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Abstract

In the first-order query model for zero-sum K x K matrix games, players observe
the expected pay-offs for all their possible actions under the randomized action
played by their opponent. This classical model has received renewed interest after
the discovery by [Rakhlin and Sridharan that e-approximate Nash equilibria can
be computed efficiently from O(In K /¢) instead of O(In K /¢?) queries. Surpris-
ingly, the optimal number of such queries, as a function of both ¢ and K, is not
known. We make progress on this question on two fronts. First, we fully char-
acterise the query complexity of learning exact equilibria (¢ = 0), by showing
that they require a number of queries that is linear in K, which means that it is
essentially as hard as querying the whole matrix, which can also be done with K
queries. Second, for € > 0, the current query complexity upper bound stands at
O(min(In(K) /e, K)). We argue that, unfortunately, obtaining a matching lower
bound is not possible with existing techniques: we prove that no lower bound can
be derived by constructing hard matrices whose entries take values in a known
countable set, because such matrices can be fully identified by a single query.
This rules out, for instance, reducing to an optimization problem over the hyper-
cube by encoding it as a binary payoff matrix. We then introduce a new technique
for lower bounds, which allows us to obtain lower bounds of order Q(log(#=))
forany ¢ < 1/(cK*), where cis a constant independent of K. We further discuss
possible future directions to improve on our techniques in order to close the gap
with the upper bounds.

1 Introduction

Computing the saddle point

min max f(z,y)
for convex-concave functions f : X x ) — R is of general interest throughout optimization, eco-
nomics and machine learning. We study the computation of an approximate saddle point (z, y+),
satisfying maxycy f(z4,y) — minger f(x,y,.) < 2¢ for some given € > 0. Starting with an un-
known f from a known class F, we consider sequential learning in the first-order feedback model,
where the learner gets to observe gradients of the objective. Formally, each query (x, y) results in
feedback (V, f(z,y), Vy f(x,y)). We are interested in the following question:
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How many first-order queries are necessary and sufficient for a sequential learner to output an
approximate saddle point for any f € F?

Characterizing the query complexity of learning saddle points is of theoretical interest for under-
standing the hardness of computing equilibria, and for certifying the optimality of upper bounds.

In this work, we restrict our attention to the special case of zero-sum matrix games, where X and )
are finite-dimensional probability simplices and f is bilinear. For this canonical setting, the optimal
query complexity is, surprisingly, unresolved. Indeed, computation algorithms are known since [3],
up to [37], while lower bounds remain elusive, leaving the optimal query complexity still unknown.

Obtaining lower bounds is not only of fundamental interest in itself, but may also lead to interesting
new techniques, since none of the existing proof strategies are applicable. New ideas provided here
could prove useful to tackle other problems.

1.1 Contributions

We make progress towards characterizing the first-order query complexity of approximate Nash equi-
libria in finite-action zero-sum games, as a function of the number of actions K and approximation
level €. Our contributions are the following:

Lower bounds We provide the first lower bounds on the first-order query complexity for zero-
sum matrix games with bounded entries. We show that K /2 — 1 queries are necessary to compute
an exact equilibrium (Theorem [IT] in Section M), and at least Q(log(1/eK)/log(K)) queries are
required for an e-equilibrium if ¢ < 1/K* (Theorem[I7]in Sectiond)). More than the concrete rates,
we believe that the structure of our proof is of particular interest, and might be of use beyond this
specific setting.

Upper Bounds We show that if the game matrix has entries in a known countable set, then the
learner can recover the full matrix in one single first-order query (Theorem [ in Section [3). This
result can be interpreted both as an upper bound on the query complexity for matrices on countable
entry sets, and as an impossibility result, precluding the use of simple predefined sets of matrices as
candidate objectives for proving lower bounds. This, together with the lack of rotational invariance
of the action sets, sheds light on why this setting turns out to be surprisingly resistant to proving
lower bounds using well-established techniques.

1.2 Related Work on Lower Bounds: Lower Bounds

Below we review the literature on lower bound techniques for related problems and settings. We find
that none of the existing techniques apply to our setting, for three particular reasons. They either:

— Build matrices from a set of matrices with entries lying in a finite alphabet. In Theorem[d] we show
that, for game matrices with entries in a known countable set, a single first-order query suffices
to infer the exact Nash equilibrium. This shows in particular that any such matrix construction
cannot lead to a lower bound in the first-order model.

— Rely crucially on rotational invariance of the action set, which limits the approach to the /2-
constrained or unconstrained cases, ruling out the probability simplex.

— Assume that the players select actions in the span of the observed gradients. This span assumption
is not suited when the action set is not an /o ball, in which case the span of the gradients has no
natural embedding into the action set; most algorithms leave the span, e.g. exponential weights.

First-order Query Complexity of Minimax Optimization Existing lower bounds [24, 133] for
minmax optimization are known for finite-dimensional Euclidean spaces where X, ) are either Eu-
clidean balls or the whole space. Both these cases benefit from the property that the action sets are
invariant under rotation, allowing for a step-by-step reduction to lower dimensional instances, as
shown in the seminal work of [29, 30]. The notable exception of [[14] also does not cover the case
we study: they consider the computational hardness of non-convex non-concave optimisation.

In the unconstrained case with curvature, that is, if F is the set of strongly convex, strongly con-
cave functions with marginal condition numbers x, and r,, the query complexity is settled to



be ©(y/kykylog(l/e)); see [24, 43] for lower bounds and [27] and references therein for upper
bounds.

For the constrained case, [33] provide lower bounds for bilinear saddle-point problems. They estab-
lish a query complexity of order (L Dy Dy /), where Dy and Dy are the respective diameters
of the constraint sets X and )V, and Ly measures the Lipschitz regularity of f. However, their tech-
niques rely crucially on rotational invariance and sequentially adapted constraint sets, and they ask
the open question of whether similar lower bounds can also be shown for fixed constraint sets.

