t, ),
K'(t,z) = —Jyx (t, X, (t,x)),
AXH(tx) = (X1 (o) — (X)) ().

The function .
We(t,z) = ZﬂE(AXj_l(t,x))
j=1

satisfies the relation

1M
M= IM=

Ws(tv x) = BE(AXJ‘_l(ta LE)) (Kjlk(ta x)Allf(tv SC) - ngk(ta ‘T)Ai(ta ‘T))

N

<

Il
_
=~

Il
—

From Lemma 3 we know that all components of K? are uniformly bounded by a constant only depending on
T and |lu;||. We deduce from the hypothesis over a that the components of A’ are uniformly bounded by
a := ||a||. Therefore

U

d d
We(t,2) <O, i) 3 ALt w) — A2 (ta) +a S KN (L) — K4(t,2).

k=1 j=1k=1
The function a being L-Lipschitz with respect to the I variable, we have that, for all values of k
ALt @) — Aj(t,2)] < Lllval e [Jur — uzl| 1 ray.-
On the other hand, from the definition of K’ and Lemma 2 we conclude that there exists C, depending on
T, HaHWf,’}”’ ||¢a||wf>°°L§o and ||u;|| such that
0, if 9ra=0,

|K}k(t,$) - ngk(tvx)‘ <

0(,%1!()(;3)]'(@0:)—(Xu‘;)"(t,x)+|u1—u2||1>, it dra#0.
=

Putting everything together, integrating between 0 and ¢, taking the limit when e goes to 0 and applying
Gronwall’s lemma we get (24). O

B Existence of solution for a system of ODEs with infinitely many
unknowns and equations
Proof of Lemma 7. For all u € X,ﬂ there exists a sequence of elements u% € XhT such that:
1) #? :={k € # :ul # 0} has a finite number of elements.
2)

li

. 6 _
6Lr(1)||u u’|l1,n = 0.
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We denote K° := |%?| and notice that the system
(1) = Ays w(t,2]), 23(0) = af, (92)

is composed of a coupled system of K° equations and unknowns (corresponding to those k € %’ ), and an
uncoupled infinite number of equations, corresponding to those k: & K. 0. Therefore, thanks to the classic
Cauchy-Lipschitz theory, the system (92) has a unique solution z¢ € %1([0 ), k € %

We claim that for all values of k, the sequence xil - xiz is a Cauchy sequence in €1([0,77), therefore is has
a limit that we will call 24 (t), which is solution to (49).

We first remark that 2% — 2% € VI’ due to the fact that |28 (t) — 29| < ||a||z~T for all values of k and 6.
Consider now 3. as defined in (88), then

Be(a —a?) < [Aysy (6, 20) = Ao o (8, 232))|
lall oo 23 = 2] + llally oo | Ta(t 23w w) = Lot 23, u', w)].
Noticing that

[ a(to 2yt u™ w) = Lo(t 2yt u™ w) = | ) ( t)a(t, 23t 23 (1)) —U§2(t)1/)a(t,xi"}xfz(t)))wj(tﬂ

JEIn
(lalloe e’ = w21+ 1 |1l 9ally oo 1127 = 22 loon) wlloo b,
we deduce the existence of two constants®, C; and Cs, only depending on a, 14, u and w, such that
Bolal — ) < Clla® — 2% oo+ Callu® — u®[|11.

Integrating between 0 and ¢, taking the maximum over k and ¢ and using Grénwall’s lemma, we conclude
that there exists a constant Cp, only depending on T and the coefficients of the problem, such that

2% = 2 [loe,n < Crflu’ —u®|| .
Proceeding in a similar way with the absolute value of #°* — %2 we obtain that
6% — #%loon < Crllu® —u®]l 1.

Recalling that u® is a Cauchy sequence on X7, then so it is 22 on €*([0,T]), for each k.

Let 2 := {21 }res be the limit of 2° when § goes to 0. With a sunple continuity argument we conclude
that = is a solution of (49) over [0,7]. The uniqueness can be obtained by assuming the existence of two
solutions, deriving the equation satisfied by the difference and using Gronwall’s lemma to conclude that they
have to be equal. O

C A result from approximation theory

As mentioned before, Lemma 8 is a direct corollary of Lemma 8 in [36], that we recall here

Lemma 12. Let k > d an integer. Assume that
a € (L=(0,T; WhHLoo (RH)))4.
Then, there exists a constant C' > 0 such that for all functions p € WEP(RY), 1 < p < 400, and t € 0,7,

l = Y wit)p(@a(0)3(- = @i (0) lw-rp(mty < CRF[l@llwros ey
1€

3Notice that in order to obtain the estimate over I, we used the hypothesis of differentiability over both variables on g
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Given that for fixed functions v € X}T and w € YhT we have the inclusion
Apw: () = alt,z, I,(t, z,v,w)) € (L(0,T; Wk+1’°°(Rd)))d,

then Lemma 12 holds true as well for the values of z; obtained in Section 3.

Proof of Lemma 8. We recall that W~!(R?) is the dual space of W*>°(R%). Thus, for any ¢» € W ~*1(R%)
we have

A LCIF )]

FEWk o0 (Rd) 1 fllk,00

Since the function f = 1 belongs to W#>(R?), and has norm equal to 1 in this space, we get for all
p € WhP(RY)

[ pterts = Sustheteio)| = o~ X w0ptadns - aon

(ASE7 1€Sn
<l = > wilt)p(as()5(- — @s()| -k1-
1€ In
We conclude by applying Lemma 12 with p = 1. O

D Proofs of convergence results from ODE theory

This appendix is dedicated to the proofs of lemma 11, used in subsection 4.2. In order to prove this lemma,
we use the following result:

Lemma 13. Let o >0 and B € L*(Ry). Then, all the solutions of the ODE
u(t) = —au(t) + B(t)
are in L*(RT).
Proof of lemma 13. The solution of this ODE is explicitly given by
¢
u(t) = u(0)e " + / et B(s)ds.
0

Hence,

“+o0 “+o0
/ lu(t)|dt < |u(0)] / e~ tdt + / / e~ *=9)| B(s)|1{<sydsdt.
0 0 Ri

With the change of variables y = s,z =t — s, we get

I

which concludes the proof.

+oo +oo
e =) |B(s)[L sy dsdt < / |B(y)|dy / e % dz,
0 0

2
+
O

Proof of Lemma 11. First, let us note that if @ is a BV function, i.e. if f0+oo |a(t)|dt < +oo, then u is
a Cauchy function, and thus converges. Let us denote v := %. Since u is assumed to be bounded, and
|v] = v 4 2v~, where v~ denotes the negative part of v, it is enough to prove that v— € L!(R%). By
hypothesis,
o(t) = —p(t)o(t) + P(t) + B(t),
which implies that .
v (t) < —po v~ (t) + B(?).
We conclude, according to lemma 13, that v~ € L'(R?), which implies that u converges. O
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