Other Query Models The query complexity of minimax optimization has also been studied under
different feedback models. Recall that we focus on the bilinear case, where f : p,q — pTMgq for
some game matrix M. [[16] study the query complexity of (approximate) Nash equilibria of the game,
i.e., (approximate) saddle points of f, under a query model where the learner chooses single entries
of the matrix to observe. They show, among other results, that in order to compute an e-equilibrium
in K x K zero-sum games, the number of entries queried needs to be at least (K log K) when
e =01/ 1og K ) [22] consider a setting in which the learner observes a best reponse to their
query (p, q), i.e., i* € argmin(Mgq); and j* € argmln (MTp),. In that setting, they show that to
compute a 1/4-equilibrium, at least \/i K /(log K)? best -response queries are necessary. Since a
first-order query brings strictly more 1nformat10n than e1ther a best-response query or an entry query,
these lower bounds do not have direct consequences for our query model. Both of these references
prove their lower bounds by building hard matrices with entries in a known finite set (e.g., {0, 1}).

Other Lower Bounds in Saddle Point and Equilibria Computation For multiplayer games,
strong lower bounds on the computational complexity of exact Nash equilibria have been uncov-
ered: PPAD-hardness for computing the Nash-equilibrium in a general game, see [7-9], or in a
non-convex-concave zero-sum game [[14]. Regarding query complexity, [2, 21] study the single-
entry query complexity for approximate correlated equilibria and Nash equilibria of games with
many players. As in other references mentioned, all these bounds are built on matrices with entries
in a finite set. Due to their intrinsically combinatorial nature, these techniques are less common
for numerical algorithms. One of the classical methods for sample complexity lower bounds was
introduced by [31] for first-order optimization. It was successfully extended to saddle-point prob-
lems [43] and recently also to unconstrained zero-sum games by [24]. However, these techniques
rely on the assumption that the next iterate is chosen in the span of the previous oracle information
(cf. Definition 1 in [24] or Assumption 2.1.4 in [31]). Moreover, the game constructed by [24] for
a Nesterov-style lower bound results in matrices with entries from a finite alphabet. For the same
reason, no proof technique inspired by lower bounds via Rademacher random variables, as in [32],
can ever work.

1.2.1 Other Related Work

Upper Bounds for Finite Action Zero-Sum Games Early on, [3, [38] show that under best-
response dynamics, the average plays converge to an equilibrium. The connection to regret bounds
was established by [[17], who deduce a O(log(K)/c?) query complexity, by means of a construc-
tion akin to online-to-batch conversion. More recently, [[11}, [12] obtained the first fast rates of order
O(e(K)/e), through an ingenious learning mechanism. [37] rediscovered the Optimistic Online
Mirror Descent algorithm [36], and pioneered optimistic online learning regret bounds; they yield
to this the day the fastest rates of O(log(K)/e) and the simplest algorithm. The instance-dependent
linear-rate upper bounds of order A(M)In(1/e) by [19, 41] are essentially incomparable to the
worst-case O(log(K)/¢e); they are superior when A(M) < K, and vacuous in the typical case
A(M) =~ K (see the discussion below Theorem ).

Our focus is the quality of the inferred saddle point (this optimization perspective is sometimes
called pure exploration). Part of the literature regards the queries as actual moves made, and con-
sequently prioritizes other objectives. In particular, many focus on studying uncoupled dynamics,
that is, sequences of actions that separate the observations of the individual p and ¢ players without
allowing communication between the players. Another recent theme of interest is the last-iterate
convergence of such dynamics, see e.g., [23].

Upper Bounds for Minmax Optimization The vast majority of the known upper bounds in min-
imax optimization (and more generally in variational inequality problems), outside of finite-action



zero-sum games mentioned above, concern unconstrained settings [, 20, 28]. The literature on
constrained settings is more sparse: [4] recently proved the rate of convergence of the projected
extra-gradient method [26]. [42] adapt interior methods to handle constraints. [[18] propose a
fast algorithm when either the action sets are strongly convex, or the objective is strongly-convex
strongly-concave. Recently, non-convex-concave settings have also attracted attention, see [27] and
references therein.

Upper Bounds for General-Sum Games and Correlated Equilibria For multiplayer games,
uncoupled dynamics do not converge (in any sense) to Nash equilibria. However, regret-based
procedures can find correlated and coarse correlated equilibria [, |39, 35]. In particular, internal
regret guarantees for individual players in general-sum multiplayer games were recently improved
from the generic O(1/¢2) for any sequences of losses, to O(1/c*/3) in [40)], to O(1/£%/°) in [6]
and to O(log(1/¢)/¢) in [13,15] (we omit the dependence on the number of actions and players).
Polynomial-time methods for efficient computation of exact correlated equilibria are designed by
[25,134], using their formulation as solutions to a linear program.

2 Setting and Notation

General Notation Given a set of numbers A C R, we denote by Mg (A) the set of K x K
matrices with entries in A; we mainly consider the bounded-entries class Mg ([—1,1]). A K x
K zero-sum game between a minimizing p-player (or row player) and a maximizing g-player (or
column player) is represented by a matrix M € Mk (R); we restrict our attention to square K x K
games. For any pair of plays (p, q), the expected loss vector of the p-player (resp. ¢-player) is
Mq € RX (resp. —MTp € R¥). The suboptimality gap at (p, q) is
- o), — mi .
9(M. p,q) = max(MTp); — min (Mg);.

The gap g(M,p, q) is non-negative for any M, p and ¢. The pair of plays (p, q) is said to be an
e-Nash equilibrium if g(M, p, ¢) < 2¢; Nash equilibria are 0-Nash equilibria. Most games we will
consider will possess a unique Nash equilibrium p, ¢, and this equilibrium will be fully supported,
i.e., all components of p and ¢ are positive. Fully supported equilibria in finite games are also
equalizing strategies, meaning that the loss vectors are then isotropic; in finite zero-sum games, this
entails that M Tp = Mg = v1, where v is the game-value. We follow the notation convention to

abbreviate min(x, v) = z A v and to hide polylogarithmic terms by QorO.

First-Order Query Model and Objectives The first-order query model is an interaction protocol
between a learner and a game matrix, defined as follows. Fix a time horizon 7' € N, and a set
of candidate matrices M C M g (R). Over the course of T rounds, the learner sequentially picks
(queries) pairs of plays (p¢, g:) and observes the expected losses (Mg, — M Tp;), where the matrix
M € M is fixed and unknown to the learner.

We examine the number of interactions necessary to compute an approximate equilibrium. At the
end of the T" rounds, the learner recommends a pair (p, ¢). Given a fixed gap level € > 0 and a set
of candidate matrices M, we say a strategy achieves query complexity T'(e; M) if for any matrix
M € M, the strategy outputs a pair p, g such that g(M,p,q) < 2e when T > T(e; M). (The
dependence on M is omitted when clear from context.) We also occasionally refer to the query
complexity of recovering the full matrix, which is a different task but in the same query model. In
this case, the learner recommends a full matrix and achieves query complexity 7' if the matrix guess
is correct for any true matrix M € M.

The topic of this paper is the study of the optimal query complexity of finding e-Nash equilibria in
the first-order model, for the set of matrices with bounded entries M g ([—1, 1]).

3 Upper Bounds

In this section we collect upper bounds for the first-order query complexity of approximate Nash
equilibria. These bounds are either well-established, trivial or exploit in a miraculously striking
fashion the difference between learning saddle points for matrix games taking entries in a countable
(e.g., Q) or uncountable (e.g., [—1, 1]) sets of values.
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Figure 1: Upper (blue) and lower (red) bounds on the first-order query complexity of computing an e-
equilibrium for K x K matrix games with entries in [—1, 1]. See Sections 3] and [] for details.

3.1 Query Complexity over Mk ([—1,1]): Regret and Elementary Strategies

We list some well-known results from the literature and state them in terms of first-order query
complexity. The results described here are compiled in Figure We use the notation .., to
denote the family (uk)n<k<m-

O(e71log K) Queries from Optimistic Online Learning The current best upper bounds on the
query complexity of e-equilibria for zero-sum games are derived from online learning methods. As
is well-known [3, Chapter 7], if we denote by pr (resp. gr) the average of p1.1 (resp. g1.7) then

Tg(M,pr.qr) =T mfix](MTﬁT)j -T _m[in](MqAT)i

T T
=> (p,Mq) - T mln (M@r)i + > (g, —MTps) =T _em[ilg](—MTﬁT)j
t=1 t=1 !

T T T
_ i . “MTp,) — i (—MTp,).
< {pi, May) Z_Iél[llI(l](Mqt)z + Z(qh MTpy) fél[}?]( MTp); .

t=1 t=1 t=1 t=1
This last term is exactly the sum of the regrets suffered by each player on their respective losses:
the gap of the average plays is smaller than the sum of the average regrets over 71" rounds. This
relationship between regret and gap provides a fruitful way to upper bound the query complexity of
computing equilibiria. Specifically, [37] observed that if players follow the Optimistic Mirror De-
scent strategy then the sum of the regrets stays smaller than O(log K ); see the paragraph following
Proposition 6 in the mentioned reference.

Theorem 1 (Consequence of Rakhlin and Sridharan [37]). There exists an absolute constant ¢ > 0
such that the first-order query complexity over M ([—1,1]) is

() < (ClogEK

)/\K.

A wide stream of literature leverages the connection between regret and equilibria, and study the
dynamics of pairs of learning algorithms, including the two principal flavors of optimistic online al-
gorithms, Optimistic Mirror Descent and Optimistic Follow-the-Regularized-Leader, cf. Section[T.2]

Instance-Dependent Rates of Convergence Many existing bounds show rates of convergence
exponential in 7', with instance-dependent constantd], see, e.g., [[19, 41]. However, we show in Ex-

"More precisely: a parameter similar to a condition number of the game matrix



ample [I8]that for a zero-sum two-player bilinear game, these constants can be large, even on simple
game matrices. If the constants are too large, the consequences on query complexity are vacuous,
as they might require more than K queries to obtain non-trivial (¢ < 1) equilibria. Although these
results give a very interesting analysis beyond the worst-case, they are beyond the scope of this
work.

Upper Bounds for Large ¢ We conclude this section with two elementary strategies that provide
equilibria with large approximation values of £ > 1/2.

Theorem 2 (Theorem. 3.1 in [10]). For any € > 1/2, the query complexity over M ([—1,1]) of
finding an e-equilibrium is T'(¢) < 2.

The following proposition is a well-known observation (see, e.g., [[16]) that having the learner select
a pair of uniform plays always gives an approximate equilibrium.

Proposition 3. For any ¢ > 1 — 1/K, the query complexity over M ([—1,1]) of finding an -
equilibrium is T'(€) = 0.

3.2 Recovering the Matrix: Upper and Lower Bounds

In this section we show that the first-order query complexity for recovering the full game matrix (a
task harder than computing an equilibrium) is between ©(1), independent of the number of actions,
and O(K), depending on the set of candidate matrices. An important consequence of these results
is that several known standard lower bound techniques cannot be applied to provide lower bounds
on the easier task of learning equilibria.

Matrix Sets with Countable Alphabet Many existing methods rely on building hard matrices
with entries in a finite alphabet: we prove this cannot lead to a lower bound.

Theorem 4. Let A C R be a countable set of at least two numbers. Then the first-order query
complexity over M (A) of recovering the full matrix is 1.

This result exploits infinite precision in the feedback, and as such does not provide a reasonable
algorithm that the players would use should they know that the matrix belongs to Mg (A). The
intent of this statement is to show that any attempt at a lower bound that builds matrices with entries
in a fixed countable set (and in particular with integer entries) is doomed to fail after one query.

Remark 5. The proof of Theoremd| does not provide an explicit algorithm. However, if the learner
knows that the entries of the matrix are in a finite set A C Q, an explicit strategy can be easily
described. In this case, Ais of the form {a1/r, ..., an/r} with a; € Z and r € N. Consider a base
b = max(a1.,) — min(ai.,) and consider a query with p o< (b=1,b=2 ..., b=K) (the choice for q
is irrelevant here). The learner can deduce the full matrix M from the single observation MTp. Of
course, this strategy has no practical interest as soon as either A or K is moderately large, since it
requires arbitrary precision in the outputs.

Difficulty of Recovering the Matrix Exactly In the first-order query model, the learner receives
2K numbers every round, so in order to fully determine an arbitrary K x K matrix one needs at
least K2/(2K) = K/2 rounds. It turns out that this bound is not tight, and we may need exactly K
rounds in the worst case, because of redundancies between the 2 K numbers we observe per round:

Theorem 6. The first-order query complexity over M i ([—1, 1)) of recovering the full matrix is K.
Intuitively, it is overkill to recover the matrix exactly to output an e-Nash equilibrium. In the next

section, when ¢ < 1/K* (in particular when & = 0), we show that first-order queries do not provide
useful information to find an e-equilibrium faster than it takes to reveal the whole matrix.

4 A New Lower Bound on the Query Complexity of Approximate Equilibria

We switch perspective, attempting to make the life of any learner hard. For this, we need to think
about responding to queries to keep the learner unwitting.



4.1 Overview and Notation

After ¢ time steps, queries p1.; and ¢;.; have been made and the outputs provided to the learner are
074 and ég’ft) . Let us denote the set of matrices with entries in [—1, 1] that are consistent with the
observations after ¢ time steps by

& ={MeMg(-1,1]) |Vse[t], MTp, =—£? and Mg, =(P};

we sometimes refer to this as the set of candidate matrices after ¢ rounds of observations. We omit
the dependence on the sequence of queries (ps, ¢s) and outputs (Egp ), qu)) to reduce clutter, as it
will always be clear from the context.

We say a sequence of matrices M;.7 is adapted to the queries p;.1, 1.7, if it gives consistent outputs
to the queries, i.e., if forall s <t < T, MtTpS = M]Tps and M,qs = M;qs; in other words, My.p
is adapted if My, € & for all £.

Instead of defining directly the answers to the queries, we equivalently build a sequence of adapted
matrices. Formally, at round ¢ 4 1, given & and (p¢41, qi+1), we select a matrix M1 € & and
output (fgi)p éz(ei)l) = (Mig1qe41, — M 1 pesr).

Let us fix some common technical notation that we use in the proofs, to measure distances in matrix
space. For a matrix M € Mg (R), and for r, s € [1, 0], we denote the operator norm of M by
[M|lrs = sup,erx. |z, =1 |Mz|s . Recall that for y,z € R*, we have [|yzT[|,s = l|yls[lz,
where 1’ € [1,00] is such that 1/7 + 1/7" = 1. In particular || M ||1 oo = max; je[x) |M;, |, and
lyzTll1.00 = ||¥llcollz]|oo- If F is a closed convex set subset of R, we denote by Projx(z) the
orthogonal projection of x on F.

Common Structure of the Proofs Both proofs of Theorems[11l and[I7] follow the same template:

— Assume an e-equilibrium is found after T first-order queries.

— Find a necessary condition on this equilibrium formulated as constraints on the observed
losses and the sequence of queries. Precisely, we observe that under some initial assump-
tions on the game matrix, the all-ones vector 1 needs to lie near the span of the outputs
observed by the player, regardless of the queries and outputs.

— Ensure that this necessary condition cannot be met by any pair of mixed actions (p, ¢) by
building an appropriate adapted sequence of matrices. In our case, we ensure that the span
of the losses of the g-player stays far from the all-ones vector 1.

This proof structure is a promising way to derive the exact query complexity of (approximate) Nash
equilibria. We use it to provide the first non-trivial lower bound for this setting.

The next two sections implement this template to prove query complexity lower bounds for exact
¢ = 0 (Theorem [T1) and approximate & > 0 (Theorem equilibria. Detailed proofs are in
Appendix[Dl While we could have deduced the final lower bound for exact equilibria directly from
the approximate equilibria case, we describe the result separately to ease exposition. Indeed, the
bound for the exact case contains the main ideas but is technically simpler.

4.2 Proof: Exact Equilibrium Case

Step I: Common Equilibria are in the Span of Past Queries We start by defining an initial set
of candidate matrices with some special properties. These properties are used to ensure that the
common equilibrium is fully mixed, and therefore an equalizing strategy for both players.

Definition 7. A set of matrices By C M ([—1,1]) satisfies the assumptions A(0) if
— Forall M € By, all equilibria of M are fully mixed,

— There exists a matrix M € By with non-zero value.

By Lemma20] (App.[D), any ball centered at (1/2) I with small enough radius satisfies A(0), e.g.,

1 1

1 1

The following lemma states that after ¢ first-order queries, if at least one matrix in By is still a
candidate matrix, then any common equilibrium to all candidate matrices must lie in the span of the

Vi,j e [K]}.



queries. Since equilibria of matrices in By are fully mixed, and are thus equalizing strategies, this
further implies that the all-ones vector 1 must lie in the span of the outputs to the queries.

Lemma 8. Let By be a set of matrices satisfying A(0). Assume in addition that & N By # & and
that &, N Mk ((—1,1)) # @. If there exists a common Nash equilibrium (p, q) to all matrices in &,
then p € Span(ps.t) and q € Span(q.¢).

Corollary 9. Under the assumptions of Lemmal8) there exists a value v # 0 such that
vl e Span(fg?z) N Span(fgﬂ)) .

Step II: Sequential construction Given Corollary[9] to prove a query complexity lower bound, it
suffices to build the answers to the queries p;.; and q;.; in a way that ensures that

— the vector 1 never belongs to the span of the observations of (say) the g-player,
— there is at least one remaining candidate matrix in By, i.e.,& N By # & .

For technical reasons (cf. the assumptions of Lemma [8)), we also need to make sure that there is
enough space left in £&. We do so by keeping a candidate matrix M; € & N Mg ((—1,1)), away
from the border of the initial set of candidate matrices (i.e., with entries stricly between —1 and 1).

Lemma 10. Fix a time horizon T < K/2 — 1. For any sequence of queries p1.¢, q1.1, there exists a
sequence of matrices M.t in M ((—1, 1)) adapted to p1.1, q1.7 that defines losses £,%;. for which,

Sfor any v # 0,
vl ¢ Span(£{%).).

Conclusion Combining Lemmas[8 and[IQ] against any learning strategy, we have built a sequence
of outputs for which there is no common equilibrium to all remaining candidate matrices after 7'
rounds, as long as T' < (K — 3)/2; this proves the following theorem.

Theorem 11. The first-order query complexity over M ([—1, 1)) of finding a Nash equilibrium is
T0)> K/2-1.

The next section tackles the lower bound for approximate equilibria. Its proof follows the same
template as for the exact case, although the technical complexity increases.

4.3 Proof: Approximate Equilibria Case

Step I: Common Equilibria Are Close to the Span of Queries In the following, we say a prob-
ability distribution over [K] is d-supported if p(¢) > ¢ for all i. We say a pair of distributions (p, q)
is d-supported if both p and ¢ are §-supported. We start by defining a quantitative version of Defini-
tion[7l for approximate equilibria. In order to retain the property that losses at e-equilibria stay close
to an isotropic vector, we add a requirement on the support of the equilibria.

Definition 12. A set of matrices B: s C M ([—1,1]) satisfies the assumption A(e, d) if

— Forall M € B, s, all e-equilibria of M are §-supported,
— There exists a matrix M € B, s with non-zero value.

For example, by Corollary 211 the || - |1 oo-ball centered at (1/2) I and of radius (1/16) K satisfies
this condition for any ¢ < 1/(16K?2) and § < 1/(2K).
The following proposition is a quantitative version of Lemmal[8]for approximate equilibria, in which

we show that any common approximate equilibrium to all matrices in & needs to be close to the
span of the queries.

Lemma 13. Fore,d > 0, let B, 5 be a set of matrices satisfying A(e,0), cf. Definition[I2] Assume
that & N Be s # O, and that the relative interior of & contains a ball of radius T, measured in
I - I1,00-n0rm. If there exits a common e-Nash equilibrium (p, q) sto all matrices in &,, then

. 2e ) 2e
1P = Projspan(p...) (P < o1 and ||g = Projspan(q,.,) (9l < oy

Corollary 14. Under the assumptions of Lemmall3] there exists a game matrix M € Be 5 such that
the value v € R of M satisfies ||v1 — Projspan“(q))(vl)H <AVKe/(ory).
1:t



Step II: Construction of Matrices We design an adapted sequence of matrices that keeps vl
away from the span of the observed losses.

Lemma 15. Ler B be a closed ball in || - ||1,00-norm of radius r < 1/2 contained in Mg ([—1,1]).
Fix a time horizon T < K /2 — 1. For any sequence of queries (p, q:)t<T, there exists a sequence

of matrices My.r in B adapted to (pt, q:) that defines losses ég?gp for which, for any v > 0,

2 T+1
2 2 r
Sl K(sKT2) ’

and such that &, contains a ball of radius r /2 in its relative interior.

lv1l — Projspan(lg?;)

The proof relies on a decomposition of the squared distance of v1 to the span of observed losses at
time ¢ + 1 through a Pythagorean identity, relating it to the span at time ¢. By carefully choosing
the new matrix M;4; as a function of the query p+1, ¢;+1, we manage to ensure that the squared
distance decreases only by a constant factor.

Remark 16. The radius of the ball inside E; stays constant at v/2, even though &; gets smaller
as t increases. This is made possible by choosing M, very close to M,_, (roughly at a distance
of r/(KT) measured in || - ||1,00), effectively ensuring that M, stays far from the boundary of
Mg ([=1,1]).

Step III: Conclusion We now combine Corollary [[4 and Lemma [[3] to obtain a lower bound on
the best achievable gap after 1" rounds, which directly translates to a query complexity lower bound.

Theorem 17. In the first-order query model on M i ([—1, 1)), for any algorithm the worst-case gap
after T < (K — 3)/2 time steps is at least

1 1 T+1
€2 210K4(211/2K5/2T) ’
Therefore, the query complexity of finding an c-equilibrium for any ¢ < 1/(e 2'1K*) is at least

—log(2' K*e)
log(211/2K5/2) + log(— log (21 K4¢))

T(a)>( —1)/\(K/2—1).

4.4 Potential Improvement and Discussion

There is still a wide disparity between upper and lower bounds on first-order query complexity. The
lower bound Theorem[I7]is most probably not tight, so let us discuss potential ways to improve it.

We believe the most promising approach for improvement is to find a different proxy for the gap.
Our proof uses the distance to the span of the losses [[v1 — Projgpan(e(2)) ||? forv > 1/(2K), which
is convenient because it is a distance, but we need to introduce a strong restriction on the set of
candidate matrices B, s to be able to relate it to the gap, namely the restriction to a ball around %I K

of radius O(1/K?). In order to make significant progress it is therefore essential to enlarge the class
of candidate matrices significantly compared to B, s, and therefore to modify the proxy for the gap.

5 Discussion: Future Work and Conclusion

We study the first-order query complexity of computing approximate Nash equilibria for two-player
zero-sum matrix games. We review upper bounds coming from online learning, and discuss existing
lower bounds for related problems including alternative query models. Taking stock, we arrive at
the surprising state of affairs that for this fundamental problem no lower bounds are known. We
then offer some explanation for this current state of affairs: the first-order query model is powerful
enough to identify any matrix from a fixed countable set in a single query; this rules out many
techniques. We then turn to lower bounds. We design an adaptive adversary that answers incoming
learner queries in such a way that the remaining consistent matrices do not share a common Nash
equilibrium for as long as possible. Our approach is based on a quantity serving as a “potential
function”: namely the distance of the all-ones vector to the span of the observations. We discuss in
detail the result, future scope and limits of our proposed technique.



As can be seen in Figure[Il we are still far from matching lower and upper bounds. The most intrigu-
ing possibility for resolution would be if it were to turn out that the upper bounds (i.e. algorithms)
are improvable. Current upper bounds come from online learning regret bounds, with algorithms
falling in the category of uncoupled dynamics. We would love to know if these algorithm templates
are in fact optimal for query complexity.

To cycle back to our motivation of computing saddle points in general, future work could attempt
to extend our lower bound technique to different constraint sets, to functions possibly exhibiting
curvature, and to instance-dependent rates. Another direction would be to generalize to multi-player
games and investigate the query complexity of weaker solution concepts.

Limitations and Broader Impact The main limit of this work is that it only partially resolves the
first-order query complexity of approximate NE in finite games, calling for tighter analysis. Regard-
ing broader impact, results are mainly theoretical and do not entail direct societal consequences.
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A Proofs of Lemmas [§ and

Proof of Lemmal8l Since p, q is an equilibrium to at least one matrix in ByN&;, it is fully supported;
in particular p is an equalizing strategy for any M € & and MTp = vy 1 for some number vys €
R. Furthermore, the value vy, is actually independent of M € & since, vyy = (MTp,q1) =

(p, Egp)>. Therefore, for any M, M’ € &, we have (M — M')Tp = 0. Let us now define p = p —
Projspan(ps.,) (), and consider the direction pu] € Mk (R) for some arbitrary non-zero vector u,

orthogonal to ¢1, . . ., g;. Fix some matrix M € & N Mg ((—1,1)); a non-empty set by assumption.
Then for o € R small enough, the matrix M’ = M + a]ﬁe} is still in &, since M is not on its border
(all entries are away from {—1, 1}). Therefore,

0= (M~ M")Tp=alp,pheg = allp]|*uq;
implying that ||p|| = 0, i.e. that p € Span(p1.;); similar reasoning shows that ¢ € Span(g1.,). O

Proof of Lemma We build the sequence M. incrementally by moving at step £+1 in directions
chosen as a function of the new queries p;+1 and gz 1, ensuring by induction that 1 ¢ Span(ﬂg?gp).

Initialize the sequence at My = (1/2) Ix. Now for ¢t > 0, let us assume that we have correctly built

My .+, inducing losses such that 1 ¢ Span(ﬂg?z ), and let us define My 1. (Note that the initialization
of the induction is valid with the convention that 1 ¢ {0} = Span(@).)

If p41 is in the span of py., then set My11 = M; and the induction holds, since the span of
the losses is left unchanged. Otherwise set My 1 = M; + ”;Z—tlnzug ,where pry1 = pio1 —

Projspan(pl:t)(ptﬂ), and wu; is a non-zero vector orthogonal to the vectors g4, to Eg?t), to 1 and
to M p;41; the existence of such a u; is guaranteed since 2t + 2 < K, ensuring that there is at least
one dimension orthogonal to those 2¢ + 2 vector. By choosing the norm of u; to be small enough,
we can make sure that My € ENMgk((—1,1)). Then, 4?31 =M/ piy1 = Mpiy1+us,and 1

(q)

is not in the span of EI:(HI)

such that

. Indeed, assume by contradiction that there exists real numbers a4 1)

t
1= Z OzségQ) + Oét+1€§i)1 )

s=1
then ay4+1 > 0 since by induction 1 ¢ Span(ég?t)). Then, taking dot products with u; on both
sides of the equation above, we obtain 0 = (us, 1) = (uy, at+1€§i)1) = ayi1]|ue?, leading to a

contradiction. Therefore 1 ¢ Span(ég?t) ) atall timest < 7. O

B Details for Upper bounds

B.1 Instance-Dependent Query Complexity

The following example shows that the bounds in [[19] can be vacuous for our setting. Since, as noted
by the authors, Theorem 5 by [41] is equivalent to the results in [19], the following example is only
with respect to the latter.

Example 18. For this example, we use the notation from [|19]. Consider the game matrix M = I.
Observe that M has a unique Nash-equilibrium, hence, by considering p = % 1andq =6, it can be

seen that 6 (M) is at most 4/ % % ~ % The bound is defined with respect to the condition number

K(M) = VAmax MTM /§(M), where Amax(M) denotes the largest eigenvalue of M. Hence, for
our example, (M) is at least of the order of K, which makes a bound of xk(M)log L for this
specific example vacuous. Note that for other game matrices, the results give valuable insights into
guarantees beyond the worst-case.

B.2 Constant Queries for Games from a Finite Alphabet

Proof. Let F be the smallest subfield of R that contains A, then F' is countable and, R can be seen
as an infinite-dimensional vector space over F'. Recall that a family of real numbers (z1, ..., z,)
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(each seen as a vector over the field F') is linearly independent if for any Ay, ..., A, € F we have
AMxy+ -+ Az, =0ifandonlyif Ay =--- = A, =0.

We claim that if a player, say the g-player, queries an action such that the components qy, . .., ¢x
form a linearly independent family, then they can compute the whole matrix M with just one obser-
vation. Indeed, if M, M’ € Mg (A), yield the same output after one query, then for any i € [K]:

K
> (M5 — M ;)g; = 0.

i=1
Therefore, by the independence of (¢;)ic(x], this implies that M; ; = M| ; for any (i, j). In other
words, no two different matrices can give the same output after one query under gq.

We are now left to show that there exists a play (q1,...,¢x) with coordinates forming a linearly
independent family. We prove this using the probabilistic method. Consider a sequence of random
variables (Uy,...,Uk) i.i.d. and uniformly distributed over [0, 1]. Then with probability 1, the U;
are independent over F'. Indeed, we can upper bound the probability that they are dependent by a
union bound and use of the tower rule as

K

P(3i € [K] st U;€Spang{U;|j#i}] <Y P[U; € Spanp{U; | j # i}]
i=1

K
— ZE[P[Ui € Spanp{Ujlj # i} | {U; | j #i}]] = 0.

The last equality holds because, for any ¢ € [K], conditionally on {U; | j # ¢}, the span of
{U, | j # i} is a countable set, therefore the probability that U; belongs to that set is null. This
concludes the proof. o

C First-Order Query Complexity of Recovering the Game Matrix

Proof of Theorem|6l Clearly, we can fully reconstruct M from the queries p; = q; = e; fort =
1,..., K, where e, denotes the standard basis vector in direction ¢. It turns out that this is optimal.

To show this, note that each query (p, ¢) provides us with constraints
pTM = a, Mq = b,

for some loss vectors a and b. These may equivalently be expressed as linear constraints in the
Hilbert space of matrices A € RE <X with inner product (4, B) = Tr(ATB):

(M7, e;p") = a; (i=1,...,K),
(MT,qef) =b;  (j=1,...,K).

Among these 2K constraints on M, there is (at least) one redundant constraint, because there always
exist numbers A1, ..., Ax and 74, ..., VK, at least one of which is nonzero, such that

K K
Z NiepT + Z'yjqe} =0.
=1 =1

Specifically, this holds for A\; = ¢; and 7; = —p;. It follows that a query (p;, ¢;) in round ¢ will
provide at most 2(K — t) + 1 new constraints on top of the queries from rounds 1,...,¢ — 1. To
see this, note that p; will have at least one constraint in common with ¢1, ..., ¢:—1 and ¢; will have
at least one constraint in common with pq, . .., p¢, so the total number of new constraints is at most
ng=2K—-(t—1)—t=2(K —t)+1.

We now provide the following scenario in which M cannot be fully determined by strictly less than
K queries. Inrounds ¢t = 1,..., K — 1, the answer to queries (p;, ¢;) is always the two loss vectors

éip ) = él(f) = %1, which are compatible with the possibility that M equals %llT, i.e. the matrix
with all entries equal to 1/2. We will show by induction that the dimension of the null-space (i.e.
the number of unconstrained dimensions of M) of all constraints up to round # is at least (K — t)2.
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This is true for t = 0, because the domain of M has K2 dimensions, and, whenever it is true for ¢,
then for ¢ + 1 it is at least

(K=t)? —ngp1 = (K —t)? =2(K—t—1)—1=(K —t)? - 2(K —t)+ 1= (K —t — 1)%

Thus, after ' — 1 rounds, there remains at least one direction V' € RE*X in this null space with
V' 2 0. This means that the learner cannot distinguish the case M = %11T from the case M =

$117 4 1V/ max; ; |V; |, thus K — 1 queries are not sufficient to fully determine M. O

D Proofs and Technical Results for Section (4

D.1 Approximate Equilibria
D.1.1 Proofs of Main Results

Proof of Corollary If (p, q) is a common &-NE to all matrices in &, then we have for any game
matrix M € &,

MT(p —p) € Span (¢1%))
and therefore for any v > 0,
[01=Projg ., o) (VD[ < [[v1=MT(p=p)|| < [[v1=MTp[+[|MTp|| < [v1=MTp|+VK||p] .

Now as § > 0, any M € B, has a unique Nash equilibrium p*, ¢*, which is fully supported.
Therefore, the value of M is v = pTMq*, as ¢* is a an equalizing strategy. Now, using (I)) in the
proof of Lemma[I3] which is valid for any matrix that admits p, ¢ as an e-NE,
K
o1 = M5 < VRt = MTpl < YRE.

O

Proof of LemmalI3] First note that p and q are d-supported, as (p, ) is an e-equilibrium of at least
one matrix in & N B(e,d). For M € &, pick any j* € argmin cx)(MTp);. As (p,q) is an
e-equilibrium for M,

K
(1—q(j*))£%(MT p)j +aq(3*) Igm (MTp) Z;q >Jrg[é§<](MT p)j— €,

and therefore, dividing by ¢(j*) > 4,

max (MTp); — min (MTp),; < (1)

je[K] jE[K] q(5*)

Hence, as min ¢ (MTp); < pTMq1 < max;e(x](MTp);,

SR

€

5

Since pTM¢q, = pTﬁgp ) has the same value for any M € &;, we apply this inequality for any pair of
matrices M, M’ € &, to deduce that

[MTp— (pTMq1)1]|o <

2e
1M = M) Tplloe < = @
Let us now instantiate this identity with some well-chosen M and M’. Let v € RX be a vector
orthogonal to ¢1, . . ., ¢, such that ||u||oc = 1 (such a u exists as long as ¢, . . ., g: do not span the
whole of R¥). Next consider M and M’ in &, such that
M-M ="t puT.
7]l oo
Such M and M’ are guaranteed to exist in &; as ||M — M'|| = r; . Then, applying @), we obtain
2e
5 2 M = M) Tpllec = Tl H B3 ullco = rellpll2
from which the claim follows. The same reasoning applies to obtain the bound on gq. o
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Proof of Lemmal[I3 Denote by II; the projection on the span of the observed losses £§?2 for the g¢-
player at time step ¢. We build the sequence (M;) incrementally by moving at step ¢+ 1 in directions
chosen as a function of the new queries p;4; and g 1.

We initialize the sequence at M the center of B. Now for ¢ > 0, if p;4; is in the span of p;.;, then
set M1 = M, otherwise set

My = My + 242 U
sy

where P11 = pi41 — Projspan(pl:t) (pt+1), and u; is a non-zero vector orthogonal to the vectors

q1:t, tO £§?2 ,to 1, and to M p;41; the existence of such a u; is guaranteed since the only condition
is that it is orthogonal to 2¢ + 2 < K vectors. (Note that u; does not depend on the value of v.) We
set the norm of w; at a later stage of the proof. Then,

éz(fi—)l = M prr1 = M{pria +ue.

Then for any v € R, the squared distance from the vector v1 to the space Span(ﬂng 41) can be
decomposed thanks to the Pythagorean equality, as the squared distance to the prev10us span minus
the squared norm of the projection on the new orthogonal direction éi +)1 (ﬂtil)'
(w1, Mpii1 4 ug — T (M pria + uy))?
[ M{peir + up — (M pegr + ue)|?
=Dy
Observe that for any vectors a, b, we have (a—1II¢(a), b) = (a—1II;(a), b—TI1:(b)) = (a, b—11:(D)), as
II; is an orthogonal projection on a linear subspace. Using this identity, as well as the orthogonality
conditions used to define u; (precisely, that IT;(u;) = 0, and that u; is orthogonal to MtT P41 and
IT; (M pt+1)), we obtain after applying Cauchy-Schwarz,
(v1 —T(v1), Mprs1 + )
[ M{per1 + ue — e (M prys + ue)||?
_ (1 -IL(ul), Mpi +w)?
[t + ([ M pesa — e (M pesa) ||
(vl = TL(v1), M pryr — T (M pesq))?
[[wel[? + [[M{ pesr — e (M prsa) |2
[ M pes1 — I (M peia)|?
M pryr = T (M pea) |2 + [Jua?
| M{ pesa ||
M pesall® + [luel>

We also used the fact that projections reduce the norm, and the function 2 — /(2 + 1) is increasing
on (0, +00) to obtain the final inequality.

[0 = M1 (v1)[* = vl = T (v1)* ~

D, =

< o1 = M (v1)|?

< [lv1 - M (v1)]?

Using this bound on D, to lower bound the distance to the span, we obtain

1
(T = Mot > e = o (1~ ). ®
T TalE T o P

We are now left to choose the norm of u;; the objective is to make it as big as possible under the
constraint that the sequence (M;) stays in B. We set the norm of wu; to be a constant multiple of
HMtTpt+1 H, i.e.,

lluell = Vel M pesa |-
For « small enough, we can ensure that the whole sequence ()M;) stays in the ball B, as

t
[Ps+1l 1Pl
”Mt _MOHLOO Z | |2Hps+1u Hloo Z Hps EOH 5”00 Z ”ps ‘020” SHOO
s=1 5+

t
< Z [Jus | \/—Z [ Mepesa | < Vavkt,
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where we used | Myz| < ||Ml|2z2llz| < VK| 2|, and M pi1 = M]p;iq since M; € &;.
Therefore by taking, o = (r/2)?/(KT?), we ensure that M; € B as B contains a ball of radius r
centered at My. Furthermore, this choice ensures that £; contains the ball of radius /2 centered at

M in its relative interior as for any matrix U with norm less than /2, we have | M; + U — M| <
| My — Mo|| + |U|| < 7/2,50 My + U € B € Mg ([0,1)).

Plugging back the value of « into (@), we get
I — )12 > || (I — Tl |>—— > ||(Ix — Tl |?=.
(i = Mool > (I = Lo P > (0 — T 25

After T' time steps, this implies that for any v > 0,

9 e Ti 9 T2 T+1
| = )12 > (I~ Mo |2(5) = o1 (o) -

This is the claimed result. O

Proof of Theorem[I7 Define B.s = B, . (%IK, ﬁ), which is a ball of radius r =
1/(16K 2). Given an algorithm, consider the sequence of matrices M;.7 generated by Lemma [13]
applied with B = B, 5; we know in particular that M; € B, 5,50 B. 5 N & # @.

Assume now that the algorithm outputs a common e-equilibrium to all matrices in &p. The as-
sumptions of Corollary [[4] hold, instantiated with B. 5 and 7, = 1/(32K?). Therefore there exists
M € B, s, with value v such that

4VKe
57’15 '

On the other hand, by Lemma[I3]also instantiated with B = B 5, we know that

vl — Projspan(eg?t))(vl)H <

_ r2 \(T41)/2
vl — Pfonpan(eg?)T>(”1)H > U\/E(—sKTQ)

This implies that
vory ( r? )(T-Fl)/2
271 BKT? '
Finally, since v is the value of a matrix M € B, s,
T
q 1 K < 1

. . P
v= min max p"Mq¢> min max — —Kr> — — —— > — .
PEAK quKp 1= pEAK gEAK 2 - 2K 16 K2 - 4K

We conclude by replacing the constants by their values, § = 1/(2K), and r, = r/2 = 1/(32K?).
By Lemma[I9in Appendix[Dl we deduce that for (2¢) < 1/(e2'0K*),

—log(211 K%e)
log(211/2K%/2) + log(— log(211=K*%e)) '

T+1>

D.1.2 Technical Lemmas

Lemma 19. For any a,b,z > 0, forany e < a/e,

, . log(a/e)
if €e>a(l/(bx))®, then x> Tog(blog(a/e))

Proof of Lemma Assume

eza(l/(bx))* = e~ @ log(bz)

then
(s/a)b > e—bmlog(bm)

thus, applying logarithms to both sides,
blog(e/a) = —bxlogbx.
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Reformulate as, since a > ee
bxlogbxr > blog(a/e) > b> 0.

We now apply Lambert’s W, function, which is increasing on its main branch [—1/e, +00), and use
a standard lower bound on W to obtain

log bz = Wy(—blog(e/a)) = log(—blog(e/a)) — loglog(—blog(e/a))

b > —blog(e/a)/ log(—blog(c/a))
which is the claimed bound. O

thus

Lemma 20. Let o > 0 and s > 0 be real numbers, let M € M g (R) be a matrix such that

max |M; ; — slx| < o
,j€[K]

Then for any e-Nash equilibrium (p, q) of M we have for any i,j € [K]
. ; . 1 2 a+e)(K -1
min(p(i), ¢(j)) > - - AoxelR D),

K 5
Proof. Let (p, q) denote an e-NE of M. Then
max (MTp); — min (M 2¢. 4
ge[K]( )J [K]( q)i < “4)

Now for any j € [K], since M is close to slk,
(MTp); = sp(j) — «

thus, using the fact that p is a probability vector,
s

MT > ) —a > — — . 5
nélfax]( D)j sjrg[ax] p(j) — « %)
Similarly,
min (M S mln + « (6)
ze[K]( Q) €[K] q( )

Combining the equations (), (3) and (@) above, we have
i—oz—a<sm1nq( Jt+a+e,

K 1€[K]
i.e., after rearranging,
L I 2a+e)
P
R S
Similarly
_ 1 a _ at+e 1  2a+e)
< - MTp);+ — < 2 < =
max p(j) < | max (MTp); + - min q(i) + T
Therefore
K-1 2(a+¢)
min p(k) 21— (K — 1) ma >21l-——-(K-1)————=
min p(k) > 1 (K = 1) max p() > 1= == = (K — )2
1 2(a+¢)
- (K-1
K ( ) s
Completing the proof. O
Corollary 21. For any e < 1/(16K?), for any game matrix M such that
M; I <
igelK] K 16K2
all e-NE (p, q) of M satisfy for all i, j € [K]
1
. . M L
min (p(i), ¢(4)) > 53
Corollary 22. For any game matrix M such that
M, I <
igelK] ‘ K 16K2

all exact Nash equilibria (p, q) are fully supported.
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